
Pijanothtec I. Askhseic

1. Klasikoc orismoc thc pijanothtac

1.1. Se mi� pìlh n + 1 atìmwn èna �tomo epilègei tuqaÐa èna apì ta upìloipa kai lèei mia
fhmologÐa. To deÔtero �tomo k�nei to Ðdio, kai h diadikasÐa suneqÐzetai ìmoia. Na brejoÔn oi
pijanìthtec

(a) h fhmologÐa na eipwjeÐ r forèc qwrÐc na gurÐsei se autìn pou thn �rqise.
(b) h fhmologÐa na eipwjeÐ r ≤ n forèc qwrÐc na akousteÐ apo k�poio �tomo pou thn xèrei

 dh.

1.2. (Prìblhma GalilaÐou) RÐqnoume 3 sunhjismèna z�ria. (a) Poia eÐnai h pijanìthta to
�jroisma twn endeÐxe¸n touc na isoÔtai me 9? (b) Poia eÐnai h pijanìthta to �jroisma twn
endeÐxe¸n touc na isoÔtai me 10?

1.3. 'Ena lewforeÐo xekin�ei apo thn afethrÐa me k foithtèc kai pern�ei apo n st�seic.

(a) Na kataskeuasteÐ kat�llhloc deigmatikìc q¸roc gia tic dunatèc apobib�seic twn foith-
t¸n.

(b) Na upologisjeÐ o arijmìc twn dunat¸n aut¸n apobib�sewn.
(g) Na upologisjeÐ h pijanìthta toul�qiston se mia st�sh na apobibastoÔn perissìteroi

apì ènac foithtèc.

1.4. Se mia t�xh k majht¸n {a1, a2, . . . , ak} poi� eÐnai h pijanìthta o a1 na èqei genèjlia thn
Ðdia mèra me k�poion apì touc upìloipouc k − 1 majhtèc?

1.5. Se èna r�fi topojetoÔntai me tuqaÐa seir� 6 biblÐa majhmatik¸n, 4 biblÐa fusik c, 3 biblÐa
istorÐac, 7 biblÐa xènwn glwss¸n, kai 10 lexik�. Poi� eÐnai h pijanìthta ìla ta biblÐa tou Ðdiou
eÐdouc na topojethjoÔn mazÐ?

1.6. 'Eqoume mÐa Basilìpita me n komatia, kai mi� our� n atìmwn. Se èna akrib¸c komm�ti
up�rqei èna nìmisma. 'Ena �tomo (ektìc thc our�c) moir�zei ta komm�tia èna proc èna epilègontac
k�je for� èna sthn tÔqh. Gia dedomèno r ∈ {1, . . . , n}, poièc eÐnai oi pijanìthtec

(a) To nìmisma na brejeÐ sthn r-ost  dokim .
(b) To nìmisma na mhn brejeÐ wc thn r-ost  dokim .

1.7. 'Eqoume r doqeÐa, kai k�je for� epilègoume èna sthn tÔqh kai topojetoÔme èna b¸lo se
autì. H diadikasÐa stamat�ei ìtan èna doqeÐo èqei dÔo b¸louc. Poia eÐnai h pijanìthta autì na
sumbeÐ me ton n-osto b¸lo?

1.8. MÐa k�lph perièqei 100 maÔra 200 �spra sfairÐdia. Bg�zoume tuqaÐa 100 sfairÐdia. Poi�
eÐnai h pijanìthta na èqoume epilèxei akrib¸c 10 maÔra?

1.9. Mia k�lph perièqei 1000 sfairÐdia apo ta opoÐa ta 25 eÐnai maÔra, ta 30 �spra, ta 945
kìkkina. Epilègoume tuqaÐa 15 sfairÐdia apo thn k�lph. Poi� eÐnai h pijanìthta na èqoume
epilèxei

(a) akrib¸c 3 kìkkina sfairÐdia?
(b) akrib¸c 2 maÔra kai 3 �spra?
(g) akrib¸c 4 kìkkina kai toul�qiston 2 m�ura?

1.10. Se èna diagwnismì paÐrnoun mèroc n pantremèna zeug�ria. An prìkeitai na aponemhjoÔn
tuqaÐa stouc 2n diagwnizìmenouc n brabeÐa, poi� eÐnai h pijanìthta na p�rei brabeÐo akrib¸c
èna apì ta dÔo �toma se k�je èna apì ta zeug�ria?
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1.11. Apì n andrìguna kataskìpwn (2n sunolik� �toma) dialègoume sthn tÔqh k �toma gia na
ta sumperil�boume se mÐa mustik  apostol . Poièc eÐnai oi pijanìthtec

(a) Na sumperilhfjoÔn akrib¸c j �ndrec sthn apostol ?
(b) Na mhn sumperilhfjoÔn �toma tou Ðdiou andrìgunou sth apostol ?

1.12. 'Ena lewforeÐo xekin�ei apì thn afethrÐa me 13 foithtèc kai pern�ei apì 4 st�seic. Na
upologisteÐ h pijanìthta sthn pr¸th st�sh na apobibastoÔn 3 foithtèc, sthn deÔterh 4, sthn
trÐth 4, kai sthn tètarth 2 foithtèc.

1.13. 'Ena lewforeÐo xekin�ei apì thn afethrÐa me k ≥ 3 foithtèc kai pern�ei apì n st�seic
(n ≥ k − 2). Na upologisteÐ h pijanìthta se akrib¸c mÐa st�sh na apobibastoÔn akrib¸c 3
foithtèc en¸ se kajemÐa apì tic upìloipec st�seic na apobibasteÐ to polÔ ènac foitht c.

1.14. Epilègoume diadoqik� qwrÐc epan�jesh 5 sfairÐdia apo mi� k�lph me 60 sfairÐdia arij-
mhmèna 1, 2,..., 60. 'Estw ìti oi endeÐxeic touc eÐnai k1, k2, . . . , k5, me thn seir� me thn opoÐa
ex�gontai.

(a) Poi� h pijanìthta na isqÔei k1 < k2 < k3 < k4 < k5 ?
(b) Poi� h pijanìthta na isqÔei k5 > max{k1, k2, k3, k4} ?

1.15. RÐqnoume èna sunhjismèno z�ri n forèc (n ≥ 2). Na brejoÔn oi pijanìthtec

(a) Na emfanisteÐ toul�qiston dÔo forèc o arijmìc 6 kai
(b) Na emfanisteÐ toul�qiston dÔo forèc o arijmìc 6 kai na mhn emfanisteÐ kajìlou o arijmìc

1.

1.16. RÐqnoume n sunhjismèna z�ria. Gia k ∈ {1, 2, . . . , 6} na upologistoÔn oi pijanìthtec

(a) H megalÔterh èndeixh (apì tic n) na isoÔtai me k.
(b) H mikrìterh èndeixh (apì tic n) na isoÔtai me k.

1.17.1 Apo mia klhrwtÐda pou perièqei n laqnoÔc arijmhmènouc 1, 2, . . . , n ex�getai èna laqnìc,
katagr�foume to noÔmero tou, kai ton epistrèfoume. Epanalamb�noume thn diadikasÐa k ≥ 3
forèc. Na brejoÔn oi pijanìthtec

(a) Na epilegeÐ o laqnìc 1 toul�qiston mia for�.
(b) Na epilegoÔn oi laqnoÐ 1, 2, 3 toul�qiston mia for� o kajènac.

1.18. Apì touc arijmoÔc 1, 2, . . . , 1050 dialègoume ènan sthn tÔqh. (a) Poia h pijanìthta
o epilegmènoc arijmìc na diaireÐtai me toul�qiston ènan apì touc arijmoÔc 3   5? (b) Poia h
pijanìthta o epilegmènoc arijmìc na diaireÐtai me toul�qiston ènan apì touc arijmoÔc 3   5   7?

1.19. RÐqnoume n forèc dÔo sunhjismèna z�ria. Poia h pijanìthta na emfanistoÔn ìlec oi
diplèc zarièc (1, 1), (2, 2), . . . , (6, 6) apì toul�qiston mÐa for� h kajemÐa?

1.20. Gia n diaforetikèc epistolèc etoim�zoume touc antÐstoiqouc fakèlouc. Se k�je epistol 
antistoiqeÐ ènac sugkekrimènoc f�keloc. TopojetoÔme tuqaÐa tic epistolèc stouc fakèlouc
(dhlad  k�je mÐa apo tic n! topojethseic einai isopijanh). Poi� eÐnai h pijanìthta kamÐa epistol 
na mhn èqei topojethjeÐ ston f�kelo pou thc antistoiqeÐ?

1.21. (Katanomèc sfairidÐwn se keli�). 'Eqoume n keli� sta opoÐa katanèmoume k sfairÐdia.
(a) JewroÔme ìti ta sfairÐdia eÐnai diaforetik�. Gia par�deigma, ta arijmoÔme. Na brejeÐ to
pl joc twn diaforetik¸n katanom¸n twn sfairidÐwn sta keli� se kajèna apì ta ex c sen�ria

(i) k�je kelÐ eÐnai aperiìristhc qwrhtikìthtac,
(ii) k�je kelÐ qwr�ei mìno èna sfairÐdio,
(iii) se k�je kelÐ prèpei na topojet soume toul�qiston èna sfairÐdio.

1
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(b) JewroÔme ìti ta sfairÐdia eÐnai ìmoia. Dhlad  mi� katanom  qarakthrÐzetai apì to di�nusma
(r1, r2, . . . , rn) ìpou ri eÐnai to pl joc twn sfairidÐwn pou perièqontai sto kelÐ i. Den èqei
shmasÐa poi� sfarÐdia eÐnai se k�je kelÐ, mìno to pl joc touc. Na brejeÐ to pl joc twn
diaforetik¸n katanom¸n twn ìmoiwn sfairidÐwn sta keli� se kajèna apì ta sen�ria (i), (ii), (iii)
piì p�nw.
Kai stic dÔo peript¸seic, gia to (ii) upojètoume ìti k ≤ n, en¸ gia to (iii) upojètoume ìti k ≥ n.

1.22. Na brejeÐ to pl joc twn sunart sewn f : {1, 2, . . . , k} → {1, 2, . . . , n} pou eÐnai

(a) otid pote
(b) 1-1
(g) gnhsÐwc aÔxousec
(d) aÔxousec
(e) aÔxousec kai epÐ

*(z) epÐ

Sta (b), (g) upojètoume ìti k ≤ n en¸ sta (e), (z) ìti k ≥ n.

1.23. 'Eqoume èna peperasmèno sÔnolo {a1, a2, . . . , as} me s stoiqeÐa, n ∈ N, kai fusikoÔc
r1, r2, . . . , rs me r1 + r2 + · · · + rs = n. Fti�qnoume diatetagmènec n-adec ¸ste k�je mÐa na
perièqei r1 forèc to a1, r2 forèc to a2, ..., rs forèc to as. Na deiqjeÐ ìti to pl joc twn
diaforetik¸n tètoiwn n-adwn eÐnai

n!

r1!r2! · · · rs!

1.24. Anelkust rac xekin�ei me k �toma apì to isìgeio n-ìrofhc oikodom c. Upojètontac ìti
ìlec oi apobib�seic eÐnai exÐsou pijanèc, na upologisjoÔn oi pijanìthtèc

(a) ìla ta �toma apobibasjoÔn se diaforetikoÔc orìfouc.
(b) akrib¸c k1 �toma apobibasjoÔn ston pr¸to ìrofo, akrib¸c k2 �toma apobibasjoÔn ston

deÔtero ìrofo, . . ., akrib¸c kn �toma apobibasjoÔn ston n-ostì ìrofo (ed¸ k1 + · · ·+
kn = k).

1.25. *(a) Zeug�rwma twn stoiqeÐwn tou sunìlou {1, 2, . . . , 2n} lème k�je sÔnolo thc morf c2

{{a1, a2}, {a3, a4}, . . . {a2n−1, a2n}},
ìpou a1, a2, . . . , a2n eÐnai ta stoiqeÐa tou {1, 2, . . . , 2n} . Na brejeÐ to pl joc twn diaforetik¸n
zeugarwm�twn tou {1, 2, . . . , 2n}.
(b) Kajèna apì n xul�kia ta sp�me se èna mikrì kai èna meg�lo komm�ti. Ta 2n komm�tia pou
prokÔptoun zeugar¸nontai tuqaÐa kai dhmiourgoÔntai n xul�kia. Na brejoÔn oi pijanìthtec:

(i) K�je komm�ti zeugar¸netai me ekeÐno me to opoÐo  tan prin sugkolhmèno.

(ii) K�je meg�lo komm�ti zeugar¸netai me mikrì komm�ti.

2
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2. Desmeumenh pijanothta kai anexarthsia

2.1. Na lujeÐ h 'Askhsh 6 thc prohgoÔmenhc paragr�fou me qr sh tou pollaplasiastikoÔ
tÔpou.

2.2. r foithtèc s kai foit triec brÐskontai èxw apì thn grammateÐa tou MajhmatikoÔ perimè-
nontac na eggrafoÔn. K�je for� epilègetai èna atomo sthn tÔqh, eggr�fetai, kai feÔgei apo
thn anamon . Poi� h pijanìthta stic pr¸tec 2k eggrafèc na èqoume suneq  enallag  fÔlou.
Upojètoume ìti r, s ≥ k ≥ 1.

2.3. 'Enac mpasketmpolÐstac prìkeitai na ektelèsei 100 bolèc. Sthn projèrmansh ekteleÐ dÔo
bolèc apo tic opoÐec h mÐa eÐnai epituqhmènh kai h �llh ìqi. Gia kajemÐa apì tic metèpeita 100
bolèc, h pijanìthta epituqÐac isoÔtai me to posostì epituqÐac tou wc tìte metr¸ntac kai tic dÔo
bolèc thc projèrmanshc. Gia par�deigma, sthn pr¸th bol  èqei pijanìthta epituqÐac 1/2, kai
an eÐnai epituqÐa, ja èqei gia thn deÔterh bol  pijanìthta epituqÐac 2/3.

(a) Poi� h pijanìthta oi pr¸tec k bolèc na eÐnai epituqÐec kai oi upìloipec apotuqÐec?
(b) Poi� h pijanìthta k epituqÐec na sumboÔn stic jèseic 11, 12, 13, . . . , 10 + k en¸ oi upì-

loipec bolèc na eÐnai apotuqÐec?
(g) Poi� h pijanìthta na èqei k akrib¸c epituqÐec?

Sto (b) upojètoume ìti k ≤ 90, en¸ sta (a), (g) ìti k ∈ {0, 1, . . . , 100}.

2.4. Mi� k�lph perièqei 5 �spra kai 7 maÔra sfairÐdia en¸ mia deÔterh k�lph perièqei 3 �spra
kai 5 maÔra sfairÐdia. Epilègoume tuqaÐa èna sfairÐdio apì thn pr¸th kai to topojetoÔme sthn
deÔterh. 'Epeita epilègoume tuqaÐa èna sfairÐdio apo thn deÔterh k�lph. Poi� eÐnai h pijanìthta
to deÔtero sfairÐdio na eÐnai �spro?

2.5. RÐqnoume èna z�ri mi� for� kai an h èndeixh eÐnai i dialègoume èna sfairÐdio apì mi� k�lph
pou perièqei 2i �spra kai 14− 2i maÔra sfairÐdia. Se mi� pragmatopoÐhsh autoÔ tou peir�matoc,
poi� eÐnai h pijanìthta to sfairÐdio pou epilègoume na eÐnai �spro?

2.6. Mi� k�lph perièqei k �spra kai n− k maÔra sfairÐdia. Ex�goume diadoqik� 3 sfairÐdia wc
ex c. Met� apì k�je exagwg , an to sfairÐdio eÐnai �spro, to epistrèfoume sthn k�lph, en¸
an eÐnai maÔro, to antikajistoÔme me �spro. Poi� eÐnai h pijanìthta to trÐto sfairÐdio na eÐnai
�spro?

2.7. JewroÔme dÔo k�lpec X, Y me thn ex c sÔnjesh:
X: 5 maÔra kai 5 �spra sfairÐdia,
Y : 1 maÔro kai 9 �spra sfairÐdia.

'Ena �tomo epilègei tuqaÐa (me Ðsh pijanìthta) mi� apì tic dÔo k�lpec, kai ex�gei apo aut n
to èna met� to �llo me epan�jesh 4 sfairÐdia (dhlad  met� apo k�je exagwg , epistrèfei to
sfairÐdio sthn k�lph). Se em�c, apo ìlh thn diadikasÐa, faner¸netai mìno ìti kai ta tèssera
sfairÐdia eÐnai �spra. Dedomènou autoÔ, poi� eÐnai h pijanìthta na eÐqe epilegeÐ sthn arq  h
k�lph X?

2.8. Se ènan plhjusmì, to 0.1 % p�sqei apo mi� asjèneia X. 'Ena test k�nei l�joc di�gnwsh
sto 5% twn peript¸sewn pou to �tomo pou k�nei to test èqei thn asjèneia, en¸ k�nei l�joc
sto 1% twn peript¸sewn pou to �tomo eÐnai ugièc. Epilègoume sthn tÔqh èna �tomo apo ton
plhjusmì, kai to test dhl¸nei ìti to �tomo èqei thn asjèneia. Dedomènou autoÔ, poi� eÐnai h
pijanìthta to �tomo ìntwc na èqei thn asjèneia?

2.9. 'Eqoume trÐa qarti� ta opoÐa kaloÔme AA, MM, AM. To AA èqei kai tic dÔo pleurèc
qrwmatismènec �sprec, to MM kai tic dÔo maÔrec, en¸ to AM èqei thn mÐa pleur� qrwmatismènh
�sprh kai thn �llh m�urh. 'Enac fÐloc mac epilègei èna qartÐ sthn tÔqh kai mac deÐqnei mìno
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ìti h mi� pleur� tou eÐnai �sprh. Gia to poi� pleur� thc k�rtac epilègei na mac deÐxei, jewroÔme
dÔo ekdoqèc.

(a) Epilègei sthn tÔqh3 mÐa apì tic dÔo pleurèc.
(b) Epilègei p�ntote �sprh pleur� an up�rqei diajèsimh.

Gia k�je mÐa apì autèc tic dÔo ekdoqèc, na upologisteÐ h pijanìthta h �llh pleur� tou qartioÔ
pou eÐdame na eÐnai maÔrh.

2.10. To surt�ri Σ1 perièqei 3 qrus� kai 3 argur� nomÐsmata en¸ to surt�ri Σ2 perièqei 3
qrus� kai 6 argur�. Klèfthc (sta skotein�) anoÐgei èna surt�ri sthn tÔqh kai arp�zei dÔo
nomÐsmata sthn tÔqh.

(a) Poia h pijanìthta na eÐnai kai ta dÔo qrus�?
(b) An diapistwjeÐ (kat� thn sÔllhy  tou) ìti èqei klèyei dÔo qrus� nomÐsmata, poia eÐnai

h pijanìthta na eÐqe anoÐxei to surt�ri Σ1?

2.11. Oi asfalistikèc etaireÐec katat�ssoun touc odhgoÔc se 10 kathgorÐec, A1, A2, . . . , A10,
an�loga me thn pijanìthta na k�noun atÔqhma sth di�rkeia tou ètouc. Sugkekrimèna, ènac
odhgìc thc kathgorÐac Ak (k ∈ {1, 2, . . . , 10}) èqei pijanìthta k/100 ìpwc pragmatopoi sei
atÔqhma sth di�rkeia tou ètouc. Upojètoume ìti sth sugkekrimènh asfalistik  etaireÐa ta
k/55 twn odhg¸n pou asfalÐzei an koun sthn kathgorÐa Ak, k = 1, 2, . . . , 10. An ènac odhgìc,
asfalismènoc sth sugkekrimènh etaireÐa, anafèrei atÔqhma sth di�rkeia tou ètouc, poia eÐnai h
pijanìthta na an kei sthn kathgorÐa k?

2.12. DÔo endeqìmena A,B me P (A), P (B) > 0 lègontai jetik� susqetismèna an P (A |B) >
P (A), en¸ arnhtik� susqetismèna an P (A |B) < P (A).

(a) Na deiqjeÐ ìti an ta A,B eÐnai jetik� susqetismèna, tìte P (B |A) > P (B) kai P (A ∩
B) > P (A)P (B) (profan¸c kai oi treÐc periorismoÐ eÐnai isodÔnamoi efìson P (A), P (B) >
0).

(b) RÐqnoume èna z�ri duì forèc kai orÐzoume ta endeqìmena

A : = {EmfanÐzetai 1 toul�qiston mia for�},
B : = {Oi dÔo endeÐxeic eÐnai diaforetikèc},
C : = {H pr¸th èndeixh den eÐnai 1}.

EÐnai ta A,B jetik�   arnhtik� susqetismèna? Ta A,C?

2.13. (Dèsmeush desmeumènhc pijanìthtac) 'Estw (Ω,A, P ) q¸roc pijanìthtac, kai Γ ∈ A me
P (Γ) > 0. H sun�rthsh pΓ : A → [0, 1] me pΓ(A) = P (A |Γ) gia k�je A ∈ A eÐnai sun�rthsh
pijanìthtac4. An pΓ(B) > 0, tìte gia A ∈ A orÐzetai kat� ta gnwst� h desmeumènh pijanìthta
pΓ(A |B). Na deiqjeÐ ìti

pΓ(A |B) = P (A |B ∩ Γ).

Dhlad  sthn plhroforÐa ìti to Γ sunèbh prostÐjetai h plhroforÐa ìti kai to B sunèbh.

2.14. (Je¸rhma olik c pijanìthtac gia desmeumènh pijanìthta) 'Estw endeqìmena A,Γ, B1, B2,
me {B1, B2} diamèrish tou deigmatikoÔ q¸rou, kai P (Γ ∩B1), P (Γ ∩B2) > 0. Na deiqjeÐ ìti

P (A |Γ) = P (B1 |Γ)P (A |Γ ∩B1) + P (B2 |Γ)P (A |Γ ∩B2).

2.15. Estw endeqìmena A,B me P (A) > 0. Na deiqjeÐ ìti

(a) P (A ∩B |A ∪B) ≤ P (A ∩B |A).
(b) P (B |B ∪ A) ≥ P (B |A).

3
Δηλαδή πιθανότητα 1/2 για κάθε πλευρά. Γενικά όταν έχουμε πεπερασμένο πλήθος επιλογών και λέμε ότι

επιλέγουμε στην τύχη, εννούμε ότι οι επιλογές όλες είναι ισοπίθανες.

4
Δηλαδή ικανοποιεί τα αξιώματα του Kolmogorov, σελ. 48 στο βιβλίο του κ. Κούτρα.
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2.16. An ta A,B eÐnai anex�rthta na deiqjeÐ ìti kajèna apo ta akìlouja zeÔgh eÐnai anex�rthta
(a) A,Bc, (b) Ac, B, (g) Ac, Bc.

2.17. JewroÔme k ≥ 1 rÐyeic enìc amerìlhptou nomÐsmatoc kai ta endeqìmena

A : kai oi duì ìyeic emfanÐzetai toul�qiston mi� for�.

B : h èndeixh kor¸na emfanÐzetai to polÔ mia for�.

Gia poièc timèc tou k eÐnai ta A,B anex�rthta?

2.18. Diajètoume dÔo fainomenik� ìmoia nomÐsmata N1, N2, plhn ìmwc, to èna fèrnei {K} me
pijanìthta p1 = 1/2 (dÐkaio) en¸ to �llo me pijanìthta p2 = 3/4 (kÐbdhlo) . Dialègoume èna
nìmisma sthn tÔqh, kai to rÐqnoume dÔo anex�rthtec forèc. JewroÔme ta endeqìmena

A1 : = { h pr¸th rÐyh eÐnai K},
A2 : = { h deÔterh rÐyh eÐnai K}.

EÐnai ta A1, A2 anex�rthta?

2.19. Gia duì paj seic a, b, eÐnai gnwstì ìti to posostì twn atìmwn tou plhjusmoÔ pou
p�sqoun mìno apì thn a eÐnai 0.6%, aut¸n pou p�sqoun mìno apo thn b eÐnai 0.5%, kai aut¸n
pou p�sqoun kai apo tic dÔo eÐnai 0.2%. EÐnai oi duì paj seic anex�rthtec?

2.20. 'Ena peÐrama èqei pijanìthta epituqÐac p ∈ (0, 1). EkteloÔme mia akoloujÐa anex�rthtwn
dokim¸n tou peir�matoc.

(a) Na deiqjeÐ ìti h pijanìthta na èqoume k epituqÐec stic pr¸tec n dokimèc eÐnai(
n

k

)
pk(1− p)n−k.

JewroÔme ìti 0 ≤ k ≤ n.
(b) Na deiqjeÐ ìti h pijanìthta se ìlec tic dokimèc thc akoloujÐac na èqoume apotuqÐa eÐnai

0.
(g) Na upologisteÐ h pijanìthta h pr¸th epituqÐa na sumbaÐnei sthn k dokim . k ∈ N \ {0}.
(d) Na upologisteÐ h pijanìthta na qreiastoÔn toul�qiston k dokimèc wc thn pr¸th epituqÐa.

k ∈ N \ {0}.

*21. Treic paÐktec, oi a1, a2, a3, paÐzoun to ex c paiqnÐdi. RÐqnoun diadoqik� èna sunhjismèno
nìmisma me th seir� a1, a2, a3, a1, a2, a3 k.o.k., kai kerdÐzei autìc pou ja fèrei pr¸toc kor¸na.
'Estw pj h pijanìthta na kerdÐsei to paiqnÐdi o paÐkthc j. Na deÐxete ìti p2 = p1/2 kai p3 = p2/2,
kai na sumper�nete ìti p1 = 4/7, p2 = 2/7 kai p3 = 1/7.

2.22. (DiagwnÐsmata pollapl c epilog c) 'Enac diagwnizìmenoc apant�ei se n erwt seic pol-
lapl c epilog c. Se k�je er¸thsh up�rqoun j diaforetikèc apant seic apì tic opoÐec mÐa eÐnai h
swst . O diagwnizìmenoc epilègei mÐa ap�nthsh sthn tÔqh an den gnwrÐzei th swst  ap�nthsh
� profan¸c epilègei thn swst  ap�nthsh ìtan thn gnwrÐzei. Upojètoume ìti h proetoimasÐa tou
exetazìmenou kajorÐzei mÐa pijanìthta p ∈ (0, 1) ìpwc gnwrÐzei thn swst  ap�nthsh se opoia-
d pote er¸thsh. Upojètoume epÐshc ìti ènac sugkekrimènoc exetazìmenoc èqei proetoimasteÐ
ètsi ¸ste p = 1/2.

(a) Poia h pijanìthta na apant sei swst� se k (apì tic n) erwt seic?
(b) Dedomènou ìti ap�nthse swst� se k erwt seic, poi� h pijanìthta na gn¸rize sthn prag-

matikìthta akrib¸c s erwt seic? (s ∈ {0, 1, . . . , k})

*23. (Aprosdìkhth anexarthsÐa) Apo mÐa k�lph pou perièqei n sfairÐdia arijmhmèna 1, 2, ..., n
ex�goume to èna met� to �llo tuqaÐa ta n sfairÐdia. 'Estw ki h èndeixh tou sfairidÐou paÐrnoume
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sthn i exagwg . Lème ìti sthn i exagwg  èqoume rekìr an to sfairÐdio thc èqei megalÔterh
èndeixh apo ta prohgoÔmena sfairÐdia, dhlad  an i = 1   an i > 1 kai ki > max{k1, . . . , ki−1}.
JewroÔme ta endeqìmena

Ai := {Sthn i exagwg  èqoume rekìr},
gia i = 1, 2, . . . , n.

(a) Na deiqjeÐ ìti P (Aj) = 1/j gia j = 1, . . . , n.
(b) Na deiqjeÐ ìti ta A1, A2, . . . , An eÐnai an� dÔo anex�rthta.
(g) Na deiqjeÐ ìti ta A1, A2, . . . , An eÐnai pl rwc anex�rthta.
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3. Sunarthsh katanomhc, mesh timh gia diakritec tuqaiec metablhtec

3.1. 'Estw tuqaÐa metablht  X me sun�rthsh katanom c

FX(t) =

{
0 an t < 0,

1− e−t2 an t ≥ 0.

Poi� h sun�rthsh katanom c gia thn tuqaÐa metablht  Y := eX ?

3.2. 'Estw f(x) = c/2|x| gia x ∈ Z kai f(x) = 0 gia x ∈ R \ Z, ìpou h c eÐnai mi� stajer�.

(a) Gia poi� tim  thc c eÐnai h f sun�rthsh pijanìthtac miac diakrit c tuqaÐac metablht c?

(b) Gia thn tim  thc c tou erwt matoc (a), poi� eÐnai h sun�rthsh katanom c thc tuqaÐac
metablht c pou antistoiqeÐ sthn f ?

3.3. Na exetasteÐ an orÐzetai h mèsh tim  thc tuqaÐac metablht c X an aut  èqei sun�rthsh
pijanìthtac

(a) f(x) =

{
3
π2

1
x2

an x ∈ Z \ {0},
0 diaforetik�.

(b) f(x) =


3
π2

1
x2

an x ∈ Z, x < 0,
1

2x+1 an x ∈ Z, x > 0,

0 diaforetik�.

3.4. Apì mia k�lph pou perièqei n kl rouc arijmhmènouc 1, 2, . . . , n ex�gontai diadoqik� qwrÐc
epan�jesh k kl roi (1 ≤ k ≤ n). 'Estw X o megalÔteroc arijmìc pou ex�getai. Na upologi-
stoÔn

(a)∗ H sun�rthsh pijanìthtac thc X.

(b) H mèsh tim  thc X.

3.5. Duì paÐktec paÐzoun to ex c paiqnÐdi. RÐqnoun suneq¸c èna z�ri mèqri na emfanisteÐ gia
pr¸th for� h èndeixh 1   2. 'Estw X o arijmìc twn dokim¸n pou apaitoÔntai. An o X eÐnai
perittìc tìte o A kerdÐzei kai paÐrnei b Eur¸ apì ton B, en¸ an o X eÐnai �rtioc tìte o A q�nei
kai dÐnei a Eur¸ ston B.

(a) Poi� eÐnai h sun�rthsh pijanìthtac thc tuqaÐac metablht c X?

(b) Poi� eÐnai h pijanìthta na kerdÐsei to paiqnÐdi o A?

(g) Poi� prèpei na eÐnai h sqèsh metaxÔ a kai b ¸ste to paiqnÐdi na eÐnai dÐkaio?

3.6. (To par�doxo thc AgÐac PetroÔpolhc) PaÐzoume to ex c paiqnÐdi. 'Ena amerìlhpto nìmi-
sma rÐqnetai diadoqik�, kai an h èndeixh kor¸na emfanÐzetai gia pr¸th for� sthn k rÐyh tìte
kerdÐzoume 2k Eur¸. Poiì eÐnai to mèso kèrdoc tou paiqnidioÔ? Ja èdinec 50 Eur¸ gia na paÐxeic
to paiqnÐdi?

3.7. 'Estw X diakrit  tuqaÐa metablht  me sun�rthsh pijanìthtac

f(x) =

{
1

x(x+1)
x ∈ N = {1, 2, . . .},

0 x ∈ R \ N.

Gia poi� a ∈ R isqÔei E(Xa) <∞ ?
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4. Eidikec diakritec katanomec

4.1. Kataskeu�zoume ènan arijmì sto [0, 1) me 80 dekadik� yhfÐa epilègontac kajèna apo aut�
apo to {0, 1, . . . , 9} omoiìmorfa (dhlad , ìla ta yhfÐa èqoun thn Ðdia pijanìthta epilog c). Poi�
eÐnai h katanom  tou arijmoÔ twn emfanÐsewn tou 3, kai poi� h mèsh thc tim ?

4.2. DÔo z�ria A kai B rÐqontai 90 forèc. Poi� eÐnai h sun�rthsh pijanìthtac tou arijmoÔ twn
rÐyewn pou h èndeixh tou A xepern�ei thn èndeixh tou B kat� dÔo mon�dec toul�qiston?

4.3. 'Enac skopeut c rÐqnei 10 bolèc proc èna stoqo. H pijanìthta na petÔqei 4 forèc eÐnai
tripl�sia thc pijanìthtac na ton petÔqei treÐc. Na upologisteÐ h eustoqÐa tou skopeut , dhlad 
h pijanìthta na petÔqei to stìqo se mÐa dedomènh bol . 'Epeita na upologistoÔn oi pijanìthtec
se 5 bolèc na petÔqei to stìqo

(a) DÔo toul�qiston forèc.

(b) 'H ìlec   kamÐa for�.

(g) To polÔ 4 forèc an eÐnai gnwstì ìti pètuqe toul�qiston dÔo forèc.

4.4. 'An h X akoloujeÐ thn diwnumik  katanom  me paramètrouc n, p me p ∈ (0, 1), na deiqjeÐ ìti

E(tX) = (pt+ q)n, E

(
1

X + 1

)
=

1− (1− p)n+1

(n+ 1)p
,

gia k�je t ∈ R, ìpou q = 1− p.

4.5. O arijmìc twn lhstei¸n pou gÐnontai se ìla ta katast mata thc Eurobank se èna m na
akoloujeÐ thn katanom  Poisson. An h pijanìthta na sumbeÐ to polÔ mia lhsteÐa se èna m na
isoÔtai me 12 forèc thn pijanìthta na sumboÔn akrib¸c 2 lhsteÐec, na brejeÐ h pijanìthta na
sumbeÐ toul�qiston mÐa lhsteÐa se èna m na.

4.6. 'Enac asfalist c asfalÐzei 100 odhgoÔc gia mia qroni�. Kajènac apì touc odhgoÔc
prokaleÐ atÔqhma thn dedomènh qroni� me pijanìthta p = 1/1000. 'Estw X o arijmìc twn
odhg¸n pou prokaloÔn atÔqhma ekeÐnh thn qroni�. Na upologistoÔn oi pijanìthtec P (X ≤
1), P (X = 3), P (X = 10), kai èpeita oi proseggÐseic touc qrhsimopoi¸ntac thn prosèggish thc
katanom c thc X apo kat�llhlh katanom  Poisson.

4.7. (a) An h tuqaÐa metabht  X akoloujeÐ thn katanom  Poisson me par�metro λ > 0, na
deiqjeÐ ìti

E(Xh(X)) = λE(h(X + 1)) (1)

gia k�je h : R→ [0,∞).

(b) An h tuqaÐa metablht  X paÐrnei mh arnhtikèc akèraiec timèc, kai up�rqei λ > 0 ¸ste h X na
ikanopoieÐ thn (1) gia k�je h : R→ [0,∞), na deiqjeÐ ìti h X akoloujeÐ thn katanom  Poisson
me par�metro λ > 0.

4.8. MÐa k�lph perièqei 20 maÔra kai 60 �spra sfairÐdia. Ex�goume sfairÐdia to èna met�
to �llo me epan�jesh. (a) Poi� eÐnai h pijanìthta to 7o sfairÐdio na eÐnai to pr¸to maÔro
sfarÐdio pou ex�getai? (b) Poi� eÐnai h pijanìthta na qreiastoÔn toul�qiston 10 exagwgec gia
na emfanisteÐ maÔro sfairÐdio. (g) Poi� eÐnai h mèsh tim  tou arijmoÔ twn �sprwn sfairidÐwn
pou emfanÐzontai prin thn pr¸th emf�nish maÔrou sfairidÐou.

4.9. JewroÔme akoloujÐa rÐyewn enìc amerìlhptou zarioÔ. Perimènoume ¸spou na emfani-
stoÔn kai oi dÔo endeÐxeic 3 kai 4. Gia par�deigma, èna dunatì sen�rio twn apotelesm�twn thc
akoloujÐac eÐnai

5, 1, 1, 4, 6, 5, 4, 2, 6, 3
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kai tìte stamat�me. 'Estw X o arijmìc twn rÐyewn pou apaitoÔntai (sto par�deigma, X = 10).
Poi� h mèsh tim  thc tuqaÐac metablht c X?

4.10.*(To prìblhma tou sullèkth kouponi¸n) Upojètoume ìti up�rqoun n eÐdh diaforetik¸n
kouponi¸n, kai k�je for� pou k�poioc agor�zei èna koupìni, autì mporeÐ na eÐnai isopÐjana
opoiod pote apo ta n diaforetik� eÐdh. Poi� eÐnai h mèsh tim  tou arijmoÔ kouponi¸n pou prèpei
na agor�sei kaneÐc ¸ste na èqei sullèxei èna koupìni apo k�je eÐdoc?
Upìdeixh: 'Estw Yi h agor� kat� thn opoÐa brÐskoume to i-sto nèo koupìni. Zht�me thn

E(Yn). Poi� eÐnai h katanom  kajemÐac apì tic diaforèc Y2 − Y1, . . . , Yn − Yn−1?

4.11. Kataskeu�zoume ènan arijmì x = 0. a1a2a3... sto [0, 1) epilègontac ta dekadik� tou yhfÐa
apo arister� proc ta dexi� to èna met� to �llo apo to {0, 1, . . . , 9} omoiìmorfa. Ston arijmì
pou sqhmatÐzetai poiìc eÐnai o anamenìmenoc arijmìc dekadik¸n yhfÐwn

(a) PrÐn apo thn emf�nish gia pr¸th for� tou yhfÐou 7.

(b) Prin thn emf�nish gia pr¸th for� enìc apo ta yhfÐa 2, 4, 6.

(g) Prin thn 8h emf�nish tou yhfÐou 4.

(d) Mèqri thn 4h emf�nish zugoÔ yhfÐou.

(e)* Mèqri thn emf�nish kai twn tri¸n yhfÐwn 3, 5, 6.
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5. Suneqeic katanomec

5.1. 'Ena benzin�diko gemÐzei pl rwc th dexamen  tou mia for� thn ebdom�da. An o ebdomadiaÐoc
ìgkoc pwl sewn se qili�dec lÐtra eÐnai mi� tuqaÐa metablht  me puknìthta

f(x) =

{
5(1− x)4 , x ∈ (0, 1)

0 , x ∈ R \ (0, 1),

pìsh prèpei na eÐnai h qwrhtikìthta thc dexamen c ¸ste h pijanìthta na exantlhjoÔn ta apo-
jèmata kat� th di�rkeia miac sugkekrimènhc ebdom�dac na eÐnai Ðsh me 1/100?

5.2. H tuqaÐa metablht  X èqei puknìthta fX(x) = cx−r1x≥1, ìpou oi c, r eÐnai jetikèc staje-
rèc.

(a) Poièc eÐnai oi epitreptèc timèc tou r?

(b) Na brejeÐ h tim  thc stajer�c c sunart sei tou r.

(g) Gia poièc timèc tou r isqÔei EX <∞?

(d) Gia dedomèno r > 1, gia poièc timèc tou a ∈ R isqÔei E(Xa) <∞?

5.3. An h X akoloujeÐ omoiìmorfh katanom  se k�poio di�sthma (a, b), X ∼ U(a, b), kai
èqei mèsh tim  µ = 5 kai diaspor� σ2 = 3, na breÐte touc arijmoÔc a, b kai thn pijanìthta
P (|X − 5| > 2).

5.4. RÐqnoume èna z�ri, kai an emfanisteÐ h èndeixh i, tìte dialègoume tuqaÐa ènan arijmì, èstw
X, apì to di�sthma (0, i) (sÔmfwna me thn omoiìmorfh katanom  U(0, i)). BreÐte thn puknìthta
thc X. Kat� mèso ìro poiìn arijmì dialègoume?

5.5. 'Estw ìti X ∼ N(µ, σ2). An P (X > 1.85) = 0.2 kai P (X > 1.70) = 0.9 na brejoÔn ta
µ, σ2. DÐnetai ìti Φ−1(0.8) = 0.85,Φ−1(0.9) = 1.29

5.6. To b�rocX enìc koutioÔ anayuktikoÔ akoloujeÐ kanonik  katanom  me mèsh tim  µ = 330gr
kai tupik  apìklish σ = 10gr. BreÐte

(a) Thn pijanìthta ìpwc èna tuqaÐa epilegmèno koutÐ èqei b�roc megalÔtero twn 340gr.

(b) Thn pijanìthta ìpwc èna tuqaÐa epilegmèno koutÐ èqei b�roc mikrìtero twn 310gr.

(g) Thn pijanìthta ìpwc èna tuqaÐa epilegmèno koutÐ èqei b�roc metaxÔ twn 310gr kai twn 340gr.

(d) Thn pijanìthta ìpwc metaxÔ dèka tuqaÐa epilegmènwn kouti¸n, to polÔ 8 apì aut� èqoun
b�roc mikrìtero twn 340gr.

(e) Ton anamenìmeno arijmì kouti¸n, metaxÔ dèka tuqaÐa epilegmènwn kouti¸n, pou èqoun b�roc
mikrìtero twn 340gr.

5.7. Gia mia suneq  katanom , o arijmìc a lègetai di�mesoc thc katanom c an P (X ≥ a) =
P (X ≤ a), ìpou h tuqaÐa metablht  X akoloujeÐ thn dedomènh katanom .

(a) Na deiqjeÐ ìti k�je suneq c katanom  èqei toul�qiston èna di�meso.

(b) Poiìc eÐnai ènac di�mesoc gia thn katanom  N(µ, σ2)? EÐnai monadikìc?

*5.8. An X ∼ N(0, 1) kai f : R → R eÐnai paragwgÐsimh me suneq  par�gwgo kai me {x ∈ R :
f(x) 6= 0} fragmèno, na deiqjeÐ ìti

E(f ′(X)) = E(Xf(X)).
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5.9. UpologÐste tic apìlutec ropèc E|Z|p, p > 0, ìtan h Z akoloujeÐ tupopoihmènh kanonik 

N(0, 1) sunart sei thc sun�rthshc G�mma, kai deÐxte ìti E|X − µ| = σ
√

2
π
ìtan X ∼ N(µ, σ2).

5.10. H tuqaÐa metablht  X akoloujeÐ thn ekjetik  katanom  me k�poia par�metro θ > 0.
H X parist�nei to qrìno zw c (se èth) enìc hlektronikoÔ exart matoc. O kataskeuast c
prosfèrei eggÔhsh a = 2 et¸n, kai autì eÐnai to mègisto a ètsi ¸ste toul�qiston to 95% twn
exarthm�twn na leitourgoÔn toul�qiston mèqri to qrìno eggÔhshc (¸ste na mhn qrei�zetai na
ta antikatast sei). Poiìc eÐnai o mèsoc qrìnoc zw c twn exarthm�twn, kai poia h diaspor� tou
qrìnou zw c twn exarthm�twn?

5.11. Na brejeÐ ènac di�mesoc gia thn ekjetik  katanom  me par�metro λ.

5.12. An X ∼ exp(λ), na deiqjeÐ ìti gia k ∈ N isqÔei

E(Xk) =
k!

λk
.

Sunarthsh tuqaiac metablhthc

5.13. An h tuqaÐa metablht  X èqei puknìthta fX(x) = 1
2x2

1|x|≥1, na brejeÐ h puknìthta thc
Y := X2.

5.14. An h tuqaÐa metablht  X èqei puknìthta fX(x) = e−x1x>0, na brejeÐ h puknìhthta thc

Y :=

{
X an X ≤ 1,

1/X an X > 1.

5.15. An h tuqaÐa metablht  X èqei puknìthta fX(x) = λe−λx1x>0 ìpou λ eÐnai mia jetik 
stajer�5, na prosdioristeÐ h katanom  thc Y = [X] (akèraio mèroc tou X). Poi� eÐnai h mèsh
tim  thc Y ?

5.16. (a) An h U akoloujeÐ thn omoiìmorfh katanom  sto di�sthma (0, 1), tìte gia a < b h

X := a+ (b− a)U

akoloujeÐ thn omoiìmorfh sto (a, b).

(b) An h X akoloujeÐ omoiìmorfh katanom  sto di�sthma (a, b), ìpou a < b, tìte h

U :=
X − a
b− a

akoloujeÐ thn omoiìmorfh katanom  sto (0, 1).
(g) An h U akoloujeÐ thn omoiìmorfh katanom  sto di�sthma (0, 1), tìte kai h Y := 1 − U
akoloujeÐ thn omoiìmorfh katanom  sto di�sthma (0, 1).

5.17. 'Estw θ > 0. Upojètoume ìti h tuqaÐa metablht  U akoloujeÐ thn omoiìmorfh katanom 
sto di�sthma (0, 1).

(a) ApodeÐxte ìti h tuqaÐa metablht  X := − log(U)/θ akoloujeÐ thn ekjetik  katanom  me
par�metro θ.

(b) BreÐte thn puknìthta thc tuqaÐac metablht c6 Y := log
(

U
1−U

)
.

5.18. An X ∼ N(0, 1), na deiqjeÐ ìti X2 ∼ Γ(1/2, 1/2).

5
Δηλαδή η X ακολουθεί την εκθετική κατανομή με παράμετρο λ.
6
Η συγκεκριμένη Y λέμε ότι ακολουθεί την Λογιστική (Logistic) κατανομή.
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5.19. (Katanom  Weibul) 'Estw c > 0. 'Otan h X akoloujeÐ ekjetik  katanom  me par�metro
θ > 0 tìte lème ìti h tuqaÐa metablht  Y = X1/c akoloujeÐ thn katanom  Weibul me paramètrouc
c kai θ. BreÐte thn sun�rthsh puknìthtac thc Y .

5.20. An h tuqaÐa metablht  akoloujeÐ thn katanom  Γ(a, λ) kai r eÐnai ènac jetikìc pragma-
tikìc arijmìc, tìte h Y = rX akoloujeÐ thn katanom  Γ(a, λ/r).

*5.21. An h F eÐnai sun�rthsh katanom c miac tuqaÐac metablht c, tìte xèroume ìti ikanopoieÐ
ta ex c:

(i) eÐnai aÔxousa,
(ii) eÐnai dexi� suneq c,

(iii) limx→−∞ F (x) = 0,
(iv) limx→∞ F (x) = 1.

AntÐstrofa t¸ra, upojètoume ìti mia F : R → R ikanopoieÐ tic (i)-(iv), kai epiplèon ìti eÐnai
gnhsÐwc aÔxousa kai suneq c. Kai èstw U tuqaÐa metablht  me katanom  thn omoiìmorfh sto
(0, 1). OrÐzoume thn tuqaÐa metablht 

X := F−1(U).

Na deiqjeÐ ìti h X èqei sun�rthsh katanom c F .

Sqìlio: H upìjesh ìti h F eÐnai gnhsÐwc aÔxousa kai suneq c den qrei�zetai. QwrÐc aut n,
orÐzei kaneÐc gia t ∈ [0, 1]

F−1(t) := inf{x ∈ R : F (x) ≥ t}.
Kai apodeiknÔetai p�li ìti h F−1(U) èqei sun�rthsh katanom c F .

SumperaÐnoume loipìn ìti

(a) K�je F pou ikanopoieÐ tic (i)-(iv) eÐnai sun�rthsh katanom c k�poiac tuqaÐac metablht c,
p.q., thc F−1(U). Kai epomènwc oi sunj kec (i)-(iv) eÐnai ikanèc kai anagkaÐec ¸ste mia sun�r-
thsh na eÐnai sun�rthsh katanom c miac tuqaÐac metablht c.

(b) An èqoume èna mhqanismì pou par�gei mÐa tuqaÐa metablht  U me katanom  omoiomorfh sto
(0, 1), tìte mporoÔme na parag�goume opoiad pote �llh tuqaÐa metablht  mèsw tou metasqhma-
tismoÔ F−1(U). ArkeÐ bèbaia na mporoÔme na upologÐsoume thn F−1. Autì k�name sthn �skhsh
6(a).
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6. Poludiastatec tuqaiec metablhtec

6.1. Ex�goume diadoqik� qwrÐc epan�jesh èxi sfairÐdia apo mÐa k�lph pou perièqei 50 sfairÐdia
arijmhmèna 1, 2, . . . , 50. 'Estw X h mikrìterh èndeixh, kai Y h megalÔterh èndeixh apo tic 6. Na
brejeÐ h sun�rthsh pijanìthtac thc didi�stathc tuqaÐac metablht c (X, Y ).

6.2. 'Estw ìti oi X, Y èqoun apì koinoÔ puknìthta

f(x, y) =

{
6xcy, (x, y) ∈ (0, 1)× (0, 1),

0 diaforetik�.

(a) Poi� h tim  thc stajer�c c?

(b) Na brejoÔn oi perij¸riec thc (X, Y ).

(g) Na brejoÔn oi pijanìthtec P (X < 1/3), P (Y > 2X).

*6.3. 'Estw ìti epilègoume èna shmeÐo (X, Y ) omoiìmorfa sto (0, 1)× (0, 1) Poi� h pijanìthta
o eggÔteroc akèraioc ston Y/X na eÐnai �rtioc? DÐnetai ìti h antÐstrofh efaptomènh tan−1 :
R→ (−π/2, π/2) èqei to ex c an�ptugma se dunamoseir�

tan−1 x =
∞∑
k=0

(−1)kx2k+1

2k + 1
gia k�je x ∈ [−1, 1].

6.4. 'Estw X, Y apì koinoÔ suneqeÐc tuqaÐec metablhtèc me puknìthta f(·, · ). Na deiqjeÐ ìti
P (X = Y ) = 0, dhlad  den èqoume potè sÔmptwsh/isopalÐa twn X, Y .
Eidik  perÐptwsh eÐnai ìtan oi X, Y eÐnai anex�rthtec suneqeÐc tuqaÐec metablhtèc, kai èqoun

kai oi duì touc puknìthta.

6.5. 'Estw X1, X2, X3, X4 anex�rthtec kai isìnomec suneqeÐc tuqaÐec metablhtèc, kajemÐa me
puknìthta f(· ). Na deiqjeÐ ìti gia opoiad pote met�jesh twn (i1, i2, i3, i4) twn (1, 2, 3, 4), p.q.
(i1, i2, i3, i4) = (2, 4, 3, 1), isqÔei

P (Xi1 < Xi2 < Xi3 < Xi4) =
1

4!
Poiì eÐnai to an�logo apotèlesma ìtan èqoume n tuqaÐec metablhtèc?

6.6. 'Estw ìti oi X, Y èqoun apì koinoÔ puknìthta

f(x, y) =

{
1
x
, 0 < y < x < 1,

0 diaforetik�.

(a) Na deiqjeÐ ìti pr�gmati h f eÐnai sun�rthsh puknìthtac.

(b) Na upologistoÔn oi desmeumènec puknìthtec fX |Y (· | y), fY |X(· |x) gia ìla ta x, y ∈ R gia
ta opoÐa èqoun nìhma.
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7. Diafora

Upologismoc meswn timwn, sundiakumansh, suntelesthc susqetishc

7.1. 'Estw X, Y tuqaÐec metablhtèc me apì koinoÔ puknìthta

f(x, y) =

{
8xy, 0 < x < y < 1,

0 diaforetik�.

(a) EÐnai oi X, Y anex�rthtec?

(b) Na upologisteÐ h E(Y eX).

(g) Na upologistoÔn oi Cov(X, Y ), ρ(X, Y ).

7.2. 'Estw ìti oi tuqaÐec metablhtèc X, Y èqoun apì koinoÔ puknìthta

f(x, y) =

{
−xy an (x, y) ∈ (−1, 0)× (0, 1) ∪ (1, 2)× (−1, 0),

0 diaforetik�.

(a) Na upologisteÐ h pijanìthta P (X + Y < 0).

(b) Na upologisteÐ h mèsh tim  E(XY ).

(g) EÐnai oi X, Y anex�rthtec?

7.3. 'Estw X, Y, Z tuqaÐec metablhtèc me E(X2), E(Y 2) < ∞, Z ∼ N(0, 1), Cov(X, Y ) = 1,
kai h Z anex�rthth apo tic X, Y . Na upologisteÐ h Cov(XZ2, Y + Z).

7.4. JewroÔme tic tuqaÐec metablhtèc X1, X2 me Var(X1) = Var(X2) = 1 kai diaspor� tou
ajroÐsmatoc Var(X1 + X2) = 3. EÐnai oi X1, X2 anex�rthtec? An eÐnai gnwstì ìti gia k�poia
stajer� c oi tuqaÐec metablhtèc X1 kai X2 − cX1 eÐnai anex�rthtec, ti sumpèrasma bg�zete gia
thn stajer� c?

7.5. 'Estw X1, X2, . . . , Xn anex�rthtec kai isìnomec tuqaÐec metablhtèc kajemÐa me mèsh tim 
E(Xi) = 2 kai diaspor� Var(Xi) = 8, i = 1, 2, . . . , n. Na prosdiorÐsete stajerèc αn ∈ R
kai βn > 0 ètsi ¸ste h tuqaÐa metablht  αn + βnY na èqei mèsh tim  0 kai diaspor� 1, ìpou
Y =

∑n
i=1 3i−1Xi.

7.6. Epilègoume ènan arijmì X omoiìmorfa tuqaÐa sto sÔnolo {1, 2, . . . , 20}, kai jètoume
Y := 21−X.

(a) Poi� h katanom  thc tuqaÐac metablht c Y ?

(b) Ti prìshmo perimènoume na èqei h Cov(X, Y )? Na apodeiqjeÐ tupik� poiì eÐnai autì.

7.7. n ≥ 1 �toma epibib�zontai tuqaÐa se èna aeropl�no n jèsewn, agno¸ntac thn an�jesh
jèshc pou lèei h k�rta epibÐbashc touc. 'EstwW o arijmìc aut¸n pou k�jontai (sumptwmatik�)
sthn jèsh pou touc anatèjhke. Jètoume Xi = 1 an o i epib�thc k�jhse sthn jèsh pou anafèrei
h k�rta tou kai Xi = 0 diaforetik�.

(a) Na upologisteÐ h sundiakÔmansh Cov(Xi, Xj) gia i 6= j. P¸c sqoli�zete to prìshmì thc?

(b) Na upologistoÔn oi E(W ),Var(W ).

7.8. RÐqnoume èna amerìlhpto z�ri n ≥ 1 forèc. 'Estw Z o arijmìc twn for¸n pou emfanÐzetai
2, kai W o arijmìc twn for¸n pou emfanÐzetai to 3. Na upologisteÐ h Cov(Z,W ).

7.9. 'Estw A,B endeqìmena se èna q¸ro pijanìthtac, kai 1A,1B oi deÐktriec sunart seic touc.
Na upologisteÐ h Cov(1A,1B).
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7.10. Oi tuqaÐec metablhtèc X1, X2 eÐnai anex�rthtec kai isìnomec kai kajemÐa akoloujeÐ thn
ekjetik  me mèsh tim  µ. Na breÐte thn sundiakÔmansh Cov(X1 + X2, 2X1 + 3X2) kaj¸c kai
ton suntelest  susqètishc ρ(X1 + X2, 2X1 + 3X2). EÐnai oi tuqaÐec metablhtèc X1 + X2 kai
2X1 + 3X2 anex�rthtec?

*7.11. JewroÔme tic tuqaÐec metablhtèc X1, X2 gia tic opoÐec xèroume mìno ìti Var(X1) =
3,Var(X2) = 2.

(a) Poi� eÐnai h mègisth kai poi� h el�qisth tim  pou mporeÐ na p�rei h Var(X1 +X2)?

(b) Pwc sqetÐzontai stic dÔo akraÐec peript¸seic tou erwt matoc (a) oi X1, X2?

*7.12. 'Estw tuqaÐa metablht  X me diaspor� Var(X) = a ∈ (0,∞).
(a) Gia c ∈ [0, 1] dedomèno, na kataskeuasteÐ tuqaÐa metablht  Y tètoia ¸ste ρ(X, Y ) = c.

(b) Gia c ∈ [−1, 0] dedomèno, na kataskeuasteÐ tuqaÐa metablht  Y tètoia ¸ste ρ(X, Y ) = c.

7.13. 'Estw X1, X2, . . . , Xn anex�rthtec tuqaÐec metablhtèc me thn Ðdia katanom , me mèsh tim 
µ, kai diakÔmansh σ2 ∈ (0,∞). Jètoume

X =
X1 +X2 + . . .+Xn

n
, S2 =

1

n− 1

n∑
i=1

(Xi −X)2.

Na deiqjeÐ ìti

(a) E(X) = µ,Var(X) = σ2/n.

(b) E(S2) = σ2.

Desmeumenh mesh timh

7.14. 'Estw ìti oi X, Y èqoun apì koinoÔ puknìthta

f(x, y) =

{
1
x
, 0 < y < x < 1,

0 diaforetik�.

(a) Na deiqjeÐ ìti pr�gmati h f eÐnai sun�rthsh puknìthtac.

(b) Na upologistoÔn oi desmeumènec puknìthtec fX |Y (· | y), fY |X(· |x) gia ìla ta x, y ∈ R gia
ta opoÐa èqoun nìhma.

(g) Na upologistoÔn oi mèsec timèc E(Y ), E(X2 |Y = y), E(eY |X = x) gia x, y ∈ (0, 1).

7.15. Se èna paiqnÐdi o parousiast c moir�zei tuqaÐa se trÐa kouti� A, B, G, treÐc fakèlouc 1,
2, 3. O 1 lèei ìti o paÐkthc prèpei na plhr¸sei 5 Eur¸, o 2 ìti prèpei na plhr¸sei 6 Eur¸, o 3
lèei ìti o paÐkthc kerdÐzei èna autokÐnhto. O paÐkthc epilègei èna apì ta trÐa kouti� A, B, G,
me pijanìthta 1/3 to kajèna, kai akoloujeÐ thn entol  pou lèei o f�keloc pou perièqetai sto
koutÐ. Stìqoc tou eÐnai na breÐ ton f�kelo 3, opìte met� apì k�je apotuqhmènh prosp�jeia
xanapaÐzei to paiqnÐdi. Bèbaia o parousiast c xanamoir�zei touc fakèlouc sta kouti�. 'Estw
X to posì pou ja plhr¸sei o paÐkthc ¸spou na breÐ ton f�kelo 3 (profan¸c h X eÐnai tuqaÐa
metablht ). Na brejeÐ h E(X).

7.16. 'Ena nìmisma èqei pijanìthta p na fèrei gr�mmata (G) se mÐa rÐyh. To rÐqnoume suneq¸c
¸spou na emfanistoÔn kai oi dÔo diaforetikèc endeÐxeic K, G. Na brejoÔn:

(a) O anamenìmenoc arijmìc rÐyewn

(b) H pijanìthta h teleutaÐa rÐyh na eÐnai K.

7.17. MÐa k�lph perièqei arqik� a �sprec kai b maÔrec mp�lec. Ex�goume tuqaÐa mÐa mp�la, kai
an eÐnai �sprh thn epistrèfoume sthn k�lph, en¸ an eÐnai maÔrh thn antikajistoÔme me mÐa �sprh
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pou paÐrnoume apì mi� �llh k�lph. 'Estw Xn to pl joc twn �sprwn mpal¸n ìtan h prohgoÔmenh
diadikasÐa pragmatopoihjeÐ n forèc.

(a) Na deiqjeÐ ìti gia k�je n ≥ 1 isqÔei

E(Xn |Xn−1) =

(
1− 1

a+ b

)
Xn−1 + 1.

(b) Na deiqjeÐ ìti gia k�je n ≥ 0 isqÔei

E(Xn) = a+ b− b
(

1− 1

a+ b

)n
.

(g) Poi� eÐnai h pijanìthta h mp�la pou epilègoume kat� to n+ 1 b ma na eÐnai �sprh?

7.18. 'Ena mhq�nhma mac dÐnei èna nìmisma pou fèrnei K me tuqaÐa pijanìthta p. To p eÐnai
�gnwsto se mac, all� xèroume apì pollèc parathr seic twn nomism�twn pou ex�gei h mhqan 
ìti h katanom  thc tuqaÐac paramètrou p eÐnai h omoiìmorfh sto (0, 1). RÐqnoume to nìmisma dÔo
forèc. Na upologistoÔn oi pijanìthtec:

(a) Sthn pr¸th rÐyh to nìmisma fèrnei K.

(b) Kai stic dÔo rÐyeic to nìmisma fèrnei K.

Ropogennhtrie, Pijanogennhtriec

7.19. (a) 'Estw X suneq c tuqaÐa metablht  me puknìthta f(x) = x−2 1x≥1. Gia poi� t ∈ R
eÐnai h ropogenn tria MX(t) = E(etX) peperasmènh?

(b) Na kataskeuasteÐ tuqaÐa metablht  X ¸ste MX(t) =∞ k�je gia t 6= 0.

7.20. 'Estw X tuqaÐa metablht  me puknìthta

f(x) :=

{
|x| an |x| < 1,

0 an |x| ≥ 1.

Poi� eÐnai h ropogenn tria MX thc X?

7.21. Poi� apì tic parak�tw sunart seic eÐnai ropogenn tria kapoiac tuqaÐac metablht c? Qrh-
simopoi ste ton pÐnaka ropogennhtri¸n gnwst¸n katanom¸n kai idiìthtec twn ropogennhtri¸n.

(a) 4
2−t 1t<2 +∞1t≥2, (b)

(
3

3−t

)3/5
1t<3 +∞1t≥3, (c) 1√

1−t e
−5t21t<1 +∞1t≥1,

(d) e
3
(

e2t−1
2t
−1

)
, (e) cos t.

7.22. 'Estw n ≥ 1 fusikìc arijmìc, kai dÔo tuqaÐec metablhtèc X,R (se koinì q¸ro pijanì-
thtac) ¸ste h R na akoloujeÐ thn omoiìmorfh katanom  sto (0, 1), en¸ gia thn X xèroume ìti
h desmeumènh katanom  X |R = r eÐnai diwnumik  me par�metrouc n, r gia k�je r ∈ (0, 1).

(a) Na upologisteÐ h ropogenn tria thc X.

(b) Me qr sh tou (a) na brejeÐ h katanom  thc X.

7.23. (a) 'Estw ìti h tuqaÐa metablht  X akoloujeÐ thn katanom  Poisson me par�metro λ > 0.
Na upologÐsete thn pijanogenn tri� thc, PX(u) = E(uX), kai apì aut n na sun�gete tic E(X)
kai Var(X). Gia poi� u eÐnai peperasmènh?



18

(b) 'Estw jetikèc stajerèc λ1, λ2, . . . , λn kai {Xi : 1 ≤ i ≤ n} anex�rthtec tuqaÐec metablhtèc
me Xi ∼ Poisson(λi) gia k�je i = 1, 2, . . . , n. Na deiqjeÐ ìti

X1 +X2 + · · ·+Xn ∼ Poisson(λ)

me λ =
∑n

i=1 λi.

7.24. Up�rqei a ∈ R ¸ste mÐa apì tic sunart seic

g(t) :=
at− 1

3− t3
, f(t) :=

5t2 + a

7− t5
,

(periorismènh se èna di�sthma gÔrw apì to 0) na eÐnai h pijanogenn tria PX k�poiac tuqaÐac
metablht c X? Gia aut  thn tim  tou a

(a) Na prosdioristeÐ h katanom  aut c thc tuqaÐac metablht c X.

(b) Na upologistoÔn me qr sh thc PX h mèsh tim  kai h diaspor� thc X.

7.25. (a) Gia tuqaÐa metablht  X pou akoloujeÐ thn katanom  N(0, σ2), na upologistoÔn, me
qr sh thc ropogenn triac thc X, oi ropèc µ′r := E(Xr) gia k�je akèraio r ≥ 0.

(b) Gia tuqaÐa metablht  Y pou akoloujeÐ thn katanom  Γ(a, λ) na upologistoÔn, me qr sh thc
ropogenn triac thc Y , oi ropèc µ′r := E(Y r) gia k�je akèraio r ≥ 0.

7.26. (a) 'Estw ìti h tuqaÐa metablht  X akoloujeÐ thn katanom  Γ(a, λ) (ìpou a, λ > 0),
dhlad  thn katanom  me puknìthta

f(x) =
λa

Γ(a)
xa−1e−λx 1x>0.

Na upologÐsete thn ropogenn tri� thc, MX(t) = E(etX). Gia poi� t eÐnai h MX peperasmènh?
Qrhsimopoi¸ntac thn, upologÐste tic E(X) kai Var(X).

(b) 'Estw jetikèc stajerèc a1, a2, . . . , an, λ kai {Xi : 1 ≤ i ≤ n} anex�rthtec tuqaÐec meta-
blhtèc me Xi ∼ Γ(ai, λ) gia k�je i = 1, 2, . . . , n (dhlad  me koin  deÔterh par�metro λ). Na
deiqjeÐ ìti

X1 +X2 + · · ·+Xn ∼ Γ(a, λ)

me a =
∑n

i=1 ai.

(g) Na deÐxete ìti ìtan oi tuqaÐec metablhtèc Xi eÐnai anex�rthtec kai isìnomec Ekjetikèc me
(koin ) par�metro θ > 0 tìte o deigmatikìc touc mèsoc X = (X1 +X2 + . . .+Xn)/n akoloujeÐ
katanom  Γ(an, λn) me kat�llhlec stajerèc an kai λn, tic opoÐec kai na prosdiorÐsete.

7.27. An h tuqaÐa metablht  akoloujeÐ thn katanom  Γ(a, λ) kai r eÐnai ènac jetikìc pragma-
tikìc arijmìc, tìte h Y = rX akoloujeÐ thn katanom  Γ(a, λ/r).

7.28. 'Estw X1, X2, . . . .Xn tuqaÐo deÐgma apì thn omoiìmorfh katanom  sto (0, 1).

(a) Poi� eÐnai h katanom  thc − logX1?

(b) Poi� eÐnai h katanom  thc Y := − log(X1X2 · · ·Xn)?

(g) Na deiqjeÐ ìti h 2Y akoloujeÐ thn katanom  χ2 me 2n bajmoÔc eleujerÐac.

7.29. (a) 'Estw ìti X ∼ N(µ, σ2), UpologÐste thn ropogenn tri� thc, MX(t) = E(etX). Gia
poi� t eÐnai peperasmènh? Sun�gete apo aut n tic ropèc E(Xk) gia k = 1, 2, 3.

(b) Na deÐxete ìti ìtan oi tuqaÐec metablhtèc {Xi : 1 ≤ i ≤ n} eÐnai anex�rthtec kai Xi ∼
N(µi, σ

2
i ), gia k�je i = 1, 2, . . . , n, tìte to �jroism� touc akoloujeÐ thn katanom  N(µ, σ2)

ìpou µ =
∑n

i=1 µi kai σ
2 =

∑n
i=1 σ

2
i .
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(g) Genikìtera, na deÐxete ìti ìtan oi {Xi : 1 ≤ i ≤ n} eÐnai ìpwc sto er¸thma (b), tìte
gia opoiesd pote stajerèc ci, i = 0, 1, . . . , n, me

∑n
i=1 |ci| > 0, h tuqaÐa metablht  X = c0 +∑n

i=1 ciXi akoloujeÐ thn katanom  N(µ, σ2) ìpou µ = c0 +
∑n

i=1 ciµi kai σ
2 =

∑n
i=1 c

2
iσ

2
i .

(d) Poia eÐnai h katanom  tou deigmatikoÔ mèsou Xn = (X1 +X2 + . . .+Xn)/n ìtan oi tuqaÐec
metablhtèc Xi, i = 1, 2, . . . , n eÐnai anex�rthtec kai isìnomec kanonikèc N(µ, σ2), kai poia eÐnai
h katanom  tou tupopoihmènou deigmatikoÔ mèsou Zn =

√
n(Xn − µ)/σ?
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8. Anisothta Markov. Kentriko oriako jewrhma

8.1. 'Estw X mh arnhtik  tuqaÐa metablht  me EX = 4 kai E(X2) = 18. Ti �nw fr�gmata
paÐrnoume gia thn pijanìthta P (X ≥ 5) apì tic anisìthtec Markov kai Chebyshev?

8.2. 'Estw X diakrit  tuqaÐa metablht  me timèc sto N \ {0}, me sun�rthsh pijanìthtac f ,
¸ste h akoloujÐa (f(k))k≥1 na eÐnai fjÐnousa. Na deiqjeÐ ìti

P (X = k) ≤ 2
E(X)

k2

gia k�je k ∈ N \ {0}.

8.3. 'Estw X suneq c tuqaÐa metablht  me timèc sto [0,∞), me puknìthta f , ¸ste h f na eÐnai
fjÐnousa sto [0,∞). Na deiqjeÐ ìti

f(x) ≤ 2
E(X)

x2

gia k�je x > 0.

8.4. 'Estw n “meg�loc” fusikìc arijmìc kai X tuqaÐa metablht  pou paÐrnei mìno tic timèc 0
kai n2 me pijanìthtec 1− n−1, n−1 antÐstoiqa, dhlad  me sun�rthsh pijanìthtac

f(x) =


0, an x 6= 0, n

1− 1
n

an x = 0,
1
n

an x = n2.

Na deiqjeÐ ìti EX = n, na upologisteÐ h Var(X) kaj¸c kai h pijanìthta P (X > 0.8n), dhlad 
h X na mhn eÐnai polÔ mikrìterh apo thn mèsh thc tim .

8.5. 'Estw X m  arnhtik  tuqaÐa metablht  me EX <∞ kai a ∈ (0, 1). Tìte

(a)

P (X ≤ aEX) ≤ Var(X)

(1− a)2(EX)2
.

*(b) (Anisìthta Paley-Zygmund)

P (X > aEX) ≥ (1− a)2 (EX)2

E(X2)
.

(g) Ti fr�gmata dÐnoun oi (a), (b) gia thn pijanìthta P (X > 0.8n) apì thn prohgoÔmenh �skhsh?

8.6. 'Estw X tuqaÐa metablht , kai èstw ìti gia k�poio a > 0 isqÔei E(eaX) <∞. Na deiqjeÐ
ìti up�rqei C > 0 stajer� ¸ste gia k�je t ∈ R na isqÔei P (X > t) ≤ Ce−at. Dhlad  h “our�”
thc X proc ta dexi� fjÐnei gr gora, toul�qiston me taqÔthta e−at.

8.7. Ta ait mata pou ft�noun se ènan server èqoun to kajèna tuqaÐo qrìno exuphrèthshc pou
akoloujeÐ thn ekjetik  katanom  me par�metro θ = 1/2 (dhlad  puknìthta (1/2)e−x/21x>0, to
x se lept�). O server mporeÐ na apasqoleÐtai me mìno èna aÐthma se k�je dedomènh stigm . Poi�
eÐnai proseggistik� h pijanìthta na exuphret sei ta pr¸ta 100 ait mata miac dedomènhc mèrac
se sunolikì qrìno to polÔ 220 lept�? DÐnontai F(1)=0.8413, F(1.5)=0.9332, F(2)=0.9773.

8.8. JewroÔme mÐa akoloujÐa rÐyewn enìc amerìlhptou zarioÔ. Gia j jetikì akèraio jètoume
Xj = 1 an to apotèlesma thc j dokim c eÐnai 5   6 kai Xj = 0 diaforetik�.

(a) Na upologisjeÐ h mèsh tim  kai h diaspor� thc X1.
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(b) 'Estw o arijmìc twn apotelesm�twn 5   6 stic pr¸tec 1800 rÐyeic. Na upologisjeÐ kat�
prosèggish h pijanìthta P (580 < T < 640). [DÐnontai Φ(1) = 0.8413, Φ(1.5) = 0.9332,
Φ(2) = 0.9773.]

8.9. 'Estw X1, X2, . . . , X80 anex�rthtec kai isìnomec tuqaÐec metablhtèc kajemÐa me diakrit 
omoiìmorfh katanom  sto {1, 2, 3, 4}. Na brejeÐ proseggistik� h pijanìthta to �jroism� touc
na brÐsketai sto di�sthma [190, 220]. [DÐnontai Φ(1) = 0.8413, Φ(1.5) = 0.9332, Φ(2) = 0.9773.]

8.10. UpologÐste kat� prosèggish thn pijanìthta ìpwc se 100 anex�rthtec rÐyeic enìc no-
mÐsmatoc emfanistoÔn to polÔ 40 epituqÐec. [DÐnontai Φ(1) = 0.841, Φ(1.5) = 0.933, Φ(2) =
0.977.]

8.11. O arijmìc tupografik¸n laj¸n mÐac selÐdac mÐac sugkekrimènhc efhmerÐdac akoloujeÐ
thn katanom  Poisson me mèsh tim  λ = 0.7. An h efhmerÐda èqei 64 selÐdec, poia eÐnai kat�
prosèggish h pijanìthta ìpwc to polÔ 36 selÐdec den èqoun kajìlou l�jh? [DÐnontai e−0.7 '
1/2, Φ(1) = 0.8413, Φ(2) = 0.9773, Φ(3) = 0.9987.]

8.12. To sf�lma mètrhshc enìc org�nou akoloujeÐ omoiìmorfh katanom  sto di�sthma [−0.05, 0.05].
Poia eÐnai kat� prosèggish h pijanìthta to sf�lma mètrhshc gia to �jroisma 300 metr sewn
na eÐnai kat' apìluth tim  mikrìtero tou 0.25? [DÐnontai Φ(0.5) = 0.6915, Φ(0.8) = 0.7881,
Φ(1) = 0.8413.]

8.13. Duì om�dec foitht¸n A kai B me 200 mèlh h kajemÐa prìkeitai na gr�youn mÐa exètash.
Oi epidìseic touc eÐnai anex�rthtec metaxÔ touc, kai xèroume ìti autèc twn foitht¸n thc om�dac
A akoloujoÔn koin  katanom  me mesh tim  9 kai diaspor� 1/6, en¸ gia thn om�da B h mèsh
tim  eÐnai 8.5 kai h diaspor� eÐnai 1/3. 'Estw MA,MB oi mèsoi ìroi twn dÔo om�dwn. Na
brejeÐ h pijanìthta na èqoume MA −MB ∈ [0.5, 0.65]. DÐnontai Φ(1) = 0.8413, Φ(2) = 0.9773,
Φ(3) = 0.9987.
[Prosoq . H exètash den èqei sumbeÐ akìma. Oi epidìseic twn foitht¸n kaj¸c kai taMA,MB

eÐnai tuqaÐec metablhtèc. Met� thn exètash, ja p�roun sugkekrimènec timèc, kai den ja up�rqei
kamÐa abebaiìthta/tuqaiìthta. To pio p�nw er¸thma gia to MA −MB to k�noume prin gÐnei h
exètash.]
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Apant seic §1

1.1. (a) H pijanìthta eÐnai
n(n− 1)r−1

nr
.

To peÐrama pou exet�zoume eÐnai oi pr¸tec r diadìseic. Gia tic dunatèc epilogèc, se k�je mÐa
apì tic r diadìseic, to �tomo èqei n epilogèc. Gia tic eunoðkèc epilogèc, to pr¸to �tomo èqei
n epilogèc, en¸ kajèna apì ta epìmena r − 1 �toma èqei n − 1 epilogèc giatÐ apì touc n + 1
katoÐkouc thc pìlhc, to �tomo den mporeÐ na k�nei thn di�dosh ston eautì tou oÔte sto �tomo
pou thn xekÐnhse (n− 1 = n+ 1− 2).
(b) Gia autì to endeqìmeno to pl joc twn dunat¸n epilog¸n eÐnai p�li nr (eÐmaste sto Ðdio

peÐrama, ston Ðdio deigmatikì q¸ro ìpwc sto prohgoÔmeno er¸thma), en¸ to pl joc twn eunoðk¸n
epilog¸n eÐnai (n)r. GiatÐ k�je di�dosh sthn opoÐa den èqoume epanal yeic antistoiqeÐ se mÐa
di�taxh twn n atìmwn7 an� r (kai aploðk�: O pr¸toc yijurist c èqei n epilogèc, o deÔteroc
n− 1, klp). 'Ara h zhtoÔmenh pijanìthta eÐnai

(n)r
nr

.

1.2. (a) 25/63. (b) 27/63. Metr�me tic kat�llhlec diatetagmènec tri�dec.

1.3. (a)
Ω := {(a1, a2, . . . , ak) : ai ∈ {1, 2, . . . , n}} = {1, 2, . . . , n}k.

O arijmìc ai lèei se poi� st�sh katebaÐnei o foitht c i. O deigmatikìc q¸roc apoteleÐtai apì
diatetagmènec k-adec giatÐ oi foithtèc eÐnai diaforetik� antikeÐmena.

(b) N(Ω) = nk.

(g) 'Estw A to endeqìmeno se mÐa toul�qiston st�sh na apobibastoÔn toul�qiston dÔo foithtèc
(dhlad  A eÐnai to sÔnolo twn k-adwn pou an koun sto Ω kai stic opoÐec toul�qiston dÔo apo

tic suntetagmènec touc eÐnai Ðdiec, p.q., a2 = a5). Tìte P (A) = 1− P (Ac) = 1− (n)k
nk .

1.4. 'Estw A to endeqìmeno sthn er¸thsh. Tìte

P (A) = 1− P (Ac) = 1− 365× (364)k−1

(365)k
= 1−

(
364

365

)k
.

Autì giatÐ, kat� ton upologismì thc P (Ac), sta eunoðk� apotelèsmata, o a1 èqei 365 epilogèc,
kai gia k�je epilog  tou, kajènac apì touc upìloipouc k − 1 majhtèc èqei 364 epilogèc.

1.5. H zhtoÔmenh pijanìthta eÐnai
5! 6!4!3!7!10!

30!
.

To pl joc twn dunat¸n topojet sewn eÐnai 30!. Gia na par�goume mia eunoðk  topojèthsh
apofasÐzoume pr¸ta thn seir� me thn opoi� ja mpoÔn oi 5 om�dec biblÐwn. 'Eqoume 5! trìpouc
gia autì, p.q., topojetoÔme apì arister� proc ta dexi� sto r�fi Fusik , Majhmatik�, IstorÐa,
Xènec gl¸ssec, Lexik�. 'Epeita, mèsa sthn om�da twn biblÐwn majhmatik¸n èqoume 6! trìpouc
na ta topojet soume, an�logoc upologismìc isqÔei kai gia tic upìloipec om�dec biblÐwn. 'Etsi
prokÔptei me b�sh thn pollaplasiastik  arq  o arijmht c tou pio p�nw kl�smatoc.

1.6. EÐnai pio bolikì na koit�xoume thn moirasi� mìno mèqri to r b ma. Kai ta dÔo endeqìmena
aforoÔn k�ti pou exart�tai mìno apì ta b mata 1, 2, . . . r.

(a) H zhtoÔmenh pijanìthta eÐnai

(n− 1)r−1 × 1

(n)r
=

1

n
.

7
Εξαιρούμε αυτόν που αρχίζει την διάδοση
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K�je moÐrasma kommati¸n sta pr¸ta r �toma eÐnai mÐa di�taxh twn n kommati¸n an� r. 'Etsi
prokÔptei o paronomast c. 'Ena moÐrasma pou dÐnei se kajèna apì ta pr¸ta r − 1 �toma èna
komm�ti pou den èqei to nìmisma eÐnai mÐa di�taxh twn n−1 kommati¸n pou den èqoun nìmisma an�
r−1. 'Epeita gia to r komm�ti pou dÐnetai, up�rqei mìno mÐa eunoðk  dunatìthta. 'Etsi prokÔptei
o arijmht c.
Kalì eÐnai na dei kaneÐc autoÔc touc upologismoÔc kai ex' arq c, qwrÐc epÐklhsh tou tÔpou

twn diat�xewn, dhlad  me apìdeixh tou sto sugkekrimèno sen�rio.
(b)T¸ra ta eunoðk� moir�smata eÐnai ekeÐna sta opoÐa ta pr¸ta komm�tia den perièqoun autì me
to nìmisma. BrÐskoume ìpwc prin thn pijanìthta (n− 1)r/(n)r = (n− r)/n.
1.7. H zhtoÔmenh pijanìthta eÐnai

(r)n−1(n− 1)

rn
.

GiatÐ k�je b¸lo èqoume r epilogèc (se piì doqeÐo ja p�ei), ètsi to pl joc twn dunat¸n topo-
jet sewn eÐnai rn. Gia thn kataskeu  miac eunoðk c topojèthshc èqoume kat' arq�c mÐa di�taxh
twn r doqeÐwn an� n − 1 pou antistoiqeÐ sthn topojèthsh twn pr¸twn b¸lwn se diaforetik�
doqeÐa. 'Epeita, o n-ostoc b¸loc èqei n−1 epilogèc, giatÐ prèpei na p�ei se èna  dh kateilhmmèno
doqeÐo, kai up�rqoun n− 1 tètoia.
EpÐshc ja mporoÔsame na k�noume ton teleutaÐo upologismì apo thn arq . O pr¸toc b¸loc

èqei r epilogèc, o deÔteroc r − 1, ..., o n − 1 èqei r − (n − 2) = r − n + 2. O teleutaÐoc,
n− 1 epilogèc. H pollaplastikh arq  dÐnei r(r − 1) · · · (r − n+ 2)(n− 1), to opoÐo isoÔtai me
(r)n−1(n− 1).

1.8. H zhtoÔmenh pijanìthta eÐnai (
100
10

)(
200
90

)(
300
100

) .

Wc deigmatikì q¸ro Ω paÐrnoume ta uposÔnola tou {1, 2, ..., 300} me 100 stoiqeÐa (ta stoiqeÐa
tou Ω eÐnai isopÐjana). To pl joc twn dunat¸n apotelesm�twn, dhlad  to N(Ω) isoÔtai me ton
paronomast  tou pio p�nw kl�smatoc. 'Ena eunoðkì apotèlesma eÐnai èna sÔnolo me 10 �spra kai
90 maÔra sfairÐdia. Gia na to fti�xoume prèpei na epilèxoume 10 maÔra sfairÐdia kai 90 �spra.
Gia thn epilog  twn pr¸twn èqoume

(
100
10

)
epilogèc en¸ gia thn epilog  twn deÔterwn

(
200
90

)
èqoume epilogèc. 'Epeita efarmìzoume thn pollaplasiastik  arq , kai prokÔptei o arijmht c
tou kl�smatoc.

1.9. (a), (b). Ta pr¸ta dÔo erwt mata lÔnontai ìpwc sthn prohgoÔmenh �skhsh, kai dÐnoun tic
apant seic (

945
3

)(
55
12

)(
1000
15

) kai

(
25
2

)(
30
3

)(
945
10

)(
1000
15

)
antÐstoiqa.
(g) H zhtoÔmenh pijanìthta isoÔtai me(

945
4

) {(
55
11

)
−
(

30
11

)
−
(

25
1

)(
30
10

)}(
1000
15

) .

Ston arijmht  jèloume na metr soume to pl joc twn uposunìlwn twn 1000 sfairidÐwn me 15
stoiqeÐa pou perièqoun akrib¸c 4 kìkkina kai toul�qiston dÔo maÔra sfairÐdia. Gia thn epilog 
twn kìkkinwn sfairidÐwn èqoume

(
945
4

)
epilogèc. Ta upìloipa 11 sfairÐdia prèpei na epilegoÔn

apì to sÔnolo S twn 55 mh kìkkinwn sfairidÐwn (25 maÔra, 30 �spra). 'Estw N(k) to pl joc
twn uposunìlwn tou S me k maÔra kai 11 − k �spra sfairÐdia. O arijmìc uposunìlwn tou S
kajèna apì ta opoÐa èqei 11 stoiqeÐa apì ta opoÐa toul�qiston 2 eÐnai maÔra isoÔtai me(

55

11

)
−N(0)−N(1) =

(
55

11

)
−
(

30

11

)
−
(

25

1

)(
30

10

)
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Dhladh apì ton arijmì ìlwn twn uposunìlwn tou S me 11 stoiqeÐa afairoÔme to pl joc aut¸n
pou den èqoun thn epijumht  sÔstash.

1.10. O deigmatikìc q¸roc eÐnai to pl joc twn uposunìlwn tou {1, 2, . . . , 2n} me n stoiqeÐa.
H zhtoÔmenh pijanìthta eÐnai

2n(
2n
n

) .
O paronomast c eÐnai h plhjikìthta tou deigmatikoÔ q¸rou. 'Epeita, gia thn kataskeu  enìc
eunoðkoÔ uposunìlou (n stoiqeÐwn) prèpei apì k�je zeug�ri na epilèxoume èna �tomo. Gia k�je
zeug�ri èqoume 2 epilogèc, ètsi apì thn pollaplasiastik  arq  prokÔptei to 2n ston arijmht .

1.11. (a) Me skeptikì ìpwc stic ask seic 9, 10 pio p�nw, brÐskoume ìti h zhtoÔmenh pijanìthta
isoÔtai me (

n
j

)(
n
k−j

)(
2n
k

) .

(b) H zhtoÔmenh pijanìthta isoÔtai me (
n
k

)
2k(

2n
k

) .
Gia èna eunoðkì uposÔnolo, epilègoume pr¸ta k zeug�ria, èpeita apì k�je zeug�ri epilègoume
èna apì ta mèlh tou. Aut  h diadikasÐa par�gei

(
n
k

)
2k uposÔnola, pou eÐnai akrib¸c ta eunoik�

uposÔnola.

1.12. To pl joc twn dunat¸n katanom¸n eÐnai 413. Gia na fti�xoume mÐa eunoðk  katanom 
epilègoume pr¸ta touc 3 foithtèc pou ja apobibastoÔn sthn pr¸th st�sh, autì gÐnetai me

(
13
3

)
trìpouc . 'Epeita epilègoume touc 4 foithtèc pou ja apobibastoÔn sthn deÔterh st�sh, autì
gÐnetai me

(
10
4

)
trìpouc (giatÐ  dh treÐc èqoun fÔgei gia thn pr¸th st�sh, kai èqoun meÐnei 10).

Epilègoume touc 4 foithtèc pou ja apobibastoÔn sthn trÐth st�sh, autì gÐnetai me
(

6
4

)
trìpouc.

Tèloc, epilègoume touc 2 foithtèc pou ja apobibastoÔn sthn pr¸th st�sh, autì gÐnetai me(
2
2

)
= 1 trìpouc. Me b�sh thn pollaplasiastik  arq , to pl joc twn eunoðk¸n trìpwn eÐnai(

13

3

)(
10

4

)(
6

4

)(
2

2

)
=

13!

3!10!

10!

4!6!

6!

4!2!

2!

2!0!
=

13!

3!4!4!2!

'Ara h zhtoÔmenh pijanìthta eÐnai
1

413

13!

3!4!4!2!
.

H genik  perÐptwsh aut c thc �skhshc eÐnai h 'Askhsh 1.24 piì k�tw.

1.13. To pl joc twn dunat¸n apobib�sewn eÐnai nk. 'Olec oi eunoðkèc apobib�seic fti�qnontai
wc ex c. Epilègoume pr¸ta to poi� st�sh ja èqei touc 3 foithtèc (n epilogèc), epilègoume touc
3 foithtèc pou apobib�zontai ekeÐ (

(
k
3

)
epilogèc), af noume kajènan apì touc upìloipouc k − 3

foithtèc na epilèxei thn st�sh pou ja apobibasteÐ, all� den epitrèpontai epanal yeic ((n−1)k−3

epilogèc). Me aut  thn diadikasÐa paÐrnoume ìlec tic eunoðkèc apobib�seic, kai kamÐa touc den
prokÔptei p�nw apì mi� for�. 'Ara h zhtoÔmenh pijanìthta eÐnai

n
(
k
3

)
(n− 1)k−3

nk
.

1.14. (a) H zhtoÔmenh pijanìthta eÐnai (
60
5

)
(60)5

=
1

5!
.

'Ena dunatì apotèlesma (k1, k2, . . . , k5) eÐnai akrib¸c mia di�taxh twn 60 an� 5. 'Etsi prokÔptei
o paronomast c. Se èna eunoðkì apotèlesma, dhlad  mia pent�da (k1, k2, . . . , k5) me k1 < k2 <
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· · · < k5 antistoiqoÔme to uposÔnolo {k1, k2, . . . , k5} tou {1, 2, . . . , 60} me 6 stoiqeÐa. Aut  h
antistoÐqhsh eÐnai 1-1 kai epÐ (an mac d¸soun èna uposÔnolo me 6 stoiqeÐa, tìte brÐskoume thn
diatetagmènh ex�da pou to par gage b�zontac sthn seir� ta 6 dosmèna stoiqeÐa).

(b) Apì k�je eunoðk  perÐptwsh (k1, k2, . . . , k5) tou (a) par�gontai 4! thc perÐptwshc mac. 'Osec
kai oi metajèseic twn (k1, k2, k3, k4) giatÐ h di�taxh twn pr¸twn tess�rwn apotelesm�twn den
mac endiafèrei. 'Eqoume bèbaia exesfalÐsei ìti kai ta tèssera eÐnai mikrìtera apì to k5. 'Ara h
zhtoÔmenh pijanìthta eÐnai (

60
5

)
4!

(60)5

=
1

5
.

Ta (a), (b) apodeiknÔontai epÐshc kai me èna epiqeÐrhma summetrÐac.

1.15. 'Estw X = pl joc emfanÐsewn tou 6 stic n rÐyeic8 'Eqoume

P (X ≥ 2) = 1− P (X ≤ 1) = 1− P (X = 0)− P (X = 1) = 1− 5n

6n
− n× 1× 5n−1

6n
.

O teleutaÐoc ìroc prokÔptei giatÐ èqoume n epilogèc gia thn rÐyh kat� thn opoÐa ja emfanisteÐ
h monadik  èndeixh 6. Gia ekeÐnh thn rÐyh up�rqei mìno mÐa epilog  gia to apotèlesma (prèpei na
rjei 6), en¸ gia k�je mÐa apì tic upìloipec n− 1 rÐyeic up�rqoun 5 epilogèc.

(b) JewroÔme ta endeqìmena

A : = {den emfanÐzetai kajìlou o arijmìc 1},
B : = {emfanÐzetai toul�qiston 2 forèc o arijmìc 6} = {X ≥ 2}.

Tìte
P (A ∩B) = P (A)− P (A ∩Bc),

me P (A) = (5/6)n, kai

P (A ∩Bc) = P (A ∩ {X < 2}) = P (A ∩ {X = 0}) + P (A ∩ {X = 1}) =
4n

6n
+
n× 1× 4n−1

6n
.

O teleutaÐoc ìroc prokÔptei giatÐ èqoume n epilogèc gia thn rÐyh kat� thn opoÐa ja emfanisteÐ
h monadik  èndeixh 6. Gia ekeÐnh thn rÐyh up�rqei mìno mÐa epilog  gia to apotèlesma (prèpei na
rjei 6), en¸ gia k�je mÐa apì tic upìloipec n− 1 rÐyeic up�rqoun 4 epilogèc (apagoreÔtetai to
1 kai to 6).

1.16. (a) Jètoume Ak := {ìlec oi n endeÐxeic eÐnai ≤ k}. ZhtoÔme thn pijanìthta tou Ak\Ak−1.
Epeid  Ak−1 ⊂ Ak, brÐskoume kat� ta gnwst�

P (Ak \ Ak−1) = P (Ak)− P (Ak−1) =

(
k

6

)n
−
(
k − 1

6

)n
.

Gia to upologismì tou Ak, parathroÔme ìti kajèna apì ta n z�ria èqei 6 epilogèc (kai ètsi
prokÔptei o paronomast c 6n), kai k eunoðkèc epilogèc, tic {1, 2, . . . , k}.
(b) Jètoume Bk := {ìlec oi n endeÐxeic eÐnai ≥ k}. Zht�me thn pijanìthta tou endeqomènou
Bk \ Bk+1. Epeid  P (Bk) = ((7 − k)/6)n gia k�je k ∈ {1, . . . , 6}, brÐskoume P (Bk \ Bk+1) =
((7− k)/6)n − ((6− k)/6)n.

1.17. (a) JewroÔme to endeqìmeno A := { o laqnìc 1 epilègetai toul�qiston mÐa for� }. Tìte

P (A) = 1− P (Ac) = 1− (n− 1)k

nk
.

Gia ton upologismì tou pl jouc twn eunoðk¸n peript¸sewn sto endeqìmeno Ac, parathroÔme ìti
èqoume k exagwgèc, kai se kajemÐa apì autèc èqoume n− 1 epilogèc (o laqnìc 1 apagoreÔetai).
'Etsi prokÔptei o arijmht c (n− 1)k.

8
Θα δούμε αργότερα ότι ο τυχαίος αριθμός X είναι μια τυχαία μεταβλητή που ακολουθεί την διωνυμική κατανομή

με παραμέτρους n και p = 1/6.
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(b) JewroÔme ta endeqìmena Ai := { o laqnìc i epilègetai toul�qiston mÐa for� }, i = 1, 2, 3.
Tìte P (A1∩A2∩A3) = 1−P ((A1∩A2∩A3)c) = 1−P (Ac1∪Ac2∪Ac3), kai h teleutaÐa pijanìthta,
me b�sh thn arq  egkleismoÔ-apokleismoÔ, isoÔtai me

P (Ac1 ∪ Ac2 ∪ Ac3) = P (Ac1) + P (Ac2) + P (Ac3)− P (Ac1 ∩ Ac2)− P (Ac2 ∩ Ac3)− P (Ac1 ∩ Ac3)

+ P (Ac1 ∩ Ac2 ∩ Ac3) = 3
(n− 1)k

nk
− 3

(n− 2)k

nk
+

(n− 3)k

nk
.

Gia ton upologismì p.q. thc P (Ac1 ∩Ac3), ta eunoðk� apotelèsmata eÐnai oi diatetagmènec k-adec
(me tic epanal yeic na epitrèpontai) apì to {1, 2, ..., n} pou den perièqoun touc laqnoÔc 1 kai 3.
To pl joc aut¸n twn k-adwn eÐnai (n− 2)k.

1.18. Arq  egkleismoÔ-apokleismoÔ. (a) 'Estw

A3 : = {i ∈ {1, 2, . . . , 1050} : to i diaireÐtai me to 3},
A5 : = {i ∈ {1, 2, . . . , 1050} : to i diaireÐtai me to 5}.

Tìte

P (A3 ∪ A5) = P (A3) + P (A5)− P (A3 ∩ A5) =
1

3
+

1

5
− 1

15
=

7

15
.

Gia ton upologismì p.q. thc P (A3∩A5). To A3∩A5 perièqei touc arijmoÔc sto {1, 2, . . . , 1050}
pou diairoÔntai kai me to 3 kai me to 5, isodÔnama, autoÔc pou diairoÔntai me to 15. To pl joc
touc eÐnai 70=[1050/15] (akèraio mèroc). 'Ara P (A3 ∩ A5) = 70/1050 kajìti h epilog  eÐnai
omoiìmorfh (ìloi oi akèraioi sto {1, 2, . . . , 1050} eÐnai isopÐjanoi).
(b) OrÐzoume epiplèon

A7 := {i ∈ {1, 2, . . . , 1050} : to i diaireÐtai me to 7}.
Zht�me thn pijanìthta

P (A3 ∪ A5 ∪ A7) = P (A3) + P (A5) + P (A7)− P (A3 ∪ A5)− P (A5 ∪ A7)− P (A3 ∪ A7)

+ P (A3 ∩ A5 ∩ A7) =
1

3
+

1

5
+

1

7
− 1

15
− 1

21
− 1

35
+

1

105
=

57

105
.

1.19. Arq  egkleismoÔ-apokleismoÔ. Gia i = 1, 2, . . . , 6, jètoume

Ai = {EmfanÐzetai h dipl  zari� (i, i) se k�poia apì tic n dokimèc}.
ZhtoÔme thn pijanìthta

P (A1 ∩ A2 ∩ . . . ∩ A6) = 1− P (Ac1 ∪ Ac2 ∪ . . . ∪ Ac6).

Me b�sh thn arq  egkleismoÔ-apokleismoÔ,

P (Ac1 ∪ Ac2 ∪ . . . ∪ Ac6) =
6∑

k=1

(−1)k−1
∑

1≤i1<i2<···<ik≤6

P (Aci1 ∩ A
c
i2
∩ . . . Acik).

Gia k�je k deÐktec i1 < i2 < · · · < ik apo to {1, 2, . . . , 6}, èqoume P (Aci1 ∩ A
c
i2
. . . Acik) =

(36−k
36

)n giatÐ apì ta 36 apotelèsmata miac rÐyhc twn dÔo zari¸n apogoreÔontai oi k diplèc
(i1, i1), . . . , (ik, ik). EpÐshc, up�rqoun

(
6
k

)
epilogèc k tètoiwn deikt¸n. Opìte

P (Ac1 ∪ Ac2 ∪ . . . ∪ Ac6) =
6∑

k=1

(−1)k−1

(
6

k

)(
1− k

36

)n
,

kai h zhtoÔmenh pijanìthta isoÔtai me P (A1 ∩ A2 ∩ . . . A6) =
∑6

k=0(−1)k
(

6
k

) (
1− k

36

)n
.

1.20. Arq  egkleismoÔ-apokleismoÔ. Gia i = 1, . . . , n, jètoume

Ai = {h i epistol  topojeteÐtai ston f�kelo pou thc antistoiqeÐ}.
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IsqÔei P (Ac1 ∩ Ac2 ∩ · · · ∩ Acn) = 1− P (A1 ∪ A2 ∪ · · · ∪ An), kai

P (A1 ∪ A2 ∪ · · · ∪ An) =
n∑
k=1

(−1)k−1
∑

1≤i1<i2<···<ik≤n

P (Ai1 ∩ Ai2 ∩ . . . ∩ Aik)

=
n∑
k=1

(−1)k−1

(
n

k

)
(n− k)!

n!
=

n∑
k=1

(−1)k−1 1

k!
.

K�poiec exhg seic. Up�rqoun
(
n
k

)
epilogèc deikt¸n 1 ≤ i1 < i2 < · · · < ik ≤ n, mÐa gia k�je

uposÔnolo tou {1, 2, . . . , n} me k stoiqeÐa. Gia mÐa tètoia epilog , h pijanìthta P (Ai1 ∩ Ai2 ∩
. . . Aik) eÐnai akrib¸c h pijanìthta se mia tuqaÐa katanom  twn epistol¸n {1, 2, . . . , n} na èqoun
topojethjeÐ swst� oi i1, i2, . . . , ik (den xèroume ti ègine me tic �llec epistolèc, den apagoreÔetai
kai mÐa apì ekeÐnec na topojet jhke swst�). To pl joc twn dunat¸n katanom¸n eÐnai n! en¸ twn
eunoðk¸n eÐnai (n − k)! giatÐ oi i1, i2, . . . , ik topojetoÔntai autìmata stouc swstoÔc fakèlouc,
kai up�rqei eleujerÐa mìno sthn topojèthsh twn upìloipwn n− k.
Telik� brÐskoume

P (Ac1 ∩ Ac2 ∩ · · · ∩ Acn) =
n∑
k=0

(−1)k
1

k!
.

H teleutaÐa posìthta teÐnei sto e−1 kaj¸c n→∞ (apì to an�ptugma thc ex se dunamoseir�).

1.21. (a) 'Otan ta sfairÐdia eÐnai diakekrimèna, mi� katanom  touc sta keli� perigr�fetai pl rwc
apì to di�nusma D = (r1, r2, . . . , rk), ìpou ri eÐnai to ìnoma tou kelioÔ pou perièqei to sfairÐdio
i.

(i) Se aut  thn perÐptwsh, to di�nusma D eÐnai mia di�taxh n twn an� k me epan�lhyh (gia thn
tim  k�je ri èqoume n epilogèc). 'Ara to pl joc aut¸n twn dianusm�twn eÐnai nk.

(ii) T¸ra, epeid  k�je kelÐ qwr�ei mìno èna sfairÐdio, sto di�nusma den epitrèpetai na èqoume
epanal yeic. 'Etsi to D eÐnai mia di�taxh n twn an� k (qwrÐc epan�lhyh. To pr¸to sfairÐdio
èqei n epilogèc, to deÔtero n− 1, kok). To pl joc aut¸n twn dianusm�twn eÐnai (n)k.

(iii) 'Estw S to sÔnolo ìlwn twn katanom¸n kai Ai to sÔnolo twn katanom¸n kat� tic opoÐec
to i kelÐ mènei �deio. Tìte

N(Ac1 ∩ Ac2 · · · ∩ Acn) = N(S)−N(A1 ∪ A2 · · · ∪ An) = nk −N(A1 ∪ A2 · · · ∪ An),

kai h arq  egkleismoÔ-apokleismoÔ dÐnei

N(A1 ∪ A2 · · · ∪ An) =
n∑
s=1

(−1)s−1
∑

1≤i1<i2<···<is≤n

N(Ai1 ∩ Ai2 ∩ . . . ∩ Ais)

=
n∑
k=1

(−1)s−1

(
n

s

)
(n− s)k.

'Ara o zhtoÔmenoc arijmìc eÐnai
∑n

s=0(−1)s
(
n
s

)
(n− s)k.

(b) 'Otan ta sfairÐdia eÐnai ìmoia, mi� katanom  touc sta keli� perigr�fetai pl rwc apì to
di�nusma E = (s1, s2, . . . , sn), ìpou si eÐnai to pl joc twn sfairidÐwn pou perièqontai sto kelÐ
i. IsodÔnama, perigr�fetai pl rwc apì ènan sunduasmo me epan�lhyh, pou perièqei si forèc to
stoiqeÐo i (dhlad  pìsec forèc epilègoume to kelÐ i).

(i) To pl joc twn katanom¸n isoÔtai me to pl joc twn sunduasm¸n me epan�lhyh twn n an�
k, dhlad 

(
n+k−1

k

)
.

(ii) Ed¸ èna kelÐ mporeÐ na epilegeÐ mÐa   kamÐa for�, �ra mi� katanom  twn sfairidÐwn isodu-
nameÐ me ènan sunduasmì qwrÐc epan�lhyh. O sunduasmìc apoteleÐtai akrib¸c apì ta keli� pou
èqoun èna sfairÐdio. Epomènwc to pl joc aut¸n twn katanom¸n eÐnai

(
n
k

)
.
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(iii) Gia na kataskeu�soume mi� tètoia katanom , rÐqnoume arqik� se k�je kelÐ èna sfairÐdio9.
Autì gÐnetai me ènan mìno trìpo giatÐ ta sfairÐdia eÐnai ìmoia. Kai mac mènoun k − n sfairÐdia
na moirastoÔn sta n keli�. Autì gÐnetai me

(
n+k−n−1

k−n

)
=
(
k−1
k−n

)
trìpouc (sunduasmoÐ twn n an�

k − n me epan�lhyh). 'Ara to zhtoÔmeno pl joc eÐnai
(
k−1
k−n

)
.

1.22. (a), (b). Oi timèc thc f orÐzoun èna di�nusma (f(1), f(2), . . . , f(k)). Autì to di�nusma
eÐnai sto er¸thma (a) mia di�taxh me epan�lhyh twn n an� k, en¸ sto er¸thma (b) mia di�taxh
qwrÐc epan�lhyh twn n an� k. 'Etsi ta zhtoÔmena pl jh eÐnai nk kai (n)k antÐstoiqa.

(g) ParathroÔme ìti mÐa gnhsÐwc aÔxousa sun�rthsh me pedÐo orismoÔ kai tim¸n ìpwc sthn
ekf¸nhsh kajorÐzetai monos manta apì thn eikìna thc {f(1), f(2), . . . , f(k)}, giatÐ to mikrìtero
stoiqeÐo thc eikìnac eÐnai to f(1) to amèswc megalÔtero to f(2) k.o.k. Se k�je tètoia sun�rthsh
antistoiqÐzoume thn eikìna thc, to opoÐo eÐnai èna uposÔnolo tou {1, 2, . . . , n} me k stoiqeÐa. Aut 
h antistoÐqhsh eÐnai 1-1 kai epÐ. 'Ara to zhtoÔmeno pl joc isoÔtai me

(
n
k

)
.

(d) Gia na xèroume mia aÔxousa sun�rthsh f : {1, 2, . . . , k} → {1, 2, . . . , n} den arkeÐ na xèroume
thn eikìna thc giatÐ mporeÐ mia tim  na paÐrnetai pollèc forèc. EÐnai pl rwc kajorismènh ìmwc
an xèroume pìsec forèc paÐrnei kajemÐa apì tic timèc 1, 2, . . . , n. Gia par�deigma an xèroume ìti
paÐrnei thn tim  1 dÔo forèc, thn tim  2 kamÐa for�, thn tim  3 kamÐa for�, kai thn tim  4 treÐc
forèc, tìte f(1) = f(2) = 1, f(3) = f(4) = f(5) = 4, en¸ oi epìmenec timèc f(6), f(7) klp ja
eÐnai megalÔterec   Ðsec tou 5. Epomènwc mÐa aÔxousa sun�rthsh ìpwc pio p�nw antistoiqeÐ se
ènan sunduasmì me epan�lhyh twn n stoiqeÐwn tou sunìlou {1, 2, . . . , n} an� k. To pìsec forèc
perièqei o sunduasmìc ton arijmì i dhl¸nei pìsec forèc èqei h f wc tim  to i. H antistoÐqhsh
eÐnai 1-1 kai epÐ, kai �ra to pl joc twn sunart sewn pou mac apasqoloÔn eÐnai

(
n+k−1

k

)
.

(e) 'Opwc sto prohgoÔmeno er¸thma, se k�je aÔousa sun�rthsh antistoiqoÔme ènan sugkekri-
mèno sunduasmì me epan�lhyh. To na eÐnai h sun�rthsh epÐ shmaÐnei ìti k�je stoiqeÐo apì to
perièqetai ston sunduasmì. 'Ara to pl joc aut¸n twn sunart sewn isoÔtai me to pl joc twn
katanom¸n k ìmoiwn sfairidÐwn se n keli�. Me b�sh to er¸thma (b)(iii) thc prohgoÔmenhc
�skhshc, to pl joc aut¸n twn katanom¸n isoÔtai me

(
k−1
k−n

)
.

(z) MÐa sun�rthsh epÐ antistoiqeÐ se mÐa katanom  k diakekrimènwn sfairidÐwn se n keli�. Me
b�sh to er¸thma (a)(iii) thc prohgoÔmenhc �skhshc, to pl joc aut¸n twn katanom¸n isoÔtai
me
∑n

s=0(−1)s
(
n
s

)
(n− s)k.

1.23. Gia thn kataskeu  miac tètoiac n-�dac, dialègoume pr¸ta tic r1 jèseic pou ja topojeth-
joÔn ta a1, èpeita tic r2 jèseic pou ja topojethjoÔn ta a2, klp. Gia na dialèxoume tic jèseic
gia ta a1 èqoume

(
n
r1

)
epilogèc. 'Epeita, gia na dialèxoume tic jèseic gia ta a2 èqoume

(
n−r1
r2

)
epilogèc, afoÔ r1 jèseic èqoun katalhfjeÐ apì ta a1. 'Omoia kai gia ta upìloipa stoiqeÐa. Me
b�sh thn pollaplasiastik  arq , to pl joc twn n-�dwn me tic sugkekrimènec prodiagrafèc eÐnai(

n

r1

)(
n− r1

r2

)(
n− r1 − r2

r3

)
· · ·
(
n− r1 − r2 − · · · − rn−2

rn−1

)(
n− r1 − r2 − · · · − rn−1

rn

)
=

n!

r1! (n− r1)!

(n− r1)!

r2! (n− r1 − r2)!

(n− r1 − r2)!

r3! (n− r1 − r2 − r3)!
· · · (n− r1 − r2 − · · · − rn−1)!

rn! (n− r1 − r2 − · · · − rn)!

=
n!

r1! r2! · · · rn!

O deÔteroc ìroc ston paronomast  tou teleutaÐou kl�smatoc sth deÔterh gramm  isoÔtai me
0! = 1.

1.24. (a) (n)k/n
k.

9
Αυτό το τρικ δεν δουλεύει στην περίπτωση των διακεκριμένων σφαιριδίων. Γιατί;
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(b) H zhtoÔmenh pijanìthta isoÔtai me
k!

k1!·k2!···kn!

nk
=

1

nk

(
k

k1 k2 · · · kn

)
.

To pl joc twn eunoðk¸n peript¸sewn, pou emfanÐzetai ston arijmht  tou pr¸tou kl�smatoc,
mporeÐ na to upologÐsei kaneÐc ex' arq c   me qr sh thc prohgoÔmenhc �skhshc, giatÐ ta �toma,
me th epilog  orìfwn, dhmiourgoÔn mia diatetagmènh k-�da pou sthn jèsh i èqei ton ìrofo
epilog c tou i atìmou.

1.25. (i) 'Estw Z2n to sÔnolo twn zeugarwm�twn twn stoiqeÐwn tou {1, 2, . . . , 2n} kai M2n to
sÔnolo twn metajèsewn tou Ðdiou sunìlou. JewroÔme thn apeikìnish T : M2n → Z2n me

T ((x1, x2, . . . , x2n)) = {{x1, x2}, {x3, x4}, . . . , {x2n−1, x2n}}.
Dhlad  èqontac b�lei touc arijmoÔc 1, 2, . . . , 2n se mi� seir�, thn (x1, x2, . . . , z2n), zeugar¸noume
k�je arijmì se peritt  jèsh me ton arijmì pou brÐsketai sthn amèswc epìmenh jèsh. Me lÐgh
skèyh blèpei kaneÐc ìti h apeikìnish eÐnai n!2n proc 1. 'Ara |M2n| = n! 2n |Z2n|, dhlad 

|Z2n| =
(2n)!

n! 2n
= (2n− 1)(2n− 3) · · · 3 · 1.

(ii) 'Estw Z2n to sÔnolo pou orÐsthke sto prohgoÔmeno er¸thma. (a) H zhtoÔmenh pijanìthta
eÐnai 1/|Z2n|. (b) H zhtoÔmenh pijanìthta eÐnai

n!

Z2n

=
2n(
2n
n

) .
Apant seic §2

2.2. To pr¸to �tomo apì ta 2k mporeÐ na eÐnai foitht c   foit tria. 'Etsi, h prosjetik  arq 
kai o pollaplasiastikìc tÔpoc dÐnoun pijanìthta

(r)k(s)k
(r + s)2k

+
(r)k(s)k
(r + s)2k

= 2
(r)k(s)k
(r + s)2k

.

EpÐshc kai me tic teqnikèc tou prohgoÔmenou kefalaÐou.

2.3. 'Estw Ei to endeqìmeno h rÐyh i na eÐnai epituqÐa.
(a)

P (E1 ∩ E2 ∩ · · · ∩ Ek ∩ Ec
k+1 ∩ · · · ∩ Ec

100) = P (E1)
k∏
i=2

P (Ei |E1 ∩ E2 ∩ · · · ∩ Ei−1)

× P (Ec
k+1 |E1 ∩ E2 ∩ · · · ∩ Ek)

100∏
i=k+2

P (Ec
i |E1 ∩ E2 ∩ · · · ∩ Ek ∩ Ec

k+1 ∩ · · · ∩ Ec
99)

=
1

2
× 2

3
× 3

4
× · · · × k

k + 1
× 1

k + 2
× 2

k + 3
· · · × 100− k

101
=
k!(100− k)!

100!

1

101
.

(g) 1/101 gia k�je k ∈ {0, 1, . . . , 100}.

2.4. 'Estw B to endeqìmeno sthn pr¸th exagwg  na bg ke �spro sfairÐdio, kai A to endeqìmeno
sthn deÔterh exagwg  na bgeÐ �spro sfairÐdio. Efarmìzoume to je¸rhma olik c pijanìthtac
gia thn diamèrish {B,Bc} tou q¸rou pijanìthtac.

P (A) = P (A∩B) + P (A∩Bc) = P (B)P (A |B) + P (Bc)P (A |Bc) =
5

12
× 4

9
+

7

12
× 3

9
=

41

108
.

2.5. Je¸rhma olik c pijanìthtac.
∑6

i=1
1
6

2i
14

= 1
2
.
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2.6. Je¸rhma olik c pijanìthtac. PeÐrama se trÐa b mata. DesmeÔoume wc proc to tÐ ègine
sta dÔo pr¸ta b mata. Gia i = 1, 2, 3 jewroÔme ta endeqìmena

Ai : = { to sfairÐdio thc i exagwg c eÐnai �spro},
Mi : = { to sfairÐdio thc i exagwg c eÐnai maÔro}.

Efarmìzoume to je¸rhma olik c pijanìthtac gia thn diamèrish

{A1 ∩ A2, A1 ∩M2,M1 ∩ A2,M1 ∩M2}
tou q¸rou pijanìthtac.

P (A3) = P (A1 ∩ A2)P (A3 |A1 ∩ A2) + P (A1 ∩M2)P (A3 |A1 ∩M2)

+ P (M1 ∩ A2)P (A3 |M1 ∩ A2) + P (M1 ∩M2)P (A3 |M1 ∩M2)

=
k

n

k

n

k

n
+
k

n

(n− k)

n

(k + 1)

n
+

(n− k)

n

(k + 1)

n

(k + 1)

n
+

(n− k)

n

(n− k − 1)

n

(k + 2)

n
.

2.7. TÔpoc Bayes.
1
2

54

104

1
2

54

104
+ 1

2
94

104

≈ 0.08

2.8. TÔpoc Bayes.

0.001× 0.95

0.001× 0.95 + 0.999× 0.01
=

95

95 + 999
≈ 0.086

2.9. TÔpoc Bayes. JewroÔme ta endeqìmena

A : = {o fÐloc mac, mac deÐqnei �sprh pleur�}
B1 : = { o fÐloc mac epilègei to fÔllo AA},
B2 : = { o fÐloc mac epilègei to fÔllo AM},
B3 : = { o fÐloc mac epilègei to fÔllo MM}.

AnazhtoÔme thn pijanìthta

P (B2 |A) =
P (B2 ∩ A)

P (A)
=

P (B2)P (A |B2)

P (B1)P (A |B1) + P (B2)P (A |B2) + P (B3)P (A |B3)
.

(a) Sto pr¸to sen�rio, to pio p�nw kl�sma isoÔtai me
1
3
× 1

2
1
3
× 1 + 1

3
× 1

2
+ 1

3
× 0

=
1

3
.

(b) Sto deÔtero sen�rio, autì pou all�zei eÐnai h pijanìthta P (A |B2). T¸ra o fÐloc mac
epidi¸kei na deÐqnei �sprh pleur�, opìte aut  h pijanìthta eÐnai 1. Kai to kl�sma gÐnetai

1
3
× 1

1
3
× 1 + 1

3
× 1 + 1

3
× 0

=
1

2
.

2.10. 'Estw A to endeqìmeno o klèfthc na �noixe to surt�ri Σ1 kai B to endeqìmeno na
p re dÔo qrus� nomÐsmata. (a) Efarmìzoume to je¸rhma olik c pijanìthtac gia thn diamèrish
{A,Ac} tou q¸rou pijanìthtac.

P (B) = P (A)P (B |A) + P (Ac)P (B |Ac) =
1

2
×
(

3
2

)(
6
2

) +
1

2
×
(

3
2

)(
9
2

) =
1

2
× 1

5
+

1

2
× 1

12
=

17

120
.
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(b) Efarmìzoume ton tÔpo tou Bayes. H zhtoÔmenh pijanìthta eÐnai

P (A |B) =
P (A ∩B)

P (B)
=
P (A)P (B |A)

P (B)
=

1
2
× (3

2)
(6
2)

P (B)
=

1
10
17
120

=
12

17
.

Thn pijanìthta P (B) thn upologÐsame sto er¸thma (a).

2.11. TÔpoc Bayes. Jètoume Ck := {o odhgìc an kei sthn kathgorÐa Ak} gia k = 1, 2, . . . , 10,
kai B := {o odhgìc anafèrei atÔqhma}.

P (Ck |B) =
P (B ∩ Ck)
P (B)

=
P (B |Ck)P (Ck)∑10
j=1 P (B |Cj)P (Cj)

=
k

100
k
55∑10

j=1
j

100
j
55

=
k2

385
.

2.12. (b) Ta A,B eÐnai jetik� susqetismèna, en¸ ta A,C eÐnai arnhtik� susqetismèna.

2.13. Me b�sh ton orismì thc desmeumènhc pijanìthtac,

pΓ(A |B) =
pΓ(A ∩B)

pΓ(B)
=
P (A ∩B |Γ)

P (B |Γ)
=

P (A∩B∩Γ)
P (Γ)

P (B∩Γ)
P (Γ)

=
P (A ∩B ∩ Γ)

P (B ∩ Γ)
= P (A |B ∩ Γ).

2.14. Epeid  h sun�rthsh pΓ : A → [0, 1] me pΓ(A) = P (A |Γ) eÐnai mètro pijanìthtac, isqÔei
gia aut n to je¸rhma olik c pijanìthtac. Dhlad 

P (A |Γ) = pΓ(A) = pΓ(B1)pΓ(A |B1) + pΓ(B2)pΓ(A |B2)

= P (B1 |Γ)P (A |Γ ∩B1) + P (B2 |Γ)P (A |Γ ∩B2)

Gia thn teleutaÐa isìthta, qrhsimopoioÔme to apotèlesma thc prohgoÔmenhc �skhshc.

2.15. (a) Epeid  (A ∩ B) ∩ (A ∪ B) = A ∩ B kai (A ∩ B) ∩ A = A ∩ B, h zhtoÔmenh sqèsh
isodunameÐ me

P (A ∩B)

P (A ∪B)
≤ P (A ∩B)

P (A)
,

pou isqÔei afoÔ P (A ∩B) ≥ P (A).

(b) Me qr sh tou orismoÔ thc desmeumènhc pijanìthtac, h anisìthta gr�fetai isodÔnama

P (B)

P (B ∪ A)
≥ P (B ∩ A)

P (A)
⇔ P (A)P (B) ≥ P (A ∩B)P (A ∪B)

⇔ P (A)P (B) ≥ P (A ∩B) {P (A) + P (B)− P (A ∩B)}
⇔ P (A)P (B)− P (A)P (A ∩B)− P (B)P (A ∩B) + P (A ∩B)P (A ∩B) ≥ 0

⇔ (P (A)− P (A ∩B))(P (B)− P (A ∩B)) ≥ 0.

H teleutaÐa sqèsh isqÔei profan¸c.

2.16. DeÐqnoume mìno to (a).

P (A ∩Bc) = P (A)− P (A ∩B) = P (A)− P (A)P (B) = P (A)(1− P (B)) = P (A)P (Bc).

H pr¸th isìthta isqÔei giatÐ ta sÔnola A ∩B,A ∩Bc eÐnai xèna me ènwsh to A. Sthn deÔterh,
qrhsimopoioÔme thn anexarthsÐa twn A,B.

2.17. 'Eqoume

P (A) = 1− 2
1

2k
= 1− 1

2k−1
, P (B) =

1

2k
+
k

2k
=
k + 1

2k
, P (A ∩B) =

k

2k
.
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Tìte

A,B anex�rthta⇔ P (A ∩B) = P (A)P (B)⇔ k

2k
=

(
1− 1

2k−1

)(
k + 1

2k

)
⇔ 1− 1

k + 1
= 1− 1

2k−1
⇔ 2k−1 = k + 1⇔ k = 3.

'Ara ta A,B eÐnai anex�rthta mìno gia k = 3.

2.18. Den eÐnai anex�rthta.
Pwc to skeftìmaste: Ac jewr soume to akraÐo sen�rio pou kai ta dÔo nomÐsmata N1, N2

eÐnai kÐbdhla me p1 = 999/1000, p2 = 1/1000, kai k�noume to peÐrama pou anafèrei h �skhsh.
Epilègoume sthn tÔqh èna apì ta dÔo nomÐsmata, kai èqoume sta qèria èna nìmisma tou opoÐou
thn pijanìthta epituqÐac den xèroume. To rÐqnoume mÐa for�, kai èstw ìti èrqetai K dhlad 
sumbaÐnei to A1. Ti katalabaÐnoume apì autì? Profan¸c ìti krat�me to nìmisma N1 (den
eÐmaste sÐgouroi, all� èqoume ter�stio bajmì bebaiìthtac). Autì ephre�zei thn pijanìthta
pragmatopoÐhshc tou A2. Pont�roume me sigouri� ìti kai sthn deÔterh for� ja èrjei K. En¸
an den blèpame to pr¸to apotèlesma, den ja pont�rame me meg�lh sigouri� ìti ja sumbeÐ to A2.
Dhlad  P (A2|A1) > P (A2). To apotèlesma thc pr¸thc rÐyhc mac èdwse k�poia plhroforÐa gia
thn (�gnwsth) pijanìthta epituqÐac tou nomÐsmatoc pou krat�me, kai �ra mia ektÐmhsh gia to
apotèlesma thc deÔterhc rÐyhc.
Tìte ti shmaÐnei to ìti pragmatopoioÔme dÔo anex�rthtec rÐyeic? ShmaÐnei ìti ta apotelèsmata

twn dÔo rÐyewn eÐnai anex�rthta dedomènou ìti èqoume epilèxei to nìmisma N1 (  to N2).
Dhlad 

P (A1 ∩ A2 | èqoume epilèxei to N1) = P (A1 | èqoume epilèxei to N1)P (A2 | èqoume epilèxei to N1)

= p1p1

H tupik  apìdeixh thc mh anexarthsÐac: Epistrèfoume sto sen�rio thc �skhshc, kai jewroÔme
ta endeqìmena

B1 : = {epilègw to nìmisma N1},
B2 : = {epilègw to nìmisma N2}.

Tìte

P (A1 ∩ A2) = P (B1)P (A1 ∩ A2 |B1) + P (B2)P (A1 ∩ A2 |B2) =
1

2

(
1

2

)2

+
1

2

(
3

4

)2

=
13

32
,

kai

P (A1) = P (B1)P (A1 |B1) + P (B2)P (A1 |B2) =
1

2
× 1

2
+

1

2
× 3

4
=

5

8
.

'Omoia, P (A2) = 5/8. Kai ìpwc perimèname,

P (A1 ∩ A2) 6= P (A1)P (A2).

M�lista
P (A2 |A1)

P (A2)
=

26

25
> 1,

dhlad  P (A2 |A1) > P (A2).

2.19. 'Estw A to endeqìmeno èna �tomo na p�sqei apo thn asjèneia a kai B to endeqìmeno na
p�sqei apo thn asjèneia b. DÐnetai ìti

P (A \B) = 0.6/100,

P (B \ A) = 0.5/100,

P (A ∩B) = 0.2/100.
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BrÐskoume ìti P (A) = P (A \ B) + P (A ∩ B) = 0.8/100, kai ìmoia, P (B) = 0.7/100. Ta A,B
den eÐnai anex�rthta.

2.20. 'Estw Ek to endeqìmeno ìti h k dokim  eÐnai epituqÐa, kai Ak(= Ec
k) to endeqìmeno ìti h

k dokim  eÐnai apotuqÐa.

(b) Gia k�je n ≥ 1 fusikì, èqoume

P (ìlec oi dokimèc dÐnoun apotuqÐec) ≤ P (oi pr¸tec n dokimèc dÐnoun mìno apotuqÐec) = (1−p)n.
H teleutaÐa isìthta prokÔptei apo to (a). 'Omwc (1− p)n → 0 gia n→∞ epeid  1− p ∈ (0, 1).

(g) Zht�me thn pijanìthta

P (A1 ∩ A2 ∩ · · ·Ak−1 ∩ Ek) = P (A1)P (A2) · · ·P (Ak−1)P (Ek) = (1− p)k−1p

Sthn pr¸th isìthta qrhsimopoi same thn anexarthsÐa twn A1, A2, · · · , Ak−1, Ek.

(d) To na qreiastoÔn toul�qiston k dokimèc isodunameÐ me to oi pr¸tec k − 1 dokimèc na eÐnai
apotuqÐec. 'Etsi h pijanìthta pou zht�me eÐnai

P (A1 ∩ A2 ∩ · · ·Ak−1) = P (A1)P (A2) · · ·P (Ak−1) = (1− p)k−1.

2.21. 'EstwAi := {kerdÐzei to paiqnÐdi o ai} gia i = 1, 2, 3, kaiB := {h pr¸th rÐyh eÐnai kor¸na}.

p2 := P (A2) = P (A2 ∩B) + P (A2 ∩Bc) = 0 + P (A2 |Bc)P (Bc) =
1

2
p1.

Autì giatÐ dedomènou ìti h pr¸th rÐyh  tan gr�mmata, to paiqnÐdi eÐnai san na xanarqÐzei, me thn
jèsh tou a1 na thn paÐrnei o a2. 'Omoia p3 = p2/2. Apì to (b) thc 'Askhshc 16, k�poia stigm 
ja èrjei kor¸na (�ra sÐgoura k�poioc ja kerdÐsei), opìte p1 + p2 + p3 = 1. BrÐskoume ètsi to
p1.
To p1 upologÐzetai kai �mesa wc ex c. O a1 kerdÐzei mìno an fèrei sthn arq  kor¸na   an

fèrei gr�mmata, oi epìmenoi dÔo gr�mmata (¸ste na èrqetai p�li h seir� tou), kai na kerdÐsei
sto nèo paiqnÐdi pou ja xekin sei tìte. Dhlad ,

p1 = P (A1) = P (A1 ∩B) + P (A1 ∩Bc) =
1

2
+

1

2
P (A1 |Bc) =

1

2
+

1

2

1

2

1

2
p1 =

1

2
+

1

8
p1.

2.22. (a) QrhsimopoioÔme thn 'Askhsh 17(a). Gia mÐa dedomènh er¸thsh apo tic n jètoume

Ξ : = {o diagwnizìmenoc xèrei thn er¸thsh}
Σ : = {o diagwnizìmenoc apant�ei swst� thn er¸thsh}.

P (Σ) = P (Σ |Ξ)P (Ξ) + P (Σ |Ξc)P (Ξc) = 1× 1

2
+

1

j
× 1

2
=

1

2

(
1 +

1

j

)
=: a.

Apì thn 'Askhsh 20(a) prokÔptei ìti

P (o diagwnizìmenoc apant�ei swst� se k erwt seic) =

(
n

k

)
ak(1− a)n−k.

(b) 'Estw

A : = {o diagwnizìmenoc ap�nthse swst� se k erwt seic},
B : = {o diagwnizìmenoc xèrei s erwt seic},

'Eqoume

P (B |A) =
P (A ∩B)

P (A)
=
P (A |B)P (B)

P (A)
. (2)

O paronomast c eÐnai gnwstìc apì to (a). EpÐshc, apo thn 'Askhsh 17(a),
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P (B) =

(
n

s

)(
1

2

)s(
1

2

)n−s
=

(
n

s

)(
1

2

)n
,

giatÐ èqoume n dokimèc enìc peir�matoc me pijanìthta epituqÐac 1/2, en¸

P (A |B) =

(
n− s
k − s

)(
1

j

)k−s(
1− 1

j

)n−k
.

Autì, giatÐ xèrontac ìti gnwrÐzei s erwt seic, mènoun n−s apì tic opoÐec epilègoume tic epiplèon
k − s pou apant�ei swst� sthn tÔqh. AfoÔ epilèxoume tic k − s pou apant�ei swst� sthn
tÔqh, pollaplasi�zoume me thn pijanìthta se autèc na apant sei swst� kai stic upìloipec
n− s− (k − s) = n− k na apant sei l�joc.
Antikajist¸ntac sthn (2) , brÐskoume

P (B |A) =

(
n−s
k−s

) (
1
j

)k−s (
1− 1

j

)n−k (
n
s

) (
1
2

)n
.(

n
k

) (
j+1
2j

)k (
j−1
2j

)n−k = ... =

(
k

s

)(
j

j + 1

)s(
1

j + 1

)k−s
.

2.23. O deigmatikìc q¸roc Ω eÐnai to sÔnolo twn metajèsewn twn stoiqeÐwn tou sunìlou
{1, 2, . . . , n}. GiatÐ an katagr�youme touc arijmoÔc twn sfairidÐwn me thn seir� me thn opoÐa
bgaÐnoun apì thn k�lph, paÐrnoume mÐa met�jesh twn {1, 2, . . . , n}. Gia lìgouc summetrÐac, ìloi
oi n! dunatoÐ trìpoi exagwg c eÐnai isopÐjanoi.

(a) Oi eunoðkèc exagwgèc èqoun pl joc
(
n
j

)
(j − 1)!(n − j)!. GiatÐ fti�qnoume mÐa met�jesh wc

ex c. Epilègoume pr¸ta poi� j stoiqeÐa ja katal�boun tic pr¸tec j jèseic (
(
n
j

)
trìpoi gia autì).

'Epeita, gia thn j jèsh p�ei to megalÔtero apì aut� (mÐa epilog ), b�zoume ta upìloipa j− 1 se
seir� ((j − 1)! trìpoi gia autì), kai ìmoia b�zoume se seir� ta n− j stoiqeÐa pou èqoun meÐnei
gia na katal�boun tic jèseic j + 1, j + 2, . . . , n ( (n − j)! trìpoi gia autì). 'Ara h zhtoÔmenh
pijanìthta eÐnai (

n
j

)
(j − 1)!(n− j)!

n!
=

n!
j!(n−j)!(j − 1)!(n− j)!

n!
=

1

j

(b) Prèpei na deÐxoume ìti P (Aj ∩ Aj) = 1/(ij) gia 1 ≤ i 6= j ≤ n.

Apant seic §3

3.1. FY (y) = P (Y ≤ y) = P (eX ≤ y) = 0 profan¸c an y ≤ 0, en¸ gia y > 0, P (eX ≤ y) =
P (X ≤ log y) = FX(log y). 'Ara

FY (y) =

{
0 an y < 1,

1− e−(log y)2 an y ≥ 1.

3.2. (a) Prèpei

1 =
∑
x∈Z

f(x) = c

(
−∞∑
k=−1

2−|k| +
∞∑
k=0

2−k

)
= c

(
∞∑
j=1

2−j +
∞∑
k=0

2−k

)
= c 3

'Ara c = 1/3.
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(b) 'Estw X h tuqaÐa metablht  pou antistoiqeÐ sthn f .

F (x) = P (X ≤ x) =
∑
y≤x

f(y) =

[x]∑
k=−∞

f(k) = ... =

{
1
3

1
2−[x]−1 an x < 0,

1− 1
3

1
2[x]

an x ≥ 0.

3.3. Sto (a) èqoume E(X+) = E(X−) = ∞, den orÐzetai h mèsh tim . Sto (b) èqoume
E(X+) <∞, E(X−) =∞, �ra EX = E(X+)− E(X−) = −∞.

3.4. (a) P (X = r) = P (X ≤ r)−P (X ≤ r− 1). Profan¸c X ≥ k p�ntote, kai gia k ≤ r ≤ n
èqoume P (X ≤ r) = (r)k/(n)k.

(b) Qrhsimopoi¸ntac to (a), èqoume

EX =
n∑
r=k

rP (X = r) =
n∑
r=k

r{P (X ≤ r)− P (X ≤ r − 1)} = ... = n−
n−1∑
r=k

(r)k
(n)k

.

Gia to teleutaÐo �jroisma up�rqei aploÔsterh èkfrash. Qrhsimopoi¸ntac thn sqèsh (r+1)k+1−
(r)k+1 = (r)k(k + 1) pou isqÔei gia k�je r, k ≥ 1 (kai eÐnai mh tetrimènh gia r ≥ k) paÐrnoume

(r)k =
(r + 1)k+1 − (r)k+1

k + 1
.

'Ara me thleskopikìthta to �jroisma bgaÐnei (n− k)/(k + 1), kai h mèsh tim 

EX =
(n+ 1)k

k + 1
.

3.5. (a) f(t) := P (X = t) = (2/3)t−1(1/3) an t ∈ N = {1, 2, . . .} kai f(t) = 0 an t /∈ N.

(b) P (X ∈ 2N− 1) =
∑∞

k=0 P (X = 2k + 1) = ... = 3/5.

(g) α = 3β/2.

To (b) bgaÐnei epÐshc kai me trik ìpwc h 'Askhsh 21 apo thn Par�grafo 2 autoÔ tou fulladÐou.
Dhlad  me qr sh desmeumènhc pijanìthtac.

3.6. 'Estw Z h pr¸th dokim  kata thn opoÐa emfanÐzetai h èndeixh K. Tìte

EX =
∞∑
k=1

2nP (X = 2n) =
∞∑
k=1

2nP (Z = n) =
∞∑
k=1

2n2−n =∞.

To par�doxo eÐnai ìti en¸ h mèsh tim  eÐnai �peirh kai epomènwc opoiad pote peperasmènh tim 
eÐnai meg�lh èkptwsh, kaneÐc den protÐjetai na d¸sei meg�lo posì gia na paÐxei. 50 Eur¸
jewreÐtai akrib  tim  gia to paiqnÐdi.
To par�doxo diatup¸jhke to 1713 apì ton Nicolas Bernoulli. Diab�ste leptomèreiec sto

�rjro thc Wikipedia gia to jèma. http://en.wikipedia.org/wiki/St. Petersburg paradox

3.7. H X eÐnai diakrit  tuqaÐa metablht , kai h Xa diakrit  tuqaÐa metablht  m  arnhtik . 'Ara
h mèsh tim  thc Xa up�rqei (peperasmènh   �peirh) kai dÐnetai apì ton tÔpo

E(Xa) =
∑
x∈R

xaf(x) =
∞∑
k=1

ka
1

k(k + 1)
.

H teleutaÐac seir� eÐnai ousiastik� h
∑∞

k=1 k
a−2 h opoÐa sugklÐnei akrib¸c gia a − 2 < −1,

dhlad  a < 1. Gia thn austhr  apìdeixh, qrhsimopoioÔme to krit rio sÔgkrishc gia tic dÔo
seirèc

∑∞
k=1 k

a/(k(k + 1)),
∑∞

k=1 k
a−2
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Apant seic §4

4.1. H katanom  eÐnai diwnumik  me paramètrouc n = 80, p = 1/10. Kai �ra me mèsh tim  np = 8.

4.2. 'Eqoume 90 anex�rthtec dokimèc enìc peir�matoc pou èqei pijanìthta epituqÐac

p = P (h èndeixh tou B xepern�ei aut n tou A kata dÔo mon�dec toul�qiston)

=
4 + 3 + 2 + 1

36
=

5

18
.

O zhtoÔmenoc arijmìc rÐyewn akoloujeÐ thn diwnumik  katanom  me paramètrouc n = 90 kai
p = 5/18.

4.3. 'Estw p h pijanìthta o skopeut c na petÔqei to stìqo se mia dedomènh bol . DÐnetai ìti(
10

4

)
p4(1− p)6 = 3

(
10

3

)
p3(1− p)7,

ap' ìpou brÐskoume met� apo aplopoi seic ìti p = 12/19.

(a) P (X ≥ 2) = 1− P (X = 0)− P (X = 1) = 1− (1− p)5 − 5p(1− p)4.

(b) P (X = 0) + P (X = 5) = (1− p)5 + p5

(g)

P (X ≤ 4 |X ≥ 2) =
P (2 ≤ X ≤ 4)

P (X ≥ 2)
=
P (X = 2) + P (X = 3) + P (X = 4)

P (X ≥ 2)
.

O paronomast c èqei upologisteÐ sto (a). O arijmht c isoÔtai me(
5

2

)
p2(1− p)3 +

(
5

3

)
p3(1− p)2 +

(
5

4

)
p4(1− p).

4.4. Gia thn pr¸th mèsh tim , upologÐzoume

E(tX) =
n∑
k=0

tk
(
n

k

)
pk(1− p)n−k =

n∑
k=0

(
n

k

)
(pt)k(1− p)n−k = (pt+ q)n

Gia thn deÔterh mèsh tim , ènac trìpoc eÐnai o ex c. Jètoume θ = p/(1− p). Tìte

E

(
1

X + 1

)
=

n∑
k=0

1

k + 1

(
n

k

)
pk(1− p)n−k =

(1− p)n+1

p

n∑
k=0

(
n

k

)
θk+1

k + 1

=
(1− p)n+1

p

∫ θ

0

n∑
k=0

(
n

k

)
zk dz =

(1− p)n+1

p

∫ θ

0

(1 + z)ndz

=
(1− p)n+1

p

(1 + θ)n+1 − 1

n+ 1
=

1− (1− p)n+1

(n+ 1)p

Qrhsimopoi same to ìti 1 + θ = 1/(1− p).

4.5. An h par�metroc thc Poisson eÐnai λ tìte apo ta dedomèna e−λ + λe−λ = 12e−λλ2/2. Kai
epeid  λ > 0, prokÔptei ìti λ = 1/2. 'Epeita P (X ≥ 1) = 1− P (X = 0) = 1− e−1/2.

4.6. IsqÔei X ∼ Bin(100, p). H Poisson pou thn proseggÐzei eÐnai h Y ∼ Poisson(λ) me
λ = 100p = 0.1. 'Epeita
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P (X ≤ 1) = P (X = 0) + P (X = 1) = (1− p)100 + 100p(1− p)99 ≈ 0.995362,

P (X = 3) =

(
100

3

)
p3(1− p)97 ≈ 1467× 10−7,

P (X = 10) =

(
100

10

)
p10(1− p)90 ≈ 1581× 10−20.

Oi antÐstoiqec proseggÐseic eÐnai

P (Y ≤ 1) = P (Y = 0) + P (Y = 1) = e−0.1 + e−0.10.1 ≈ 0.995321,

P (Y = 3) = e−0.1(0.1)3/3! ≈ 1508× 10−7,

P (Y = 10) = e−0.1(0.1)10/10! ≈ 2493× 10−20.

4.7. (a) Epeid  h h paÐrnei jetikèc timèc, h mèsh tim  E(Xh(X)) orÐzetai, kai èqoume

E(Xh(X)) =
∞∑
k=0

kh(k) e−λ
λk

k!
=
∞∑
k=1

h(k) e−λ
λk

(k − 1)!
=
∞∑
r=0

h(r + 1) e−λ
λr+1

r!

= λ
∞∑
r=0

h(r + 1) e−λ
λr

r!
= λE(h(X + 1)).

(b) 'Estw ak = P (X = k) gia k�je k ∈ N. Gia k ∈ N, k ≥ 1 efarmìzontac thn (1) gia thn
sun�rthsh h me h(k) = 1 kai h(x) = 0 gia x ∈ R \ {k}, paÐrnoume

kP (X = k) = λP (X = k − 1).

Dhlad  ak = ak−1λ/k gia k�je k ∈ N \ {0}. 'Ara ak = a0
λk

k!
gia k�je k ∈ N. Kai h

∑∞
k=0 ak = 1

dÐnei a0 = e−λ. Dhlad 

P (X = k) = e−λ
λk

k!
gia k�je k ∈ N.

4.8. Epeid  k�je for� h sÔnjesh thc k�lphc eÐnai Ðdia, se k�je exagwg , h pijanìthta to
sfairÐdio na eÐnai maÔro eÐnai p = 20/(60 + 20) = 1/4. Onom�zoume X ton arijmì twn dokim¸n
wc thn pr¸th emf�nish maÔrou sfairidÐou. H X eÐnai gewmetrik  me par�metro p = 1/4.

(a) P (X = 7) = (1− p)6p.

(b) P (X ≥ 10) = P (oi pr¸tec 9 dokimèc eÐnai apotuqÐec) = (1− p)9.

(g) E(X − 1) = (1/p)− 1 = 3.

4.9. 'Estw X1 := arijmìc dokim¸n wc thn emf�nish enìc apì ta 3, 4, kai X2 := arijmìc twn
epiplèwn dokim¸n wc thn emf�nish tou �llou apì ta 3, 4. Tìte

X1 ∼ Gewmetrik (1/3),

X2 ∼ Gewmetrik (1/6).

Autì giatÐ h X1 metr�ei dokimèc wc thn pr¸th epituqÐa, me epituqÐa na shmaÐnei emf�nish tou 3
  tou 4. H pijanìthta miac tètoiac epituqÐac eÐnai 2/6=1/3. 'Epeita, an p.q. emfanÐzetai pr¸to
to 4, h X2 metr�ei dokimèc wc thn pr¸th epituqÐa, me epituqÐa t¸ra na shmaÐnei thn emf�nish tou
3. H pijanìthta aut c thc epituqÐac eÐnai 1/6.
Epeid  X = X1 +X2, h grammikìthta thc mèshc tim c dÐnei

E(X) = E(X1) + E(X2) = (1/3)−1 + (1/6)−1 = 3 + 6 = 9.
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4.10. 'Estw X o arijmìc twn apaitoÔmenwn dokim¸n ¸spou na doÔme kai ta n diaforetik�
koupìnia, kai gia i = 1, 2, . . . , n, èstw Xi o arijmìc twn dokim¸n pou apaiteÐtai apì thn stigm 
pou èqoume deÐ i − 1 diaforetik� koupìnia mèqri thn stigm  pou ja doÔme èna nèo diaforetikì
apo ta prohgoÔmena. H Xi eÐnai gewmetrik  tuqaÐa metablht  me par�metro pi = (n− (i−1))/n,
kai epomènwc me mèsh tim  1/pi = n/(n− i+ 1). Epeid  X = X1 + · · ·+Xn, h grammikìthta thc
mèshc tim c dÐnei

E(X) =
n∑
i=1

E(Xi) =
n∑
i=1

n

n− i+ 1
= n

n∑
j=1

1

j
≈ n log n

gia meg�lo n. Perissìtera gia thn teleutaÐa prosèggish, sthn Prìtash 21.21, Apeirostikìc
Logismìc, Tìmoc II, Negrepìnthc-Giwtìpouloc-GiannakoÔliac.

4.11. (a) 10-1=9. (b) 10/3-1=7/3. (g) 8 × 10 − 1. Arnhtik  diwnumik . (d) 4 × 2. Arnhtik 
diwnumik .
(e) Edw èqoume to prìblhma tou sullèkth kouponi¸n qwrÐc na zht�me na doÔme ìla ta dia-
foretik� koupìnia, apl¸c trÐa sugkekrimèna. Me to Ðdio skeptikì brÐskoume ìti h mèsh tim 
eÐnai

10

3
+

10

2
+ 10 = 18 +

1

3
.

Apant seic §5

5.1. 'Estw X h tuqaÐa metablht  pou dÐnei ton ìgko twn pwl sewn aut  th sugkekrimènh
ebdom�da kai a h qwrhtikìthta thc dexamen c. Jèloume

P (X > a) = 10−2.

Profan¸c a ∈ (0, 1), alli¸c to aristerì mèloc thc isìthtac ja isoÔtai me 0   1 (afoÔ h X
paÐrnei timèc sto (0, 1)). 'Etsi,

10−2 =

∫ ∞
a

f(x) dx = 5

∫ 1

a

(1− x)4 dx = −(1− x)5|1a = (1− a)5.

'Ara a = 1− 10−2/5.

5.2. Se aut  thn �skhsh ja qrhsimopoi soume to gegonìc ìti to genikeumèno olokl rwma∫∞
1
xa dx eÐnai peperasmèno an kai mìno an a < −1 (Apl  �skhsh. Up�rqei sto full�dio thc

h-t�xhc pou mil�ei gia genikeumèna oloklhr¸mata).

(a) Profan¸c prèpei na isqÔei c > 0. Ja deÐxoume ìti oi epitreptèc timèc eÐnai r > 1. Autì
giatÐ prèpei h fX na èqei olokl rwma 1. UpologÐzoume∫

R
fX(t) dt = c

∫ ∞
1

t−r dt.

Me b�sh thn parat rhsh sthn arq  thc lÔshc, autì to olokl rwma eÐnai peperasmèno an kai
mìno −r < −1. Dhlad  r > 1. Kai tìte epilègontac kat�llhla thn tim  thc stajer�c c
katorj¸noume to olok rwma na isoÔtai me 1. 'Otan r ≤ 1, to olokl rwma isoÔtai me ∞ gia
opoiad pote epilog  thc stajer�c c > 0. 'Ara k�je tim  r ≤ 1 eÐnai mh epitrept .

(b) Gia r > 1, upologÐzoume

c

∫ ∞
1

t−r dt = c
t−r+1

(−r + 1)

∣∣∣∣∣
∞

1

= c

(
0− 1

−r + 1

)
=

c

r − 1
.

'Ara c = r − 1.
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(g) EX =
∫∞

1
x(r − 1)x−r dx = (1 − r)

∫∞
1
x1−r dx. Me b�sh thn parat rhsh sthn arq  thc

lÔshc, èqoume ìti to teleutaÐo olokl rwma eÐnai peperasmèno an kai mìno an 1−r < −1. Dhlad 
an r > 2.

(d) 'Eqoume E(Xa) = (1 − r)
∫∞

1
xa−r dx. 'Omoia ìpwc sto (g), autì to olokl rwma eÐnai

peperasmèno an kai mìno an a− r < −1, dhlad  an a < r − 1.

5.3. a = 2, b = 8. H zhtoÔmenh pijanìthta eÐnai

P (|X − 5| > 2) = P (X ∈ (2, 3)) + P (X ∈ (7, 8)) =
1

6
(1 + 1) =

1

3
.

5.4. 'Eqoume peÐrama se dÔo b mata. Wc sun jwc, desmeÔoume wc proc to ti ègine sto pr¸to b -
ma. 'Estw N h tuqaÐa metablht  pou katagr�fei to apotèlesma thc rÐyhc tou zarioÔ. Profan¸c
FX(t) = 0 gia t < 0 kai FX(t) = 1 gia t > 6, en¸ gia t ∈ [0, 6] èqoume

P (X ≤ t) =
6∑
i=1

P (X ≤ t |N = i)P (N = i) =
1

6

6∑
i=1

min{i, t}
i

=
1

6

(
[t] + t

6∑
t<i≤6

1

i

)
.

H trÐth èkfrash èkfrash gia thn sun�rthsh katanom c thc X deÐqnei ìti aut  eÐnai suneq c. H
teleutaÐa deÐqnei ìti h FX eÐnai diaforÐsimh sto R \ {0, 1, . . . , 6}. 'Ara mia puknìthta gia thn X
eÐnai h

fX(t) =

{
1
6

∑6
t<i≤6

1
i

an t ∈ (0, 6),

0 diaforetik�.

'Epeita, E(X) =
∫
R tfX(t) dt = ... = 7/4. O upologismìc autìc eÐnai pio �mesoc me qr sh thc

desmeumènhc mèshc tim c, thn opoÐa ja kalÔyoume argìtera sto m�jhma.

5.5. H tuqaÐa metablht  Z := (X − µ)/σ akoloujeÐ thn katanom  N(0, 1). Apo ta dedomèna

0.2 = P

(
Z >

1.85− µ
σ

)
= 1− Φ

(
1.85− µ

σ

)
=⇒ Φ

(
1.85− µ

σ

)
= 0.8 = Φ(0.85).

Kai epeid  h Φ eÐnai 1-1, paÐrnoume
1.85− µ

σ
= 0.85 (3)

'Omoia, brÐskoume ìti

Φ

(
1.70− µ

σ

)
= 0.1 = 1− 0.9 = 1− Φ(1.29) = Φ(−1.29).

O teleutaÐoc upologismìc upagoreÔetai apo thn grafik  par�stash thc puknìthtac thc N(0, 1).
'Ara

1.70− µ
σ

= −1.29 (4)

BrÐskoume apì tic (3), (4) ìti µ ≈ 1.79, σ ≈ 0.07

5.6. Ja qrhsimopoi soume to ìti h tuqaÐa metablht  Z := (X−µ)/σ = (X−330)/10 akoloujeÐ
thn tupik  kanonik  katanom  gia na ekfr�soume ìlec tic zhtoÔmenec pijanìthtec sunart sei
thc sun�rthshc katanom c, Φ, thc N(0, 1).

(a) P (X > 340) = P (Z > 1) = 1− Φ(1) ≈ 0.158

(b) P (X < 310) = P (Z < −2) = Φ(−2) ≈ 0.023

(g) P (310 < X < 340) = P (−2 < Z < 1) = Φ(1)− Φ(−2) ≈ 0.818
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(d) O arijmìc N twn kouti¸n apo ta 10 pou èqoun b�roc mikrìtero apì 340gr akoloujeÐ thn
diwnumik  katanom  me paramètrouc n = 10, kai p := P (X < 340) = Φ(1) ≈ 0.84. 'Ara

P (N ≤ 8) = 1− P (N > 8) = 1− P (N = 9)− P (N = 10) = 1− 10p9 (1− p)− p10.

(e) E(N) = np ≈ 8.41

5.7. (a) An o a eÐnai di�mesoc, tìte epeid  h katanom  eÐnai suneq c, èqoume P (X = a) =
0, P (X ≥ a) = P (X > a). 'Ara

1 = P (X ≤ a) + P (X > a) = P (X ≤ a) + P (X ≥ a) = 2P (X ≤ a) = 2F (a).

Sthn trÐth isìthta qrhsimopoi same thn idiìthta tou di�mesou. Epeid  h F eÐnai suneq c (anti-
stoiqeÐ se suneq  katanom , den èqei �lmata) kai

F (−∞) = 0 < 1/2 < 1 = F (∞),

apì to je¸rhma endi�meshc tim c, up�rqei a ∈ R me F (a) = 1/2. Gia autì to a èqoume

P (X ≥ a) = 1− P (X < a) = 1− P (X ≤ a) = 1/2 = P (X ≤ a).

'Ara toul�qiston ènac di�mesoc up�rqei.

(b) Apo ta epiqeir mata sto (a) prokÔptei ìti o a ∈ R eÐnai ènac di�mesoc an kai mìno an
F (a) = 1/2. Sthn perÐptwsh thc katanom cN(µ, σ2), h F eÐnai gnhsÐwc aÔxousa (èqei puknìthta
jetik  se ìlo to R), opìte up�rqei mìno ènac di�mesoc. Ja deÐxoume ìti isoÔtai me thn mèsh
tim  µ. 'Eqoume

F (µ) = P (X ≤ µ) = P

(
X − µ
σ

≤ 0

)
=

1

2
.

H teleutaÐa isìthta isqÔei giatÐ h (X − µ)/σ èqei katanom  N(0, 1), kai gia aut n xèroume ìti
èqei puknìthta �rtia sun�rthsh.

5.8. Estw a < b pragmatikoÐ ¸ste f = f ′ = 0 sto (−∞, a] ∪ [b,∞). Tìte

E(f ′(X)) =
1√
2π

∫ b

a

f ′(x)e−x
2/2 dx =

1√
2π
f(x) e−x

2/2

∣∣∣∣x=b

x=a

− 1√
2π

∫ b

a

f(x)(e−x
2/2)′ dx

=
1√
2π

∫ b

a

f(x)xe−x
2/2 dx = E(Xf(X)).

Sthn paragontik  olokl rwsh, qrhsimopoi same to ìti f(a) = f(b) = 0.

5.9. UpologÐzoume

E|Z|p =

∫
R
|x|p 1√

2π
e−x

2/2 dx =

√
2

π

∫ ∞
0

xp e−x
2/2 dx

x=
√

2y
=

2p/2√
π

∫ ∞
0

y(p−1)/2 e−y dy

=
2p/2√
π

Γ

(
p+ 1

2

)
. (5)

Eidikèc perÐptwseic:

(a) p = 2k, me k mh arnhtikì akèraio. QrhsimopoioÔme thn sqèsh Γ(x + 1) = xΓ(x) pou isqÔei
gia k�je x > 0, kai thn Γ(1/2) =

√
π.

E(Z2k) =
2k√
π

Γ

(
k +

1

2

)
=

2k√
π

(
k − 1

2

)(
k − 3

2

)
· · · 1

2
Γ

(
1

2

)
= (2k − 1)(2k − 3) · · · 3 · 1.

Autìn ton arijmì ton èqoume sunant sei sto Full�dio 1, 'Askhsh 25 (a). EÐnai to pl joc twn
diaforetik¸n zeugarwm�twn 2k diaforetik¸n antikeimènwn.
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(b) p = 2k+ 1, me k mh arnhtikì akèraio. QrhsimopoioÔme p�li thn sqèsh Γ(x+ 1) = xΓ(x) kai
to ìti Γ(1) = 1.

E(|Z|2k+1) =
2k+ 1

2

√
π

Γ(k + 1) =
2k+ 1

2

√
π
k!

T¸ra, an X ∼ N(µ, σ2), èqoume ìti Z := (X − µ)/σ ∼ N(0, 1), opìte

E|X − µ| = σE|Z| = σ

√
2

π
.

Qrhsimopoi same thn (5) gia p = 1.

5.10. To mègisto a pou ikanopoieÐ thn P (X ≥ a) ≥ 0.95, dhlad  thn e−aθ ≥ 0.95, eÐnai to
a = − log 0.95

θ
. Apì ta dedomèna, autì eÐnai to 2. Epomènwc

θ = − log 0.95

2
≈ 0.02564.

O mèsoc ìroc thc kai h diaspor� thc X eÐnai antÐstoiqa 1/θ ≈ 39, 1/θ2 ≈ 1520.

5.11. An o a eÐnai ènac di�mesoc, tìte

P (X ≥ a) = P (X ≤ a) =⇒ e−λa = 1− e−λa =⇒ a =
log 2

λ
.

'Ara up�rqei mìno ènac di�mesoc, to opoÐo  tan anamenìmeno giatÐ h sun�rthsh katanom c F thc
ekjetik c eÐnai gnhsÐwc aÔxousa sto [0,∞) me F (0) = 0, F (∞) = 1.

5.12. Gia k = 0 isqÔei profan¸c. An isqÔei gia ènan k ≥ 0 fusikì, tìte

E(Xk+1) =

∫ ∞
0

xk+1λe−λx dx =

∫ ∞
0

xk+1(−e−λx)′ dx = (k + 1)

∫ ∞
0

xke−λx dx

=
k + 1

λ

∫ ∞
0

xkλe−λx dx =
k + 1

λ
E(Xk) =

(k + 1)!

λk+1
.

Sthn paragontik  olokl rwsh, qrhsimopoi same to ìti limx→∞ x
k+1e−λx = 0 epeid  λ > 0.

5.13. UpologÐzoume thn sun�rthsh katanom c thc Y . Gia t ∈ R èqoume

FY (t) := P (Y ≤ t) = P (X2 ≤ t),

to opoÐo eÐnai 0 gia t < 0. Gia t ≥ 0,

P (X2 ≤ t) = P (|X| ≤
√
t) = P (−

√
t ≤ X ≤

√
t) = FX(

√
t)− FX(−

√
t).

Epeid  h puknìthta thc X eÐnai asuneq c mìno sta −1, 1, èqoume ìti h FY kai diaforÐsimh sto
R \ {0, 1}, me F ′Y (t) = 0 gia t < 0, en¸ gia t > 0, t 6= 1,

F ′Y (t) =
(
fX(
√
t) + fX(−

√
t)
) 1

2
√
t

=
1√
t
fX(
√
t).

H teleutaÐa posìthta isoÔtai me 0 gia t ∈ (0, 1), kai me t−3/2/2 gia t > 1. 'Epetai ìti mi�
puknìthta gia thn Y eÐnai h fY (t) = (1/2)t−3/21t>1.

5.14. 'Omoia ìpwc sthn prohgoÔmenh �skhsh, FY (t) = 0 gia t < 0 kai FY (t) = 1 gia t > 1, en¸
gia t ∈ [0, 1] èqoume

FY (t) = P (Y ≤ t) = P (Y ≤ t,X ≤ 1) + P (Y ≤ t,X > 1) = P (X ≤ t) + P (1/X ≤ t)

= FX(t) + 1− FX(1/t).
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Sthn deÔterh isìthta qrhsimopoi same to je¸rhma olik c pijanìthtac. Gia t ∈ (0, 1) h teleutaÐa
sqèsh gia thn FY dÐnei me parag¸gish

F ′Y (t) = fX(t) + t−2fX(1/t) = e−t + t−2e−1/t.

'Ara mia puknìthta gia thn Y eÐnai h

fY (t) =

{
e−t + t−2e−1/t an t ∈ (0, 1),

0 an t ∈ R \ (0, 1).

5.15. Epeid  P (X ≥ 0) = 1, èqoume ìti o Y eÐnai me pijanìthta 1 ènac mh arnhtikìc akèraioc.
Gia k ∈ Z, k ≥ 0,

P ([X] = k) = P (k ≤ X < k + 1) = λ

∫ k+1

k

e−λx dx = e−λk − e−λ(k+1) = e−λk(1− e−λ)

= (1− p)kp,

me p = 1− e−λ.
ShmeÐwsh: EÔkola blèpoume ìti h Y + 1 akoloujeÐ thn Gewmetrik  katanom  me par�metro p.

5.17. (b) Gia t ∈ R,

FY (t) = P

(
U

1− U
≤ et

)
= P

(
U ≤ et

1 + et

)
=

1

1 + e−t
.

Puknìthta fY (t) = F ′Y (t) = e−t(1 + e−t)−2 gia k�je t ∈ R.

5.18. 'Estw Y = X2. H sun�rthsh katanom c thc Y isoÔtai me 0 sto (−∞, 0) giatÐ P (Y <
0) = P (∅) = 0. 'Omoia, FY (0) = P (Y ≤ 0) = P (X = 0) = 0 giatÐ h X èqei suneq  katanom .
Gia x > 0,

FY (x) = P (X2 ≤ x) = P (−
√
x ≤ X ≤

√
x) = Φ(

√
x)− Φ(−

√
x).

An f eÐnai h puknìthta thc N(0, 1), paragwgÐzoume thn teleutaÐa isìthta, kai paÐrnoume

F ′Y (x) =
1

2
√
x

(
f(
√
x) + f(−

√
x)
)

=
1√
x
f(
√
x) =

1√
2π

x−1/2e−x/2.

'Ara h Y èqei puknìthta

fY (x) =
1√
2π

x−1/2e−x/21x>0 =
(1/2)

1
2

Γ(1/2)
x

1
2
−1e−x/21x>0,

h opoÐa eÐnai h puknìthta thc Γ(1/2, 1/2). Qrhsimopoi same to ìti Γ(1/2) =
√
π.

5.19. 'Omoia ìpwc sthn 'Askhsh 5.13, FY (t) = 0 gia t < 0, en¸ gia t ≥ 0 èqoume

FY (t) = P (X1/c ≤ t) = P (X ≤ tc) = FX(tc).

Gia t > 0 h teleutaÐa sqèsh gia thn FY dÐnei me parag¸gish

F ′Y (t) = fX(tc) c tc−1.

'Epetai ìti mia puknìthta gia thn Y eÐnai h

fY (t) = θce−θt
c

tc−11t>0.

5.20. 'Estw fX h puknìthta thc X. EÔkola brÐskoume ìti h puknìthta thc Y eÐnai fY (y) =
1
r
fX(y

r
). Qrhsimopoi¸ntac ton tÔpo gia thn fX (dhlad  fX(x) = λa

Γ(a)
xa−1e−λx1x>0), brÐskoume

ìti h puknìthta thc Y eÐnai aut  thc Γ(a, λ/r).
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5.21. Gia t ∈ R èqoume

FX(t) := P (X ≤ t) = P (F−1(U) ≤ t) = P (U ≤ F (t)) = F (t).

Sthn teleutaÐa isìthta qrhsimopoi same to ìti h U akoloujeÐ thn omoiìmorfh katanom  sto
(0, 1) kai ìti o F (t) eÐnai ènac arijmìc sto (0, 1). Sthn trÐth isìthta qrhsimopoi same to ìti h
F eÐnai gnhsÐwc aÔxousa me sÔnolo tim¸n to (0, 1), opìte gia t ∈ R kai U ∈ (0, 1) èqoume

F−1(U) ≤ t⇐⇒ U ≤ F (t).

Apant seic §6

6.1. Gia x, y ∈ {1, 2, · · · , 50} me y − x ≥ 5,

f(x, y) =
6× 5× (y − x− 1)4

(50)6

Diaforetik�, f(x, y) = 0. Jewroume ìti katagr�foume ta sfairÐdia me thn seir� me thn opoÐa
ex�gontai, èqoume dhlad  di�taxh. Ston arijmht , to 6 eÐnai to pl joc twn epilog¸n gia thn
jèsh sthn opoÐa emfanÐzetai h èndeixh y, to 5 eÐnai to pl joc twn epilog¸n gia thn jèsh sthn
opoÐa emfanÐzetai h èndeixh x. Mènoun 4 jèseic stic opoÐec ja b�loume mia di�taxh 4 sfaridÐwn
me arijmoÔc gnhsÐwc an�mesa sta x, y.

6.2. (a) c = 2.

(b) fX(x) = 3x21x∈(0,1), fY (x) = 2y1y∈(0,1).

(g) 'Estw

A : = {(x, y) ∈ (0, 1)2 : x < 1/3},
B : = {(x, y) ∈ (0, 1)2 : y > 2x}.

Tìte

P (X < 1/3) =

∫∫
A

f(x, y) dxdy =

∫ 1

0

∫ 1/3

0

6x2y dxdy = (1/3)3 = 1/27,

kai

P (Y > 2X) =

∫∫
B

f(x, y) dxdy =

∫ 1

0

∫ y/2

0

6x2y dxdy =

∫ 1

0

y4

4
dy = 1/20.

Gia ton prosdiorismì twn orÐwn thc olokl rwshc, bohj�ei polÔ na k�noume sq ma. Gia thn
pr¸th pijanìthta mporeÐ kaneÐc na qrhsimopoi sei thn perij¸ria thc X, all� protim�me thn pio
p�nw genik  mèjodo.

6.3. 'Ena sq ma bohj�ei. To sÔnolo twn (x, y) sto (0, 1)× (0, 1) gia ta opoÐa o akèraioc pou
eÐnai eggÔtera sto phlÐko y/x eÐnai ènac apì touc 0, 2, 4,... eÐnai ènwsh xènwn metaxÔ touc
trig¸nwn. H zhtoÔmenh pijanìthta isoÔtai me (5− π)/4.

6.4. 'Estw h eujeÐa ∆ := {(x, x) : x ∈ R}, dhlad  h diqotìmoc tou pr¸tou kai trÐtou tetarth-
morÐou (lègetai kai diag¸nioc tou R2). Tìte

P (X = Y ) = P ((X, Y ) ∈ ∆) =

∫∫
∆

f(x, y) dxdy = 0

giatÐ eÐnai èna diplì olokl rwma p�nw se mia gramm  (h opoÐa èqei embadìn 0).

6.5. 'Estw
A0 := {k�poiec apì tic X1, X2, X3, X4 eÐnai Ðsec}.
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Tìte apì thn prohgoÔmenh �skhsh,

P (A0) ≤
∑

1≤i,j≤4,i 6=j

P (Xi = Xj) = 0.

T¸ra, gia opoiad pote met�jesh (i1, i2, i3, i4) twn {1, 2, 3, 4} isqÔei
P (Xi1 < Xi2 < Xi3 < Xi4) = P (X1 < X2 < X3 < X4) (6)

giatÐ h (tetradi�stath) tuqaÐa metablht  (Xi1 , Xi2 , Xi3 , Xi4) èqei thn Ðdia katanom  me thn
(X1, X2, X3, X4). 'Eqoun kai oi duì puknìthta f̃(x, y, z, w) = f(x)f(y)f(z)f(w). ['Ena an�-
logo kai aploÔstero sen�rio. RÐqnoume èna z�ri 5 forèc kai gr�foume ta apotelèsmata me thn
seir� me thn opoÐa emfanÐzontai. H pijanìthta na fèroume (6, 3, 6, 2, 5) eÐnai h Ðdia me to na
fèroume (3, 6, 6, 5, 2)]
'Estw S4 to sÔnolo twn metajèsewn twn {1, 2, 3, 4}. Epeid 

Ω = A0 ∪
⋃

(i1,i2,i3,i4)∈S4

{Xi1 < Xi2 < Xi3 < Xi4}

eÐnai ènwsh xènwn an� dÔo sunìlwn (diamèrish tou Ω), kai P (A0) = 0 (èlleiyh isopali¸n), èpetai
lìgw thc (6) ìti

1 = |S4| × P (X1 < X2 < X3 < X4) = 4!P (X1 < X2 < X3 < X4),

dhlad  to zhtoÔmeno.
'Otan èqoume n anex�rthtec tuqaÐec metablhtèc me koin  suneq  katanom , tìte

P (Xi1 < Xi2 < · · · < Xin) =
1

n!

gia k�je met�jesh (i1, i2, . . . , in) twn {1, 2, · · · , n}.

6.6. (b) UpologÐzoume pr¸ta tic puknìthtec twn X, Y . BrÐskoume

fX(x) = 1(0,1)(x),

fY (y) = − log y 1(0,1)(y),

gia k�je x, y ∈ R. 'Ara oi desmeumènec puknìthtec fX |Y (· | y), fY |X(· |x) èqoun nìhma akrib¸c
gia x, y ∈ (0, 1) kai isoÔntai me

fX |Y (x | y) = − 1

x log y
1(y,1)(x),

fY |X(y |x) =
1

x
1(0,x)(y).

ParathroÔme ìti h Y |X = x akoloujeÐ thn omoiìmorfh katanom  sto (0, x).

Apant seic §7

7.1. (a) Den eÐnai anex�rthtec. Autì prokÔptei, p.q., apo to ìti h puknìthta f(x, y) thc (X, Y )
den mporeÐ na grafeÐ wc ginìmeno h(x)g(y) (h dikaiolìghsh eÐnai eÔkolh). 'Ena piì diaisjhtikì
epiqeÐrhma eÐnai to ex c. Ja qrhsimopoi soume to ìti P (X < Y ) = 1. Epilègoume kat�llhla
sÔnola A,B kai deÐqnoume P (X ∈ A, Y ∈ B) 6= P (X ∈ A)P (Y ∈ B). Piì sugkekrimèna

P (X < 2/3, Y < 1/3)

P (X < 2/3)P (Y < 1/3)
=

P (Y < 1/3)

P (X < 2/3)P (Y < 1/3)
=

1

P (Y < 1/3)
6= 1.

(b)

E(Y eX) =

∫∫
R2

yexf(x, y) dxdy =

∫ 1

0

∫ y

0

yex8xy dxdy = ... = 8

∫ 1

0

y2(yey−ey+1) dy =
200

3
−24e.



45

Oloklhr¸noume kata par�gontec arketèc forèc.

(g) 'Omoia ìpwc sto (b), brÐskoume ìti gia r > 0 isqÔei

E(Xr) =
8

(r + 2)(r + 4)
, E(Y r) =

4

r + 4
, E(XY ) =

4

9
.

'Ara

Cov(X, Y ) = E(XY )− EXEY =
4

9
− 8

15

4

5
=

4

225
,

Var(X) = E(X2)− (EX)2 =
1

3
−
(

8

15

)2

=
11

225
,

Var(Y ) =
2

3
− 16

25
=

2

75
,

ρ(X, Y ) =
Cov(X, Y )√

Var(X)Var(Y )
=

4/225
√

22
3×15

=
4

5
√

22
.

7.2. Se aut  thn �skhsh, bohj�ei polÔ na sqedi�sei kaneÐc to qwrÐo B pou h puknìthta f eÐnai
diaforetik  apì to 0.

(a) Oloklhr¸noume thn f sthn tom  twn qwrÐwn

A : = {(x, y) ∈ R2 : x+ y < 0},
B : = {(x, y) ∈ R2 : f(x, y) 6= 0} = (−1, 0)× (0, 1) ∪ (1, 2)× (−1, 0).

H tom  eÐnai to trÐgwno me korufèc (−1, 1), (−1, 0), (0, 0), kai ekeÐ h f èqei ��eniaÐo tÔpo��, isoÔtai
me −xy. 'Ara

P (X+Y < 0) = P ((X, Y ) ∈ A) =

∫∫
A

f(x, y) dxdy =

∫ 0

−1

∫ −x
0

(−xy) dydx = −1

2

∫ 0

−1

x3 dx =
1

8
.

(b) UpologÐzoume dÔo dipl� oloklhr¸mata.

E(XY ) =

∫∫
R2

xyf(x, y) dydx =

∫ 0

−1

∫ 1

0

xy(−xy) dydx+

∫ 2

1

∫ 0

−1

xy(−xy) dydx = ... = −8/9.

(g) Oi X, Y den eÐnai anex�rthtec, kai autì mporeÐ na deiqjeÐ me polloÔc trìpouc.

1oc trìpoc. UpologÐzei kaneÐc tic perij¸riec fX , fY kai deÐqnei ìti den isqÔei f(x, y) =
fX(x)fY (y) gia ìla ta (x, y) sto R2.

2oc trìpoc. Ed¸ ekmetaleuìmaste thn morf  tou qwrÐou B. 'Estw C1 = (1, 2), C2 = (0, 1)
tìte P (X ∈ C1, Y ∈ C2) = 0 en¸ P (X ∈ C1)P (Y ∈ C2) > 0. 'Ara P (X ∈ C1, Y ∈ C2) 6=
P (X ∈ C1)P (Y ∈ C2).

7.3. Epeid  h Cov eÐnai digrammik , èqoume

Cov(XZ2, Y + Z) = Cov(XZ2, Y ) + Cov(XZ2, Z)

= E(XY Z2)− E(XZ2)E(Y ) + E(XZ3)− E(XZ2)E(Z)

= E(Z2)
(
E(XY )− E(X)E(Y )

)
+ E(X)E(Z3)− E(XZ2)E(Z)

= Cov(X, Y ) = 1.
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Qrhsimopoi same thn anexarthsÐa thc Z apì tic X, Y kai to ìti E(Z) = E(Z3) = 0, E(Z2) =
Var(Z) = 1. O isqurismìc E(Z3) = 0 prokÔptei apì to ìti to

E(Z3) =
1√
2π

∫ ∞
−∞

x3e−x
2/2 dx

eÐnai olokl rwma miac peritt c sun�rthshc se qwrÐo summetrikì gÔrw apì to 0.

7.4. An  tan anex�rthtec, tìte èprepe Var(X1 + X2) = Var(X1) + Var(X2) = 2 to opoÐo eÐnai
�topo. Epiplèon

Var(X1 +X2) = Var(X1) + Var(X2) + 2Cov(X1, X2) =⇒ Cov(X1, X2) =
1

2
'Epeita èqoume

0 = Cov(X1, X2 − cX1) = Cov(X1, X2)− cCov(X1, X1) =
1

2
− cVar(X1) =

1

2
− c.

'Ara c = 1/2.

7.5. UpologÐzoume ìti

E(Y ) =
n∑
i=1

3i−12 = 2(3n+1 − 1)/2 = 3n − 1,

kai lìgw anexarthsÐac,

Var(Y ) =
n∑
i=1

Var(3i−1Xi) =
n∑
i=1

(3i−1)2Var(Xi) = 8
n∑
i=1

9i−1 = 9n − 1.

'Ara
1 = Var(αn + βnY ) = β2

nVar(Y ) = β2
n(9n − 1) =⇒ βn = (9n − 1)−1/2

kai
0 = E(αn + βnY ) = αn + βn(3n − 1) =⇒ αn = −(3n − 1)/

√
9n − 1

7.6. (a) Oi timèc pou mporeÐ na p�rei h Y eÐnai ta stoiqeÐa tou sunìlou A := {1, 2, . . . , 20}. H
sun�rthsh pijanìthtac thc eÐnai fY (k) = 0 an k ∈ R \A en¸ gia k ∈ A èqoume fY (k) = P (Y =
k) = P (X = 21 − k) = 1/20 afoÔ akoloujeÐ thn omoiìmorfh katanom  sto A. 'Epetai loipìn
ìti kai h Y akoloujeÐ thn Ðdia katanom  me thn X.

(b) Perimènoume h sundiakÔmansh na eÐnai arnhtik , giatÐ ìtan h X paÐrnei meg�lec timèc, h Y
paÐrnei mikrèc, kai ìtan h X paÐrnei mikrèc timèc, h Y paÐrnei meg�lec. H tim  thc sundiakÔmanshc
eÐnai

Cov(X, Y ) = Cov(X, 21−X) = Cov(X, 21)− Cov(X,X) = −Cov(X,X) = −Var(X).

H diaspor� thc X eÐnai jetik  giatÐ h X den eÐnai stajer�. 'Ara Cov(X, Y ) < 0.

7.7. (a)

Cov(Xi, Xj) = E(XiXj)− E(Xi)E(Xi) = P (Xi = Xj = 1)− P (Xi = 1)P (Xj = 1)

=
(n− 2)!

n!
− (n− 1)!

n!

(n− 1)!

n!
=

1

n(n− 1)
− 1

n2
=

1

n2(n− 1)
.

K�poiec exhg seic gia ton upologismì. H tuqaÐa metablht  XiXj paÐrnei mìno tic timèc 0 kai 1,
kai thn tim  1 thn paÐrnei akrib¸c ìtan kai h Xi kai h Xj isoÔntai me 1. Opìte

E(XiXi) = 0× P (XiXj = 0) + 1× P (XiXj = 1) = P (Xi = Xj = 1).

'Omoia dikaiologoÔme kai thn E(Xi) = P (Xi = 1). Ta upìloipa eÐnai sunduastik  (eunoðkèc dia
dunatèc peript¸seic...).
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'Ara oi Xi, Xj eÐnai jetik� susqetismènec. Autì eÐnai anamenìmeno giatÐ ìtan h Xi paÐrnei
meg�lh tim  (dhlad  1) eÐnai pio pijanì kai h Xj na p�rei epÐshc meg�lh tim . An o epib�thc i
kajÐsei sthn swst  jèsh, mei¸nei tic l�joc epilogèc gia ton j, kai ètsi ton bohj�ei na kajÐsei
kai autìc sthn jèsh pou tou analogeÐ. OmoÐwc, ìtan h Xi paÐrnei mikr  tim  (dhlad  0) eÐnai pio
pijanì kai h Xj na p�rei epÐshc mikr  tim . An o epib�thc i kajÐsei se l�joc jèsh, endeqomènwc
na kajÐsei se aut n tou j kai ètsi na epib�lei Xj = 0.

(b) Ja qreiastoÔme to ìti gia k�je i ∈ {1, 2, . . . , n},

Var(Xi) =
1

n
− 1

n2
,

pou isqÔei giatÐ h Xi paÐrnei mìno timèc 0 kai 1, opìte X2
i = Xi kai

Var(Xi) = E(X2
i )− (E(Xi))

2 = E(Xi)− (E(Xi))
2 = (1/n)− (1/n)2.

Epeid 

W :=
n∑
i=1

Xi, (7)

qrhsimopoi¸ntac thn grammikìthta thc mèshc tim c kai thn digrammikìthta thc sundiakÔmanshc,
brÐskoume

E(W ) =
n∑
i=1

E(Xi) =
n∑
i=1

1

n
= 1

kai

Var(W ) = Cov(W,W ) = Cov

(
n∑
i=1

Xi,
n∑
i=1

Xi

)
=

n∑
i=1

Cov(Xi, Xi) + 2
∑

1≤i<j≤n

Cov(Xi, Xi)

=nVar(X1) + 2
n(n− 1)

2

1

n2(n− 1)
= 1− 1

n
+

1

n
= 1

Sqìlio: Ja mporoÔse kaneÐc na brei pr¸ta thn katanom  thcW , dhlad  tic timèc P (W = k)
gia k = 0, 1, 2, . . . , n, kai met� tic E(W ),Var(W ). Autì ìmwc den eÐnai apl  upìjesh (mporeÐ na
upologisteÐ me qr sh thc arq c egkleismoÔ-apokleismoÔ. O upologismìc autìc brÐsketai sto
Par�deigma 1.21, sel. 53, sto biblÐo tou k. QaralampÐdh, JewrÐa Pijanot twn kai Efarmo-
gèc). Prosèxte pwc h graf  (7) kai oi idiìthtec twn E,Cov k�noun ton upologismì thc E(W )
tetrimmèno, kai autìn thc Var(W ) eÔkolo.

7.8. OrÐzoume tic tuqaÐec metablhtèc {Zi,Wi : 1 ≤ i ≤ n} wc ex c

Zi =

{
1, an sthn i rÐyh emfanÐzetai 2,

0 diaforetik�,
Wi =

{
1, an sthn i rÐyh emfanÐzetai 3,

0 diaforetik�.

Tìte Z = Z1 + · · ·+Zn,W = W1 + · · ·+Wn, oi Zi,Wj me i 6= j eÐnai anex�rthtec giatÐ aforoÔn
diaforetikèc rÐyeic, kai �ra

Cov(Z,W ) =
n∑
i=1

Cov(Zi,Wi).

'Omwc Cov(Zi,Wi) = E(ZiWi)−E(Zi)E(Wi) = 0−(1/6)(1/6) = −1/36, giatÐ ZiWi = 0 p�ntote
(sthn i rÐyh den eÐnai dunatìn na emfanisteÐ kai 2 kai 3). 'Ara Cov(Z,W ) = −n/36.
Ed¸ to arnhtikì prìshmo thc sundiakÔmanshc eÐnai anamenìmeno. Meg�lec timèc thc Z epib�-

loun mikrèc timèc thc W , en¸ mikrèc timèc Z thc eunooÔn meg�lec timèc thc W .

9. QrhsimopoioÔme to ìti an to C eÐnai endeqìmeno ston q¸ro pijanìthtac (Ω,A, P ), kai
1C : Ω→ R eÐnai h deÐktria tou, tìte

E(1C) = P (C).
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Autì giatÐ h 1C paÐrnei thn tim  1 sto sÔnolo C kai thn tim  0 sto Ω \ C. 'Ara

E(1C) = 1× P (C) + 0× P (Ω \ C) = P (C).

EpÐshc 1A1B = 1A∩B. 'Ara

Cov(1A,1B) = E(1A1B)− E(1A)E(1B) = E(1A∩B)− E(1A)E(1B)

= P (A ∩B)− P (A)P (B).

7.10. H diaspor� kajemÐac apì tic X1, X2 eÐnai µ2. Ja qrhsimopoi soume pio k�tw ìti lìgw
anexarthsÐac èqoume Cov(X1, X2) = 0.

Cov(X1 +X2, 2X1 + 3X2) = 2Cov(X1, X1) + 3Cov(X1, X2) + 2Cov(X2, X1) + 3Cov(X2, X2)

= 2µ2 + 0 + 0 + 3µ2 = 5µ2

'Epeita, Var(2X1+3X2) = Var(2X1)+Var(3X2)+6 Cov(X1, X2) = 13µ2. 'Omoia, Var(X1+X2) =

2µ2. 'Epetai ìti ρ(X1 +X2, 2X1 + 3X2) = ... = 5/
√

26.
Oi tuqaÐec metablhtèc X1 + X2, 2X1 + 3X2 den eÐnai anex�rthtec giatÐ èqoun sundiakÔmansh
diaforetik  apo to 0.

7.11. (a) UpologÐzoume

Var(X1 +X2) = Var(X1) + Var(X2) + 2Cov(X1, X2)

= Var(X1) + Var(X2) + 2
√

Var(X1)Var(X2)ρX1,X2

= 3 + 2 + 2
√

6ρX1,X2 .

H mègisth tim  tou ρX1,X2 eÐnai 1 kai h el�qisth -1. 'Ara

Var(X1 +X2) ∈ [5− 2
√

6, 5 + 2
√

6].

'Ena sen�rio to opoÐo petuqaÐnei thn mègisth tim  eÐnai to X2 =
√

2/3X1 (dhlad  h X1 dedomènh
me diaspor� 3 kai h X2 orismènh mèsw thc X1). Autì ìntwc èqei Var(X2) = 2. Tìte X1 +X2 =

(1 +
√

2/3)X1 me diaspor�

(1 +
√

2/3)2Var(X1) = (
√

3 +
√

2)2 = 5 + 2
√

6.

Pwc to skeft kame autì to sen�rio? Xèroume ìti mègisto suntelest  susqètishc èqoume ìtan
h X2 eÐnai èna jetikì pollapl�sio thc X1 (kai èpeita mia metatìpish, an jèloume). PaÐrnoume
loipìn X2 = aX1. To a > 0 ìmwc den mporeÐ na eÐnai opoiod pote giatÐ prèpei Var(X2) = 2,
dhlad  2 = a2Var(X1). 'Etsi brÐskoume a =

√
2/3.

'Omoia, èna sen�rio pou petuqaÐnei thn el�qisth tim  eÐnai to X2 = −
√

2/3X1.

(b) 'Otan ρX1,X2 = 1, tìte prèpei X2 = aX2 + b gia k�poiec stajerèc a > 0, b. Kai epeid 
Var(X1) = 3,Var(X2) = 2 èpetai ìti a =

√
2/3. 'Ara gia k�je b ∈ R èqoume èna sen�rio pou

petuqaÐnei to mègisto, dhlad 

X2 =
√

2/3X1 + b.

Kai aut� eÐnai ta mìna sen�ria pou to petuqaÐnoun. 'Omoia, ta sen�ria gia to el�qisto eÐnai ta

X2 = −
√

2/3X1 + b

ìpou b ∈ R. K�je b dÐnei èna sen�rio.
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7.12. (a) JewroÔme tuqaÐa metablht  Z, anex�rthth thc X, me diaspor� 1. Gia r ∈ [0, 1]
jètoume Y :=

√
1− rX +

√
r
√
aZ. Tìte lìgw anexarthsÐac,

Var(Y ) = Var(
√

1− rX) + Var(
√
r
√
aZ) = (1− r)a+ ra = a,

Cov(X, Y ) = Cov(X,
√

1− rX +
√
r
√
aZ) = a

√
1− r,

ρ(X, Y ) =
Cov(X, Y )√

Var(X)Var(Y )
=
√

1− r.

Gia dedomèno c ∈ [0, 1], epilègoume r ètsi ¸ste
√

1− r = c.

(b) Apì to (a), brÐskoume mÐa Ŷ me ρ(X, Ŷ ) = −c. H Y := −Ŷ ikanopoieÐ to zhtoÔmeno.

7.13. (a) Apì thn grammikìthta thc mèshc tim c èqoume

E(X) =
1

n
(EX1 + · · ·+ EXn) = µ,

kai epeid  oi Xi eÐnai anex�rthtec, èqoume

Var(X) =
1

n2
Var(X1 + · · ·+Xn) =

1

n2
(Var(X1) + · · ·+ Var(Xn)) =

σ2

n
.

(b) Gr�foume

(n− 1)S2 =
n∑
i=1

(X2
i − 2XiX +X

2
) =

(
n∑
i=1

X2
i

)
− 2nX X + nX

2

=

(
n∑
i=1

X2
i

)
− nX2

.

T¸ra paÐrnontac mèsec timèc, qrhsimopoi¸ntac to ìti oi (Xi)1≤i≤n eÐnai isìnomec, kai to er¸thma
(a), paÐrnoume

(n− 1)E(S2) = nE(X2
1 )− nE(X

2
) = n(Var(X1) + E(X1)2)− n(Var(X) + E(X)2)

= n(σ2 + µ2)− n
(
σ2

n
+ µ2

)
= (n− 1)σ2,

pou eÐnai to zhtoÔmeno.

7.14. (b) UpologÐzoume pr¸ta tic puknìthtec twn X, Y . BrÐskoume

fX(x) = 1(0,1)(x),

fY (y) = − log y 1(0,1)(y),

gia k�je x, y ∈ R. 'Ara oi desmeumènec puknìthtec fX |Y (· | y), fY |X(· |x) èqoun nìhma akrib¸c
gia x, y ∈ (0, 1) kai isoÔntai me

fX |Y (x | y) = − 1

x log y
1(y,1)(x),

fY |X(y |x) =
1

x
1(0,x)(y).

ParathroÔme ìti h Y |X = x akoloujeÐ thn omoiìmorfh katanom  sto (0, x).
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(g) UpologÐzoume

E(Y ) =

∫
R
yfY (y) dy = −

∫ 1

0

y log y dy = ... =
1

4

E(X2 |Y = y) =

∫
R
x2fX |Y (x | y) dx = −

∫ 1

y

x2 1

x log y
dx = − 1

2 log y
(1− y2),

E(eY |X = x) =

∫
R
eyfY |X(y |x) dy =

∫ x

0

ey
1

x
dy =

ex − 1

x
.

7.15. 'Estw Y o arijmìc tou fakèlou pou epilègei o paÐkthc thn pr¸th for� pou paÐzei to
paiqnÐdi. Tìte

E(X) = E(E(X |Y ))

= E(X |Y = 1)P (Y = 1) + E(X |Y = 2)P (Y = 2) + E(X |Y = 3)P (Y = 3)

=
1

3

{
E(X |Y = 1) + E(X |Y = 2) + E(X |Y = 3)

}
. (8)

T¸ra

E(X |Y = 1) = 5 + E(X),

E(X |Y = 2) = 6 + E(X),

E(X |Y = 3) = 0.

H pr¸th exÐswsh isqÔei giatÐ dedomènou ìti o paÐkthc di�lexe ton f�kelo 1, pl rwse 5 Eur¸, den
br ke to autokÐnhto, kai h diadikasÐa arqÐzei apì thn arq . M�lista h katanom  thc X |Y = 1
eÐnai akrib¸c h Ðdia me 5+X ′, ìpou X ′ eÐnai to kìstoc pou ja plhr¸sei o paÐkthc ¸spou na breÐ
to autokÐnhto an tou qaristeÐ h pr¸th manteyi� pou eÐdame  dh ìti eÐnai apotuqhmènh. Profan¸c
h X ′ èqei thn Ðdia katanom  me thn X (aplwc to paiqnÐdi xanarqÐzei).
'Omoia dikaiologoÔme kai thn deÔterh exÐswsh, en¸ h trÐth prokÔptei giatÐ ìtan Y = 3, o

paÐkthc br ke to autokÐnhto kai stamat�ei na paÐzei. 'Etsi h exÐswsh (8) dÐnei

E(X) =
2

3
E(X) +

11

3
.

Epomènwc E(X) = 11.

7.16. (a) 'Estw X o arijmìc rÐyewn mèqri thn emf�nish kai twn dÔo endeÐxewn, kai h tuqaÐa
metablht 

Y :=

{
0 an h pr¸th rÐyh eÐnai G,

1 an h pr¸th rÐyh eÐnai K.

Tìte

E(X) = E(E(X |Y )) = pE(X |Y = 0) + (1− p)E(X |Y = 1)

= p(1 + (1− p)−1) + (1− p)(1 + p−1) = 1 +
1

p(1− p)
.

Qrhsimopoi same to ìti h katanom  thc X |Y = 0 eÐnai h Ðdia me aut  thc 1+Z, ìpou h Z eÐnai o
arijmìc twn dokim¸n mèqri thn pr¸th emf�nish thc èndeixhc K se mÐa �llh akoloujÐa rÐyewn me
to Ðdio nìmisma. H katanom  thc Z eÐnai gewmetrik  me par�metro 1− p (sun�rthsh pijanìthtac
fZ(k) = (1− p)pk−1, k = 1, 2, . . .). An�loga antimetwpÐzoume thn E(X |Y = 1).

(b) H teleutaÐa rÐyh eÐnai K, an kai mìno an h pr¸th rÐyh eÐnai G, to opoÐo sumbaÐnei me pijanìthta
p.
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7.17. (a) Gia x ∈ {0, 1, · · · , a+ b}, h katanom  thc Xn |Xn−1 = x eÐnai diakrit  pou paÐrnei thn
tim  x me pijanìthta x/(a+ b) kai thn tim  x+ 1 me pijanìthta 1− x(a+ b)−1. 'Ara

m(x) := E(Xn |Xn−1 = x) = x
x

a+ b
+ (x+ 1)

(
1− x

a+ b

)
= 1 + x

(
1− 1

a+ b

)
,

kai

E(Xn |Xn−1) = m(Xn−1) = 1 +Xn−1

(
1− 1

a+ b

)
.

(b) 'Estw an := E(Xn) kai c = 1 − (a + b)−1. Epeid  E(Xn) = E(E(Xn |Xn−1)), paÐrnontac
mèsh tim  sthn sqèsh tou prohgoÔmenou erwt matoc brÐskoume

an = can−1 + 1 gia n ≥ 1

en¸ a0 = a. Diair¸ntac me cn brÐskoume

an
cn

=
1

cn
+
an−1

cn−1
.

'Ara gia n ≥ 1
an
cn

=
1

cn
+

1

cn−1
+ · · ·+ 1

c1
+
a0

c0
,

opìte, epeid  a0 = a,

an = 1 + c+ · · ·+ cn−1 + acn =
cn − 1

c− 1
+ acn = −(a+ b)(cn − 1) + acn = a+ b− bcn.

Profan¸c o Ðdioc tÔpoc isqÔei kai gia n = 0.

(g) 'Estw A := {H mp�la pou epilègoume kat� to n+ 1 b ma eÐnai �sprh}. Tìte
P (A) = E(1A) = E(E(1A |Xn)) = E(P (A |Xn)).

IsqÔei P (A |Xn = x) = x/(a+ b). 'Ara P (A |Xn) = Xn/(a+ b), kai

P (A) = E

(
Xn

a+ b

)
=

1

a+ b
E(Xn) = 1− b

a+ b

(
1− 1

a+ b

)n
.

7.18. (a) 'Estw A := {H pr¸th rÐyh fèrnei K}, kai fp h puknìthta thc tuqaÐac metablht c p
(h opoÐa eÐnai h omoiìmorfh sto (0, 1)). Tìte

P (A) =

∫ 1

0

P (A | p = x)fp(x) dx =

∫ 1

0

x dx = 1/2.

(b) 'Estw B := {Kai oi dÔo rÐyeic fèrnoun K}. 'Opwc sto er¸thma (a), brÐskoume

P (B) =

∫ 1

0

P (B | p = x)fp(x) dx =

∫ 1

0

x2 dx = 1/3.

7.19. (a) EÐnai peperasmènh mìno gia t ≤ 0. GiatÐ

MX(t) =

∫ ∞
1

etx
1

x2
dx,

kai ìtan t > 0, h sun�rthsh pou oloklhr¸noume ikanopoieÐ limx→∞ x
−2etx = ∞. 'Ara to

genikeumèno olokl rwma isoÔtai me ∞. Gia t ≤ 0 èqoume MX(t) ≤MX(0) = 1 <∞.

(b) JewroÔme thn X me puknìthta

fX(x) =

{
1

2x2
an |x| ≥ 1

0 diaforetik�

An�loga epiqeir mata ìpwc sto (a) apodeiknÔoun to zhtoÔmeno.



52

7.20. Gia t ∈ R \ {0},

MX(t) = E(etX) =

∫ 1

−1

|x|etx dx = −
∫ 0

−1

xetx dx+

∫ 1

0

xetx dx = ...

=
2− (et + e−t) + t(et − e−t)

t2
,

en¸ MX(0) = 1.

7.21. Ropogenn triec eÐnai oi (b), (c), (d).

7.22. 'EqoumeE(etX) = E(E(etX |R)) = E(m(R)) me

m(r) := E(etX |R = r) = (ret + 1− r)n

gia k�je r ∈ [0, 1]. 'Ara

E(m(R)) =

∫ 1

0

(ret + 1− r)n dr = . . . =
1

n+ 1

e(n+1)t − 1

et − 1
=

1

n+ 1

(
1 + et + e2t + · · ·+ ent

)
.

All� h teleutaÐa èkfrash eÐnai h ropogenn tria thc tuqaÐac metablht c Y me P (Y = k) =
1/(n+ 1) gia k = 0, 1, 2, . . . , n. Apì to je¸rhma monadikìthtac gia ropogenn triec, èpetai ìti h
X èqei thn Ðdia katanom  me thn Y .

7.23. (a) Gia k�je u ∈ R èqoume

PX(u) = E(uX) =
∞∑
k=0

uke−λ
λk

k!
= e−λ

∞∑
k=0

(λu)k

k!
= eλ(u−1).

H pijanogenn tria eÐnai peperasmènh gia k�je u ∈ R. Epomènwc, paragwgÐzontac wc proc u ìro
proc ìro thn dunamoseir� dÔo forèc, paÐrnoume gia k�je u ∈ R,

P ′X(u) = E(XuX−1) = λeλ(u−1),

P ′′X(u) = E(X(X − 1)uX−2) = λ2eλ(u−1).

Gia u = 1, oi dÔo autèc sqèseic dÐnoun E(X) = λ,E(X(X − 1)) = λ2. 'Ara E(X2) = λ2 + λ kai
Var(X) = E(X2)− (E(X))2 = λ.

Sqìlio: QrhsimopoioÔme apì ton Apeirostikì II ìti an mia dunamoseir� èqei aktÐna sÔglishc
R > 0 tìte h par�gwgoc thc sto (−R,R) prokÔptei me parag¸gish ìro proc ìro.

(b) H pijanogenn tria tou ajroÐsmatoc se k�je u ∈ R isoÔtai me

PX1+···+Xn(u) = E(uX1+···+Xn) = E(uX1) · · ·E(uXn) = eλ1(u−1) · · · eλn(u−1)

= eλ(u−1).

H teleutaÐa eÐnai h pijanogenn tria thc Poisson(λ). Xèroume (p�li apì Apeirostikì II) ìti an dÔo
tuqaÐec metablhtèc X, Y paÐrnoun timèc sto N kai oi pijanogenn triec touc, PX , PY , sumfwnoÔn
se mia perioq  tou 0 (dhlad  PX(u) = PY (u) gia u ∈ (−ε, ε) gia k�poio ε > 0), tìte èqoun thn
Ðdia katanom . 'Ara

X1 +X2 + · · ·+Xn ∼ Poisson(λ)

me λ =
∑n

i=1 λi.

7.24. AnaptÔsontac thn g se dunamoseir� me kèntro to 0, brÐskoume ìti oi suntelestèc twn
ìrwn t3n me n ≥ 1 eÐnai arnhtikoÐ, �ra den eÐnai dunatìn na eÐnai pijanogenn tria.
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Gia na eÐnai h f pijanogenn tria, anagkaÐa sunj kh eÐnai h f(1) = 1, ap' ìpou brÐskoume a = 1.
Gia aut  thn tim  tou a kai gia t kont� sto 0 (m�lista t2/7 < 1 eÐnai arketì), upologÐzoume

f(t) =
1

7
(5t2 + 1)

1

1− t5

7

=
1

7
(5t2 + 1)

∞∑
n=0

t5n

7n
=
∞∑
n=0

1

7n+1
t5n +

∞∑
n=0

5

7n+1
t5n+2,

h opoÐa eÐnai mia dunamoseir� me mh arnhtikoÔc suntelestèc (oi opoÐoi ajroÐzoun sto 1 lìgw thc
f(1) = 1). 'Ara gia a = 1, h f eÐnai pijanogenn tria.

(a) H katanom  thc X prosdiorÐzetai apì thn sun�rthsh pijanìtht�c thc wc ex c.

P (X = k) =


1/7n+1 an k = 5n me n ∈ N,
5/7n+1 an k = 5n+ 2 me n ∈ N,
0 diaforetik�.

(b) Kat� ta gnwst�, E(X) = P ′X(1−) = 5/2 kai E(X(X − 1)) = P ′′X(1−) = 55/6. 'Ara
Var(X) = E(X(X − 1)) + E(X)− (E(X))2 = 65/12.

7.25. H ropogenn tria thc X isoÔtai me MX(t) = eσ
2t2/2, peperasmènh se ìlo to R (idiaÐtera

se mÐa perioq  tou 0). 'Ara ìlec oi ropèc µ′r eÐnai peperasmènec kai

MX(t) =
∞∑
r=0

µ′r
r!
tr.

Apì thn �llh, analÔontac thn eσ
2t2/2 se dunamoseir� me kèntro to 0, èqoume

MX(t) =
∞∑
n=0

1

n!

(
σ2t2

2

)n
=
∞∑
n=0

σ2n

n!2n
t2n =

∞∑
n=0

(2n)!σ2n

n!2n
1

(2n)!
t2n.

'Ara

µ′r :=

{
0 an r ∈ N perittìc,
(2n)!σ2n

n!2n
= 1× 3× · · · × (2n− 1)× σ2n an r = 2n me n ∈ N.

7.26. (a) Gia t ∈ R èqoume

MX(t) =
λa

Γ(a)

∫ ∞
0

etxxa−1e−λx dx =
λa

Γ(a)

∫ ∞
0

xa−1e−x(λ−t) dx.

ProkÔptei apo thn teleutaÐa èkfrash ìti M(t) =∞ akrib¸c gia t ≥ λ. En¸ gia t < λ èqoume

MX(t) =
λa

Γ(a)

∫ ∞
0

xa−1e−x(λ−t) dx
y=x(λ−t)

=
λa

Γ(a)

∫ ∞
0

ya−1

(λ− t)a−1
e−y

1

λ− t
dy

=
λa

(λ− t)a
=

(
1− t

λ

)−a
.

Epeid  h MX eÐnai peperasmènh se perioq  tou 0, mporoÔme na èqoume se ekeÐnh thn perioq 

E(XetX) = M ′
X(t) = aλ−1(1− tλ−1)−a−1,

E(X2etX) = M ′′
X(t) = a(a+ 1)λ−2(1− tλ−1)−a−2.

Jètontac t = 0 paÐrnoume E(X) = aλ−1, E(X2) = a(a+ 1)λ−2. 'Ara Var(X) = aλ−2.

(b) H ropogenn tria tou ajroÐsmatoc se k�je t ∈ R isoÔtai me

MX1+···+Xn(t) = E(et(X1+···+Xn)) = E(etX1) · · ·E(etXn)
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lìgw anexarthsÐac. Apì to (a) èqoume ìti aut  h posìthta eÐnai peperasmènh akrib¸c ìtan
t < λ. Kai gia aut� ta t èqoume

MX1+···+Xn(t) =

(
1− t

λ

)−a1 (
1− t

λ

)−a2
· · ·
(

1− t

λ

)−an
=

(
1− t

λ

)−a
.

EpÐshc, h katanom  Γ(a, λ) èqei akrib¸c thn Ðdia ropogenn tria, kai aut  h tautìthta twn ro-
pogennhtri¸n isqÔei se mia perioq  tou 0. 'Epetai apì gnwst  prìtash (Prìtash 7.1.2, Tìmoc
2 tou biblÐou tou k. KoÔtra) ìti h X1 + · · ·+Xn akoloujeÐ thn katanom  Γ(a, λ).

(g) K�je mÐa apì tic tuqaÐec metablhtèc Xi/n, i = 1, . . . , n akoloujeÐ thn ekjetik  katanom  me
par�metro nθ (giatÐ gia x ≥ 0 èqoume P (X1/n ≥ x) = P (X1 ≥ nx) = e−θnx...), h opoÐa eÐnai h
Γ(1, nθ). ProkÔptei apì to (b) ìti h X akoloujeÐ thn katanom  Γ(n, nθ).

7.27. 'Estw fX h puknìthta thc X. EÔkola brÐskoume ìti h puknìthta thc Y eÐnai fY (y) =
1
r
fX(y

r
). Qrhsimopoi¸ntac ton tÔpo gia thn fX (dhlad  fX(x) = λa

Γ(a)
xa−1e−λx1x>0), brÐskoume

ìti h puknìthta thc Y eÐnai aut  thc Γ(a, λ/r).

7.28. (a) Kat� ta gnwst�, brÐskoume ìti h sun�rthsh katanom c thc − logX1 eÐnai h F (t) =
(1− e−t)1t>0 pou eÐnai aut  thc ekjetik c me par�metro 1. 'Ara − logX1 ∼ exp(1) = Γ(1, 1).

(b) Lìgw tou (a), èqoume ìti h Y eÐnai �jroisma anex�rthtwn G�mma me koin  deÔterh par�metro.
'Ara h katanom  thc eÐnai Γ(1 + 1 + · · ·+ 1, 1) = Γ(n, 1).

(g) 'Epetai apì to (b) kai thn 'Askhsh 7.27 ìti h Y akoloujeÐ thn katanom  Γ(n, 1/2) h opoÐa
eÐnai h χ2 me 2n bajmoÔc eleujerÐac.

7.29. (a) JewroÔme thn tuqaÐa metablht  Z = (X − µ)/σ h opoÐa akoloujeÐ thn katanom 
N(0, 1). Tìte X = µ+ σZ, kai

MX(t) = E(etX) = E(etµ+tσZ) = etµE(etσZ) = etµMZ(tσ) = eµt+
1
2
σ2t2 .

Qrhsimopoi same to ìti MZ(t) = et
2/2, peperasmènh gia k�je t ∈ R. 'Epeita, gia k ∈ N èqoume

E(Xk) = M
(k)
X (0). ParagwgÐzontac, brÐskoume

M ′
X(t) = (µ+ σ2t)MX(t),

M ′′
X(t) = (σ2 + (µ+ σ2t)2)MX(t),

M
(3)
X (t) =

{
(2σ4t+ 2µσ2) + [σ2 + (µ+ σ2t)2](µ+ σ2t)

}
MX(t),

kai �ra E(X) = µ,E(X2) = σ2 + µ2, E(X3) = 3µσ2 + µ3.

(b) H ropogenn tria tou ajroÐsmatoc se k�je t ∈ R isoÔtai me

MX1+···+Xn(t) = E(et(X1+···+Xn)) = E(utX1) · · ·E(utXn) = eµ1t+
1
2
σ2t2 · · · eµnt+

1
2
σ2
nt

2

= e(µ1+···+µn)t+ 1
2

(σ2
1+···+σ2

n)t2 .

H teleutaÐa eÐnai h ropogenn tria thc N(µ, σ2) me µ, σ ìpwc sthn ekf¸nhsh thc �skhshc. Xè-
roume ìti an dÔo tuqaÐec metablhtèc X, Y èqoun peperasmènec ropegenn triec se mia perioq 
tou 0 (dhlad  sÔnolo thc morf c (−ε, ε) gia k�poio ε > 0) kai sumfwnoÔn ekeÐ, tìte èqoun thn
Ðdia katanom . To sumpèrasma èpetai.

(g) 'Omoia ìpwc sto prohgoÔmeno er¸thma.

(d) Me b�sh to prohgoÔmeno, h X ∼ N(µ′, σ′2) me µ′ =
∑n

k=1
1
n
µ = µ, σ′2 =

∑n
k=1

1
n2σ

2 = σ2/n.
Kat� ta gnwst�, h tupopoÐhsh opoiasd pote kanonik c akoloujeÐ thn N(0, 1). H tupopoÐsh thc
X eÐnai h

Xn − µ′

σ′
=
√
n
Xn − µ

σ
= Zn.
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Apant seic §8

8.1. UpologÐzoume ìti Var(X) = E(X2) − (EX)2 = 18 − 16 = 2. H anisìthta Markov
efarmìzetai giatÐ h X eÐnai mh arnhtik , kai dÐnei ta fr�gmata

P (X ≥ 5) ≤ EX

5
=

4

5
, P (X ≥ 5) = P (X2 ≥ 25) ≤ E(X2)

25
=

18

25
,

en¸ h Chebyshev dÐnei P (X ≥ 5) ≤ P (|X−EX| ≥ 1) ≤ Var(X)/1 = 2, to opoÐo eÐnai tetrimmèno
(xèroume ìti mia pijanìthta eÐnai mikrìterh tou 1). 'Ara to kalÔtero fr�gma pou paÐrnoume eÐnai
to 18/25.

8.2. 'Eqoume

E(X) =
∞∑
r=1

rf(r) ≥
k∑
r=1

rf(r) ≥
k∑
r=1

rf(k) = f(k)
k(k + 1)

2
≥ k2f(k)/2.

H deÔterh anisìthta isqÔei afoÔ h (f(k))k≥1 eÐnai fjÐnousa. To apotèlesma èpetai.

8.3. 'Eqoume

E(X) =

∫ ∞
0

tf(t) dt ≥
∫ x

0

tf(t) ≥
∫ x

0

tf(x) dt = f(x)
x2

2
.

H deÔterh anisìthta isqÔei afoÔ h f eÐnai fjÐnousa sto [0,∞). To apotèlesma èpetai.

8.4. EX = 0f(0) + n2f(n2) = 0 × (1 − 1
n
) + n2 1

n
= n. E(X2) = 02f(0) + n4f(n2) = n3.

Var(X) = E(X2) − (EX)2 = n3 − n2 = n2(n − 1). P (X > 0.8n) = P (X = n2) = 1/n, polÔ
mikr  pijanìthta.

8.5. (a)

P (X ≤ aEX) = P (X − EX ≤ −(1− a)EX)

≤ P (|X − EX| ≥ (1− a)EX) ≤ Var(X)

(1− a)2(EX)2
.

Qrhsimopoi same to ìti (1− a)EX > 0.

(b) 'Estw A := {ω : X(ω) > aEX}.

EX = E(X1Ac) + E(X1A) ≤ aEX + E(X2)1/2P (A)1/2 ⇒
(1− a)EX ≤ E(X2)1/2P (A)1/2 ⇒ P (A) ≥ (1− a)(EX)2/E(X2)

(g) Var(X) = E(X2) − (EX)2 = n3 − n2. To (a) fr�zei thn pijanìthta tou sumplhr¸matoc
apo to (n− 1)/(0.2)2 pou eÐnai �qrhsto gia n meg�lo giatÐ eÐnai > 1.
To (b) dÐnei k�tw fr�gma (0.2)2/n. EÐnai h swst  t�xh megèjouc. Xèroume ìti h pragmatik 

tim  thc pijanìthtac eÐnai akrib¸c 1/n.

Sqìlio: H 'Askhsh 8.5 ereun� thn ex c er¸thsh. MporeÐ h mèsh tim  miac tuqaÐac metablht c
na mac d¸sei plhroforÐec gia thn “tupik ” sumperifor� thc X? EÐnai anamenìmeno h X na
brÐsketai me meg�lh pijanìthta gÔrw apo thn mèsh thc tim ? Oi anisìthtec Markov, Chebyshev
dÐnoun �nw fr�gma sthn pijanìthta h X na eÐnai makri� apo thn mèsh thc tim . An ìmwc to
fr�gma pou dÐnoun eÐnai megalÔtero tou 1, tìte eÐnai �qrhsto kai den paÐrnoume k�tw fr�gma
gia thn pijanìthta h tuqaÐa metablht  na eÐnai kont� sthn mèsh thc tim . H 8.5(b) dÐnei p�ntote
m  tetrimmèno k�tw fr�gma, arkeÐ na isqÔei E(X2) <∞.

8.6. P (X > t) = P (aX > at) = P (eaX > eat) ≤ E(eaX)/eat. PaÐrnoume C = E(eaX) ∈ (0,∞).
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8.7. Gia i ≥ 1, èstw Xi o qrìnoc exuphrèthshc tou i ait matoc. Apo tic idiìthtec thc ekjetik c
katanom c èqoume E(X1) = 1/θ = 2,Var(X1) = 1/θ2 = 4. 'Estw Sn = X1 + X2 + · · ·+ Xn gia
k�je n ≥ 1. To kentrikì oriakì je¸rhma lèei ìti h

Sn − 2n√
4n

proseggistik� akoloujeÐ thn katanom  N(0, 1).
Zht�me thn pijanìthta

P (S100 ≤ 220) = P

(
S100 − 200

20
≤ 1

)
≈ P (Z ≤ 1) = Φ(1) ≈ 0.8413.

Stic pio p�nw isìthtec, h Z eÐnai mia tuqaÐa metablht  pou akoloujeÐ thn tupik  kanonik 
katanom  N(0, 1), kai qrhsimopoi same to kentrikì oriakì je¸rhma.

8.8. (a) 'Eqoume P (Xi = 1) = 1/3, P (Xi = 0) = 2/3. Dhlad , k�je Xi èqei katanom  Bernoulli
me p = 1/3. 'Ara E(Xi) = 1/3,Var(Xi) = p(1− p) = 2/9.

(b) Jètoume Sn := X1 + · · ·+Xn gia k�je n ≥ 1. Oi {Xi : i ≥ 1} eÐnai anex�rthtec kai isìnomec.
EpÐshc Z = S1800, kai

P (580 < S1800 < 640) = P

(
−1 <

S1800 − 1800 (1/3)√
1800 (2/9)

< 2

)
≈ Φ(2)− Φ(−1)

= Φ(2) + Φ(1)− 1 ≈ 0.8186

8.9. 'Estw (Xi)i≥1 mia akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me katanom 
omoiìmorfh sto {1, 2, 3, 4}, kai Sn := X1 + · · · + Xn gia k�je n ≥ 1. Oi dÔo pr¸tec ropèc thc
X1 eÐnai

E(X1) =
1

4
(1 + 2 + 3 + 4) =

5

2
,

E(X2
1 ) =

1

4
(12 + 22 + 32 + 42) =

15

2
.

'Ara h X1 èqei mèsh tim  5/2 kai peperasmènh diaspor� σ2 = E(X2
1 ) − (E(X1))2 = 5/4. To

kentrikì oriakì je¸rhma lèei oti gia n meg�lo, h tuqaÐa metablht 

Sn − 5n/2√
5/4
√
n

akoloujeÐ prosegistik� thn tupik  kanonik  katanom , N(0, 1).
Gia n = 80, èqoume 5n/2 = 200 kai

√
(5/4)n = 10, opìte

P (190 ≤ S80 ≤ 220) = P

(
−1 ≤ S80 − 200

10
≤ 2

)
≈ Φ(2)− Φ(−1) = Φ(2) + Φ(1)− 1 ≈ 0.8186

H prosèggish sthn deÔterh isìthta prokÔptei apo to kentrikì oriakì je¸rhma.

8.10. Jètoume

Xi :=

{
1 an h i rÐyh eÐnai gr�mmata,

0 diaforetik�.
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Tìte Xi ∼ Bernoulli(1/2), �ra µ := E(X1) = 1/2, σ2 := Var(X1) = 1/4. Oi (Xi)i≥1 eÐnai
anex�rthtec kai isìnomec. Jètoume Sn := X1 + · · · + Xn. Gia n meg�lo, h (Sn − n/2)/

√
n/4

akoloujeÐ proseggistik� thn katanom  N(0, 1) (apì to kentrikì oriakì je¸rhma). 'Ara

P (S100 ≤ 40) = P (S100 − 50 ≤ −10) = P

(
S100 − 50√

100/4
≤ −2

)
≈ Φ(−2) = 1− Φ(2)

8.11. DouleÔoume ìpwc kai sthn prohgoÔmenh �skhsh. 'Estw Yi o arijmìc laj¸n sthn selÐda
i, kai

Xi :=

{
1 an h selÐda i den èqei kajìlou l�jh

0 diaforetik�

Xèroume ìti Yi ∼ Poisson(0.7). H Xi akoloujeÐ thn katanom  Bernoulli(p) me p = P (Yi = 0) =
e−0.7(0.7)0/0! = e−0.7 ≈ 1/2. E(X1) = p ≈ 1/2,Var(X1) = p(1− p) ≈ 1/4. 'Ara

P (S64 ≤ 36) ≈ P (S64 − 32 ≤ 4) = P

(
S64 − 32√

64/4
≤ 1

)
≈ Φ(1).

H pr¸th isìthta eÐnai prosèggish giatÐ qrhsimopoi same tic proseggistikèc timèc gia ta E(X1),Var(X1).
H teleutaÐa isìthta prokÔptei apì to kentrikì oriakì je¸rhma.

8.12. Sunoptik  lÔsh. 'Estw Xi to apotèlesma thc i mètrhshc. E(Xi) = 0,Var(Xi) =
(0.1)2/12 = 0.01/12.

P (|S300| ≤ 0.25) = P

(∣∣∣∣∣ S300 − 300× 0√
300× 0.01/12

∣∣∣∣∣ ≤ 0.25√
300× 0.01/12

)
≈ P (|Z| ≤ 0.5)

= Φ(0.5)− Φ(−0.5) = 2Φ(0.5)− 1

ìpou Z ∼ N(0, 1), kai qrhsimopoi same to kentrikì oriakì je¸rhma.

8.13. 'Estw {Xi : 1 ≤ i ≤ 200} kai {Yi : 1 ≤ i ≤ 200} oi epidìseic twn foitht¸n twn om�dwn
A kai B antÐstoiqa. Jètoume Wi := Xi − Yi gia k�je i ∈ {1, 2, . . . , 200}. Tìte

MA −MB =
1

200

200∑
i=1

Xi −
1

200

200∑
i=1

Yi =
1

200

200∑
i=1

Wi.

Oi {Wi : 1 ≤ i ≤ 200} eÐnai anex�rthtec metaxÔ touc, kai èqoun ìlec thn Ðdia katanom , me mèsh
tim  µ = E(W1) = E(X1)− E(Y1) = 9− 8.5 = 0.5, kai diaspor�

Var(W1) = Var(X1−Y1) = Var(X1)+Var(Y1)−2Cov(X1, Y1) = Var(X1)+Var(Y1) =
1

6
+

1

3
=

1

2
lìgw anexarthsÐac twn X1, Y1.
Opìte

P (MA −MB ∈ [0.5, 0.65]) = P

(
1

200

200∑
i=1

Wi ∈ [0.5, 0.65]

)
= P

(
1

200

200∑
i=1

Wi − 0.5 ∈ [0, 3/20]

)

= P

(
200∑
i=1

Wi − 200× 0.5 ∈ [0, 30]

)
= P

(∑200
i=1Wi − 200× 0.5√

200× 1/2
∈ [0, 3]

)
≈ P (Z ∈ [0, 3]) = Φ(3)− Φ(0) = Φ(3)− 1/2 = 0.4987,

ìpou Z ∼ N(0, 1).


