ASYMPTOTIC BEHAVIOR OF THE INTERFACE FOR ENTIRE VECTOR
MINIMIZERS IN PHASE TRANSITIONS
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ABSTRACT. We study globally bounded entire minimizers u : R™ — R™ of Allen-Cahn systems for
potentials W > 0 with {W = 0} = {a1,...,an} and W(u) ~ |u—a;|® near u = a;, 0 < a < 2. Such
solutions are, over large regions, identically equal to some zeroes of the potential a;’s. We establish
the estimates

L"(Io N Br(x0)) < er™ 7—["71(8*]0 N Br(z0)) > cor™ > ro(xo)
for the diffuse interface Ip :== {z € R™ : mini<;<n |u(z) — a;] > 0} and the free boundary OIo.
Furthermore, if & = 1 we establish the upper bound

H"fl(ﬁ*lo N Br(z0)) < 3™l > r0(0).

1. INTRODUCTION AND DESCRIPTION OF THE MAIN RESULTS

The object of study in the present paper is a class of entire solutions of the system
(1.1) Au—Wy(u) =0, u:R"—R™

n,m € NT, where W : R™ — R is a phase transition potential that is nonnegative and vanishes
only on a finite set {IW = 0} =: A = {ay,...an} for some distinct points ai,...,ay € R™ that
represent the phases of a substance which can exist in N > 2 different equally preferred phases.

The system is the Euler-Lagrange equation corresponding to the Allen-Cahn free energy
functional

(1.2) JD(U):/D <;|VU|Q+W(U)> da.

We restrict ourselves to maps u € Wlif(R”,Rm) N L>®(R™, R™), which minimize J subject to
their Dirichlet data,

(1.3) Jp(u—+v) > Jp(u), Yve Wy*(D,R™) N L(D,R™)

for any open, bounded Lipschitz set D C R™. We call such maps entire minimizers of J, and note
that they clearly satisfy (|1.1)), under appropriate regularity hypothesis on W.
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2 ASYMPTOTIC BEHAVIOR OF THE INTERFACE

In relation to the phase transition interpretation, an interesting and difficult problem is the
existence of multi-phase solutions, that are solutions with the following geometrical properties:

There is an N € Nwith2 < N < N, ay,...,ag5 € A, a small v > 0 and open sets Q1, ..., Qg such
that

N
(1.4) R*=Tu | J9
j=1

with I being a set of thickness O(1) and
(1.5) lu(xz) —aj| <7, Va e, for some small v

The set I plays the role of a diffuse interface that separates the coexisting phases. Understanding
the geometrical structure of this diffuse interface is a major point in the study of such solutions
[21].

In the scalar case m = 1, for W € C?(R™, R), a; nondegenerate (i.e. 8;{2’ > 0 at the minima),
and for N = 2 which is the natural choice, there is a rich literature and many important results.
We list some of these works and organize them in two groups: papers that address various general
aspects (see [18, 26] 25, 40, 8, @, B, B2, B3, [16]); and papers that are motivated by a celebrated
conjecture of De Giorgi (see [12], B1} 23, [3|, 37, 43, [7, [13]) where a relationship of I with minimal
surfaces, and in particular with hyperplanes in low dimensions, is established. The reader could
also consult the expository papers [17, 36] 138, [14].

In the vector case m > 2 and N > 3, the structure of I is not expected to be planar in any
dimension n > 2 but rather linked to the minimal coneeﬂ in R™. This kind of solutions are called
junctions and have been shown to exist for n = m = 2 and n = m = 3 with N =N =3 and
N=N-=4 respectively, but so far only under symmetry hypotheses. Specifically, the existence is
established for:

e n = 2 with respect to the symmetries of the equilateral triangle [6],
e n = 3 with respect to the symmetries of the tetrahedron [24],

and with verified only in their respective equivariance classes. We refer to [I] where the
symmetric case is covered in detail for general reflection point groups and also for lattices. For
example the solution u(x) for n = m = 2 and N = 3 (triple junction on the plane) referred above
can be described precisely as follows: The reflection point group G in this case has six elements
(three reflections, two rotations and the identity). As a fundamental region F' we can take the §
sector, one side of which coincides with the xz-axis which is associated to one of the reflections. The
minimum a; is placed on the x-axis. The stabilizer G, is the subgroup of G leaving a; fixed, and
it consists of the reflection with respect to the z-axis and the identity. And D =int |J go F'is
9€Ga,

the 2{ sector containing a;. The equivariant u has the following properties:

(1) |u(z) —a1] < Ke kdist(z.0D) "y ¢ Dk K are positive constants.
(2) w(F) C F and u(D) C D (positivity).
The singular minimal cone in R? is the boundary of the partition of R? by the three 2{ sectors.
For subquadratic potentials that behave like |u — a|® near a € A, a € (0,2), the interface is less
diffuse as we explain below. More precisely we consider potentials that satisfy

H1. W € C(R™,[0,00)) N C? (R™\A) with {W =0} = A= {a1,...,ay}, N >2.

loc

IThe complete classification of the minimal cones in R™ is known only for n=3 [41]. We refer to Section 7 in the
expository paper of David [I1] and references therein.
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H2. Set
(1.6) =% min o —a
. rg 1= 5 1§£I71é1]%N a; — aj|.

For any a; € A, W(u) can be written as
(1.7) W(u) = |u—a;|*¢i(u) inu € By, (a;)

for some function g;(u) € C?(By,(a;), [ci,00)) where ¢; is a positive constant.

For such subquadratic potentials, (|1.5)) is replaced by

(1.8) u(z) =aj, VYo e Q.
Indeed, in this case the entire minimizer possesses a free boundary and the phases a; are attained
[2], while for a = 2, the solution converges exponentially at infinity to the phases. The subquadratic
assumption can be thought as a reduction which simplifies without changing the essential features
of this type of solution. In a suitable limit ae — 0, (1.2)) becomes the Alt-Caffarelli functional.

We now define the appropriate analog of the set I in (|1.4]) for vector analog of the subquadratic
potentials.

Definition 1.1. Let 0 < g < %Hin la; — aj| fized. Set
i

(1.9) d(z) = dist(u(z), {W = 0})

where dist stands for the Euclidean distance. Let 0 < v < 79 and assume vy < sup d(z). We define
the set .

(1.10) I, ={z eR":6(z) >~}

For entire minimizers satisfying ||u[| oo rn rm) < 00, [[Vul[fe (R",R™) < 00, and 0 < a < 2, the
following estimate is known (see [I, Lemma 5.5])
(1.11) el (Y)r" ™t < LI, N Br(x0)) < co()r™ ™, 1 > r(x0),
where xg € R" is arbitrarily chosen, r(z¢) is a positive constant depending on z, and the constants
ci(y) > 0(i = 1,2) is independent of zg, r. Throughout this paper, £ denotes the n dimensional

Lebesgue measure and H" ! denotes the n — 1 dimensional Hausdorff measure.
Clearly I, C I, if 71 > 72 and we define

(1.12) lin}] I, =1Ip ={x € R": §(x) > 0} =: Diffuse Interface.
Y

The constants ¢1(7y), c2(7y) in (1.11)) degenerate as v — 0 (see [I]) and so no useful information
can be obtained for Iy out of (1.11). The proof of the upper bound for £™*(I, N B,) in (1.11) is

an immediate consequence of a well-known energy estimate (see in Proposition . On the
other hand the proof of the analogous upper bound for £"(1yN B,) is highly nontrivial and requires
a novel approach that, to a large measure, is the main contribution of this paper.

Our main result in the present paper concerns certain global facts on Iy that can be summarized
in the following theorem.

Theorem 1.2. Let o € (0,2), u : R® — R™ be a bounded entire minimizer with I, # @ (i.e.
u # a;), and assume HI1, H2 above. Then there exists a radius r9 > 0 and positive constants
¢, c1, ¢, which only depend on u but not on r, such that for r > rg the following estimates hold:

(1.13) L"(Ig N B (0") < er™ 1,
(1.14) H (0% 1o N B,.(0™)) > ey 1,
where 9* denotes the De Giorgi reduced boundary.
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If furthermore o = 1 we have the upper bound estimate
(1.15) H (0% Iy N B,(0")) < cor™ L.

The analogs of the “minimal cone” solutions in R? and R? mentioned above as well as the
cylindrical triple junction cone in R3 have been shown to exist also for 0 < a < 2 and possess free
boundary (see [2, Theorem 1 and Proposition 4] )ﬂ Combining Theorem 1.2/ above with that result
we obtain the following

Corollary 1.3. Under H1 and H2, 0 < o < 2, for the equivariant triple junction in R? and the
equivariant quadruple junction in R> the estimates (1.13)), (1.14) and (1.15) hold for anyr > rq > 0.

Remark 1.1. The solutions in Corollary satisfy, instead of the exponential estimate (1) in the
definition of junction, the following property

(1) u(z) = a1 for x € D, dist(x,0D) > dp, for some positive constant dy.

Remark 1.2. We note that the assumption on the existence of minimizers satisfying ([1.3)) is not
restrictive as such nonconstant entire minimizers U : R! — R™ have been shown to exist in [34]
under the hypothesis of continuity on W together with the mild condition

(1.16) VW (u) > f(|u]), for some nonnegative f : (0,4+00) — R s.t. /+00 f(r)dr =+,
0

that allows even decay to zero of the potential at infinity.

A more convenient sufficient condition for the existence of such nonconstant entire minimizers
(called connections) is (see [22])
(1.17) lim inf W (u) > 0.

|u|—o0

In [8], for the scalar two phase problem, the entire range of potentials Fo = X{ju<1}, £'(v) =
(1 —u?)*? (0 < a < 1) was already introduced. As o — 0, the minimizers get increasingly
localized. In particular for & = 0 the connections are affine functions. For these reasons we
expect the construction of entire minimizers mentioned in Corollary above, under no symmetry
hypotheses, to be more accessible for singular potentials.

From the point of view of regularity, our problem can be regarded as a generalization of the more
simplified model which studies the minimization problem of the functional

1
(1.18) / (2\vu|2 + |qu> dz, u:R"™ —=R™ ac(0,2).
Q

In the scalar case, i.e. m = 1, one recovers the two phase free boundary problem

+)a—1 _ Oé_l.

Au = a(u a(u™)
which has been extensively studied under various conditions and settings, see for example [19] for
the case a € (1,2) and [28] for the 2D problem with o € (0,1). One can also refer to [27, 29] for
the optimal regularity theory for a functional with a more general form of the potential W. When
a = 1, the problem becomes the so-called two-phase obstacle-type problem. The regularity of the
solution as well as the free boundary regularity has been summarised in detail in [35].

For the vector-valued case, i.e. m > 2, the minimization problem was investigated in [4]
for « = 1 and [20] for « € (1,2), where the authors studied the regularity of the minimizers and
the asymptotic behavior for the minimizer near the “regular” point of the free boundary. Also
we would like to mention the works [10l [30] studying the vector-valued Bernoulli free boundary

ZFor a = 0, J(u) = J IVul® + X{ues 3, where Sa denotes the interior of the convex hull of A = {a1,...,an}. It
is the vectorial analog of the Alt-Caffarelli functional.
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problem, where the potential function W (u) takes the form Q2 (7)X{ju|>0}- Such a problem is quite
close to the o = 0 case of the functional . All these works mainly focus on the behavior and
regularity of the free boundary.

The biggest difference between our functional and the simplified one is that the
potential W (u) possesses more than one global minimum. Furthermore, our emphasis is not so
much on the local behavior of the free boundary, but on its asymptotic behavior on the large
domain Bg(0™) as R — oo.

To prove the main Theorem [1.2] we first show in Section [2| that the Euler-Lagrange equation is
satisfied by the minimizer u via the regularity of the solution. Then using the regularity property
and a non-degeneracy lemma, we prove the first part of the theorem (upper bound estimate for
the £™ measure of Iy) by introducing a method of dividing Bpr into identical smaller sub-cubes
and classifying all the cubes according to how much measure of the “contact set” they contain.
This is done in Theorem [B.3] from Section [l We also demonstrate in Theorem [3.6] the coexistence
of at least two phases for the minimizer at each large scale. In Section [ we derive a Weiss-type
formula and then give a growth estimate for the minimizer near the free boundary. These results
from Section 4| are used in Section [5, where we estimate the H™ ! measure of the free boundary
when a = 1 and prove the second part of Theorem

2. REGULARITY OF THE MINIMIZER

We first prove the optimal regularity of the entire minimizer u for a € (0, 1).

Proposition 2.1. Suppose 0 < o < 1 and let u be an entire minimizer of the energy functional J
satisfying |u(x)| < M. Assuming H1, H2. Then we have

u e CHP(R™ R™),

loc

where 3 is a constant defined by 8 = 5. In particular, this CY# regularity is sharp.

—Q
Remark 2.1. We would like to note that in the following proof, unless being specifically stated, all
the constants denoted by C' only depend on the upper bound M, the potential function W and the
dimensions m, n.

Proof. For any ball Br(z) C R", let v be the harmonic function (which means each v; is harmonic)
in Bgr(x) such that u = v on dBpg. Since v is harmonic, then Vv satisfies a Campanato type growth
condition

(2.19) / Vo — (Vo) 2 de < c<p)"+2/ Vo — (Vo) pl? da
B, R Br
For p < R, we deduce

/|Vu—(Vu)p|2da?§C'/ Vo — (Vo) 2de +C [ |[Vu— Vol du
B, B,

(2.20) Br
< C(p)"“/ Vo — (Vo)g[2dz+C | |Vu— Vu|*da.
R Br Br
For the second term, we use the minimization property to obtain
(2.21) / \Vu — Vo|? doz = / (|Vu|2 - |Vv\2) dx < / 2(W(v) —W(u)) dx.
Br Br Br

By hypothesises H1, H2 and ||u||z~ < M, we can easily verify that W can be written as

(222 W) = (H u= \) glu),
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where g is a function such that
(2.23) g € C*(Byr), g(u) > C for some constant C' > 0.

When « € (0, 1), since both v and u are uniformly bounded, we compute
W(v) = W(u)

N N
(H v — ai’a> g(v) — <H lu — az‘\a) g(u)

(2.24)
N N
< (H(Iu — ai|* +[u - vl“)) (9(u) + Clu—v]) - (H u— ail“) g(u)
i=1 i=1
SC|U - ’U|aa
where C' is a constant only depending on W, M, n, m. By Hoélder, Poincaré and Young inequalities,
we have
/ |lu —v|*dx
Br
§C’(/ lu —v|? dz)2 R0~ 2)
Br
(2.25) gC(/ |V (u —v)|? da)2 RPUI—2)+
Br

<5 [ |V(u—v)de+ CO)R" 7=
Br

where ¢ is a suitably chosen small number. Combining (2.21)), (2.24]) and (2.25), we obtain

(67

(2.26) / |Vu — Vo2 de < CR"?, .=
Bgr 2 —«

Therefore from (2.19), (2.20) and (2.26)) we get the following Campanato type decay estimate for
the minimizer u

(2.27) / [V~ (Fu), P de < ()2 / IV — (Vu)g|> do + CR'28
Br

P

By a standard iteration argument we conclude that there exists a constant C' such that

(2.28) / |Vu — (Vau), > dx < Cp" 2P,
p
which by the Morrey-Campanato theory implies u € 1P,

To show that this C'# estimate is sharp, we need the following statement that will be proved
later in Theorem and Remark there exists a; € A such that £"({u(z) = a;}) > 0 and
{u(z) = a;} contains interior points. For now we first assume this and proceed with the proof. Let
x1 € {u(x) = a;} be an interior point, and define

r1:=sup{r > 0: B.(x1) C {u(x) = a;}}.

When u # a;, we know that r; € (0,00) and there is a point zo € By, (z1) such that u(x2) = a;
and za € {|u — a;] > 0}. For r sufficiently small, by Lemma [3.2| we have

(2.29) sup |u — ag| > ertt?.
By (z2)
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Also we claim that Vu(zy) = 0. Firstly, by u(z) = a; for any = € B,(z2) N By, (1), we can easily
check that d,u(x2) = 0 where v denotes the normal vector on 0By, (x1). On the other hand, take
any unit vector p which points to one of the tangential directions at zo on 0By, (z1). For any

|t‘ §T17
o +tu+ (\/r? =12 —r)v € 0B, (21), u(ze+tu+ ((/r? =12 —r)v) = a,.

Thus for any ¢ € {1,2,...,m} we have

wi(wy +tu+ (\/r} —t2 —r1)v) = Vu,(z2) - p.

t=0

0

T dt

Since p is an arbitrary tangential direction, the claim Vu(zg) = 0 is proved.
Finally, the vanishing of Vu(zs) together with (2.29) imply the sharpness of the C'# regularity.

O

Remark 2.2. For 1 < a < 2, by exactly the same argument we can also prove u € C’llo’z for any
~v € (0,1). Just notice that we need to replace (2.24)) with W(u) — W(v) < Clu — v|. When oo = 1,
in contrast to the scalar case problem (see [39]), it is still open whether u € Cllo’g.

Now with the regularity result we can identify the Euler-Lagrange equation for the entire mini-
mizer v in the following lemma.

Lemma 2.2. Let u be an entire minimizer of the functional J satisfying |u(z)| < M. Assume HI,
H2. Then we have

(1) 1 < o< 2, uis a strong solution of

(2.30) Au = Wy (u), Vo € R™.
(2) a =1, u is a strong solution of
(2.31) Au = Wy (u)X {d(u,4)>0}-

(3) 0 < a < 1, in the open set {x : d(u(x), A) > 0}, u solves the equation (2.30)).
Here Wy, (u) denotes the derivative of W with respect to u, x is the characteristic function and

d(z, A) := dist(z, A).

Proof. Take D € R™ to be an arbitrary bounded Lipschitz domain, and for ¢ € C5°(D,R™), we
compute the first variation of the energy Jp(u)

1 1
0< ~|V(u+te)]? — = |Vul> + W(u+tp) — W(u) | do
(2.32) /D <2 2 2 >
_ . T . 2 X u —_ u xZ.
_t/DVu Vod +2/D|v¢| d +/D(W( +t6) — W(w) d

When 1 < a < 2, W can be written as (2.22) with the condition (2.23)). One can directly
compute

N
(2.33) Wa(u) = [ a(u — a;)|u — a;|*2 H lu —ag|™ | g(u) + (H lu — aﬂ“) Dyg(u).

ki i=1

Since we already proved u € C17(D), it is obvious that W, (u) € C(D). Therefore when we divide
(2.32)) by t and take t — 0+ or 0—, it follows that u solves (2.30]) in D.
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For a =1, dividing (2.32)) by ¢ and letting ¢ — 0, we can prove that

/Vu-ngda: gc/ 6| da,
D D

which implies Au € L*®°(D,R™). Moreover, on any sub-domain K C D N {d(u, A) > 0}, the
equation holds. Combining the fact that Au =0 a.e. on {z : u(z) € A} (which is due to the
fact that weak derivatives for Sobolev functions vanish on level sets a.e. [15]), we have (since w is
continuous) that u is a strong solution of in D.

For 0 < a < 1, one can easily check that u solves in the open set {z : d(u,A) > 0}.
However, since Wy, (u) blows up as d(u, A) — 0, the local integrability of W, (u) is not a priori
known, so v may not solve on the whole space in distributional sense. O

Remark 2.3. In the case 0 < a < 1, even though we cannot say w is a distributional solution
to (2.31)), we can deduce another equation for u from the first domain variation. For any ¢ €
C3(D,R™), it holds that

0= %Jp(u(x +to(z)))

:/D ((vuw)-vu—(diw)(;\vm?wv(u))) dx

This formulation has also been utilized in [28] [46]. Here we just present this form of equation for
completeness and it will not be utilized in the rest of the paper.

With the Euler-Lagrange equation (12.30) and the formula for W, (u) (2.33)), we can easily improve
the regularity of u when 1 < o < 2.
Proposition 2.3. When 1 < a < 2, the entire minimizer u € C2%" ' (R™, R™).

loc

Proof. According to Lemma u satisfies the equation (2.30) when 1 < o < 2. Using the formula
(2.33) for Wy, (u) and the rough estimate u € Cllo’z, we see that W, (u) € C*~H(R™,R™). Then the

loc

C’fo’sfl regularity immediately follows from the classical Schauder estimate. O

3. ESTIMATE OF L"(Iy) AND THE EXISTENCE OF THE INTERFACE

In this section we will prove the estimate for any nontrivial entire minimizer u of the
functional J. Furthermore, we also show that at every sufficiently large scale, the minimizer u
must contain at least two different phases.

Take W satisfying the hypothesises H1 & H2 and assume w is an entire minimizer for the
functional J. Before stating our new results, we first recall two estimates from [I] and [2] without
proof, which will play an important role in our arguments. Readers can refer to [I] and [2] for
detailed proofs. These estimates for the scalar case m = 1 are obtained in [§].

Proposition 3.1. When 0 < o < 2, for any entire minimizer u satisfying HUHLOO(Rn) < 00, the
following two estimates hold true:

(1) The basic estimate (see |2, Lemma 2.2]) For any xo € R", there exists an o such that for
T > 70,

(3'34) JBr(xo)(u) < Crnilv

where the constant C = C(M) is independent of u. We notice that this ro can be 0 when
a€[l,2).
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(2) The density estimate (see [I, Theorem 5.2]) Take a € A to be a minimal point for W (u).
If for some ro, A\, o > 0,

L(Br () N {|u —a| > A}) = po,
then there exists a constant C(po, A) > 0 such that
(3.35) L"(Br(x) N {lu—al > A}) = C(po, N, Vr > ro.
Another important component of our arguments is the following non-degeneracy lemma.

Lemma 3.2. Assume 0 < a < 2. We take the point a; € A and an entire minimizer u for the
functional J such that |[ul|peo®ny < 0o0. There exists a suitably small number 6(W) and a constant

c=c(n,W), such that if zo € {0 < |u — a1| < 0} and B,(zo) C {|u — a1]| < 0}, then

(3.36) sup |u — ay| > ¢(n, W)rﬁ,
Br(xo)

where the constant c(n, W) only depends on the dimension n and the potential function W. More-

over ¢(n, W) ~ O(a) for a << 1.

Proof. Without loss of generality, suppose a; = 0. First we require that
6 < % minja; — aj
—min|a; — a;| = ro.
2 it Q J 0

By (H2), when |u| < rg, W(u) can be written as W (u) = |u|® - g(u) for some g(u) € C?(B,,(0™))
satisfying

g(u) > Cy

for some constant Cy > 0.

Assume |u(xo)| > 0 (if |u(zp)| = 0, then we simply take a sequence of points {z;} converging to
zo and satisfy |u(x;)| > 0). Taking h(x) = |u|>~® — c|z — 2¢|? for some constant ¢ which will be
determined later, by direct calculation we have that if |u(x)| > 0, then

2 2
(3.37) Ah=(2—-a)(—a) |V|UQ|LO|L| +2—-a) ’|VUTO|‘ + (2 = a)u- Dy(g) + a(2 — a)g(u) — 2nc
If we take
_ aC 1 . a2 —a)C,
3.38 f < min g ,=min|a; —a;|]}, ¢< —-="L,
(339) D) o oy 2 T~ sl 5
then (3.37)) implies that
|V]ul|® Vaul®
Ah > —(2 — o) +(2—«
T T

When o < 1, it follows that Ah > 0 in {|u(z)| > 0} N B, (zg). Since h(zp) > 0 and h(z) < 0 on
O |u(x) > 0]} N B, (xp), we must have

max h(z) >0,
z€IBr(z0)

which implies the lemma.
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For a € (1,2), combining (3.37) and (3.38) we deduce that in {|u| > 0} N B,(z0)

s Vul* _ a2 - a)Cy
Ah+ (2 — —(2 - >
HEm e T B = T
N V([u]>~ + c|lz — zo|?) + 4c2|z — x0)? S (@2 a) Vul> a2 -a)C,
2 -« |u|2—« |u|™ 4
aV (h + 2c|lz — z¢|?) dea(—h+ |ul>~®) _ a2 —a)C,
=Ah -Vh >
(T taE TTemakee T
2¢c|x — 4
=Ah+ O‘V(h+ de—zoP)) g ___da o,
2 = a)ul*~e (2 = a)fu*~
Here to derive the last inequality we further require that c satisfies
(2 - a)?Cy
3.39 <= 72 7
Then the maximum principle argument can be applied again to get
max |u(z)| > crea.
2€0Br(x0)
This completes the proof. ]

Now we are ready to prove the first part (1.13]) of the Theorem [1.2] For the sake of convenience,
we rewrite the statement in the following theorem

Theorem 3.3 (First part of Theorem [1.2)). Let 29 € R", u : R" — R™ be a bounded nonconstant
entire minimizer of the energy J. Then there are positive constants Rg and ¢ such that

(3.40) L"(Br(zo) NIp) <cR™™', R > Ry,
where Iy is defined in (1.12]), which is the region where W(u) > 0. The constant ¢ only depends on

the dimension n, the potential function W and ||ul| peo (mn)-

Proof. Without loss of generality, suppose xg = 0" and write Bg = Br(0™). According to the basic
estimate (3.34)) in Proposition we know that there exist positive constants Cy, g such that for
any R > rg

1
(3.41) / 5yvu|2 + W(u)dxr < CoR™L.
Br

For the sake of convenience, we use the cubes which are centered at 0™ to replace Bg. Define
Sp:={reR":z; € (—R,R), fori=1,2,...,n}.

Let L be a constant whose value will be specified later. For any positive integer k, we can divide
the cube Sk, into (2k)™ identical cubes with the side length L. We number all these sub-cubes by

51,85, ..., Sk where K := (2k)". And we take 6 to be the constant (1) in the Lemma [3.2] Then
we define

; 0
(3.42) ol == L"{Ju—aj| < 5} ns;), fori=1,..K, j=1,..,N.

Take € := () to be a small constant to be specified later, depending only on 0 and ||u|[fe. Also
we introduce the notion of adjacent sub-cubes: S;, and S;, are called adjacent if and only if
SiyNSy, #2, 1<iy,ia <K

We divide {S;}{€ into the following five non-overlapping classes
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1 Boundary sub-cubes of Sy
T; := {S; : the number of adjacent cubes of S; is less than 3" — 1}.

2 Sub-cubes that contain two phases:

Ty :={S; : Fjo s.t. 0]° = R ol <(1-2e)L™, 1;;25)(03 >N 1L"}\T1
3 Sub-cubes that contain regions where u stays away from any a;.
. . . . 6
Ts :={S; : Jjo s.t. ol° = max, ol <(1-2e)L™, g&z;)ocag <N 1L”}\T1.

4 “Interior” sub-cubes of the contact set {z : u(x) € A}:
Ty = {S; : 3jo s.t. a{o > (1 —2¢)L" and ago > (1 —2¢)L", VS, adjacent to S;}\T1.
5 Sub-cubes close to the boundary of the contact set:
Ts :={S; : jo s.t. af-“) > (1 —2¢)L" and 017;0 < (1 —2¢)L", for some S, adjacent to S;}\T7.

Now we estimate the number of cubes in each class. First note that S; € T1 means S; is one of
the boundary cubes of Sk, therefore

(3.43) IT1| < co(n)k™!  for some dimensional constant co(n).

For a cube S; € Ty, assume azjo = 1I<njzg§v af < (1 —=2¢)L™ and O‘ljl > 7 L" for some ji # jo. By

the definition of af and 0 < %|aj, — aj,|, we can infer that for any r € [g, laj, —aj, | — g], it holds
that
L".

£ ({fu - az| < THAS) = I £ (SMu—ag| <H) 2

-1 -1
Applying the co-area formula and the relative isoperimetric inequality (see for example [42]), we

have
/ |Vu|? de
S;

S </S V(- ajo>|das)2

44 1 lajo—aj,1—0/2 2
Gan -2 H (= agl =} 0 81) dr

1 ([ fla-anl-62 e\
Zﬁ /9/2 C (min{L"({|u — aj,| <7} NS;), L7(Si\{|u —aj,| <7r})}) = dr

>ci1(L,0,e) >0
From the basic estimate (3.34) we get
C(kL)" !

(3.45) |T| <
C1

=co(L,0,e)k™ Y, k> ko,

where kg is a constant.
For a cube §; € T3,

L <{|u—aj\>§, V1<j<N}ﬂSi> >el™
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By the Hypothesis H1 and H2 on W and the assumption ||u||~ < oo, there is a constant c3, which
depends on ||lu||~ and 6, such that

0
W(u) > c3, when |u—aj| > 2 Vi<j<N
Thus by (3.41]) the number of sub-cubes T3 is bounded by

(3.46) T3] < ea(L, 0, e, ||ul|p)k", k> ko.

From now on we focus on the analysis of cubes in Ty and T5. Take S; in Ty or T5, then there is a
Jo such that ¢/° > (1 — 2¢)L". In this case, we claim that when ¢ is suitably chosen, we can assure
that

max [u(z) — ag,|

If there exists xg € S; such that |u(xg) — aj,| > 6, then we have that there exists a constant
¢5(0, || Vu||Le<) such that

L"({|u— aj0| >0/2}NS;) > cs.
We note that the uniform boundedness of |Vu| follows from the C1# regularity (Proposition

and Proposition and the assumption that |u| is uniformly bounded. And c5 doesn’t depend on
jo. Then the claim follows if we simply take

cs
3.47 < —.
(3.47) €< grm
Lemma 3.4. When L is suitably chosen depending on 0, in any cube S; € Ty UTs, it holds

(3.48) L ({u(x) = ajo} N S;) > wy <i>n

where wy, 1s the volume of the n-dimensional unit ball.

Proof. We proceed by contradiction and denote the central point of S; by z;. So,

ule) = as} i <o (£

Then there must be a point 71 € Bpr(z;, £) such that 1 € {0 < [u — aj,| < 0}. Moreover, we have
B%(.Z'l) CS; C {|u—aj0| < 9}

Therefore we are in the position to apply Lemma [3.2] to deduce that

L\ o
sup |u — aj,| > c(n, W) ()
By (a1) 4

which contradicts with maéx |u — aj,| < 0 if we choose the constant L at the beginning satisfying
reS;

2
c(n, W) (%)>=* > 20. This completes the proof of Lemma O
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If the cube S; € T}, then by definition we have
lu(z) — ajo| <0, VreS;iuU( U S,)

Sp adjacent to S;
By the same argument as in the proof of the lemma above, we obtain that
u(z) = aj,, x€5S;.

If S; € T, then there must be at least one adjacent cube of S;, denoted by S}, such that

0 n
(3.49) Hlu — ajy| > 5} NSyl >eL™.

We set
Qs, == S; U ( U Sp)

Sp adjacent to S;

Then by (3.48)), (3.49) and the co-area formula, we can compute similarly as in (3.44]) to get
/ \Vul?dz > c(L,0,¢).
Qs;

Since each point can belong to at most 3" different Qg,, utilizing (3.34)) we conclude

Cn)(kD)"" = > \Vul® dz > c6|Ts),
Si€Ts Qs;
which implies
(3.50) I Ts| < er(n, L,0,e)k" L.
Finally, combining (3.43)), (3.45)), (3.46) and we get
(3.51) L"(Spr N 1Io) < (|T1| + |To| + T3] + |T5)) L™ < cs(n, L, 0,¢)(kL)" L.
Since By C Sk, we can get after taking k£ to be the smallest integer larger than % for

sufficiently large R. Also if we carefully check the definitions of all the constants in the proof we
conclude that cg only depends on the dimension n, the potential W and the uniform bound of |ul,
but not on the specific solution u. This completes the proof of Theorem [3.3 O

Remark 3.1. The proof of Theorem implies the existence of a; € A, such that £"({u(x) =
a;}) >0 and {u(x) = a;} contains interior points.

Theorem implies that a bounded entire minimizer u(z) should satisfy W(u) = 0 in “most
of the space”. Next we further show that at sufficiently large scales, u must possess at least two
different phases, each of which contains some definite measure of order R".

Lemma 3.5. Let xg € R", u: R™ — R™ be a bounded entire minimizer of J. Assume that u Z a;

for any i € {1,2,...,N}. We take an arbitrary constant 6 < ro := %1<H71£igN la; — a;|, then there
<i#j<

exist positive constants Ry, c(u, 8) such that for any R > Ry, there are a;,a; € A, which depend on
R, satisfying
(3.52) L"(Br(xo) N{|lu—ag| < 8}) >cR", k=1i,j.

Proof. Since u is nonconstant, by C''# regularity of u there is some Ry > 0,0 < X < rg, o > 0
such that

LM(Br, (x0) N {[u — a1] > A}) > po.
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Then by the density estimate in Proposition there exists p1 such that
(3.53) L"(Br(xo) N{|ju—ai| > A}) > wmR", YR>R;
Take 6 < rg to be an arbitrary constant. By our hypothesis on W, there is a positive constant
C =C(\ 0, ||lu| ) such that
W(u) > C, when |u—a1| > A, |u—a;| > 6 for any j # 1.
Applying the basic estimate in Proposition for enough large R,
(3.54) L"(Br(zo) N {|u—a1]| > A, |u —a;| > 0 for any j # 1}) < CoR" ™,
for some constant C5. Combining and , we obtain that
L"(Br(wo) N (|J{lu — a;] < 6}))
#1
>L"(Br(xo) N {|u — a1 > A, |u — aj| < 0 for some j # 1}) > ¢1(u,0)R", YR > Ry

for some constants Ry and ¢;. The same argument also works for the set Bg(z0)N( U {|u—a;| < 0})
7k

for any k € {1,2,..., N}, i.e. there exists Ry, ¢ > 0 such that
L™(Br(zo) N (| J{lu— aj| < 0})) > cx(u,0)R™, YR > Ry
J#k
Finally, we take Ry = mkin Rk and ¢ = ﬁ mkin ¢, and the conclusion of the lemma easily follows.

O
In the following theorem, we show that in any ball Br(zg) with radius R large enough, the sets
{u=a;} and {u = a;} (a;, a; from Lemma [3.5) must contain a set of measure of the order R".

Theorem 3.6. Let g € R”, u : R® — R™ be a bounded entire minimizer of the energy J, and
u # aj for any j € {1,2,...,N}. Then there are positive constants Ry and ¢ (both depend on u)
such that for any R > Ry, there are a;,a; depending on R such that

(3.55) min{L"(Bgr(zo) N {u = a;}), L"(Br(zo) N{u=a;})} > cR", VR > Ry

Proof. Without loss of generality, suppose zo = 0™ and write B = Bgr(0"). According to the
Proposition [3.1|and Lemma [3.5, we know that for any sufficiently large R, there are a;, a; € A such

that (3.52)) holds.

The proof relies on the same technique as the proof of Theorem So we will only present the
main ingredients and omit some technical details. Take L as the same constant in Theorem
and k € N. We consider the domain

Spr, :={x € R" : a; € (—kL,kL)},

and then divide Sy, into K = (2k)™ identical sub-cubes 51, ..., Sk, each of which has side of length

L. We also recall the definition of o7 in (3.42). By Lemma there are two phases a;,a; (for
simplicity we assume they are a1, az) such that

> 6
(3.56) En(SkL N {\u — aj] < 5}) > C(k‘L)n, =172
Take € := €(u, #) be a small constant such that
a. (3.47) holds. As a result, if ag > (1 —2¢)L", then |u(x) — aj| < 0 for any = € S;.
b. & < 5755 where c is the constant in (3.56]).

Then we divide {S;}¥ into the following two classes



ASYMPTOTIC BEHAVIOR OF THE INTERFACE 15

1 Uy :={S;: Fjo s.t. 0l = 1r§r;a§>§vSf < (1-2¢)L"}.

2 Uy :={S; : Jjo s.t. o] 1%8%\75’ > (1—2¢)L".}
From the proof of Theorem [3.3] we have

U1] < co(L,0,€)k" "
Let K denote the number of sub-cubes S; satisfying o} > (1 — 2¢)L"™. We obtain from ([3.56)

c(kL)" < Z o}

1<i<(2k)m
(3.57) < |Ui|L" + Kq L™ + ((2k)" — [Un| — K1) (26L7)
< cok" UL+ K LM+ Z(kL)” (Property b of ¢),
which immediately implies that K; > $k™ whenever k is large enough. Together with Lemma
we have

~ L
(3.58) LSk N {u = ar}) > Sk wa( )" > ea(kL)",

for some constant ¢; = ¢1 (W, u). For {u = as} the estimate (3.58]) still holds. One can easily check
that (3.58]) implies the statement of Theorem

O

4. WEISS’ MONOTONICITY FORMULA AND A GROWTH ESTIMATE IN THE CASE o = 1

Thanks to Theorem we know for a uniformly bounded entire minimizer u, that the free
boundary O{|u—a;| > 0} (i = 1,2) must exist. In this section we will derive a growth rate estimate
for |u — a;| away from the free boundary in the case o = 1.

From now on we fix @ = 1 and assume a; = 0™. By the hypothesis H2, W(u) has the form
W (u) = g(u)|u| for some g € C%(By). Here 6 is the constant in Lemma Since u is a local
minimizer, it satisfies the Euler-Lagrange equation near the free boundary point,

u
(4.59) Au = g(u)m + |u|Dyg(u).

Also there exists a positive constant C' > 0 such that g(u) > C when |u| < 6. We use the
notation

(4.60) Qu) == {|u(z)| >0}, T'(u):=0"Q(u).
Here 0* denotes De Giorgi’s reduced boundary. An easy observation is that for any point x € I'(u),
we must have |u(z)| = |[Vu(z)] = 0. The proof is straightforward: if at some point zy € I'(u),

|Vu| > 0, then by continuity of Vu we have that in a small neighborhood B, (x¢), |Vu;| > ¢ for
some 1 < ¢ < m and ¢ > 0. The inverse function theorem implies that in B,(zg), {u; = 0}
is a (n — 1)-dimensional hypersurface, which further gives xg ¢ 9°Q(u), where 9° denotes the
measure theoretic boundary. Finally we arrive at a contradiction thanks to the well-known result
O*E C O°F for any set E of locally finite perimeter. For the definitions of the reduced boundary
and the measure theoretic boundary, as well as their relationship, we refer to [15, Chapter 5.7&5.8]
for details.

We first establish an almost monotonicity formula for |u| < 6. The proof closely follows the
classical arguments of Weiss (see [44], [45])
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Lemma 4.1. Let u be a solution of (4.59) in B,.(x¢) such that |u| < 6 in B.(xg), and set

1 1 1
4.61 W(u, zg,7r) = / <Vu2+gu u>dw— / ul> dH L
(461) ror) = gz [ IVl ot ) do = s

Then W (u, xo,) satisfies

d du, _
(4.62) —W(u,x,r) = 7'/ ]i|2 dH" ' 4+ 2r | Dug - u|u,|dx
dT OB1 T B
where ( )
ulxo +rx
up(x) = o

Proof. First we write W (u, zg,r) as

1
W s0.r) = [ (2|Vurrz+g<r2ur>|urw) R
1

B,
Then by a direct calculation we have

d
% (uvx(]vr)
:/ Vu, - i(Vw) + Dyg(r*u,) - i(7“2ur)|u,n| + g(r?u,)|uy |ty - iur dx
B dr dr dr

— 2/ Uy iur dH 1
8B, d?"

d d .
N /31 <_AuT T Dug(r*uy) - %(Tzur)\uwl + g(ru,)uy | "y - UT> d
d n—1 d 1
-2 Uy —Up AH + (- V) - —uy dH" 2.
8B, dr 0B, ar

d d d
:/ <—Aur - —uy + Dug(r®uy) - —(r*u,) |ue| + g(r’u) Ju |, - ur> dx
B dr dr

d
+/ r]—uTIQ”H"_l.
0B, dr
Here we have used integration by parts in the second step and the formula %uT = %(aj -Vu, —2u,)
in the last step. Since u satisfies the equation (4.59)), direct computation implies that

u
(4.63) Au, = <g(r2ur)’ur| + Dug(r2ur)r2\url) .
T
Substituting (4.63)) into the above identity, we obtain
d d
%1% . e 2 9m—1
AU SOR BP

9 Uy 9 9 d
= — | g(r“u, + Dyg(rfu,y)r ur>ur
/Bl{ < ( )|ur| ( Il dr

d r o d
+ Dug(rgur) . %(TQUT)‘UA + g(rQu,n)‘Z—r| . drur} dx

=2r [ Dug(r’u,) - u,|u,| dz
By

Hence we have proved (4.62]). O
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Remark 4.1. For other a € [0,2), the analogue result still holds for

K

1 1 .
W(U,J}O,T‘)ZrmHH/B ( )2|V’UJ‘2—|—W(U)dLU—W_2K_1/8B ( )|u|2d7-[ 1.
r (20 r(To

where £ := 32 and W(u) = g(u)|u|*. The derivative of W (u,zo,r) is given by

d d

—W(u, zg,r) = 7“/ \ﬂﬁ dH" '+ m“”l/ Dyg - up|uy|*

dr OB1 dr By

For our purpose we only need the statement for o = 1. The proof for general o € [0,2) is identical

and we omit it here.

Proposition 4.2. Let « = 1 and u be a bounded entire minimizer and let T'(u) be as defined in
(4.60). There exist constants ro and C, which only depends on ||u||p~ and the potential function
W (u), such that

(4.64) lu(x)| < Cdist(x,T'(u))?, |Vu(z)| < Cdist(z,T'(u))
whenever dist(z,I'(u)) < ro.

Proof. This proposition and the proof are almost identical to [4, Theorem 2] (except now for a
more general potential function). We present the whole argument here for completeness.

The statement of the proposition is equivalent to

sup |u(x)| < Cr?, sup |Vu(z)| < Cr,
xE€B(z0) z€Byr(x0)
whenever zg € I'(u), r < rg. By (4.59) and the standard theory of elliptic regularity, it suffices to
show
1
(4.65) — luldz < Cr?,  Vao € T'(u), 7 <79
r B, (z0)
where C' and ry only depend on ||u||z~ and the potential function W.

Note that since |u| is uniformly bounded, we have u € C'7, which further implies |Vu]| is
uniformly bounded. As a result, there is a constant ry such that dist(z,I'(u)) < 2rp implies
|u(z)| < 0, where 6 is the constant in Lemma Also, W (u(z)) has the form g(u(z))|u(zx)| for
some smooth function g(u) > C' > 0 when dist(z, I'(u)) < 2rp.

Since |Vu| is bounded and rg is a constant, we have that W (u, o, 79) is uniformly bounded by
some constant C independent of uw and xg. Here W (u,xo,70) is the quantity defined in (4.61)).
Using Lemma [£.1] we compute for r < rg

1 / 1 1 9
— glu uda;:Wu,mo,r—/ —|Vul|”dx
"2 ) B, (o) (ol ( ) Bmo)?‘ |

1 / 2 —1
— w|* dH"
3 9B, (20) fu

1 1
= Wnan) = i [ SV ple s
r (20

_l’_

(4.66) .

+/ u—p(x — z0)|2dH™ !
rn+3 3Br(xo)’ ( )‘

(xo + sx)
52

T0
< W (u, 70, 70) + / 2s / Dugl] ™ 2 du ds
r B1

1
+ / fu — plar — o) dH",
Tn+3 0B, (z0)
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for every p(x) € H, where H is defined by
H:={p(x) : p(z) = (p1(z),..pm(x)), each p;(z) is a

homogeneous harmonic polynomial of second order.}

We would like to point out that the homogeneity and harmonicity of p(x) is used in the second

equality of (4.66]).

We already know that the first term in the last step of (4.66) is bounded by a constant C

independent of v and xg. For the second term, since u(:z:o +z) < C|x\g when |z| < rg by the s
regularity (c.f. Remark [2.2) - and observation below , we have

/ 23/ | Dygl|| 20T 5T) ””0“” 12 dz ds<C/ /szg\ls?dxdsgcz
By

for some constant Co. Because g(u) > C > 0 in B, (zg), in order to prove (4.65)), it suffices to show
that there is a constant Cj, independent of u and zg, such that for any xy € I'(u) and r < o,

1

4.67 min —— / u—p(x —z0)|2dH™ ! < Cs.
(1.6) mip s [ e )

Let pg,,» be the minimizer of the integral f(‘)Br(xo) |u — p(x — x0)|>dH""! among p € H. Then
Dao,r Satisfies

(4.68) /8 ( )(u(a:) — Paor( —x0)) - q(z —20)dH =0 Vg€ H.

Suppose by contradiction that (4.67)) is not true, then there is a sequence of entire minimizers
{ur} (uniformly bounded), a sequence of points xj € I'(ug) as well as a sequence of radii rp — 0

such that
1 _
My = n+3/ up — Payry, (7 — 1) |2 dH™ ™ = 0.
Tk aBTk (xk)

Define
Uk(mk + Tkx) Wi = Vk — Pxy,ry,

(o) = pi=

Then we immediately get
/ lw? dH™ 1 =1
0B1 (0")

/ 1\Vwk]2dx—/ wy|? dH™
Bi(0n) 2 9B1(0n)
_ 1 e
:Mk ! (/ ilv(vk - pmkﬂ“k)|2 dx — / |Uk - pxk,rk|2 dH 1)
Bi(0m) OB1(0™)

(4.69) ([ Sveldes [ et
By (0m) 2 9B (0)
<MW (g, g, 71

- "o ug () + s
<M <W(uk,xk,ro)+/ 25/B \Dug|k(];2)]2da:ds>
Tk 1

—0 as k — oo.

and we have
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So wy, is uniformly bounded in W2(B;). Also we note that by (2.31)) each wy, satisfies the

equation

1 Vk )
Aw = —qgl\u + Du Uu m 3

which implies

|Awg| < — 0, ask — oo.

C
vV My,
By Schauder estimates, wy is uniformly bounded in CZIO’Z(Bl) for any v < 1. Therefore we can
extract a subsequence, still denoted by wy, that converges to wg with the following properties

(1) wg — wo weakly in H'(By), strongly in L?(0B;), faBl lwo|? dH 1t = 1.
(2) wg — wo in C12Y(By) for any v < 1;

(3) Awg = 0;

(4) [wo(0")] = [Vwo(0™)] = 0;

(5) [, oB, WO * qdH" ' =0 for any ¢ € H. This property follows from (4.68)).
By [46, Lemma 4.1], we know that for any wy satisfying (3) and (4),

/ |Vwg|* dz > 2/ |Vwo|? dH™ .
Bl aBl

On the other hand, from (4.69)) we know
/ |Vwg|* de < 2/ |Vawo|? dH™ .
B 0B1

Therefore we have |’ B, [Vwol* de =2 [, B, |Vawg|? dH™ ' which implies (again by [46, Lemma 4.1])
that each component of wg is a homogeneous harmonic polynomial of second order, i.e. wg € H.
This is in contradiction with properties (1) and (5). The proof is complete. O

5. (n — 1)-HAUSDORFF MEASURE OF THE FREE BOUNDARY FOR « = 1

In this section, we continue working with the potential function W (u) satisfying H1 and H2
with oo = 1. Assume u is a bounded entire minimizer of the energy .J. We would like to study the
(n — 1)-Hausdorff measure of 9*Iy and prove the second part of Theorem i.e. the inequality
([T.14), (T.15).

Firstly we focus on the local estimate of 9*{u = a;} and we use the same notations and assump-
tions as in Section [l Take a; = 0™ and W (u) = g(u)|u| for some g € C?(By), 6 as in Lemma[3.2]
u satisfies the Euler-Lagrange equation .

Thanks to the growth estimate (4)) and the non-degeneracy Lemma we have for every zy €
I'(u) (recall that I'(u) is defined in) and small r,

(5.70) ar’ < sup  |u(z)| < cor?,
2€Byr(x0)

(5.71) ar < sup |Vu(z)| < cor.
2€Br(x0)

Theorem 5.1. (Local estimate of ') There are constants ro and Cy such that

(5.72) H" N (D(u) N Byy(2)) < Co  for every z € I'(u).
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Proof. Take the constant rg such that for any x that satisfies dist(z,'(u)) < 2rg, |u(z)| < 0. We
will fix a ball By, (2) for some z € I'(u) in the rest of the proof.
We define

v = Og,u, 1 =1,2,..,n, Ye(u) :={x € Bry(z) N {Jul > 0} : |Vu| < e}.
By differentiating the Euler-Lagrange equation , formally we have
Av; =|u| ™ g(w)vi + [u] T (Dug - vi)u) — |u"Pg(u)(v; - u)u
+[ul ™ (v - w) Dug + |ul(Dyg - vi).
Take the function . (z) : Rt — [0, 1] defined by
e() = {1; x 2 e,

Z, xzel0,¢).

(5.73)

We also choose a smooth cut-off function ¢ € C2°(Ba,,(2), R) such that
: C
¢p=11in By, (2), |Vo| < —
To
Let ~
A := Bay (2) N {|u] > 0}.

The key of the proof is to estimate the following integral

(5.74) I —/w {we mn‘ . ]

from which estimate (5.83) below follows.
Claim. There exists a constant C(g, 7o), which is independent of €, z, such that

(5.75) I'<C(g,70)-
Proof of the Claim. Define

= (o)
| zl
We first show that n € VVO1 ’Q(Bgro(z), R™). Indeed, by a direct computation we have
0;v;
= L) fvi] ¢>+w5(|vz|) X

o
il j')‘,|;‘¢+¢s<|vzr>

|vi

foi]

By definitions of 1, ¢ and the W??2 estimate of u, the right-hand side is L?-integrable. Combining
with the fact that ¢ € C5°(Bay,(2)), we get 1 € I/Vol’z(ngn0 (z),R™).
We notice that since Aw; is very singular when |u| — 0, so we can not directly perform an

integration by parts by moving all the derivatives on v; in the domain A. Instead, we will switch
8Z~ and V.
For any f € C§°(Bar,(2), R™), by integration by parts we have

/ Vvi-Vfdw:/ Au-0;f dz
BQT‘O (Z) BQTO (Z)

This can be generalized to the vector-valued function 7 in WO1 2(Bayy (2), R™), s0 we get

(5.76) /Vvl- -Vndr = / Vo - Vndx = / Au - Omdx = / Au - Oindx
A Barg (2) Barg (2) A
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Above we have exploited the fact that D?u and V7 vanish almost everywhere on {|u| = 0}. So it
suffices to prove

(5.77) [Au -Omdz < C(g,r0).
A

~ We define the set As := Bay,(2) N {|u| > &}, it is obvious that A; C A for any § > 0 and
A = limg_,g As. Then we have

/ Au - Oindx
A
=lim Au - O;indx
0—0 As
(5.78) = lim —Av; - ndx + lim Au - nydo
60 J A, 6—=0 Jo A,

For the first term in (5.78]), we further compute
(%

— [ A (i)

Ag \Uz‘|

(5.79) = —/A iba(!vi\)lvi\1¢<IU\19(U)|%'!2 = [u[?g(w)(vi - u)?

¢| dzx

+ 2|u| 7Y (Dyg - vi) (u - v;) + |ul(v; - D%g - vz)> dx
By the Cauchy-Schwartz inequality,
Ju| g (u)[vi* — ful g (u)(v; - u)* > 0.
Substituting this into (5.79) gives

—Av; -ndx
A5

s] / weuw\)w%(2\u|-1<Dug-w)(u-w) ; \u|<vi-ng-vz->) s
SC(Q,T‘O)-

(5.80)

The integral is bounded by a constant C(g,ro) (doesn’t depend on the choice of z, d, €) because
|vi|, Du(g), D2g, u are all uniformly bounded by a constant in Ba,,(2).

u

For the second part in (5.78)), we apply (4.59) to obtain

/ Au - ny;do
8As

:/ Au - nydo
3{Jul>8}NBary (2)
(5.81)  _ < D >< .W).d
/a s (IO D5 ) (0 6)) o
ve(|ui]) Ve (|ui])

-/ s = oo + [ uldig () L2 o
{|ul>6}NBa, (2) |vi] {|ul>6}NBa, (2) |vi]
=:14+1I



22 ASYMPTOTIC BEHAVIOR OF THE INTERFACE

We notice that on 0{|u| > ¢}, if |V|u|| # 0, then the outer normal vector can be written as

v = \_VV\LTﬂ’ so we obtain that I < 0.
For the term II, we perform integration by parts again to get
lim IT < lim & / P (L)
6=0 020 1Ja{|ul>6}NBar, (2) |vil
(5.82)
<lim§ 8i(8ig(u)¢5(|vi|)cb)‘ dz = 0
020 J(ul>61NBarg (2)} |vi

We note that in the last step of (5.82)), the limit is zero since it is the multiplication of § (goes to
zero) and a bounded integral (the bound depends on e, but doesn’t depend on 9).
Combining (5.79), (5.80), (5.81) and (5.82)) will conclude the proof of the Claim.

On the other hand, we compute -
I= [ (0 0u(ul) i 6) + (Tor- Vel o)
+ (wﬁwwgdvm) dx
_¢ IV ei|[26 da

€ JAn{o<|v;|<e}

4 / (sl Vil — [l [V Lol [2) e (foil ) e
An{|v;|>0}

n /Awwwwsum» dz

Note that we have
vs] Vil * = Joi| 7Y Vvl |* > 0,

1 1
[ T1ulVoue(in) do < ([ 19?3 1Vove(iud)? < Cro)
Combining with (5.75)), we conclude that
(5.83) / V|0l dz < Clg,ro)e, Ve << 1.
e

We need the following lemma.

Lemma 5.2. There are constants €y and C such that for every e < &g,
Z/ \V|vs||? do > CLY(B.(2)), Vz e (uw).
“— JB.(2)nQ(w)

Proof. Recall that Q(u) = {|u| > 0}. If the statement is false, there exists a sequence of uniformly
bounded entire minimizers {u;}72,, {z; € I'(u;)}, {¢;} as well as {C;} such that

lim e; =0, lim C; =0,
Jj—00 Jj—00

(5.80) Z/ V105,12 dar < C;£7 (B, (25).
i=1 €5 (Zj)ﬂQ(u)
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Define fj(x) : B1(0") — R™ as
fj(l') — uj(zj —;‘L:Jw).

&j

Then by Proposition [4.2] (5.70) and (5.84), we have
(1) [£;0")] =V f;(0")] =0 for every j,
(2) I fillerm By omy) (v < 1) is uniformly bounded.

) ZfBl |V|aifj||2dﬂ3 < Cjwp,

(4) supg, (ony |fj(z)| > C > 0 for some constant C.
2

Using all these properties, we can get the following convergence results up to some subsequence,

fi = fin CY(B1(0")),

(5.85) (07 = [V £(0)] = Z/ V10,112 d = 0.
(5.86) sup |f(z)| > C > 0.
B%(O”)

Note that implies that f = 0 in B1(0"), which yields a contradiction with . The proof
of Lemma is complete. 0
According to Besicovitch covering lemma, we can find a covering of I'(u) N By, (z) by a finite
family of balls { B} e, such that each ball is of radius € and centered on I'(v) N B,,, and no more
than N, balls from this family overlap, where N,, is independent of ¢ and of the set I'(u) N By,. By
the estimate (5.71)), we have B:(z) N Q(u) C E¢. for some constant C. Consequently, we obtain

Z[,” ) < CZZ/ V(|vi|)|*dz  (by Lemma[5.2)

jeJ jed i=1 m{\u|>0}
<CZ/ V(|vi|)* dz < C(g,m0)e  (by (5.83)).
ECE

This implies
> et < Clg, o),
jeJ
for some constant C'(n,rp) independent of the choice of z. Finally letting ¢ — 0, we get
H'H(D(w) N Bry (2)) < Clg, 70).
The proof of Theorem is complete. O
Remark 5.1. Using Theorem we can prove that for any R, there exists C'(R) such that
H" 1 (Br(z) NT'(u)) < C(R)

To prove this, one simply covers the set Br(x) N I'(u) by identical small balls {By,(z;)} such that
zi € I'(u) for every i. We omit the details.

Now we use the local estimate Remark [5.1] and Theorem [3.3] to prove the global estimate of the
H" ! measure of the free boundary 9*Io.
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Theorem 5.3 (Second part of Theorem [1.2). Let o € (0,2), zo € R™. There are constants c1, 1o
such that for any r > rg,

H Y0 Iy N By (x0)) > crr™ L
And when o = 1, there are constants ca,rg such that for r > rg,
H (0% Iy N B, (20)) < cor™ L

Remark 5.2. Unlike the local estimate, here all the constants depend on u.

Proof. Without loss of generality we take zg = 0™. According to Theorem for sufficiently large
r, there are two phases a1, as € A, which depend on r, such that

L"(B, N{u=a;})>c", j=1,2.
Using the relative isoperimetric inequality we obtain that
H 1O {|u — a1| > 0} N B,)
>C (min{ (B, N {u = a1}), LB \u = a )" > e,
which gives the lower bound. Note that this estimate is valid for any 0 < a < 2.

For the upper bound, we fix @ = 1 and examine more closely the proof of Theorem Again we
consider the domain Sk 1, and classify all the sub-cubes {Si}g%) into five classes T1—T15. If .S; € Ty,
then u(z) = ay, for all x € S;, which implies H"1(S; N 0*Iy) = 0. Moreover, for any zo € 5;, by
the definition of Ty it holds that

max |u(z) —a; | <80.
wEBL(IO)! (z) — aj| <

By the proof of Lemma we obtain that By 4(7o) C {u = aj,} and consequently xg & 0*Io.
As a result, we have
Hn—l(gi N 8*10) =0.
Using the estimates in Theorem [3.3] and Remark we have for large enough k
’Hnil(a*fo N SkL)
< ) HTHOINS)
(587) S; €T UToUT3UTs
<(Th| + |T2| + |T5] + [T5))C(L)
<co(W,u)k" L.
The upper bound follows immediately from (5.87)) and the proof is complete.
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