Check for
DOI: 10.1002/mma.5074 updates

Received: 23 January 2018

SPECIAL ISSUE PAPER WILEY

Nonvanishing at spatial extremity solutions of the
defocusing nonlinear Schrodinger equation

Nikolaos Gialelis‘® | Ioannis G. Stratis

Department of Mathematics, National and

Kapodistrian University of Athens, ‘We show local existence of certain type of solutions for the Cauchy problem of
Panepistimioupolis GR-15784 Athens, the defocusing nonlinear Schrédinger equation with pure power nonlinearity,
Greece

in various cases of open sets, unbounded or bounded. These solutions do not

Correspondence vanish at the boundary or at infinity. We also show, in certain cases, that these
Nikolaos Gialelis, Department of
Mathematics, National and Kapodistrian
University of Athens, Panepistimioupolis,
GR-15784 Athens, Greece.

Email: ngialelis@math.uoa.gr Cauchy problem, dark soliton, defocusing, extension operator, nonlinear Schrodinger equation,

solutions are unique and global.

KEYWORDS

nonvanishing at spatial extremity solutions
Communicated by: R. M. Porter

Funding information

State Scholarships Foundation (IKY);
Qatar National Research Fund (a member
of Qatar Foundation)

MSC Classification: 35Q55; 35A01; 35A02

1 | INTRODUCTION

The nonlinear Schrodinger (NLS) equation is a universal model describing the evolution of complex field envelopes in
nonlinear dispersive media; it appears in a variety of physical contexts, ranging from optics to fluid dynamics and plasma
physics, and it has attracted a huge interest from the rigorous mathematical analysis point of view, as well. The importance
of the NLS model is not restrained to the case of conservative systems, but it is also associated to dissipative models.
Many of the closely connected to the NLS equation pattern formation phenomena emanate via the genesis of localized
structures with finite spatial support, or with sufficiently fast spatial decay, the so-called solitons. Among the various
types of waves whose amplitude is modulated, there are two principal kinds of solitons, depending on the category of the
nonlinearity; in the case of an attractive (or focusing) medium, the nonlinearity causes the formation of structures termed
“bright solitons,” while in the case of a repulsive (or defocusing) medium, the nonlinearity generates “dark solitons” (ie,
nonlinear solitary waves having the form of localized dips in density, which decay off of a continuous-wave background;
if the density of the dip tends to zero, the dark solitons are named “black,” otherwise “grey”).

Theoretical physical studies on dark solitons started in 1971, by the work of T. Tsuzuki' in the context of Bose-Einstein
condensates. Two years later, in* V. E. Zakharov and A. B. Shabat demonstrated the complete integrability of the defo-
cusing NLS equation using the inverse scattering transform (incidentally, the same authors had shown the integrability
of the focusing NLS equation in®). The progress in the theory after that was very rapid and immense. As for experimental
results, the progress was equally impressive: After the “early age” experiments of the 1970s, the “new age,” which emerged
in the middle of the first decade of the 21st century, is a period of spectacular progress. These led to a vast amount of liter-
ature. A detailed presentation of the physical studies (theoretical and experimental) and of the recent progress regarding
the defocusing NLS is contained in Kevrekidis et al,* which incorporates an extensive bibliography.
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Regarding the rigorous mathematical analysis of the NLS equation, the books of Bourgain,® Cazenave,® Cazenave and
Haraux,” Sulem and Sulem,® and Tao® are classical by now. Moreover, the recent books Erdogan and Tzirakis,'® Fibich,!!
and Linares and Ponce!? contribute substantially to the field. The reference lists in all these books are representative of
the huge interest and amount of research work on the NLS equation.

In this work, we consider the n-dimensional defocusing NLS initial/“boundary” value problem

ive+Av— p|*v =0,V (t,x) € J* x U
v=vg,on{t=0} xU (1.1)

. [x|—
not necessarily v =0 on J X dU, or 30 0n J x U,

wherev : I XU — C,with]J = [0,T], for T > 0, U an open set C R”, and « > 0. In the case that U is unbounded, we
assume that v has a constant amplitude at infinity.

Since we are interested in all possible cases of open sets, U could be bounded (eg, a ball) or unbounded—with or without
empty boundary (eg, R} or R", respectively). Let us recall that when U = R", the existence of many such solutions (ie,
dark solitons) is well-known.

Here we seek solutions of the form

v(t,x) = e (u(t, x) + £(x)), (1.2)

forr € R and u, ¢ complex-valued functions over J X U and U, respectively. Assuming that u vanishes at the boundary
and at infinity, but ¢, in contrast, survives, the problem (1.1) becomes

e+ A+ = (Ju+81"+r1) W+ =0,V (t,x) €J*xU
u=ugp,on {t=0}xU (1.3)

u=0,0an0UanduM0, onJ x U,

for given r, ¢ and also uy : U — C, which vanishes at the boundary and at infinity.
The problem (1.3) for U = R* withn = 1,2,3 and

— 27 for teN* ifn=1,2
a =2, T=1, ifn=3,

along with more general cases of nonlinearity, has been studied in Gallo.!* There, it is shown thatifr = —p” withp > 0, as
well as ¢ € Cf*! (R"), D¢ € H! (R"), withk = 1ifn = 1andk = 2ifn = 2,3, and additionally (|¢|* - p) € L*(RD),
then (1.3) is globally well posed.

In this work, we extend the above result, not only by weakening the assumptions, but also by considering more general
cases of U C R™, other than the Euclidean space itself.

The present paper is organized as follows: Section 2 contains some necessary notation for the readers’ convenience
and also some preliminary results that will be used in the sequel. In Section 3, we rigorously formulate the problem and
provide properties of the operators and the quantities that appear. Local existence, uniqueness and globality in bounded
sets is considered in Section 4. In particular, for the case of bounded*U, we first show (see Theorem 1) local existence

for every
(0,00), ifn=1,2
* € <0, ﬁ) , otherwise, 1.4)

every r € R and every U, if { € H! (U) n L**2 (U). A result on the uniqueness and globality of some of these solu-
tions follows next (see Proposition 10). We also show (see Theorem 2) local existence for every « = 2z, everyr = —p*
with p > 0and every U, if { € X! (U). We note that X! (U) stands for the Zhidkov space over U, defined as X! (U) :=
{u € L® (U) |Du € L? (U)} and equipped with its natural norm ||-|lxiy = I|'llLe(u) + [ID-[l12)- The first version of such
spaces over R is introduced in Zhidkov,"* and a generalization for higher dimensions (along with certain modifications)
is done in later studies.’*'*'” In this work, however, we consider X! over any open set.

*We note that all of the results concerning the case of bounded U can also be applied to Hp,, (R™).
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Local existence in unbounded sets is studied in Section 5. We use the technique that appears in Gialelis'® and is based
on the extension-by-zero of certain approximations of solutions, each one of which is considered in a bigger bounded
open set than the domain of the previous one, to extend Theorem 2 for any unbounded U (see Theorem 3), if ¢ € X' (U)
and (|C |2 — p) € L?(U). Uniqueness and globality in particular cases also is provided (see Proposition 11) for certain
cases of a and U. Further, there are two appendices, A and B, containing some useful inequalities and cut-off functions,
respectively, used in various points through the paper.

The choice of the case of the nonlinearity being of the pure power type is due to its numerous and classic applications
in Physics and Nonlinear Science; very important examples of such nonlinearities in the NLS equation are the quintic
(a = 4)in the 1-dimensional case (which is related to Bose-Einstein condensation) and the cubic (or Kerr) (¢ = 2),
when n is equal to 2 or 3 (wave condensation in many areas of high theoretical and experimental interest, a classical one
being Optics). Our results may be generalized to a wider class of nonlinearities; however, we do not consider such cases
in the present work.

2 | PRELIMINARIES

We start with some notation used throughout the paper. Recall thatJ : = [0, T], T > 0.

1. Ifp,r €[1, o] and k,m € Ny, then we write

| lmru =1 - llwmry, [lemu =1 - lE-my

| lkpameu == Il - [lwep@wmrcuy), [l pr—mu 2= I - llwrke@:-m))-

We omitp = o0,] = [0, ), and U = R from the notation.

2. Let 7 (Uy; C) be a function space over U; € U, C R"and f € F (U;). We denote by &y, f its extension by zero in
U:\U, and &y, F (Uy) = {cS'U2 flf eF (Ul)}. We omit U, = R” from these notations. Moreover, ifg € F (U,), we
denote by Ry, g and Ry, F (U,) the restriction of g in U, and the set of these restricted functions, respectively.

3. We write C and c for any nonnegative co+nstant factor and exponent, respectively. These constants may be explicitly
calculated in terms of known quantities and may change from line to line and also within a certain line in a given
computation. We also use the letter K for any increasing function K : [0, )" — [0, c0). When J and U appear as
subscripts in an element, they denote that this depends on them, while their absence designates independence.

4. Ifu : IxU - C,withu(t,-) € F(U;C) foreach t € J, where F (U) is a function space over U, then, following the
notation of, eg, Evans'’ and Temam,” we associate with u the mappingu : J - F (U), defined by [u (t)] (x) : = u(t,x),
foreveryx € Uandt € J.

5. We write a1 334 > 0 such that

[0,0), ifn=1,2 (0,00), ifn=1,2
a € a € (O 4

[0, i] , otherwise, —] , otherwise
n—2 n-2
a3 for every a asin (1.4) and a4 = 27, for 7 as in Section 1.

Corollary 1. Leta > 0andu,v € L**? (U). Then

1 1
/ " ol die < 2 olosay - @1)
U

Proof. Use (A4)forp=22andq = a + 2. O

a+1

Corollary 2. Leta > 0and alsou,v € L**? (U). Then

”ulau - |V|aV|0’Z_ﬁ,U <C (|u|3,a+2,U + |v|8,a+2,U) |u _v|0,a+2,U' (2-2)

Proof. Direct application of (A2), (A4) forp = « + 1and q = “ and (Al). O

a
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Corollary 3. Letu € Hy (U). Then

naj 4—nay
a+2 = — to
|u|0,a1+2,U <C |”|1,2,U |”|o,z,U . (2:3)
If, in addition,n = 2 and t € [1, ), then
2 2(r=1) |, )2
lulosey <€ |”|1,(2T,U lulgoy - (2.4)

Proof. The first inequality is direct from Theorem 7 (see also Remark 1) forp = a7 + 2,r = q¢=2,j =0,m =1
and 6§ = =22 . As for the second one we set a; = 2(z — 1) in (2.3). 0

2(a,+2)

An known estimate of the constant in (2.4) is

C<@m" 7, (2.5)

Proposition 1.

1. Let H be a Hilbert space, as well as {uy},>, C L*(J;H) andu : J — H withu (t) = u(t) in H, forae. t € J.
If lakllze g,y < C uniformly for all k € N, thenu € L* (J; H) with ||[al|=g.3) < C, where C is the same in both
inequalities.

2. Let F be a Banach space with the Radon-Nikodym property with respect to the Lebesgue measure in (J, B (J)) and

{ug}p, U {u} c L®J;F*) with uk—*\u in L ;7.7 If |lulluegr < C uniformly for all k € N¥, then
]l @7+ < C, where C is the same in both inequalities.

Proof.

1. We derive that |[u(t) ||y £ C, fora.e. t € J, from the (sequentially) weak lower semi-continuity of the norm. The
result follows directly.

2. Letv € F be such that ||v|]|r < 1and setv € L! (J; F) the constant function with v (t) :=v, forallt € J. We have

s+h

/ (ug, v)dt < Ch, for every s € J° and every sufficiently small h > 0.
N

Letting k — o0, dividing both parts by h and then letting h — 0, we get (u(s),v) < C, for every s € J°. Since v
arbitrary, the proof is complete.

O
Proposition 2. Leta > Oandr € R, then
. 1 a2, 1 > o w2
Vgar) = —x"""+ —rx“ + |r|= >0, Vx>0 (2.6)
o+ 2 2 a+2
and also, for every C, > a + 2 there existsan A, > 0, such that
X< CV (X)), VX > A,. 2.7)

Proof. For (2.6), if r > 0, the result is trivial. If r < 0 it is easy to show that V (x) > V (lrl l) =0, forallx > 0.
As for (2.7), we fix an arbitrary C, > a + 2 and we set f (x) = C,V (x) — x**2, for all x > 0. It is easy to show that

fx=>f << C,,—(raz+2) ) . ) , whereby the result follows since f .

O

TThat is, uy Suine (Le @;7*),L' (J; F)). Note that L* (J; F*) = (L' (J; F))" (see, eg, Diestel and UhI?!, theorem 1,§IV.1).
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Proposition 3. Leta,b € C. Then

a™ —a(n+1)b"+nb" =(@-b)* (a" +2a" b+ + (n—1)ab"? +nb""). (2.8)

Proof. Direct application of the well-known identity
a"—b"=(a-b)(a" ' +a" b+ +ab"?+b"1). (2.9)

O

Proposition 4. Let U; C U, C R", m € Ny and {u};>, U {u} € H™(U,) such that uy — u in H™ (U,). Then
Ru,ur = Ruy,u in H™ (Uy). The analogous result for LP, with p € (1, 00), instead of H™ also holds.

Proof. We show the first result and in analogous fashion we get the second one. Let v € CZ° (Uy). Then, in view of the
Riesz theorem, we have

m m
(Ry,ux — Ry,u,v) = Z /Dﬂ (Ruy,ur — Ry,u) D’vdx = Z D’ (uy — )y DP €y, vdx = (uy — u, Ey,v) - 0,
=1 =

hence, the result follows from the density argument. O

3 | FORMULATION OF THE PROBLEM

Leta > 0,¢ € L***(U) and r € R. In view of (2.1) and the scaling invariant embedding Hj (U) < L***(U), we define
g: H(l) U)-Y, := Le (U) + L? (U) = H™! (U) to be the nonlinear and bounded operator such that

(g(w;,¢,r),v) ::/(lu+§|"’+r) (u+¢)vdx, forve H (U).

18]
For the above operator we have the following estimate.

Proposition 5. Let u,v € H; (U) and a = a,. Then

llg (w) — g(V)“ya2 <K (|u|1,2,U7 [Vl12us |C|o,a2+2,U) (|” = Vg ap2u + U= V|o,2,U) . 3.1

Proof. Applying (2.2) and the scaling invariant embedding Hé (U) & L%=*2 (U) we get us

g @ =g Wy, < C (Il o0+ 015510 + €16 20 ) 1= Moz + Clit = vy
and the result follows. O
Now, we further assume that ¢ € H' (U) and we define N [-,] : (H(l) (U))2 — C to be the form which is associated

with the operator A (- + ¢) — g, such that N [u,v] := (A (u+¢),v) — (g (u),v), for every u,v € H} (U).
We then restate the problem (1.3): we seek a solution uy € L* (J; H} (U)) n W (J;H™1 (U)) of

{i(u;,v> + N [u;,v] =0, Vv e H} (U), ae.in [J] (32)

uj (0) = Up.

We also provide an estimate for the form .

Proposition 6. Let u,v € Hj (U) and a = a,. Then

|V [w.v]| < K (Julyous V2w € |C|o,a2+2,U) . (3.3)
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Proof. From (A4) (p =q = 2),(2.1) and the scaling invariant embedding H(l] (U) & L%2*2(U), we get
[N [w,v]] <CID W+ Olosulvliou +Clu+ Cloayrzu V20 s

hence the result follows. O
We further define the energy functional € : H(l) (U) > Ry U {0} by
1
EGa.8,n =2 ID(+0lgou + GG,
where G : H (U) — R, U {o0}*, with

G(G;a,¢,1) :=/V(|'+C|;a,r)dx.

U
For the functional G we have the following estimates.

Proposition 7. Letu,v € H(l) U)and a = a. If (G(u) — G(v)) € R, then

IGw) = GW)| <K (|uly2u. V20 120 |C|0,a2+2,U) (lu- V|og,42u0 + U — Vo2u) (3.4)
and
Gu) <K (|u|1,2,U’ 1<l 2,05 1€]0,ayr2,05 |U|) . (3.5)
Proof. From
1 1
Gu) -G = /%G(su + (1 -s)v)ds = /Re (gsu+ 1A —-s)v),u—v)ds, 3.6)
0 0

(2.1) and the scaling invariant embedding H(l) (U) & L%*2(U) we get

1G@) = G| < C (Ul + Pl o + 11 a0 + 1120 ) (18 = Vogezn + 1= vlo0)

As for the second estimate, we first notice that

+2

_ _ 1 a,+2 1 2 a au—
G<0>—/V<|¢|>dx— s e + 57 IRy + o5 U1 <K (K haw Ko, 1U1)
U

Then the result follows from the first and the triangle inequalities. O

3.1 | A special case of the operator

First, we assume that ¢ € L**2 (U) n L® (U) and we extract two fine properties concerning the operator g.
Proposition 8. Let u,v € Hj (U).

D) Ifn = land a > 0, then (g (u) — g (v)) € L? (U) with
lg W) = gWlosu < K (Iul2us V20 1€ loeu) 14— Vlo2u- (3.7

ii) Ifn = 2and a > 0, then (g(u) — g(v)) € L? (U) with

1
g () — g(V)|o,z,U <K (|u|1,2,U’ [Vl12us |§|0,oo,U) <|u - V|é,2,U +u— V|0,2,U> . (3.8)

*From (2.6) we get that G, hence £ also, are positive-valued.
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iii) Ifn = 3and a = 2, then
g @) —gMlly, < K (Iul2us Mi20s [€locu) (14 =Vieay + 14 =Vlo2u) (3.9)
and
llg —gWlly, <K (luly20s W 1€ locw) <|u - vlé’sz +u— V|o,2,U> . (3.10)

Proof. Letn = 1,2. By simple application of (A2), we get

/|g<u>—g(v>|2dxs/c(|u|2“+|v|2“)|u—v|2dx+c(|c|3,m,u+1)|u—v|§,2,U.
U

U

For n = 1, we employ the scaling invariant embedding H(l) (U) & L* (U). Forn = 2, we rewrite the above estimate as

/Ig(u)—g(v)lzdxs/C(Iulz"“+IVIZ"’“)Iu—VIdx+C(|CI8,°o,U+1)Iu—VIé,z,U
U U

and we get the result from (A4) (p = g = 2) and the scaling invariant H(l) (U) = L? (U), for 9 € [2, ).
As for n = 3, the first estimate follows after simple calculations, from the scaling invariant H(l) (U) < L (U), for
& € [2,6] and (2.2). The second one follows from the first and (2.3). O

We further notice that, by dealing as above, we also can have that

llg (w) — g(V)”Lpl (J;L%'(U)>+va(J;L2<U)) <K (Julous Whaous [locu) (14— V|op,J0au + U= le,pZ,J;O,Z,U) ) (3.11)

for every u,v € Hy (U), and py,p; € [1,0],ifn = 3anda = 2.
Proposition 9. Letu,v € H} (U), @ = ay, r = —p", for an arbitrary p > 0and (|{|* - p) € L* (U).

i) Ifn = 1,2, then g maps to L? (U) and

1802y < K (120 [Elosus [I62 = 0] ) (312)

ii) Ifn = 3, then

lg@lly, <K (1l 20 1o 167 =7, ) (3.13)

Proof. We notice thatg (0) = ( 1> - p’) ¢, which belongs to L? (U). Indeed, by expanding via (2.9) we get |g 0]pru <
K <|g 0,00, ||C |2 — p‘o , U). The results then follow from Proposition 8 and the triangle inequality. 0

Let us now notice that ¢ being in L*+2 (U) plays no essential role at any of the above results. Hence, for

a=ay,r=r; :=—p" for p>0and ¢ € L¥ (U) with (|¢|* - p) € L*(U),
we define
L2(U), ifn=1,2 . _
g Hy(U) - { LR TR by g mandin).y) = / (lu+ 1% +75) (u+ O vdx, for v e Hy (U),
U
which satisfies the above estimates.

Now, we further assume that ¢ € X! (U) and we define N [-,-] : (H(l) (U))2 — C to be the form which is associated
with the operator A (- + ) — g, such that N [u,v] := (A +¢),v) — (g (u),v), for every u,v € H; (U). We note that
apart from belonging to £ (H' (U); H™' (U)), A € £ (X' (U); H™! (U)) also,’ with its usual definition. From (3.12) and
(A4) (for p = g = 2), we derive the following estimate

SRecall that if N; and N, are normed linear spaces, £ (N;; N,) denotes the set of all linear and continuous maps 7 : N; — N,.
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[ Wi [, v1] < K (1l 20 oo 1o 1617 =], ) (314)

for every u,v € Hy (U).
We also define the respective energy functional &; : Hé (U) > Ry U {0} by

E (s, 8,15) 1=

DN | =

(IDC+Olgsy + Gs s, 8.15)

where G, : Hj (U) - R, U {oo}, with

GS(';a47§9rS) :=/V(|.+€|;a47rs)dxv

U

for which we have

|Gs(w) —Gs(v)| <K (lull,Z,U’ V120 1€0.00.0 ’|C|2 - P|02U) lu—=v[5,0s (3.15)

from (3.6), (3.12), as well as (3.13) and the (2.3) if n = 3. Moreover, G; (0) < K <|C|0’00,U, ’ I - p'o . U),which is obtained
easily from (2.8). Hence, from (3.15) and the triangle inequality we get us -

Gy ) <K (120 1eloor 112 = 1], ) (3.16)

for every u € Hy (U) and so &, G, : Hy (U) — R,.

4 | SOLUTIONS IN BOUNDED SETS

4.1 | Existence forr € R

Here, we assume that U c R" is bounded.

Theorem 1. Let uy € H(l) (U) and a« = a3. Then for every T > 0, there exists a solution u; € L*® (J ;H(l) (U)) N
whe (J;H™ (U)) of (3.2), such that

K (|u0|1,2,U’ 1<l 20 |C|0,a3+2,U) , fr=0

: 4.1)
Ku (1tol1 20 1€ 20s 1€ loggs2u) » i F <0,

[wsloga20 + |u§|O,J;—1,U K= {

Proof.

Step 1: 'We make use of the standard Faedo-Galerkin method. It holds true that Hé (U) < L2 (U); hence, there
exists a countable subset of H(l) (U) n C* (U), which is an orthogonal basis of L? (U), eg, the complete set of
eigenfunctions for the operator —A in H(l) (U).T Let {wy Jhey € H(l) (U)NC* (U) be that basis, appropriately nor-
malized so that {wy };2, be an orthonormal basis of L? (U). Fixing any m € N*, we define d,, € C* (J,,,; C™),
with d,, (t) = [d}, V), - - -, At (t)]T, to be the unique maximal solution (i.e. J,, with 0 € I2, is the maximal
open interval on which the solution is defined) of the initial-value problem

{ d,, () = Fin (dm (1), VEE T},
dm (0) = [(Llo, Wl) st (u07wm)]T7

where F,,, € C* (R?™; C™) with

Fk (z) :=iN

m
ZZ[WI,Wk] , forallze C", withz :=[z1, - -.2Zn]", and all k € {1,---, m}.
=1

IThis specific subset is an orthogonal basis of both H} (U) and L? (U).
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Step 2:

Step 3:

Step 4:

Now, we define u,, € C* (J,,; H} (U) n C* (U)), with

wy (0) 1= ) db (D wi

k=1

It is then trivial to verify that
i (uin,wk) + N'[um, w] = 0, everywhere in J,, and forallk € {1,---,m}. (4.2)
Note that tgy = Uy (0,-) = Wy (0) — Uy in L2(U) and |uomloou < luoloou - Furthermore, |uom|; 5y

[uol; 2 u- Indeed, since Zl‘(n:l axwy € span {wy},, for some {ay} c C we have that (Augy, Uoy)
(Augmy, Up); hence, we get

InIA

m
k=1

1 1
|Du0m|§,2,U = —(AUom, Uom) = (DUom, Dug) < 3 |Du0m|§,2,U + 3 |Du0|(2),2‘U .

Therefore, |Du0m|0’2’U S |Du0|0’2’U.
We multiply the variational equation in (4.2) by —dX, (t), sum for k = 1, ... ,m, and take real parts of both
sides, and thus obtain

%e (u,,) = 0. thatis & (u,,) < & (uy). (4.3)

hence, if r > 0 we have that |uy,|, ,y < K and thus J,, = R. Since m € N* is arbitrary, we get [u,|,,y < K,
for all m € N*. Hence, we conclude that {u,,},,_; is uniformly bounded in L (R; H(l) (U)), with

[Wnloou < K, Vm € N*. (4.4)
If r < 0, from (3.5) we have that |Du,|,,y < K and thus J,, = R. Therefore, from the Poincaré inequality,
we also get [u,]g,y < K and thus (4.4) follows for Ky instead of K.
We fix an arbitrary v € H(l) (U) with |v|;,y < 1 and write v = Pv @ (I — P)v, where P is the projection in
span {wy };L,. Since u};, € span {wy };_, and V' [h, g] is (conjugate) linear for g, from the variational equation
in (4.2), we get that

(up,v) = (up,v) = (uy, Pv) = iN [ug, Pv].

Applying (3.3), we derive |(u},,v)| < K. Hence, {u;ﬂ}::l is uniformly bounded in L* (R; H™! (U)), with

|u§n|0;_1,U < K,Vm € N*, (4.5)
Let T > 0.From (4.4), (4.5), Theorem 1.3.14 i) in® and Proposition 1 i), there exist a subsequence {uml }Zl c

{u,,}_; and a function u; € L= (J;H} (U)) n Wi (J;H™! (U)), such that

u,, (t) = uy (t) in Hj (U), for every t € J and also |uy|g 1,0 < K. (4.6)

H-1(U) is separable since H(l) (U) is separable, hence by the Dunford-Pettis theorem (see,
e.g, Theorem 1, section IlL.3) we have L* (J; H~ (U)) = (L' (J;H} (U)))". In virtue of the above, from (4.5), the
Banach-Alaoglu-Bourbaki theorem (see, e.g.,? Theorem 3.16 and 1 Proposition 1 ii), there exist a subsequence
of {up, }: ,» which we still denote as such and a function h € L*® (J;H71 (U)), such that

uinl—*\h in L (J;H™' (U)) and also |h|y;._,y < K. 4.7
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From the convergence in (4.6), Lemma 1.1, Chapter 3 in,”® along with the Leibniz rule, we can derive that
/ (u)y, wv) dt — / (), yv)dt, Yy € C:(J),veH;U),
I I

henceh=u'.
7
Step 5a: Since U is bounded, H(l) (U) < L[?2(U) - H'(U) (see Remark 1). Hence, from (4.4), (4.5) and the
Aubin-Lions-Simon lemma (see,? Theorem I1.5.16) ‘there exist a subsequence of {uml }zl, which we still denote
as such and a functiony € C (J;L*(U)), such that

u,, —yin C (J;L*(U)). (4.8)

From the convergence in (4.6), we deduce thaty = uj.
Step 5p: Since a3 # ﬁ forn > 3, from (4.4), (4.8) and (2.3) we have

u,, — uyin C (L% (U)). (4.9

1

Step 5y: From (3.1), (4.4), the bound in (4.6), (4.8) and (4.9) we get

g(up) —> gy inC(1;Y,,). (4.10)

Step 6: Let now y € C® (J) and fix N € N*. We choose m; such that N < m; and v € span {wk}szl, hence, by the
linearity of the inner product, we get from (4.2) that

/i (W, V) + N [0, wv] dt = 0.

J

We then pass to the weak, *-weak and strong limits (since yv € L' (J ; H(l) (U))) to get

/i (uf,wv) + N [uy, yv]dt = 0.
I

Since y is arbitrary, u; satisfies the variational equation in (3.2) for every v € span {wy }Ik\':l. By the linear and
continuous dependence on v, we get the desired result, after letting N — oo.

For the initial condition, we fix an arbitrary t, € J*. Letv € H(l) (U) be arbitrary and ¢ € C' (J) such that
¢ (0) # 0 and ¢ (tp) = 0. We then have from,?*® Lemma 1.1, Chapter 3, along with the Leibniz rule, that

t ty

/ (w),. pv) dt = —/ (W, ') dt — (thop,. P (0)V)

0 0
t0

)
/(u},d)v)dt:—/(uj,d)'v) dt — (uy (0), ¢ (0)v).
0

0

Passing to the x-weak limits in the first equality, using that ugy, — uo in L2 (U) and the fact thatv € H(l) U)
is arbitrary, we derive that u; (0) = uo. O

4.2 | Uniqueness and globality

It is obvious that the uniqueness of the extracted local solutions implies the “globality” of those solutions.

Proposition 10. Let u; be as in Theorem 1 and { € L* (U). Ifn = 1,orn = 2and a € (0,2], then u; is unique
everywhere in J.
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Proof. Letug; = upz and uj, u;, be the corresponding solutions. Settingw : = u;; — u;,, we have

H

iw +Aw — (g (uy1) — g (w2)) B 0, a.e.in J. (4.11)

We apply the functional of (4.11) on w, and take the imaginary parts of both parts to get us

% |w|(2)’2‘U < C|<g (wy1) —g (w2) ,w>| , ae.inJ. (4.12)

Ifn = 1, from (3.7) and (4.1) we deduce that

d

at |W|(2),2,U -C |W|g,2,U <0,

hence w = 0 everywhere in J, from Gronwall's inequality, since w (0) = 0 and w € C (J L2 (U)).
Ifn = 2, we get, from (4.12) and the fact that { € L* (U),

t t

W3,y < c/ ‘(g (uy1) —g(uu),w>|dsg c/ |w|§72,U+/(|uJ,1|z+ |uJ,2|2) |w]|2dx | ds,

0 0 U

for t € J*. In order to estimate the spatial integral, let p > 2. Then

/|uJ,1|2|W|2dx=/(|uJ,1|p|W|2);|W|%de
U U

(4.13)

P 4 2p-4

“d P 2 2%4 o~ 2p » r
< |uJ>1| |w|“dx IWI0,2,U < |uL1| dx IWI0,4,U IWI0,2,U'

18} U

Applying (2.4) and (2.5), we get, from the scaling invariant embedding Hj (U) < L* (U) and (4.1), that
R 24
[uy1|*Iwl*dx < Cp W3-
U

By repeating the above argument for the second term inside the parenthesis, we deduce, for p sufficiently large such

2p—4

that [wl|3,; < p W] that

p
0,2,U°

2p—4

w2,y <Cp [ Wl ds. VtelT.

p
0,2,U

Therefore,

ﬂ
(w5, ds < (C:, Vel
0

Choosing ty € J* sufficiently small, we have from Fatou's lemma that

ty ty 2p—4
2 .
wW dtshmlnf/ w| ? ds<0,
/0 Wlo2u o o IWlo2u

which implies that w = 0 on [0, ty]. By repeating the above argument as many times as needed in order to cover J*,
we get us uniqueness. O

4.3 | Special solutions

Theorem 2. If we replace N with N in (3.2), then for every T > 0, there exists a solution uy € L*® (J; H(l) (U)) N
whe (I;H™ (U)) of (3.2), such that
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2
Wlosazw + [Wos o < K (Molaws 1€l [IK7 = 0| ). (414)

Proof. We use the proof of Theorem 1 as a pattern. Throughout the proof, we set g, N, & and G; instead of g, N, €
and G, respectively. The proof goes as the aforementioned one, with the following modifications:
Step 2: From (4.3) and (3.16) we get

1Dumloz < K (lol 20 Wl [1EF = o], ) ¥Yme N (415)

and thus J,, = R. Then, we multiply the variational equation in (4.2) by E(t), sum for k = 1, ... ,m and take
imaginary parts of both sides, and thus obtain

1ld
2dt
Applying (4.15) and expanding in view of (2.9), we deduce

[y, — Im (DS, Dty) — Im (| + C1% + 1) Wy + &) up) =0. (4.16)

d 1
T nleo = K (Il Il 167 = |, ) (1+ Manlgi g ) <. (417)

In order to estimate the non constant term inside the parenthesis, we imitate the technique which has already been
. 2 . . o
developed for the proof of Lemma 3.3 in."* We set B = (A,),4 + ¢lo.ou + 1) , where A,, is as in Proposition 2, Q :=

{er| W + | < \/E} and R := Q° N U. Then

o,+1 2 -1 1
|um|()?a4+1,U = / |um| |um|m4 dx"‘/ |um|a4+ dx <
Q R

(A1)
< / IumlzlumI“4_1dX+C/ 1% + |y, + ¢ % dx <
R

{xeUl |w, | <VB+¢lowu }

2.7) c
< (VB+1lowu) Mnldou+C el / dx + CGy () < (4.18)
R

Cleloeou

(\/E— |C|o,oo,U)

Cc
2
S (\/E+ |§|0,00,U) |um|0’2’U +

= |wnlg,y + CGs () <

(3.16)
2 2
< K (1ol I€llvw [IKF = o] ) (L Tunly)-

Let T > 0. From (4.17) and (4.18), we derive that
[Wnlozw < K (1ol 1€l [ 112 = 0] ) ind. vm e N, (4.19)
From (4.15) and (4.19) we conclude that {u,,},,_; is uniformly bounded in C (J ; Hé (U)), with

[Wnlosa20 < Ki (Iol 2w Il [ 1612 = |, ) Ym e N (4.20)

Step 3: We make use of (3.14) instead of (3.3) to get that {uin}:::l is uniformly bounded in C (J; H™! (U)), with

[Wlosioro < Ko (lohaw: Il [IKF =], )+ ¥m e N (4.21)

Step 4 and step 5: We omit the first sentence in STEP 4. We refer to (4.20) instead of (4.4), to (4.21) instead of (4.5).
We also set K (luo l12.0s I 11wy I ¢ - p|0 , U) in place of K. We omit STEP 5. In STEP 5y we refer to (3.7), (3.8) and
(3.10) instead of (3.1), we omit the reference in (4.9) and also we replace Y,, with L?(U)ifn = 1,2and Y, ifn = 3.

O
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5 | SOLUTIONS IN UNBOUNDED SETS

Theorem 3. Let U C R" to be unbounded and u, € H(l) (U). Then the conclusion of Theorem 2 still holds.

Proof.

Step1:  Since U open, we fix an arbitrary B, (xo) C U. Let uox := Runklo, for all k € N*, where {ny};, as in
Appendix B. Hence, for all k € N*, we have that

|u°~k|1,2,U < Cluoly 2 u- (5.1)

‘We also notice that

Uox =0, in B, (x0)* N'U,

hence, by fixing a 6 = 6 (0, a;) such that § < a; — ¢ and by setting By := B, 45 (xo) N U, for every k € N*,
we obtain that {Rp, uo,k};; C H} (By) (see also Lemma 9.5 in**). Moreover,

Uox — U in L* (U). (5.2)
Indeed,

|uok = oo,y = 101 = Duolopu < luol, 5 (xo)nu ~ O
T ag

Step 2a: Fixing any k € N*, we consider (3.2) (with N instead of N') in U = By, where we take Rp Uox
as our initial datum. Let T > 0. From the proof of Theorem 2 it follows that there exist {uf}> C
C= (J;H} (U) n C* (U)), such that

k kr 2 *
u <Kl lu s | — | , Vm e N*, 5.3
AR 1 R J<| okl 2, 1 e 167 = o], (53)

From (5.1) and (5.3) we deduce that

g

m

<K (luoh 2 €l [1612 = 0], )+ Vme N (5.4)

‘O,J;I,Z,Bk | 0,J;—1,B,

For convenience, we set £ := Kj <|u0|1,2,U, IS x1 ) ||C|2 - p‘02U>.
Step 2f: From the fact that the local regularity of the eigenfunctioffs at the boundary depends on the local
smoothness of the boundary and also that dB;\oU € C*, we get that u¥,, uk! € C* (9B, \dU), with

k k
RaBk\aUum = RoBk\()UuWi =0, Vme N*.

Therefore, the extensions by zero vi‘n = £Uulfn, for all m € N*, are continuous in dBx\0U and thus

{(vE )2 c C= (3, H} (U)). Evidently,

[0 =
0,J;1,2,U

k kr
u and ‘v =
| m "o.1-1,U m

’k/

’0,];1,2,Bk 0J:-1,B,

hence, from (5.4), we get that

k

|Vm kr

m

<K, Vm e N*.

|0,J;1,2,U | IO,J;—I,U

Step 2y: Since k € N* is arbitrary, {vﬁ‘n}fmzl c C* (J;H} (U)) with

kr
m

| f,,| | ) <K, Vk.m € N*, (5.5)
0,J;1,2,U 0J;—-1,U

and we intend to pass to the limits k, m — 0.
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Step 3a: We fix the diagonal subsequence {V%}::l. Dealing as in STEP 4 of the proof of Theorem 1, there exist a
subsequence {V,,' b € {vm}>_ and afunction u; € L* (J;H} (U)) n WL (J;H™! (U)), such that

Vp, () =y (t) in Hy (U), forevery t € J ,
L L L

=1 —

g0 < K. (56)
m
Step 34: From (3.7),(3.8),(3.10),(5.5) and Lemma 3.3.6 in® we deduce that {g; (v,,') }Zl is bounded in C°3 (322 (U))
ifn = 1,2, orin Co’é (J;Yy) if n = 3. Hence, from Proposition 1.1.2 in the same reference book, there exist

a subsequence of {vﬁl’}; ,» Which we still denote as such, and a function f € C (L2 (U)) ifn = 1,2, 0r
f e C;Y,)if n = 3, such that

m, N . L?(U), ifn=1,2
g (Vi () = £(t) in { Y, ifrn=3 forevery t € J. (5.7)
We then deal as in STEP 6 of the proof of Theorem 1 to get

o, H(U) .
iy +A(uy+¢)+f =0, ae. inl.

(5.8)

Step 3y: Let Q be any bounded c U, such that H! (Q) << L2(Q), e.g. a ball (see Remark 1). From (5.7) and
Proposition 4 we have

: L*(U), ifn=1,2
g (RQV::[I (1) = Rags (vzl’ (1)) = Rof (t) in { Yz,( ) ifz _ 3: forevery t € J. (5.9

On the other hand, from the first convergence in (5.6),
Rav,, (t) = Rouy (1) in Hy (Q), for every t € I,

hence, from the weak lower semi-continuity of the H'-norm and the aforementioned compact embedding,
we obtain that there exist a subsequence of {v,r,';’ }zl which we still denote as such, for which we have

Rav,, (t) > Rauy (t) in L*(Q), forevery t € .
From (3.7), (3.8), (3.10) and the latter convergence we get
. L?(U),ifn=1,2
gs (RQV:ZII (t)) — g (Rouy (t)) = Rags (uy (b)) in { Yz( ) ifZ _ 3’ forevery t € J. (5.10)

From (5.9) and (5.10) we derive Rqg; (ur) = Rof and since Q is arbitrary, g (uy) = f, hence (5.8) becomes

. H™'(U) .
' +A+¢)+g@my) = 0, ae inl.
Step 4:

As far as the initial condition is concerned, we employ (5.1) when we deal as in STEP 6. uy (0) = ug then
follows. N
5.1 | Uniqueness and Globality

Again, it suffices to show uniqueness to also gain globality. Here, we make use of the estimate (3.11) for n = 3.

Proposition 11. Let uy be a solution as above. Ifn = 1,orn = 2and ay = 2,0rn = 3and U = R3, then uy is unique
everywhere in J.

Proof. For the first two cases the proof is exactly as of Proposition 10. For the third case, let w be as in the
aforementioned Proposition. We first note that w takes the form (see, e.g.,%)
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t
W= i/ T (t—s) (g (1) — g (w2)) ds, ae.inl, (5.11)
0

where 7 (t) € £ (LI% (R3);LP (]R3)) forp € [2,0] and t € J*, with

7 (v = <L>el v, VvelLr (R®) and ||T(t)||£<

)

o=

4rit LT (R3);Lp(R?)

) < a5
Letty € J* andJo =[0,ty]. Now, the pairs (g 4) and (oo, 2) are admissible.” From (5.11), (3.11) for p; = % andp, = 1,

as well as the Strichartz estimate (see, e.g.,6 Theorem 2.3.3, gp 9 Theorem 2.3y 'yye have
|W|0,oo,J0;0,2 <C <|W|0!§’J0;0,4 + |w|0,1,J0;0,2)
|w|0’§’_]0;0’4 <C (|W|0,§,J0;0,4 + |W|0,1,J0;O,2> :

Applying (A4) (for (p,q) = (g %) and also (p, q) = (o0, 1)), the above estimates yield

IW1o,00,5,:02 < Ctg <|W|O,§,JO;0,4 + |W|O,oo,J0;0,2>
IWlos 5,04 < Clg <|W|0,§,JO;0,4 + |W|0,oo,10;0,2> :
For sufficiently small ty, we then get
IWlo,00.5,:02 |W|0,§,J0;0,4 =0,

therefore, w = 01in [0, to]. Uniqueness follows by repeating the above argument as many times as needed in order to
cover J. O
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APPENDIX A: USEFUL INEQUALITIES

We first state two elementary inequalities.

Theorem 4. Letp > 0, > O0andz;,7; € C. Then

|21 + 22|P < C (|z1]” + |z2IP) (A1)

and

121121 — |221°22] < Clz1 — 22| (|22]” + 122]%) - (A2)

We also recall Young inequality with constant e and Holder inequality.

Theorem 5. Leta,b € [0, 00) and p,q € (1, o), such that 11) + i = 1. Then

1
q

(ep)rq

ab < eaP + Cb4,Ve > 0, where C = . (A3)
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Theorem 6. Letp,q € [1, o], such that 11) + i =1, uelPU)andv € L1(U). Then

/ luv| dx < |ulopulvloqu- (A4)
U

The following result is a version of the Gagliardo-Nirenberg interpolation inequality taken from.*

Theorem 7. Letq,r € [1,0] and j,m € Nq such thatj < m. Then

0
1 i} 1-6 m n
Il;'lD u’(),p < C<Il; ‘D u‘o’r> |u|0,q , YueC; (R )’ (A5)
=J =m

where

D n

where C is a constant depending only on n, m, j, q, r and 0.
There is an exception:

1 j+9(1—ﬂ>+(1—6)1, vae[i,1],
r n q m

Ifm-—j— % € Ny, then (A5) holds only for all 6 €

L 1> .
m
Remark 1. The following Sobolev embeddings are true (see, eg, Brezis*)

1 1 m

WP (R") < L9 (R™),where — = — — —with mp <n,
(") < 12 (%) cwhere 1 = 2 - Pitn mp

W™ (R") & LI (R"), where q € [p, o) with mp = n,
W™P (R") & L (R"), with mp > n.

It is then easy to see that the following embeddings

W, (U) & L9(U), where % = % - % with mp < n,

W (U) & L9 (U), where q € [p, o) with mp =n,
WP (U) & L* (U), with mp > n

are also true for every U C R". These embeddings are, additionally, scaling invariant, since, for every inequality of the
corresponding embedding, we have Cy = Cr. = C for every U C R". Indeed, we only have to notice that

u € C™(U)
ECP(U) c " (R") and |D”u|o u= ’DﬂEuIO ,V { multi-index g such that 0 < || < m
P, P
p €[1,00],

(see also Adams and Fournier®*). By the use of the above argumentation, we see that Theorem 7 is also true for every
ue W(;" P (U) and also (A5) is scaling invariant in the aforementioned space.
We note that the embeddings

W™P (U) < L4(U), where é = % - % with mp < n,
W™ (U) & L9 (U), where q € [p, o) with mp = n,
WP (U) & L (U), with mp > n,

fies the cone condition, (3) any bounded U with a locally Lipschitz boundary, (4) any Lipschitz domain, etc (see
textbooks*>**** for definitions and more examples/counterexamples). Evidently, these embeddings and the corre-
sponding inequalities depend on the choice of U. Moreover, for the above special cases of U C R", the (compact)
Rellich-Kondrachov embeddings

are true for appropriate choices of U C R". Possible such choices are as follows: (1) R%, (2) any U that satis-
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W'? (U) < L9 (U), where g € [1,p*) and % = 113 - % with p < n,

W'? (U) < L (U), where g € |p, o) with p =n,
W U) > C(U), withp > n,

are true if, in addition, U is bounded. On the contrary, if we replace W'? (U) with WO1 P (U), there is no restriction
on the choice of U, except for being bounded. The latter follows from the fact that we only need the aforementioned
continuous embeddings and the boundedness of U, in order to prove the compact ones.

APPENDIX B: CUT-OFF FUNCTIONS

Let f € C*® (R) with

_1
t) 1= €l,t>0
F® {0, >0

B, (Xo) C R" fixedand {ax}{2 | C R, increasing, such thatax > oforallk € N*andax /' co. We define {mc}, € C& (R™)
by
S (ax =[x —Xo|)

X; X0, Ag—1, A) 1= ,Vx e R" k e N*\{1
e G0 o, G-, 0k = e e ) + (@ — K= %a]) \1)

and

_ Sf(ar =[x —Xol)
fUx=%o| —0)+ f (a1 — |x = %o|)’

m (% B, (x0), 1) : vx € R".

It is trivial to show that

_J 1, xeB, , (x0) * _ ) 1, xeB,Xo)
M (X) = { 0. x € R\B, (x,). vk € N\ {1} and m (x) = { 0. xe R%\Bal Xo).

and that, also, ifax ;1 — ax = a; — ¢ = C for all k € N*, where C is independent of k, then |Dﬁ’730(x0),k|0 < Cp, for
some {Cp } oo C Ry, uniformly for all k € N* and every g such that |§| = m. In particular, C, = 1. ’
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