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SÔntomec Apant seic.
J1. Jètoume Y = èndeixh zarioÔ, X = pl joc {K}, A = {to nìmisma èfere {K} se ìlec
tic dokimèc}.
(a). Profan¸c isqÔei P (Y = ν) = 1

6
, P (A|Y = ν) = P (X = ν|Y = ν) = (1

2
)ν , opìte apì to

J.O.P., P (A) =
∑6

ν=1 P (A|Y = ν)P (Y = ν) = 1
6

∑6
ν=1(

1
2
)ν = 63

384
= 21

128
= 0.1640625.

(b) Apì ton tÔpo Bayes kai to (a), P (Y = 2|A) = P (A|Y=2)P (Y=2)
P (A)

= (1/2)2(1/6)
21/128

= 16
63

≃ 0.254.

(g) H desmeumènh katanom  thc X dedomènou {Y = ν} eÐnai Diwnumik (ν, 1
2
). Epomènwc,

E(X|Y = ν) = ν
2
, E(X|Y ) = 1

2
Y . AfoÔ E(Y ) = 7

2
, prokÔptei ìti

E(X) = E{E(X|Y )} = E(1
2
Y ) = 1

2
E(Y ) = 1

2
· 7
2
= 7

4
= 1.75.

J2. H sun�rthsh katanom c thc X eÐnai

F (x) =

∫ x

−∞
f(t)dt =


0, x ≤ 0,
1
4
x2, 0 ≤ x ≤ 2,

1, x ≥ 2.

(a) H X paÐrnei timèc sto di�sthma (0, 2) opìte h |X − 1| paÐrnei timèc sto [0, 1). Profan¸c
FY (y) = P (Y ≤ y) = P (|X − 1| ≤ y) = 0 ìtan y < 0. Gia y ≥ 0 èqoume |X − 1| ≤ y ⇐⇒
1 − y ≤ X ≤ 1 + y. Epomènwc, FY (y) = P (Y ≤ y) = P (|X − 1| ≤ y) = P (1 − y ≤ X ≤
1 + y) = P (X ≤ 1 + y)− P (X < 1− y) = F (1 + y)− F ((1− y)−) = F (1 + y)− F (1− y)
(h teleutaÐa isìthta epeid  h sugkekrimènh F eÐnai suneq c). Gia thn sugkerimènh F kai gia
tuqìn y ≥ 0 èqoume

F (1 + y) =

{
1
4
(1 + y)2, 0 ≤ y ≤ 1,

1, y ≥ 1,
F (1− y) =

{
1
4
(1− y)2, 0 ≤ y ≤ 1,

0, y ≥ 1.

Sunep¸c,

FY (y) = F (1+y)−F (1−y) =


0, y ≤ 0,
1
4
(1 + y)2 − 1

4
(1− y)2, 0 ≤ y ≤ 1,

1− 0, y ≥ 1,

 =


0, y ≤ 0,
y, 0 ≤ y ≤ 1,
1, y ≥ 1,

pou eÐnai h sun�rthsh katanom c thc omoiìmorfhc sto di�sthma (0, 1), dhl. Y ∼ U(0, 1).

(b) fY (y) = F ′
Y (y) =

{
1, 0 < y < 1,
0, diaforetik�.

[H par�gwgoc den up�rqei ìtan y = 0   1, opìte

orÐzoume aujaÐreta thn puknìthta sta dÔo aut� shmeÐa.]

(g) UpologÐzoume

E(X) =

∫ ∞

−∞
xf(x)dx =

1

2

∫ 2

0

x2dx =
4

3
, E(X2) =

∫ ∞

−∞
x2f(x)dx =

1

2

∫ 2

0

x3dx = 2,

opìte V ar(X) = E(X2) − {E(X)}2 = 2
9
. EpÐshc, E(Y ) = 1

2
, V ar(Y ) = 1

12
, epeid  Y ∼

U(0, 1). Tèloc,

E{XY } = E{X · |X − 1|} =
1

2

∫ 2

0

x2|x− 1|dx =
1

2

∫ 1

0

x2(1− x)dx+
1

2

∫ 2

1

x2(x− 1)dx =
3

4
,

opìte Cov(X, Y ) = E(XY )− E(X)E(Y ) = 3
4
− (4

3
)(1

2
) = 1

12
. Telik�,

ρ =
Cov(X,Y )√

V ar(X)
√
V ar(X)

=
1
12√
2
9

√
1
12

=

√
3

2
√
2
=

√
6

4
≃ 0.612.
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J3. 'Estw β h posìthta pou paraskeu�zei h etaireÐa. Aut  h posìthta kostÐzei 40β en¸ h
sunolik  eÐspraxh sto tèloc tou ètouc eÐnai 50min{X, β}. Sunep¸c, to kèrdoc Y isoÔtai me
Y = 50min{X, β} − 40β kai to anamenìmeno (= mèso) kèrdoc eÐnai

E(Y ) = E(50min{X, β} − 40β) = 50E(min{X, β})− 40β.

Apì ton tÔpo {afhrhmènou majhmatikoÔ} èqoume

E(min{X, β}) =
∫ ∞

−∞
min{x, β}f(x)dx =

1

2

∫ 2

0

min{x, β}dx =
1

2

∫ β

0

xdx+
1

2

∫ 2

β

βdx = β−β2

4

kai sunep¸c, E(Y ) = 50(β − β2

4
) − 40β = 10β − 25

2
β2 = h(β). Elègqontac to prìshmo thc

parag¸gou, h′(β) = 10− 25β, brÐskoume thn posìthta h opoÐa megistopoieÐ to anamenìmeno
kèrdoc, h(β):

β = β∗ =
2

5
= 0.4.

[H sugkekrimènh posìthta eÐnai arket� mikrìterh thc mèshc z thshc, E(X) = 1.]

J4. AfoÔ Y ∼ Γ(α, λ) kai µ = α
λ
= 2, σ2 = α

λ2 = 3, brÐskoume α = 4
3
, λ = 2

3
.

(a) Gia k ̸= j èqoume Cov(Xk, Xj) = Cov( 1
k
Y + Yk,

1
j
Y + Yj) =

3
k·j > 0 epeid  Cov(Y, Y ) =

V ar(Y ) = 3 en¸ Cov(Y, Yj) = Cov(Yk, Y ) = Cov(Yk, Yj) = 0, diìti oi Y, Yk, Yj eÐnai ex' upo-
jèsewc anex�rthtec � �ra, kai asusqètistec (diìti èqoun peperasmènh diaspor�). Epomènwc,
oi Xk, Xj eÐnai exarthmènec, diìti an  tan anex�rthtec ja  tan kai asusqètistec.

H X1 = Y + Y1 eÐnai �jroisma twn anexart twn tuqaÐwn metablht¸n Y, Y1, oi opoÐec
akoloujoÔn katanom  G�mma me koin  deÔterh par�metro (kai pr¸th). Apì th jewrÐa gnwrÐ-
zoume ìti h ropogenn tri� touc dÐnetai apì ton tÔpo

MY (t) = MY1(t) = (1− t/λ)−α, t < λ,

pou eÐnai peperasmènh se mÐa perioq  tou mhdenìc. Apì thn anexarthsÐa twn etY , etY1 prokÔptei
ìti MX1(t) = E(et(Y+Y1)) = E(etY etY1) = E(etY )E(etY1) = MY (t)MY1(t) = (1 − t/λ)−2α,
t < λ. Aut  eÐnai h ropogenn tria thc katanom c Γ(2α, λ). 'Ara X1 ∼ Γ(8

3
, 2
3
), me puknìthta

fX1(x1) =
(2
3
)
8
3

Γ(8
3
)
x

5
3
1 e

− 2
3
x1 , x1 > 0.

(b) Sto (a) upologÐsame Cov(Xk, Xj) = 3
k·j , k ̸= j. EpÐshc, V ar(Xk) = V ar( 1

k
Y + Yk) =

V ar( 1
k
Y ) + V ar(Yk) = ( 1

k
)2V ar(Y ) + V ar(Yk) = 3( 1

k2
+ 1), ìpou h deÔterh isìthta dikaiolo-

geÐtai apì thn anexarthsÐa twn Y, Yk. Sunep¸c,

V ar(
ν∑

k=1

Xk) =
ν∑

k=1

3(
1

k2
+ 1) +

ν∑
k=1

∑
j ̸=k

3

k · j
= 3ν + 3

(
ν∑

k=1

1

k2
+

ν∑
k=1

∑
j ̸=k

1

k · j

)

= 3ν + 3
ν∑

k=1

ν∑
j=1

1

k · j
= 3ν + 3

ν∑
k=1

1

k

ν∑
j=1

1

j
= 3ν + 3

(
ν∑

k=1

1

k

)2

.

'Eqoume telik�

σ2
ν = V ar(Xν) = V ar(

1

ν

ν∑
k=1

Xk) =
1

ν2
V ar(

ν∑
k=1

Xk) =
3

ν
+ 3

(
1

ν

ν∑
k=1

1

k

)2

.
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EpÐshc, apì thn grammikìthta thc mèshc tim c, E(Xk) = E( 1
k
Y +Yk) =

1
k
E(Y )+E(Yk) = 2+ 2

k

kai

µν = E(Xν) =
1

ν

ν∑
k=1

E(Xk) =
1

ν

ν∑
k=1

{2 + 2

k
} =

1

ν
(2ν) +

2

ν

ν∑
k=1

1

k
= 2 + 2

(
1

ν

ν∑
k=1

1

k

)
.

Apì tic pio p�nw ekfr�seic èpetai ìti limν→∞ µν = 2, limν→∞ σ2
ν = 0.

'Estw ϵ > 0. Apì thn anisìthta Markov [P (X ≥ α) ≤ E(X)
α

, X ≥ 0, α > 0] efarmozìmenh
sthn (mh arnhtik ) tuqaÐa metablht  X = (Xν − 2)2 kai gia α = ϵ2 > 0, èqoume

0 ≤ P (|Xν − 2| ≥ ϵ) = P{(Xν − 2)2 ≥ ϵ2} ≤ E{(Xν − 2)2}
ϵ2

.

Gr�fontac (Xν −2)2 = [(Xν −µν)+(µν −2)]2 = (Xν −µν)
2+(µν −2)2+2(µν −2)(Xν −µν)

èqoume

E{(Xν − 2)2} = E{(Xν − µν)
2}+ (µν − 2)2 + 2(µν − 2)E(Xν − µν) = σ2

ν + (µν − 2)2,

epeid  µν = E(Xν), opìte o pr¸toc ìroc isoÔtai me thn diaspor�, σ2
ν , thcXν kai E(Xν−µν) =

E(Xν)− µν = µν − µν = 0. Sundu�zontac ta prohgoÔmena èqoume

0 ≤ P (|Xν − 2| ≥ ϵ) ≤ σ2
ν + (µν − 2)2

ϵ2
→ 0, ν → ∞,

epeid  µν → 2, σ2
ν → 0 kai to ϵ > 0 eÐnai stajerì (anex�rthto tou ν). 'Ara

lim
ν→∞

P (|Xν − 2| ≥ ϵ) = 0.

AfoÔ to ϵ > 0 mporeÐ na epilegeÐ aujaÐreta mikrì, èpetai apì ton orismì thc stoqasti-
k c sÔgklishc (  sÔgklishc kat� pijanìthta) ìti h akoloujÐa Xν sugklÐnei stoqastik� sth
stajer� c = 2.


