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JEMA 1. (a) 'Estw Xi : Ω → R (i = 1, 2) dÔo tuqaÐec metablhtèc enìc q¸rou pijanìthtac
(Ω,A, IP) kai D ⊂ A mÐa m  ken  kl�sh endeqomènwn. D¸ste ton orismì twn s-algebr¸n
σ(D), σ(X1) kai σ(X1, X2) kai apodeÐxte tic sqèseic σ(X1) = X−1

1 (B(R)) kai σ(X1, X2) =
σ(σ(X1) ∪ σ(X2)).
(b) Jewr ste ènan q¸ro pijanìthtac (Ω,A, IP) pou perigr�fei to tuqaÐa peÐrama tri¸n
anexart twn rÐyewn enìc sunhjismènou nomÐsmatoc. Ston q¸ro autìn orÐzoume X1 = 1 �n
èrjei {K} sthn pr¸th rÐyh, X1 = 0 diaforetik�, kai X2 = 1 �n ta apotelèsmata stic dÔo
teleutaÐec rÐyeic sumfwnoÔn, X2 = 0 diaforetik�. Na kataskeu�sete tic s-�lgebrec σ(X1),
σ(X2), σ(X1 −X2) kai σ(X1 ·X2).

JEMA 2. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa tuqaÐwn metablht¸n ston q¸ro pijanìthtac
(Ω,A, IP). ApodeÐxte ta ex c:

(a) An Xn
d−→ 0 kai h Borel sun�rthsh g : R→ R eÐnai suneq c sto 0 tìte g(Xn) d−→ g(0).

MporoÔme na parak�myoume thn upìjesh ìti h g eÐnai suneq c sto 0 upojètontac apl� ìti
eÐnai Borel?
(b) Xn

d−→ 0 an kai mìno an IE
(

1
1+X2

n

)
→ 1.

(g) An h {Xn, n ≥ 1} eÐnai mÐa akoloujÐa anexart twn kai isonìmwn tuqaÐwn metablht¸n
me IE(X1) = 0 tìte IE

(
n2

n2+(X1+X2+···+Xn)2

)
→ 1 kaj¸c n →∞.

(d) An h {Xn, n ≥ 1} eÐnai mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n tètoia ¸ste
X1+X2+···+Xn

n
a.s.−→ 1 tìte Xn

n
a.s.−→ 0 kai h seir�

∑∞
n=1 IP(|Xn| ≥ n) sugklÐnei.

JEMA 3. (a) 'Estw X mÐa tuqaÐa metablht  me qarakthristik  sun�rthsh φ(t) = IE(eitX).
ApodeÐxte ìti gia k�je α > 0, IP

(|X| ≥ 2
α

) ≤ 1
α

∫ α
−α(1− φ(t))dt.

(b) Exet�ste an up�rqoun anex�rthtec kai isìnomec tuqaÐec metablhtèc X1, X2 tètoiec ¸ste
h katanom  thc diafor�c X1 −X2 na eÐnai omoiìmorfh sto di�sthma (−1, 1).
(g) Gia t ∈ (−1, 1) upologÐste tic timèc thc qarakthristik c sun�rthshc φ(t) thc tuqaÐac
metablht c X me puknìthta fX(x) = e−|x|/2, x ∈ R.
JEMA 4. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n me
IE(Xn) = 0, IE(X2

n) = σ2
n > 0 kai IE |Xn|3 < ∞. Jètoume Sn = X1 + X2 + · · · + Xn,

s2
n = Var(Sn) kai sn =

√
Var(Sn) =

√
σ2

1 + σ2
2 + · · ·+ σ2

n.
(a) Diatup¸ste thn sunj kh tou tou Lindeberg, h opoÐa mac exasfalÐzei thn kat� katanom 
sÔgklish thc akoloujÐac Sn/sn proc thn tupopoihmènh kanonik  katanom .
(b) ApodeÐxte ìti an h ikanopoieÐtai h sunj kh tou Lyapounov,

lim
n→∞

IE |X1|3 + IE |X2|3 + · · ·+ IE |Xn|3
s3
n

= 0,

tìte ikanopoieÐtai kai h sunj kh tou Lindeberg pou anafèrate sto (a).
(g) ApodeÐxte ìti h sunj kh tou Lindeberg sunep�getai ìti limn→∞

max{σ2
1 ,σ2

2 ,...,σ2
n}

σ2
1+σ2

2+···+σ2
n

= 0, kai
sumper�nate apì aut n ìti s2

n →∞ kaj¸c n →∞.

K�je jèma bajmologeÐtai me 3 mon�dec.
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