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Abstract

An inequality, which combines the concept of completely monotone functions with the theory

of divided differences, is proposed. It is a straightforward generalization of a result, recently

introduced by two of the present authors.
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1 Introduction

In [2], the study of the generalized one-dimensional problem of Population Ecology led to the
following multivariate analogue of a basic inequality,

n

∏
i=1

(1 + xi)
ai ≤ e

1

n

n

∏
i=1

xi

, where

x1, . . . , xn are pairwise distinct non-negative real numbers and

ai ∶=

n

∏
j=1
j≠i

xj

n

∏
j=1
j≠i

(xj − xi)
,

with the equality holding only when one xi equals zero.

(1)

Here we show that (1) is a special case of an inequality which involves a certain class of smooth
non-negative functions, i.e. the completely monotone ones (see Definition 1). In particular, we
show the following result.

Proposition 1. Let f ∶ (0,∞)→ [0,∞) be completely increasing (decreasing).

1. Then

f (n−1)(0) ∶= lim
x→0+

f (n−1)(x) ∈ R ∋ lim
x→∞

f (n−1)(x) =∶ f (n−1)(∞), ∀n ∈ N. (2)

2. Let, also, x1, . . . , xn ∈ (0,∞) be pairwise distinct, with

m ∶= min
i∈{1,...,n}

{xi} and M ∶= max
i∈{1,...,n}

{xi}.
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Then

(−1)n−1
(n − 1)! f (n−1)(a) ≤

n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
≤
(−1)n−1
(n − 1)! f (n−1)(b), ∀ (a, b) ∈ [0,m] × [M,∞]

⎛⎜⎜⎜⎜⎜⎜⎝
(−1)n−1
(n − 1)! f (n−1)(b) ≤

n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
≤
(−1)n−1
(n − 1)! f (n−1)(a)

⎞⎟⎟⎟⎟⎟⎟⎠
.

(3)

If, in addition, f is strictly completely increasing (decreasing), then the inequalities in (3)
are strict.

The present short note is organized as follows: In Section 2 we introduce some basic notions
and we state a preliminary result, which both are necessary for the statement and the proof of
Proposition 1 in Section 3. In Section 4 we give examples of the proposed inequality, one of which
is (1).

2 Preliminaries

First we give the definition of completely monotone functions.

Defintion 1. 1. A function f ∈ C∞((0,∞) ; [0,∞)) is completely increasing (decreasing) iff

(−1)nf (n)(x) ≤ 0 ( (−1)nf (n)(x) ≥ 0 ) , ∀ (x,n) ∈ (0,∞) ×N.
Moreover, f is strictly completely increasing (decreasing) iff the above inequality is strict.

2. A function f ∈ C∞((0,∞) ; [0,∞)) is (strictly) completely monotone iff it is either (strictly)
completely increasing or (strictly) completely decreasing.

We note that the notion of complete monotonicity as suggested in Definition 1 does not appear in
bibliography, where completely increasing functions are called Bernstein functions (see, e.g., [6]),
and completely decreasing functions are called completely (totally/absolutely) monotone (mono-
tonic) functions (see, e.g., [3] and [6]). To the authors’ knowledge, the notion of strict complete
monotonicity is also new.

Additionally, we state a generalization of a well known result to higher derivatives, the mean
value theorem for divided differences (see, e.g., [4], [5], or [1]).

Theorem 1. Let x1, . . . , xn ∈ R be pairwise distinct, with

m ∶= min
i∈{1,...,n}

{xi} and M ∶= max
i∈{1,...,n}

{xi},
as well as f ∈ C([m,M] ;R) ∩Cn−1((m,M) ;R). Then ∃x0 ∈ (m,M), such that

[x1, . . . , xn;f] ∶= n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xi − xj)
=
f (n−1)(x0)(n − 1)! .

3 Proof of the main result

We proceed by proving Proposition 1.

Proof. 1. Let n ∈ N be abstract. We define g ∶= (−1)nf (n−1) and we have

g′(x) = (−1)nf (n)(x) ≤ 0 ( g′(x) ≥ 0 ) , ∀x ∈ (0,∞) ,
hence g is decreasing (increasing), which means that

lim
x→0+

g(x) ∈ R ∋ lim
x→∞

g(x)
and (2) then follows.
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2. From Theorem 1, ∃x0 ∈ (m,M) such that

−
n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
= (−1)n [x1, . . . , xn;f] = (−1)

n
f (n−1)(x0)(n − 1)! .

In the light of point 1., we then get

(−1)n
(n − 1)!f (n−1)(b) ≤ −

n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
≤
(−1)n
(n − 1)!f (n−1)(a), ∀ (a, b) ∈ [0,m] × [M,∞]

⎛⎜⎜⎜⎜⎜⎜⎝
(−1)n
(n − 1)!f (n−1)(a) ≤ −

n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
≤
(−1)n
(n − 1)!f (n−1)(b)

⎞⎟⎟⎟⎟⎟⎟⎠
and (3) then follows.

4 Examples and corollaries

The first example is that of the positive constant functions, which of course are both completely
increasing and decreasing. Therefore, considering f ∈ C∞((0,∞) ; (0,∞)) where

f(x) ∶= 1, ∀x ∈ (0,∞) ,
we have

lim
x→0+

f (n)(x) = 0 = lim
x→∞

f (n)(x), ∀n ∈ N
and we deduce from Proposition 1 that

n

∑
i=1

1
n

∏
j=1
j≠i

(xj − xi)
= 0 , ∀n ∈ N ∖ {1} .

We now pass to more complicated examples. For this purpose, we have to refer to a catalogue of
completely monotone functions. Extended lists of completely increasing and decreasing functions
are contained in [6] and [3], respectively. For example, the function f ∈ C∞((0,∞) ; (0,∞)) where

f(x) ∶= ln (1 + x)
x

, ∀x ∈ (0,∞) ,
is completely decreasing, and in particular, strictly completely decreasing. Besides, we have

lim
x→0+

f (n−1)(x) = (−1)n (n − 1)!
n

and lim
x→∞

f (n−1)(x) = 0, ∀n ∈ N. (4)

Therefore, from Proposition 1 we deduce

0 <
n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
<

1

n
, ∀n ∈ N

and (1) then follows.
To sum up, the main result proposes an elegant, systematic and unified approach for the proof

of (1) and relevant inequalities. The price we pay is the evaluation of quantities such as (4).
Below follow more examples. We note that the choice of these examples is based on
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• the finite behavior at 0 and ∞ of the corresponding completely monotone functions and
their derivatives, in order to avoid a trivial right-hand side inequality of the following type[0,∞) ∋ A ≤ B ≤ ∞, as well as

• the simplicity of the evaluation of the right/left-hand side of (3), in order to keep the pre-
sentation as compact as possible.

1. Strictly completely increasing functions :

i. Let α ∈ (0,∞) and f ∈ C∞((0,∞) ; (0,∞)) where
f(x) ∶= x

α + x
, ∀x ∈ (0,∞) .

Then

lim
x→0+

f (n)(x) = (−1)n+1n!
αn

and lim
x→∞

f (n)(x) = 0, ∀n ∈ N,
hence

0 < −
n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
<

1

αn−1
, ∀n ∈ N ∖ {1} .

ii. Let β ∈ (0,∞), α ∈ (0, β) and f ∈ C∞((0,∞) ; (0,∞)) where
f(x) ∶= ln(β (x + α)

α (x + β)), ∀x ∈ (0,∞) .
Then

lim
x→0+

f (n)(x) = (−1)n+1n!
n

( 1

αn
−

1

βn
) and lim

x→∞
f (n−1)(x) = 0, ∀n ∈ N,

hence

0 < −
n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
<

1

n − 1
( 1

αn−1
−

1

βn−1
) , ∀n ∈ N ∖ {1} .

2. Strictly completely decreasing functions :

i. Let α ∈ (0,∞) and f ∈ C∞((0,∞) ; (0,∞)) where
f(x) ∶= e−αx, ∀x ∈ (0,∞) .

Then
lim
x→0+

f (n−1)(x) = (−1)n−1αn−1 and lim
x→∞

f (n−1)(x) = 0, ∀n ∈ N,
hence

0 <
n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
<

αn−1

(n − 1)! , ∀n ∈ N.

ii. Let α,β, γ ∈ (0,∞) and f ∈ C∞((0,∞) ; (0,∞)) where
f(x) ∶= (α + βx)−γ , ∀x ∈ (0,∞) .

Then

lim
x→0+

f (n−1)(x) = αγ+n−1βn−1( −γ
n − 1

) (n − 1)! and lim
x→∞

f (n−1)(x) = 0, ∀n ∈ N,
hence

0 <
n

∑
i=1

f(xi)
n

∏
j=1
j≠i

(xj − xi)
< αγ+n−1βn−1(γ + n − 2

n − 1
) , ∀n ∈ N.
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