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Assume n > 3. Then
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where
2n

n—2
Talenti (1976): Best constant

2" =

(Sobolev exponent)

Extremal L
u(x) = (1 + |x|2)_T

The best constant remains the same if R” is replaced by a smaller
domain; but no extremals in this case.
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Hardy inequality

n—2\2 u?
Vu2dx2( ) / —=dx, ue C(R"

e The power |x|? is optimal

e The constant (”52)2 is sharp

_n=2 .
e No extremals; |x|” 2 solves the Euler equation

To prove sharpness use

X7 x| < 1,
ue(x) = a2,
X727, x| > 1.



Interpolation between Sobolev and Hardy inequalities gives that for
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Interpolation between Sobolev and Hardy inequalities gives that for
any 2 < p < 2* there holds

. 2/
(1) [ 1VuPde = S, [ X upa)” we cx(®)

Sharp constant computed by Lieb ('83)

n—2\EE[ 2mPT3(5E) =
wo=22("7) | (%J

2 p—=2)r(x)r

Extremal

(P2"2)) %

u(x) = (1+|x]
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Problem: Combine Hardy and Sobolev inequalilties

More specifically: can we improve a Hardy inequality by adding a
Sobolev term to the RHS ?

*

2 * 2
/yqudxz c*/ Zde+c(/ WP Wa) L e (@)
Q Q Q

with d(x) some distance function, W(x) some weight and c* the
sharp Hardy constant ?
Most important cases:

(i) d(x) = x| with 0 € Q

(i1) d(x) = dist(x, 0Q)

(iii) d(x) = |x| with 0 € 9
— a number of such results

We are interested in Sobolev improvements involving explicit/sharp
Sobolev constant c.
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Hardy inequalities involving the distance to the boundary

Q C R, d(x) = dist(x, 0Q)

2
/QVuzdx > C/Q %dx, ue C(Q)

If Q is bounded with smooth boundary then the Hardy inequality is
valid and the best constant is < 1/4.

If Q is convex then the best constant is 1/4.

B., Filippas, Tertikas ('04). If
Ad <0, in Q,

then the best constant is 1/4.
Proof. The function d/2 is a positive supersolution to the Euler
equation.
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A Hardy-Sobolev inequality. Consider Q = R3. Then

1/3
/ Vul?dx > 53(/ u6dx> , ue CP(R3)
R R?

J

Benguria, Frank, Loss ('08). There holds

1 2
/ |Vul?dx > / u2dX+S3(/
R3 4 Jr3 X3 R

for all u € C°(R3) l I

and
2

1
Vuldx > 4/R Ydx,  ue CE(R).

3 3 X
a + 73
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Proof. Write pomts inR7 as x = (x,y), x € R™ 1 y e R,. Let
H=-A-g 147, a self-adjoint operator on L2(R7).



Proof. Write pomts inR7 as x = (x,y), x € R™ 1 y e R,. Let
H=-A- y 147, a self-adjoint operator on L2(R7).

Let Gpar(x, x', t) be the corresponding parabolic Green function:

up = Au+ 25u
‘ 4’ = u(x,t) / Gyl (%, X, t)ug(x')dx’
u(x,0) = up(x) n

Change variables: v = ,/yv. Then the problem is transformed to
1
Ve = AV + vy, + W
v(x,0) = vp(x)
This is the heat equation on
R = {(x,2z) : x e R", z € R?}

acting on functions that are radial with respect to z € R? (so
y =l2]).



Write v(x,y,t) = 0(x,z,t), ¥ radial w.r.t. z € R?. Then

~ _ntl ,M ~ / / / /
U(x,z,t) = (4nt)” 2 e a Uo(x', z")dx dz
Rr—1 JR2
that is

v(x,y,t

2 2
_Ix=x | + —yy' cos@
(4mt)™ / / / = +y “ y'vo(xX',y")dx'dy’'do
Rn—1

Going back to the functions u, ug this gives

u(x,y,t

2m 220 2
[x=x"|“+y“+y'“—yy cos 6
(4t)™ / / yy'e” BT ug(x', y")dx'dy’ df
Rn—1




So

2w

__n+l _ |X*Xl\2+}/2+y/2 yy/ cos 6

Gp';’,r(xx t) = (4rt)” 2 \/yy'e at e 2 df
0

Hence we can compute the elliptic Green function for H,

Gli(x,X) = /0 G,Z,(xx t)dt (x,x' € RY)

n—1

27 _
= Cn\/)/)/’/ (|X—X'\2+y2+y'2—2yy’cos€> 2 do
0

Let
G R (x,x)=chlx =X >, (x,x' € R")

denote the Green function for the Laplacian in R”. It may be seen
that if n = 3 then

Ge’}’,(x,x’) < G;”A(x,x’) , (x,x" € Ri’r)
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or equivalently S3|[(—A)~Y/2g||? ,, -~ HgH%z(Ra)
By duality S3[(—A) g% ps < Hg|!2 2 0
Let f,g € C°(R3). Then
(F.8) ey = [(HY?F HT2g) o
< (Hf, f>L2(]Ri)<H71gag>L2(R1)
(Hf, f>L2(]R3)<(_A)_1g 8)12(w3)

<Hfa f>L2(]R3 || H

IA

IN

L n+2 (R3



Completion of proof. The Sobolev inequality in R3 is

(=B, ) 2(ps) = 53”“”i%z(Ra)

or equivalently  S3[[(=A)"2g|? 5 < llgFaqas)
By duality S3[[(—2) g|7us) < HgH2 2
Let f,g € C°(R3). Then

+2(R3)

(F,8) a@nyl® = [(HY2F H Y 2g) ey P
< (Hf, f>L2(Ri)<Hilgag>L2(R1)

< (Hf, f>L2(]R3)<(_A)_1g 8)12(r3)
< <Hf, f>L2(]R3 || HL"+2(R3
Hence 1
2
191, 2y g < 5 (P ey QED
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/|Vu| dx> /| |2dX+ /]u]pdx

Filippas and Tertikas ('02). Let

1

X(1) T 1 It

€ (0,1).

Let ©2 be a bounded domain and D = supq |x|. Then there exists
¢ > 0 such that

5 n—2 2/ /
dx > d X572 (Ix|/D
/Q|w x> () Rre et 2 (Ix|/D)|u

for all u € C2°(R2). The exponent of X is sharp.

*

dx) 22
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Adimurthi, Filippas and Tertikas ('09). Let Q be a bounded
domain in R”, n > 3, and D = supq |x|. There holds

5 n—2\2 u?
dx > —d
/Q\Vu| X_( 5 ) /Q|X|2 X

2(n—1) 2(n—1) N 2/2*
+(n—2)" " 5,,(/QX n=2 (Z;‘)u2 dx)

for all u € C°(2). The constant is the best possible.

Our aim: Find an explicit Sobolev improvement for a sharp Hardy
inequality

We obtain such improvements in three different contexts:

1. Point singularity in Euclidean space
2. Point singularity in hyperbolic space

3. Boundary point singularity in Euclidean space
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1. Point singularity in Euclidean space

Theorem. Let n > 3 and 2 < p < 2*. There exists , > 0 such
that for all 0 < a < «, there holds

n—2\2 u?
|Vul?dx — ( 5 ) / de
31 Bl

> (-2, / X

for all u € C2°(2). Moreover the inequality is sharp for any
a < ap.

2/
20X (alx)F ulrax)

Note: For any a, o’ > 0 there holds

X
fim L)
x—0 X(O(,|XD
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Two improved versions:

Theorem. Let n > 3,2 < p <2* 6 € (0,2). There exist R > 1
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Two improved versions:

Theorem. Let n > 3,2 < p <2* 6 € (0,2). There exist R > 1
and a9 < 1 such that for any 0 < a < g there holds

n—2\2 u? U2
Vul?dx — / dx—92/ dx
(valax = (75°)" [ 5, IXEO(RY — x)

) . 2/p
> (n— 2)"’:Sn,p( M 2>_nxpf(a|xl)lul”d><) :
By

for all u € C2°(B1). Moreover the inequality is sharp for all
a < apg.

1 Ls?71(2R7 — s7)
0 _ _ p26
R =1+ —Inang =R 1+/O (R 50)2 ds



Theorem. Let n > 3,2 < p<2*and 0 <6 < 1/2. There exists
ap > 0 such that for any 0 < a < a, there holds

—2\2 2 2
Vul2dx — (L) / L dx — (1 — e)/ ZX2(afx|)dx
By 2 B, x| B, x|
1— 26\ 22 e 2/
> " S, x| 272X (alx|) 2 |ulPdx)
n— 2 P Bl
2
for all u € C2°(B1). Moreover the constant (1,7_—_229)%5,,7;, is sharp

for any a < a.
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2. Point singularity in hyperbolic space
Hyperbolic space H": use the Poincaré ball model

Equip the unit ball with the Riemannian metric

1— [x]2\—2
2 (L= X7 2
ds —< > ) dx-©.

Under this model we have

1—|x|?\2 1— |x[2\—n
|VHnV’2 = (2|X’) |VRnV’2 5 dVv = (2‘X’> dx

and Riemannian distance to the origin is

p(x) =1n (1+|X’>.

1—|x|




In H" both Hardy and Sobolev inequalities are valid:
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In H" both Hardy and Sobolev inequalities are valid:

E. Hebey. If n > 3 then

|u

) . 2/2*
Vo u2dV — ”(”)/ PdV > sn( 2 dV) /
Hn 4 n

Hn

for all u € C°(H").

More generally, for any 2 < p < 2%,

_2 n— 2/
/ Va2 / w2V > Sy / (sinh p) =" " |ufPdV)
Hn Hn

n

for all u e C°(H").
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Hardy inequality is also valid:

2

n—2\2 u
Vul?dV > / —dV, u e CX(H").
/IHIn| ’ ( 2 ) np2 ( )

Several related results and improvements: Carron; Yang and Kong;
Kombe; Berchio, Ganguly, Grillo, Pinchover; Kristaly, ...

Q: What about Sobolev improvement?
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_pt2 n— 2/
> (0=2)"% Sop ([ WX () F o)
1

(valid for a < avp and all u € C2°(B1)) and “translate” it to the
hyperbolic context. Obtain

Theorem. Let n >3 and 2 < p < 2*. For any 0 < a < a, there
holds

n—2\2 u?
Vunul?dV — / —dV
/Hn| | ( 2 ) n P2

_p+2 n— 2/
> (n—2)"% S, / (sinh )5 "X ¥ (a tann(£)[ufPdv) ™,
Hn

for all u e C2°(H"). Moreover the inequality is sharp for all
0<a<a,.

Can we have more?



Indeed we may also obtain

Theorem. Let n > 3 and 2 < p < 2*. For any 0 < a < a, we have

-2 — 232 2
/\anuFdV—”(r')/ u2dV—(” )/_uzdv
Hn 4 n 2 Hn Slnh p

n— 2
> (n-2)"% S, / (sinh ) =X 5 (v tanh(p/2)) PV )
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for all u € C°(H"). Moreover the constant (n—2)" » S, , is
sharp for all 0 < a < a,.



Indeed we may also obtain

Theorem. Let n > 3 and 2 < p < 2*. For any 0 < a < a, we have

-2 —2\2 2
/\anuFdV—”(r')/ u2dV—(” )/_“2dv
Hn 4 n 2 Hn Slnh P

n— 2
> (n-2)"% S, / (sinh ) =X 5 (v tanh(p/2)) PV )

_p+2 .
for all u € C°(H"). Moreover the constant (n—2)" » S, , is
sharp for all 0 < a < a,.

We would like (n — 1)2/4 instead of n(n — 2)/4 in front of the L2
term.



Berchio, Ganguly, Grillo ('17). There holds
2, (N 1)2 2
[ Varufav ( > ) /nudV

2 B B 2
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Berchio, Ganguly, Grillo ('17). There holds

/Hn ViuPav — (" 1)2/n 2dV

2 B B 2
> 1/ idV—&— (n—1)(n—3) / . U2 dv
4 Jun p? 4 mn sinh® p

for all u € C°(H"). The inequality is optimal, non-improvable.

Also recent article by Berchio, Ganguly, Grillo, Pinchover ('19).



We are interested in Sobolev improvements of the Poincaré-Hardy
inequality
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We are interested in Sobolev improvements of the Poincaré-Hardy
inequality

ootz (P2 [ (52 [ i

for u e C°(H").

To state the result we need to introduce a constant gn,p and a
function Y(t), t > 0.
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The constant §n7p, 2 < p< 2%,

Given 2 < p < 2* we define §n7p to be the best constant for the
Poincaré-Sobolev inequality

— 152
Vinv|2dV > ("2 ) / v2dV
Hn n

_ o 2/
+5n,p</Hn(sinhp)p(22)‘”IVI”dV> o vecrm)

Note. The positivity of S, , follows from the positivity of S, 2+
(Mancini and Sandeep '08)
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Consider the following two auxiliary problems:

g'(1) + irg( =0, t>0,
lime— 100 g(t) = 1,
and, for n > 3,
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Prove existence and uniqueness and study asymptotics near zero.
Then define a function p = p(t) by
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— , t > 0.
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The function Y(t) is defined by

h(p(t))*sinh t

g(osimhp(n)© 70

Y(t) = (n—2)

Theorem (Poicaré-Hardy-Sobolev inequality). Let n > 3 and
2 < p < 2*. There holds

[ VavPay > (n;1>2/nv2dV+ (”;2)2/]&" Sinv:zpd‘/

_ n— 2
+(n—2)"" S / (sinh )= 2 () vpav) .

for all v € C2°(H"). Moreover the inequality is sharp.
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(ii) There holds



Concerning the function Y(t) we have:

Proposition.
(i) There exists a;p > 0 such that
t
Y(t) > X(aptanh =) | t>0
(t) > X(antan 2) >

(ii) There holds

What about S, ,, ?



The precise value of S, , is not known.

_ 182
/|Van|2dV2<n2 )/v2dV
Hn n

_ e 2/
50 / (sinh p) ="~ |v[Pdv) "




The precise value of S, , is not known.

_ 2
/ Vv [2dV > (” > 1) / v2dV
Hn n

_ - 2/
+5n,p</w(sinhﬂ)p(22)"IV\”C’V> ’

Using the half-space model for H” we find that §,,,p is the best
constant for the Hardy-Sobolev inequality

+
o 2 _n=2 2/p
+5,,7p</ ( )n 2 pude>
R? [x — en| [x + e

for all u e C(RY).



For p = 2* this becomes

1 =
/ |Vul?dx > / u—2dx+5n,2* </
R 4 Jrn Xq R

The result of Benguria-Frank-Loss states that

2/2*
o)L ue R

n n
+ +

3352* =Ss.



For p = 2* this becomes

1 2
/ ]Vu]zdx > / ljzdx—i—S,,,z*(/
R 4 Jrn X5 R

The result of Benguria-Frank-Loss states that

2/2*
o)L ue R

n n n
+ + +

33,2* =Ss.
We have

Theorem. Let n = 3. For any 2 < p < 2* there holds

&ngpzp[
2P(

N

Open problem: compute S, , for n > 4



In case n = 3 the result is sharp also with the logarithmic function
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In case n = 3 the result is sharp also with the logarithmic function
X.

Theorem. There exists an @3 > 0 such that for all 0 < o < @3, all
2 < p<2*andall v e CX(H3) there holds

1 2
/ngdevz/ v2dv+/ ——
H3 3 4 Jys sinhp
_ 2/
+53,p(/ (sinhp)%ﬁx%”(atanh(p/z))wdv) g
Hn

The constant Sz, is sharp for all 0 < a < @3s.



In case n = 3 the result is sharp also with the logarithmic function
X.

Theorem. There exists an @3 > 0 such that for all 0 < o < @3, all
2 < p<2*andall v e CX(H3) there holds

1 2
/ngdevz/ v2dV+/ ——
H3 3 4 Jys sinhp

2/p
+53,p</ (sinh ,o) > X5 (atanh(p/2))|v\pdV)
Hn
The constant Sz, is sharp for all 0 < a < @3s.

Note. To show optimality use the sharpness of the inequality
2

—2\2 u
Vul?dx — n—< /dx—@l—@/Xzax dx
| (Valax— (Z5)" | adx—0-0) | X (al)

> <n229)P+25,,7p< [ ‘X‘P(n ’”X(oz|x|) i !u!pdx) 2/p
1
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Let Q be a domain in R” and assume that 0 € 9€2. We are
interested in the Hardy inequality
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Vul?dx > ¢ b dx , ue Cx(Q
|Vl
0 q |x|? ‘

and related Sobolev improvements.



3. Boundary point singularity in Euclidean space

Let Q be a domain in R” and assume that 0 € 9€2. We are
interested in the Hardy inequality

2
/ |Vul?dx > c/ u—zdx , ue CX(Q)
Q a x|
and related Sobolev improvements.

What about the best constant ¢? We know that
("5)
C =
2

works, but can we do better ? The geometry plays a role.

I. Cones
Il. Bounded domains with nice boundary



Part I. Cones.



Part I. Cones.

A. Nazarov ('06). Let Gy be a finite (or infinite) cone with vertex
at zero:

G={rwiweX,0<r<1l (orr>0) }

where ¥ an open subset of S" L.
Let p1(X) be the first eigenvalue of the Dirichlet Laplacian on X.
Then

2

[ verac= [(P2) wm@) [

for all u € C°(Cs). Moreover the constant is the best possible.

Proof. The function

n—

Bx) = r 3

S (w)

is a positive solution to the Euler equation.



Q: Is it possible to improve the above inequality by adding more
terms ?



Q: Is it possible to improve the above inequality by adding more
terms ?

Theorem (B., Filippas, Tertikas '18). There holds
n—2\2 u?
Vul?dx > + Y /dx
/CJ | (%) +m®)] & IXP
1/ v,
+-— — X“(|x])dx
R Ea )

for all u € C°(Cx). The inequality is sharp.




Q: Is it possible to improve the above inequality by adding more
terms ?

Theorem (B., Filippas, Tertikas '18). There holds
n—2\2 u?
Vul?dx > + Y /dx
/CZ| | (%) +m®)] & IXP
1/ v,
+-— — X“(|x])dx
R Ea )

for all u € C°(Cx). The inequality is sharp.

Proof. The function

n—2

Hx) =z

X3 (r)yr(w)

is a positive solution to the Euler equation.



What about Sobolev improvements?

Theorem (B., Filippas, Tertikas '18). Let n > 3. There exists a
positive constant C = C(X) such that

f s = [(57) e [ e

>
2n—2 * 2/2*
o) (/ X7 (x)) uf? dx) |
Cs

for all u € C°(Cs). Moreover

(i) The exponent (2n — 2)/(n — 2) of X(|x]|) is the best possible.
(i) For the best constant C(X) we have

C(T) < Go|Z|7;

in particular it cannot be taken to be independent of %.



What about additional improvements ?
Define Xi(t) = X(t) and for k > 2

Xk(t) = Xl(Xk_l(t)), t e (0, 1).



What about additional improvements ?
Define Xi(t) = X(t) and for k > 2

Xk(t) = Xl(Xk_l(t)), t e (0, 1).

Theorem (B., Filippas, Tertikas '18). There holds
2

e = [(57) )] [ e

>N

1 s 242 2
"‘42/ WX1X2"'XidX7
i—17/C&

for all u € C(Cy).
The inequality is sharp at each step.

Proof. For each fixed m, the function
d(x) = r~ " X0 (r) Y2 Xon(r) 2y (w)

is a positive solution to the mth-improved Hardy inequality.



What about Sobolev improvements for the mth improved Hardy
inequality?

Theorem Let n > 3. There exists a constant C that depends only
on X such that for any m € N

Jwera = [(757) s [

N

1 — u? 5 5
i=1 x
n—2

+C (/ (Xl...Xm+1)2n"—‘22\u\n2—"2dx> "
Cs

for all u € C°(Cs). The inequality is sharp.

U2

[xP?

dx




Part Il. General bounded domains

Let Q be a domain with nice boundary and with 0 € 9Q. We are
interested in the Hardy inequality

2
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Q Q X



Part Il. General bounded domains

Let Q be a domain with nice boundary and with 0 € 9Q. We are
interested in the Hardy inequality

2
/ IV ul2dx > c/ |u?dx, ue CX(Q)
Q Q X

Consider the half-space R} = {x, > 0}.
This is a special case of a cone, hence the Hardy constant is
2

(152 merh = (5 o=

This is the ‘right’ constant locally for a domain with smooth
boundary.



M.M. Fall ('12) Let Q be bounded Lipschitz boundary and assume
that 9Q is C2 near the origin. There exists an r = r(£2) such that
for all u € C2°(2N B,) there holds

u2

2
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M.M. Fall ('12) Let Q be bounded Lipschitz boundary and assume
that 9Q is C2 near the origin. There exists an r = r(£2) such that
for all u € C2°(2N B,) there holds

2

5 n? u
/ |[Vu|“dx > — —dx +C
QNB, 4 Jans, |X| QNB,

2
L X2dx

x|?

Theorem (B., Filippas, Tertikas '18). Let Q C R", n > 2, be a
bounded domain with 0 € 92 admiting an exterior ball of radius p
at 0. Let D = supq |x|. There exist o, > 0 such that if p > D/o,

then ) )
/ |Vul?dx > n/ u—zdx
Q 4 Ja |x|

for all u € C(Q).

If in addition Q satisfies an interior ball condition at 0 then the
constant is sharp.



Theorem. Let Q2 C R", n > 2, be a bounded domain with 0 € 992
having an exterior ball of radius p at 0. Let D = supq |x|. There
exist o, > 0 and k > 0 such that if p > D/, then

2
/|vuydx>/||2 +Z/||2 . XPdx,

for all u € C°(RQ); here X; = Xi(on|x|/(3cD)).

If in addition Q satisfies an interior ball condition at 0 then the
estimate is sharp at each step.



What about Sobolev improvements?



What about Sobolev improvements?

Theorem (Hardy-Sobolev inequality) Let Q C R", n > 2, be a
bounded domain with 0 € 92 having an exterior ball of radius p at
0. There exist o, C, > 0 such that if p > D /o, then

2
Vu dx>— dx+C Xn2u"2dx ,
|!2

for all u e C°(R); here X = X(|x|/3D).

If in addition €2 satisfies an interior ball condition at 0 then the
estimate is sharp.



A natural question:

In order to have the Hardy inequality with constant n?/4 is it
necessary that the exterior ball is large compared to D = supq |x| ?



Example. For p € (0,1/2) and 6 € (0, 7/2) define
g ={x=(x',xa) € By : xp < cotf|x'| and |x — pe,| > p}.

Let Q D @7, ¢ having B(pen, p) as largest exterior ball at 0. Let
A1(n, ) be the first Dirichlet eigenvalue of the Laplace operator on
the spherical cap

Yo ={(x,x) € S" ' x, < cot |X'|}.

ei n—1—X1(n,0)

2cosf ’
then the best Hardy constant of Q is strictly smaller than n?/4.

p <




Back to Hardy-Sobolev inequalities with explicit constants.



Back to Hardy-Sobolev inequalities with explicit constants.

Let n>3,0<~<n/2and 2 < p<2* We define S,*;pﬁ to be
the best constant for the inequality

2
/ \Vu\zdx—'y(n—fy)/ u—zdx
R R? x|
>S5,

(n—2) 2/p
o ([ b5 o)
Rn

+

for all u € C°(RY).



Theorem. Let Q C R", n > 3, be a bounded domain with 0 € 9Q
and let D = supq |x|. Assume that 2 satisfies an exterior ball
condition at zero with exterior ball B,(—pe,). Then for any
2 < p <2 and any v € [0, n/2) there exist an r, , and aj ,
(0, 1) such that, if the radius p of the exterior ball satisfies

p > D/ra then for all 0 < a < aj, ., there holds

2 2
n
/]Vu]zdxz/ u—zdx
Q 4 Ja |x|
p(n—2) 2
2

_pt2 (n—2) 2 —n P
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for all u € C°(RQ); here X = X(a|x|/D).
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condition at zero with exterior ball B,(—pe,). Then for any
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But no sharpness...
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and let D = supq |x|. Assume that 2 satisfies an exterior ball
condition at zero with exterior ball B,(—pe,). Then for any
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But no sharpness...
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For interior point singularity: Change variables so that the two
infima are directly comparable.
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For interior point singularity: Change variables so that the two
infima are directly comparable. For example the best constant S, ,

we have
/ / p)2
Sn— 1
/ / (sinh p)™ & h( ) |w|PdS dp)
Sn— 1

The term involving V, can be ignored by symmetrization.

= inf )ds o




About the proof.

For interior point singularity: Change variables so that the two
infima are directly comparable. For example the best constant S, ,

we have
/ / p)2
Sn— 1
/ / (sinh p)™ & h( ) |w|PdS dp)
Sn— 1

The term involving V, can be ignored by symmetrization.

= inf >d5 o

For boundary point singularity: use in addition a conformal map
from R onto B(p)°.



The end



