
JEWRIA PIJANOTHTWN (METAPTUQIAKO), IOUNIOS 2009

Σημείωση: Oi tuqaÐec metablhtèc (  ta endeqìmena) pou perièqontai se kajèna
apì ta parak�tw erwt mata eÐnai orismènec se ènan q¸ro pijanìthtac (Ω,A, IP), kai
den eÐnai ektetamènec (paÐrnoun pragmatikèc timèc).

1. Ta endeqìmena A1, A2, A3, B1, B2 eÐnai anex�rthta kai jètoumeA1 = σ({A1, A2, A3})
kai A2 = σ({B1, B2}). DeÐxte ìti oi s-�lgebrec A1 kai A2 eÐnai anex�rthtec, kai
sumper�nate ìti IP(Ac
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[Υπόδειξη: Oi kl�seic D1 = {A1, A2, A3, A1A2, A1A3, A2A3, A1A2A3} kai D2 =

{B1, B2, B1B2} eÐnai p-sust mata.]

2. Na apodeÐxete ìti oi tuqaÐec metablhtèc X1 kai X2 eÐnai stoqastik� anex�rthtec
ìtan kai mìno ìtan Cov[g1(X1), g2(X2)] = 0 gia opoiesd pote aÔxousec sunart seic
g1 : R −→ [0, 1] kai g2 : R −→ [0, 1].

3. Oi X1, X2, X3 eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc me peperasmènh
diaspor�, dhl. IE[X2

1 ] < ∞. An oi Y1 = X1 + X3 kai Y2 = X2 + X3 eÐnai anex�rthtec
tuqaÐec metablhtèc, na deÐxete ìti up�rqei α ∈ R tètoio ¸ste IP[X1 = α] = 1.

4. Diatup¸ste kai apodeÐxte thn anisìthta Markov gia mÐa tuqaÐa metablht  X ≥ 0.

5. ApodeÐxte thn ex c beltiwmènh anisìthta Markov gia mÐa tuqaÐa metablht  X ≥ 0:
Gia k�je α > 0 isqÔei h anisìthta IP[X ≥ α] + IP[X ≥ 2α] ≤ IE(X)/α.

6. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa tuqaÐwn metablht¸n tètoia ¸ste Xn ≥ 0 gia
k�je n, IE[Xn] ≤ 1 gia k�je n, kai Xn

a.s.−→ X. Na deÐxete ìti X ≥ 0 me pij. 1, ìti h
X èqei (peperasmènh) mèsh tim  kai, m�lista, ìti 0 ≤ IE[X] ≤ 1.

7. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa tuqaÐwn metablht¸n tètoia ¸ste IE |Xn| ≤ 1/n2

gia k�je n. DeÐxte ìti Xn
a.s.−→ 0.

[Υπόδειξη: Parathr ste ìti gia k�je ε > 0 h seir�
∑∞

n=1 IP[|Xn| ≥ ε] sugklÐnei.]



8. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn kai isonìmwn tuqaÐwn metablht¸n,

tètoia ¸ste
X1 + X2 + · · ·+ Xn

n

a.s.−→ α ∈ R. DeÐxte ìti IE |X1| < ∞ kai IE[X1] = α.

[Υπόδειξη: Na deÐxete pr¸ta ìti
Xn

n

a.s.−→ 0, kai met� ìti IP[lim sup Bn] = 0, ìpou
Bn = {ω : |Xn(ω)| ≥ n}.]

9. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n me IP[Xn =

2n + 3] = IP[Xn = −2n + 3] = 1/(4(n + 1)2), IP[Xn = n + 3] = IP[Xn = −n +

3] = 1/(n + 1)2 kai IP[Xn = 3] = 1 − 5/(2(n + 1)2) gia k�je n. Na deÐxete ìti h
akoloujÐa twn deigmatik¸n mèswn sugklÐnei isqur� proc mÐa stajer� α, thn opoÐa kai
na prosdiorÐsete.

10. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn kai isonìmwn tuqaÐwn metablht¸n
me peperasmènh diaspor�, dhl. IE[X2

1 ] < ∞. Jètoume σ2 = Var[X1]. JewroÔme thn
akoloujÐa deigmatik¸n diaspor¸n σ̂2
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i=1 Xi h akoloujÐa twn deigmatik¸n mèswn. Na deÐxete ìti σ̂2
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[Υπόδειξη: Qrhsimopoi ste thn tautìthta
∑n

i=1(Xi −Xn)2 =
∑n

i=1 X2
i − n(Xn)2.]

11. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n me |Xn| ≤
mn < ∞, IE[Xn] = 0 kai Var[Xn] = σ2

n > 0 gia k�je n. Upojètoume ìti h akoloujÐa

mn eÐnai aÔxousa, ìti σ2
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kaj¸c n →∞. Na deÐxete ìti
X1 + X2 + · · ·+ Xn√

σ2
1 + σ2
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n

d−→ N(0, 1).

[Υπόδειξη: ApodeÐxte ìti ikanopoieÐtai h sunj kh tou Lyapounov gia δ = 2.]

12. 'Estw {Xn, n ≥ 1} mÐa akoloujÐa anexart twn tuqaÐwn metablht¸n me Xn ∼
U(−n, n), dhl. IP[Xn ≤ x] = (x + n)/(2n), x ∈ [−n, n], IP[Xn ≤ x] = 0, x ≤ −n,

kai IP[Xn ≤ x] = 1, x ≥ n. Na deÐxete ìti
X1 + X2 + · · ·+ Xn

n
√
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d−→ N(0, σ2), ìpou

σ2 > 0 stajer�, thn opoÐa kai na prosdiorÐsete.
[Υπόδειξη: ApodeÐxte ìti ikanopoieÐtai h sunj kh tou Lyapounov gia δ = 2.]

K�je swst  ap�nthsh se opoiod pote er¸thma bajmologeÐtai me 1.3 mon�dec.
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