
Asumptwtik  Statistik  � Ask seic 2

2.1. 'Estw X1, X2, . . . , Xn tuqaÐo deÐgma me IE |X1|2k < ∞ gia k�poion akèraio k ≥ 2 kai

IE(X1) = µ. Na breÐte thn oriak  katanom  thc akoloujÐac twn didi�statwn tuqaÐwn dianusm�-

twn
√
n

(
Xn − µ

Mk,n − µk

)
ìpou Xn h akoloujÐa twn deigmatik¸n mèswn,

Mk,n =
1

n

n∑
i=1

(Xi −Xn)
k

h akoloujÐa twn deigmatik¸n kentrik¸n rop¸n kai µk = IE(X1 − µ)k h plhjusmiak  kentrik 

rop  t�xhc k.

2.2. 'Estw X1, X2, . . . , Xn tuqaÐo deÐgma me IE |X1|2k < ∞ gia k�poion akèraio k ≥ 3 kai

IE(X1) = µ. Me to sumbolismì thc prohgoÔmenhc �skhshc na breÐte thn oriak  katanom  thc

akoloujÐac
√
n

(
Ms,n − µs
Mk,n − µk

)
,

ìpou s akèraioc me 2 ≤ s < k.

2.3. 'Estw X1, X2, . . . , Xn tuqaÐo deÐgma me IE |X1|2k < ∞ gia k�poion akèraio k ≥ 3 kai

IE(X1) = µ. Me to sumbolismì thc prohgoÔmenhc �skhshc na breÐte thn oriak  katanom  thc

√
n

 Xn − µ

Ms,n − µs
Mk,n − µk

 ,

ìpou s akèraioc me 2 ≤ s < k.

2.4. [Genik  perÐptwsh apì thn opoÐa sun�gontai oi ask seic 1.16, 2.1, 2.2 kai 2.3]. 'Estw

X1, X2, . . . , Xn tuqaÐo deÐgma me IE |X1|2k < ∞ gia k�poion akèraio k ≥ 2 kai IE(X1) = µ

Var(X1) = σ2 = µ2. Na deÐxete ìti

√
n


Xn − µ

M2,n − σ2

M3,n − µ3

...

Mk,n − µk

 d−→ Nk(0,Σ),

ìpou Σ o pÐnakac diaspor�c tou tuqaÐou dianÔsmatoc

Y :=


X1

(X1 − µ)2

(X1 − µ)3 − 3σ2(X1 − µ)
...

(X1 − µ)k − kµk−1(X1 − µ)

 .
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2.5. O suntelest c loxìthtac (skewness) mÐac katanom c (  thc antÐstoiqhc tuqaÐac metablht c

X) eÐnai o arijmìc β := IE[(X − µ)3]/σ3 = µ3/µ
3/2
2 , o opoÐoc eÐnai kal� orismènoc ìtan σ2 > 0

kai IE |X|3 < ∞. O suntelest c loxìthtac eÐnai ènac deÐkthc thc asummetrÐac thc katanom c

tou plhjusmoÔ.

JewroÔme èna tuqaÐo deÐgma X1, X2, . . . , Xn me IE |X1|6 < ∞ kai kataskeu�zoume ton antÐ-

stoiqo deigmatikì suntelest  loxìthtac

β̂n :=
M3,n

M
3/2
2,n

.

Na apodeÐxete ìti h akoloujÐa β̂n eÐnai asumptwtik� kanonik  ektim tria tou β.

[Upìdeixh: MporeÐte na qrhsimopoi sete thn �skhsh 2.2 me s = 2, k = 3.]

2.6. O suntelest c kurtìthtac (kurtosis) mÐac katanom c (  thc antÐstoiqhc tuqaÐac metablh-

t c X) eÐnai o arijmìc γ := IE[(X−µ)4]/σ4 = µ4/µ
2
2, o opoÐoc eÐnai kal� orismènoc ìtan σ2 > 0

kai IE |X|4 < ∞. O suntelest c kurtìthtac eÐnai ènac deÐkthc thc kurtìthtac thc katanom c

tou plhjusmoÔ (stic kanonikèc katanomèc eÐnai γ = 3, opìte γ > 3 kai γ < 3 antistoiqeÐ se

leptìkurtec kai platÔkurtec katanomèc, antÐstoiqa).

JewroÔme èna tuqaÐo deÐgma X1, X2, . . . , Xn me IE |X1|8 < ∞ kai kataskeu�zoume ton antÐ-

stoiqo deigmatikì suntelest  kurtìthtac

γ̂n :=
M4,n

M2
2,n

.

Na apodeÐxete ìti h akoloujÐa γ̂n eÐnai asumptwtik� kanonik  ektim tria tou γ.

[Upìdeixh: MporeÐte na qrhsimopoi sete thn �skhsh 2.2 me s = 2, k = 4.]

2.7. Me ton sumbolismì twn prohgoÔmenwn dÔo ask sewn, na breÐte thn oriak  katanom  thc

thc akoloujÐac tuqaÐwn dianusm�twn

√
n

(
β̂n − β

γ̂n − γ

)
,

enìc tuqaÐou deÐgmatoc X1, X2, . . . , Xn apì katanom  me jetik  diaspor� kai peperasmènh ìgdoh

rop .

2.8. O arijmìc

κ :=
σ

µ
=

√
Var(X)

IE(X)
, µ ̸= 0,

onom�zetai suntelest c metablhtìthtac (coefficient of variation) thc katanom c (  thc antÐstoi-

qhc tuqaÐac metablht c X) kai eÐnai kal� orismènoc ìtan µ ̸= 0 kai IE |X|2 < ∞. Sun jwc

qrhsimopoieÐtai gia jetik� dedomèna/jetikèc tuqaÐec metablhtèc.

JewroÔme èna tuqaÐo deÐgma X1, X2, . . . , Xn me IE |X1|4 < ∞ kai kataskeu�zoume ton antÐ-

stoiqo deigmatikì suntelest  metablhtìthtac

κ̂n :=
M

1/2
2,n

Xn

.
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Na apodeÐxete ìti h akoloujÐa κ̂n eÐnai asumptwtik� kanonik  ektim tria tou κ.

[Upìdeixh: MporeÐte na qrhsimopoi sete thn �skhsh 2.1 me k = 2.]

2.9. Asumptwtik  Kanonikìthta tou DeigmatikoÔ Suntelest c Susqètishc.

'Estw (X1, Y1), (X2, Y2), . . . , (Xn, Yn) èna tuqaÐo deÐgma apì didi�stath katanom  me IE(X2
1 +

Y 2
1 ) < ∞, IE(X1) = µ1, IE(Y1) = µ2, Var(X1) = σ2

1 > 0, Var(Y1) = σ2
2 > 0 kai Cov(X1, Y1) =

ρσ1σ2. O deigmatikìc suntelest c susqètishc orÐzetai wc

ρ̂n :=
1

n−1

∑n
i=1(Xi −Xn)(Yi − Y n)[

1
n−1

∑n
i=1(Xi −Xn)2

]1/2 [ 1
n−1

∑n
i=1(Yi − Y n)2

]1/2 .
DeÐxte arqik� ta ex c:

(a1) Gia k�je c1,
∑n

i=1(Xi −Xn)
2 =

∑n
i=1(Xi − c1)

2 − n(Xn − c1)
2.

(a2) Gia k�je c2,
∑n

i=1(Yi − Y n)
2 =

∑n
i=1(Yi − c2)

2 − n(Y n − c2)
2.

(a3) Gia k�je c1, c2,
∑n

i=1(Xi−Xn)(Yi−Y n) =
∑n

i=1(Xi−c1)(Yi−c2)−n(Xn−c1)(Y n−c2).

Sth sunèqeia, gia k, s ∈ {0, 1, . . .} orÐzoume tic tupopoihmènec kentrikèc ropèc thc didi�stathc
katanom c twn (Xi, Yi) wc ex c:

µk,s := IE

{(
X1 − µ1

σ1

)k (
Y1 − µ2

σ2

)s}
.

Epomènwc, µ0,1 = µ1,0 = 0, µ2,0 = µ0,2 = 1, µ1,1 = ρ. AntÐstoiqa, orÐzontai oi antÐstoiqec

�yeudodeigmatikèc� posìthtec

mk,s;n :=
1

n

n∑
i=1

{(
Xi − µ1

σ1

)k (
Yi − µ2

σ2

)s}
,

oi opoÐec bèbaia den eÐnai statistikèc sunart seic diìti exart¸ntai apì tic �gnwstec mèsec timèc

kai diasporèc twn Xi kai Yi, eÐnai ìmwc amerìlhptec: An IE{|X1|k|Y1|s} < ∞ tìte IE[mk,s;n] =

µk,s.

Ekfr�zontac ton ρ̂n sunart sei twn µk,s;n na apodeÐxete ìti an IE(X4
1 ) <∞ kai IE(Y 4

1 ) <∞
tìte √

n(ρ̂n − ρ)
d−→ N(0, τ 2),

ìpou h oriak  diaspor� isoÔtai me

τ 2 =
ρ2

4
(µ4,0 + 2µ2,2 + µ0,4)− ρ(µ1,3 + µ3,1) + µ2,2.

MporeÐte na deÐxete ìti τ 2 ≥ 0?

[Upìdeixh/LÔsh: 'Oson afor� thn mh arnhtikìthta thc τ 2, arkeÐ na upologÐste thn diaspor�

thc tuqaÐac metablht c

T = λ

{(
X1 − µ1

σ1

)2

+

(
Y1 − µ2

σ2

)2
}

−
(
X1 − µ1

σ1

)(
Y1 − µ2

σ2

)
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kai na d¸sete kat�llhlh tim  sthn stajer� λ. EpÐshc, qrhsimopoi¸ntac tic (a1)-(a3), parathroÔme

ìti o ρ̂n gr�fetai enallaktik� wc ex c:

ρ̂n =

∑n
i=1(Xi −Xn)(Yi − Y n)[∑n

i=1(Xi −Xn)2
]1/2 [∑n

i=1(Yi − Y n)2
]1/2

=

∑n
i=1XiYi − nXnY n[∑n

i=1X
2
i − n(Xn)2

]1/2 [∑n
i=1 Y

2
i − n(Y n)2

]1/2
=

∑n
i=1(Xi − µ1)(Yi − µ2)− n(Xn − µ1)(Y n − µ2)[∑n

i=1(Xi − µ1)2 − n(Xn − µ1)2
]1/2 [∑n

i=1(Yi − µ2)2 − n(Y n − µ2)2
]1/2

=

∑n
i=1

(
Xi−µ1
σ1

)(
Yi−µ2
σ2

)
− n

(
Xn−µ1
σ1

)(
Y n−µ2
σ2

)
[∑n

i=1

(
Xi−µ1
σ1

)2
− n

(
Xn−µ1
σ1

)2]1/2 [∑n
i=1

(
Yi−µ2
σ2

)2
− n

(
Y n−µ2
σ2

)2]1/2
=

1
n

∑n
i=1

(
Xi−µ1
σ1

)(
Yi−µ2
σ2

)
−
(

1
n

∑n
i=1

Xi−µ1
σ1

)(
1
n

∑n
i=1

Yi−µ2
σ2

)
[
1
n

∑n
i=1

(
Xi−µ1
σ1

)2
−
(

1
n

∑n
i=1

Xi−µ1
σ1

)2]1/2 [
1
n

∑n
i=1

(
Yi−µ2
σ2

)2
−
(

1
n

∑n
i=1

Yi−µ2
σ2

)2]1/2 .
H teleutaÐa èkfrash deÐqnei ìti ρ̂n = g(m1,0;n,m0,1;n,m2,0;n,m0,2;n,m1,1;n) ìpou g : R5 → R h

sun�rthsh me tÔpo

g(x1, x2, x3, x4, x5) =
x5 − x1x2

(x3 − x21)
1/2

(x4 − x22)
1/2
.

To zhtoÔmeno prokÔptei qrhsimopoi¸ntac thn mèjodo Dèlta kai to gegonìc ìti

√
n


m1,0;n − 0

m0,1;n − 0

m2,0;n − 1

m0,2;n − 1

m1,1;n − ρ

 d−→ N5

0,


1 ρ µ3,0 µ1,2 µ2,1

ρ 1 µ2,1 µ0,3 µ1,2

µ3,0 µ2,1 µ4,0 − 1 µ2,2 − 1 µ3,1 − ρ

µ1,2 µ0,3 µ2,2 − 1 µ0,4 − 1 µ1,3 − ρ

µ2,1 µ1,2 µ3,1 − ρ µ1,3 − ρ µ2,2 − ρ2



 .

H parap�nw asumpwtik  kanonikìthta eÐnai �mesh sunèpeia tou klasikoÔ (pentadi�statou) Ken-

trikoÔ OriakoÔ Jewr matoc, efarmozìmeno sta anex�rthta kai isìnoma tuqaÐa dianÔsmataW i :=(
Xi−µ1
σ1

, Yi−µ2
σ2

,
(
Xi−µ1
σ1

)2
,
(
Yi−µ2
σ2

)2
,
(
Xi−µ1
σ1

)(
Yi−µ2
σ2

))T
.]

2.10. Sunèqeia: z-metasqhmatismìc tou Fisher.

'An to tuqaÐo deÐgma (X1, Y1), (X2, Y2), . . . , (Xn, Yn) proèrqetai apì th didi�stath kanonik  katanom ,

N2

([
µ1

µ2

]
,

[
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

])
,

na deÐxete ìti
√
n(ρ̂n − ρ)

d−→ N
(
0, (1− ρ2)2

)
.

EpÐshc na prosdiorÐsete kat�llhlo diaporo-stajeropoihtikì metasqhmatismì ètsi ¸ste

√
n(g(ρ̂n)− g(ρ))

d−→ N(0, 1),
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kai me b�sh to metasqhmatismì autì na kataskeusteÐ èna asumptwtikì di�sthma empistosÔnhc

gia to ρ, me asumptwtikì suntelest  empistosÔnhc 1− α.

2.11. 'Estw ìti
√
n(T n − θ)

d−→ W = (W1, . . . ,Wk)
T , kai ac upojèsoume ìti oi sunart seic

gi : Rk → R (i = 1, 2) èqoun suneqeÐc merikèc parag¸gouc pr¸thc t�xewc se mÐa perioq  tou θ.

Epiprosjètwc upojètoume ìti ∇g1(θ) = 0 kai ìti h g1 èqei suneqeÐc parag¸gouc deÔterhc t�xhc

se mÐa perioq  tou θ. Ti mporoÔme na sumper�noume gia thn asumptwtik  sumperifor� thc

√
n

( √
n[g1(T n)− g1(θ)]

g2(T n)− g2(θ)

)
?

2.12. 'Estw X1, . . . , Xn tuqaÐo deÐgma apì thn Cauchy me puknìthta

f(x; θ) =
1

π(1 + (x− θ)2)
, x ∈ R, θ ∈ Θ = R.

(a) Na deiqjeÐ ìti o plhroforiakìc arijmìc tou Fisher isoÔtai me I(θ) = 1/2.

(b) Na kataskeuasteÐ asumptwtik� kanonik  apodotik  ektim tria gia to θ.

(g) Na brejeÐ h sqetik  (apìluth) asumptwtik  apodotikìthta thc ektim triac X[n+1
2

]:n

(deigmatik  di�mesoc) se sqèsh me thn ektim tria pou br kate sto er¸thma (b).

2.13. 'Estw X1, . . . , Xn tuqaÐo deÐgma apì thn katanom  Logistic me puknìthta

f(x; θ) =
e−(x−θ)

(1 + e−(x−θ))2
, x ∈ R, θ ∈ Θ = R.

(a) Na deiqjeÐ ìti o plhroforiakìc arijmìc tou Fisher isoÔtai me I(θ) = 1/3.

(b) Na kataskeuasteÐ asumptwtik� kanonik  apodotik  ektim tria gia to θ.

(g) Na brejeÐ h sqetik  (apìluth) asumptwtik  apodotikìthta thc ektim triac X[n+1
2

]:n

(deigmatik  di�mesoc) se sqèsh me thn ektim tria pou br kate sto er¸thma (b).

(d) Na brejeÐ h sqetik  (apìluth) asumptwtik  apodotikìthta tou deigmatikoÔ mèsou se

sqèsh me thn ektim tria pou br kate sto er¸thma (b).

(e) Na brejeÐ h sqetik  asumptwtik  apodotikìthta thc deigmatik c diamèsou se sqèsh me

ton deigmatikì mèso.

2.14*. 'Estw X1, . . . , Xn tuqaÐo deÐgma apì thn katanom  G�mma, G(a, 1), me puknìthta

f(x; a) =
1

Γ(a)
xa−1e−x, x ∈ R, a ∈ Θ = (0,∞).

JewroÔme thn sun�rthsh ψ(a) := Γ′(a)
Γ(a)

= ∂
∂a

log Γ(a), a > 0, ìpou Γ(a) :=
∫∞
0
xa−1e−xdx.

ApodeÐxte ta ex c:

(a) ψ(a) = IE[logX1] kai ψ(1) = −γ (γ h stajer� Euler).

(b) H sun�rthsh Γ ∈ C∞(0,∞) (dhl. eÐnai apeÐrwc diaforÐsimh).

(g) H sun�rthsh ψ ∈ C∞(0,∞).
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(d) Γ(n)(a)
Γ(a)

= IE[(logX1)
n].

(e) ψ′(a) = Var[log(X1)] kai, sunep¸c, ψ′(a) > 0 (kai h ψ eÐnai gn sia aÔxousa).

(st) ψ(a+ 1)− ψ(a) = 1
a
kai, sunep¸c, ψ(n) = 1 + 1

2
+ . . .+ 1

n−1
+ ψ(1) → ∞.

(z) ψ(a) < log(a), a > 0.

(h) lima→0+ ψ(a) = −∞, lima→+∞ ψ(a) = +∞ kai aψ′(a) > 1 gia k�je a > 0.

(j) Na deiqjeÐ ìti o plhroforiakìc arijmìc tou Fisher isoÔtai me I(a) = ψ′(a).

(i) Na deiqjeÐ ìti o MLE tou a eÐnai monadikìc kai dÐnetai apì ton tÔpo

ân = ψ−1

(
1

n

n∑
i=1

log(Xi)

)
.

(ia) Na deiqjeÐ ìti h sqetik  (apìluth) asumptwtik  apodotikìthta tou deigmatikoÔ mèsou

se sqèsh me ton MLE isoÔtai me 1
aψ′(a)

< 1.

(ib) Me qr sh tou KentrikoÔ OriakoÔ Jewr matoc kai thc mejìdou Dèlta na deiqjeÐ apejeÐac

ìti
√
n(ân − a)

d−→ N(0, 1/ψ′(a)).

2.15*. 'Estw X1, . . . , Xn tuqaÐo deÐgma apì thn katanom  G�mma, G(a, λ), me puknìthta

f(x; (a, λ)) =
λa

Γ(a)
xa−1e−λx, x ∈ R, (a, λ) ∈ Θ = (0,∞)2.

JewroÔme thn sun�rthsh h(a) := log(a)− ψ(a), a > 0. ApodeÐxte ta ex c:

(a) H h eÐnai gn sia fjÐnousa kai diaforÐsimh me ìria ∞ kai 0 kaj¸c to a teÐnei sta 0+ kai

+∞, antÐstoiqa.

(b) O pÐnakac plhroforÐac tou Fisher isoÔtai me

I(a, λ) =
1

λ2

(
λ2ψ′(a) −λ
−λ a

)
,

kai eÐnai jetik� orismènoc.

(g) H MLE twn a, λ eÐnai monadik  kai dÐnetai apì touc tÔpouc

ân = h−1

(
log(Xn)−

1

n

n∑
i=1

log(Xi)

)
, λ̂n =

ân

Xn

.

(d) Na brejeÐ h asumptwtik  katanom  thc
√
n(ân − a, λ̂n − λ)T me apeujeÐac qr sh tou

KentrikoÔ OriakoÔ Jewr matoc kai thc mejìdou Dèlta.

(e) Na sugkrijeÐ h MLE twn a, λ me thn antÐstoiqh ropoektim tria twn paramètrwn, ãn =
X

2
n

M2,n
, λ̃n = Xn

M2,n
.

(st) Ac upojèsoume ìti h pragmatik  tim  thc paramètrou λ eÐnai λ = 1. Na deiqjeÐ ìti h

sqetik  asumptwtik  apodotikìthta thc MLE tou a pou br kame sto (g) se sqèsh me thn MLE

thc �skhshc 2.14 (tìte  tan gnwstì ìti λ = 1) isoÔtai me 1− 1
aψ′(a)

< 1.
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2.16. Suntelest c susqètishc apì didi�stata kanonik� dedomèna me gnwstoÔc

mèsouc kai diasporèc.

To tuqaÐo deÐgma (X1, Y1), (X2, Y2), . . . , (Xn, Yn) proèrqetai apì thn tupopoihmènh didi�stath

kanonik  katanom ,

N2

([
0

0

]
,

[
1 ρ

ρ 1

])
,

me puknìthta

f(x, y) =
1

2π
√

1− ρ2
exp

(
− 1

2(1− ρ2)
(x2 − 2ρxy + y2)

)
, (x, y) ∈ R2, ρ ∈ Θ = (−1, 1).

(a) Na deÐxete ìti (X1, Y1)
d
= (Z1, ρZ1 +

√
1− ρ2Z2), ìpou oi Z1, Z2 eÐnai anex�rthtec kano-

nikèc N(0, 1), ¸ste na upologÐsete (eÔkola) tic ropèc

µi,j = IE(X i
1Y

j
1 ), i, j ≥ 0, 1 ≤ i+ j ≤ 4.

(b) Na deÐxete ìti I(ρ) = 1+ρ2

(1−ρ2)2 .

(g) Na deÐxete ìti h exÐswsh pijanof�neiac gr�fetai wc

ρ(1− ρ2) + (1 + ρ2)
1

n

n∑
i=1

XiYi − ρ

(
1

n

n∑
i=1

X2
i +

1

n

n∑
i=1

Y 2
i

)
= 0,

kai na apodeÐxete ìti me pijanìthta 1 èqei toul�qiston mÐa lÔsh sto di�sthma (−1, 1).

(d) DeÐxte ìti h ρ̃n := 1
n

∑n
i=1XiYi eÐnai asumptwtik� kanonik  ektim tria tou ρ.

(e) BreÐte asumptwtik� apodotik  ektim tria, ρ̂n, tou ρ, kai sugkrÐnete thn ρ̃n me thn ρ̂n.

(st) Na kataskeusteÐ èna asumptwtikì di�sthma empistosÔnhc gia to ρ, me asumptwtikì

suntelest  empistosÔnhc 1− α.

2.17.* Suntelest c susqètishc apì didi�stata kanonik� dedomèna me �gnwstouc

mèsouc kai diasporèc.

To tuqaÐo deÐgma (X1, Y1), (X2, Y2), . . . , (Xn, Yn) (n ≥ 3) proèrqetai apì thn didi�stath kanonik 

katanom ,

N2

([
µ1

µ2

]
,

[
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

])
,

me ìlec tic paramètrouc �gnwstec dhlad 

θ := (µ1, µ2, σ
2
1, σ

2
2, ρ) ∈ Θ = R× R× (0,∞)× (0,∞)× (−1, 1).

(a) Na deÐxete ìti me pij. 1 oi exis¸seic pijanof�neiac èqoun monadik  lÔsh thn

θ̂n =


µ̂1n

µ̂2n

σ̂2
1n

σ̂2
2n

ρ̂n

 =


Xn

Y n
1
n

∑n
i=1(Xi −Xn)

2

1
n

∑n
i=1(Yi − Y n)

2∑n
i=1(Xi−Xn)(Yi−Y n)

[
∑n

i=1(Xi−Xn)2]
1/2
[
∑n

i=1(Yi−Y n)2]
1/2

 .
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[Sqìlio gia thn monadikìthta thc lÔsewc: An jèsoume Sxx =
∑n

i=1(Xi−Xn)
2, Sxy =

∑n
i=1(Xi−

Xn)(Yi− Y n), Syy =
∑n

i=1(Yi− Y n)
2, tìte, epeid  n ≥ 3, h tuqaÐa metablht  T = SxxSyy − S2

xy

eÐnai megalÔterh tou mhdenìc me pij. 1. Autì èpetai apì to gegonìc ìti T ≥ 0 (apì thn anisìthta

Cauchy-Schwarz) kai T = 0 an kai mìno an ta n shmeÐa tou epipèdou ξi := (Xi −Xn, Yi − Y n)
T

eÐnai suneujeiak�. Profan¸c, to endeqìmeno {ta ξ1, . . . , ξn eÐnai suneujeiak�} perièqetai sto

endeqìmeno {X1Y2 +X2Y3 +X3Y1 = X1Y2 +X2Y1 +X3Y2}, to opoÐo èqei pijanìthta 0. T¸ra

mporoÔme na doÔme ìti oi exis¸seic èqoun monadik  lÔsh ìtan SxxSyy > S2
xy.]

(b) UpologÐste thn pÐnaka plhroforÐac I(θ). Sugkekrimèna, deÐxte ìti

I(θ) =
1

1− ρ2



1
σ2
1

−ρ
σ1σ2

0 0 0
−ρ
σ1σ2

1
σ2
2

0 0 0

0 0 2−ρ2
4σ4

1

−ρ2
4σ2

1σ
2
2

−ρ
2σ2

1

0 0 −ρ2
4σ2

1σ
2
2

2−ρ2
4σ4

2

−ρ
2σ2

2

0 0 −ρ
2σ2

1

−ρ
2σ2

2

1+ρ2

1−ρ2


.

(g) UpologÐzontac kai ton antÐstrofì tou sumper�nate ìti

√
n(θ̂n − θ)

d−→ N5

0,


σ2
1 ρσ1σ2 0 0 0

ρσ1σ2 σ2
2 0 0 0

0 0 2σ4
1 2ρ2σ2

1σ
2
2 ρ(1− ρ2)σ2

1

0 0 2ρ2σ2
1σ

2
2 2σ4

2 ρ(1− ρ2)σ2
2

0 0 ρ(1− ρ2)σ2
1 ρ(1− ρ2)σ2

2 (1− ρ2)2



 .

[Parathr ste ìti h ektim tria mègisthc pijanof�neiac tou ρ tautÐzetai me ton deigmatikì sun-

telest  susqètishc thc �skhshc 2.9, h de oriak  diaspor� thc dÐdetai sthn �skhsh 2.10 (ìtan

ta dedomèna eÐnai kanonik�). Sumper�nate ìti h sqetik  apodotikìthta thc ektim triac tou ρ se

sqèsh me thn ektim tria thc prohgoÔmenhc �skhshc (tìte  tan gnwstèc oi mèsec timèc kai oi

diasporèc) isoÔtai me 1
1+ρ2

≤ 1.]

(d) MporeÐte na apodeÐxete to (g) apeujeÐac me qr sh tou KentrikoÔ OriakoÔ Jewr matoc

kai thc mejìdou Dèlta?

2.18. Kanonik� dedomèna me gnwstì suntelest  metablhtìthtac.

To tuqaÐo deÐgma X1, X2, . . . , Xn proèrqetai apì thn kanonik  katanom  N(λ0θ, θ
2), θ ∈ Θ =

(0,∞), λ0 > 0 gnwstì.

(a) Na deÐxete ìti h exÐswsh pijanof�neiac èqei monadik  lÔsh thn

θ̂n =
1

2

((λ0Xn)
2 +

4

n

n∑
i=1

X2
i

)1/2

− λ0Xn

 .
(b) Na breÐte thn oriak  katanom  thc

√
n(θ̂n − θ).

(g) Qrhsimopoi¸ntac kat�llhlo kurtì sunduasmì twnXn kai
√

1
n

∑n
i=1(Xi −Xn)2 na breÐte

mÐa deÔterh asumtwtik� apodotik  akoloujÐa ektimhtri¸n.

2.19. To tuqaÐo deÐgma X1, . . . ,Xn proèrqetai apì thn k-di�stath katanom  Bernoulli

IP(X1 = x) = px11 p
x2
2 · · · pxkk (1− p1 − . . .− pk)

1−x1−···−xk , x ∈ {0, 1}k,
n∑
i=1

xi ≤ 1.
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Ed¸ o parametrikìc q¸roc eÐnai to anoiktì sÔnolo

Θ =

{
(p1, . . . , pk) : pi > 0 (i = 1, 2, . . . , k),

k∑
i=1

pi < 1

}
,

kai gia aplìthta jètoume pk+1 = 1− p1 − . . .− pk > 0. EpÐshc gr�foume X i = (Xi1, . . . , Xik)
T

gia tic suntetagmènec tou dianÔsmatoc X i (  ìlec eÐnai 0   mÐa akrib¸c eÐnai 1 kai oi �llec 0).

(a) UpologÐste thn pÐnaka plhroforÐac I(θ) kai ton antÐstrofì tou.

(b) DeÐxte ìti oi exis¸seic pijanof�neiac èqoun monadik  lÔsh thn

p̂i = X i, i = 1, 2, . . . , k,

ìpou X i =
Y1
n
, Yi = Yni = X1i +X2i + . . .+Xni o sunolikìc arijmìc epituqi¸n kathgorÐac i.

(g) Sumper�nate ìti oi èlegqoi Wald kai Rao-scores sumpÐptoun. Sugkekrimèna deÐxte ìti

upì thn H0 : p1 = p01, . . . , pk = p0k, oi dÔo èlegqoi odhgoÔn sthn statistik  sun�rthsh χ2 tou

Pearson:

Wn = Rn =
k+1∑
i=1

(Yi − np0i )
2

np0i
,

ìpou p0k+1 = 1− p01 − · · · − p0k, Yk+1 = n− Y1 − · · · − Yk.

(d) DeÐxte ìti to krit rio lìgou pijanofanei¸n gr�fetai wc

2∆n = 2
k+1∑
i=1

Yi log
Yi
np0i

,

ìpou p0k+1 = 1 − p01 − · · · − p0k, Yk+1 = n − Y1 − · · · − Yk. Epomènwc, oi treic krÐsimec perioqèc

tou elègqou H0 : p = p0, asumptwtikoÔ epipèdou empistosÔnhc α, eÐnai oi

K :
k+1∑
i=1

(Yi − np0i )
2

np0i
≥ χ2

k(α) (gia Wald kai Rao) K : 2
k+1∑
i=1

Yi log
Yi
np0i

≥ χ2
k(α) (gia LR).

2.20. (Sunèqeia thc �skhshc 2.18.) To tuqaÐo deÐgma X1, X2, . . . , Xn proèrqetai apì thn

kanonik  katanom  N(λ0θ, θ
2), θ ∈ Θ = (0,∞), λ0 > 0 gnwstì. Na gÐnei o èlegqoc thc

H0 : θ = θ0 (θ0 > 0) qrhsimopoi¸ntac ta krit ria Wald, Rao kai LR.

2.21. (Sunèqeia thc �skhshc 2.16.) To tuqaÐo deÐgma (X1, Y1), . . . , (Xn, Yn) proèrqetai apì thn

didi�stath tupopoihmènh kanonik  me di�nusma mèswn tim¸n 0 = (0, 0)T kai pÐnaka diaspor�c(
1 ρ

ρ 1

)
, −1 < ρ < 1.

Na gÐnei o èlegqoc thc H0 : ρ = 0 qrhsimopoi¸ntac ta krit ria Wald, Rao kai LR.

2.22*. (Sunèqeia thc �skhshc 2.17*.) To tuqaÐo deÐgma (X1, Y1), . . . , (Xn, Yn) proèrqetai apì

thn didi�stath kanonik  me di�nusma mèswn tim¸n µ = (µ1, µ2)
T kai pÐnaka diaspor�c(

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
, σ1 > 0, σ2 > 0, −1 < ρ < 1.
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Na gÐnei o èlegqoc thc

H0 : µ1 = µ0
1, µ2 = µ0

2, σ1 = σ0
1, σ2 = σ0

2, ρ = ρ0

qrhsimopoi¸ntac ta krit ria Wald, Rao kai LR.

2.23. (Oikogèneia jèshc-klÐmakoc) Upojètoume ìti h f0(x) eÐnai mÐa monodi�stath gn sia

jetik  kai paragwgÐsimh puknìthta pijanìthtac. JewroÔme to tuqaÐo deÐgma X1, X2, . . . Xn,

proerqìmeno apì thn oikogèneia {
f(x;θ) =

1

θ2
f0

(
x− θ1
θ2

)}
ìpou θ = (θ1, θ2)

T ∈ Θ = R× (0,∞).

Na deiqjeÐ ìti o pÐnakac plhroforÐac eÐnai

I(θ1, θ2) =
1

θ22

 ∫∞
−∞

(f ′0(x))
2

f0(x)
dx

∫∞
−∞ f ′

0(x)
(
1 +

xf ′0(x)

f0(x)

)
dx∫∞

−∞ f ′
0(x)

(
1 +

xf ′0(x)

f0(x)

)
dx

∫∞
−∞ f0(x)

(
1 +

xf ′0(x)

f0(x)

)2
dx

 ,

me thn proôpìjesh fusik� ìti ta oloklhr¸mata eÐnai peperasmèna. Na sumper�nete ìti an h

f0 eÐnai summetrik  (f0(x) = f0(−x)) tìte o pÐnakac plhroforÐac eÐnai diag¸nioc. Parathr ste

ìti an limx→±∞ f0(x) = 0 tìte ta mh diag¸nia stoiqeÐa tou pÐnaka plhroforÐac gr�fontai wc

I12 =
1
θ22

∫∞
−∞ x

(f ′0(x))
2

f0(x)
dx.

2.24. JewroÔme tuqaÐo deÐgma X1, X2, . . . Xn me puknìthta f(x;θ) =
exp

(
−x−θ1

θ2

)
θ2

(
1+exp

(
−x−θ1

θ2

)2
) ìpou

θ = (θ1, θ2)
T ∈ Θ = R× (0,∞) (oikogèneia jèshc-klÐmakoc thc logistic).

(a) Na deiqjeÐ ìti o pÐnakac plhroforÐac eÐnai

I(θ1, θ2) =
1

θ22

(
1
3

0

0 3+π2

9

)
.

(b) Na gÐnei o èlegqoc thc H0 : θ1 = θ01, θ2 = θ02 qrhsimopoi¸ntac ta krit ria Wald, Rao kai

LR.

2.25. JewroÔme tuqaÐo deÐgma X1, X2, . . . Xn me puknìthta f(x;θ) = θ2/π

(x−θ1)2+θ22
ìpou θ =

(θ1, θ2)
T ∈ Θ = R× (0,∞) (oikogèneia jèshc-klÐmakoc thc Cauchy). Na deiqjeÐ ìti I(θ1, θ2) =

1
2θ22
I2 (I2 o monadiaÐoc 2 × 2) kai na gÐnei o èlegqoc thc H0 : θ1 = θ01, θ2 = θ02 qrhsimopoi¸ntac

ta krit ria Wald, Rao kai LR.

2.26. JewroÔme tuqaÐo deÐgma X1, X2, . . . Xn apì thn N(θ1, θ
2
2) ìpou θ = (θ1, θ2)

T ∈ Θ =

R× (0,∞) (oikogèneia jèshc-klÐmakoc thc N(0, 1)). Na deiqjeÐ ìti I(θ1, θ2) =
1
θ22

(
1 0

0 2

)
kai

na gÐnei o èlegqoc thc H0 : θ1 = θ01, θ2 = θ02 qrhsimopoi¸ntac ta krit ria Wald, Rao kai LR.

[Shmei¸ste ìti o pÐnakac plhroforÐac den isoÔtai me ton pÐnaka plhroforÐac I(µ, σ2) thc �skhshc

1.14. GiatÐ sumbaÐnei autì?]
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