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Ω CED!F�GIH
JLK MONPF @ K QSRSGUTWVYX!ZPGUQ9F[K D NS\ F]ZSK QSZ&MOCED!JLK F]^!_9Z ? ^�D
R!` A D @ ZP^ Ω ab F[c%dUR @ JIe D QSF!`PJL\ @ F[K σ fhg!`[MOJ�iPX
F ?W@ Z�D Ω jkdlR @ Jme D Q9F!`PJL\ @ F[KnQ[`Pg ? e Dynkin
?9@ Z[D Ω jkdUR @ J

e D QSF!`PJL\ @ F[K λfoQP`Pg ? e ?W@ Z�D Ω jYdUR @ JUe D Q9F!`PJL\ @ F[K π f ?np�?9@ e�N[F9jb iScrq]JL\ s @ JlR @ KOe D JL\ D
F[K λfoQP`Pg ? e ?9@ Z[D Ω F�DtQ9F[KONPR�D!Z)F�DuJL\ D!F[KWQ[`Pg ? e Dynkin
?9@ Z[D Ω ab Mncrq]JL\ s @ JlR @ KOe D JL\ D!F[K σ fhg!`[MOJ�iPX
F ?9@ Z[D Ω F�DmQ9F[KON[R[D
Z�F�Dte D JL\ D!F[K @ F�^ @ R�TWX
Z[D
F π f ?np�?9@ e�N[F

QSF[K λfoQ[`Pg ? e ?W@ Z�D Ω ab H!c%q�K F @ ^!_SV ?W@ J @ Z�vUJEVYX
e�NPF @ ZP^ Dynkin ab JLckwlD�Z9K @ ^�TWF[\ JEGuNPJ @ F!i�`Pe @ CEG X1 x X2 JL\ D!F[K.K ? R�D!ZPNPJEG x H!e!`OayF�D IP(X1 ≤ t) = IP(X2 ≤ t) MnK F
QSg!zyJ t ∈ R x D!F]H
JL\ s
J @ JlR @ K IP(X1 ∈ B) = IP(X2 ∈ B) MnK F�QSg!zyJ Borel

?Op D!Z!`PZ B x B ⊂ R a2�3�4/5{n8;: b F[c=|UF]F!_SZSH
JL\ s
J @ J @ e�DuF�D!K ? R @ e @ F Markov
?W@ e�DtJEs!}�GIN[ZSX
~�}9�� K F]Z�_9ZSK F�H
}!_9Z @ J @ ^�TWF[\ F]NPJ @ F!i�`Pe @ } X Q9F[KWMnK F�QSg!zyJ ε > 0 x

IP(|X| ≥ ε) ≤ IE|X|
ε

.b iSc < >=?9@BA {Xn, n ≥ 1} NP\ F)F&Q9Z!`PZP^!z.\ F @ ^�TWF[\ A D]NPJ @ F!i�`Pe @ VYD b R�TOKyQSF @
< F�D
g&MWQ9e�D]F�D!JEs
g�X @ e @ e[c
MnK F @ e�DtZ[_SZ9\ F�K ? T p JLKOR @ K ∑∞

n=1
IE|Xn| < +∞ aY|UF]H
JLK TSzyJL\OR @ K Xn

a.s.−→ 0 ab Mnc=|UF�QSF @ F ? QSJE^�g ? J @ JlF&QSZ!`PZS^!zy\ F @ ^�TWF[\ A DtNPJ @ F!i�`Pe @ VYD {Xn, n ≥ 1} x @ C @ Z9K F]V ?9@ JlD!F�K Q9F�D
Z�f
_SZ9K Z p D @ F[K @ F�^ @ R�TWX
Z[D
F]Z9KOJEs!}�GIH p Z�K H&K R @ e @ JEG&� (i) Xn

p−→ 1 x QSF[K (ii) IE(Xn) → 0 a2�3�4/5��n8;:�< >�?W@BA {Xn, n ≥ 1} NP\ FtF�D
JEs!g�X @ e @ etF&QSZ!`PZS^!zy\ F @ ^�TWF[\ A DUNPJ @ F!i�`Pe @ VYDUNPJ IE(X2
n) <

+∞ QSF[K IE(Xn) = 0 MnK F�QSg!zyJ n a�vUC @ ZP^�NPJ Sn = X1 + X2 + · · · + Xn ab F[c=|UF]H!K F @ ^!_9V ? J @ J(QSF[KnD
F]F!_9ZPH!JL\ s!J @ J @ e�DtNPJ�MnK ?9@ K Q9}�F�D!K ? R @ e @ F @ ZP^ Kolmogorov ab iSc < >=?9@BA R @ K1MnK F @ e�D�F�D
JEs!g�X @ e @ e�F&Q9Z!`PZP^!z.\ F @ ^�TWF[\ A D�NPJ @ F!i�`Pe @ VYD {Xn, n ≥ 1} K ? T p JLK;R @ K
IP(Xn = −√

n) = IP(Xn =
√

n) = 1/2 x n = 1, 2, . . . a�vUC @ ZS^�N[J
Yn =

1

n2
max{|X1|, |X1 + X2|, . . . , |X1 + X2 + · · · + Xn|}, n = 1, 2, . . . .

q]JL\ s @ JUR @ K Yn
p−→ 0 a2�3�4/5��y8;:�< >�?W@BA {Xn, n ≥ 1} NS\ F�F�D
JEs!g�X @ e @ e�F&Q9Z!`PZP^!z.\ F @ ^�TWF[\ A D�N[J @ F!i�`Pe @ VYD]NPJI_SJ�_9JEX
F
f? NPCED
JEG�X
Z[_SCEG�H
JE^ @ CEX
F�G @ g�s
J A G x IE(Xn) = 0 Q9F[K Var(Xn) = σ2

n > 0 MnK F�QSg!zyJ n a�vUC @ ZP^�NPJ
Sn = X1 + X2 + · · · + Xn Q9F[K s2

n = Var(Sn) ab F[ckq�K F @ ^!_9V ?9@ J @ e�D ? ^�DLzy}&QSe @ ZS^ @ ZP^ Lindeberg Q9F[K @ e�D ? ^�DLzy}&QSe @ ZS^ Lyapounov x Q9F!z�JENS\ FF!_SR @ K GtZ�_9ZS\ JEGtN[F�GtJEs!F ? ~�F!`S\ �!JLK @ e�D�Q9F @ g�Q9F @ F�D
ZSN[} ?np MWQ[`SK ? e @ e�G Sn/sn _SX!ZPG @ e�D @ ^!_SZ[_SZ9K e
fN[CED!e�QSF�D!Z�D&K Q9}�QSF @ F�D!ZPNP}9ab iSc < >=?9@BA R @ KWZ9KWF�D!JEs
g�X @ e @ JEG @ ^�TWF[\ JEGUN[J @ F!i�`Pe @ CEG X1,X2,X3, . . . CETWZP^�DI_S^&Q9D
R @ e @ JEG b A G(_9X
ZSG@ Z)NPC @ X!Z Lebesgue c
fXn

(x) =
2n/2

√
2π

exp(−2n−1x2), x ∈ R, n = 1, 2, . . . .
[ q]e!`Oa Xn ∼ N

(

0, 2−n
)

.
]

|lF�H
JL\ s
J @ JlR @ K
Sn

sn

d−→ N(0, 1) QSF[K Sn
d−→ N(0, 1).

b Mnc=q]JL\ s @ J(J�_W\ ? e�GUR @ KWe�F&Q9Z!`PZP^!z.\ F {Xn, n ≥ 1} @ ZS^�JEX A;@ }�N[F @ ZSG b iSc=H!JEDtK QSF�D!Z�_9ZSK JL\WZ p!@ J @ e�D? ^�DBz�}&Q9e @ ZP^ Lyapounov x Z p!@ J(Q9F�D @ e�D ? ^�DLzy}&QSe @ ZP^ Lindeberg x QSF[KOJEs!e&MO} ?9@ JkMnK Ft_9ZSK Z]`PR&MOZF�^ @ R�H
JEDuF�D @ K iPF[\ D
JLK9_9X
ZSG @ Z ? ^�N&_9CEX
F ? N[F @ ZS^]vUJ A X!}�N[F @ ZSG @ ZP^ Feller a���S�=�����I�1����5W�/�n�P���/�.������8��.8/� 8.���y�/8W�W���O�.8.���9�(�[�/4/55W�/���P5���5��
�k�o /�t¡Y:£¢n��:¤�1 .5S�=4/8W¢y8W¥��[¦ �[5��§4/��6�4/8n�9�n�95.:
¨��
	���"��t�!	

3
������*�©ª"�	�'��«����!���� ��!	�¬¬¬


