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IIpoAoyog

AAAa moéoo ogpiyog, (wiucne onuaociag
yia m padnuankn emotiun, 9a yavov-
Tav ue 10 $EPI{wUa g YEOUETPIAs Kat g
Uadnuatkng UOLKIG.

ATi6 v opdia tou D. Hilbert oto 2° AteOvé-
g Zuvedplo Mabnpatikev, ITapiot 1900 (BA.
C. REID [16, o). 170])

O1 onueldoelg auteg mpoopidovial va KaAupouv Ti§ apeoeg H16aKTIKEG a-
vaykeg Tou pabrpatog ng Atagopikng Feoperpiag tov Kaprnudov katr Erm-
pavelv, n omnoia &18doketal oto Tunpa Mabnpatukev tou Ilavermotnpiou
ABnvov oto It e§aunvo oroudmv.

Adye g andgpaong tou Tunpartog va mneptloptotet 1 Sidaokaldia tou v-
MOXPEWTIKOU (mportuylakoy) pabnuatog g Atapopikng Feopeipiag oe éva
povov e€aunvo, 1 VAN €Xel Kl QUTH| IEPLOPLOTEL, KAT AVAYKNV, 0TV Iapouaoi-
a0T1) AMOKAEIOTIKA OTOXEIRDOV JePATOV TG TOMKNG dewpiag TOV KAPITUA®OV
Kat erupavewwv. 'Etotl, akopn kat ta anmlovotepa arnotedéopatd g Aeyopevng
OAkng Atlagopikng Feopetpiag £xouv mapadeipBel. Ilap’ 6X° autd, n apou-
oa €MmMAOYT) TG UANG EMUTPENEL OTOUG (POITNTEG 1A VA ATIOKTNOO0UV Hid TP
yvopiia pe pepikég Sepedindelg €vvoleg autoU TOU ONPAVIIKOU KAASoU 1oV
Habnpatkev, Kat va $1armot®oouy pe éco yovipo tporo n Alagopikn Few-
petpia ouvbéetat pe v Avaduon kat v ‘AdyeBpa.

Ta oxfpata IOV CNHUEINOERDV EIXE TNV EUYEVI] KAAOOUVH va @AOTEXVI|OEL,
e daitepn dedloteyvia kat urtopovy) o gottnig tou Tpnpatog Mabnpatukov
Kootag ®pacuB. [Manadoroudog. Tov euyxapiotovpe deppd kat aro 1) 9€on
aut) yua myv efalpetiky) ermpédetda mou £6ede 00 autnv v erinovn gpyaocia.



vi ITPOAOIox

EAnidoupe ot ta oxfpata avtd 9a cupBaAouv otnv KaAAiteprn Katavonor) tou
Kelpévou.

IMa 1t 1eukoAUVOoT TOU avayveotr, oto 1€Aog KaBs kepalaiou apabétou-
e pia og1pd XapaKInPloTIK®V AOKT|CE®V 1€ AeTTIopEpElS Auoelg. Oa wdpeAnOel
MOAU AV EMIXEIPNOEL va TI§ AUCEL 1OVOG TOU, KAl KATOIV va OUPBOUAEUTEl Tig
nipotewvopeveg Auoets. Emiong, os oxetiko napdaptnpa, urevoupioupe Pepikeg
Baokég €vvoleg Katl amoteAdéopata anod 1ov Atapopiko Aoylopo S1avuopatikey
ouvaptoenv moAdev petaBAntov. Tovidoupe Kuplng T yPapPKOTNIA TOU
(onpelakov) Sapopikoy, 1 oroia mapéxel Evav ouolddn PNXaviopo yia tmyv
KAtavonorn rmoAAov evvolwv, 181attépng g denpiag 1ov Empaveiov.

A pa e€alpetika extetapévn BBAloypagia avapepoupie povov Atyeg -
Y£G, O1 OTI01Eg PTTOPOUV VA PAVOUV XPTOTHES KUPIRG OTOUG POITNTEG, TTOU £PXO0-
VIal yid Ipotn Qopd O eMAr] HE TO MEPIEXOHEVO TOV ONHIEINOERDV, AAAd Kal
emBupouv va enektabouv oe Pepka o npoxwpnuéva Ypata. Ta BBAia [2],
[16], [17] £xouv 10TOPIKO TIEPIEXOHEVO.

O1 onpewwoelg, Onweg ival PUOIKO, UTIOKEVTAlL o€ aAAayeg Kat §10pOwoeg.
Ba eipaocte €K 1OV MPOTEP®V UTTOXPEWHEVOL 08 OAOUG TOUG AVAYVAOOTES HaAg, Ol
ortoiot 9a 9éoouv urt oYy pag kabe undden mou Sa propovoe va Bondroet
otnv nepattépn PeAtioon toug Kat otr §10pOworn Aabaov.

E.B. - M.II. ABrva, Iavoudpiog 2009.
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Kepalawo 1

Alwagdopiopeg KapnuAeg

1.0 Ewaynyn)

Kaprmuleg 0rwg 0 KUKAOG, 01 KOVIKEG TOHEG, 01 EAIKEG KAl O1 OTEipeg eixav a-
naoyoAnoet toug apxaioug 'EAAnveg. Me oxetikd npoBAnpata eixav aoxoAnOet
o ITAdtwvag, o Mévaixpog, o ArtoAAwviog, o Apx1pndng, k.a. Emiong ywa v
AVTIPETOINON TOV MEPIPNU®V AAUTOV (e Kavova kat §1abrtn) npobAnpdtov
eixav avakadugpBel kat pedenBel n K1oooedr1g Tou AlokAEoug, 1 KOyX0eldrg
tou Nikopn6oug Kat n) tetpaywmvi{ouoa tou Aelvootpdtou.

Eva onpaviuko mpoBAnua mou anacxoAnoe toug Madnuatkoug ano v
EIOXN NG apXalotntag, Nrav Kat n Xxapadn g epartopévng o €va Onpeio
plag kapruAng. To mpoéBAnpa aviipetRniotKe QUOIKA oto TTAAIo10 TG YVe-
otr|g 16te (ouvBetikng) EukAeideiag Teoperpiag. Ot anavirjoelg mou 860nkav
fjoav Povov PEPIKEG KAl adpopouoav OUYKERPIEVEG Kaprmudeg. Mia kadAite-
pn mpoogyylon £ytve Suvatr oto mAaiolo g Avadutiknig leopetpiag. IMapa
TG ONPAVIIKEG TIPOOSOUG TTOU oNPEWwOnKav otnv Kateubuvor autr] amno toug
R. Descartes, P. Fermat kai C. Huygens, kat riaAt 1) yevikr) péSodog emiAvong
TOU TPOBANATOG CTAPATOUCE OTAV EMPOKEITO VA AVIIHIEIRITIOTOUV £§10M0ELG
Babpou avetépou tou 3.

To mpoBANIa Tou MPocdlop1oPoy NG EPATTIONEVNG ETMAUONKE OTr) YEVIKO-
TA TOU M TV Xpnorn tou Atapopikou Aoyilopou, rou padi pe tov OAorAn-
POTKO AOYlIOp0 Aoknoav tepdotia emnibpaocn oty e&€A€n g pabnuatkng
EMOTAHING.

H xpron tou Alagopikot Aoylopou otn pedétn ng Feoperpiag odrynoe
otnv dnuioupyia evog véou kAAdou, g Aladopikng leopetpiag. Zinv ava-
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rttuén g Alagopirnig Fewpetpiag tov kaprudmv eixav 9epedimdn oupBoAr) ot
I. Newton, G. W. Leibniz, L. Euler, G. Monge, J. Bernoulli, A. C. Clairaut,
F. Frenet, J. A. Serret, J. Bertrand, Ch. Dupin, kat rtoAdoi dAAot. Mepikd
aAda onpavikd ovopata 9a avadpepBouv ot dewpia TOV EMPAVEIDV.

H peAétn tov kapnudev, eKtog aro 10 Kad auto pabnpatiko evoiadpepov
mg, EXEL OCNUAVTIKEG EPAPOYES 0T PNXAVIKY], 0TI vaUuoutAoia, otov rpoodio-
PLOUO TRV TPOXINV OUPAVIOV OCOUATKOV 1] CUCTNHATOV 0puPoprv, K.d.

Ebw 9a yvopicoupe pepikég BaoikEG £VVOleg KAl CUNIIEPACTHATA TG AEYO-
pevng "torkng" Yewpiag oV KAPmuAoy.

1.1 Auwa¢opiolpcg KaApnuUAeg

Zwv Avadutiky) Teopetpia Aéyoviag kaprmuln evvooupe éva ouvoro X onpei-
@V (TOU X®WPOU 1] TOU £IES0U) IOV 1KAVOTTIOl0UV 0plopEveg ouvinkeg. Ma na-
padetypa, propet va eivatl 0 Ye@UETPKOG TOTO¢ ONPEI®V TIOU 1KAVOIIO0UV pid
OUYKeKPIEVn 1810TnTa (KUKAOG, EAAelyr), KATL.), TO yod@nua 1iag ouvAaptong
f: R — R, n mooxid evog Kivntou, K.0.K. LKOMOG Pag £ival va epappocoupis
neboboug tou Alapopikoy Aoylopou otny pedétn tou X, Katl yua va yivel auto
Ya mpéret va doupe T KAPMUAeg @g oveg kartaAAndwv ovvaptioewv. Etot,
divoupe 1oV eropevo oplopod:

Mua napapetpnpév KaApnuArn oto X®po (parametrized curve), 1] aniwg
Kapnudn oto XOpo (space curve) sivat pia ouvexng ansikovion a: 1 — R3,
orou I C R eivat éva daotmpa.

O 6pog "mapaperpnuévn” (mou ocuvnbwg Sa mapalesinetal ot oUVEXELD)
onpaivel Ot 1 KAPMUAL neptypddetal pe myv Porndeia piag petabintrg (ra-
papétpou) t € I.

Ereidn), yia kabe t € I, eivat a(t) € R3, n « eivat pia tpiada mg poppng

(1.1.1) a = (ag, a9, as).
KdaBe ouviotwoa (1] ouvietaypévn)

Qi =Ujoq; 1=1,2,3,
6mou 1 u;: R? — R oupBoAilel tnv Kavovikr) TipoBoAL| oty i-ouvietaypévr,
elval pla mpaypatiki ouvAaptnorn pag npaypatikng petabAntg. H ouvéxewa
G @ 1008uvapel pe v ouvéxela KAbs pag ano tg ;.

Av 1 ewkova al) mag Kaprmuing nepiéxetat oe €va erinedo ou R3, Aépe
ot 1 « gival eninedn kapnvAn (plane curve). ¥’ autr|v tnv MePIIROT], 1 {ia
aAAayr) TOU CUCTHHATOG CUVIETAYHEVOV PITopoUHe va dewpoupe ot al) C R2.

Evéiagepouacte oxt yia v ancsikovion o (tapauetpnuévn kaurnvin), aiia

yla TG YEDUETPIKES 1510TNTes G etkovag, éniadn touv ovvoou X = a(l). H
anekovion « eivat armdog to epyadeio yia v pedét wou o).
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Ebd® mpéret va mapatnprjooupie 0Tt 01 KAPITUAESG

V2, V2
2

a: R — R?: t - (==t 1),

B:R—R%: t (¢
§:R—R%: t (t%) P 150
' (t2,t3) = t>0,

¢xouv v 161a ewova a(R) = B(R) = v(R) = §(R) = Ag, 6ndadn wmyv
dlaywvio tou R? (BA. Kat to EMOPEVO OXAPA).

Txfpa 1.1

ArT autgg,

- n « eivat Sragpopiomn, pe ||/ (¢)]] = 1, yia xdbe t € R,

- n [ eivat Suagopiomn, pe F'(t) # 0, yua xabe t € R,

- 1 7 eivat Sragopion xkat undpyet éva onpueio, o 0, 6rou 7/(0) = (0,0),

- ev 11 § Bev sival Sragpopiowmn.

Ar6 ta ponyoupeva riapadeiypata poxkurttel 6t (1) n id1a kapmuin Ar
HIopel va meptypadel 0§ 1KOVA S1aPoPETIKOV (MTAPAPETPNHEVRV) KAPTTUADV
Kat (2) n avunapéia nmapaywyou 1 o pndeviopog g (yia pia napap€rpnon)
dev ouvbiovial Kat avayknVv e KAmola avopalia oto oxniua g swkovag Ag.
Anpioupyouv Opeg TEXVIKEG SUOKOALEG, YU auto Ya Se@priooulle KAPITUAEG ITOU
Slaypagouv v ekova pe tov Kadditepo duvatd tporno, €101 Hote va Sivouv
apeontepa ta {nrovpeva ocupnepacpatd.
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Eow a: I — R3 pa Sagopioin kaprmudn kat é0te 6t oe éva onpeio ¢,
etvar o/ (t,) # 0. Téte undpxet n epantopévn eubeia (tangent line) g «
oto onpueio a(t,), mou ivetal and v e§iowon

(1.1.2) e(s) = alty) + sd'(t,), s€eR.
)
al(t,)
>
o/(t) eqarmopévn
Zxfpa 1.2

H avunapgia 1) o pndeviopds g napaywyou o (t,) oto onpeio t, dev emu-
TPETTIOUV TNV IIPONYOUNEVI) €Kppaoct) tng epartopévng. ' autd ota emopeva
Yewpoupe povo dradopioljieg KAPMUAEG, TOV OOV 1] Tapaywyog 6ev pnbe-
videtat moubeva. Mia kapmudn @ autfjv v 1610tta ovopdadetal RAVOVIKY 1
opadr (regular), eve oe pia Kaprudn « rou dev eival opadn), kabe onpeio
orou pndevidetat n napdywyog Aéyetal onpeio avopaldiag (tng a).

Ztn ouvéxela 9a urmoBEétoupe Ol 01 KAPITUAeg pag £Xouv tagn dragopiot-
potntag apketd peydAn (ouvnbeg > 3), wote va e§acpadiletat n Urnapsn 6owv
napaywyev xpewadoviat. Emiong, 9a unobétoupe ot 01 Kapmudeg pag eivat
kat amdAég, SnAadn eivat aneikovioeg 1-1. Enopévag, yia va arnopuyoupe Tig
TMEPITTEG EMAVAANYPELG, HE TOV Op0 "Kavovikr] Kaprnuln" da evvooupe pa anin
rkavoviky kaurnuin, C"-Siapopiown, uer > 3.

IMa pa dragopion kapmuin o, 1 NApdyoyog

(1.1.3) ol (t) = (4 (1), as(t), a5(t))
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ovopddetal epantopevo Srtavuopa (tangent vector) r) tavuopa taxvtnrag
(velocity) tg a oto (), evd T0 PAKOG TOU AVATEP® S1aviopatog

o(t) = [’ ()] = (a4 () + ah(t)® + (1))

ovopdadetat pétpo tng tayxvtnrag (speed) g a oto .
Av ka1 1 o/ etvat Stagopiomqn, téte ) Seltepn MAPAYOYOS

(1.1.4) o (t) = (o (t), a5 (t), a5 (t))

ovopddetal emtayuvon (acceleration) tng « oto t.
Ta pa Sagopioyn kaprudn o: I — R3, ovopdloupe prikog (length)
S @ T0 OAOKATNpOIA

(1.1.5) L(a) = /1 &/ ()]|dt.

Ta 8vo kaprdes o, B: I — R3, oupBodidoupe pe < a, 3 > mv dapopi-
Ol OUVAPTNOoT)

(1.1.6) <a,f> I —R:t—<alt),st) >
Katl pe a X G mv dagopiotn Kapmuin
(1.1.7) axfB: I —R3:t—alt) x ().

Ao myv dypapikOta 10U E0WIEPIKOU KAl TOU ECHTEPIKOU YIVOUEVOU ITPO-
KUITTOUV 01 MAPAKAT® KAVOVEG TIAPAYOYONG

(1.1.8) <o, B> (t)=<d®),8() >+ <at),Bt) >,
(1.1.9) (ax B)'(t) = ((t) x B(t)) + (alt) x F'(t)).
H anddeiln tov TUN®v autov MPoKUITEL £MioNng OToXEwdng: av ypayouue
TI§ KAUTTUAEG Pe TG ouviotwoeg toug [BA. oxéon (1.1.1)] kat epappocoupe
TOV OPLOMO TOU E0MTEPIKOU KAl ECHTEPIKOU YIVOUEVOU, £XOUHE TIS AVIIOTOIXES
OXE0E1g

<a(t), B(t) >=a1(t)Br(t) + aa(t)Ba(t) + as(t)Bs(1),

a(t) x B(t) =

(aa(t)B3(t) — az(t)Ba(t), as(t)Bi(t) — ar(t)Bs(t), ar(t)Ba(t) — aa(t)Bi(t)),
omote apaywyidoupie 1ig teAeutaieg pe 10 ouvrOn TPoIo.

Ot apdy®yotl Kat 1o PHKog g & pag divouv moAAEg mAnpodopieg yia v
a(l), oneg yivetat avepd and ta ernopeva
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1.1.1 Hapadeiypata. (1) 'Eotw o: I — R? wa Swapopioyn xaurvin. Av
a"(t) =0, ylaxade t € I, n « evar evdeia.

[Ipaypartt,
d't)=0=d(t) == at) = X\t + pu.

[Ipopavwg 1oxUel Katl 10 avtioTpodo.

(2) Eotw «a wa biapopioyn kaurujin mou bev nepva and to 0. Av aft,)
elvar 1o onpeio mg eucdvag 1o minoiéotepo oto 0 kar o (t,) # 0, wre 10 aft,)
eivar kadeto oto ' (t,).

IMpayupat, ag Sewprjooupe v cuvaptnon rou oe kabe t € I avuotowxel
10 Tetpdywvo g andotaong tou «(t) ano o 0, snAady wmyv

6: I —R:t—|la®)|? =ai(t)® + ax(t)? + a3(t)? =< a(t), at) > .

Agou 1 § mapouotalel sAdyioto oto t,, da eival §'(t,) = 0, dpa, Baoet g
(1.1.8), &xoupe ot

0=20(t,) =< alty,),d (t,) >+ < (to),alty) >=2 < alt,),d (t,) >,

art érou ouvayetat 6u a(t,) L o/(t,).

(8) Eotw a: I — R3 a Sapopiown kaumvin, ue o (t) # 0, yia kade
t € 1. Tote n emxdva o) givar 6o evog kukAou e kévipo 0, edv Kkar povov
eav 10 at) elvar kadeto oto o/ (t), yia kadet € I.

'Oneg Mponyoupéveg, Y9E@POUIE TO TETPAY®VO TG ardotaong tou a(t) amnod
100
0: I — R:t—<at),alt) >.

H § etvat otaBepry, edv kat pévov eav & = 0. AAAa
§(t)=<a,a> (t)=<d{t),at) >+ < at),d(t) >=2 < d(t),at) >.

Enopévag ¢ = 0 wobuvapei pe a(t) L o/(t), yia xdbe ¢t € I, onote £xoupe
10 arotéAeopa.

(4) H kauruin efdyiotov unkoug mou evavet §vo onueia P kait @ eivai to
evdvyoauuo tunua ue axoa ta P, Q.

Av p rat ¢ sivat ta davuopata 9¢ong tewv onueiov P kat ) aviotoixeg,
10 eUBUYpappo tuhApa pe akpa P, Q sivat n kapruin

£:[0,1] — R3: t > £(t) == p+t(g — D)

Kat €xel punkog [BA. oxéon (1.1.5)]

1 1
L(e) = /O /() dt = /0 la - plldt = llg - ]l
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Eowe a: [z,y] — R3 pia Sagopiomn kapmudn pe a(x) = p xat ay) = q.

Ta éva Tuxov otabepo u € R3 pe ||ul| = 1, eivat
<a,u>'(t) = <d(t),u>+<alt)u >=<d(t),u>
< " @lllull = llo’ @)1,

ETTOPEVRG

L(a) = /y &/ (t)]|dt > /y <alt),u>"dt =< a(t),u>|

xT

= <qgu>—<pu>=<g—p,u>,

yia xd6e u € R3 pe ||lu|| = 1. Haipvovrag tdpa u = (¢ — p)/|lq — p||. xatadn-

YOUHE Otr OXE0T)

L(a) ><q—p,q—p>/ llg—pll = llg —pll = L(¢).

1.2 Avanapapétprnon KaApnuAng

Av a: I — R3 eivar pia kaprodn, tote pa kaprodn B J — R3 Aédyetat
avanapapétpnon (reparametrization) tng «, av vndpxet pa apdapopion
h:J — 1I,pe 8 =aoh (BA. kKat 10 eMOPEVO OXETIKO Sraypappa).

¢ L XCR®

J
Maypappa 1.1

YrievOupidoupe ot n ékppaocn "'n b eivar apgidagpopion” onupaivet 6t n h
eivatl Stagpopion anewkovion 1-1 kat et pe Stapopiopn aviiotpogprn. Katd
10 @swpnua tng Avtiotpopng Zuvdptnong, n h sivat ap@pidiapopion tote Kat
poévov tote av eivat 1-1 kat ertd pe A/(s) # 0, yia xdbe s € J.

Etvat gavepo 611 kabe avanapapérpnon g a Xt tv id1a e1kova e my a.
Eivat ertiong @avepo ot av 1) « €ival Kavoviky, TOTe Kal KABe avanapap€rpnor)
g €lval Kavovikr).

®a avalntooupe ekeiveg Tig 1610tteg g ekovag X = «(I) = ((J) ou
Sev egaptovial anod v KapruArn pe v onoia diatpéxoupe to X. Mia tétowa
16161tta pag bivel 1o emopevo
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1.2.1 @sdpnpa. Av [ sivai wa avarnapaustpnon mg «, e L(F) = L(«).
Anodaifn. Eow a: [a,b] — R? xat 3: [a’, 0] — R3 avanapapétpnor) mg
ne B =aoh, érou h: [d',b] — [a,b] apgpidrapdpion. Eivat

b v
L) = [ 18l = [ l@en))ds
g
= [ el W s

Ta A/ > 0, dndadn yua h yvnoieng avtouoa, £xoupe

b h(b')
L) = [ ol s s = [ el an(s)

(a’)
b
— [(la' )t = Lo,

Ia /' < 0, 8dndadn yua h yvnoieg @bivouca, £xoupe

b h(b')
£8) = = [ 1o/ G I s)ds == [ el (s))n(s)

(a’)

a
a
/
==, lo/ (t)lldt = L(a),
OU OAOKATp®VEL TNV arodedn. O

A&iZe1 va napatnpricoupe €66 611 n o pag deixver mog addader n of. H
aAdayr) autr) propet va adopd os addayr Tou pétpou tng o, 1) o aAdayr| g
b61evbuvong. Ztabeporoi®viag 10 PETIPO, TIAIPVOUNE EMMITAXUVOT TTOU Selyvel
Hovo v addayr) g dievbuvong, dpa v Kapnudeon tou xepou X = a(l).
Etol, avapeoa os 0Aeg 11§ KAUITUAEG TTOU €XOUV TV 01a £1KOVA, AUTH] TTOU PaAg
divel eukoAdtepa ta {nrovpeva CUPMEPACHATA Y1d TNV KOWr €KOva eivatl 1
KAWUIUAD ToU €Xel Tayxutnta pe otabepod pérpo, oo pe 1.

IoxUet 1o ertopevo Paociko

1.2.2 @scpnpa. Kdde kavovikn kaunvin a: I — R? 8éyerar avanapauéon-
onB:J — R3 uel||B'(s)|| =1, yia kade s € J.

Anobeln. 'Eoww I := [a,b]. @eopolpe v aneikovion

5t [a,b] — [0, L(a)]: ¢ H/ o/ (u)|du.
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Avutr) eival yvnoiog auéouca kat diagopioun, pe
s'(t) = llo/ (Bl = v(t) > 0,
apa (BA. Bswpnpa Avtiotpodpng Amelkoviong), £xel Siapopioun aviiotpodn
h: [0, L(c)] — [a, b]
g oroiag n napayeyog divetal amo v oxEon
(1.2.1) h'(s) =1/s'(h(s)), Vsel0,L(a)].
®¢toviag 3 := « o h, éxoupe o1l

18" ()| = Nl (h(s)I] - 1 (s)] = [l ()1 1" ()] = 1,

TTOU ATTOOEIKVUEL TOV 10XUPLONO. O

Mia kaprodn B: J — R3 pe ||[F(s)|| = 1, yia xd6e s € J, ovopdletat
KapnuAn povadiaiag taxvtnrag. Av o eival pia tuxaia Kavovikr] Kapmu-
An, Aépe O 1 avanapapérpnon [ MOU KATAOKEUAOTNKE OTO TIPONYOUHEVO
Sevpnua, eival n avanapapétpnon pécw (tou) pARKoug Tofou 1) Ot £xel
NMAPAPETPO TO PHKOG TOou. Ermiong 10 prkog tofou Afyetal Kal (QUOLKI
MApApETPoOS.

1.3 KapnuAdtnta Kat oTpEyrn

TKOIog pag eivatl va opiooupe kamnowa apduntkad peyedn mou xapaxktnpiouv
10 ouvodo X = a(I), drou « eival pia Kavoviky) Kaprudn. Oneg onpeiwoape
Kat vepitepa, ta {nrovpieva ocuprepdaopata yia o X ta naipvoupie eukoddtepa
av n KapruAn €xet povadiaia taxvtmta. 't autd, av n apXiky a 6ev £xet pova-
Saia tayuinta, Yewpouiie TV AvVIioToKn AvanapapéIpnon HEo® ToU PHKOUG
1680u.

'Eote dowov 3(s), s € J, pia kapnudn povadaiag tayviniag. @étoupe

(1.3.1) T(s) := F'(s) Vseld

Enopéveg, o T'(s) eival 1o epantépevo Sidvuopa 1) Sidvuopa taxvtntag

g [ oto onpeio G(s). E¢ ooov | T(s)|| = 1, yia k&be s € J, 1a epardopeva

Siavuopata 7'(s) eivat otokeia tng povaduaiag opaipag tou R3.
MetaBdAdoviag 10 s oto J maipvoupe pia diagpopiun ouvaptnor

(1.3.1) T:J>s— T(s)=f(s) € R3.

Ioxuet o emopevo
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1.3.1 Afppa. Av f3(s), s € J, elvar kaunvjin povadaiag tayvmrag, tote
T LT,

oniadn
T'(s) LT(s), Vseld.

Anobeln. To prkog tou Siavuopatog 7'(s) eivat otabepd, dpa kat n ouvaptn-
on ||T(s)||? =< T(s), T(s) > eivat otaBepr), Sndadr) éxe1 pndevikr apdywyo

<T,T>(s)=2<T(s),T(s) >=0, Vsel,
art Orou IMPOKUITIEL TO {NTOUPEVO. O

Enedr) 1o pfkog ou T'(s) = ('(s) (taxumra) etvat otabepd 1, n mapdywyog
T'(s) = B"(s) (emuraxuvon) deixvel tnv aAdayn ng d1evbuvong tou Savuona-
tog T'(s).

To prkog tou davuopatog 7”(s) oupBolidetat pe

(1.3.2) k(s) == |IT"(s)||

kat ovopddetal kaprnwdétnta g 4 oo [(s). H k(s) etvat évag pun apvnukog
npaypaukog apidpog. Av k(s) = 0, Aépe 6t to onpeio s eival 181adov onpeio
tadng 1. [Ipogpavag opiletal kat n diagopiourn ouvdptnon (KapmuAdtntag)

(1.3.2) k:J>s+— k(s) €0, 00).

'Onwg 9a 6oupe oto Oswpnpa 1.3.4, 1 KAPMUAGTNTA PETPAEL TO KATA TTOCOV 1)
Kapmuln Stagépet amnod v eubeia.

IMa ta snopeva xpewadetat n B va pnv €xet 161adovia onpeia tagng 1, dpa
£Xel Taviou pn pndevikr) kaprwdomra. Ta k(s) # 0, 1o avtiotpopo g
kaprnudotntag, 6nAadn o ap1Bpog
(1.8.3) (s) 1= —

3. §) = ——
PTG
Kaleital artiva kapnudotntag. Meéow tng tedeutaiag, yua kabe s € J,
opidoupe 10 Sidvuopa

(1.3.4) N(s) = %T’(s)

rou ovouddetal mPOTo KAOeTOo 1) NpwTevov KaOeto dravuopa (normal ve-
ctor) tng B oto (3(s). To Siavuopa autod eivat éva povadiaio kat (cUpgpeva
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pe 1o Anppa 1.3.1) kdBeto oto eparttopevo dravuopa. Opidetal emiong Kat 1
avtiotoixn Siadopioan AmeKOVIion

(1.3.4) N:J>sr+— N(s) € R

TéAog, yia kabe s € J, opidoupe kat to S iavuopa

(1.3.5) B(s):=T(s) x N(s)

Kat v aviiotoiyn Siagopioyin aneikovion
(1.3.5) B:J>s+—— B(s) € R,

To B(s) xaleitar devtepo k@Oetro Siavuopa (binormal vector) tng 4 oto
B(s). Mpogpavaog eivat kabeto ota 1'(s), N(s) kat povadiaio.
AT6 ta mponyoupeva cuvayetat oti, yud kabe s € J, n tpiada

{T'(s), N(s), B(s)}

arotedet pia opbokavovikr) Baon tou R3, kat ovondletal ouvodsov tpicdpo
(moving frame) 1) tpicdpo Frenet (Frenet frame) oto onpeio 3(s) tng 5.

B(s)

Zxnpa 1.3

Avuiotoixwg, n tp1dda 1wV ouvaptnoewv

{T, N, B}
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Kaleital ouvodevov tpiedpo 1) tpicdpo Frenet kata prkog tng [.

[ToAAég @opég, yia SleukOAuvorn addd Kat yla TV MApAoTATIKOTEPT] ATIEL-
KOVIOT TOV MPAYHATeV, Ye®@poUlie 0Tl Ta Tpia mponyoupeva diavuopata £€Xouv
Hetagepbet mapaddnleg katd to Siavuopa [(s), ondte £xouv ©g apxnv to
onpeio ((s) g xapmudng. 'Etol oxnuatidetat ) ekéva evog 1p1Edpou, mou
OUVOBEVEL Ta ONJEila TNG KAPITUAng. Auto Sikailodoyel Kat v naparndave 0po-
Aoyla. Zxeukog apabétoupe 1o Lxnpa 1.3.

Méoe oV apandve Bacikov Siavuopdtev, opioulie tpia XapaKInplotika
enineda, Tou ertiong ouvodevouv v Kapmudrn. AkpiBéotepa, yia kabe onpeio
s € J, ta xabeta petagy toug ravuopata 7'(s) kat N(s) opidouv éva ertinedo
E. To (povadiko) ertinedo mou niepva amno to onpeio ((s) kat etvar mapddinio
npog 0 F (dpa xat pog ta davuopata 1'(s), N(s)) ovopdletal eyydvtato
eninedo (osculating plane) tng 3 oto 3(s). To eninedo, mou diépxetat and to
B(s) kat eivat mapadAnlo rpog to ertinedo tov N (s) kat B(s) kaAeitat kaOsto
eninedo (normal plane) g [ oto onpeio [(s), eve 1o erninedo nou iépxetat
aro to [(s) xat eivat mapaAAnio mpog to ertinedo v 7'(s) kat B(s) kaAeitat
cuOs1omo100v eninedo (rectifying plane) g 4 oo onueio 5(s).

B(s)

N

KdBeto
emtinebo

Eubegiomolovv
erinedo

T(s)
Zxfpa 1.4

[Tpogpavag, to eyyutarto ertinedo (oto F(s)) etval kGOeto oto diavuopa B(s),
10 KAOeT0 erminedo eival kaBeto oto 1'(s) kat 1o euberonolovy ertinedo eivat Ka-
9eto 010 N (s). Ot tedeutaieg 1810TTEG XPNOTHOIIOI0UVIAL Y1a TOV IIPOTS10PIopNo
TV AVIIoTOiX®WV e§1000E®V TV EMMIEd®V AUV, 0TS e§NYOUHE OTIS AOKNOEIS
TOU TTapPOvtog KepaAaiou.
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Zta Zyfpata 1.3 kat 1.4 anewkovioviatl ta nponyoupeva ermineda. Xn-
Hewdvoupe 6Tt kat ota §uo £xoupe petabéoet ta Stavuopata {1'(s), N(s), B(s)}
oto onpeio (3(s), ondte 1o eyyutato eninedo tauvtidetat pe to erninedo wv 7'(s),
N(s)) k.0.x.

I ouvéyela Sa opiooupe Kkat éva dAdo Baoikd, yia v peAétn pag Ka-
prwdng, péyebog. Enedn) < N(s), B(s) > =0, yua kd6e s € J, napaywyido-
vtag ouvaptnon < N, B >= 0 [BA. kat 1§ avdAoyeg oxéoeg (1.1.6), (1.1.8)]
Bpiokoupe o1l

< N'(s),B(s) > + < N(s),B'(s) >=0.

Tov npaypatiko apibuo

(1.3.6) 7(s) == — < N(s),B'(s) >=< N'(s), B(s) >

ovopadoupe otpéwn (torsion) g xaprnuAng ( oto onueio [(s). Mpopavag
opietat kat n Srapopioyan ocuvapinon

(1.3.6") T:JJ3s—7(s) € R

Ao Vv (1.3.6) TIPOKUIITEL OTL 1] OTPEWPT], APOU TEPIEXEL TNV MTAPAY®YO
B'(s), petpd xatd kdnotov tpoémo v petaBodr) tou Seutépou kabétou Hia-
vuopatog, dpa kat ) petaBodn tou eyyutdtou sruredou. H petaBoAn tou
TeAeUTaiou ouclaotikd kabopidet ) 9€on g KAPMUANG oto Xwpo, SnAadr) 1o
Katd TIO00V 1] KAUITUAN anopakpiveratl arno 1o emirnedo, apa Siapépel aro pia
ertinedn kapmnudn. Tnv akpBr) onpaocia tg otpéwng (Onwg Kat tng KAPITUAO-
mtag) Sa doupe oo Oswpnpa 1.3.5.

[Tpw ouvdéooupe ta Stavuopata tou 1piEdpou Frenet kat tig mapaymyoug
TOUG H€ TNV KAPITUAOTNTA KAl TV OTPEPD, arnode1kvUOUHE T0 erTOPEVO BonOn-
TIKO OUUMEPACUd.

1.3.2 Afjppa. Avu,v € R? pellul| =1 karu L v, tote
(uxv)xXu=nwv.

Anobealn. 'Eoww u = (a,b,c) katv = (z,y,2). Tote

€1 €y €3
uxv=|a b c |=(bz—cyes — (az—cx)es + (ay — bz)es
Ty =z

= (bz — cy,cx — az,ay — bx).
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Enopévag,
e1 e es
(uxv)Xu=|bz—cy cr—az ay—bx
a b c
= [e(cx — az) — blay — bx)]ey — [c(bz — cy) — alay — bx)]ea+
+ [b(bz — cy) — a(cx — az)]
= (Px — acz — aby + b?x)e; — (cbz — Py — a’y + abx)ea+
+ (b*z — bey — acx + az)es =
= ((1 — a®)z — acz — aby, (1 —b*)y — abx — cbz,
(1 —¢*)z — bey — acr)
= (x — alax + by + cz), y — blax + by + cz),
z — c(ax + by + cz))
=rz—a<u,v> y—b<uv> z—c<u,v>)
= (z,y,2) = v,
rou eivat n {nrovpevn 100t TaA. O

1.3.3 Iépropa. Ioyvouv ot oxéoeig:

(s)
(s)
(s)

S

I
Z 3w
©

N(s)
B(
T(s)

)
s) ,

@ =
X x X
I

Anobeaifn. H npotn oxéon eivat akpiBog 1 (1.3.5), dndadhy o opiopdg tou B(s).
Ta v tpitn napatneoule ot

B(s) xT(S) = (T(s) x N(s)) x T'(s) = N(s).
TéAdog, yia v 6eUtepn OXEOT EXOUHE:

N(s) x B(s) = N(s) x (T'(S) x N(s)) =
= —(T(S) x N(s)) x N(s) = (N(S) x T(s)) x N(s) =T(s). O

Epxopaote twpa otnv anodeidn v wnev (e§lowoewv) Frenet-Serret, ot
oroiot exppdiouv tg mapayoyoug T7(s), N'(s), B'(s) og ypappikoug cuvbu-
aopP0Ug TV BACIKOV S1aVUORAT®V € CUVIEAEOTEG TNV KAPITUAOTTA KAl OTPE-
yng. Amodeixmrkav (ave§aptnra) aro toug F. Frenet kat J. Serret.
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1.3.4 @cdpnua. Eotw B: J — R3 wa xaunvin povadiaiag taxvmmag, us
k > 0 xar {T, N, B} 10 avtiotoiyo tpiebpo tou Frenet katd urjkog g [3. Tote
1oxvouv ot oxeoeig (turol Frenet-Serret):

(F. 1) T = kN
(F. 2 N =—-kT+ 7B
(F. 3) B' = —7N.

Anobeailn. H (F. 1) mpoxurtetl and tov optopo tou N(s) [BA. oxéon (1.3.4)].

Ta mv (F. 2) poxopoupe og e€hg : Emedr), yia kabe s € J, ta Stavuopata
T(s), N(s) ka1 B(s) arnoteAouv 0opbokavovikr) BAor, Urdpxouv Povootpavia
0p1lOpEVES ouvaptroel§ a, b, c: J — R, £tol dote

(1.3.7) N'(s) = a(s)T(s) + b(s)N(s) + c(s)B(s), Vse.

I'a va nmpoodilopicoune 11§ oUVapPTHoES a, b, ¢ 9a oxnuaticoups 10 £0MTEPIKO
ywopevo g (1.3.7) siadoxikd pe ta dtavuopata 7'(s), N(s), B(s). Zwv npo-
1) TEPIITTOOT £X0UPE OTL

< N'(s),T(s) >=a(s)<T(s),T(s) >+ b(s)< N(s),T(s) >
+ ¢(s)< B(s),T(s) >
=a(s)l +b(s)0+ c(s)0 = a(s).

ATT 10 dAAo pépog, n mapayoyion g oxéong < T, N > = 0 &ivel 61
<T,N>=<T' N>+ <T,N >=0,
apa, padi pe myv (F. 1),
<T,N >= —<T'N>=—<kN,N>=—k-1=—k.

Enopéveg kataAnyoupe otr oX€on

ortote 1 (1.3.7) maipvel v popon
(1.3.8) N'(5) = —k(s)T(s) +b(s)N(s) + c(s)B(s), Vsec.J.
[ToAAardaoiadoviag v tedeutaia "eowtepikd” pe N (s) éxoupe

< N'(s),N(s) > = —k(s) < T(s),N(s) > + b(s) < N(s), N(s) >
+ ¢(s)< B(s),N(s) >
= —k(s)0+ b(s)1 + ¢(s)0 = b(s).
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H oxéon < N, N > =1 odnyei ounv
<N,N>=2<N,N >=0,

apa

Héo® g oroiag 1 (1.3.8) petaoxnuatidetal otnv
(1.3.9) N'(s) = —k(s)T(s) + ON(s) + c(s)B(s), VseJ.
TéAog, amo Vv IPONyoUHEVH] 0XE0T £XOUNE OTL

< N'(s), B(s) > = —k(s) < T(s), B(s) > + 0< N(s), B(s) >
+ ¢(s)< B(s),B(s) >
= —k(s)0+ 0+ c(s)l = c(s).

AMAG n < B, N >= 0 &ivet 61
<B,N>=<B N>+<B/N >=0,
apa, oupgeva pe v (1.3.6),
< B(s),N'(s) >= — < B'(s),N(s) >=71(s),

o1to0TE

kat 1 (1.3.9) petaoxnpatidetat oty
N'(s) = —k(s)T(s) + 7(s)B(s); VselJ,

dnAadn katadnyoupe oy (F. 2).
Ta wmyv (F. 3) apkei va napaywyicovpe v B = T x N, AapBavoviag
unoyw g (F. 1), (F. 2) kat 1ig oxéoeig tou Ilopiopatog 1.3.3. Ilpaypat,

B =T'xN + T xN’
=kN xN + T x (—kT + 7B)
=k-0 + (=kT'xT + 7T x B)
=—k-0+7T x B
= —7N. O
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Ot tunot Frenet-Serret ouvoyidoviat Kat otnv eMOPevn 1OPOL :

T 0 k 0 T
(1.3.10) Nl]l=|-k 0 7].|N
B’ 0 —7 0 B

Ao 6w @aivetal Kat 0 PVnHOVOTEXVIKOG KAvovag, PEC® TOU 01toiou Bpiokoupe
apéowg toug ouviedeotég v (F. 1)-(F. 3): epgpavidoviatl povov r Kapmuotn-
Ta KAt 1 otpéyn (katd ospdv), onv 21 ypappn Kat myv 2n otjin, pe v
ONMEIOUHEVE EVAAAAYT) TIPOCHHGV.

To enopeva anotedéopata 61ap®Ti¢ouv 10 POAO 1§ KAPMUASTNTAG KAl TG
OTPEYPNG H1ag KAPUTTUANG.

1.3.5 @cdpnua. 'Eotw 3: J — R3 pa kaumvin povadiaiag tayvmrag. Tots
LOXUOUV Ol ETOUEVOL X APAKTNPLOUOL

(i) k =0 eav kar uovov eav n B eivar evdeia.

(i) Avk > 0, tote 7 = 0 edv ka1 povov gav n 3 elvai eminedn.

Amodaln. k=0T =p0"=0< [(s) = X< B(s) = As+ u [BA.
kat ITapadetypa 1.1.1(1)]. Ilpodavag, yia va eival n kaprmudn povadiaiag
taxutnuag, 9a npénet ||A|| = 1.

(i) A6 TG oxéoeig B’ = —7N ka1 7 = — < N, B’ > ouvaystat 61
7 = 0 edv ka1 pévov edv B’ = 0, mou pe ) oe1pd 10U 1008UVapEt Pe 1o 6Tl 1)
arewkovion B =T x N eivat otabepr), SnAadn ya éva s, € J,

B(s) = B(s,), Vseld

Etol €éxoupe

7=0 = B(s)=DB(s,) VselJ
= T(s) L B(so), VselJ
= < T(s),B(sy) >=<f(5),B(s) >=0, VselJ
= < f((s),B(so) >'=0, VselJ
= < f((s),B(se) >=owabepo, VselJ
= < ((s),B(s0) >=<(80),B(s0) >, VselJ
= < ((s)—B(s0),B(so) >=0, VseJ
= 0O(s) — B(so) L B(so), Vse€.

H tedeutaia oxéon onpatvet ou 5(s) — B(s,) avhxket oto eninedo E, tov T(s,)
kat N(s,), 6nAadn to ((s) aviiket oto eyyutato eninedo E, + 3(s,), yia kabe
seJ.
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Avuotpogeg, éote ou ((s) € F, ya karnowo eninedo F, xkat éotw F, 10
erinebo (uroxwpog tou R?, Sidotaong 2) mou eivat napdAindo pe o F kat
niepiExet 1o 0. Tote,

E = (3(s) + E,, Vseld

Ztabeporowwvtag éva s, € J, aipvoupe ot

B(s) € B(so) + Ey, VsedJd
Av 10 E, napayetat ano pia opboxavovikr) Bdaon {u, v}, téte
(1.3.11) B(s) = B(so) + A(s)u + pu(s)v; Vs edJ,

orou A, u: J — R eivar Sragopioueg ouvaptrjoetg. Ipaypatkd, i dagopiot-
potnta mg A gAéyxetal wg e6ng: Amno v (1.3.11) €xoupe ot

B(s) = B(so) = A(s)u+ p(s)v; Vs,

OIOTE, TIAIPVOVIAG TO E0MTEPIKO YIVOLEVO Kal TV HU0 PeA@V TG TeAeutaiag pe
10 u Pplokoupe Vv

< B(s) = B(so)yu >= < ANS)u,u > + < p(s)v,u >
= A(s)1 + u(s)0 = A(s),

8nAadfy A =< 8 — ((s,),u >, nou anodeikvuel tov wxUplopo. Ilapopola
anodelkvusTal Kat 1 51apoplotpotnIa g M.
Mapaywyidoviag topa v oxéon (1.3.11) éxoupe 6

T(s)=p(s)=N(s)u+p(s)veE,; Vse,
1 IApAy®y1lon g oroiag odnyet otnv

N(s) = %T’(s) - %

Apa, 1o ertinedo v T'(s) kat N (s) eivat otabepa 10 E, kat 1o diavuopa B(s)
etvat otaBepd 10 €va aro ta 6uo povadiaia dravuopata mou eivat kabeta oto
E,. Enopévag, Adye g otabepdntag tou B(s) kat mg (1.3.6), mpoxuvrttet
ourt=0. O

N (s)u+ p"(s)v) € E,, Vseld

1.3.6 @cdpnpa. 'Eoww : J — R3 pua eninedn xaunvin povadiaiag tayvm-
tag. Tote n 0 givar turjua kukAov edv kat uOVov edv gxel otadepn kauruiotma
k> 0.
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Anobefn. Av n (3 eivat tprpa KUKAou Kévipou (z,,Y,) KAl aktivag r, tote
bivetal amo tov tumo

B(s) :r(coségsin§)+(mo,yo); se J Cl0,2n],

art Orou TAiPVOUIE TIS OXEOEIS

T(s)=f(s) = (—Sinz,cosg),
T'(s) = 3"(s) = %( — oS ; — sin ;)
Hs) = IT' ()] = -

AvVToTPOP®g, £0te Ot i (B €xel otabepry kaprudowmta k£ > 0 kat pndeviky)
otpEyYn. OePoUlle TV ATEIKOVIOT

H v eivat mpopavog Siagpopioyn kat

1

V() = () + N(5)

=T(s)+ %(—kT(s) + 7B(s))

=T(s)—T(s)+0=0,

6nAabr) n v eivat otabepr). Av a := v(s) € R? eivat n otabepr) tpr g 7, wte

1 1
s)—all==||N(s)|=+-=mr
18() — all = ZING)I =
8nd. ta onpueia B(s) avhkouv otnv opaipa pe kévipo a kat axktiva 7. Eneidn)
n [ eivat erinedn, oAokAnpovetatl n arnodeidn. O

1.3.7 Mlapatnpnostg. 1) Ao v mponyoupevn anodeln gaivetat 0t 1) akti-
va Tou KUKAOU gival akp1Bag n aktiva kaprudotrtag mg 3 [BA. oxéon (1.3.3)],
£V 10 KEVTPO eival to onpeio B(s) + 1 N (s).

2) Ao ta Oswpnpata 1.3.5 kat 1.3.6 ouvayetat 0t 1] KApPmuAodtta Petpd
10 MOOO0 ATOKA{VEL 1] KAPUITUAL armo 1o va givat eubeia, eve n otpéyn Petpd v
andkAlon armo 1o va eival 1 KAPImuAn ermnedn.
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1.4 KapnuAodtnta KAl oTpEWn TuXaiag KaAvovikng Ka-
proAng

To 1piebpo Frenet kabwg ) Kaprnuddtnta Kat 1 otpéyn |iag Kapruing 3 opi-
OTNKAV TIPONYOUREVKOS HE TV poUnddeon ot 1 § eival kaprnuln povadilaiag
tayxuintag. Ag uroBecoupie TOPA OTL £XOUHE HU1d TUXAld KAVOVIKI] KAPITUAN
a: I — R3. Zupoeeva pe 6oa einape oty ponyoupevn) napdypado, ta Ia-
parndve peyédn avagépovrat oe 1810tteg tou ouvodou X = «a(I) kat o1 g
napaperpnong (anekoviong) a. Enopévag, o enodpevog oplopiog ivat eVvieAng
(PUOL0AOY1KOG.

1.4.1 Opopdg. 'Eotw o pia tuxaia Kavovikr) KApIuln Kat & 1) apap€rpnon
MG P£0e ToU pfiKoug tofou (BA. @smpnpa 1.2.2). AvT, N, B, k, 7 eivat 1o tpi-
edpo Frenet, n kapmudotnta Kat n otp€Wn g &, 1o1e opidoupie ta aviiotorxa
peyedn T, N, B, k, T tng & 1€06 oV TUN®V

(1) T(t) = T(s(t)),
(ii) N(t) == N(s(t)),
(iii) B(t) := B(s(t)),
(iv) k(t) := k(s(t)),
(v) T(t) = T(s(t)).

1.4.2 O@cdpnua. Av a: I — R3 sivar wa (tuyaia) kavovikny kaumvan, e

_ e <o’

-
[lo/]?

Anobeifn. 'Eoto o pia Kavoviky] KaQpruAn Kat & = « o h 1 avanapaptpnor)
mg PEoe TOU PNKOUS tofou, érou h = s~ kat s 1o pnkog twfou. Tote
a = @ o s, onote, ywa kabe t € I, €xoupe 1g ox€oeig

(1.4.1) d(t) = (aos)(t) =s'(1)a(s(t) = s'(H)T(s(t)),
2

)
(1.4.2) )

OTI0TE
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1)
o (t) x o(t) = 8'(t)s" (t)[T(s(t)) x T(s(t))]+
+5'(1)°k(s(1))[T(s(1)) x N(s(t))]
(1.4.3) _ _
=0+ 5'(t)3k(s(t))B(s(t))
= [l ()[Pk(s(1))B(s(t))
‘Apa

lo(2) x o ()] = [l ()] K(s(1)),

AIT OITOU ITPOKUITIEL 1)

ko) = st = L 0

dnAabdn n {ntoupevn oxéon. O

1.4.3 Osopnpa. Av 7 a gval pia kavovkn kaurnvain ue k > 0, tte

< O/ X a//70/// > [O/a//a///]

T= ”O/ % O//”2 - Ha/ % 04””2.

Anobeiln. Onwg IIPONyouEves, JE@POUHE TV AvAIapaPETpnon & TG & Hé-
0® TOU HUNKOUG Togou. Amo tnv oxéon (1.4.2) Bpiokoupe ot

() = ") (s(t)) + s (t)s" (#)T'(
s )

orou Yéoape

X(t) = s"(t) = s'(t)°k(s(t))*,
Y(t) = s'(t)s" (Ok(s(t)) + [s'(£)°k(s(2))],
Z(t) = s'(t)°k(s())7(s(t))
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AapBavovtag urt oy v (1.4.3) kat 6t o B(s(t)) eival xdeto mpog ta
T(s(t)) xat N(s(t)), éxoupe:

<d(t)xa"(t),a"(t) > = s(t)3k(s(t
= 5'(t)2k(s(t)

art OIoU TIAiPVOUE TV

_< o/ (t) x a”(t),a” (t) >

(1) == 7(s(t)) [/ (t) x o (1)]]2

He Vv oroiav oAokAnpwvetal  anodein. O

1.5 To tpiedpo Frenet plag tuyaiag KapnuAng

®a urtodoyicoupe topa ta Siavuopata 1'(t), N(t) xat B(t) (BA. Opiopod 1.4.1),
yla pia tuxaia Kavoviky) KapmuAn «, pe pn Pndevikn KApmuAotnid.

1.5.1 @scdpnpa. 'Eotw o: I — R3 pua kavovikr) kaumvn, oyt kat avdykn
povabaiag taxvniag, pe un unbevicn kaurnuiomra, kar {T'(t), N(t), B(t)} wo
avtiotoryo tpicdpo Frenet. Tote

_d@)
(1.5.1) O = 1o
(o) x (1) x /(2)
(1.5.2) N(t) = o/ (t) x o ()] - o/ (B)]|
_ d(t) xa(t)
(1.5.3) B(t) = [l () x a”(t)]]

Anodeln. 'Eotw & = a o h i avtiiotoiyn kaprmuAn povaduaiag tayuutag (BA.
@smpnua 1.2.2), érou h = s~ kat s 1o prkog t6fou. Tote

_ 20
l’ )]
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Avdloya, a6 mv oxéon T = T o s, naipvoupe v T = T o h, enopéveg
S T'(s(t)) _ (Toh)(s(t)
N(t) = N(s(t) = o) —
k(s(t)) k(t)

_ T'((s@)I'(s(®) _ _T'(#)

k(1) - k(t)s'(t)
_ ') @)l
s'(t)  la’(t) x " (@)
lo/ (&)1

=TT ol

An¢ mv napandve wotnta, éxoupe ot 17(t) kar N(t) sival ouyypappixa.
Enedny T(t) L N(t), etvar kar T'(t) L T"(t). Emiong mpogaveg ||T(t)]] = 1.
Apa, spappodoviag 1o Afppa 1.3.2 yua u = T'(t) xar v = T"(t), naipvoune
T'(t)=(T(t) x T'(t)) x T(t).
o'(t)
s'(t)
o (t)s'(t) — o' ()s"(2)
S/(t)2

AapBavovtag urt oy ou T'(t) = [BA. oxéon (1.5.1)] kat

T'(t) =

Bpiokoupe o1

o= (5

AT OITOU TTPOKUITIEL 1
(o/(t) x a(t)) x &/ (t)

N = 1) x @ Tl
TéAog,
B(t) = B(s(t)) = T(s(t)) x N(s(t)) = T(t) x N(t)
_ ) (@) xa"(t) x ()
@ T O T/ () x o (8)]
o d(t) a/(t) x o’ (t o/ (t)
‘mwwawwxwwuﬂme
o/ (t) x o' (t)
o/ (8) x a”(1)]
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OTIOU OTnV TeAeuTaia 100tNTa, £Xel Al Ypnowornon et to Anppa 1.3.2, yua
o (t) o/ (t) x o (t)

ST @ T @) x o @l

O

1.5.2 @sdpnpa. 'Eoto o: I — R3 a kavovucer kaumuin, oyt kat' avaykn
povadiaiag taxvmriag, pe un undevicr; kaunuiomria, kar {T, N, B} 1o avti-
otoyyo tpiebpo Frenet (kata unrog g o). Tote 10xUoUL oL (yeviksuuévoy) tumot
Frenet-Serret:

(F'. 1) T" = kuN,
(F'. 2) N' = —kvT + TvB,
(F'. 3) B’ = —TuN,

omou v(t) := ||/ (¢)|| To pérpo g tayvntag e « oo t € 1.

Amnodeifn. Oswpolpe Vv avarnapapépnon &: J — R3 g a péow wu pn-
KOUG 10%0U Kkat o tpiedpo Frenet {T', N, B} katd prikog tng &. Ma kabet € 1,
etvat

ordte 1 andden v TUN®v givatl mArnpng. O

1.6 IIpoocavatoAiopog

Ag 9ewpriooupe §Uo Statstayuévee Baoetg (ug, ug, uz) Kkat (vy,ve,v3) tou R3,
Agpe 011 01 avetépm Pacelg £Xouv Tov 1810 MPOoavatoAlopnd, av o aviiotolyog
niivakag adAayrg Baong €xel Setikn opidouoa.

H mponyoupevy oxéon eivatl pia oxéon tooduvapiag oto ouvodo tev dia-
tetaypévev Bacemv tou R3, mou tig xeopilet o 8Uo kAdoelg wwoduvapiag. Ot
Baoeig mou £xouv 1610 pocavatoAiopd pe v ouvrOn (opBoxkavovikr)) Baon
(e1, ez, e3) Aéyovial 9eT1kG NPooavatoAlopéveg KAl Ol UNIOAOITEG apvnTika
MPOCAVATOALOPEVEG.

1.6.1 Afjppa. Ava,b sivai 5vo ypauuucog aveldptnia Siavtouara tou R3, 1ote
n wba (a,b,a x b) givar pa Yetika npooavarofiousvn Baon.
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Anobefn. 'Eoww ot a = (a1, a9,a3) xat b = (by, bg, bg). Tote

€1 €2 e€3
axb=|a ay ag |= (a2b3 —azby, azby — a1bs, arbs — azby),
by by b3

Kat o mivakag aAdayng Baong exel opidouoa

aq b1 agbg — a3b2
as bg agbl — albg = (albg — CL2[)1)2 + (azbg — CL3[)2)2 + (a3b1 — CL1[)3)2,
as b3 a1b2 — a2b1

rou eivat yvijowa 9etikr). Enopévag, n tpada (a, b, a x b) eivar mpaypat Baon,
Yetkd oplopévn. O

1.6.2 épopa. Ava: I — R3 sivai a kavovikr kaumuan, 1o 1pisspo Frenet
oe kade onueio t € I eivar pa Jetuca mpooavarofiougvn Bdaon tou R3.

Ag Sewprjooupe twpa pia Kaprudn a: I — R3 xat pa wyaia avana-
papétpnony g B = ao h: J — R3. Aépe 61 o1 o xat 3 é€xouv tov 1610
npooavatoAiopd, av h/(t) > 0, yia xdbe ¢t € J. Aagopetka, av b/ (t) < 0,
yia kabe t € J, Aépe ot £€xouv avtiOeto NPooavatoAilono.

1.6.3 Npétaon. Av a: I = [a,b] — R3 evar ja kavovikn kaunvin xai
B:=aoh: [0,L(a)] — R? n avarapauétonon mg uéoe tou urikoug 16&ou, Tote
«a kai 3 gyouv tov 610 mpooavatoiouo.

Emiong, n kaurvAn y: [0, L(a)] — R3 pev(s) := B(L(a) — s) eivar avana-
PaUETPNOoN ™S (v, povadlaiag taxutntag Kat avtideTov mpooavaroAiouou.

Anodeiln. Twa v [, Aoye g (1.2.1), éxoupe ot

11
S'(t) @)

yia kabe t € I. Aviotoixwg yla v -y, apKel va mapatnprjooupe ot

W(s(t) =

> 0,

v=aohol,

érou n A eivatl n apgdaddopion pe A(s) = L(a) — s kat N (s) = —1, yua xdbe
s € [0, L(a)]. Apa (ho X)(s) = h'(A(s)) - N(s) <O. O

1.6.4 Edpappoyn. Na Bpebei nwg oxetidetat to tpiedpo Frenet, n kaprudouta
KAl 1 oTpéyrn) Plag avanapaperpnong He tov IipooavatoAlopo mg.
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'Eotw 6 = a o h ma wyaia avarapapérpnon g «. Tote

B'(t) = (a0 h)'(t) = o' (h(t))I (1),
B"(t) = (o ()N (1)) = " (h(O)F () + o (h(t) " (1),
///( ) —

[ (R($)) (8)? + o (h(£))R" (1))
R ()%™ (h(t)) + 3K/ ()R (t)a” (h(t)) + h" (H)a (h(t)),
QIT GTIOU TPOKVITTEL 6Tt
B'(t) x B"(t) = 1 (t)* (o' (h(t)) x o” (h(t))),
(B'(t) x B"(8)) x B'(t) = B (1) (o' (h(t)) x a” (h(t))) x o (h(t)))

Kat

Enopéveg, 1o eparttopevo didvuopa T3(t) g B oto [(t) etvar

/ / / / /!
Doy = 2O _ @oWO) _ o)KW g K0
1@ Mlaoh) @I N/ (@) - [7(2)] ol
dnAadr, av n B £xet 1610 mpooavatoAlopd pe v «, 10te n F dlatpei v
Kateubuvor) g taxutntag mg « (: v eubeia mave otnv omnoia Keitat to 61a-
VUOHA NG TaxUtntag) Kat tmy Qopd, Ve av £Xel Tov aviiBeto pooavatoAiopo,
TOTE AVTIOTPEPEL TNV POPA.
T'a to rpoto kaBeto Siavuopa Ng(t) éxoune:

(B(1) x 5"(1)) x (1)
Nol) = 1500 < o o0
W@ (@) x (A1) X o (h(1))
RO Ta(h() x @ ()] - T (h(D)]
:Na(h(t))a

dnAadn n [ aprvel 10 poTo KABeT0 Siravuopa avadAoiwto, ave§aptitwg Tou
MPOCAVATOAIOPOU TNG.

H Siypappikotmta 10U e§mteptkou yivopévou pag Sivetl yia to eutepo Ka-
Y910 Savuopa:

W)
|1/ (t)

Bg(t) = Tp(t) x Np(t) =
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6nldabr, av n (0 éxet 1610 mpooavatodiopd pe v «, tote n B datnpst 10
beutepo kabeto Siavuopa, eve av €Xel Tov aviiBeTo IPOcavatoAlopo, TOTE T0
AVTIOTPEPEL.

Axonun, yua v kapruddmta kg ng 3 Bpiokoupe ot

B0 X AW ORI (k) x o’ ()]
BO=EeE . - woRleao) )

dnAabdr), n kapmudotnta pével avaddointn amno tg avanapaperprostg. TéAog,
yla Vv oTpEYrn), apatnPoupe Ot

() = = p'(t) x B"(t), 6" (t) >
18'(8) x 8" (£)]12
_ W) <d(h(t) x a"(h(t)), o™ (A(t)) >
| (#)]° la’(h(2)) > " (h())]I?
= 7a(h(1)),

6nAadn kat n otéyn pével avadoiwtn.

Amo ta mponyouueva cuvdyetai ot ta ueyédn N, k kar T bev e€aptoviat ano
TOV TPOTO e TOV omolo drarpexetal N kauruin, dndadn sivar "sowtepka”
(intrinsic) ueyédn g Kaumving.

1.7 Kavovikin pop¢p1 Kapnuing

Eoww a: J — R3 ma Suapopiomn kapnudn povadiaiag tayvmrag xat s, € J.
ErAéyoupe éva oUCTHA OUVIETAYHEVV, TETO0 WOTE TO0 (S,) VA OUPIUITEL
He v apx1) v agovev, dnAadr) a(s,) = 0, kat epappodoupe v OTPOPr) IOU
kavel 1o T'(s,) va oupriéoet pe to €1 kat to N(s,) va ouprniéoet pe 1o eg. Tote
kat avayknv B(s,) = es.

Tvopiloupe o1y, yia éva tuxaio s € J, eivat

o/(s) =T(s),
a’'(s) =T'(s) = k(s)N(s),
a(s) = (k(s)N(s))" = K'(s)N(s) + k(s)N'(s)
= —k(s)?T(s) + k' (s)N(s) + k(s)7(s)B(s).

\_/\_/

‘Apa, 181a1tépws yla o onHelo S,, £XOUPE

a(s

o (s, :T( 0) = €1,

0)

(50)
(s0) = k(s0)N(s0) = k(s0)ez,

(50)

"(sy) = (80)261 + K (s0)ea + k(s0)7(50)e3.

(0%
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ATT 10 dAA0 P€pog, Adym Tou Pswpr)patog tou Taylor, eivat

o' (50) a"(s0)

a(s) = afs,) + T (s — 80) + T(s — 50)%+
+2 3(180) (5 — 50)° +O(s®).

Avuikafiotoviag ta rapanave §edopéva oto mPonyouEVo avartuypd, Katd-
Afjyoupe otr) oxéon

k(s0)
2

+ %[—k(so)%l + K (s0)ea + k(s0)T(50)e3)(s — 50)° + O(s3)
. k(30)2
= [(8 — Sp) — 5

+ [@(s — 80)% +
k(s0)7(s0)
6

H teAeutaia kaleital Ravoviky pop¢ 1) napaoctaoy (canonical representa-

a(s) =0+ (s —se)er + (5 — 5,)%ea+

(s — 80)3] e1+
k' (s0)
6
(s — 80)]es + O(s%).

(s — 50)°]ea+

+

tion) g KaprUAng « oto «(s,). IMapaleinoviag oe KABe ouvietaypévn toug
0poug e TV peyadutepn duvapn tou (s — S,) (rou cuykAivouv tayUtepa oto
0, kaBng s — S,), TAIPVOUE TNV EMO1IEVI] MPOOEYYLON (approximation) tng
o (Kovtd oto S,):

(1.7.1) | a(s) = (s—sy)e1 + k‘(;o) (5 —50)%ea + W(S — $0)%e3.
Iooduvapa, éxoupe ot
' ~ k(s0) 5 k(30)7(50) 3
(1.7.1) a(s) = (8—80’ 5 (s — 80)% 6 (s — 30) )

®a npooTtabrjooupe va mpocdlopicoups v poper| mou €xel n (tuxaia)
KAUITUAN v KOVIA OT0 Sy, « PRIOYpadilovidg tnv amnod tpelg mAsupes », dSnladr)
npoBdaAovtdg tnv ota emnineda mou oxnuati¢ouv ot Aoveg TOU CUCTIIATOS OU-
vietaypévov. E8¢ 1o eninedo v z, y (6ndadn to eninedo wv e; = T'(s,),
es = N(s,)) etvat 1o eyyutato eninedo- to eminedo v z, z (: tove; = T(s,),
es = B(s,)) eivatl to gubeloroovv, eve autd wv y, z (1 v ea = N(s,),
es = B(s,)) elvat to kdOeto emninedo.

'Etol, 1 npoBoAr tng « oto eminedo v z, ¥y (1 eyyutato emninebo) eival

n (s — so,k(;“) (5 — $0)?). orote, yia T = S — S, KAl y = @(s — 50)2,
KataAryoupe otnv
y = k(so) 22,
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ou ivat oxéorn Seutépou Pabpou kal nmapiotavel pia mapaboin [PA. Zxnua
1.5(a)l.

Yy T <0, z T >0

4

()
Zxnpata 1.5

H 1nipoBoAr ng « oto eminedo v z, 2 (: eubeonolovv erinedo) eivat n
(s — 5o ,W(s — $0)%). ®toviag & = s — S, Kal z = %(s — 580)3
Bpiokoupe v oxéon tpitou Badbpou (kubucr)

k(s0)7(80) 5
= ————"7x
6
yla v oroiav £€xoupe v e1kova tou Zxnuatog 1.5(b).
Tédog, n poBoAn tng « oto eminedo v Yy, 2z (1 kabeto eninedo) eivat

n (’f(go) (s — 30)2,W(8 — 30)3), n oroia, yia y = @(S — 50)? kat
5= %(3 — 5,)3, 0bnyel oy
2 7(s,)?
2 _ 4. o 3
T kG U
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H miponyoupevn kapmudn sival yvoot] og mtapaboin Neil kat tnv eikova g
arodidel 1o Zxfpa 1.5(c). Ebw mpémetl va mapatnpriooupe ot 1 tedsutaia
e&lowon €xetl évvola enedn k(s,) > 0 (Bragpopetird n o 9a frav evbeia, ornodte
n avdiuvorn katd Taylor eivatl tetpiapévn Kat ot poBoAEg g KAPIMUAng ota
tpla emimeda eivat eubeieg, dpa n mponyoupevy dadikaocia dev Sivel kapa
16laitepn mMAnpogopia).

Mia O0UVOAIKY| €1KOVA KAl TRV POV TIPoBoAGV pag divel to emopevo oxrpa.

<V

Zxfpa 1.6

1.7.1 E¢appoyry. Eoto a: I — R3 kavoviky kapmdn xat t, € I tétoto
oote, oe pa niepoxyy I, = (t, — &,t, + €) U t,, N KAPIUAN va pnv £xet
ouveubBsiakd onusia. Oswpoupe Kat ta onueia t, + t1, t, + to € I,. Eneidr
wa A = afty), B = a(t, +t1) kat I' := a(t, + t2) dev eival ouveubelaka,
opidouv éva erninedo P(A, B, I"). Zntape va nipoodiopicoupe v oplaxy) déon
wu P(A, B, TI"), ¢tav ta B xat I" ouykAivouv oto A.
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To eninedo P(A, B,I") mepva anod 1o A xat eivat mapdAindo mpog 1o &-

=

ninedo wov u = AB = a(t, + t1) — alty) kar v = A" = a(t, + t2) — alt,).
®cwpoupe v avaiuor Taylor g «

2
alt, +1) = alty) + td/(t,) + Eo//(to) + O(t?),
dadoykd ya t = t1, to, onote

t2
u=t1a(ty) + Ela”(to) + 0(t?),

t2
v =ty (to) + 520/’(750) + O(t3).

®<toupe
U t O(t?
u= = o) + Lar(ty) + O,
t1 2 t1
v t O(t3
v = — = (t,) + —20/'(150) + (t)
to 2 to
Bswpoupie Kal 1o diavuopa
- 2 ot3) O
w = 22}1 Uy _ a/l(to) + ( 2) _ ( 1) )
lo —t1 lo —t1 to t1

Ta Swaviopata vy, w eivatl ypappikoi ouvbuaopol 1oV u Kat v, apa opidouv 1o
1610 eminedo, emopévmg

lim P(A.B.I)= lim P — (i I
lim  P(AB.T) = lim Pur,w) (Jim i, | T o)

= P(d/(to), " (to)) = P(T(to), N(to)),

8ndadn, oy oplakr) tou déon to P(A, B, I") ouprirtet pe 1o eyyutato eri-
niedo.

1.8 O eyyutatog KUKAOG

O eyyutatog KUKA0G, Tou 9a pedetnOei ot ouvexela, opiotnke ano tov G. W.
Leibniz, avantuxbnke nepattépe amnod toug Jakob kat Johann Bernoulli, kat
Xpnotponow)fnke cuctnpatka arod tov L. Euler yua tov opiopo g kaprmu-
Aot tag.

Eow a: J — R3 kaprvdn povadiaiag taxvmrtag kat s, € J onpeio,
TET010 WOTE 1 KAUITUAT va Jnv £xel ouveubelakd onueia og pa rieploxn J, tou
S0. ®swpoupe dvo onpeia s1, s2 € J,. Enedr) ta A := a(s,), B := a(s1) xat
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I' := a(s2) dev eivat ouveubelakd, opidouv éva kuxkdo C'(K, 1) [mou Bpioketat
nave oto eninedo P(A, B, I') (BA. Epappoyn 1.7.1)]. ®a npoodiopicoupe v
opakr) 9¢on C(K,,r,) T0U avetépe KUKAOU, dtav ta S, So OUYKAIVOUV OT0 S,.

Zxnpa 1.7

Apxikd onpeiovoupe 6tt, apou kabe kuxkdog C (K, r) avriket oto avtiotot-
¥o erinedo P(A, B,I"), o opiakdg kuxdog C(K,,7,) 9a aviikel oto opiakoé
erinedo, dnAadry oto eyyutato g a oto onpeio a(s,).

®cwpoupe v dladopion ocuvaptnon

prd — R:s— p(s) = |la(s) — K],
yla v ortoia givat
(1.8.1) P(s)=2<d(s),a(s) — K>=2<T(s),a(s) — K >
Kat

pl(s)=2<T(s),a(s) — K >+2<T(s),T(s) >

(1.8.2) =2 < k(s)N(s),a(s) — K > +2.

Eq¢’ 60cov
p(s0) = p(s1) = p(s2) = r?,

aré 1o Yehpnpa tou Rolle mpoxkurttet Ot urtdpyetl onpeio s petady twv s, Kat
$1, KaB®G Kal onueio s4 Petady v S, KAl Sz, £101 QOTE

(1.8.3) P (s3) = p'(s4) =0,
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ortote 1 (1.8.1) diver ol

<T(s3),a(s3) —K>=0=<T(s4),x(s4) — K >.
AT T1G TIPONYOUEVEG 100TITEG £XOUHE OTL
(1.8.4) a(s3) — K L T(s3) wrat afsy) — K L T(sy).

Emiong, nmaAt amnd o 9eopnpa tou Rolle kat tig (1.8.3), untdpxet s5 petady tov
s3 kat s4 pe p”(s5) = 0, dpa n (1.8.2) ouvenayetat 6t

(1.8.5) < k(s5)N(s5),a(s5) — K >= —1.

[Mapatnpovpe ot otav sq, So — S,, onote K — K, kat r — r,, T0Te Kal
83, S4, S5 — So. EmOpévag n oxéon (1.8.4) divel oplakda v

a(se) — Ko L T(s0),

apa 1o davuopa af(s,) — K, avhket oto ertinedo P(N(s,), B(s,)). Opag,
OIS TIapATnPHoape otV apyr), 0 «(s,) — K, aviket kat oto eyyutato erti-
nebo P(T'(s,), N(so)), @apa avhret otnv eubeia (topr) tov Vo rponyoupévey
eruredev) rou rapayetat aro o N (s, ), dndadn

(1.8.6) a(s,) — Ko = AN (s,),

vy karmowo A € R. Emiong n (1.8.5) &ivel oplakd

(1.8.7) < Ek(so)N(50),a(s0) — Ko >= —1.
Yuvbualovtag 16 (1.8.6) kat (1.8.7) maipvoupe

< k(80)N(S6), AN (80) >= Ak(s,) = —1,

art ornou )
= _k(so) .
Avukabiotoviag tv tedeutaia oy (1.8.6) Bpiokoupe ot
1
(1.8.8) K, =a(s,) + mN(SO)
Kat
189 o= llalss) — Koll = [AN(s,)| = A = =
k(so0)

O xuxdog C(K,,T,) Aéyetal eyyvtatog KUKAog (osculating circle) tng «
oto a(s,).
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1.8.1 Mapatnpnoetg. 1) Ao v (1.8.9) mpoKUITtel 0Tl 1 KAPITUAOTNTA TG
KauruAng « oto onpeio a(s,) eivat 1o avtiotpo®o tou PAKOUG Tng aktivag tou
EYYUTATOU KUKAOU, dpd I] AKTiva KAPMMUAOGTNTAG TG KAPIMTUANG CUNTITIITIEL PE
10 PNKOG NG AKTIVAG TOU KUKAOU autou.
2) Epunvevoviag v eikova «() pidag kaprnudng @ og tpoxid evog Kivn-
10U, aro v oxEon
1 , 1
N(so) = mT (80) =
npoxurttet 6tt 10 N(s,) Katevbuvetal mpog to Koido péPog g KApIuing,
agou 1 emrayxuvon £Xel pia t€tola kateubuvor.
To 1610 cupnépacia MPOKUITIEL "YEOUETPIKA" PEO® TOU £YYUTATOU KUKAOU.
[paypatt, and v (1.8.8) €xoupe ot

m " (o),

N(s0) = k(s0) (Ko — a(s0)) = — (Ko — a(50)).

To
apa to N(s,) rateubuveral Ipog 10 KEVIPO TOU £YyUTATOU KUKAOU, 1oy PBpi-
OKETAL OTO KOTAO PEPOG NG KAPTUANG (BA. OXEUK®OG Kat v Aokonor 2).

1.9 To OepeA1ddeg Oswpnpa twv Kapnuiov

Ta 6Uo apOpNUKA Peyedn, n KAPMUASGTHTA KAl 1] OTPEYT), TIOU AVIIOTOLXioape
O€ J1a KAVOVIKI] KAPIUAn, kabopidouv ouotactikd povoonpavia v Kapnu-
An. II6 ouykekpippéva, §U0 KapmuAeg e v 161a kaprudotnta kat my ida
OTPEYT SlapEPOUV POVO ®G TIPOG TV 9£€0T1 TOUG 010 XMPO, KAl AVIIoTPOP®S.
YrievOupidoupe ot petadopd (translation) katd ¢ € R3 ovopddetat )
ATEIKOVION
fro: R? — R3: u = pe(u) == u+c,

Kat otpogn (rotation) ovopdadetal kaBs opBoyDdVIOG PETACXIATIONOG TOU R3
pe 9eukr) opidouoa, pe dAAa Aoyla KABe YpappiKL) AMEKOVioT)

fiR*—R?
ou Sratnpel ta e00TEPIKA yivopeva, dniadn)
< flu), f(v) >=<wu,v >; Y u,v e R3,

Kat o mmivakag g £xel detkn opidouoa (apa dratnpel tov mpooavatoAlopo v
Bdoswv). Enopévag, n f Siatnpsei 1ig anootdoelg, avuotpépetat (6nAadr sivat
YPAUHIKOG 10010pP1o10g) Kat Statnpel ta e§@IepKA yivopeva e v €vvolay
OT1 10XUEL 1] OXEOT

fluxwv)= f(u) x f(v), Vu,v € R,
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[Mapatnpoutpe 611 01 PETAPOPES KAl 01 OTPOoPES eival diadopiojieg aret-
kovioelg. Ermi mAéov eivat avuotpéyipeg: 1n aviiotpodn g e ivat n fi—e,
dnAabr eivat emiong pia petagopd, eve n aviiotpodrn Pidg oTpodpng ivat Kat
aut otpodr). Emopévag petagopég kat otpodég eivar apgidiadopioelg pe
avtiotpodeg Arelkovioelg ToU 610U TUTIOU. AlAITIOTWVETAL EUKOAA OTL

fope=pgeof.

H ouvBeon pa petagpopdg Kat pia otpodrig ovopddetal otepea kivnon (rigid
motion).

1.9.1 pétaon. 'Eoww o: J — R? wa kaunvin povadaiag taxvmrag, xai 3
1 KAQUIUAn ToU TPOKUTIEL arnd pia otpodn) f e a Kat pia Uetapopd fie, dn.

B(s) = f(a(s)) +¢, Vse.

Tote n B eivar kaurnuin povadiaiag tayvmrag, gxet ibia KaunuAomIa Kat oTe-
Yn pue mu «, kar 1 1picdpo Frenet g [ eival eucdva tou avtiotoyou 1oE6pou
me o péow mg otpoPrig f.

Anodeiln. ZupBoAidoune pe ky, 7o, 1o, No xat B, (avuot. kg, 73, T, Ng kat
Bg) v xaprudotnta, v otpéyn Kat to tpiedpo Frenet tng o (avuot. g A).
Tdte, AoYy® g yoauukotniag tng f, mg iatpnong e0ntepikmv/ e§OTEPIKGOV
YIWOHEV®V KAl ATTO0TAcenV, Bplokoupe diadoyika:

Ty(s) = B'(s) = (f o) (s) = f(/(s)) = f(Tals)),

[Ts(s)l| = [If (Ta(s))l = | Ta(s)l] = 1,

Tj(s) = (f o To)'(s) = f(Ta(s)),

ks(s) = [ T5(s)ll = IF (Ta(sDIl = ITa ()]l = Fals),

Nats) = g = LD _ (L) i s,

By(s) = Tis(s) x Nﬁ< ) = F(Tuls >> X f(Na(s))
= f(Ta Na(s)) = f(Bal(s)),

Bj(s) = (fo )( ) = f(Bg (S))

73(s) = — < Na(s), Ba(s) >=— < f(Nal(s)), f(Bi(s)) >

= — < Na(s), Bo(s) > = 7a(s),
OroTE Arode1KVUOVTAl Ol 10XUPIoHO1 g IIPOTacng. O

1.9.2 Hapatipnon. Ag s§nyrjooune v oxéon (foa)'(s) = f(/(s)) (kar ug
AAAeg avAaAoyeg), IIOU XPNOH0ITOW)OAE OTHV [P0 YoUevr] anddeidn.
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A’ 1périog: TUpgeva pe 6ca avadépoupe oto IMapdptnua B/, éxoupe:
(foa)'(s) = [D(f o a)(s)](1) = [Df(a(s)) o Da(s)](1)
= [f o Da(s)|(1) = f([Da(s))(1)) = f(d/(s)).

B’ tpérog: Av M eivat o mivakag g f (g ripog tv guoikn) Bdon tou R3), 9a
elvat

Fla(s)) = M - (an(s), az(s), as(s))’,
OTI0U 0 €KOENG ¢ ouPBoAilet Tov avacotpodo mivaka. Enopéveg
(foa)(s) = M- (an(s), az(s), as(s))" + M - (o (), @b (s), 0y (s))
= M - (o (), ah(s), ey(s))" = F (e (5)).

Epxopaote wpa ot Siatunwon kat anodein 1ou OepeAidrdoug Ocwpr)-
patog tov KapnuAov

t

1.9.3 @sopnpa. Eoww k(s) > 0 kar 7(s), s € J = [0, al], 6vo biapopioueg
npayuatikeg ovvaptioelg. Tote undpyet wa kaunvin a: J — R3 uovabaiag
taxvmtag ue kaunuiomia k kar oéyn 7. EmmAgov, n [ elvar pia aiin
Kavoviky Kaumuain ue tg ibieg 1810tieg, edv Kkat uovov av 1 B dtagépet ano
my o Katd pia oteped Kivnon.

Zxnpa 1.8
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Amodeiln. (1) Yriapdn: OswpoUpe 10 oUOoTd TV EVVEA §1aPOPIKGOV ESLIOMOEDV
ﬂ,:k'Ni, Nz/: —k-T;4+71-B;, Bz,: —TN;, 1=1,2,3,
HE apX1KEG oUVOrKeg

T1(0) = N2(0) = B3(0) =1,
T5(0) = T5(0) = N1(0) = N3(0) = B1(0) = B3(0) = 0.
AuTo eival éva oUoNPa YPAPHIKOV OPOYEVOV S1adoplkeV e§1000exVv e dla-
(POPIO1I0UG OUVIEAEOTEG, KAl 1] YeVIKY] Sewpia tov Alapopikwv ESlohoswv pag
eCaopadilet v vrapdn Avong
(T17T27T37N17N27N37B17B27B3)7

povadikng yla ug dedopéveg apxikég ouvOnkeg. Otoupe

3 3 3
T .= ZT,-e,-, N = ZNiei, B = Z Bzez
i=1 i=1 i=1

Aaruotovoupe apéong 6t 1 piada (1, N, B) wkavorotet g e§l000etg

T' = kN
N = —kT+71B
B = —-7N

KAl Ti§ OUVOnKeg

(T'(0), N(0),B(0)) = (e1, ea,e3).

@a anobdei§oupe ou (T'(s), N(s), B(s)) etvat pia Setikd ripooavatoAiopévn
Bdon tou R3, yia kdbe s € J. Bewpoljie T0 YPAUHIIKO OHOYEVES CUCTHA TRV
Srapopikav e€lowoswmv

"= 2ky,

kw — kx + 12,
kp — Ty,

—2ky + 271p,
—kz+71q — Tw,

Q" S ne 8
1

= =27p,
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[Mapatnpoupe 61 1 €§ada twv otabepdv oUVAPTIOEDV

eival Auon Tou aveTépe ouoTatog, aiAd to id1o cupBaivel kat pe v e&dda

r = <T,T >,
y = <T,N >,
z = <T,B>,
w = < N/N >,
p = < N,B>,
q = <B,B>.

AT6 T0 POVOOT|IAVIO T®V AUCE®V OUVAYETAl OTL

<T,T>=<N,N>=<B,B>=1,
<T,N>=<T,B>=<N,B>=0,

enopévag 1 1p1ada (T'(s), N(s), B(s)) eivat opPokavovikr Bdon tou R3, yia

kdBe s € J. H Pdon auty eivat 9suka npooavatodiopévr: Ilpaypat, n
ATEIKOVIOT

Ti(s) Ta(s) Ts(s)

d: J — R:s— | Ni(s) Nay(s) (s)

Bi(s) Ba(s) Bs(s)

etvatl ouvexng, aviou 81dgopn tou pndevog kat d(0) > 0. Apa eivat taviou
yvriola Seuky).
Opidoupe tOPA TV KAPITUAD

a(s) = /OS T(u)du = </Os T (u)du, /OS Ts(u)du, /OS Tg(u)du>

pogpaveg 1 « eivat té€ng C2. Emiong, ||/ = ||T]| = 1, 6nA. n kapmuin
a etvatl povadiaiag taxutag. Enedry 77 = kN, pe [|[N]| = 1, n k stvar ¢
KaprnuAouta g «. Emiong, to B eivat povadaio, kabeto ota T kat N, kat
(T, N, B) eivat 9etikd npooavatohiopévn Baon, apa B =T X N, eve

B'=(T"xN)+(Tx N') =
k(N x N)+ (=k(T x T) +7(T x B)) = —7N,

apa n 7T eivat n otpéyn g a. Iapatnpoupe O yid IV @, MTOU KATAOKEUA-
otke mipornyoupévag, sivat a(0) = (0,0,0).

(2) Movoonjpavto: Av 3: J = [0, a] — R? etvat pia dAAn xaprAn pova-
dlaiag taxutntag, pe v i61a kaprudot)ta k kat otpéwn 7, 9a deifoupe 6t o1
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a xkat 8 dapépouv povo katd v 9éon oto xopo. Ipaypatt: ZupBoAidoupe
pe {Tu, No, Bo} xar {13, N3, Bg} ta tpiebpa Frenet v a kat 5, avuotoixeg,
Kal 9e@poUe TNV ATIEIKOVIOT

fi R3S — R3: 2T, (0) + yNa(0) + 2B, (0) — 2T5(0) + yN3(0) + 2B3(0).

H f eivatl évag ypappikog 100p0pdp1opog mou otéAvel tv opforavovikr) Baor)
(Ta(0), No(0), B4(0)) oy opbokavovikry Baon (T3(0), Ng(0), Bg(0)), 6nA.
etvatl pia otpodry. @étoupe ¢ := [(0). Tdte n oteped kivnon g := f + ¢ otéhvet
0 «(0) = (0,0,0) oto B(0), tautidoviag cuyxpovaeg ta tpiedpa Frenet tov 6Uo
kaprdaev (f o o) + ¢ kat 5 oo 0. ZupBoAidoune pe {1, Ny, By} 10 1piedpo
Frenet ing goa = (foa) + ¢ xat Sewpovpe g napaymyoug (BA. mponyoupevy
[Ip6taon 1.9.1)

<Ty, Tz > = <T,,Tz>+ <Ty,Th>=
k(< Ng, T > + < Ty, Ng >)
< Ny,Ng>" = < Nj,Ng>+ <Ny, Nj>

< —kTy + 7By, Ng >+ < Ny, —kKTp + 7B >)
= —k(<Ty,Ng>+ <Ny, Tg>)+
+7(< By, Ng > + < Ny, Bg >)
< By,Bg>'" = <Bj,Bs>+ < By, Bj>

= —7(< Ng,Bg >+ < By, N3 >).

IIpooBétoviag katd pEAn €xoupe
(< Ty, T3 >+ < Ngy,Ng >+ < By,Bg >) =0,

Art Vv oroiav rMPOKUITIEL 1|

<T,,173 > + < Ny, Ng > + < By, Bg > = otabepa.

Eneidn
T4(0) = f(Ta(0)) = T3(0),
Ng(0) = f(Na(0)) = Np(0),
By(0) = f(Ba(0)) = Bg(0),
Sa eivat
(< Ty, Tg >+ < Ny, Ng >+ < By, Bg >)(0) = 3,
apa kat

(1.9.1) (<Ty, T3>+ < Ny,Ng >+ < By,Bg>)(s) =3, Vsecl
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Opwg, yia orowadnmote u, v € R3, etvat < u,v >= ||u - ||v]| cos § < |jul| - ||v].
Znv oxéon (1.9.1) 6Aa ta davuopata €xouv prkog 1, dpa KABe £0RTEPIKO
YIWWOHEVO MPETIEL VA TIAIPVEL TNV PEYIOTN T tou 1, mpdypa rmou cupBaivet
otav cos § = 0, orote Ty(s) = Tp(s), Ny(s) = Ng(s) kat By(s) = Bs(s), ya
kd6e s € J. H tavuon wv napanave piEdpev Frenet ouvenayestal kat tmyv
avTton eV Kaprudev g o a kat 3, agou (g o ) (0) = 5(0) = ¢ xat

B(s) = /08 Ta(u)du +c = /OS Ty(u)du +c = (g o a)(s)
ya kabe s € J. O

Kletvoviag, onpeidvoupe 6t ot egwoooes k£ = k(s) > 0 kat 7 = 7(s)
KaAoUVvial (PUOLKEG 1] E0WTEPLREG e§10M0oe1g (natural or intrinsic equations)
H14g KAPIUAng otov X®wpo, enedr) rmpoabiopiouv MANewg tnv KAPMUAn (KTtog
ano v 9o g).

1.10 Eninedeg RapnulAeg

Zinv niapdypago autr) da pedetiooupe tig 181aitepeg 1610TNTEG TTOU €X0UV Ol
enimedeg kaprmudeg. HOn yvopidoupe 6t plia kapmudn eivat eminedn edv kat
Bovov eav 1) otpéwn tng eival pndév. Mropoupie ravia va ermAégoupie ocuotnpa
OUVIETAYHEVOV MOTE Il KAUITUAL va maipvel Tipég oto eminedo tov & KAt y.

'Eotw Aowtév pa eminedn kapmudn 3: I — R2, povadaiag taxumrag.
Tote B = (b1, F2), onote

T(s) == (T(s), Ta(s)) = (Bi(s), Ba(s))

Kdti

IT(s)]l = (T1(s)? + Ta(s)?)* = 1.

A1t 10 dAAo pépog, to kabeto diavuopa N (s) (6rwg 1o yvepidoupe ard my
mponyounevy yeviky dewpia) Sa Ppioketal kat autd oto erminedo tng Kapu-
Ang, agou

I ., . 1 . T(s+As)—=T(s)
=7 L= 1) A, As

katta T'(s), T(s+As) Bpiokovrat oto 810 ertinedo. 'Etot, eve otov X©po undp-
Xouv drelpa povadilaia davuopata kdbeta oto 1'(s), oto eminedo unapyxouv
povo 8vo: to (—T5(s),T1(s)) kat to avtiBetod tou (Ta(s), —T1(s)). Autg eivat
Kat 01 poveg duvatég tipég tou rpotou kabetou Siavuopatog N (s) (BA. Exnpa
1.9). Hapawmpouvpe 6t av N(s) = (=T2(s),T1(s)), o evyog (T'(s), N(s))
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eival 9etikda rpooavatodiopévn Bdon tou R2, eve yia N(s) = (Ta(s), —Ti(s)),
givat apvnuka rpoocavatoAiopévr). GEtoupe

N, = (-T5,T1),

eCaopadidoviag e autov Tov TPOTIo ToV YUK IMPooavatoAlopo Kabe {guyoug

(T'(s), Ni(s)). Tote

T T
Ny=2N=4—=—.
k +k
N,

N 4 T

I 3

5

Zxnpa 1.9

[Tpooaptoviag 10 MPOC 0 Oty Kaprudotnta k, raipvoupe v npoonpa-
opévn 1) eninedn kapnuddtnra k., dniadr)

ki :=xk omote k= |k
Enopévag,

Tl
N, = —,
* k*
arv O1ovu mpoxkurttel ) avaloyn g (F. 1) [BA. @edpnpa 1.3.4].
(1.10.1) T' = k.N.,.

IMa va Bpoupe v avadoyn g (F. 2), epyaldpaocte oniwg Kat oto @sopnpa
1.3.4. Zuvortukd éxoupe: Agpou (T'(s), N« (s)) etvat (opPokavovikn) Bdon tou
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R2, yia 1o N.(s) 9a undpxouv povoonpavia optopéva a(s),b(s) € R, dote
Ni(s) = a(s)T(s)+b(s)Ni(s), yiaxdbe s € I, dpa N, = aT +bN,. Tuvenag,

<N,T>=0 =<N., T>+<N,T >=0
= <al +bN,,T >+ < Ny, keN, >=0
= a+k.=0
= a= —k,,

Kat avdloya

<NyN,>=1 =< NN, >=0
= <al +bN,, N, >=0
= b=0,

Apa KATaAnyoupe otV
(1.10.2) N = —k,T.

Ot oxéoetg (1.10.1) xat (1.10.2) arotedouv 10 avaloyo eV tunev Frenet-
Serret pag eninedng KAPMUANG povadiaiag taxutnag.

Ané v (1.10.1) mpoxkurtet 61t < 17, N, > =< kyN,, N, > = k,, dndadr
(1.10.2) k.=<T N, >.
Avukabiotoviag oty tedeutaia wotnta ta 77 = (67, 8Y) xar N, = (=5, 51),

Bpiokoupe v endpevn €KPPAOT NG IPOOCNIACHUEVNS KAPITUAOTNTAS PEC®
TV CUVIETAYPEVRV TG KAUIUANG (povadiaiag taxuntag) 5:

(1.10.3) k. = 185 — B 5%

Ba Sovpe TOPA TNV VEGHEIPIKLY oNnpacia g PoonIacpévng KAPImuAotn)-
1ag: Ag uroféooupe mpwta ou k, > 0. Zinv mepimmewon autr sivat k, = k
Kat

T/ T/

Ny
ke K

N.

Enopévag, otav 61atp€X0oupie TV KAPIUAL KATA TV (POPA TTOU AVIIOTOLXEL OTNV
augnon g mapap£rpou (Xpovou), to KoiAov HEPOg g Kaumulng Bpioketat
npog 10 "aplotePd” PEPOG TOU EPATTIONEVOU S1avuopatog, OrKg @aiverat Kat
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010 MP®TO aro ta Zxnuata 1.10.

=
[
=

~

«
o
A\
T N
ke >0 ke <0
Zxnpata 1.10
Av unoBéocoupe ou k., < 0, tote ky, = —k xat N, = —N. Enopévag,

Sratpexoviag v KAPUAn e tov 1610 Tporo, Onweg rnptv, 10 KoiAov PEPog g
KapruAng Bpioketat rpdg to "6e810" pépog tou eparttopévou dravuopatog (BA.
10 Seutepo aro ta Txnuata 1.10).

Z1n ouvéxewa 9a urodoyicoupe 1o epartopevo diavuopia, o IP®WTo KABeTo
S1avuopa kat v KAapmuAotta pidg tuxouoag erminedng KApmuing, HEo® TV
OUVIETAYHEVOV T1G. AKPIBETTEPA £XOULIE TNV

1.10.1 Hpétaon. Eoww a: I — R? pua twyaia eminedn xavovicr kaumvin
(6xt kat avayknu povadaiag tayvintag). Tote 10XUOUV Ot OXETELS

(1.10.4) T(t) = < o1 () O/Z(t)H>,

IRNEIGIRETG)
[ ah(t) A1)
(1.10.5) N*(t)_< e/ (2] Ho/(t)H>’
_ af(B)ah(t) — of (H)ah(t)
(1.10.6) ka(t) = PZ0IE

Anodeiln. Eow f = ao h: J — R? n avanapapétpnon mg a péoe tou
prfKoug to¢ou. Zupgava pe ty (1.5.1), £éxoupe ot

o d®) @) , ay(t)
70 = T = (ol Teon)

6nAabdr naipvoupe v (1.10.4).
H (1.10.5) eivat ouvéneia g (1.10.4) kat tou opiopov tou N, (t) [toxuet
0,1t kat yua to N, (s)].
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[a tov urodoytopd g KApmuAdtntag mpoxX®pPoune &g £Eng: Av oupbo-
Alooupe pe k‘f TNV MIPOCLACHEVT] KAPTTUAoTTa mg 0, tote, ovpgeva pe v
(1.10.3) xat v oxéon (iv) tou Oplopov 1.4.1 (ya k = kf], £xoupe ot

(1.10.7) ka(t) ==K (s(t)) = Bi(s(1)55 (s(1) — 57 (s()) 35 (s(t)),
OTIOU S 1] CUVAPTNOT PKoug togou. Enedr) §5; = a; o h (2 = 1, 2), Sa sivat

/

(T
108 B(s(0) = (s oY (5(8) = (A - H(s(0) = 24

yia kabe t € I (BA. oxeukog kat 10 Oswpnua 1.2.2). And v niponyouievn
TIPOKUTIIEL OTL

R

/ O/
, . ' .
ﬁiOSZS_/Z n ﬁi:s_’ZOh'

H napayaoyion g tedeutaiag diver ot

(1.10.9)

ku(t) = % (@ (Dal(1)s' (1) — o (Do (1)s' (1))
1

lo’ (®)]1°

OTIOG AKP1BRG AVAPEPETAL OINV EKPROVI O THG IIPOTAOTS. O

Ag d0oUyiE Twpa nwg ennpeddel 1 opd Slaypadpng TN KAPMUANG Ta PeyEdn
mou oxetidovial pe autnv.
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1.10.2 Hpétaon. Ymodstouus 6t a: I — R? sivar pua eninedn waumvin ka
B :=aoh:J— R? wa avanapaustonon me a avtidstov mpooavatoiouo.
Tote t0 egpantouevo didvuoua, 10 (Tpwto) kadeto drdvuoua, kar n kaunuiotia
avuorpepovtal, dniladn 1oxvouv oL OxEoels

(1.10.10) TP(t) = —=T*(h(t)),
(1.10.11) NP (t) = =N (h(1)),
(1.10.12) K5(t) = —k2(h(t)).

Anobailn. Apou n h aAAddet tov pocavatoAiopd, sivat i’ < 0. Enopéveg
oo B (aoh)()
0= 1701 ~ TMaohy @l
SO B
= T E] Tty - )

Avaloyeg,
NE() = (= TP (), T (1) = (T5'(h(1), — T (h(t))) = —N2(h(t)).

TéAog, AapBavovtag urt oy ou (a o h)i(t) = (a; o h)(t), yia kabe t € T xat
1= 1,2, é&xoupe Sadoyka ot
(o h)i(t) = o (h(t)) - I'(t);  Vtel,
(o h)y = (cjoh) I,
(o h)](t) = af (h(t)) - W'(t)* + i(h(t)) - h"(t), Vi€l
Enopévag, Baocet tng (1.10.6),
G OB (U0
" 18" @)

(o h)i () (o h)3(t) — (o h)Y(t)(a o h)y(t)
(a0 B) (B)[°

_ K@) aq(h(t)as(h(t) — o (A(t))ah (h(t))
[P ()] o/ (h(t))]?
= —k2(h(1)),
pe v oroiav kat KAsivetl n anddedn. O

H ak6Aoubr) podtaon pag mpoopEPEL P YEQUETPIKL) EPUNVEIA TNG ErTire-
dng kapmuAotntag.
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1.10.3 Hpétaon. 'Eotw o: J — R? pua eninedn kaumvin uovadiaiag tayv-
mrag. Tote wyvel n oxéon

(1.10.13) k.=6,
onou 0(s) eivar n yovia mou axnuatifovv ta stavvouata T'(s) kat ey .
TXEUKOG TTAPABETOUE TO EMOEVO OXNHA

ANY

Txfua 1.11

Anobealn. Enedn, yia kabe s € J, 1o diavuopa T'(s) sivat otoiyeio tou pova-
&iaiou kuKdou, 9a eivar T'(s) = (cosf(s),sinb(s)), orov 0: J — R duagopi-
oan anewkovion. Tote

T'(s) = (—sinf(s) - 0'(s),cos O(s) - 0'(s)),
Ni(s) = (—sinf(s),cos0(s)),

ornote 1) (1.10.2) ouvendyetar 6t
ki(s) =< T'(8), Ni(s) >=
< (—0'(s)sinf(s), 8 (s) cosO(s)), (—sinf(s),cosO(s)) >=
0'(s)sin?0(s) + 0'(s)cos>O(s) = 0'(s),
IOV artode1kvUEL To {ntoupievo. O

Aebopévng g PNSEVIKIG OTPEPNS PAG EMIMESNS KAPITUANG, APKEL 1] K-
HIUuASTNTd NG yia va v xapakipiost. Enopéveg, 1o Ogpelindeg Osopnpa
10V KapnuAov rnaipvetl myv enopevn) €181kr] popdr), Pe v oroiav KAsivoupe
Vv napdypado auvty.
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1.10.4 @zopnpa. Eowo k.: J = [0,a] — R a Gagopioun ovvdaptnon.
Tote undpyet eninedn waunvin povadiaiag tayvmniag a: J — R?, ¢ omoiag n
eminedn kaumuAdmra sivar n ky. Emiong, av B: J — R? slvar kaunvin ue ug
161e¢ 1610TNTE, TOTE UTLAP X EL OTEPEA KiVNaN g TOU EMTESOU, TET0LA WOTE go = (3.

Aniddeiln. @étoupe

Kat

a(s) = (ar(s), as(s)) = < /0 " cos o(u)du, /0 sin ¢(u)du>.

EnaAnBsvetal apéong ot n a gival Siadopioyin KapmuAn povadiaiag tayu-
mtag Kat, Baocet g (1.10.3), o1 n eminedn KAaPmuAomId g eival akpiBwg 1
600¢cioa k.

‘Eote tpa [ pa adAn xapmudn pe ug idieg dotnteg. Av T eivat n
taxvunta g B kat § eivar n yeovia mou oxnuatiger n T pe 10 eq, anod v
oxéon (1.10.13) éxoupe

(1.10.14) 0(s) = / b ()t + 0y = 6(5) + 0o,
0

Ort0TE

(cosf(s),sinf(s)) = (cos(p(s) + 0,),sin(@(s) + 6,))
(cos B, cos ¢(s) — sin b, sin @(s),
cos 0, sin ¢(s) + sin §, cos qﬁ(s

_ (cosf, —sinf,) [cos qﬁ
" \sinéf, cosb, sin ¢(s

= [f(cos ¢(s), sin ¢(s)),

(1.10.15)

orou pe f oupBoAiloupe TV YPAPHIKY] AMEIKOVIOT), TIOU AVIIOTOIXEl oTov apé-
0®G TIPONYyoUevo 2 X 2 mivaka, Kat opidet tv otpodr) tou ermredou Katd v
yovia 8,, dnAadn

flz,y) = (zcosb, — ysinb,, xsinb, + ycosb,), vV (z,y) € R2.
Tt Ouvéxeld, 1 OxX£on
B'(s) = (B1(s), B3(s)) = Tp(s) = (cosO(s),sinb(s))

Oivel ot

B(s) = </OS cos O(u)du + x,, /OS sin O(u)du + yo>,
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OTIOU Z,, Y, OTaBepég. ‘Apd, XPNOHIOMOOVIAS TS MP®IEG 100TNTEG ATIO TIS
(1.10.15), n maparndave oxéon yia o 3(s) petaocxnpatidetat oy

B(s) = </OS[COS 0, cos ¢(u) — sin 6, sin ¢(u)]du,
/Os [cos 0, sin ¢(u) + sin 6, cos ¢(u)]du> ¥ (s o) =

= <cos 0, /8 cos ¢(u)du — sin b, /8 sin ¢(u)du,
0

0

Cos 90/ sin ¢(u)du+sin90/ Cos qb(u)du) + (20, 90) =
0 0

=1 ([ cosotwytu. ["sinotuwyiu) + (o) =
— F(a(s)) + (or o).

OV artode1kvUEL To {ntoupievo. O

1.11 Aoxrnosig

‘Aoxrnon 1. Na Bpebouv: (i) Mia napapétpnon « tou euBuypapou TUHuatog,
rou evavel dvo (lagopetikd) onpeia P kat Q tou R3. (i) To prjkog kat n
raurudotmta g «. (iii) Mia avartapapétpnon 5 g a povadiaiag taxutntag.
(iv) To prkog Kat 1 KapruAdtnta g S.

Avorn. (i) Av p, g sival ta avtiotoixa Savuopata 9éong v P, (), to gubu-
ypappo tufua PQ sivatl eikéva tng mapapetpnpeévng Kapmuing

a:[0,1] — R3: t— a(t) :=p+t(qg—p).

(ii) [Tapatnpoupe ot
I’ () = lla — pll #0,

dnAadn n kaprmudn eival KAVoviKn, KAt 10 PHKog tng ivetat amo tnyv oxeon

1 1
L) = [ el du = [ lla=pllau = la o
Art 10 dMdo pépog, eredn o(t) = 0, 10 Oswpnpa 1.4.2 cuvendysrat 6T

ko(t) =0, yia xabe t € [0, 1].

(iif) Erte16r] to prkog toou g « eivat

t t
s(t) = /0 o ()| du = /0 g — pll du = llg - pllt,
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BAEroupe 0T N AMEIKOVIOT)
s:[0,1] —[0,]lg = pl]: t = [lg — plt

eivat appidadopion pe aviiotpodn v

S

hi=s":00,]lg —pll] — [0,1]: s —» ———
g — pl|

ométe 1 {nrovpevn avarnapapétpnon eivatn : [0, [l¢ — pl]] — R? pe

B(s) = (o h)(s) = a <m> =p+ W(q - D).

(iv) Enedny 3/ (s) = ”g :g » 10 pfKog g S eivatl emiong

llg—pl| lg—pl|
L(B) = /O 16 () s = /0 du = |l — ]l

Tédog, yia v kaprdoa kg g [ éxoupe ou T'(s) = F'(s) =
T'(s) = 0 kat [amo6 wmy (1.3.2)] ks(s) = 0.

q—p
la—p

> apa

‘Aoknon 2. O kuk)og pe kévepo (0, 0) kat aktiva r eivat elkéva g Kaprung
a: [0,21] — R?: t — (rcost,rsint).

Na 6ei€ete ot: (i) To Sidvuopa tng taxutntag ivat kabeto otnv axtiva. (ii) To
Siavuopa g ermtdyuvong Kateubuvetatl pog 1o kévipo. (iii) Na uroldoyioete
10 prKog tng «. (iv) Na Bpebel avanapapétpnon [ g a pe povadiaia ta-
XUtnta Kat va urodoyiotei n kaprudotnta k g B. (v) ITowd sivat i ermtinedn
raprdotna k¢ mg a;

Avuon. (i) KaBe xpovikr) outypn) ¢ 1 aktiva ouprtirttet pe ty 9€o1 tou Kwvntou,
8nlabdn pe 1o onpeio «t) kat ) tayxvta etvat

o/ (t) = (—rsint,rcost).

Enopévag,

2

< a(t),d (t) >= —r?costsint + r’costsint = 0,

rou onpaiver ou at) L o/ (¢).

(ii) o' (t) = (—rcost, —rsint) = —a(t).
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(iii) Tha o prxog g « éxoupe ||/ (t)|| = r, dpa
2m 2m
L(a) = / |l (t)]|dt = / rdt = 2mr.
0 0
(iv) Etvat ||/ (t)]| = r # 0. Opidoupe v ouvaptnon PrKoug t65ou
t
s:00,27] — R:t— s(t) := / & (u)|| du = rt.
0
Apa 1 s: [0,27] — [0, 277] eival apgbragpopion, pe aviiotpogpn v
h:=s"1:[0,2nr] — [0,27]: 5 — s,
,

Kat n {nrovpevn avanapapétpnon eivar n G: [0, 27r] — R? pe

B(s) = (aoh)(s) =« <§> = (rcosf,rsin§>.

r r r
IMa v kapnudotnta g tedeutaiag £xoupe ot
S S
T(s)=3(s) = (—sin—,cos—),
(5) = 5'(s) ® cos >

art Orou naipvoupe
1 1
T'(s) = (—— Cos f, ——sin f>,
r ror r
Kat !
Ks) = |T'(s)]) =

ATT 10 dAA0 pépog, 1 (1.10.6) pag divel ot

1 1
kX(t) = r_?’( 2sin®t 4 1% cos? t) = -

‘Acknon 3. Na PpeBei pia kavovikr) apapétpnon tng napaBodng y = 2

Kat n avtiotoxn kaprwddmta. oo yeopetpiko tono naptotavet n F(t) =
(t3,1%), pe t € R;

Avorn. Ipopavag, 1
at) = (t,1?);  teR,

elval pia mapapé€rpnon g avapepopevng napaBoing. Eival kavoviky], apou

o(t)=(1,2t) £0, VteR.
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Enedny 1 a Sev eivar povadaiag tayvumtag kat o/ (t) = (0,2), n (1.10.6)
biver o

k() = 2(1 + 462) 7% = k(t).

H [ sivat pia xaprmudn g onoiag n ewova givat ) i61a apabodr], 61eg
ev eivat kavovikn, apou 3'(t) = (3t2,6t%), dpa 1o t = 0 eival onueio aveua-
Alag.

‘Aoknon 4. Aivetal pia Swagopiomun cuvdaptnon f: R — R. Na Bpedei pia
KQVOVIKI] IIAPAPEIPNOT (¢ TOU YPAdHIatog g Katl va rpoodiloptlotovv ta dia-
vuopata 1', N, kat n kaprudotnta ky mg .

Avon. H xaprdn aft) = (¢, f(t)), t € R, éxet ewdva akpiBag o ypadnpa
g f. Ta v a éxoupe o1

o(t) = (L f'(t)  xa  a”(t) = (0, f" (1))
Eneidr)
@)l = (1+ £/ #£0;  VieR,

€XOUE KAVOVIKI] KAPITUAL, TTOU v yével dev eivatl pavadiaiag taxvintag. O-
note, oUpd®va pe toug turoug g [Ipotaong 1.10.1, ta {nrovpeva diavuopa-
Ta eivat:

_; o o = : , f,(t)
T(t) = (04(8).05(1) ((1+f’(t)2)1/2 (1+f/<t>2>”2>’

(t))_<_ oo )
(1+ 7)) (+ pre2)?)

£V 1) rinedn/npoonpuacpévn KapruAotta Sivetal anod trv oX£on

PR O R (0 G N ()
L+ 027 1+ £1(1)?2)

A6 v tedeutaia BALmoupe 6Tl TO MPOCNPO G Ky CUNITIITIEl pe autd g
1"(t), dpa n yeopetpikr oupnepipopd g « (og mpog ta koida tg) Bpioketat
0t OUPP®VIA PE Ta YVOOTA ounrepdopata tou ATElpooTikou AOY1op0U yia Tig
ouvrBelg oUVAPTIOELG KAl TO YPAPN A TOUG.

3/2

‘Acoknon 5. Na BpeBouv 10 PfKog, 1] KAUMUAGTNTA KAl 1 OTPEWT) TG KAUITUANG

1 1
a:[0,2n] — R3: t— (—= cost,sint, —= cost).

V2 V2
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Avon. Eivai

1 1
T(t) =d/(t) = | ——=sint,cost, ——=sint | ,
0=d0-(- 7o)
apa
1

1 1/2
o/ (@) = (5 sin?t + cos? t + §SiD2 t> =1,

dnAadr) n o eivalr kapmuAn povadaiag taxviniag, Ne

21 21
L(a) = / |l (t)]|dt = / 1dt = 2.
0 0

Ia v Kaprudotnta €xoupe

1 1
T'(t)=d"(t) = <——cost —sint, ——=cost
\/5 ) ) \/5 )

OTI0TE

K(t) = |1 T (1)]] = (5 cos? t -+ sin? 4 & cos? t> _1

[Mapatnpoupe ot

apa B'(t) = 0, xat
T(t) = — < N(t),B'(t) >=0,

dnAabdn, tedikd, n « eivat erinedn KaprrvAn.

‘Aoknon 6. Na uroAoylotei n KAQUmuAotta Kat 1 erinedn kaprudotnta g
KAPIUAng
a(t) = (acost,bsint), t €10,27], a,b> 0.

[Towa etvat n ewkova g;

Avor. @étoviag © = acost kat y = bsint, éxoupe ol

apa ImPOKeLtAl yla €AAswyn.
Bpiokoupe:

o/ (t) = (—asint,bcost) = (—asint,bcost,0),
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apa
[/ (t)]| = (a®sin®t + b* cos® t) vz
Emiong
o’ (t) = (—acost,—bsint) = (—acost,—bsint,0)

Kat

o (t) x ' (t) = abes,
art orou

lo(£) x o (t)|| = ab,
Kat teAkd

() x o (t b
K(t) = o’ (2) ag( - _a  ha(t).
o/ (t)]] (a2sin®t + b2 cos? t)3/2

‘Acrnon 7. H (6iagopioun) kaprmudn
a: [0,27] — R3: t — (rcost,rsint, bt); r>0, beR,.

neplypagetl pia KURAKY €Awra (circular helix), n ornoia anewovidetat oto
napakdate IxfAupa 1.12. (i) Na Bpebei avanapapétpnon [ g « povadiaiag
taxutnuag. (i) Na Bpebouv kapruddinra kat n opéyn g F. (i) Na a-
moderBel 6t n ywvia 0 petall tng eparttopévng oe KABe onpeio g éAkag
kat tou dova 2’0z eivat otabepr). (iv) Na amodeiyBei ot 1 yovia ¢ petafu
g Sevtepng Kabétou o kABe onpeio g éAdkag kat tou dafova 'Oz eivat
otaBepn.

Avon. (i) Eivat
o/ (t) = (—rsint,rcost,b),

ETTOPEVRG
o/ (t)]] = (r? + b})/2 = ¢ > 0.

@swpoupe Vv
t
51 [0,27] — R: / o/ (u) | du = te
0
KAt Vv aviiotpodr| mg

h: [0,2mc] — [0, 27]: sn—>z-
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/
/
’

27h

Zxnpa 1.12

H Jntoupevn avanapapérpnorn eivat n

B:[0,21c] — R3: s+ B(s) = (a0 h)(s) = (rcosz,rsin—,gs .

(ii) Ta Vv kapruddtnta g 3 €xouus

b
T(s):ﬁ’(s):(—fsinf,fcosf,—),
c c ¢ c c
apa
r s r s
T (s :<——COS—’ ——sin—,O)
(5) c2 c c? c
Kat
r

Ks) = |T'(s)]) = 25 #0.
TXETIKA UE TNV OTPEWT, ivat:

N(S):%T/(S): (—COSZ’ —SinZ,O),
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€1 €9 €3
B(S) = Tl T2 T3 = (QSIIIf y — l—) COSE , f)j
Ni N, Nj ¢c ¢ ¢ cc

art’ Orou TPOKUTITEL OTL

b b s
/ —_— J— J—
B'(s) = (02 cos —, 5 sin ,0)
Kat )
7(s) = — < N(s),B'(s) >= =z

(iii) Av 0 sivail n {nrovuevn yovia, tote

(t > b
0059:—<51()’63 — _.
/@) - llesl| ¢

IMapatnpoupe ot 1 6§ ivetal kat ano ) ox£or

<T(s), e3>

cosf) = ——————
IT(s)I - lles]]

b
=<T(s),e3 >= .

(iv) Opoing, yia v yovia ¢ tou tedeutaiou epetpatog sivat

< B(s),e3 >

S0 =B - Jleal

=< B(s),e3 > = £

‘Aoknon 8. Na Bpebei ) Kaprudotnta Kat 1) PO acPEV] KAPmUuAdtnta g

Kapmnuing

2
at) = (t,;), 0<t<1.

Avon. Eivat:
o (t) = (1,t) = (1,¢,0),

o/ ()] = 1+ )2 >0,
a"(t) = (0,1) = (0,1,0),

€1 ey €3
dt)yxd"t)=] 1 t 0 |=es,
0 1 O

Enopévag,
ko =l '@l 1
T @I T e
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VR

) e/ ()3 (1+12)3/2  (14t2)3/2

apa k = k.

‘Acrnon 9. OswpoUpe )V KAPITUAT
a: R — R%: ¢t (£2,83).
Eivat kavovikr); Na Bpebei nj kapruAontd ng.

Avon. Iapatnpoupe ot
o/ (t) = (2t, 3t%)

apa o/(0) = (0,0) kat n « Bev eival kavovikr) oe 6do to R. Etvair épeg
Kavoviky) ota dlactpata (—oo,0) kat (0,4+00). Ta t # 0 éxoupe

lo/ (8)] = (4% + 9¢1)?,
a//(t) = (27 6t)7

€1 €9 €3
dt)xa’(t)=|2t 3t2 0 |=6t’es3=(0,0,6t%),
2 6t 0

lo” () x " (t)]| = 6t%,

OTI0TE , Y )
vy =l < ") ot

lo ()] (482 + 9t4)3/2

‘Aoknon 10. Na Bpebei Sagopiopn kaprudn o pe a(0) = (0,1), n omnoia
dlaypdagdet Tov KUKAO € TV QOPA TOV SEIKIOV TOU @POoAoyiou.
Avon. H v(t) = (cost,sint) daypdpel tov KUKAO He @opd aviibetn twv
bewktov tou epodoyiou kat éxel v(0) = (1,0).

H ((t) = (cos(t + 7/2),sin(t + 7/2)) Saypaper tov KUKAO pe v iba
@opda, pe 3(0) = (0,1).

H avti®etn xapnudn g 5, 6niadn n

a(t) = B(—t) = (cos(m/2 — t),sin(7/2 — 1)),
Slaypaget tov KUKAO pe v avtibetn gopa xat ¢xet «(0) = 5(0) = (0,1).
‘Acknon 11. Eow a: I — R? Sagopiomn kaprnvdn kat Stavuopa v € R3,

TETO10 WOTE
a(0) Lv  wat  o(t) Lo, Vtel
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Na dei§ete o «t) L v, yia xabe t € 1.

Avon. Apou < «(0),v >= 0, apkei va &ei§oupe out < a(t), v > eival otabepd
1, woduvana, ot < a(t),v >'= 0. IMpaypat,

<at),v>=<a,v>"(t)=
<d(t),v >+ <alt),v >=
0+ < a(t),0 >=0.

‘Acoknon 12. Na Seifete 0Tt 01 EQATITOPEVEG TNG KAUTTUANG
a: R — R3: t — (3t,3t2,2t%)
oxnuati¢ouv otabepr) yovia 0 pe myv subeia y = 0, z = z.
Avon. H spartopévn g a oto tuxov onueio «at) eivat n eubeia
ei(s) = a(t) + sd/(t); t eR,
rou eivat tapdAAnAn mpog 1o Stavuopa o (t) = (3, 6t, 6t2) (va onpeiobei £60
Ot 10 § Bev eival KAt avayknv pnkog toéou). H eubeia mou opiletal and tg

ouvlnkeg y = 0 xat x = z mepigxetl 1o davuopa v = (1,0,1). Emedr n
{ntovpevn yovia 6 sival n yovia tov avetépe Siavuopdtev, Bpiokoups ot

<d(t),v > 3 + 6t V2

i
COSG = = = — = cos(—).
IOl -0l ~ Vo 13622 13600 va 2 (7)

‘Aokrnon 13. Aivetatl n AoyapiOpirn oneipa (logarithmic spiral)
~(t) = (aexp(bt) cost, aexp(bt)sint); teR,

orou a kat b eivat otaBepég pe a > 0, b < 0 (BA. xat 1o ZxAua 1.13). Na
artodeixOel ot

(i) lim ~(t) = lim +/(t) = (0,0).

t——+o00 t——+o00

+oo
(i) / I/ (u)|| du  eivar menepaopévo.
to
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(iii) Na uroAoyiotel n KQPmuAotnta g 7.

(o)

SR

%

Txfpa 1.13
Avorn. Ao v
7' (t) = (abexp(bt) cost — aexp(bt)sint, abexp(bt)sint + aexp(bt)cost),
e évav amio uroAoyiopo, Bplokoupe ot
I (@)l = a(d® + 1)/ exp(bt),

apa n 7y €ival KAvoviK: KAPITUAL.

(i) Ere1dn) cost, sint eivat ppaypéva kat lim e =0, £€XOUpE aPEo®OS TNV

t——+o0

lim ~(t) = lim ~/(#) = (0,0).

t——+o0
(i) Ta xa&6e t € [t,, +00), etval
t t
1y ()| du = / a(B? + 1)/ exp(bu)du = (8 + 1)!/2 exp(bu) t
to to to
= Z(? + 1)/ (exp(th) — exp(tob).

art Orou MPOKUITTEL OTL
—+00
| W @ldu= tim 207+ 1" exp(t) - expltab)) =
to —Teo

- —%(zﬁ +1)M2 - exp(tob),
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rou artodsikvust 1o (ii).
(iii) ®@¢tovrag x(t) = aexp(bt)cost, y(t) = aexp(bt)sint, naipvoupe drado-
XKA:

2'(t) = abexp(bt) cost — aexp(bt)sint,

y'(t) = abexp(bt) sint + aexp(bt) cos t,

2"(t) = a(b® — 1) exp(bt) cost — 2abexp(bt) sint,
y'(t) = a(b® — 1) exp(bt) sint + 2abexp(bt) cost,
2 ()" (6) — 2" (0 (1) = (6 + 1) exp(2bt),
(0 4y (1 = 207 + 1) exp(20),

enopévag [Bdoet tng (1.10.6) katl tng ox€ong Petail KAPUMUAGTNTag KAt ee-
ong (mpoonpaocpévng) kapmuddtntag] KataAnyoupe otnv

_ @)y () " @y ()] 1

@O Y22 a0+ 1) 2 exp(br)

IMAPATHPHZH. To cuprniépacpa (i) onpaivetl 0t n AoyapiOpikr) KapmuAn mAn-
owadel oV apxt eV afovev, yupe and mv oroiav dAAwote rieptotpédetat (BA.
Zxfpa 1.13). To oupnépaopa (ii) onuaivel 6t n KAPITUAN £XEL TIEMEPATHIEVO
pfKog oto drdotnua [tey, +00).

‘Acoknon 14. 'Evag xUkAog aktivag r otéketat oto onueto (0,0) tou d§ova
'Oz xrat apyilel va kudd mpog ta 6e€id. (i) Na Bpebei n xapmuAn o mou
dlaypaget to onueio A, to ornoiov apyikd akoupra oto (0,0). (i) Na Bpebzei )
eSloworn g eparttopévng g a Tig Xpovikég ouypég t = 0, t = m xar ¢t = 27.
(iii) Na urtodoyiotel to prjkog tou tprpatog mg a, otav t € [0, 27].

YA

0] B r 2nr g
Zxfpa 1.14

H raumvdn a eival yvootr] pe 10 6vopa KUKAOEW8AS Katl sudavidetal oto
IIPONYOUHEVO OXNHd.
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Avon. (i) 'Eow ou 0 A, and mv apyiky ou 9¢on owo (0,0), peraxweitat
o 9¢on A = (z,y), ondte 1o kévipo K = (0,7) tou kUkAou Sa petaxivnOet
Katd éva prkog a xat 9a £pbet oto onueto K’ = (a,r). Téte otov afova 'Oz
axkouurd to onueio B kat to 10o AB €xet pfkog a. Av 6 sivail i yovia AKB
161 @ = rf. TupBodidoupe pe A’ xar A” g mpoBoAég tou A otig eubeieg K'B
kat K K'. Téte éxoupe

r=0B— AA" =1 —rsinf = r( — sin ),
y=0K — AA" =r —rcosf = r(1 — cosb),

Apa 1 KUKAOEB1G MePypAPETAL AMO TNV MTAPAPETPN 0T
a(f) = (r(6 —sinf),r(1 — cosf)).
(ii) [Tapatnpoupe ot
o/(0) = (r(1 — cos ), rsinb),
art orovu raipvoupe
o/(0) = (0,0), o/ (m) = (2r,0), o'(27) = (0,0).
Apa, yia 0 = 0 kat § = 27, n epartrouévn dev opiletat, eve yia 6 = 7 sivat

ex(s8) = a(rm) + s/ ()
= (r(m —sinm),r(1 — cosm)) + s(r(1 — cos),rsin)

= (rm,2r) + s(2r,0) = (rm + 2rs, 2r).

(iif) Xpnoypornoieviag 1oUg yvooTtoug TPLY®VOUETPIKOUG TUTTOUG ToU SumAaoiou
680U, Bpilokoupe ot

o’ (8)]|* = r*(1 + cos®  — 2 cos f 4 sin? §)

= 2r%(1 — cos f) = 2r? (1 — cos? o + sin? Q)

2 2
0
= 4r?sin® =,
rsin® 5
ortdte
, i .6
I/ (0)]| :27“81115‘ :2T‘Sln§’ 0<6<2m.
Enopévag,

21 27 0
L(a) :/ ||a/(9)\|d9:2r/ sin 2 do
0 0 2

_ 2r/7r2sin¢d<;5 = 4r (—cos ¢|])
0

= 4r(—cosm + cos0) = 8r.
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A&ide1 va apatnprjooupe Ot avaloya ouprepdopata 1oxXUouy yia 6da ta
Sraotpata g popeng (2km, 2(k + 1)), k € Z. H kapnvdn eivat Kavovikr)
povo og auta.

‘Acoknon 15 Eotw ((s) xkaprudn povaduaiag taxutrag. (i) Na arodeixdel
o1 undpxetl davuopa w (: Sravuopa Darboux) tétowo wote: 177 = w x T,
N' = wx N rkat B’ = w x B. (i) Na anodewxbei ) oxéon 77 x T" = kw.
[Z11g mapanave oxéoelg, yia eukoAia, £xoupe apaldeiyet v petabAnt sl.

Avon. (i) ®étoupe w = 2T 4+ yN + 2B, xat 9a npocdilopicouyie T0Ug ouvieAe-
otég ¢, y, z. Tote

WwXT=2T xT+yN xT+2zBxT
=20—-yB+ zN = —yB+zN
ondte, Bdoet g undPeong 77 = w x T,
—yB+ 2N =T =kN,
art v oroiav mpokurtel ot y = 0 kat z = k. Avadoywg,
WwXN=2TxN+yN xN+2z2BxN
=xzB+y0+ —2T =x2B — 2T
dpa, Adye g unoBeong N/ = w x N,
B — 2T =N =—-kT + 1B
orote £ = 7 Kal z = k. Andadn, av undpxet tétoo Siavuopa, 9a sivat to
w=7T+kB.
Anodeikvioupie 6Tl T0 W 1KAVOITOIEL KAl TV TPit 100TTd :
wxB=(tT+kB)xB=(TxB)+kBxB=-1N+0=hB.
‘Apa arodeiyxOnke n Urapdn (kat to POVOCT)LAVIO) TOU w.
(ii) A6 v oxéon 177 = kN maipvoupe o1t
T" =k'N + kN =k N + k(—kT +7B) = —k*T + K'N + 7kB.
Enopévag,
T' xT" =kN x (=k*T + k'N + 7kB)
= —k*(N x T) + kK'(N x N) + 7k*(N x B)
= k3B + 0+ 7k*T = k*(kB + 7T) = K*w.
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‘Acknon 16. 'Eoww 3: J — R3 xapmuAn povaduaiag taxvmtag pe tv 810tn-
ta: 1 eparttopévn os k4O onpeio [(s) mepva ano éva otabepo onueio P. Na
anodeiyOet o ) [ eivar subsia.

Avon. H stiowon tng epartopévng g [ oto 5(s) etvar eg(t) = B(s) +t3'(s),
t € R. Adyo g undbeong, 9a undpyxet ts € R, étol vote €4(t5) = p, ornou
p € R? eivat to Sidvuopa 9éong tou P, 8nhady

B(s) +ts5'(s) =

Av mapoupe éva GAdo onueio thg Kaprnudng, .. 3(s), tote, ya v epartto-
pévn g5(t) = B(s) + tF'(s) 9a undpxet t5, €101 wotE

B(s) +ts3'(s) = p,

Kat apdpola Kat yia ta ddda s € J. Enoupévag, yia kabe s € J, undpxet
A(s) € R étot oote

(%) B(s) + A(s)3'(s) = p,

mou eKPPAlel akplBwg Vv oUVONKI NG EKPOVNONG.
H anewkovion s — A(s) etvat Siapopiomn, apou

)
(*) A(s)B'(s) =p — B(s)
< A(s)8'(s), B ()> <p—PB(s),0(s) >
A(s) <T(s),T(s) >=<p—p(s), B (s) >
A(s) =<p—B(s),8(s) >
)

[Mapayeyilovtag myv (x ) éxoupe, yia kGbe s € J:

(x) = B'(s) + XN(s)B'(s) + A(s)B"(s) = 0
(14 X(5))T(5) + A(s)k(s)N(s) = 0
1+ X (s) = A(s)k(s) =0
N(s)=—1 rat A(s)k(s) =0
As)=c—s kat (c—s)k(s)=0
= k(s) =0,

R

rou 1oobuvapei pe 1o étt n G eivat eubeia. Ipogpaveg ¢ — s # 0, Srapopsuka
9a eixape 6u N (s) = 0 (atomo). ‘AMAeote, xat n A(s) = 0 ouvendyetat éu
B(s) =p, Vs € J, 8ndadn n [ 9a expudigotav ot onpeio (eriong drorno).

‘Acknon 17. 'Eow a: J — R3 kapnudn povaduaiag taxvmrag. Na Seifete
OTl 1] (v €ival TUAHA KUKAOU €4V KAl POVOV €AV OAEG 01 MPMTEG KAOeTEG g
« TiepvoUV arno otabepo onueio P.
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Avon. H nipot xkabetn g « oto afs) eivat n
es(t) = a(s) +tN(s); teR,

[6nAadr) eivat n eubeia mou Siépxetat ano 1o a(s) kat eivat mapdAAnAn npog to
npwto kabeto dravuopa N (s)]. AKOAOUBMVTAG TO OKEITIKO TG IPONYOUHEVNG
doknong, 1 undbeon ouvenayetat ot yia kabe s € J, undpxet A(s) € R pe
v 1810t ta

(*) a(s) + A(s)N(s) = p,

(: p o 6avuopa Séong tou P). H A eivar Siapopioan ouvdptnon: amo vy
(* ) mpoxuIIel 6

A(s) =< A(s)N(s),N(s) >=<p—a(s),N(s) >.
[Mapayeyiloviag twpa my (* ) éxoupe:
(5) = a(s) + X(5)N(5) + A(5)N'(s) = 0
= T(s) + N(s)N(s) + A(s)(=k(s)T(s) + 7(s)B(s)) =0
= (1= Ms)k(s))T(s) + N (s)N(s) + A(s)7(s)B(s) =0

S 1= A)k(s) = X(s) = As)(s) =
= A =c (owabepa), Ak(s) =1 wratr A7(s) =0.

H 8eutepn wotnua diver A # 0, n tedeutaia diver 7 = 0, dnAadn n a sivat
erinedn kaprudn, kat ano my k(s) = 1/\ = otabepd éxoupe o6 n « givat
TUNpa KUKAou.

To avtiotpodo eivat dpeco: to P eival 1o KEvpo Tou KUKAOU.

‘Acknon 18. Av a: J — R3 eivar kapmuAn povadiaiag taxutntag, tote ot
8eUtepeg KAOeTEG NG @ Bev PIOPoOUV va TEPVOUV aro otabepod onpeio.

Avon. H devtepn kdBetn g a oto a(s) eivat i (mapaAAnAn mpog to devtepo
kdaOeto dravuopa B(s)) eubeia

Bs(t) = as) +tB(s), teR.

Me toug oUAAOY10110UG TV U0 IPONYOUEV®V AOKI0E®V, ag urtoBéoouyie Ott,
yla kabe s € J, uriapyet A(s) € R pe

() a(s) + A(s)B(s) = p.

H )\ eivat Stagopioyan eredr)

A(s) =< A(s)B(s),B(s) >=< P —«a(s), B(s) >,
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dpa, napayeyidoviag v (* ), £€xoupe ot
o' (s) + X(s)B'(s) + N (s)B(s) =0,
1], 10oduvapua,
T(s) — M(s)7(s)N(s) + N (s)B(s) = 0,

1 ortoia 1oXUEl OvVo otav

Iou £ivatl Atoro.

‘Acknon 19. Eow a: J — R? kaprudn povadaiag taxutrag. Na Seifete
OTl 1 Taxutna g @ €ival ouvexmg mapdAAndn pe éva otabepd dravuopa
0#uc R3 edv kat povov edv n a eivat eubeia.

Avon. («<=): [Ipogaveg.

(=): Ao v unobeon, yia kabe s € J, undpxet A(s) € R oote

(x) A(s)T(s) = u = otab.
[Tapawmpoupe ot
A(s) =< A8)T(s),T(s) >=<u,T(s) >,

&ndadn n A(s) sivat Siapopion ouvaptnon. Hapayoyidoviag v (x ) éxoupe:

= N(s)T
= N(s) = \(s)k(s) = 0.

An6 v wotnta N (s) = 0 mpoxuret dut A(s) = ¢. Ave =0, woteu =cT =0,
rou etvat atoro. Apa ¢ # 0, xat 1 wota ck(s) = 0 diver ou k = 0, nou
1ooduvapel pe 1o o1 n « eivat eubeia.

‘Aoknon 20. Mia kaprvdn a: I — R3 Aéyetar yevireupévn 1) RuAwdpikn
€Ara (general or cylindrical helix) av ta eparnttdépeva daviopata tng « oxn-
patidouv otabepn; yovia 6 # 0 pe éva pun undsviko diavuopa (: a§ovag tng
¢Akag) v € R3. Na 8eifete 611, yia pia kaprodn o pe k> 0, woxvet i
tooduvapia:

a yevikeupévny fdika < 7/k = otab.

Avorn. Eoww 0t n a eival yevikeupévn €Aika povadiaiag taxutnrag. YIobg-
TOUpE akopn ot Xwpig BAABn tng yevikontag, ||ul| = 1. Enedn < T'(s),u >
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= cos# (otab.), yia kabe s € I, n napayoyon mg < 1, u > = cosf ouvenda-
yetat ot
<T,u>"(5) =0=<T'(s),u>+<T(s),u' >=0
= <T'(s),u>=0
= k(s) < N(s),u>=0
= < N(s),u>=0
= u L N(s),
EMOPEVKG, TO U avrKel oto (subetonolovy) eninedo v T'(s), B(s), ondte
(*) u=AT(s)+ uB(s),

v karowa A, ¢ € R. "TloAAarmAacidadoviag e0atepkd” v tedeutaia oxéon
Sraboxikd pe T'(s) kat B(s) (BA. mv napopoia diadikaocia otnv anodeign tou
Bswprnpatog 1.3.4) Bpiokoupe o1

A=<u,T(s) >=cosf xar p=<u,B(s)>=cos (g —6) =siné.

Apa 1 () naipvet v poper)
u = cos0T(s)+sinb B(s),
1 IApAy®ylon g ortoia Sivel ot
0 =cosfT'(s) + sinf B'(s)
=cosOk(s)N(s) —sinf7(s)N(s)
= (cos O k(s) —sinf7(s))N(s),

art ornou cos @ k(s) —sinf7(s) =0 xat

(%) ﬁzcosﬁ_

k(s) sinf
7(s)

AVTIOTPOP®G, £0T® w = c. E@’ 6oov n ouvaptnor cot maipvetl TipEG oto

cot ) = ¢ (otabepd).

(00, +00), propoupe va Bpoupe 6 vote ¢ = cot §. Enopéveg, aviotpépoviag
v Sadikaoia rmou pag odrynoe ot (*%), EXoupe:

k(s)cost = 7(s)sinf =

k(s)cosO N(s) —7(s)sinf N(s) =0 =

cosOT'(s) +sind B'(s) =0 =

cos O T(s) + sinf B(s) = u = owab. € R =

cosf < T(s), T(s) > +sinf < B(s),T(s) >=<u,T(s) >=

cosf =< u,T(s) >= otwab.
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IMAPATHPHZEIZ : 1) Av n kapruAn 6ev eivatl povadiaiag tayxutntag, akKoAou-
Sovpe akpiBrg v 161a mopeia, XPNoPoNoIMVIAg TOUG TUTIOUS Tou Benprpa-
106 1.5.2. H tayutnua v dev Sa naigel 16aitepo polo.

2) Av 10 u 6gv gival povadiaio, tote Propouvle va ndpoupe 1o diavuopa
v = u/||ul|, mou eivar povadiaio ka1 oxnpatidel v i61a yovia pe to T'(s).

3) Ao 1o epotnpa (iii) tng Aoknong 7 mPoKUITIEL OT1 1] KUKALKY] €Aka gival
€101KN TEPIMI®OoT NG KUAWVOPIKNG EAKAG.

‘Aokrnon 21. 'Eotw a kaumuln povadilaiag taxuinrag. Na arodeiybei 6t n «
elval eminedn Kapmmuln edv Kat povov eav 0Aa ta eyyutata ernineda mepvouv
anoé otabepo6 onueio P.

Avorn. AQou urdpyxouv eyyutata erineda n kapruAn dev eivat eubeia, dnA.
k > 0. ®a amodei§oupe o 7 = 0.
Ta onpeia tou eyyutatou eninedou oto onpeio a(s) €xouv v popon
OZ(S) + tlT(S) + th(S), t1,to € R.

Enedn 6Aa ta eyyutata ermineba mepiéxouv 1o onpeio P, yua kdbe s € J,
unapyouv A(s), u(s) € R, tétowa oote

(x) a(s) + A(s)T(s) + u(s)N(s) =p
(: p o 8ravuopa déong tou P).
Ot antewovioeg A, p: J — R eivar Suapopiopeg. Tpdypat, anod v ()
g€xoupe ot
A(s)T(s) + p(s)N(s) = p — a(s),
art Orou TAiPVOUE TG OXEOEIS
A(s) =< A(s)T(s), T(s) >+ < pu(s)N(s),T(s) >=<p—a(s), T(s) >,
wu(s) =< A(s)T(s),N(s) >+ < u(s)N(s),N(s) >=<p—a(s),N(s) >,
e 1g onoieg anodekvuetatl 1 dagoplompodtnia wv A, . [Hapayeyiloviag tnv
(x) éxoupe:

a/(8) + N(s)T(s) + A(8)T"(s) + /' (s)N(s) + u(s)N'(s) = 0 =
)
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Ao v tedevtaia oxéon etvat 7 = 0, 1 4 = 0. Av pp = 0, téte and ug arAeg
U0 mponyoupeveg oxéoelg raipvoupe

14+ XN(s) =0 wat A(s)k(s) =0,
apa
As)=c—s rat (c—s)k(s) =0, Vsel,

dnAadn k = 0, dtoro. Emopéveg, avaykactika 7 = 0, ou arnodeikvuel Tov
woxuptopo. [®uowkda, ¢ — s # 0, Sagopsukd, amo v (x), 9a sixape ou
a(s) =p, V¥ s (atomo).]

To avtiotpodo sival podaveg.

‘Acoknon 22. Na Bpebei n e§iowon tou kABetou ertinedou o éva Sedopévo
ONMElo Plla KAVOVIKIG KAUITUADG.

Avon. (i) Eote 61 éxoupe kaprun ((s) povadiaiag taxuintag. Eva (z,y, 2) €
R3 eivat onpeio tou kdBetou ertinedou oto onueio [ (so) €av kat povo €av n
Slapopa (z,y, z) — [(s,) aviikel otov undXwpo 1ou rapayouv ta N (s,) Kat
B(s,), 6ndadn) stvat xabetn oto T'(s,) = '(s,). Apa ta onpeia (z,y, z) tou
KdaBetou ertinedou oto B(s,) KAvVOIoloUv v ox£or

() < (ZE,y,Z) - ﬁ(80)7T(30) > = 07

1], 1oduvapa,
< (.Z',y, Z) - 5(30)76/(30) >=0.

(ii) 'Eote topa 6Tt £X0Upe pia Kavoviky) Kaprudn «(t), 6t kat avaykn pova-
Saiag taxutrag. Ta onueia (x,y, z) tou k&Oetou erninedou oto «a(t,) kavo-
IO10UV Vv avtiotoin g (x)

< (337 Y, Z) - Oé(to), T(to) >=0.
Méow tng (1.5.1), n mponyoupevn petaoxnpati¢etat otnv

< (z,y,2) — alts), % >=0,

1], 1oduvapa,
< (x,9,2) — alty),d (t,) >=0.

Egappoyr). Na 6eifete 6t 0Aa ta kabeta erineda tng Kapuing
B(t) = (asin?t,asint cost,acost)

8iépyxovrat ano 1o onpeio (0,0,0).
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Avon. Tupgeva pe autd nou sinape niponyoupévag, to onpeio (0, 0, 0) avrxet
oto kabeto eminedo oe kaBe onpeio B(t), av

< (0,0,0) — B(t),B'(t) >=< B(t),5'(t) >=0, VteR.
[Mapatnpoupe ot
B'(t) = (2asint cost, a(cos® t — sin’ t), —a sin t).
Zuvenwg,

< B(t),8'(t) >=
< (asin®t,asintcost,acost), (2asint cost,a(cos’ t —sin’t), —asint) >=

2

2a%sin®tcost + a’sintcos® t — a’sin®tcost — a’sintcost =

a’sin®tcost + a’sintcos® t — a’sintcost =

a®sint cost(sin?t + cos®t) — a?sint cost = 0.

‘Aornon 23. Na Bpebei n e§iowon tou eyyutatou erinebou oe éva Sedopévo
OnNHeio P1a KAVOVIKNG KAPUITUANG.

Avon. (i) Eowe 6u éxoupe kaprnuln ((s) povadiaiag taxuttag. Eva (x,y, 2) €
R3 eivat onpueio tou eyyutatou eninedou oto onpueio 3 (S0) €@V KAl povo eav
n dwagopd (z,y, z) — B(s,) avrkel otov unoxwpo nou napayouv ta 1'(s,) kat
N(s,), 6nAadn eivat kabetn oto B(s,). Apa ta onpeia (z,y, 2) ToU eyyutatou
eniredou o010 ((S,) 1IKavoroouv v oxeon

(*) < (z,y,2) — B(s0), B(s0) >=0.
Enedn)
_ _ T'(s0) _ 3" (s0)
B(s,) = T(50) X N(80) = 3'(50) % K (sy) = [#'(5,) X K(sg)

N (x) 1oduvapel pe v
< (2,9, 2) = B(30), 8 (30) x 8" (s0) >=0.

(ii) 'Eote tOpa 6Tt £€X0UHe Pia Kavovikyy Kaprudn a(t), oxt Kat avaykn po-
vabiaiag taxutnuag. Ta onpeia (z,y,z) tou eyyutdtou eninedou oto «(ty,)
1KAVOITO10UV TNV avtiotoyn g (x)

< (z,y,2) — a(t,), B(t,) >=0.
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Xpnowonowwviag v wotnta [BA. (1.5.3)]

o d(t) x a(t,)
Blto) = 1o(e,) x a(2,)]

naipvoule v ouvOnKn

o (to) x ' (t,)
< (z,y,2) — a(to), o/ (to) x (o)

>=0,

Kat, 1ooduvapa,
< (z,y,2) — alty),d (t,) x o'(t,) >=0.
E¢appoys. Aivetat nj kaprdn «t) = (cost,sint,t), t € R. Na Bpebei n

(kapteotlavn) e§iowon tou eyyutatou eninedou g «(t) oto onpueio a(t,), drou

to=—.

2
Avon. Ta onueia tou {rovpevou eyyuTATOU €Iinebou 1KAVOITO10UV TV OUV-
91kn
s ™ T
< (x,y, 2 —a(—), o/(—) X o/’(—) >=0.
Yrodoyidoupe:

T T . T ™
2(3) = (s g 3.5) = (01.3)
o/ (t) = (—sint,cost, 1)

a’(g) = <—sing,cosg,1) =(-1,0,1)
o’ (t) = (= cost, —sint,0)

a”(z> = (—cos%,—sin%,O) = (0,-1,0)

‘Apa 1 e€lowon Tou eyyutatou erinedou yiverat

< (@.2) = (0,1,5). (-1,0,1) x (0,-1,0) >=0 &

™

< (w,y—l,z—g), (-1,0,1) x (0,-1,0) >=0 <
r y—1 z-3
-1 0 1 =0 &
0 -1 0

w+z—w
2
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‘Aokrnon 24. Na Bpebei n eSiowor tou eubelornolovviog errnédou oe éva dedo-
Hévo onpelo pia Kavovikhg KAPIMUAnNG.

Avon. (i) Eote 61 éxoupe kapruln ((s) povadiaiag taxuintag. Eva (z,y, 2) €
R3 eivat onpeio tou eubelomnotovviog erurédou oto onpeio 3 (S0) €av katl po-
vo £av 1 Sagopd (z,y,2) — F(s,) aviikel otov UMOX®PO MOV TAPAYOUV Ta
T'(s,) xat B(s,), 6nAadr) eivat kabetn oto N(s,). Apa ta onpeia (x,y, z) tou
€UBDE10TI010UVTOG ertredou 010 (3(S,) IKAVOITO0UV TtV CUVONKI)

(*) < ($>y> Z) - ﬁ(so)aN(so) >=0.

Erneidn () ()
 T'(s,) (50
Moo = 20 ~ Ws)

N (x) pertaoxnpatidetat oty

< ($7y7 Z) - ﬁ(so)v
1], 10oduvapa, otnv

< (x,9,2) — B(s0), 3" (50) >= 0.

(ii) 'Eote topa Ot £€X0Upe pia Kavoviky) Kaprudn a(t), 01 Kat avaykrn pova-
Siaiag taxuintag. Ta onpeia (z,y, 2) Tou eubelonolovvrog erurédou oto a(t,)
1KAVOITOl0UV TNV avtiotoyn g (*)

< (x,y,2) — a(ty), N(t,) >=0.
AapBavovtag urt oy ot [BA. (1.5.2)]

_ (o/(to) X o/’(to)) x o (t,)
Nto) = 1ot % (e | T )]

Bpiokoupe o1

(o (to) x & (t5)) x & (to)

< (x,y,2) — alty), >=0,
(0:2) = alte) e, s )] - Tt
Kat, wooduvapa,
(%) < (2,9,2) — alto), (o (to) x a(t,)) x o/ (to) >=0.
2 t3
E¢appoyry. Aivetat n kapnvdn «ot) = (t, 7 g) t € R. Na Bpebsei 1

e§iowon tou eubetlorolovviog erurédou tng «t) oto onpeio mou avriotoikel
ot t, = 1.
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Avorn. Zupgeva pe v (xk), ta onueia tou {nrovpevou £ube10TIOI0UVIOG
emIEdou 1KavoIolouV v ocuvOnKn

< (z,y,2) —a(l), (¢/(1) x a"(1)) x /(1) >=0.

YroAoyidoupe:

1 1
—a(l) = 1 z
(@,9,2) —a(l) = (z =Ly — 5,2 3)
o (t) = (1,t,17)
o/(1) = (1,1,1)
o’ (t) = (0,1,2t)
a’(1) = (0,1,2)
€1 €9 €3
d)xa"1)=|1 1 1 |[=(1,-2,1)
0 1 2
‘Apa 1 {ntoupevrn ouvOnKr eivat
€1 €9 €3
<(x—-1l,y—1/2,2-1/3),(1,-2,1) x (1,1,1) >=| 1 -2 1 |=0,
1 1 1
rou ooduvapei pe tmy
Tr— 2z = g .

‘Acknon 25. Eow a: J — R? xapmuAn povaduaiag taxutmtag, g oroiag 1
gkova Bpioketal dve os pia opaipa KEvipou p kat aktivag R, éndadn n «
gival pia oparpiky) xapnodn. Av k sival kapruddtnta kat 7 # 0 1 otpgyn
g @, va arnodelxbouv o1 enOeVeS OXECEIS:

o

() () 1)
()
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Avon. Iapatpoupe ot
la—p| =R = <a—-pa—p>=R>
=<a-pa—p>(s) =0
= 2<d,a—p>(s) =0
=<T,a—p>(s) =0
= (afs) —p) LT(s).
Apa, yia kabe s € J, 10 a(s) — p aviket oto entinedo wv N (s), B(s) (- kGbeto
eminebo), ordte untdpyouv Sapopiopeg anekovioeig A, 1: J — R, pe

(<) a(s) —p = As)N(s) + u(s)B(s).
Mapaywyidoviag topa v wotnta < T, o — p > = 0, naipvoupe:
<T,a—p>'(s)=0=

= <T'(s),a(s) —p>+ <T(s),d(s) >=0
= <k(s)N(s),a(s) —p>=—<T(s),T(s) >=
= < k(s)N(s),A(s)N(s) 4+ u(s)B(s) >=—1

= k(s)A(s) < N(s), N(s) > +k(s)u(s) < N(s), B(s) >= —1

Avukabiotoviag 1o A(s) oty () kat napayeyidoviag (apou 9édoupe va kata-
Angoupe og €KPPAOT IOU TIEPIEXEL TNV MAPAYRYO TG KAUITUAOTTAG) £XOUHE:

(0) = afs) —p= —ﬁms) () B(s)

= @/(5) = (1) M) = 2 N'(5) + 4 (5)Bs) + () B (5)

= T(s)=— (%),N(s) - %( —k(s)T'(s) +7(s)B(s))

+ 1/ (s)B(s) — p(s)TN(s)

= 76 =T+ (= (1) — 1) V) + (4 - %)B@
= (= (7)) N + (10s) - %)B@) 0
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ATT6 )V POt TV 5U0 TeAeutainv 100tV raipvoupe ot (apou k # 0, eneidn
1 KapIuAn eival opalpikr))
1y 1
S) = —| —— [,
#(s) (k(s)) )

Avukabiotoviag oy () tg tpég v A(s) xat u(s), mou Bprikape napanave,
kataAnyoupe otnyv (I).
TMa v anodedn g (1) mapatnpoupe o6t

Ri=<a-pa—p>

S () ()2

1 1/1v/1 1\A2 1
— _<N,N 2-(-)- N, B ((—)) —_ <B,B
k‘2< > + i\ % 7_< > + 2 7_2< >

S R(GHEY

and v oroiav katainyoupe ot (II).

Napaywyidovrag v (II) £€xoupe dradoxika:
=2 () ()3 (()(3)) -0
k\k k/ \1 k T N
- @ 0)
E o \\k 7))’
art onou nipokvurttet 1 (II0).
‘Aoknon 26. 'Eote o kauruin povadiaiag taxumrag pe k, 7 # 0. Av
1y 142 1y 1)?
<E> #0 xat (E) + <<E> ;) = otaBepo,

10Te 1] KAUITUAL « glval opaipiky.

12 1y 1)°
Avon. Av 9éooups (E) + <<E) ;) =2, gxoupe akpBog ) (1) tng

‘Aoxknong 25. Enopéveg, akodoubBoviag v dwadikaoia (II) = (1) g idag

( >/ / = 0
k k T

'Exovtag wg kivntpo v (I) tng mponyoupevng Aoknong, Stoupe

p::a—l-%N-i-(%),'%B,
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1 1\’
OITOU (PATVOUEVIKA TO P gival ouvaptnon tou s. To Sidvuopa % N+ (—) -— B
T

€XEl 01aBepo P Kog oo pe

1\ 2 1In 182\ V2
D (@)2)"
(k:) k T
Oa 6ei€oupe 611 p’ = 0, ondte 10 p eivat otabepd onpeio, kat n « anéyel and
10 p otaBepr) anodotaon c. Ipdypat,

e () (e (G)2) 5 ()22
T+ (SN LT+ + ((%)' . ;)’B+ (1) L)
v (- ge () 1) - ()

=1 (- g ()2 2 ()

oo (G (1))

Kat 1 anodeln oAoKANPoOnKe.

[MAPATHPHZH. Ano 1ig 6U0 mponyoUHEVEG AOKIOELG, TIPOKUITIEL OTL Pia Hr)
erinedn KapPmuAn tou XOpou Ppiloketal mave os pia opaipa (dnA. eivat opat-
P1K1)) TOTE Katl POvVov TOTE AV 1 KAPMMUAOGTNTA KAl 1] OTPEYPT] TNG 1KAVOIIO10UV

Vv OUVONKI ,
()2 -

‘Acknon 27. Aivetat pia kaprdn o: I — R3 povaduaiag tayvutag, pe
kaprudomta k(s) > 0 yia ka6 s € I, kat otpéyn 7(s). Ofroupe [(s) :=
T(s), omou T'(s) 1o eparttépevo Siavuopa g «. (i) Na arodeiydei ou ) 3 etvat
KAVOVIKA) KauruAn. (i) Av o eivatl n ouvaptnorn prjkoug togou g G (pe apxn
10 o), va anodeBel on o’ (s) = k(s), yia xabe s € I. (iii) Na urodoyiotei
kaprdomta k xat 1 otpéyn 7 g f.

Avon. (i) apatnpouvpe 6u F'(s) = T(s) = k(s)N(s). Enopévag, ||3'(s)|| =

k(s) # 0, 6ndadn n [ eival kavovikr) KapItAn.

(ii) E¢’ 0oov n ouvdptnon pfkoug t6§ou divetat anod v ox€on

o(s) = [ 13wl du,
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£youpe ot
o'(s) = 8" (s) = 1T (s)Il = lk(s)N (s)|| = k(s).

(iii) Erte1dn n B 8ev eival anapaitnta povadiaiag tayxumrtag (kat tétoio Sa
ouvéBawve av k = 1, mpaypa mou Sev dndvetat £6w), 9a xprotponotrjcoupe
TOUG TUIMOUG 1§ KAPMUAOGTNG KAl OTpEWng mou Sivovial aro ta Oewmprnpata
1.4.2 ka1 1.4.3 avuotoixag.

IMa 1o okoro autd Bpiokoupe (apaAeinovrag ) PetaBAnt s):

g =T =EkN,

" =kN+ kN’
=KkN + k(—kT + 7B)
= —k*T+ KN+ krB,

Ort0TE

B x " =kN x (=k* + ¥'N + k7B)
= k3N xT+kk'N x N + k>N x B
= k21T +0+ kB = k*>T + ON + k3B,
Kat
”5/ > /BHHZ — k6 + k4T2 — k4(k2 +T2).
Enopévag,

I L i M et i

18711 k2 k

T'a tov ipocdlopiopo g otpéwng xpetaldpaocte kat v 3”7, Mapayweyilo-
vtag v 3”7, nou Pprikape moé ndve, £XoUps:
B" = —2kk'T — kK*T' + k"N +kK'N' + K'tB + kt'B + krB’
= —2kk'T — k3N + k"N + K/ (—kT + 7B) + ('t + k7')B + kr(—7N)
= —3kK'T + (=k3 + K" — kr®)N + (2K'T + k7')B.

Enopévag,

o< xpp" > Kkt —K'T) k' — k't
T = = = .

18" % B2 KA(E2 +72)  k(k*+77)

TTAPATHPHZH. H xaprudn (8 kaleital opaipiky desirtpra (spherical indi-
catrix) tng (ouvapwmong) 7. Avddoya opidovtat Kat ot oPaipikeg SeiKIpleg TV
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N xat B. H opoloyia ogeidetal oto yeyovog ot o1 Seikipleg maipvouv g
ot povadaia opaipa tou R3 pe kévepo 1o 0.

‘Acknon 28. Aivetal ] KauItn

a(t) = (e *cost,e ' sint) , teR.
() Na anodeiBet 6t limy_, 1 o0 a(t) = limy_ 4 &' (t) = (0,0). (i) Na vro-
doyiotet to ftooo |o/ (u)|| du. (i) Na unoAoyiotet n kaprmuddnta g .

Avorn. H kapmnudn sivat e1d1kn niepintoon Aoyapdpikng oneipag (BA. ‘Aoknor
13, pea = 1 kat b = —1). Enopéveg 1o (i) arodeikvietal avaddywg. Ta to
(i) £xoupe Sradoxika:

o/(t)=(—e"cost — e 'sint,—e 'sint + e ' cost),

o/ @) = ((—e*cost — e’ sint)? + (—e 'sint + e~ ! cos t)2)1/2 =27,

=2 (e_t” — e_t).

o

t t t
o/ (w)||du = V2 | e “du=V2(—e™)
to

lo

Enopévag,
00 t
/ o/ (u)|ldu = Tim / o/ ()] du = vVZ e,
to t——4o0 to

(iii) ®@¢tovtag
ai(t) :=e tcost, as(t):=e 'sint,

Exoupe:

o) (t) = —ecost — e’ sint,

ah(t) = —e sint + e ' cost,

o] (t) = 2e 'sint,

ol (t) = —2e " cost,

af (t)a(t) — af (t)ay(t) = 2¢7,

o/ ()] = af (8)* + @) ()* = 27,
orote

=—ce€
[lo/ @) V2
[[Ipodpaveg, n maparndave T g KAPMUAOTNTAG OCURG®VEL e QUTNV TTOU
TMPOKUITIEL ATIO TOV (YEVIKO) TUTIO KAPTuAotntag tng Aoknong 13, av 9écoupe
a=1xatb=—1.]
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‘Acoknorn 29. Aivoviat §Uo nipaypatikoi ap®poi A kat pu. Na Bpebei ridte auvtoi
opidouv (un eminedn) Kapmudn « pe kapruddtnta £ = A kat otpeyn 74 = p.
[To16 160G KAPMMUANG eivatl auto;

A¥on. T va opiletal KApmuAn a oto XOPo pe v avapepopevr 1610tnta
npériet A > 0 kat g # 0. Enedf] n kaprnudou)ta kat n otpéyn mg a &i-
vat kat ot dUo otabepég, mpaypa rmou oupBaivel Kal oe KAOs KUKAIKI) €AKa,
UTIOTITEUOAOTE OTL 1] (¢ €1val KATIOld KUKAIKY €A1KA.

BePOUE TV KUKAIKY EAKA NG AOKNONG 7 KAl TNV AvATIApaPEIPN o) NG
P€0G PfKOUG T6E0U

B(s) = <rcosf’rsinfyés>,

C c C

orou ¢ = r2 + b2, Av 9édoupe ot o kat 3 va éxouv i61a KapruAdtta Kat
otpéyn (omote Srapépouv PovVoV Katd tnv 9€01 T0Ug 010 X®POo), FEToupe

r b
T e = A Kat SR i )

OTTOTE £IMAUOVIAG OTOIXEIWDMS TO TIPONYOUHEVO oUCTNHA ©G TIPog 7 Kat b Bpi-
OKOUJE OTL
A b 7
= —=- Kat = .
)\2 + ,U2 )\2 + MZ

Enopévag, av 9empriooupie v KAPImvn

A A ) A2+ p2
v(s) = (m cos (s\/)\2 + ,u2), FE sin (s\/)\2 + uz), us) ,

A2+ p?

r

napatnPoupe ot eival pia KUKAIKY €éAka povadiaiag tayxutntag pe KapmuAo-
mra k7 = A kat otpéywn 77 = u (apkei otoug TUIIOUG MOV §ivouVv TNV KAPIu-
Adtnta kat otpéyn g 4 va KAVOUHE TV TIPONyOUEVH] AVTIKATACTACT) TRV 7
kat b). Ernopéveg, katd 10 Ospedindeg Oshpnpa tov Kaprudov, ot a kat y
CUNIITIOUV PE0® OTEPEAG Kivong, Apa ¢ 1] IIAP10Td MIPAYHATIKA Pid KUKALKI)
EAKA.

‘Acknon 30. Eow a: I — R? eminedn kaprnudn povadiaiag taxutntag pe
raprwdoa k(s) < 1, Vs € 1. @eopoupe v Kaprmun

B(s) :== a(s) + N(s), sel.

(rap@AAnAn g o), orou N (s) 1o mpdto kabeto diavuopa g . Na aro-
BetxBei o1 1 B etval Kavovikn Kat 6Tt 1) KAPIUASTta mg kg divetat ano my
oxeon
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Avorn. (a) H S sivat kavovikn :
B(s) = o/(5) + N'(s) = T(s) — k(s) - T(s) = (1 — k(s)) - T(s) £0.

(B) H 3 8ev eival kaumuAn povadiaiag taxutntag, apa urodoyidoupe ty
KAPmuAontd g amod tov turo tou dewpnpatog 1.4.2. TlapalAeinoviag v
HetaBAnty s, £xoupe

1B =11-K)T|=11-kl=1-k
B'=1—-k)T+0A-KT =1—k)/'T+(1-kkN
B xf"=0—kT x ((1—k)T+(1—kkN

= (1-k) (1 -k)TxT+1—-EkE?*T xN

=k(1-k)B
18" x B"|| = k(1 — k)?
k(1 — k)2 k

kﬁ:(1—m3_1—k'

‘Aoknon 31. Eow «(s) kaprnudn povaduaiag taxutntag pe otpéyn 7(s) # 0.
Na ek@paotel n KAQumuAdtnta k g & Ouvaptr)oetl TS 7 KAl TV OeUTEp@V
KdaBetwv Savuopdatev B(s).
Avorn. Ano tov turno wv Frenet-Serret yia tyv napdayeyo tou B, naipvoupe
ot
B'(s)
7(s)
OTTOTE ATIO TOV 0PIOHO TG Kaprnudotntag £€xoupe Siadoyika :
k(s) = IT'(s)]| = IV (s) x B(s))'|
B'(s) '
=I(- B(s)) |

7(s)

N(s)=—

= G l(F(9)B(6) = 7()B"() x Bl

‘Acrnon 32. Av 7y eival KAVOVIKI] KAUITUALN pe v 181otnta ot dixotopon
g yeviag mou oxnpati¢ouv ta npwta kabeta Savyopata pe ta avriotoa
devutepa va digpyxoviat anod otabepd onpeio, to0te 1 7y eival KUKAOG.
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Auon. Xopig BAGBN g yevikotntag, Propoupe va Sewprjooupe Ot 1) -y givat
povadiaiag taxvintag. AkolouBoviag v pebodoloyia twv Aoknoswv 16-19
Kat 21, propouvpe va ypayoupe v oUvOnKn g AoKNong He Ty Hopdr)

(*) p="(s) + A(8)(N(s) + B(s)),

orou p 1o Sravuopa déong tou doopévou otabepou onpeiou kat A(s) Sragopi-
owan ouvaptnon. Hapaywyidoupe tnv (*) kai, apaleinoviag o S, Bpiokoupe

T+ N(N+B)+AN-kT+7B—7N) =0,
1], 1oduvapa,
(1=X)T + (N = AT)N + (N + A1)B =0,

orote

1—-Xk=0, N =AM =0, N4+ A =0.
ABpoilovtag tig U0 tedeutaieg Bpiokoupe N = 0, dpa A = ¢ = otaBepod Kat 10
oUOTNHA TV MTAPATIAV® 00TV Yivetat

1—ck=0, ct = 0.

Aro v npot npoxvrtet ¢ # 0 kat k = 1/c otabepd, kat and v devtepn
7 = 0. Apa 1 7 eival KUKAOG aktivag c.

‘Acoknon 33. Eow ((s), s € J, kaprnuln povadiaiag taxutntag, g ornoiag
yvopioupe ta deutepa kGbeta Siavuopata B(s), yia kabe s € J. Na Bpedel
1 KaumuAn, av 7 > 0.

AYon. And my oxéon B’ = —7N, Bpiokoupe T otpéyn Kal td mpota Kabsta
Sdtavuopata:
T=|—7[-[IN[[=]-7N| =B,
B/
N=——.
T

Katormv unodoyidoupe ta epantopeva diavuopata
B =T=NxB

Kat teAikd mv {nrovpevn [, oAokAnpmvoviag ta 1

ﬁ:/T—I-c.






Kepaiaio 2

Kavovikég Emipaveisg

2.0 Ewaynyn)

Ot erugdveteg sivat avikeipeva tou xopou R? (0nwg n opaipa, o kUAWSpog
K.a.), ta oroia torukd "potddouy” pe o R?, 6rniwg 9a opicoupe avotnpd mo
KAt®. Ot empdveleg €ixav amaocyoAnoel Kal Toug apxaioug padbnpatikoug.
Kata tov EukAeidn «cmpdveia [6¢] ivar 0,11 €xel povov unkog katr mAdiog,
paypa rou urnodnAwvet tov 8181a0tato XapaKkirpd aUuteV TV AVIIKELEVOV.
'Eva Baoikd YEOUETPIKO MPOBANPa elval n Anekovion g opaipag er
evog erunedou. H mpwtn anavinon 600nke ano tov Tnimapyo péown g ote-
peoypadikng mpoBoing. Tnv pébodo autr) akoAoubnoe kat o ITtoAspaiog ya
VA KATAOKEUAOEL XAPTEG TOU oupaviou 90Aou. Xe TOAU ve®Iepoug XpOovoug,
01 PeydAeg e§ePEUVIOEIS KAl 01 OUVAKOAOUOeg avayKeg tng vauotrdoiag éka-
Vav EIMTAKTIKI TV KATAOKeU1] (akp1Baiv) Xaptwv, Omote XProtono)dnkayv
K1 dAAeg mpoBoAég, ornwg autég tou Mercator, tou Lambert, 1 adipoubiakrn)
K.a. IIpodpavag, 1 KATAOKEUL XAPT®V AVAYETAl OTO YEVIKOTEPO IPOBANA NG
anelkoviong pag emgpavelag oe piav addn. Ta neploodtepeg AETITOPEPELEG,
OXETIKEG 1€ Ta Pabnpatikd mpoBAfjpata g xaproypadiag (Kat 1@V areiko-
vicewv petady ermpavelmv) napanguriovpe ota BiBAia [8, oed. 116-130] kat
[9, ogd. 124-159]. Z10 tedeutaio (BA. ogd. 536-542) repiéxovial KAt APKETA
10T0P1KA oto1xeia, avapepdpeva oty AR’ g Oswpiag tov Emgaveiov.
Me 10V 6po Bswpia 1ov Empaveidv evvooupe €86 v PeA€tn tov eruda-
VeIV pe v PorBeta tou Atapopikou Aoyiopou (oniwg €ytve oto Kegpdldato 1
yla Tig Kaprnuleg). i S1apoppeorn Katl avartudn tTou onpaviikoTtatou autou
KAadou g yewperpiag ouvéBaiav aropaoiotika o L. Euler, o G. Monge, kat

81
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6uaitepa o C. F. Gauss. O tedeutaiog, 1o 1827 mapouoiace ot Baokr)
Emotmpovikn Etapeia tou Gottingen 1o Sepediddeg €pyo tou Disquisitiones
Generales circa Superficies Curvas ('Tevikeg Epeuveg eni 1ov Kaprnudopé-
vov Emgaveiov'), oty omoiav r PeALT OV EMEPAVEIDV TIAIPVEL TV PLoPP1
rou yvepitoupe onpepa. Metadu tov roAdwv AAA®V YEQUEIPWV, ITOU EILONG
ouvéBadav otnv avarnugn g Oswpiag Ermugaveiov, avagpépoupe Kupiog T0Ug
O. Bonnet, E. B. Christoffel, D. Codazzi, G. Darboux, Ch. Dupin, T. Levi-
Civita, J. B. Meusnier, F. Mindig, A. F. Mébius, J. Plicker, O. Rodrigues,
H. Poincareé, J. Weingarten.

IMapd 1o yeyovog ot1, onwg Kat o Gauss, SEKvApe v HeEALT) TV eruda-
VEIRV XPIOI0ooIOVIAS OUCTNHIATIKA TV UroBeon ot autég eivar Sibaota-
10 avikeipeva epBanuopéva otov TP181aotato Xmpo, 10 nepipnpo @smpnpa
Egregium ("E§oxo @sopnna) tou i610u £de1ge 0t o1 erpaveieg Siabétouv pia
"e0WTEPURY YeDUETPIA”, avetaptntn anod tov repBaliovia Xwpo R3. Auto on-
paivel 6t av ot yhivn opaipa katokouoav Hididctata eupur| ovia pe ave-
muypéveg padnpatikeg yvooetg, 9a priopouoav va avtiAngbouv ) yeoperpia
g opaipag xwpig va €xouv v aiodnon g tpitng diaotaong (tou vyoug). H
ponyounevy avakdaiuyrn odnynoe tov B. Riemann ot 9edpnon tng avtiotot-
XNG P11 €UKAeISe1aG YEOUETPIAG TTOU PEPEL TO OVOUA TOU, KAl OTHV £vvold NG
dlapopikng rmoAdarrdtntag (n oroia peAetdrat oe GAdo e€apnvo oroudev).

2.1 Baowkoi Opiopoi

2.1.1 Opopdg. Mia mapapétpnon semgaveiag (surface parametrization)
1) 2-81daotato ouotnpa ouvictaypévav (coordinate system) 1y 2-8idotatog
Xaptng (chart or patch), 1] ka1 napapetpnpévn emgpavela (parametrized
surgace) eivat pa tpada (U, r, W), émou U C R? avoxwd, 7: U — R? &a-
@opion anewovion kat W = r(U), pe ug 1810tteg:

(1) Hr: U — W =r(U) eivat opolopoppiopog:

(2) Twa k4B ¢ = (u,v) € U, 10 Sagopxd Dr(q): R? — R3 eivar 1-1.

Tinv endpevn ogdiba rapabEtoupie 10 oxeTko Xxnua 2.1.

2.1.2 HNapatyproetg. 1) Zunv ouvorkn (1), 1o W Sewpeitar epodiaocpévo pie
TV OXETIKY] TOroAoyia mou £xel ®g UrtoouUvolo tou R3.
2) Enedn) r: U C R? — R?, priopoupe va ypayoupe ot

r=(x,y,2)

ormou x :=prior, y:=prgor, z:=przor:U — R eivat ol ovvtetayusveg
mg 7. ‘Apa

r(u,v) = ((x(u,v),y(u,v),z(u,v)), V (u,v) € U.
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Txfpa 2.1

E@’ 0oov n r sivat Stapopiotn, UMApXoUv OAEG Ol HEPIKEG MAPAYOYOL,
6dev tev tagenv. Enopéveg, yia kabe ¢ = (u,,v,) € U, opidetat o avtiotoixog
niivakag Jacobi (BA. Mapapwmpa, §A.15)

o) o
ol o’
Y Y
(2.1.1) Jq’l" aq %q
o:\" -
auq 8vq

Zuvenog, 1 ouvlnk (2) tou Opiopou 2.1.1 woduvapetl pie 1o ot 1) 1an tou J,r
givat 2, Tou pe v og1pd 10U 1woduvapel pe 1o 61l pia amno 11§ Uroopilouceg

oz, y)| du|, Ov|, oz, z)| du|, Ovl,
B, ) . = det @ @ " B o) . = det % % ,
ou . ov . ou q ov q
9| oy
oNy,z)| ou . ov .
B(u,v)|, = det o:|" oz |
ul, Ov],
bev unbevidetat, 1 woobuvapa,
or| Ody| 0z > (83: oyl 0z >
(2.1.2) L2 ) < [ =, 2] =] ) #o.
<8uq8uq8uq avq8vq8vq
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3) Ag apatnpriooupe akOun Ot 1) teAeutaia oxéon onpaivet Ot ta Stavu-

opata
- or B or 81/ 0z
(2.1.3) ru(q) = du q N <8u g Ouly’ Ou fI>
Kat
__or ox dy| Oz
2.1.4 @)= 5y (av ) 0vl, )

elval ypappikog ave§dptnta, apa opidouv éva 6181aotato undxwpo (erirnedo)
péoa oto R3, mou av petagepBei katd r(q) opilet to epartopevo eninedo tou
xwpou r(U) oto r(q). ®a pedetriooupie To eQartopevo erinedo Asrtopepéotepa
otv apaypago 2.6.

4) Me toug oupBoAiopolg g IPONyoupevng apatnpenong, n (2.1.2) wo-
duvapel pe v ouvonkn

(2.1.2) Iru(q) x mo(q)]] # 0.

[ToAA¢g @opég, 0 eAeyX0g NG Tedeutaiag eival IPAKTIKA IO EUKOAOG AIT AUToV
1OV AAA@V 1006Uvapev cuvonkov.

5) Zuyva, Aépe Kal ypadoupe arid « mapapérpnon r», rnapaleiroviag
10 niebio opropou U kat to medio tpv W tou xdpt. Zin ouvéxela Sa xpn-
olpornolovpe adlakpitmg Toug OPOUg TapapeIpnon (emeaveiag), cvotnua cu-
VIETAYHEVOV, XAPTNG, KAl IIAPAPETPNHEVE EMMIPAVELQ.

2.1.3 HOpétaon. 'Eoww (U,r,W) wa napausronon empaveiag. Tote 10y Uovv
1a EMOUEVA OUUTEPACUATA :

(1) Hr b¢ev givar otadepa.

(2) Hr 6¢ev glvar avelaptnin tou u 1 TOU V.
Enopévag, n eucova r(U) wag tapausronong empaveiag 6ev eivai ovte onueio,
oUTe Kaumuin.

Anoddeln. (1) Av r = ¢, 1ote Dr(q) = 0, yia k4be ¢ € U, daroro.

(2) Av ) r givat avegdptn tou u, tdte 1, (q) = 0, orote kat r,(q) X 1,(q) = 0,
eriong dtorto. Avaloya yia 1o v. O

Ag mapoupe kat ndAt pa napapétpnon erugaveiag (U, r, W). @a epun-
VEUOOUE YEQUETPIKA Ta Sravuopata 7, () Kat 7,(q), ya tuxov ¢ € U.

@ewpoupe éva onueio g, = (U, v,) € U kat v aneikoévion

(2.1.5) a:u— a(u) :=r(u,v,) = (z(u, vo), y(u, vy), 2(u, vy)) .
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H « eivatl pia dtagopiomn kaprudn pe tpég oto W = r(U), yia mv oroia

or
(2.1.6) O/(Uo) = 6_ = Tu(‘]@)-
ul,
AnAabr)
To 74(q,) = % . givat to eparttopevo Sidvuopa, oto oNUEio U, g

Srapopioung kaprudng u — a(u) := r(u,v,). Avddoya, 10 14(q,) =
%‘qo etvat 1o eparttopevo iavuopa, oto onueio v,, g drapopiong
Raprudng v — B(v) = r(ue, v).

EnavalapBavovtag v 161 diadikaocta yia 6Aa ta ¢ = (u,v) € U, BAénoupe
ou n ewova W = r(U) oapovetatl and Kaprnudeg g Hopenig

a:u— r(u,v)  wart o — r(u,v),

1@V oroia ta avtiotolya spartopeva Siavuopata givat ta

or or
ru(q) = u Kat ro(q) = 50l
q q

yia kafe ¢ = (u,v) € U (BA. eriong kat to Zxnpa 2.1).

Ot xapruldeg o Kat (3, mou opiotKav mponyoulévag (MEow Tng rapapé-
Tpnong) Kadouvial KAPMUAEg ouvietaypévaov (coordinate curves) 1) mapa-
petpkég KapnuAeg (parameter curves) g (U, r, W).

2.1.4 Oplopog. Mia Ravoviry emgpaveia (regular surface) eivat éva vro-
ouvodo S tou R? yia 1o omoio unapxet pia owoyévera {(Uy, ri, Wi)}ier 2-
daotatev xaptwv (apapetpriosav), £tot wote W; C S avoiyto (oto S pe v
OXETIKI) TOTIOAOY1a) Kat

s=Jw.

el
Iooduvapa, yua kdbe p € S, uvnapxer 2-dwdotarog xapwng (Up,rp, Wp), ne
p € W, xat W), C S avoixto. To ouvodo tev 2-8iactatv xaptov tou S Aépe
ol artotelet évav (2-8idotato) atAavea.

YrievBupidoupe €60 o011 (OUpgova pe v OXEUKY toroloyia tou S, ®g
unoxopou tou R?) éva W C S eivat avoixté oto S, eav W = AN S, 6mou
A C R? avoiyto.

ATo ToVv IIponyounevo oplopd rpoxurteet ot av (U, r, W) eivat mapapétpn-
on erugaveiag, tote 10 S = W elvatl pia kavovikr) erugdveia, mou KaAuretat
0AOKANp1 amnod tov Soopévo xaptn. Ipopavag to W eival avoixtd otov eautd
tou, agou W = W NR3.
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2.2 Tlapadeiypata
Mapadsiypa 1. Ta avoiytd unooctvoda tou R2,
‘Eow U C R? avoito. [apatnpoupe 6t nf kKavoviky euguteuon
i:U— S=Ux {0} CR®: (u,v) — (u,v,0)
elvatl anewkovion 1-1 kat emi, OUVEXNS € OUVEXT] AVTIOTPOHN TNV
i U x {0} — U: (u,v,0) — (u,v)

(apa opo100PP1Io1I0G) KAl O TTIVAKAG
10
Jgi=10 1
0 0

etvat tagng 2, oe kabe (u,v) € U. Enopévag 1 tp1ada (U, i, U x {0}) eivar 2-
Saotatn napapétpnon kat o S = U x {0} napapetpnpévn erupaveia. Agidet
va napatnprjcoupe tdog 6t 1o U X {0} eival kat kavoviky emgdaveia, mou
Kaldurttetat 6An ané pia napapérpnon. Tautidoviag wpa o U pe o U x {0}
(péow tng 7) propovpe va dewprjooupe kat 1o U kavovikr) eruddaveia.

Mapadsiypa 2. Ta enineda tou R3.

Ag Sewpricoupe £va erirnedo
I = {(z,y,2) €R*: Az + By + Cz + D = 0}.

To II eivat seikova evog 2-8iaotatou xdaptn: Emneidr) yia va opietatl eminedo
npénet va eivat (A, B, C) # (0,0,0), priopoupe xwpig BAaBn g yevikottag
va uroBéooupe 6t C' # 0, kat va 9e@prjooupE TV ATElKOVIOT)

—D—Au—Bv>

T‘ZR2—>R31(’LL,’U)*—><U,U, C

[Mpogpavwg n r eivat 1-1, emi tou I1 kat ocuvexng. Emopéveag undpyet n avri-

otpogn
r~h T — R%: (z,y,2) — (z,7).

H 7! eivat ouvexrg, ©g neploptopds g ouveXoUs AMEIKOVIONS
RS - RZ: (l‘,y, Z) = (:L'vy)

oto I, apa n r: R? — IT eivatl opoopopgiopds. Erumdéov, n r eivat Siapo-
plowan Kat propet va ypagtel pe v popor

r= (1:7 y? Z)?
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orou
z(u,v) = pri(u,v) = u,
() = —D — Au— Bv
) C ’
orote
1 0
_ 0 1
J(u,v)r - _é _E
C C

rou eivat rivakag taéng 2. Apa 1oxuouv ot ouvorkeg tou Optopou 2.1.1. Ermt-
nAéov, 1o ] eival kavovikr) ermgpaveld ou KaAvuretat and pia napapérpnon.
Mapadsiypa 3. H ogaipa S2.

Ag tapatnprjocoupe pwta Ot 1 opaipa
S% = {(z,y,2) e R®: 2?2 + 4?2 + 22 =1}

eivatl ouprnayég uroouvolo tou R? kat 8ev propei va eivatl opoopop@ikn pe
kavéva avoixto U C R2. Ouwg, av apaipebel éva onpeio, 10 UTTOOCUVOAO TIOU
HEVEL elval OPOOHOPPIKO e TOo ertinedo, onwg da arodeifoupe apyotepa.

[Ipog 10 TIapodv, 9a Yewpriooupe PIKPOTEPA HEPN NS opaipag, Ta nut-
opaipia, TOU €ival OPOIOPO0PPIKA PE avolXTd uroouvola tou ermmnedou. 'Etot
opidoupe Vv AmeKOVIon

r:D(0,1) — R®: (u,v) = (u,0, V1 —u2 —02),

orou

D(0,1) := {(u,v) € R?: u* +v* < 1}.

Zxnpa 2.2
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H 7} eivat 1-1 xat eri t1ou cuvoAou

St= {(m,y,z) €S%: 2> 0},

z

rou eivat avoryté uroouvodo tou S2, apou S = S2N (R x R x (0, +0c0)). H
avtiotpodn g ) eival n anewovion

(rH)™ 8T — D(0,1): (2,y,2) = ().

O rf xat (rj)_l eival ouveyeig, apa opolopopdiopoi, kat n rl etvatr Siago-
ptown. Ta xabe (u,v) € D(0,1) éxoupe

Sl

0
1
v
U

202 V1w -2

i

dndadn 1o dapopikd g ri eival (péyotng) tadng 2 (pe v évvola 6T o
avtiotoiog mivakag Jacobi €xet tagn 2), yia xkabe (u,v) € D(0,1).

Avédoya, opioupe ta urtoouvola tou S?

S7 = {(z,y,2) € S*: 2 < 0},

S = {(:L",y,z) eS?.z> 0},

Sy ={(z,y,2) € S%ix< 0},

S;={(x,y,2) € 5%y >0},

S, = {(x,y,2) € §* 1y < 0},

KAl 1§ TIAPAaPETPHOLlg

rt D(0,1) — St (u,v) — (V1 —u? =02, u,v),
Ty D(0,1) — S5 (u,v) — (= V1 —1u?—0v%u,v),
T D(0,1) — S,f (u,v) = (u, V1 —u? —v2,v),
T, D(0,1) — S, (u,v) = (u, —V1 —u? —v2,v),
Ty D(0,1) — S (u,v) — (u,v, —V1—u?—v?).

H owoyévela tov 6 Iponyoupévev mapapetpr)oe®v KaAuUIttetl 0An v odai-
pa, 1 oroia £101 Yiveral Kavovikr) ermdaveld. Mia OUVOAIKI €1KOVA TOV OXETL-
KOV Nuopaipiov mapexet 1o Xxnua 2.3.
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Zxnpa 2.3

[Meptypdadoulie Twpa 5U0 aroun apapPeTpoelg g S 2| tov oroiev o1 £1K6-

6nAadn oAoxkAnpn n opaipa

mAnv evog povov onpueiou. H mAnpng anddedn twv 1oxuplopov divetal otg

veg eival ta peyaAutepa duvatd UtoouvoAd 1ng,
AOKM0E1g ToU Kedpaldaiou.

Besrpoupe tov Bopeto Ao N tng opaipag kat to ertirtedo F tou 1onpeptvou
(BA. Zxrnpa 2.4). Av P eivatl tuxov onpeio g opaipag, diapopetiko tou N,

@époupe tnv eubeia N P kat oupBolAidoupe pe Py thv topn g tedeutaiag pe
10 emintedo F. Me v dabikacia autr) 6Aa ta onpeia ing opaipag,

€KTOG TOU

N, aneikovidovtatl Oto erminedo tou 10NPIEPIVOU KAl AVIIOTPOPKG, Ordte opidetat

pia 1-1 xat eri anseikovion

)

1—2 1—z

L. S2\ {N} — RZ%: (z,y,2) — (

Y
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1 oroia Kadeital otepeoypadikry npoBoArn and tov Bopeto moAo. Awaru-
OT@VETAL OTL 1] AVIioTPOPn NG r&l elvatl n anekovion

2u 2v —1 4+ u? 4 v?
: R? — 5%\ {N}: ; :
" VN (u’U)H<1+u2+v2 1+ u? + 02 1+u2+v2>
z

< v

Zxfpa 2.4

I[Mapatnpoupe O 1 7y €lval CUVEXHS OTIOG KAl 1] avtiotpodn g, dndadn
nry: R? — 52 \ {N} eivat opolopopeiopdg. Emiong n ry sivat dtagopion
rat oe ka6t (u,v) € R? eivat

9 1 —u?+v? —2uv
_ 2 2
Juw)TN = (ESEERP —22571 1+ 1;@— v? |,

novu eivat rivakag (peyotng) tagng 2, dpa n ptada (Rz, rn, SP\{N }) artoteAet
2-81dotato xapt (mapapétpnon) g S2.

(Ao ta mponyoupeva yiverat Katavonto ylati oupBoAiloupe v otepeo-
yPa@d1Kr) IIpoBoAr pe r;,l, MOTE VA XPIOHOIIO|COUHE TV 'y ©OG ITAPALETPN 0T,
1 oroia -6rwg ouvndiloupe- éxel niediov oplopou oto R2.)

Inpeioorn. 'Oneg avagépoupe kat otnv [Hapatpnon 2.1.2(4), ya va deioupe
0t 0 J(y )TN elvar mivakag péytotng tadng apket va deifoupe 61t 1o prKog tou
Sravuopatog (73 )u(q) X (rn)v(g) givat pn pndeviko: mpaypar,

“ I )ule) % ()] = T 7O
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ya kabe ¢ = (u,v) € R2. Ornotoodrriote dAAog TPATIOG eivat TOAUTTAOKOTEPOS.

[Mapopola, n anekovion

2 .9
r5:R2—>52\{S}:(u,U)H< 2u v 1-uw ”>

T+u2+02 1+u2+02 14 u2+ 02

opidet Tov 2-81dotato xaptn (RZ,TS, S2\ {S}) orou S := (0,0,—1) eivat o
vOT10G TOA0G NG S 2. H avtiotpodn g rg €lval 1 ATEIKOVION)

_ xr Yy
5SS — B ) o (),

Kal Kaleital otepeoypadiri npoBoAr (amnoé tov votio noAo).

Me toug dUo mponyoupevoug XAPTeg 1 S? yivetat Kavovikn ermgpavela.
Mpaypat, ot §Uo ewéveg S2\ {N} kat S? \ {S} xaAurrouv 1o S? kar eivat
avotXtd UroouvoAd tou (pe v OXETKY toroAoyia), adpou

SN} =S NRN\{N}), S\ {S}=Sn(R*\{S}).

Mia dAAn mapapétpnon g opaipag, mou eivat ApKeTd o eUX POt O

v 81apopoug uroAoyio110Ug, gival auty PE TS YE@YPAPIKEG oUVIETAY-
péveg (geographical coordinates), mou avagépetat AenIopepws otV
‘Aoxknorn 7 tou KepaAaiou 3.

Mapadsiypa 4. To ypadnpa prag C®-cuvaptnong f: U C R? — R.
Eoww U C R? avoiyté kat Stagopiomn ouvator f: U — R. Katd ta yveotd,
10 Yypagnpa g f eivatl to ouvolo

Iy={(w,v, f(w,v)) : (u,v) €U}.
Opidoupe v aneikovion
r:U—T¢: (u,0) = r(u,v) = (u,v, f(u,v)).

[Tapatnpouvpe 6t n 7 ivatl Sradopion apou ot ouvietaypéveg tng ivat da-
@opioweg: = = pry, y = pra, z = f. EmmAéov 1 r etvat 1-1 xat eni (tou I'y)
pe avtiotpodn v

7=r L 'y —U: (u,v, f(u,v)) — (u,v),

ovu eivat emiong ouvexng, g rpoBoArn. Apa n r ivatl opolopopdiopog. Tedog,

1 0
0 1
J(u,v) [= a_f g ’
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6nAadr] o mivakag Jacobi tng 7 £€xel maviou tagn 2. Emopéveg, n tpada
(U,r,T'f) eivat éva ovotpa ouvietaypévav tou Iy, rou kaAuvret 6Ao 1o ypd-
@nua, Kaf1otOVIag 10 KAvoviKr) ermdpaveid.

Yto tedeutaio mapddeiypa eidape 6t n mapap€rpnon r €XEL TV ATAN
popon r(u,v) = (u,v, f(u,v)). Turmkd, to ouvodo {(u,v, f(u,v))} etvar
yoaopnpa mg f: R?2 — R pe f(r,y) = 2. Avddoya, 10 ypddnua piag
g: R? — R pe g(z,2) = y eivat 1o ovvodo {(u, g(u,v),v)}, ne mapapétpnon
r(u,v) = (u, g(u,v),v), evé 10 ypagnpa piag h: R? — R pe h(y, 2) = z eivat
1o ouvodo {(h(u,v),u,,v)}, pe napapérpnon r(u,v) = (h(u,v),u,v).

[Mapaperpnoeig autrg tng popdng kadouvviat (turou) Monge. ITapatnpou-
e OTL 01 MAPAPETPNOLLS TG oPaipag HEO® TV Nuopalpiav eival ypaprnpata
ouvaptoemy (yia katdAAnieg kabs @opd cuvaptrosg f). To 1610 cupbaivel
KAl Pe TV IapapeTpnorn tou emrnedou. Zinv endpevr napdypagpo dSa dovpe
OT1 KAOe KAVOVIKY| ermpavela §1a0€1el TormKdA MApAPEIPOEI§ AUTOU TOU TUTIOU.

To endpevo amotéAeo|a EMITPETIEL TV KATAOKEUT] £vog 1eydAou mAnboug
KAVOVIKOV ermpaveiov. IIpwv and autd siodyoupe tov £§rg oupBodiopd: Ta
pia dapopion anewoévion f: V — R (V C R? avoytd), 9étoupe

_of _of _ 9f
(2.2.1) fop) = 5~ ; fy(p) = == 0z

, f=(p)

p

= 9

)
P
yua kabe p € V.

2.2.1 @cdpnpa. 'Eotw V C R? avoyto, f: V — R Siapopioyn ansicdvion
kar onueio ¢ € f(V) pe mu 60mra: yia kade p € f~(c) = f71({c}), 10
srapopco Df(p): R? — R eivar ansuwcovion eni. Tote n S := f~1(c) sivar
KAVOUVIKY] ETIPAVELQ.

Ipw v anddetn Sa ekppdooupe pe évav dAdo, 1008Uvapo Tporo, to erti

g Df(p). Av 9éooupe p = (,y, 2), tote, oUpP@va pe myv (2.2.1), o mivaxkag
Jacobi tng f oto p givat o

Iof = (f2(p), £y (D), f-(p))-

Ag urobéooupe pwta ot n D f(p) eivat anewkovion erd. Av ¢ € R eivat tuxov
otoiyeio pe t # 0, 9a undpyxet (a, b, c) € R3, téroto0 dote

(2.2.2) Df(p)(a,b,c) =afz(p) +bfy(p) +cfz(p) =t #0.

Eneidr) 1o onpeovpevo dBpoiopa dev pndevidetal, touddayiotov pia and tug
HEPIKEG TAPAYOYOUG elval pn Pndevik).

Aviiotpowg, ag urnobéooupe, yia napadeypa, ou f,(p) # 0. Tote, yia
wyov t € R, éxoupe 6u 1o Siavuopa (O, 0,t- fz(p)_l) € R3 éxer ewodva

Df(p) (0,0,¢- fo(p)™") =0 fu(p) +0- fy(p) +t- fo(p)~" - fo(p) =t
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Xpnowonowwvtag v i6ia dadikaoia, PEc® g 0XEONg ToU H1aPopPIKoy
Kdat Tou avtiotoyou mivaka Jacobi, diarmotovoupe 61t o1 U0 MPOnyoupeveg
ouvlrkeg eivat ertiong 1w0oduvapeg kat pe v D f(p) # 0. Enopéveg,

Df(p) evareni < Df(p)#0 < (fx(p)afy(p)7fz(p))7é0'

Zuveniag 10 dedpnpa da prnopouvce va Satunobel Xpnoionoviag Kat pia
and 1g aAlAeg 1006Uvapeg OUVONKeG.

Anobeln. 'Eote tuxov po = (Zo, Yo, 20) € 5. AOye g undbeong Sa eivat

(fl’(po)a fy(po)7 fz(po)) 7é 0.

Ag unobéooupe (xopis BAABN g yevikotntag) ou f.(p,) # 0. BAénoviag
wpa mv f ©g ouvdptnon mg popdns f: V C R2Z x R — R, 10 @ebdpnua
g IlemAeypévng ZuvAaptnong CUVENAYETAL OTL UITAPXOUV AVOLXTEG ITEPLOXES
U, € R? ka1 A, C R 1V (2,,%,) kat z, avucrtoixeg, pe U, x 4, C V,
kabog katl pia povadikr dagopioyun anewwovion g: U, — A,, 1€t01a dote
9(T0,Yo) = 2o xat f(z,y,9(x,y)) = ¢, yia xabe (z,y) € U,. Baoetl tov
TIPONYOUHEVAV, EAEYXOUHE OTOLXEIMOMOG OTL 10X UEL 1] 100duvapia:

{ (x,y) € U,

z=glz,y) € A } & (@y.2) €U x HN o).

BsrPOULE TOPA TNV ATIEIKOVIOT
ro: Uy — R3: (u,v) — (u,v, g(u,v)).
Ao v apandve 1coduvapia mpoKUITIeEl dPEo®s OTl
Wo 1= 14(Us) = (Up x Ag) N fH(e) = (Uy x Ap) N S,

10 OIoioV £ival avoiytd UrooUvoAo tou S (BA. Vv OXEUKI UTEVOUION petd
tov Optopo 2.1.4). Emiong, to W, eival 10 ypaenua wg g, dndadn W, =
I'y. Enopéves n tpuwba (Uy,r,, W,) anotedei pila napapérpnon Monge tng
S pe p, € W,. AxolouBoviag v id1a dadikaocia yia 6da ta onpeia p €
S, kadurtoupe v S e MAPAPEIPROLIS THS MIPONYOUNEVNS 1opdrS (TUrou
Monge), apa n S eivat kavoviky erugavetla (agpou, erurAéov, 0Aa ta avriotolya
W eivat avoixta urtoouvola tg). O

MMapadeiypata 5 (Epappoyn tou Oswprpatog 2.2.1).
(i) H opaipa S?:

Be®POUPE TV ATEIKOVION

f:RY —R: (2,y,2) — 22 + % + 22
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Eivai $? = f71(1). Eow p, = (To, Yo, 20) € f(1). Tote

(ef|  of| of
JpOf_(@a: oo OYl, = 02

) = 2(%0, Yo, 20) # (0,0,0),

Po
6nAadr) wxvouv o1 urobéoelg ou Bemprpatog 2.2.1, dpa n S? eival kKavoviky
emgaveia.

(ii) Me v i61a 1€06060, anodeikvuoupie OTL KAl O1 EMOUEVEG £§100WOELS OPi-
Jouv kavovikeég erugpaveieg [yia abe # 0]:

22 2 22 '
@ —S+5+5=1 (sAAewpoeidig)
a b c
22 2 22
B = + w2 =1 (povéxwvo unepBoloc1dEg)
W oL _Z (s BoAoe1dig)
s it Rt A ixwvo unepBoAos1dég
22 42
(6) — + = z=0 (eAAewntir6 napaBodoeldég)
a
22 42
) it i =10 (unepBoA1kd mapaBoAoe1dég)
a
22 g2 2
(1) — + i 0, (z,y,2) # (0,0,0) (teTpaywVvikdg KMOVOG)

O1 napandve smgaveieg aneikovidoviat ota Lxnuata 2.5(a)-2.5(ot) ot cuve-
Xewa. Ot avtiotoiyeg ovapaocieg toug otV ayyAikr opoldoyia eivat: ellipsoid,
hyperboloid (of one sheet), hyperboloid (of two sheets), elliptic paraboloid,
hyperbolic paraboloid, quadratic cone.

Zxnpa 2.5(a)
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NS 4

Zxnpa 2.5(B)

§“\\\§\\

77 //lli\\\\ N
77 2 Ui\

Zxfpa 2.5(y)
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< v

Zxfua 2.5(5)

Zxhpa 2.5(¢)
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ZxhHpa 2.5(o1)

2.3 Baolkég 1610TnTEG

®a arodeifoupe v TOrKI Unapdn napaperproewv (turnou) Monge oe pia
KAVOVIKT) ermidpaveia. AkKpiBeotepa £X0UNE Vv
2.3.1 IIpdétaoyn. 'Eotw S kavovikn emigaveia. Tote yia tuxyov p, € S undoyet
avowyt ngpoxn W, tou p, atu S, étot wote 1o W, va givat 1o ypagnua kard-
AnAng ragopiong ovvdptnong f: V, C R? — R. Enousvag, yia kade onusio
U1ag Kavovikng eMPAvELag, UTAp)EL Tapauetponon (turov) Monge mou mepiéxet
10 onueio.
Anobefn. Enedr) n S elvat kavovikn ermdpdaveld, Undpyel napapétpnon
(U, r,r(U)) pe p, € r(U) xar r(U) C S avoixtd. T'a wmyv napapérpnon auvt,
oupgava pe 1g [apawmproeig 2.1.2, touddyiotov pia ano tig opi¢ouoeg
Oz, y)| Oz, 2)|  9(y;?)
Iu,v)|," Ou,v)|,  O(u,v)

q q q

eivat un pundevikn), yia xébe ¢ € U. @étoupe po = (To, Yo, 20)» Go := T (Do)
Katl unoBetoupe ot X®pig BAabn tng yevikotntag,
oz
( 7y) # 0‘
do

(u,v)

Q
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BerPoUE TOPA TV ATEIKOVIOT (poBoAn otov 1o kat 20 napdyovia)
7: R¥ — R2%: (a,b,¢) — (a,b)
Kat v ouvOeon 7 o 7, TIOU €XEL TNV HOoPPr)
ror: U — R?%: (u,v) — (z(u,v),y(u,v)).

T

R2DU S CR?
mor ™
R2

Maypappa 2.1

O miivakag Jacobi tng 7 o r o010 g, £xel opidouoa

os o
du v 0(z,

det (Jg, (mor)) = dy 9o By QG| — agu z; 20,
% “ % w“ qdo

(mou onpaivetr éu, 1wodvvapa, to dadopikd D(m o r)(g,) eivar ypappikog
oopopPpiopog). Enopévag, anod to Osopnpa g Aviiotpopng Ameikoviong, 1
o7 gival Tormkr apdidiapopion oto q,, dnAadn UnAPXoUV AVoIXTEG TIEPIOXES
U, CU t0u qo ka1 V,, C (mor)(U) € R2 10U (1m07)(q0) = (T0, o), £101 GOTE N

morly,: Uy —V,
va gtvat apgidapopion. @ctoupe W, := r(U,). To W, eivat avoixtd uroou-
volo tou S, agou 1 7 eival opotopopdiopog kat U, avoiyto.

@a beifoupe 6t W, = I't, yia katdAAnAn f. Ta tov okomnd autd Seopolpe
v anekovion (BA. kat Zxnpa 2.6)

fi=zo(mor|y)™t:V,—R
(Sunidoupe ot 2z = pr3 o). Ioxupgopaote ot W, = I'y. Tlpaypat,
peW,=rU,) < p=r(u,v), yiakarnow(u,v) € U,.

Eneidn) oe k40e (u,v) € U, avuotoikel akpBog éva (a,b) € V, téroo wote
(a,b) = (morfy,)(u,v) = (7 or)(u,v), éxoupe ou
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Wy 2 p= T‘(U, U) = (ZL'(U, U)7 y(u, U)v Z(u7 U))
= ((mor)(u,v), 2(u,v)) = (a,b,z0 (7o rlv,) " Ha, b))
= (a, b, f(a, b)) ely.
Enopéveg (BA. TMapddewypa 4 wng Hapaypagou 2.2), n piada (V,, 70, W),

orou r,(a,b) = (a,b, f(a,b)), V (a,b) € V,, opilet pia napapérpnon Monge
pe p, € W,. Znuetdvoupe 6t 1 avriotpodn g 7, eivar n 7, L = 7w, . O

2.3.2 Mpétaoy. 'Eotw S kavovikr empdveia. Ynodérouue ou U C R? avor
xorair: U — R3 sivai pia 1-1 Siapopiown ansucovion, érowa eoter(U) C S
avoytd kat Dr(q) 1-1, yia kade g € U. Tote nr=1: r(U) — U eivar emiong
ovvexrig, dpan r givar opotopop@iopds kai n aba (U, r,r(U)) amotefel éva
ovoTnua CUVTETAyUEV®L G S.

Amnobeln. 'Eotw tuxov q, € U xat p, = 7(q,) € r(U). Yrobétoupe o1, xwpig

BAd&Bn tng yevikontag, ggz:g; . # 0. AxoloubBaviag ta Prjpata g mporn-

youpevng anodedng, kataokeudadoupe v anekovion w o 1|y, U, — V,,
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n oroia, g apPdlapopiorn, ivat opolopopPlopog. Oupitoupe ou g, € U,
U, C U avoto xat W, = r(U,), eve) anod v KataoKeur| g apapétpnong
Monge (V,,7,, W,) éxoupe ot |y, = r, ! (6rou, guokd, n r, eivat opoto-
popopiopdg). Enedn

T|Uo = (ro O7T|Wo) OT|U0 =To0 (7T OT|U0)7

ouvayetat ot 1 7|y, eivat opolopopPloog ©g oUVOEoT opolopoPPIoRGV. E-
ropévag dei§ape 6t n r elval Opo1opoPPIoOG OE 1A TIEPLOXT] TOU ¢,, HnAadn
TOTIIKOG OJIO10P0PPIo0G 010 ¢,. [lapopola, Seixvoupe Ot 1 7 €lval TOMKOG
Ol1010P0PP1IO0G TIAVIOU, APd KAl OPO10P0PPIOHN0G, OTIOTE £XOUE TO OUNTIE-
paopa. O

ZUpgova pe v IIponyoupevn npdtaot,

av glvat yvootov 0t S glval kKavoviky] emipavela, yia va 51amotwdel Ot 10
(U,r, W) eivar ovotnua ovvietayuevov mg S, bev xpeialetar va efeyxdei
av N r eivat OUOOUOPPLOUOS” ApKel UOVOV O EAEYXOC TNG OUVEXELAg TnNg.

2.3.3 @zopnpa. 'Eotw S wa kavovikr empavea kat (Uy, i, 1;(U;)), i = 1,2,
&vo ovotruata ovuvtetaypévov mg S. Av W= r1(Ur) Nre(Usz) # 0, tdte n a-
newkovion adlayng ouvvietaypévev (change of coordinates) 7} anewkovion
petagopdag (xaptov) (transition map)

-1
h:=ry “ory 1

Up 27 (W) ——————r; (W) C Uy
sivar augibragopion (BA. rkar Zxnua 2.7).

Amobeiln. Bewpoupe TuXoOV g1 € rl_l(W) kat Ytoupe g2 := h(qy) € r2_1(W).
®a 6&eitoupe 61 n h eivar Stagopioan oto ¢ .
Enedry (Us, ra,1r2(Usz)) eival ovotnpa ouvietaypévov, PropoUpe va Uro-

A(w2,y2)

Yéooupe, xopig PAEBN tng yevikointag, Ot Bu.v) # 0. Ocwpoupe v
’ 2

q
napapétpnon Monge (V,,, 75, W,) ou kataokeuadetat oty Anodeign g I1po-
taong 2.3.1. Tote W, = I'y, yia pua Stagopiopn f: V, — R xat

7,0—1 = ﬂ"Wo: Wo — VO : (I’,y,Z) — (‘Tay)
Emiong, yia karowo avoixto U, C Us pe go € U, n anewkovion

morsly, i Uy —V,

etvat apgidragpopion.
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Zxnpa 2.7

1

Topa 11ep10pifoviag TV anekovion Ty~ O 7'y 0T0 GUVOAO T 1(VVO), gxoupe

-1 -1 —
(rg o Tl)’,rlfl(Wo) =rytor,or;to Tl’rfl(Wo)
—1 —
:T2 O(T{"I‘\f) 1 OT["I_‘f Orl‘rfl(Wo)
= (momaly,) " omort] 1y,
ou eivatl ouvbeor dadopiopmv. O

To emndpevo arnotédeopa ivatl TPoPaveg.

2.3.4 Aqppa. ‘Eowe (U,r,r(U)) évag 2-61aotarog yaping kat A C U avoy(to.
Tote n owaba (A, r|4,7(A)) evar 2-6waotatog xaong. O

2.3.5 Ipodtaon. Kade avoto umooUvofo puiag Kavovikng emupavetag eivat
EMIONG KAVOUVIKT) EMIPAVELQ.

Anobdeifn. 'Eotw A avoiytod umoouvolo g Kavovikrg ermgdvelag S kaip € A
txov onueio. Yniapxet pia napapétpnon (U, r, W = r(U)) tng S pe p € W.

Tote, BAoetl TOU TIPONyOUREVOU Afjppatog, 1 tptada (U, 7, W), pe
W:=WnA, U:=r"YW), 7:= I,
eivat napapétpnon ou A oto p. Avadoya kat yia kKabs dAdo onpeio. Eneidn)

01 MAPANETPTOLIG AUTHS TG HopPr)S KaAurttouv 10 A Kat o1 e1k6veg Toug ival
aVvO1XTd UooUvoAd To0u A, KataAr)youle OT0 CUUIIEPACHA. O
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2.4 Em¢aveilcg €K NEPLOTPOPIS

Atvetat éva erinedo I C R? kat pia napapetpnpévn erinedn amdr Kaproln
a: I — IT (I C R avoiytd), g oroiag n ewova C' = a(l) nepiéxetat oto
eririebo II. YmoBétoupe aképn 6t Sivertar kat pia eubeia € tou 11, n omoia
dev tépver v C.

Av mieprotpéyoupe 1o Il mepi v €, tote 1 kapruAn C' napdyet éva u-
rootvodo S tou R3 mou kaleitar emgpavela ek neplotpodrg (surface of
revolution). H C kaleitat kapmioAn katatopng (profile curve) 1) yevételpa
(generating curve) kat n eubeia € a§ovag neprotpodng (axis) ing S.

Ta onpeia g C, xatd myv neptotpodn g, dlaypdpouv KUKAOUG, TOU-
¢ oroioug kadoupe mapadAnfdoug g S (parallels of S), evo n C' xat ot
véeg 9éoeig g (katd tnv i6a meplotpodr)) arotedouv 1oug pecnpBpivoug
(meridians) g S.

Ta gukodia 9a Sswprjooupe ou I sival to eminedo Oz kat € o a§ovag
Z'Oz. Emiong, apou n C' 6ev tépvet tov 2’ Oz, unoBétoupe ot Ppioketal 6An
oe éva amno ta dvo nuienineda, .. oe avtd pe z > 0. Ofroupe a(v) =
(z(v), z(v)), v € I. Zxeukng napabétoupe 10 napakate Lxnua 2.8.

‘Eoww v, € I xat p, = a(v,) = (2(v,),2(v0)) = (2(v,),0, 2(v,)). 'Orteag
avagEpape rapanave, kabmg to erminebo Oz nepilotpietal mepi tov agova
WV Zz, 10 P, dlaypdpet éva KUKAO aktivag x(v,) ou Bpioketat oe éva ertinedo
rntapddAndo pe 1o eninedo Oy, oe Vwog z(v,). Ta onpeia autou tou KUKAOU
etvat o1 1p1adeg (x(v,) cos u, x(v,) sinu, z(v,)), orou u € [0, 27).

napdAAnAog
& peonpBpivog

Zxnpa 2.8



2.4. EIIIPANEIEY EK IIEPIXTPOPHE 103

‘Apa 1 emPAVELa €K TIEPIOTPOPHS S ival To oNUEIOCUVOAO
S = {(z(v) cosu, z(v)sinu, 2(v)) : (u,v) € [0,27) x I}.

Bd KATaoKeUACOUHE KATAAANAEG TTAPAPETPNOELG Ao TETO1EG Tp1adeg. TIpv
art auto xpetadopaote to €8S Pondnuiko ouprnépacpa [rou woxvet yia kabe
Kavovikr) (armdr)) kapmuAn adAd, yua v owkovopia g ékOeong, Sa mepilopt-
otoupe otnv 600pEvn a:

TNa kade v, unapyer avorxwo I, C I, étot wote v, € I, karn a(1,) va givar

yoagnua kataAaning ovvdapmong g: 1, — R, éniadn o(l,) = 1.

[paypat, e¢p’ 600v n a etvar kavoviky), o (v,) = (2'(v,), 2/ (v,)) # 0, ométe
TouAdyxiotov pia ano tg 6Uo ocuvietaypéveg Sev pndevidetal. Ag urtobBéooupie
ou 2’ (v,) # 0. Tdte, katd 1o Oswpnua g Avtiotpodng Zuvdptnong, undpxet
avoitd I, C I kat avoto J, C R, étot wote v, € I, xavn z|7,: I, — J, va
eivat apidragpopion. Opidoupie v aneikovion

g: =zo(zl,) ' J, — R,

Av wpa p = (z(v),z(v)) eivar tuxov onueio g a(l,), ondte v € I,, Sa
unapxet povadiko t € J, pe x(v) = t. Enopévag,

a(lo) 3 p = (2(v),2(v)) = (t,(z 0 1, ) (t) = (t, gt)) € Iy

e Vv oroiav anodeikvyetal o 10XUPIoRog 1ag.

ZUpg®va HE TO TIPONYOUHEVO CUNIEPACHA, ToriKA Sa ivat
z(v) = g(t) = g(z(v)), 6nA. z=g(x).
Tote opowg
z=g(x) < f(x,2) =c(owabepd) pe Df(x,z) #0.

[Mpaypatw, av z = g(x) xat 9éooupe f(z,2) := g(x) — 2z, 9a éxoupe 6T
f(z,2) = 0 xat Df(2,2) = Jpof = (9'(x),1) # 0 (BA. kar m oxetkn
oulfjmon mpwv v anodeidn ou Oswprjpatog 2.2.1). Kat avuotpdépwg: Av
unobéooupe ou f(x,z) = ¢ pe Df(x,z) # 0, wte (fz, f.) # 0. Av, ya
napadsiypa, f, # 0, o, katd 10 @swpnpa g [Mermieypévng Tuvaptnong,
z = g(x) Katd oo Povadiko.

Ia SieukoAuvor, ot ocuvexela Sa unoBecoupe (Onwg oupBaivel ota replo-
ootepa napadeiypata) ou n kaprudn C divetat ano wyv wotnua f(z, z) = ¢,
pe Df(x,z) # 0, yia x40e (z,z) € C. Auto ev anotedet 1Baitepo mepto-
PLOHO NG YEVIKOTNTAS ViaTi, oniwg da Soupe ot oUVEXEld, Ol TIAPAMEIPTHOELS
Kataokeudadoviatl pe tov i610 tporo, ardwg avti to v va petaBdAAetat oto I, Sa
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petaBaAAetat os pikpotepa Saotrjuata, oneg to I,, kat ol napaperprioeg da
KaAUMmIouv pikpotepa tpnpata mg emeaveiag. 'Etot,

(x,9,2) €S & 2+ =2)? wa z=2zv),Yvel
& f(Va2+y?z) =c

Bempoupe Vv 61apopion AmEIKOVION)

h: Ry x Ry X R — R: (z,y,2) — f(Vx? + 42, 2).

Etvat mpogaveg ot

S =g ).

Xpnowornownviag 10 Osopnua 2.2.1, Sa &eioupe ou n S eival kavovikn e-
meavela: Ta xdbe p = (2,7,2) € h™Y(c), 10 Sapopkd Dh(p) eivar erd
(wwoduvapa Dh(p) # 0), apou D f(x, z) # 0.

[Ipaypat, upropovpe va ypawoupe 6w h = f o ¢, orou ¢(z,y,2) =
(\/3:2 + 12, z). Ernopévag, 9étoviag (a,b) = ¢(p), éxoupe yia toug avtiotot-
Xoug miivakeg Jacobi,

Dh(p) = Jph = (Jiap) f) - (Jp¢)

= (g’(a),l) ] <x(1-2 —By2)_2 y(x2 —Byz)—Q (1)>

= (9 (@2 + v, g (@)y(a® + 4773, 1) £0.

A@ou etaoparioape 6t ) S €ival KAvoviky em@PAveld, ag KATAOKEUACOUHE
HEPIKEG €UXPNOTES Ttapaperproelg. Ma 10 okomo autd dewpoupe v TP1ada
(U,r,W), 6mou U = (0,27) x I, r eivai n aneikoévion

r: U — R3: (u,v) — (2(v) cos u, z(v) sinu, z(v))

kat W = r(U). Tlpogaveég 1o U eivat avorxtéd urtootvodo tou R? xat i r eivat
drapopiomn (Gpa kat ouvexng).

H r eivat kat 1-1: av r(u1,v1) = r(ug,vs), 10Te MPOKUITTEL APéong 6T
z(v1) = z(v2) xat z(v1)? = x(v2)%. Adye g undPeong 6t x > 0, eivai
z(v1) = z(v2), apa

a(vr) = (x(v1), 2(01)) = (2(v2), 2(v2)) = (v2).

Enedr) n C eival amn, 6nAadn n « eivar 1-1, aipvoupe v1 = v9 = v, OMOTE,
and wv womra r(ui,v) = r(ug,v), MPorUIel out ta tda ui,ug € (0,27)
€Xouv ioa sin Kat cos, apa u; = ua.
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Erntiong to Dr(q) eivat 1-1, yia kabe ¢ = (u,v) € U. Ipaypan,

ru(q) = (—z(v) sinu, x(v) cos u, 0),

ro(q) = (2’ (v) cos u, 2’ (v) sin u, 2’ (v)),
apa

€1 €2 €3
—z(v)sinu x(v)cosu 0
2 (v)cosu 2'(v)sinu 2/ (v)
)z

'
= (z(v)7 '(v)sinu, —z(v)z'(v))

(v
= 2(v)(2'(v) cosu, 2'(v)sinu, —2'(v)),

art Orou MPOKUITTEL OTL

() x ro(@)l| = 2(v) - (2 ()% + 2'(0)%) /2.

Enedry ano wmy uvnobeon z(v) > 0, n womra ||ry(q) x r(q)|| = 0 diver
o/ (v)|| = (2(v)?+ 2/ (v)?)/? = 0, yia k&Be v, MPGypa Tou eivat dtorro, yiarti
tote ) « 9a Arav otabepr) kat 1 ewkdéva C' éva onpeto. Apa ||r,(q) X ry(q)|| # 0
kat Dr(q) 1-1.

[Mapatnpovpe akopn ot n ewwova W = r(U) etval avoiytd uroouvoro tou
S, apou 10 W kalurtel 6Ao 10 S MAAY TV ONUEI®V TG APXIKAG KAPUITUALNG.
Apa 1 pwada (U, r, W) wavonotet tig unobéoeig tng [potaong 2.3.2, onote
eivat mapapétpnon mg S. Inuewwvoupe 6t yia u otabepd, Ol avtioTtoiyeg
TMIAPAPETIPIKEG KAPITUAEG ATTOTEAOUV TOUG peonuBpivoug, evod yla v otabepd
naipvoupe toug rtapdAindoug (KUKAoUG).

Me aAlayr] T0U 8100TAIATOG TTIOU MePIEXEL TO TOEO U, .. maipvoviag U =
(—m,m) X I xat #(u,v) = (x(v) cosu,xz(v) sinu, 2(v)), kataokevdoupe pia
bevtepn mapapétpnon g S, €101 WOTE 01 HUO MAPAPETPIOELS VA KAAUTTIOUV
OAn v S.

ru(q) X T(q)

)cos u, z(v

KAeivovtag Sa mpérmel va mapatnprjooupie 0Tl UTAPXOUV EMMIPAVEIEG, Ol O-
T01eg TIPOKUTITOUV ATTO TNV MEPIOTPOPT] KAEIOTI|G KAUTTUANG (010G 1) oTteipa oto
endpevo mapadetypa), 1 aro KAPIuUAeg rou £XoUv Kowd ornpeia e tov agova
10V 2 (0nwg n opaipa, n oroia MPOKUITIEL AT MEPIOTPOPT] EVOG NIIKUKAIOU
pe dapetpo tov 1610 tov dgova meplotpodrig), Kabwg emiong KAt ard KAPITy-
AEG OUPPETPIKEG WG TTPOG Tov agova. Tétoteg eruddveieg, ereldr) Sev eprtinrrouv
OTOV APX1KO OPIOHO TNG EMPAVEIAS €K TIEPIOTPOPNS, KAAOUVIAL YEVIKEUUEVES
EMPAvVELES K TeP1oTPoPric. H pedétn autdv TV em@pavelmv yivetal pe napo-
poteg peboboug, av Kal Urapxouv ouxva karmnola Asmtd npoBAnpata. Asv Sa
MPOXWPTCOULE TIEPICOOTEPO OtV Kateubuvon autr] Kat 9a replopiotovye o
pepka napadetypata, €66 KAl OTG AOKIOELS.
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Mapadewpa: H oneipa (capnpéAa - torus) 7.
Eival n emgaveia ek ep1oTPOPHG IOV TIPOKUITIEL EAV TIEPIOTPEYOULLE TIEPT TOV
agova twv z évav KUkAo (rou Bpioketat oto eminedo x0z) pe kévipo (a, 0,0)
Kat aktiva p, pe 0 < p < a.

H xraprmuAn nou nieptypddet Tov KUKAO givat

a(v) = (z(v), z(v)) = (a+ pcosv, psinv) = (a+ pcosv,0, psinv).
‘Apa 1 oreipa givatl 10 onPIEI0CUVOAO

T = {((a+pcosv) cosu, (a+pcosv)sinu, psinv) ‘ (u,v) € [0,2m) x [0,27) }.

z

Zxfpa 2.9
Mua ntapapétpnon divetat amo v aneikovion)

r(u,v) = ((a+ pcosv)cosu, (a + pcosv)sinu, psinv),
(u,v) € (0,27) x (0,27),
n ortoia BéBaia dev kaAurtet 6Ao to T, addd agpnvel €€ éva "Katakopudo"
KUKAO (peonpBpivo) kat éva "opigovio” (mapddAndo). Ta va kadugpBet to T'
MANP®G, APKEl va TTIAPOUIE TIAPOHOES TTAPAPETPTOE1G aAAdadoviag Ta AKpd TRV
Saotpatev, ya napddeypa, oe (—m, ) X (—m, 7).

2.5 H évvoula tng dradpoplopotntag o EMIPAVELES

O 0p1op0g g 81aPoP1oTIATTAG ATIEIKOVICEMV PETASU EURAEISEIOV XWPWV £ITL-
BaAAet to edio oploPoU g ATIEIKOVIONG va givatl avoiyxto. O1 X®pot TTou pag
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evdlapepouv €80, dnAadn o1 ekdveg 2-61A0TATOV XAPTOV (MTAPAPETIPHOEDV),
roté Sev eivat avorxtol oto R3. H Urap€n 6peg tov Xaptov pag ermpénet va
EMEKTEIVOUPE TNV €vvola g S1aPoplootTag O AIEIKOVIOEIG rou opidovtat
0€ KAVOVIKEG ETTLPAVELEG.

2.5.1 Opiopdg. 'Eote S kavoviky ermpaveia kat pia ansikovion f: .S — R™,
H f xaleitar Sragopiowpn oo p € S (differentiable at p), av untapxet apa-
pétpnon (U, r, W) ng S, tétowa vote p € W kat n ouvOeon

(2.5.1) F:=for:U—R™

sow —L.gm

F
RZDU
Aldypappa 2.2

va eivat Stapopiotn oto r 1 (p). H f 9a Aéyetat Srapopiown (differentiable),
av eival Sragopion os k4B p € S.

2.5.2 IIpétaon. H Sagopiowomia g f: S — R™ gtop € S eivar aveédp-
™M toU 9e®@POUUEVOU X ApTN.

Anobealn. Eow ou (U,r,W) napapétpnon g S, téowa wote p € W kat n
F = for:U — R™ va eivat tapopiowun oto 7~ 1(p). Av (U,7, W) eivat
orotadnmote dAAn mapapétpnon g S pe p € W, 9a Seifoupe ou kat n
I := foT eivat Sagopiomn oto 7 (p). Tpdypatt, mapatmpovue ot 0
ouvoho W, := W N W eivat avoixté oto S @g topr) avorXtov (apa kat oto W),
ETTIOPEV®G TO

U, =7 Y(W,) CU

givatl avoiyto wg avtiotpodn E1KOVA AVOIXTOU OUVOAOU PEC® OUVEXOUG ATIEIKO-
viong. Av nieplopicoupe v F' oto U, €xoupe ot

Fly,=foTly,=(for)o(r 'o7).

H niponyoupevn anekovion eivat diadopioyin oto 7 -1 (p), apou eivat ouvbeon
mg applagoépong 7L o T (¢ ameovion aAAayrg OUVIETAYHEV®V) KAl TG
dragopioung oto T_l(p) aneikoviong ' = f o r (ano v unobeon). O

AT6 10 ITPONYOUNEVO CUPIEPACHA IIPOKUITIEL 0T, yld ToV €AeyX0 tng Sia-
@OPLOIOTNTAG, APKel va ermAé§oupie Ta IO eUXPNOTA CUOCTHATA CUVIETAYE-
vV, ard autd rnou dwabetetl pia semgaveia.



108 KE®AAAIO 2. KANONIKEY EIIIPANEIEY

2.5.3 Ipétaon. Avn f: S — R™ evar Siapopiown oto p € S, Wie givat
oUVEXTC OT0 P.

Anodein. And v F = for mpoxurtet ot fly = For~!. E¢ 6cov n 7 eivat
opo10popP1ooS Kat 1 F' ouvexng oto r_l(p) (0g drapopioyn pe v ouvnon
évvola petadu euxkdedeiov xopav), 9a eivat kat n f|w ouvexiig oto p, orote
£€XOULIE TO CUUIEPACHA. O

'Hb1, aro 1ov op1iopo piag napap€rpnong, £XOUHE OTL I ATEIKOVIoN 1 €ivatl
dagpopioyn. Metd v enéktaon g €vvolag tng S1apoplootntag Kat o
EMPAVELEG, AMOBEIKVUETAL KA T Sadoplotpotnia tg 7~ L, dnAadr £xoupe tv

2.5.4 Npéraon. INa kdde napauéronon (U,r,W),n r~1: W — U C R? eivar
Swagopioun anekovion.

Anobein. To W eivat kavoviky) erugaveia pe oAy iapapétpnon wyv (U, r, ).
Enopéveg, péon tng tedeutaiag, o oplopdg g Siapoplopotntag ouvendyestat
ot

rtor=idy: U — U,
mou eivat Stapopioan oe 6Ao 1o edio oplopoU G. O

H emopevn npdtaon pag Siver évav eUKoAo TPOTO yia va eAéyioupe, ot
HEPIKEG TIEPUTTIOOELS, AV Hid ATIEIKOVIOT OPIOHEVH OE eTudaAveld ival dragpopi-
own.

2.5.5 lpétaon. 'Eotw A C R? avoytd, F: A — R™ Suagopion ansicovion
rat S kavovukr empaveia pe S C A. Tote kaio nepiopouog f := Flg: S — R™
elvar dlagopion anskovion.

Anoben. 'Eoww tuxov p € S. Ta orowdnnote napapétpnon (U, r, W) wg S
pep € W,eivar for = For: U — R™. Eneidn n F o r sivar Stapopioun
(oG ouvbeon Slagopicpev ancikovioswv) 9a sivat kat n f o r Sapopion oe
0A6xrAnpo to U, dpa xat oto r_l(p). Enopéveg n f sivat Siagpopiowun oto p,
Kat avaloya o oA6rAnpn myv S. O

[Mapagppadoviag v ponyoupevr) Ipotact) naipvoupe to

2.5.6 IIépropa. Mia ancucovion f: S — R™ eivar Stapopiown av enekieiverat
oe pia Sragopion ansucovion F: A — R™, émov A C R? avoyto us S C A.

Ag urtobgooupe ot S1, So eival kavovikeég erupaveieg kat f: S7 — Sy, Os-
wpoviag v f og aneikévion pe tpég otov R3, propoupe va efetdooupe av
etvat Siagopioyan 1 6X1. e pia t€rola MePInteon eival Xprjoipo va Prnopoupe
va skppdooupe Ty Sagopiopidtnta tng f kat pe évav aido (1coduvapo) tpo-
o, O OIT0i0g va TEPIEXEL KAl MAPAUETPHOLLS TG So. AUt sivatl anapaitnto,
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yla apddeiypa, otav 9éAoupe va edéydoupe v Stapoplopota g ouvhe-
ong 61aPop1oipeV AneKovioemv Petady Em@aveldVv, IPAaypa rou arnoteAel 1o
mp®To Prjpa yua v andden tou kavova g aduoibag (PA Beopnua 2.5.9
ot ouvéxela). Emiong, auto Sa xpnowonownOel ot pedétn tou diadopikou,
rou da yivel oe emopevn apdypago.

2.5.7 @zopnpa. Aivovial U0 Kavouvikeg emupaveieg S1, Se, Kat pia ansucdvion
f: 81 — Sy. H f elvar Stagopiown oo p € S1 (kata tov Opioud 2.5.1, wg
amneucovion mg uopgrc f: S — R3) eav ka UOVOV €AV UTLAP XOUV TLAP AUETOTOELS
(U, i, Wi) (0 = 1,2) wov S; avuotoixwg, tétoeg wote: p € Wy, f(Wy) C Wy
Kar n ouvdeon

(2.5.2) F = 7‘2_10for1: Uy — Us
va givar srapopioun oto ri L(p).

[Ipwv tnv amddei€n onuelwvoupe Ol 1 aneikovion F' ovouddetal Tomkn
napaotaon (local representation) tng f péow wv xaptov (Uy, i, W;), i = 1,2.
ErurmAéov n (2.5.2) onuaivet ot 1o emopevo diaypappa sivat pPetadetiko.

w1 o,
T1 7"2_1
R’D U U, CR?

Aldypappa 2.3

Anobdeifn. Ymobétoupe ipota 6t n f: S] — Sy eivar Sragopiown oto p € Sy
©¢ arekovion g popeng f: S — R3. @ewpoupe pia napapérpnon Monge
(Uy, 2, Ws) g Sz pe f(p) € Wa. Enetdn n f: S1 — R3 eivat ouvexrig oto
p, Sa eivar cuvexng (oto id10 onpueio) kat n f: 51 — Sy (Sewpwviag v Sy
epodilaopévn pte Vv oXeUKn torodoyia). Emopéveg, yia to avoixté Ws C Sy,
urapyet avoiyty niepoxy A wu p omv Sy pe f(A) C Wi, Endong undpyet
napapétpnon (U, r, W) g S1 pe p € W. Zupgoeva pe 1o Afjppa 2.3.4, 1
pada
(Ul = T_l(W NA), r = T’U17 Wi :=Wn A)

arotedel apapétpnon mg S1 oo p. Ta ug napaperproeg (U;, i, W;) (i =
1,2) napampoupe 6t p € Wy kar f(Wq) C Wo, enopéveg opidetat ) avtiotot-
X1 TOIK) rapdoctact g f

F:rglofor1:U1—>U2.
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Eneién (Adoye g napapérpnong Monge) 74 e 7|w,, orou
7: R = R?: (2,y,2) — (z,y),
1 apAndve TOITKI MApAcTaon naipvetl v popdr
F=mxlw,ofory: U — Us,.

H tedevtaia eivar Siadopioan oto 7 1(p), ©g ouvBeon g dagpopiomng 7w,
(BA. TIpdtaon 2.5.5) pe v Sapopioyun oto 71 1(p) artewkovion f or; Adyw
g Sapopiomotntag g f oto p). Apa kataAnyoups ot dagoplotpdtnta
NG TOTNKNG TAPACTACTG.

Avtiotpodeg, ag urnobiéooupe ot 1 (2.5.2) eival Sagopioan oto 7, 1(p).
Enedn n 72 eivatl Stapopion (0g mapap€rpnon), 0T Kat 1

rooF = fory: Uy —R?
elvatl Sragopion oto Tl_l(p), 6nA. n f: S — R3 eivar Sragpopiomn oto p. O

2.5.8 MMapatnpioetg. 1) Ilpopavag, 1o Oswpnpa 2.5.7 e0dayet Evav opiopo
dlagpopioludtag ansikoviosav petady smeavelwv. Aniadn, pia f: S1 — S
gtvatl Sagopion oto p € S7 av uniapyouv napapetpnoeg (U;, i, W;) (@ =
1,2) v S; avuotoixeg, tttoeg oote: p € Wy, f(W7) C Ws ka1 (2.5.2) va
eivat Sagopiown oto 7 1(p).

2) Epyalopevol éniwg otnv [Ipdtaon 2.5.2, arnodsikvuoupe ot 1) diadopt-
owdétta g f 1e Vv mponyounevn évvola sival ave§aptn 1oV Mapapepn)-
oewv. AnAabr, av (Ui,Fi,Wi) (2 = 1,2) eival mapaperpoelg tov S;, TETo1eg
wote: p € Wy, f(Wl) C W, 1d1e Kat 1) TOIUKI) Iapdotaor)

(2.5.2) F::@_lofoﬂzﬁl — Uy

etvat Sragopion oto Tl_l(p).

3) Mia antewkovion f: S1 — S kakeitat appidradpopon (diffeomorphism)
av ot f kat f~! eivar Stagopiopeg. Enopévag, yla ortolo8rote ouotnud oU-
veetaypévev (U, r, W), Sewpaviag to U srugaveia [BA. Mapaderypa 2.2(1)], n
[Tpotaon 2.5.4 ouvenayetat ot:

H r givar augidragpdpion. Kata ovvéneiav, kade Kavovikn emipaveia givat

Tomikd augidiapopikn pe 1o R2.

To erdpevo anotéAeopia arnotedel 1o IPAOTO Brja Tou Kavova tng aiuoidag
010 TAQi010 TRV ermpavel®v. Ba ocuprAnpwOel 6tav opiotel Kat n €vvola tou
dlapopikou.

2.5.9 Oeopnpa. Av S;, i = 1,2,3 eivar kavovikég empaveisg, f: S — So
Swagpopioyn aneucovion oo p € Sy kai g: Sa — Ss rapopiown oto f(p) € S,
101 kKar 1 ovvdeon g o f: S1 — Ss elvar Srapopiown anekovion oo p.



2.5. H ENNOIA THX AIA®OPIZIMOTHTAZY ZE EIIIPANEIEY 111

Anobedn. Agou 1 g sival Siapopiown oto f(p), unapyouv xapteg (Us, i, W)
wv S;, 1 = 2,3, térowot oote f(p) € W, g(Ws) C W3 katn

G::Tg_logorg:Ug—>U3

va etvat dagopioun oto 74 1( f(p)). Emedr) n f eivar ouvexng ot p (og
dlagopioun oto 1610 onpueio), undpyetl avoiytr neptoxn A tou p oy S, pe
f(A) C W,. Eniong uniapyet napapétpnon (U, r, W) g S; pep € W. @cw-
poupe to avorto ouvodo WNA C Sp, mou mepiéxet 1o p, KAl v apap€rpnor)

(Ul = T_l(WﬂA),Tl =7y, W1 :=Wn A)

mg S1 (BA. Afuua 2.3.4). Tia v apap€tpnon auvty woxvet ot p € Wi kat
f(W7) € Ws, dpa opidetat nj toruky) apdotaon g f

F::rglofor1:U1—>U2,

n ortoia eivat dadopion oto 1y 1(10) [BA. Oeopnpa 2.5.7 kat [Tapatrpnon
2.5.8(2)]. Iapawpoupe 6t p € Wy xat (g o f)(Wy) € W3, 6ndadn ot na-
papetproetg (Uy,r1, W1) kat (Us, rs, W3) 8ivouv tnv torikr napdotaon g
ouvbeong go f

T?)_lo(gof)orl:(r?)_logorz)o(rz_loforl):GOF,

H napdotaon autr) eival diagopioan oto 1(p), ®g ouvBeon g dlagpopiot-

Hng anewoviong F' oto onpeio 7, 1(p), kat mg Sagpopioung aneikoviong G
—1 -1

owry (f(p)) = F(ry (p)) O

2.5.10 IIpoétaon. ‘Ectw S pia kavovikn empaveia, I avoiyto Sidotnua rat
a: I — R3 pia stagopioyn xaurnvin ue o(I) C S. 'Eoww t, € I kar p, :=
a(t,) € S. Tote, yia kade napauérpnon (U, r, W) mg S oto p,, undpxet avoyto
Swaotnua J C I uet, € J, kar Sagpopioyn sninedn xaunvin 3: J — U C R?,
£101 GOOoTE

Oé’ J=To0 ﬂ

H npdtaon neprypdoetat oto niapaxkdate Lxnpa 2.10.

Anobdein. Ag ndpoupe mpmta pa apapétpnorn Monge g .S oto p, (cupgeva
pe v [podtaon 2.3.1 undpyel maviote t€tola napapérpnon). 'Eotw ot eivat
n (Up, 7o, Wo) e 1o(u,v) = (u,v, g(u,v)). 'Onwg ¢xoune dei moAAég @opég, n
ATEIKOVIOT)

m: R? — R?%: (z,9,2) — (z,9)

(a6 v omoiav dAA@ote KataoKevdadetat n r, 1y eivat tagopiomn kat lw, =

T, 1 Emedny n a: I — R3 eivar ouvexns (og Stapopion) 9a eivat ouvexng
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KAl ©G ATIEIKOVIOT Thg Hopdng a: I — S (e 1o S epodiacuévo pe v OXETKT)
toroAoyia), dpa 1 J, := a~}(W,) eivar avorxto Sidompa pe J, C I kat
t, € J,. Enopévag kat ) ouvOeor

ﬁozzﬂoa:JO—>U0§R2,

elvatl pua dagopion eninedn kapmuAdn. Opwg 7, 1 — 7|w,, onote, anod wmv
napandave ékepaot), raipvoupe ot r, 0 B, = aly, .

Eow wpa (U,r, W) pia tuyaia napapétpnon wg S pe p, € W. Ocw-
poupe kat pia napapétpnon Monge (U, ro, W,) 6nag ripwv. To W N W, eivat
avotyté oto S Kat mepiEXel 10 p,. Apa 10 J = o~ (W N W,) eivat avorytd
draotmpa pe J C J, C I xat t, € J. Opidoupe tnv erminedn Kapruln

B:=r"toal,.

T/\
L\/

1

Zxfpa 2.10

AMAG popoUpEe va ypayoupe Ott

-1

B=r"oaly=("or)o(moa)ly=(r""or,)o Bl

ou eivat diapopiotpn Kapmuln, adov n 7L o r, eival Siapopionn (g aret-
Kovion addayrg ouvietaypévov: BA. @swpnpa 2.3.3) kat 1 [,| s eivat emiong
Srapopiown. Enopévag, ro 5 = af;. O



2.6. O E®PAIITOMENOX XQPOX 113

2.5.11 Hapatfpnon. Onwg @Aavnke otnv nponyoupevn anoden, n {ntou-
pevn Kaumuln § €xet ) yeviky popen § = r~toal s, yia katdAAndo J. ‘Opag,
ano v tedeutaia oxéon, 6ev mpokurtel eubéwg Katl n dagopiompdta g S.
Touto ylati n « eivat diadopioin pe ) ouvrOn évvola (6nAadn wg aneikovion
petaly tov eurdedeiov xopov R kat R3), eve n r~! eivar Stapopiomn pe tv
évvola Tev ermpaveldv (BA. Opiopd 2.5.1). Enopévag, dsv propoupe va sdpap-
poécoupe oute tov ouvr0n Kavova g aAuoidag (yia dragopiotpeg aneikovioelg
petady euxkAeldeinv XOp®v),0Ute Tov Kavova tng aduoidag ya diagopiotpeg a-
rieikovioelg petady erugpaveldv (BA. @sdpnpa 2.5.9). Autdg eivatl kat o Adyog
g 1o ouvetng anodegng rnmou dwoape P, avii Piag EAIVOPEVIKA ArtAou-
otepng, Tou Aavbaopéva Sa Prmopouce KATIO10G va PAvVIaoTel.

2.6 O £spanTOpevog XWPOSg

Yrobétoupe ot S eivat kavovikn erugavela, p € S kat (U, r, W) 2-6iaotatog
xépwng g S pe p € W. Enedn, yia q := 7~ (p) € U, ta Savvonata r,(q)
rat 7, (q) elvar ypappikog avegdptta (BA. Hapatproeg 2.1.2), autd opidouv

éva 2-8idotato undxwpo tou R3, tov oroiov ovopdloupe epantépsvo Xkpo
g S oto p (tangent space of S at p) kat cupBoAidoune pe 1,S. Enopévag,

T,S = {Aru(q) + puro(q) | A, € R},

Hpogavag to geuyos {ry,(q),rv(q)} eivar Baon wou T,S. Ta otoixeia wou 1,5
kalouvial epantépsva draviopata tng S oto p (tangent vectors of S at p).

2.6.1 IIpotaon. Me ti¢ mPOonyoUlEVeS UTLODEOELS LOXUEL OTL

(2.6.1) T,S = [Dr(q)](R?).

Anobeén. Kabe otoeio tou 75,5 eivar g popeng Ary,(q) + pry(q), omou
(A, 1) € R2, evo xdbe otoixeio tou Dr(q)(R?) eival g poppng, yevikd,

Dr(q)(a,b), érou (a,b) € R%. Mapatnpovpe 61t

Dr(q)(a,b) = Dr(q)(ae; + bez) = aDr(q)(e1) + bDr(q)(e2)

or or
=a—| +b—| =ar + br
au 8'1) u (q) v (q) )
q q
e Vv oroiav anodeikvyetal 0 10XUPIoH0G. O

Lnpeiwon. Mniopoupe va uniodoyicoupe to dtapopikd Dr(q) oto onueio (a, b)
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Hé€ow tou rivaka Jacobi wg &g :

0| 0
5
Y Y a
Dria)en) = )@= | 5o 5| ()
8u avq
o qu 81) (9 a Ou 8’Uq
_ (o= oy Oz @ 9z
= auq auq 8’[}(] 8'[)(]’8’0[1
= ary(q) + bry(q

2.6.2 Mépropa. H anewdvion Dr(q): R? — T,S eivar yoapuuos 1oopoppr-
loj i)

Anodeaién. Tlpopavng, apou 1 Dr(q): R? — R3 eivar ypappikn anewdvion
1-1 (a6 tov oplopé g napapétpnong) xkat 1,5 = [Dr(q)](R?). O

Ag Sewpriooupe topa éva onueio p € S kat 1o ouvodo C(S,p) 6Aev v
dlapopioev Kapmuiov
a: J, — R3,

01 OTIO1EG 1KAVOTIO0UV T1§ EMOMEVEG OUVONKEG:
0€ Jo, alJy) TS, «0)=np,

dnAadn o1 kaprmudeg HiEpxovial anod 10 p KAl 1 £1KOVA TOUG MEPLEXETAL OAO-
rAnpn oty ermgavela S. Opidoupe Kat 10 oUVOAO

={d(0) |a€C(S,p)}.
2.6.3 Osopnpa. Me 10U¢ TPONYOUUEVOUS CUUEOAIOUOUS LOXUEL ] OXEON
(2.6.2) 1,8 = Ep,
onAaén ta Sravvopara touv 1,S vAomowvviar wg epantopsva dravvouara (: 1a-

Xxutnteg), oto onueio p, S1agpopiouav KauruAmv mou SiEpyovtat amod 10 ONuUElo p
Kat Talpvouv TéG uéoa atnu emupaveia S.
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Anobeén. 'Eow tyov diavuopa w € T,S. Tote w = Dr(q)(h), yua karoo
h € R2. ®ewpoupe v eubeia

B:R—R%: t— B(t) :=th+q.

H (3 eivat ouvexnig pe (0) = ¢ € U kat to U eivat avoixto oto R?, dpa umapyet
e > 0pe B((—¢,¢)) C U. Opitoupe v kaprin

a:=ro ﬁ|(_€’€): (—€,6) — R3,

n oroia esivat dapopiown, xat wavonoei ug ouvbnkeg a((—e,e)) C S,
a(0) =r(q) = p rat

Enopéveg 1,5 C E,,.

Avuotpdéeg, tote tuxov w = o (0) € E,, érou a: J, — S C R? agpo-
piown kaprvdn pe a(0) = p. Tupgova pe v Mpdtaon 2.5.8, propovpe va
Bpoupe pia drapopioin KaPmuAn

B: (—e,e) C Joy — U C R?,
tétota oote 3(0) = g xkat af(_. .y = r o 3. Tote

w =/ (0) = [Da(0)](1) = [D(r o B)(0)](1)
= [Dr(5(0)) o DB(0)](1) = [Dr(q)](5'(0)).

Agou '(0) € R?, npoxvmet st w = [Dr(q)](8(0)) € TS, 6ndadn E, C TS,
OTIOTE KATAANYOUE OTO CUNIEPACHA. O

‘ApeoT) OUVETIEL TOU TTPONYOUHEVOU demprjiatog ivat to

2.6.4 IIépropa. O £pamiopuevog Xweog uiag enwpavelag S oe éva onueiop € S
bev e§apratar ano v JewpoUpevn TapaueTPnon.

2.6.5 Oplopog. To eminedo [, mou Siépxetat amd 1o p € S kat eivat na-
pdAAndo mpog 1o eminedo twv 1, Kal 7, AEYETAl EPANTOPEVO eminedo tng
S oto p (tangent plane). To eninedo auto eivat n petagopd tou 1,5 kata
10 Sdvuopa 9éong p, kat oupBoAiletat pe E,(S) 1, av dev undpxet kivéuvog

ouyxuong, pe k.
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Z10 emopevo oxnpa ansikovidetatl 1o eparntopevo eninedo £, oto onueio p
piag erugpdveiag S. Ta xapn tng evapyEeotepng AMEIKOVIOTG £XOUHE PETAPEPEL,
Katd to Siavuopa 9éong tou p, ta daviopata 7y KAl 7y OOTE va £X0UV apXi)
10 avapepOpevo onpeio.

Zxnpa 2.11

2.7 To 81agop1rO SraPopiopung anetkoviong

AQoU enekteivape v évvola g S1aPoplooTNTag O ATEIKOVIOES PETASU
emeavelv, Sa opicoupe T®pa S1aPopiko Hlag TETOlAg ATIEIKOVIONG, O €vd
onpeio tou rediou oplopov g. L v KAAOIKY MEPITOON, TO ONHEAKO da-
QOPIKO €ival YPAPUIKI AIEIKOVION HETady KATAAANAGV YPAHUHIKOV XWOPGV.
Tov poAo TRV XWP®V AUT®V TAi{ouv topa ta epartopeva emineda.

2.7.1 Aqppa. 'Eotw ou S1, Sy givat kavovikeg emigaveieg kat f : S1 — So wa
Stapopiown ansucovion. Av a: I — St givar Sragpopioun kKaunvan, 10te kai n
foa: I — Sy eivar emiong drapopiown kaumvin.

Anobean. @¢loupe va deifoupe oun foa: I — Sy eivar Sragopioun oe KGO
t € I. Eoww dowdv t, € I xat p, = a(t,). 'Eow napapétpnon (U, r, W) g
S1 pe po € W. @swopoupe Vv dagopiomun eminedn kaprvdn G: J — U,
Héow tng orotag oy = r o B (BA. TIpotaon 2.5.8). Tote

foaly=fo(rof)=(for)op,

rou eivat Sagopiomn, ©g ouvBeon g Torukrg napaoctaocng f o r ng f (BA.
Optopo 2.5.1 xkat [potaon 2.5.2) pe mv dagpopiotun xaprudn S. O
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2.7.2 Oplopdg. Av Sp, Sy eivatl kavovikég erugpaveieg kat f: S — Sy Sago-
plown anewkovion oto p € S1, kahovpe (onpetakod) dragpopiko tng f oto p
(differential of f at p) v anewkovion

dpf =Tpf: TpS1 — Ty S2: w— dpf(w) == (f o a)'(0),
érou a: (—¢,e) — S dagopion kaprudn pe «(0) = p xat o/ (0) = w.
2.7.3 IIpotaoyn. To onueiaxo diagopikod slval ua kKajd oploUELVn, YOAUUIKN
aneKovion.

Anodeiln. (1) To dpf eivat kadd opiopévo, dndadn ave§dptnto NG KAPITUAN-
¢ Tou vAormotel kaBe eparttopevo Siavuopa. Ilpdypatt, ag uvnobBiécoupe ot
a: (—e,e) — S; xat y: (=6,0) — Sy eivar dvo dagopioeg kapmudeg pe
a(0) = v(0) = p xar &/ (0) = 7/(0) = w. Av (U,r, W) eivar pia napapétpnon
Monge g S1 pep € W, téte

(f 07)(0) = [D(f o )(0)](1) = [D(foror™ ox)(0)]
=[D(foromoy)(0)](1) =[D(foreom)(y
[D(fOTOW)( (0)](+'(0)) = [D(f oo m)(a(0))] (e (0))
= [D(foror~toa)(0))(1) = [D(f o a)(0)](1)

= (f 0 @)(0).
(2) Apou 1) f eivat Slagopioun oto p, urtapyouv riapapetproetg (U;, 3, W;)

wv S; (1 =1,2), pep € Wy, f(Wy) C Wy xat F := 7‘2_1 ofori: U — Us
dlagpopiomn oto g = 7| 1(p). Ioxupi¢opaote 61 1o Staypappa

1

(1)
(0)) o Dy(0)](1)

(07

d,f
T,,Sl P Tf(p) S2
Dri(q) Dry(q)
R? R?
DF(q)

Aaypapnpa 2.4

6rou G = 75 (£ (p)), etvat petabetid: Eoteo tuxév h € R2. Téte

ldpf o Dri(q@)](h) = dpf ([Dr1()](h)).

To Siavuopa [Dry(q)](h) € T),S1 vdornoteitat péom pag dtagopiotpng Kapmu-
Ang a: (—¢,e) — S pe a(0) = p xar &/ (0) = [Dr1(q)](h). Onwg eidape otnv
arodegn tou Oswprjpatog 2.5.2, Propoupe va apoupe

a(t) :=ri(th+q) = (r1 0 B)(t); t € (—ee),
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orou [ eivat n eubeia [(t) = th + ¢q. Enopéveg,

[dpf © Dri(@)(h) = dpf(e/(0)) = (f © @)’(0) = (f o r1 0 B)'(0)
= [D(f or10B8)(0))(1) = [D(f o r1)(B(0)](5'(0))
= [D(f er)(@)](h) = [D(r2 0 F)(q)](h)
= [Dra(q) o D(F)(@)(h)-

Agpou Dri(q): R? — T,S; xat Dry(q): R? — Ty (p)S2 elvar ypappixoi 100-
popoopoi (BA. IMopopa 2.6.2), 9a sivat

dpf = Dr2(g) o DF(q) o (Dr1(q)) ™",
MoU arode1kvyEeL TV npoTaAct. O

Eb&® untevbupidoupe ot

@.7.1) Dr(@l(en) = oo =rula).
2.7.2) Dr(@l(es) = 9| =rla).
Enopévag:

O yoauuirdg wopopiopds Dr(q): R? — T,S peragéper v kavovukn
Baon {e1, ez} 1ou R? ot Baon {ru(q),rv(q)} Tou T},S.

Eipaote wwpa o 9éon va arodei§oupe 1o endpevo

2.7.4 Osopnpa. '‘Eotw S, So kavovikeg emipaveieg, f: S1 — So Stapopion
aneucovion, p € Sy kar (Uy,r1, Wh), (Us, ro, Wa) mapauetorioeig tov S1 kat S,
avuotoixeg, pe p € Wy kar f(W1) € Wy. 'Eotw q = 1 (p), § = 5 (f(p))
kar ' = ry Yofor: Uy — U, 7 TOTUKY] Tapdotaon mg f UEO® TV aAVRTEN®
napapetpnoeov. Tote o mivakag g yoauuukng arsucovions dp f, ©¢ mpog T
Baoeig {r14(q), 710(q) } 10U T),S1 KAt {r2u(7), 720(q) } T0U T S2, oupminter e
oV mivakxa Jacobi g F' oo q.

Anddeiln. H petabeukotta tou Alaypappatog 2.4 wooduvapet pe v iodtnta
dpfODTl( ) DTQ( )ODF( )

Av A eivat o riivakag g d,, f @g mipog g Pacets {r14,(q), r1v(q) } tou 1,51 kat
{r2u(q), r20(q )} tou T, S2, By eivat o mivakag g Dr1(q) og mpog 1 Baoceig
{e1,e2} tou R? xat {r1,(q), r1,(q)} tou 1,51, Bs eivat o mivaxag tg Dra(q)
@g Tpog Tig Paoceig {e1, 2} tou R? kat {rgu( 7),720(q)} 10U Ty S2 ®ar J I
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eivat o mivaxkag Jacobi tng F' oto ¢, anod myv avetépm 100tTd 1OV OUVOEoE®V
TOV YPAPHPIK®OV AEIKOVIOE@V ITPOKUITIEL

A-B; = By- J,F.

1 0
31=B2=<0 1);

TTOU ATTOGEIKVUEL TOV 10X UPIONO TOU Ye@Pratog. O

Onwg, npodpaveg

2.7.5 Mapatfipnon. To rponyoupevo arnotédeopa £Xel mpodavey) MPAKTIKY
onpaocia: Ta va vnodoyicoupe 10 Sapopiko d,f pag Sapopioung anet-
KOviong petalu dvo empaveiwv S kat S, Bpiokoupe tov mivaka Jacobi oto
q = r1(p) g torukrg napdctaong F, péoe kataddndev -katd to duvatdv
amlouotépev- napapetpnoeev (U, 7, W) kat (U, 7, W) ota onueia p kat f(p)
aAvVTIOTOiX®G, OTOTE, Y1a Oro10dnote eparttopevo Sidvuopa

w=(\p) =Ary(q) + pry(q) € T,,S,

£€xoupe o1
dpf (w) = (J,F) - (A, )"

[Ipopavmg, To IIPONYoUHEVo epartopevo Siavuopa Sa €xetl v (Yevik)) popdr)
dpf(w) =@ = (A i) = ATu(q) + 7 (q) € Ty (p)S,
orou 7 = 7 (f(p))-

O uroAoy10116g T0U 81aPopIkoy piag anskoviong f: S1 — Sy 61eukoAU-
vetat 181aitepa, av yvepidoupe 6t n f eival mepopiopdg (emi g Sp) piag
Slagpopiong arnewoéviong mg poppns F: A — R3 | érou 10 A eivat avoryto
uroouvodo tou R? e §1 C A. AxpiBéotepa, £xoupie Vv erduevn

2.7.6 Mpétaon. 'Eotw Sapopioyn areévion F: A — R3, omov A C R3
avoto. Av S1 C A, Sy givat kavovucég empaveieg kat f 1 S1 — Sy aneuncovion
térola wote f = Fg,, 10te

dpf = DF(p)|1,s:, VpeS.

Anobeiln. Zuppwva pe v [potaon 2.5.5 kat 10 Oedpnpa 2.5.7, n anet-
rovion) f: S1 — Sy eivar Sagopiomn. 'Eote tuxov p € 5. 'Onwg idape
oy anodedn ou Bewprpatog 2.5.7, propovpe va Bpouiie pia apapétpn-
on Monge (Us, 2, W2), g Sa pe f(p) € Wa, kat napanétpnon (U, r1, Wh)
mg Sy pe p € Wy, f(Wh) C Wa, étot @ote 1) aviiotoiyn TOIKY) apdotaoct

F:T2_10f0T1:7TOfOT1:U1—>U2
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va eivat Swadopioun oto ¢ = 1 1(p). E&w oupBoAidoupe v ToImiKY napaota-
on pe F yia va v &exmpicoupe and mv F g ekpaovnong. Emiong Supidoune
6T 7 etvat o mepropiopdg mg R3 3 (2,9, 2) — (z,y) € R? eni tou Wh.

Egappoloviag to petabetiko Alaypappa 2.4 kat tov kavova tng aAuocibag
oe eukAeibeloug xmpoug [kat 9étovtag § = 75 L(f(p) ], Bpiokoupe 61

dyf = Drs(q) o DF(q) o [Dr1(q)] ™
= Dry(q) o D(ry " o fori)(q) o [Dri(q)]™"
= D(fori)(q) o [Dri(q)] ™"
= D(Fory)(q) o [Dri(q)] ™"
= DF(p) o Dri(q) o [Dri(q)] "
= DF(p) oid|z,s, = DF(p)|1,s,-

[Mapépota xkat yia kabe GAdo p € Sp, ondte KAeivel ) anodeidn. O

H évvola g agopiopotniag, yla arneikovioelg Petagy ermpaveiov, Kat
10U avtiotorxou Sapopikou Toug 0dnyet ot dnuoupyia evog Atapopikou Ao-
ylopou oto mAaiolo g Oewpiag Emeaveidv, o omoiog enekieivel 10 ouvrOn
Alagopikd Aoyiopo petadu eurkAeldeinv xopwv. O vEog autdg Aoyiopog €xet
avdloyeg d0tnteg. Ma va dwooupe pia oxetky 16éa otov avayvootr, Sa
apouctdooupe 6U0 PBaocika amotedéopata: 1o MP®OTO £ivatl 1 MAHPNG Hopedr)
10U Bswpnuartog g AAuocidag, kat to 6evtepo arotedel 10 Oswpnpa g Avti-
oTPOPNS ZUVAPTNOoNG OTO IAPOV MAaioto.

2.7.7 O@cpnpa (Kavévag tng AAuoidag). Av S; (i = 1,2, 3) givat kavouvikég
empaveieg, f:S1 — So Sagopiown aneikovion otop € S1 kat g: So — S3
Swagopioyn oto f(p) € Se, 10te kKarn ovvdeon go f: S1 — Ss eivar biagopioyn
amekovion oto p Kat

(2.7.3) dp(go f) =dspgodyf,

énAadn exouvue 10 UeTtadetko Siaypauua

d
TpSl pf Tf(p)SZ
dy(go f) d(p)9
Ty(w(2))53

Maypappa 2.5
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Anobdeiln. H Sagopiopotna tng go f oto p €xel 16n anodeiyOei oto Bewpnpa
2.5.9. Twa v andédedn ng (2.7.5) npoxwpoupe og £Ehg: Oempoupe TUXoOV
w € T,51 kat unobétoupe ot vdonoteitat anod pia dagpopiotan KapmuAn o
pe a(0) = p, 6ndadn o/ (0) = w. ZUpeeva pe 1o Afppa 2.7.1, kain f o «
etvat Sragpopion kaprudn pe (foa)(0) = f(p). Enopéveg, katd tov Oplopo
2.7.2, £€xoupe o1l

dp(go f)(w) = (go f)oa)(0) = (go(fow) (0)=
= ds(p)9 ((foa)( )):df(p)g(dpf(a/( ))):(df godpf)( );

mou KAgivel v arodeidn. O

2.7.8 OchOpnpa (tng Avtictpodng Suvaptnong). Yrnodérouus ot f: S — S
elvar arewcovion Sapopioun oto p € S, g onolag 1o (onuelaxo) siapopiko
dpf:T,8 — Tf(p)g elvar yoauukog oouopgioudg . Tote n f eivar tomucr
augisiapdpion oto p, bnAadn urdpxet avorytn nepoxn A C S tou p kat avoryt)
nepoxn A C S tou f(p), érot wote n fla: A — A va eivar augidrapdpion.

Anobailn. E@ ooov 11 f eival diagopion oto p € S, undpxouv napapetpr-
oeg (U,r, W), (U,7,W) wv S, S cwuo-[mxmg pep € Wxat f(W) C W,
¢to1 Gote 1) toruky) napdotacn F =7 Yo for: U — U va sivar Stagpopiomn
ot0 ¢ = T_l(p). Ao 1o [Topiopa 2.6.2, 1o petabetkd Adypappa 2.4 kat v
UTIO0EOT), TIPOKUTTIEL OTL 1

DF(q) = [DF(q)] ' odpf o Dr(q): R* — R*>  [:g=7"(f(p))]

givatl ypappikog ioopopdiopog. Emopévag, katd 1o ®chpnpa ing Aviiotpodpng
Yuvdptnong oe gukAeibeloug xopoug, urapxel avoiyt) niepoxyy V- C U tou
q xat avorxty mepoxr) V' C U wu ¢, étot dote n Fly: V. — V va eivat
ap@dlagpopion [pe v ouvhBn évvola Kat pe Ty £vwold TeV EMPAVEI®V, PETA
1o Mapddeypa 2.2(1)]. @étoviag A := r(V) xat A := #(V), éxoupe ou n
fla=rFoFor | s: A— A eivar apgidragopion. O

2.8 AoKnosig

‘Aornon 1. Na arodeixBouv o1 TUIol TRV OTEPEOYPAPIKMV TTPOBOAGOV KAl 1)
oxéon (*) tng ogA. 90 (BA. [Tapadetypa 3, Mapaypadog 2.2).

A¥on. Avagepopevol oto Txnua 2.4, dewpoupe 10 onueio P kat v mpo-
BoAr] tou (amd to Bépeto roAro) Py erti tou erurédou tou wonuepvou F = R2.
Av xadéooupe (x,y, z) ug ouvietaypéveg ou P, (zn,yn) = (zn,yn,0) Tg
ouvietayuéveg tou Py, éxoupe ot

(1) N_PE:O_f)’—O_])V:(x,y,z)—(O,O,l):(aj,y,z—l),
(2) NPy = OPy — ON = (zn,yn,0) — (0,0,1) = (zn,yn, —1),
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Opwg, NPy = A- NP, yua karowo A € R,, dpa ot (1) xat (2) &ivouv 61
(xn,yn, —1) = Mx,y,z — 1), art 6nou

TN = Az, yn = Ay, M1 —2) = 1.

Ermopévag, ermvoviag v tedevtaia og rpog A, Bpiokoupe ot

1 T Y
Kar Ty =
z— 1—-2

A=

mou pag divouv akpiBmg v EKPPaoct) g 7’]}1.

H 7‘]}1 sivat mpopavaeg 1-1. Ioxupgopacte 611 r;,l (S2\{N}) = R?, 6ndaby
1 7’;,1 eivat anewovion eri. O pnxaviopog g anoddegng tou eri da pag Swoet
Kat mv ékPppaot mg ry. [a 1ov okono autd dewpoupe tuxov (u,v) € R? kat
avainrovpe (z,y, 2) € S?, 1010 Hote

(w0 =it o) = (£ )
art Ortou
(3) r=u(l—2) xar y=0v(l-2).
Agou (z,y, 2) € S2, 9a eivat
wr(1—2)> + 031 —2)2 + 22 =1,
art v oroiav otoXe1wdng Ppiokoupe ot

—1+u? +0?
z1TT= "
1+ u?+0?

‘Apa o1 oxéoeig (3) ivouv Tig
2u 2v
rT=— > Yy=-——7"
1+ u? + 0?2 1+ u? + v?

OITOTE KATAAIYOUE OV €KPPAOCH TG T'N -

‘Aornon 2. Na SikaiodoynBei yiati to eAdewpoeidég (BA. IMapadeiypata 5(ii),
[Mapdypagog 2.2)

2 2 2

x Y z
S = {(ac,y,z) e R3: ¥+§+c_2:1}’

pe abc > 0, eivat kavovikr erugdvela xkat va Ppebel pia mapapérpnon tou
winou Monge mou va miepiéxet to onueio (a, 0,0).
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Avon. ITapatnpoupe Ot 1] AMEIKOVIOT)

2 2 2
3 x© Yyt oz
f:R —>R(‘T,y,z)l—>¥+b—2+c—2

eivat tagopiown, 1 € f(R?), xar S = f~1(1). Emiong, Sarmotdvoupe 61,

yia xae (z,y,2) € R3, eivar
of (2x 2y 2z
oz (@:2) “\a2 2 2)

apa, yia kabe (z,y,z) € S, etvat

of
ox

Enopéveg, katd 1o @swpnpa 2.2.1, 10 eAAs1yoe1dég eival Kavovikr) erdAaveld.
Ta to onpeio (a,0,0) € S éxoupe

of :<g,0,0> 0,0,0).
(7 )= (o) 2000

Avvovtag v 100tnTa rou opidel 10 EAAEWPOEISEG WG TIPOG T, EXOUNE OTL

/ 2 2
y ¥4

H Tntovpevn napapétpnon Monge rou rieptdapBavel otnv €kova tng to on-
peio (z =a,y =0,z =0) eivar n (U, r,7(U)), émou

of
5

of
"0z

(,9,2) (2,y,2)

of
(wz) OY

of
), aZ

) £ (0,0,0).

(x,y,2 (z,y,2)

of
(a,0,0) Ay

of

(a,0,0) 0z

2
U::{(u,v)€R2:1—u—

w2

T U — R3: (’LL,’U) — (g(u,v),u,v),
u? 0?2
pe ¢g: U —R: (u,v) Ham.

‘Aoknon 3. Na anodeiyBet 6t n tp1ada (U, r,r(U)), é6rou U = R x (0, 7) kat
r: U — R3: (u,v) — (acosusinv,bsinusinw, ccosv),

eival mapapérpnon tou eddenyoeidoug (BA. Aoknon 2). Na nieptypadouv ot u-
KAl U-TIAPAPEIPIKEG KAMTTUAEG.
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Avon. To cuvodo U eivar avoryto urtoouvodo tou R? kat i r eivat Siapopionn
kat 1-1. H swova g r eivar (avoryto) umoouvodo tou edAetposidoug: yia
KaOe (u,v) € U, eivar

a? cos® usin? v n b2 sin? usin? v n c? cos?v

a? b2 c?

2
= 1.

[Tapawmpoupe ot

ry = (—asinusinv, bcos usinv, 0),

7y = (@ cosucosv, bsin ucos v, —csin v)

20, —acsin usin? v, —absin v cos v) # (0,0,0).

Ty X 1y = (—bccos usin
H tedeutaia wobuvapel pe myv ouvbnkn va eivar n Dr(q) anewdvion 1-1.
Enedr) yvopidoupe o1t 10 eAdewpoetdég (ou mepiéxel v ekova g ) eivat
KAVOVIKT] erugdvela, dev xpetaletat va eAéySoupe av n 7~ eivat ouvexng (BA.
[Tpotaon 2.3.2).

Ot u-TtapapeIpIkEG Kapruleg eivat (yia v otabepd) ot topég tou eAdelyo-
€180ug e 1o eminedo z = ccos v, dndadn eival ot eAdeiyelg

O1 v-TTAPAPETPIKEG KAPTTUAEG €ivat (yia u otaBepod) o1 Topég Tou eAAepoeldoug
pe ta nuienineda nou opidoviatl aro ug oxgoslg r = aRcosu, y = bRsinu
(R > 0), eivatl ouvenog nuieddeipeg.

‘Aoxrnon 4. Na arodeixBel pe AAAoug TpOIIoug, XmOPIS EPpappoyr) 1ou Ocwpr-
patog 2.2.1, 611 1o uriepBoAikd tapaBoloeldég

z=—=—=% (ab#0)

elval Kavovikr ermeaveia.

Avorn. Ag oupBoldidoupe pe S v ermgaveia tou 600éviog rtapaborosiboug.
Ebdw ¢xoupe v Guvatomta va epappocoupe SUo 1poroug.
A’ Tporog: Bempoupie v §1adopiotin aAmeKovIon
2 2
. R2 . z Y

f:R*—R: (ac,y)»—>¥—b—2-
Zupogeva pe to Mapdadeypa 4 g Iapaypagou 2.2, apkei va arodeioupe ot
I'y = S, nou etvat mpogavég.
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B’ Tporog: @empoupie v AIeikovion
r(u,v) == (alu+v),b(u — v), duv), (u,v) € R2.

H 7 eivat 6iapopiopn kat (0nwg mpokurtel apéong) ansikovion 1-1, n oroia
naipvel ipég oty S.

Agixvoupe ot eivat kat anewkovion ert. [paypat, av Sewprjcoupe Tuxov
onpeio (z,y,z) € S, tdte, ya

G5 =3 7)
u=—-(=+2) v==(=-2),
2\a b 2\a b
etvat r(u,v) = (z,y,2). Ano mv nponyovpevn dadikaocia, mMPoOKUITe Ot 1
avtiotpodn g r €lval 1 AMEIKOVION)

R3OS — R (x,y,2) — <%(§+%>%(§—%>>

IOV €ival OUVeXNG, Apa 1 7 €ival Oj01010PPIo10G.
Télog, Bpiokoupe ot

ry = (a,b,4v), 71, = (a,—b,4u)
Ty X 1y = (4b(u + v), da(—u + v), —2ab)).

Eneidr) ab # 0, sivat kat ry, X 7, # 0. Enopéveg, 1 r opilel pia apapétpnon
IMOU KAAUTTEl OAOKANEN Thv S, dpa n tedsutaia sival Kavovikr smgdveld.

‘Acknon 5. Aiveral 1 Areikovion

i R2 5 R3: (u,0) <%(u+v), %(u —v),uv> .

Na amodeyBel 011 anoteAel mapapérpnon ermudaveiag. I[Mowd eival n emgpavela
aut) ;

Av¥on. IMapatmpoupe ot

XR?) = {(z,y,2) : 2 =27 —y*},
6nldabdr) mpoxettat repi tou urepBoAikou mapaBorosidoug pe a = b = 1. Ta
unidAoina pépn g AoKNong EAEYXovial OOG OTnV IPONYOUEVT).
‘Acoknon 6. Na arnobeiyBel 611 n aneikovion

r(u,v) = (u?, uv, v?), u>0,v>0
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AroteAel IAPAPETIPN O EMPAVELQG.
Avon. H r sivat Sapopioun anekovion. Eivat 1-1, agou

2 2

U =1u
r(u,v) =r(u,v) = v? = 2 = wu=u, v="7,
uUv = UV

Ad0ym g unobeong ya ta u, v.
Eriong, av U = {(u,v) € R? : u > 0,v > 0} xa1x W = r(U), napatnpou-
HE OTL 1] ATIEIKOVION)

Y
W s (x,y,2) — r,— | €U
(2,y,2) (\/_ ﬁ)
elval ouvexng Kat avtiotpogn g r, apa n r eivat opolopopplopog. Teédog, pe
arAoug UrmoAoyiopoug Bpiokoupe 6Tt

o X Ty = (207, —4uw, 20%) # (0,0, 0)

(wobvvapa ||y, X || = 2(v? + duv 4+ u?)Y/2 #£ 0), ondte n erada (U, r, W)
elval mapaperpnon ermedavelag.

‘Acoknon 7. Na anobeiyBel ot n aneikovion
r(u,v) = (aucos v, bu sin v,u2), u>0,veR.

arotedel apap€rpnon emeaveiag (rmowag ;).

Avorn. Epyaldpevol Orwg Kat otig rponyoUHEVES TIEPUTIOOELS, ATIOSEIKVUOULE
ot n r opilel mpaypan pia napapérpnon erupaveiag (U, r, W), o6nov U =
{(u,v) € R? : u >0} xat W = 7(U).
Erneién ) )

au cos v businv

(ameosu? | Gusin _ 0

MPOKETAl yia apaptpnor tou eAAsiruikou rapaBorosidoug S, pe egiowon

3:2 y2

H W kaAurtet 0AdOkAnpn v ergaveia S extog tou onpeiou (0,0, 0), 6nAadn
W = 5\{(0,0,0)}.

‘Acknon 8. Eow f: R? — R3 apgidragopion anekédvion (petaly sukdet-
eiov xopov) kat S C R? kavovikn ermpdveia. Na arodeixBei 611 10 GUvoAo
S := f(S) eivar eniong kavovik erugaveia.
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Avon. Eow twydv p € S. Tote undpyet povadiko p € S, £t01 wote p =
f(p). Enopéveg, apou n S eival kavovikn erm@daveila, Undpxet apapérpnon
(Uyr,W)wmg SpepeW.

@swpovpe v anewévion 7: U — R3 pe 7 := for. HT sivat mpogpavaog
Slapopiomn kat 1-1. Ermiong, av W := 7(U), napatnpovpe ot

f_lz(fOT)_lzT_lof_l: W—>U

etvatl ouvexng, apa n 7 eival opolopopPpiopog.
ATT 10 dAAo pépog, yia kabe g € U, éxoupe ol

Dr(q) = D(f or)(q) = Df(r(q)) e Dr(q)

apa n D7(q) eivat 1-1 wg ouvOeon arekovioeov 1-1.
Ertiong, enedy W C S avoixtd, 9a eivat W = S N A, yia xarowo A C R?
avoixto. Emopévag,

W =r(U)=f(W)=f(SNA)=f(S)Nf(A) =5nf(4),

Tou eivat ermiong avotytd Unoouvodo tng S, agou to f(A) eival avoixté uro-
ouvolo tou R3 (Aoyw g umobeong 6t n f eivar appidiadopion, dpa opot-
HOPPLOpNOG). B o
Tuvenog, Bprikape ot yia kabe p € S, undpyel napapétpnon (U, 7, W)
pep € W kat W C S avoixtd. Av todpa 9ewprjooupe 0A&g TIG MTAPANETPNOEIS
(Ui, ri, Ws), i € I, ng S xat ug avtiotoixeg (Us, 7, Wi) tou S, Adye tng

KAAuyng
S = U Wi7
i€l

£€XOUE KAl TNV KAAUYn

S=f(s)=f(Uwi) = rw)=Uw,

iel el el

e Vv oroiav arnodeikvuetal mAnp®g 0Tt 1o S eival mpaypatikd pia Kavovikr)
ermgaveia.

‘Aokrnon 9. Av S sival o terpay®vikog kovog tou Iapabdeiypatog 5(ot), [apd-
ypagog 2.2, givat to ouvoro S = S U (0,0,0) kavovikr) erupaveia;

Adon. Agunobécoupe ot undpyet apapétpnon (U, 7, W) tou S, e (0,0,0) €
W. Av g, := r71((0,0,0)) € U, 9a unripxe xat (avoixtdg) diokog D(g,,e) C
U. Aéye tou 61110 W eivar avoryté urtoctivodo tou S Kat 1 7 opotopoppiopds,
n ewova A = r(D(go,€)) 9a eivat eriong avoixtd urtoouvodo tou W kat tou
S. Eropévag ta ouvoda D(g,,€) \ {go} xat A\ {0} 9a noav opotopopgikd,
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MPAYHA IOV €ival ATOTo, Y1aTi T0 IIPATO £XEL PIOVOV H11d OUVEKTIKI] OUVIOTOOA
eve 1o deutepo Hvo.

‘Acoknon 10. Na armodeixbei 611 1 anekdvion
f: SZ - SZ: (.Z',y, Z) = (_957—?47 _Z)
elvat appidagpopon.
Avon. Tapawmpoupe éu 1 f eivar 1-1 xat erd pe f~1 = f. Apa apkei va

deifoupe 6u n f eival dagopiomn.

A Tpoérog: 'Eote py = (To, Yo, 20) € S%. Eivar (2o, Yo, 20) # (0,0,0), apa
KArola cuvietaypévn eivatr pun undeviky. 'Eotw ou z, # 0, kat 18waitepa
T, > 0. Tdte 10 p, avAKel otV ekéva g napapétpnong (D(0,1), 7+, S;),
evo f(SF) = S;. H torukr napdotacn g f HEO® TOV MAPAHEIPH|OEDV
(D(0,1),r},S}) ka1 (D(0,1),7r;,S; ) eivar

sl

[((r2) " o forfl(u,v) = [(r7) " o SI(V1 = u? =02, u, v)
= (7)) (—V1-u?

= (_u7 _U)

—v?, —u, —v)

rou etvat Sagopionn (0@ 0AéxAnpo 1o D(0,1) , dpa xat oto ()~ (po)).
Enopéveg, katd 1o @swpnua 2.5.7, n f eival S agopiomn oto p,. Iapouoa
eAéyxetal i Stagoploéta g f oe kabe dAdo onpeio g S2.

B Tpomog: 'Eote 10 onueio p, € S? xat n napapétpnon (D(0,1),r], S;H),

yhax
émwg mptv. Av 9eppricoupe v f @¢ Anewkovion g popdrg f: 52 — R3,
apAtnPOUE OTL 1)

(ford) ()= fF(VI—u2 =02 u, v)
(VIR )

elvatl Sagopiomn. Enopévag, katd tov Opiopd 2.5.1, n f eival Sagopiomn
0TO0 Do.

I Tporog: H f eival nepropiopodg (e g S 2) g 61aPopioINg ATEIKOVIONG
F: Rg - R3: ($7y7 Z) = (—gj, -Y, —Z).
Yuvenag, katd v [pdtaon 2.5.5, n f eival eriong Siagpopiomn.

‘Aoxrnon 11. Me g unoBéoeig tng Aoknong 8, va arodeiyBel 611 1 anekovion
fls: S — S etvat apgpidragpdpion.
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AuUor. MropoUpe va epapro0OULE KAl TOUG TPELG TPOITOUS TG PO YOUHEVNG
doknong. O armdouotepog eivat o pitog: H fg etval Siagopion wg nepropt-
opog (erti g S) g dapopiong f: R3 — R3. Mapopoia €xoupe ot kat n
(fls)~! etvat Stapopion.

‘Acknon 12. Na kataockeuaotel pia apgidrapopion petadl tou eAAelpos1boug
(BA. Mapaderypa 5(a), Hapdypagog 2.2) kat ing povadiaiag opaipag pe Ke-
vtpo 1o 0.
A¥on. Osopouie Vv arekovion

T Y z

F:R3 —R3: (z,y,2) — (53 c)’

1 oroia givat, mpopaveg, apddlapopion, Pe aviiotpodn v
FL. R — R (z,y,2) — (az, by, cz).

Av oupBodicoupe pe S TNy ermeavela tou eAAelPoelboug, 1eE OTOIXEIM6ELg
uroAoytopoug Srarmotédvoupe ot F(S) € S? xat F~1(S?%) C S. Ernopéveg, 1
anewévion f = Flg: S — S? eivat apgidragpopion (BA. Tlpotaon 2.5.5).

duoikd, propoupe va sdéyioupes ) dagopiodmia mg f (kat mapod-
powa autfv g f -1 Xpnopornoloviag 1o Osopnua 2.5.7: Av Sewprjocoupe Eva
p € S kat unobéooupe, yia napddeypa, ou p € W, émnou (U, x, W) eivat n
napaperpnon tou eAdewyoedoug (BA. kat ‘Aoknon 2) pe

u? 02
X(U,U):<’LL,’U,+C 1_§_b_2>7

2

U:{(u,U)GRzzl— 1_§_b_2

, 7+, ST) tg povadiaiag
ogaipag, onote f(U) C ST xat n avtictoryn toruky) napdotaon

HIopoUpe va ridpoupe Kat myv rapapétpnon (D(0,1), r

U v
(rF)y o fox:U— D(0,1): (u,v) — (a g)
elvar Srapopioyn.
Avdloya, priopoUpe va edpappocoupe kat tov Optopo 2.5.1.

‘Acrnon 13. Na dikatodoynBei yati 1o eAdeurtuikd rapaBoloeidég, rou kabo-
pidetat and v e&lowon z = z2 + y2, eivar apPdrapopikd pe éva erinedo.
A¥on. OMoxrAnpo 1o napaBoloetbég autd KaAuIetal and v mapapérpnon
Monge

r(u,v) = (u,v,u® + v?), (u,v) € R2
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Enopéveg, oupgeva pe v Iapatrpnon 2.5.8(3), 1o 800év nmapaBorocibég
eivat ap@idragopiko pe o R2.

‘Aoknon 14. Aivetal Kavovikr) ermeavela S Kat 5U0 cuoTtpata CUVIETAy eIV
(mapapetpnoetg) (U, 7, W), (U,7, W) g S e W N W # (). Na urioAoyiotovv
Ol ATTIEIKOVIOEIG Ty, Ty HEO® TOV Ty KAL Ty

Avor. Dvopiloupe 116n 6t n adAayr @V CUVIETAYHEVOV

rlom FIWNAW) — r (W N W)

etvat ap@idapopion (BA. Becdpnpa 2.2.3). H tedeutaia propet va ypadtel pe
v Hope1)

(r~tor)(a,0) = (u(@,v),v(w,v)), (4,0) € (WnW).

Ernopévaeg, yia tuxov ¢ € 7~ HW N W), 9étoviag ¢ = (17! o 7)(g), éxoupe
draboyika:

7u(q) = DF(@)(e1) = [D(ro (r™' o7))(9)] (e1)

= [Dr(q) o D(r~" o 7)(q)](e1) = Dr(q) [Mu

ou q
_ DT@(% . %(g) — Dr(@(%‘q.el + %‘q-@)

ou ov ou ov
= 52| Dr@(en) + 52| Dr(@)e) = 52| rula) + 52 rufa).
dnAadn, kataAnyoupe otn oxéon
. Ou v
Fu@) = e rala) + 57| @)
Kat avddoya otnv
. Ou v
Po(@) = 5| rala) + 50| rola).

‘Aornon 15. Na arobeiybei 611 oe kKdOe onpeio piag yevetelpag tou KUAivopou
10 £PATTONEVO ertinedo pével otabepo.

Avorn. Oswpoupe v napapérpnorn tou Kudivépou K
r(u,v) = (cosu,sinu, v); u € (0,2m), veR.
Mua yevEétetpa £ival 1o UVoAo TV onuei®v

I' = {r(uy,v) : veR},
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via éva otaBepd u,. Emedn T,K L 7,(q) x r4(q), émouv ¢ = r~(p), yia va
BeiSoupe ou 1o T, K mapapéver otabepd otav 1o p = 7(u,, v) dratpéxet to I,
apxkel va 8eifoupe ot 1y, (q) X 7,(q) mapapével otabepd. Emeidr

Tu(Uo, v) = (= sinu,, cos Uy, 0), r4(ue,v) = (0,0,1),

TIPOKUTTTEL OTL TO
Tu(q) X T4(q) = (cos u,, sin u,, 0)

givat ave§aptnto tou v.

‘Acoknon 16. Eow ou n wowa f(z,y,2) = ¢ opilel erupaveia S (BA. Oe-
opnua 2.2.1), p € S kat w = (wy,w2,ws) € 1,5 C R3. Na anodeixdei

ot
of

By = 0.

p

w g
Vo

+w2
p

0
+w38_f
D z

AvYon. Eow a(t) = (x(t),y(t), 2(t)) dagopion kapnudn pe tpég omy S
kat o/ (0) = w. Tote

foa=c = (foa)(0)=0
= [D(foa)(0)](1) =0
= [Df(a(0)) e Da(0)}(1) =0
= [Df((0))]('(0)) =0
= Df(p)(wy,ws,w3) =0
w1
= (Jpf) - [w2] =0
w3
= W1 %‘ + wo g—';‘ + ws % =0.

‘Acoknon 17. Na BpeBouv o1 Kapteolavég eE10WOEIG TOU EPAITIOPEVOU XOPOU
KAl TOU £QATTIOPEVOU IIEdou piag ermgaveiag S os éva onueio g p.

Avon. Eow (U,r,W) éva ovouua ouvietaypévev mg S pe p € W kat
q=r"1(p) € U. Eg 600v o epartépevog xopos T),S mapdayetat and ta 7,(q),
rv(q) kat 1y (q) x ry(q) L TS, tote, yia kabe (x,y, 2) € T),S, etvan

< ($>y> Z)v TU(Q) X TU(Q) >=0,

rou etvat n kapteolavy egiowon tou 1),5.
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Avddoya, av E, = p + T,,S eivat 1o eparttépevo eninedo oto p, tote, yla
K46 (z,y,2) € Ep, eivar (z,y,2) —p € 1,5, dpa n kapteowavy e§ioworn tou
epartopévou ermredou oto p sivat n

< (ac,y,z) - D Tu(Q) X TU(Q) >=0.

‘Aornon 18. Na Bpebei n kapteowavr) e§i000T TOU £PATTIOPEVOU XOPOU Kal
tou eparttopévou eruredou oto onpeio p = (1,2, 5) g napapetpnpévng erm-
paveiag x(u,v) = (u, v, u? +v?), pe (u,v) € R2.

Avorn. A Tporog. E@appoyr tng rmponyoupevng AoKIongG :
®swpovpe to onueio ¢ = x ' (p) = (1,2). Téte

Xu(Q) = (1’072)7 XU(Q) = (0’174)7
Xu(Q) X XU(Q) = (_2’ —4, 1)7

Ta onpeta (x,y, z) TOU £PATTTOPEVOU XOPOU da 1KAVOTIOOUV v (YeViKr) &§i-
0®OT
< (2,9,2), xulq) X xo(q) >=0,

IOV T®PA MAipvel TV Hopdr)
<(x,y,2), (-2,—4,1) >=0,

aro v oroiav mPoKUITel 1 {nrovpevr egiowon 2z + 4y — z = 0.
AIT 10 dAdo pépog, ta onpeia (x,y, z) Tou epartopévou srurédou Sa ka-
VOIT010UV TV
< (x,y,2) — (1,2,5), (—2,—4,1) >=0,

1), Wwoduvaua,
<(r—-1,y—2,2-5), (-2,-4,1) >=0,

aro Vv oroiav mpPoKUIttel N £§iowon tou eruredou 2x + 4y — z = 5.

B’ Tpoémog: Zupdmva pe tov oplopo,

TS = {Axu(9) + pxo(9) | A 1 € R}
= {A(1,0,2)) + p(0,1,4) | A, € R*}
= {0 1,20+ 4p) [ A, p € R?}.

la wyxév (z,y,2z) € T,S, undpxouv A\, u € R?, térowa oote (z,y,2) =
(A, i1y 2\ 4 4p), amno v onoiav Bpiokoupe ot

T=Ay=p, z=2\+4pu.
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Avukadiotoviag otnyv tedeutaia TG THEG TWV A KAl 4, KATAA)YOUHE OtV &-
Slowon tou edartopevou Xopou 2z = 2x + 4y, mou @uolkd sival autr) rou
Bpebnke kat pe tov A’ TpOIIO.
Avdloya, 1o epartopevo emirnedo £xel v popor)
E,=p+T,S = (1,2,5) + {(\ p, 2\ + 4p) | A\, pu € R?}
= {(1+ X2+ u,5+2)+4u) |\, u € R}

Enopévaeg, tuxov (z,y, z) € £, 9a éxet v poper)
(x,y,2) = (1 4+ N2+ u, 5+ 2X + 4p),
arr Ortou
c=14+\N y=2+4u, 2=5+2A+4yu,

apa, analoipeviag ta A Kat i Bpiokoupe v e§iomor tou epartopévou erm-
niedou z = 2x 4+ 4y — 5.

‘Acknon 19. Eow f: R — R? Suagopiopn anekévion kat I’ # TO avriotoixo
ypaopnua g. (a) Na Bpebei 0 epantopevog Xmpog KAt T0 EPATTTOPEVO ETTIITE-
8o tou ypagrpatog oto onpeio p = (a,b,c): (B) Na BpebBouv ot kapteoiaveg
e€l000e1g TV mponyoupévev: (y) Na Bpebel n kavr] kat avaykaia ouvOrkn
MPoKeIévou éva w = (wy, wows) € R? va aviikel otov epartopevo Xopo 1
OT0 eparntopevo emninebo oto onpeio p.

Avuon. (a) 'Onwg éxoupe dei oto IMapaderypa 4 ng apaypagou 2.2, 1o ypa-
(PNA KAAUITIETAL A0 TV JoVadiKn apapérpnorn)

r(u,v) = (u,v, f(u,v)), (u,v) € R?,
yla v ortoiav Bpiokoupe ot
ru = (1,0, fu), 1o =1(0,1, fo), ru X1y = (=fu,—fo, 1).
Eropéveg, yia p = (a,b,c) xat ¢ = r~(p) = (a,b), eivat:

T(a,b,c)rf = {/\(1707 fu(a> b)) + /L(Oy 17 fU(a> b)) | )\Hu’ € Rz}
= {(A\ 1, Afula,b) + pfula,0)) | A, 1 € R?}.

ArT 10 aAdo pépog, enedn (a,b,c) €Ty = c= f(a,b),

E(a,b,c)rf = (aa b, f(a7 b)) + {()‘hua )‘fu(a7 b) + ,ufv(aa b)) ‘ Ape R2}
= {(a+Xb+ p, f(a,b) + Afula, b)) + pfola,b) | X, u € R?}.
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(B) H egiowon tou eparttopévou Xmpou oto p givatl n
< (x7 y? Z)? (_fu(a7 b)7 _fv(a7 b)? 1) > = 07

1), 10oduvapua,

z fu(a,b) + yfola,b) = 2.
Avdloya, n §l0wor ToU eQATTTOPEVOU eTIITESOU OTO P eivat 1)
< (‘Ta Y, Z) - (CL, ba f(a7 b))7 (_fu(a7 b)7 _fv(a’7 b)7 1) >= 07
1], 10oduvana,

z= f(a,b) + (z — a) fu(a,b) + (y — b) fu(a, b).

(y) Ao g £§1000€1G TOU EPATTIOPEVOU XWPEOU KA1 TOU EPATTIOHEVOU EMMUITESOU,
€XOUIE aVIIOTOIX®G

w e T(a,b,c)rf & w3 = w1 fu(a,b) +wafy(a,b),
w € Byl & ws= f(a,b)+ (w1 —a)fu(a,b) + (w2 — b)fu(a,b).

‘Acknon 20. Na Bpebei n popdn Kat 1 KAPTEO1Avr] 1000 TOU EPATTIOPEVOU
erunédou [,S g ermpaveiag S mou opidel n mapapétpnon

X(u,0) = ((u+v), (u—v),u);  (u,0) €R?,
otav p = (0,2, —1).
Avon. To onpewo g € R pe x(q) = p eivar o ¢ = (1, —1). Enopéveg éxoupe:

( ( 1 ) XU(Q) :(1 —1 1) ( )XXU(Q) :(07 -2, _2)7
(0,2, —1) +{A\(1,1,-1) + p(1,-1,1) |\, p € R}
={A+pupA—p+2,-A+p—1)|\pueR}

)=
E,S

ATT 10 dAA0 pépog

INpeR:
(z,9,2) = A+ A —p+2, - A+ p—1)
S yt+z=1

(z,y,2) € E,S & {

Zv tedevtaia e€iowon katadrnyoupe BéBata kat arod tmyv

< (ZL’,y,Z) - (0727 _1)7 (07 _27 _2)> = 0.
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‘Aoknon 21. Yrno6étroupe ou (U, r, W), (U, 7, W) eivar mapapetpriosig piag

Kavovikhg erupaveiag S kar p € W N W (BA. oxeukd xat tnv Acknor 14
He toug oupBoAlonoug ng). Av éva w € TS Siverat amo toug ypappuikoug
ouvduaopoug

(1) w = Ary(q) + pro(q),
2) w = Ay(q) + ATy (q),
va EKQPACTOUV 01 OUVIEAECTEG W1, Wo HMEO® TRV W1, W2.

Auvorn. Axoloubwviag v dwadikaocia g Aoknong 14, Bpiokoupe Kat toug
avdaloyoug Turnoug

ou| _ ,_ ov| _
3) ru(q) = @(qm(Q) + 5, qm(Q),
ou| _ ov| _ ,_
(4) ro(q) = 0 qm(Q) + 5 qm(Q)-

Enopévag, péom tav (3) kat (4), 1o deutepo pédog g (1) petacynpatidetal g
egng:

ou

Ary(q) + pry(q) = A [8—

_ .. Ov
o] @+

Ful, 7@
= wulg] @+ 5| Jr@
- q +u%uru(q)
+ [/\%‘q +M% q]ﬂ,(q_)-
Tuykpivoviag v tedeutaia pe v (2) KATAAGYOUpE 0TS
=i, 15,

A

)
q

‘Acoknorn 22. Me 1g uroféoeig Kat toug oUPBoA1Io0US TV AOKoe®v 14 Krat
21, va Bpebei o mivaxkag g addayng v Baocewv {ry, r,} kat {7y, 7y}
Avon. Ao tg (3) kat (4) tng ‘Aoknong 21 rpokUITiet 0Tt 0 Iivakag tng aAAayng
10V Bacewv ivat o

ou| Ou

Bule Bl
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Eneidr) n anewkoévion addayrg GUVIETAYHEVOV

Florr(WNW) — #(WnW),
ypagetat pe v poper)
(u,v) — (ﬂ(u,fu),@(u,v)),
TIPOKUITIEL OTL

A= J,(7F o).

‘Aoxrnon 23. Na Bpebouv: (a) to drapopiko piag otabepnig anekoviong f =
c: S1 — S, kat (B) to 51aPop1ko NG TAUTOTIKAG arelkoviong idg: S — S, oe
TUXOV onpeio Tou niediou oplopov Toug.

AvYon. A Tpoérog: (a) Oswpoupie v otabepr] anewovion ¢: R? — R3. Enedn
f =cls,, ovpgova pe v Mpodraon 2.7.6, 9a eivat (ya orowodrmote p € Sh)

dyf = Dep)lr, s, = 0.
(B) Hapopola
dpids = Dides (p)‘TpS = idRB‘TpS = idTpS-

B Tpénog: (a) Av u € T),S; etvat txoév eparttépevo diavuopa pe u = o' (0),
yua pa dagopion kaprvdn a: (—e, ) — S7 pe a(0) = p, ovpeeva pe tov
op1opo tou Sadopikou Sa eivat

dpf(u) = (f 0 @)/(0) = (co@)(0) = '(0) =0,

apa d,f = 0.
(B) Avddoya,
dpids(u) = (idg o )’ (0) = &/ (0) = u,

apa dyids = id|r,s.

‘Aoknon 24. Av f: 57 — S sivat appidiadopion, 1ot yia Kabe p € S 1oxUsel
1 ox€on

(1) dip) " = (dpf) ™"
Avorn. Oswpoupe 11§ OXEOELg

flof=lids,, war fof '=idg,.
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[Maipvoviag ta Stapopikd toug kat epappodoviag tov Kavova tg Aluoidag,
€xoupe:

dp(f7" 0 f) = dy(ids, ),
(2] = df(p)f_l o pf = idTpsly

Kat avaloya
dyp)(f o f71) = dylids,),
(3) = dyfo df(p)f_l = idTpSQ-

Ot (2) kat (3) 0bnyouv otnv npog artodedn (1).

‘Acoknon 25. Na urtoAoyo6ei 1o 81apopiko g anewkoviong (BA. Aoknon 10)
‘92 > (ZE,y,Z) I (_:Ev —y,—Z) € ‘92

oto onpeio p, = (1,0,0).

Av¥on. A Tporog: ‘'Onwg otnv Aoknon 10 (A’ Tporog), dewpoupe TG rapapie-

TP10E1g
(D(0,1),rf,55) wav (D(0,1),r;,S;),

»yax €T

H£€06 TV Oroimv opidetatl 1 TOINKY) IapActaot)
f=(@;) Y ofort: D0,1) — D(0,1): (u,v) — (—u, —v)
g f. Emiong, mapatnpoupe ot topa
go = ()" (po) = (0,0), G0 = (7)™ (f (o)) = (0,0).

Enopéveg, Bdaoest tou Oewpnpatog 2.7.4 kat ing Hapatmpnong 2.7.5, yua
KAOe
w=X-(rf),0,0) + - (r}) (0,0) = (A, p) € T, 5%,

£xoupe:

s i teror- (- (3 9)-0)

= (=\,—p) = =A(r;),(0,0) — u(r;),(0,0) € T_p, 5.

B’ Tporog: 'Onwg otov I Tpormog tng ‘Aoknong 10, Sewpoupe v dradopion
ATEIKOVIOT)
F: Rg - R3: (ZE,y,Z) = (_:Ev —-Y, —Z),



138 KE®AAAIO 2. KANONIKEY EIIIPANEIEY

ondte f = F|g2. Luvenog, katd v [pdtaon 2.7.6, eivat:

dp, f (w) = DF (po)(w) = —Didgs (w) = ~w € T, 5.

‘Aoknon 26. Na unoloyiotel 1o Siagpopikd oto onpeio p = (0,0, ¢) mg ap-
@81apipiong petay tou eAdeiwoelboug S kat g povadiaiag opaipag 52,
MOU KAataoKeudotnke otnv Aoknon 12. Emiong, va Ppedel 10 Siadpopiko ng

avtiotpopng ouvdaptnong ot f(p).

Avorn. A Tporog: MropoUpie va TIAPOUE TV TOITKI] [ApActaot)

F=0H" ofox:U— D0,1): (u,v) — (%,Z)

Ernopévag, yia oroodnrote w = A - x4, (0,0) + 1+ x,(0,0) = (A, ) € T,,S,

o ()-( 5.0

—(2’5)—2( u(0.0) + £ (),(0,0) € TS

érou o N eivat o Bopetog roAog tng S2.
B’ Tporog: @ewpoupe tnv apdpidiadopion

F:R® —R3: (2,y,2) — <£Q3>7
a b c

onote f := Flg: S — S2. ‘Apa, kata myv Ipétaon 2.7.6,

dp f (w) = DF(p)(w).

'Opwg €80 ypeiadetat 16aitepn ITPOZOXH! T'a va unodoyiocoupe v
tedevtaia mapdywyo, da mpénet va ewprjoovpe 10 w ©g diavuopia tou
R3, apou DF(p): R3 — R3,

‘Etot, av 9¢coune w = (wy, ws, w3) € R3, Bpiokoupe 611

dp f(w) = DF(p)(w) = (JpF) - (w1, w2, w3)"
1/a 0 O wy
= 0 1/b 0 | wa
0 0 1/c ws
_ <ZU1’ZU2”(U3> )
a b ¢
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Ba erPppdooupe TOPA TA W1, W2, W3 HEOR® TOV A, K. IIpwv art autd Bpiokou-
pe 1a Baoka eparntopeva Siavuopata tou eAAenpoeldoug oto P, OG P0G TNV
emeyeioa napapérpnon (U, x). Tuykekppéva €xoupe:

Xu(0,0) = (1,0,0), xv(0,0) =(0,1,0).
Enopévag,
(w1, w2, w3) = Axu(0,0) + x4 (0,0)
= A(1,0,0) + (0,1,0)
= (A p,0),

H€0® NG oroiag n mapandve Ekepacn tou §1adopikou petacxnuartidetat ot

oxéon
w1 Wy W3 A u
d = (—,—,—) = —-=0)>
v/ () b <a b )
rou etvat ) ékppaon tou dp, f (w) wg Sravvouarog tou RR3.

‘Aoknon 27. Av f: S — S eival Stagopiomn anewovion xat (U, r, W) éva
OUOTNA CUVIETAYHREVRV TG S 010 p,, va aroderxBouv o1 ox£oelg

dyFralao)) = PL20| (o)) = 2L

au qo 81} qO‘
Avon. Av S¢ooupe g, = (U, V), Opidoupe v Slapopiotn Kapruin
a: (—e€) — R?: t i aft) = (uo +t,0,)

[AdOy® tng ouvéxelag Tng KAPMUANG o priopoupe va Bpoupe € > 0, €101 wote
a((—e¢,€)) C UL
@¢toupe a = roa Kat p, = 1(¢,). Mapawmpoupe 6t a(0) = (roa)(0) = p,
Kat
o/(0) = [D(r o a)(0)](1) = [Dr(go) o Da(0)](1)
or
= Dr(go)(@'(0)) = Dr(go)(1,0) = 5=

H tedeutaia oxéon onpaivel 011 1 KAUIUADN « UAOTIOLEL TO eparttopevo diavu-
opa 74(qo), ETOpEveg

dp, f (ru(a0)) = (f © @) (0) = [D((f o) o (r~" 0a)) (0)](1)
= [D(f o 7)(g0) © Da(0)](1)
= D(f o7)(40)(2/(0)) = D(f ©7)(g0)(1,0)

= Tu(Qo)-
do
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Ma v 6evtepn oxéon epyaldopacte avaloyda, XP1O0oldvIag tmy Ka-
proAn B(t) = (U, vo + t), omoéte 10 74(q,) VAoTOEiTAl QMO NV KAPIUAN

B(t) = r(B()).



Ke¢dpadawo 3

H xapnudotnta Gauss

3.0 Ewayoyn)

Zto repdaldato autd 9a peletrjooupe pia anod TG ONPAVIIKOTEPES YEDHETPIKES
€VVO1EG, QUTLV TG KAPITUAOTNTAG, 1] OTold TIEPIYPAPEL ~KATA KATIOI0V TPOTTO—
10 «oXnpa» piag emeavelag, dSnAadr) 1o mMOCOo «KAPMMUAG®VETAD 1] ETUPAVELA OTOV
X®pPO.

Mia np®tn CUCTNUATIKY IIPOCEYYION NG KAPIMUASTNTag opeidetat otov
L. Euler kat Baociletatl otov unoAoylopo g Kapmudotntag 61apop®v Kapu-
Awv el piag ermdpAavelag.

'Opeg, OM®S O P1d KAPITUAT, 1] KAPTUAGTTA UrtoAoyidetal péo® tng peta-
BoAng tou np®Tou KabEtou Siavuopatog, £101 KAl OV MEPIMIOON Pag rmda-
VElag, PITOPOUHE va ITPOCS10PI00UE TNV KAPITUAOTNTA NG HEOK NG NETABOANS
TOU avtiotoixou tou kabetou davuopartog, 6nAadr) Tou povadikou diavuopa-
T0G TOU X®MPOU, TO OToioVv £ival KABETO OTOV EPATTIOPEVO XOPO EVOG ONHEIOU
g emgpaveiag. H pébodog autr) opeidetat otov C. F. Gauss kat ektiBetal oto
Yepedwdeg €pyo tou Disquisitiones Generales circa Superficies Curvas, oto
ortoiov avagpepOrrape oAU ouviopa oty el0ayeyr] tou Kepalaiou 2.

Eb¢ 8ev 9a akodoubricoupe v 10topikn e6€AEn. [pwta Sa peAetrjooupe
TV KapnuAotnta pe v (petayeveotepn) pébodo tou Gauss, addd pe mo ouy-
XPOVO TPOITo, Katl KATOT, yla TV MANeotnta, 9a §oupe Kat v mpooEyyion
tou Euler.

141
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3.1 Ka6Oeta Siaviuopata

YroBétoupe 6t divetatl pia kavoviky erupdvela S kat apapétpnorn (U, r, W)
g S oto onpueio p, SnAadn p € W. @éroupe ¢ = 7~ (p).
Av Sewpricoupe tov eparntopevo Xopo 15,5, yveopiloupe ot 1o

ru(q) X Tu(q)

etvat Siévuopa tou R3, kaeto mpog 1o eminedo tov 7, (q) Kat 7,(q), dndadn
KdGOeto TPOg oV epantopevo xwpo 1,5 kabmg xat oto kabeto erminedo L.
YrievBupioupe 6t 1) @opd tou 7,(q) X 7,(q) eivat tétowa, wote 1 tpada

{ru(@),ro(@),rul@) x ro(a) }

va arotedel 9etikd mpooavatodiopévn Pdon ou R3.

3.1.1 Opiopdg. To Hiavuopa

L Tu(Q) XTU(Q) Ty X Ty T‘_l
N = @ <@~ Traxra P

kaleital povadiaio kaOsto diavuopa tng S oto p (unit normal vector at
p). H eubeia mou diépxetat amno 1o p kat eivat kaOetn oto eminedo £, Aéyetat
KaOetn eubseia oto p (PA. Kal 1o oXeUKO Txnua 2.11).

ZUPPEVA JE TOV IPONYOUREVO 0ptopd, erti tou ouvodou W = r(U) opiletat
H1a ametkovion

Ty X Ty

N:W —R3: p— N(p) = (r~(p)),

7w X 70|
1 ortoia, erutAéov, ival diadopioin ®G oUvOeon 51aPoPIoIIEV ATIEIKOVICEDV.

3.1.2 Oplopdg. Kdbe amekovion g poperisc F: S — R3 kadeitar Sravu-
opatiké nedio eni tng S (vector field).

Ar6 1ov tedeutaio oplopo ouvayetal ot r aneikovion N eivat éva  Siago-
plotuo povadiaio kadero dravvouatiko nedio eni tov W.

Ag Sswpricoupe topa pia napapétpnor (U, r, W) g ermugpaveiag S kat myv
ATEIKOVIOT] OUPRETPiag (symmetry)

p: RZ — R?: (u,v) — p(u,v) == (v,u).

H p sivat ypappikog 10opopdp1opiodg, EMOPEVOES 0H0100pP1o10G Kat apgidia-
(POP10T1] TOU ETIITESOU OTOV £QUTO TOU, HE p‘l = p, 4pa 10 oUVOAO

U :=p(U)
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eivat avoiyto uroouvolo tou R2. Opidoupe KAl TNV AMIEIKOVIOT)
ri=roplg: U — W =r(U),

IOV £1val OP010P0pP1o10G WG OUVOEDT) TETORV, KAl d1adopioijin Pe OnPEaKO
S1apopiko tagng 2, o KABe onpueio tou nediou oplopoy mg. Apa n 7 opilet
pia (2-61dotawm) napapétpnon g i6ag smgaveiag S. Eow p € W rat
q=7r"1(p). ®toupe 7 := p(q) = 7' (p). Twa Vv véa apapérpnon eivat

7u(q) = [D(r o p)(q](e1) = [D(r(q) o D(p)(q](e1)
= D(r(q)(p(e1)) = D(r(q)(p(e2)) = 74(q),

Katl avaloya,

mo (@) = Tu(q),
N(p) =r4(q) x ru(q) = =N (p),

]

~—

dapa 1o povadiaio kabeto diavuopa oto p, ou opidel ) MAPAPETPNON (U, T, W)
etvat avtibeto tou apyxikou N (p).

Am6 1ta Ponyoupeva IPOKUITIEL OTL

kade napaueronon (U,r, W) opiler naviote omv ewcéva W = r(U) éva
btagpopioo povadiaio kadero dravvouatiko medio.

[Mepippaoctikd, €va 1€to1o niedio kabopiel old mMAeupd NG ermPavelag ivat n
"mave" Kat mnoid n "Kate".

'Eva Baoikd epotnpa eivat av eaopalidetat n Urtapdn evog t€to1ou nediou
oAkd, 8nAadr) oe 0AOKAN P TV ermipdavela S. Auto dddote eivat Suvatov, orwg
otV Iepinmeorn mg opaipag, kat didote Ox1, Onwg oty tawvia tou Mobius
(Mobius band), mou anewovi¢etat oto Exnua 3.1 g emopevng oeAidag. Ag
Soupe T oupBdavel ¢ AUV TNV EMPAVELWD : AV SEKIVHOOUHE A0 £va OnHEio
P G tawiag Kat v dlarpéfouiie Kivoupevol KUKAKG, diatobnukd PAénioupe
Ot1, enavepXdpevol oto p, 10 apXko Kabeto diavuopa N(p) 9a £xer aAAdget
@opd xat Ya éxet yivet —N(p). Autd onpaivel ot dev urdpyetl 0Akd dago-
piopo niedio N, apou n ouvexelda tou (Adyw drapopiopdtntag) dev ermrpérnet
aAdayr) tou nipoonpou. Iepippactirdg, 9a Aéyape 611 6 authv Vv ermupaveld
Sev propouiie va ermggoupie tny "mAve" 1] "KATe" MAsupd g ermdpAavelag.

Av untapyxet €va 0A1ko povadiaio kabeto dragopiopo Siavuopatiko nedio

N:S —R?

Aépe ou ) ermugavela S eival mpooavatodiowun (orientable), kat 1o 0AKO rie-
6lo N eivai évag npooavatoAiopdg (orientation). Agidet va onpeiwbei ot av
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UTIAPXEL £€VaG MPOCAVATOAITHOG OTIRG O AVATEP®, TOTE KAl 1] aviiBetn aneiko-

vioT)
~-N:S —R?

elvat emiong npooavatoAiopog tng S.

z

Nl

Zxfpa 3.1

3.1.8 Mapadeiypa. T povadiaia ogaipa S? ewpoupe v napapétpnon
(D(0,1),rF,SF) tou Mapadeiypatog 3, g §2.2. Ta kdbe ¢ = (u,v) €

sz

D(0,1) xat p = rf (u,v) = (u,v, V1 —u? —v?), etvar

) = (10, ).
) = (0.1, ).

orote
N(p)=p, peS; .
O 1ponyouUpevog TOTIIKOG IIPOOAVATOALOHOG eMeEKTelveTal o pia oAk Stago-
plown anewkovion
N:S* —R*: p— N(p) =p,
dpa n S? eivatr mpooavatodiomn. Tuxvd, yia TEXVIKOUG AGYoug, ermAEyoUpE
tov ripocavatodioud — N tng opaipag.

EPQTHZXH: ITo16v pocavatoAiopd opidouv ot dAAeg mapapeIproelg g opai-
2
pag S*4;



3.2. H IIPQTH ®EMEAIQAHY MOP$PH 145

3.2 H npotn depeArodng popdn

Eibape ot o epartopevog xwpos 1,5 mg S oto p € S eivatl €vag ypappikog
X0pog, uridxwpog tou R, Sidotaong 2. Enopéveg, o meploplopos t0u ou-
VI100UG £0RTEPIKOU yvopévou < , > tou R? eri tou T,S eivatl éva e001EPKO
ywopevo tou 7),S, ou Sa oupBoAidoupe pe <, >,. Enopévag,

< wi,wp >p =< Wi, W >, Voowir, wy € T,8.
AT 10 E0®TEPIKO YIVOEVO
>pt TS xT,S — R
KATAOKEVALETAL 1] TE0AYOVIKY HOP P
L: T,S — R:w i Ly(w) = (< w,w >,) = ||w|?.

3.2.1 Opopog. Hterpayevikn) popdr) I, Aéyetat npaotn 9epeAiddng (tetpa-
YOViKkY) popdr g S oto p (first fundamental form).

Ag Sewpriooupe wpa pia napapétpnon (U, r, W) wmg S pe p € W rat
q= r_l(p). 'Hén yvepidoupe 6t ta Staviopata

or __Or

mwwzaz, m@=—%
q q

anotedovv Bdon tou 1,S. Av napoupe 600 oroladrinote eparttdpeva Savu-

opata
w; = Niru(q) + piro(q); 1= 1,2,

tote Sa eival

<wi,we >p =< M7y(q) + pro(q) s Aeru(q) + pare(q) >
= MA2 < 7u(q),rulq) > F(Arp2 + Aopr) < 74(q),70(q) >
+ papz < 1o(q),mo(q) >

[Brartépag, av w = Ary(q) + ury(q), Bplokoupe ot

L(w) = w|? = <w,w>=

=N < ru(q),ru(q) > 4221 < r4(0), 70 (q) > +1° < 10(q), mu(q) > .

Av 9¢éooupe
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naipvoupe T1g eKPPACELS
(3.2.1) L(w) = N2E(q) + 2\uF(q) + 1*G(q),
(3.2.2) <wi,wy >p= AMAE(q) + (Ap2 + Aapn) F(q) + pa1paGo(q).

Enopévag, n npotn Sepediwdng popen I, kat 1o eontepikod ywvopevo <, >,
kabopilovtat mMinpeg and ug noodtnteg E(q), F(q) kat G(q).

3.2.2 Opropog. Kaloupe 9epeAiddn peyédn 1ng taing tng S ovo p (first
fundamental coefficients) tg roooues E(q), F(q) kat G(q).

IMapatnpoupe ot n 1n 9epeAdiwdng popdr] sivat ave€apintn mg dewpou-
Hevng rapapétpnong, eve ta Sepedinwdn peyedn eaptoviat and my (U, r, ).
Eruréov, av aprjooupe 10 ¢ = (u,v) € U va petaBdddetal péoa ot U, ta
Sepehiwdn peyédn E(u,v), F(u,v) kat G(u,v) opidouv diapopiopeg ouvap-
) oE1g

E F,G:U— R.

@a Soupe pa plav dAdn ékgppaon tou I, n omoia eivar xpromn oe
moAAEG Tepurttwoelg. Ivwpidoupe ot (BA. anddedn Oswprjpatog 2.6.2) éva
eparntopevo Siavuopa w € 1,5 propet va ypagtet pe mv popor)

w = [Dr(g)](h) = &/ (0),
yia karoo h € R? xatpe a = 70 3, 6mou f(t) = th+q, t € (—¢,¢), ya ¢
katddAnda pikpo étot wote B((—¢,¢)) C U. Enopévag,

w = [Dr(q)](h) = [Dr(q)](5'(0)).

Eneidn) n [ naipvet tipég oto U, propoupe va ypawoupe ot 3(t) = (u(t), v(t)),
apa f'(t) = (W' (t),v'(t)). Zuvenog,

w = [Dr(q)](h) = [Dr(¢)](5'(0))
= [Dr(q)](u'(0),v'(0)) = [Dr(q)](u'(0)er + v'(0)e2)
= u/(0)[Dr(q)](e1) + v'(0)[Dr(q)] (e2)
, or , or
O g
= u'(0)7u(q) +v'(0)74(q)
du dv
= E Oru((]) + E OTU(Q)a

orote o turog (3.2.1) maipvet tyv popdr)

du dv
_(du
\ dt

)=

Ip(w) EIP<E 07E

J o () (5

(3.2.3)

0)2 Gla).
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AT vV TIPONyoUEVH OXEOT) TIAIPVOUE TNV OUHBOAIKI £K(PPAOT)
ds? = Edu® + 2Fdudv + Gdv?,

TTOU OXETI¢ETAl 1€ TO OTOIXEIRNOeS PKOG (BA. 116 KAT® TNV €vvola ToU PUHKOUG).
Oad arropuUyouHEe OP®G TNV XPH O NG VATl Pmopel va 0dnynoet o mapavoroeig
) AdOn.

3.2.3 IIpotaon. Ioyvouv ot oxEoelg:

() |re X || = VEG — F2,

(i) E>0 G>0, EG—F?>0.

Amnobeiln. H (i) eival anotédeopa g yvootng oX€ong

2 2 2 2
[ru X rll* = |lrull® - [Iro "= < 7wy 70 >
Kl TOU 0p1lopou tev peyebov E, F, G.
Enedn) ry, 1y KAl 1y, X 1,y €ival d1agopa tou 0, POKUITIOUV 01 YVHOIES
aviootnteg g (ii). O

Méow 1oV Sepedindov peyebmv propoupe va uroAoyiloupe unkn, yovieg
Kal gu6add mAave oe ETTPAVELES.

'Eow 6u a: [a,b] — W eivat pia diagopionun kaprnudn. @a ekppdooupe
1a epartopeva S1avuopatd g OG OTOLXEId AVIIOTOIX®V EQATITOPEVOV XDPRV
g erugaveiag. 'Etot, enedr) a« = r o = r o (u,v), orou

B=(u,v) =rtoa:[a,b — U

eivatl Stagpopion emninedn kapmuAn, £Xoupe

[
= [Dr(B(t)) o DA(H)](1)
= [Dr(B()](5'(t))
= [Dr(B(t)](u'(t),v'(1))
=/ (t)ru(B(1)) + ' (t)ru(B(2)),

dnAabdrn), kataAnyoupe ot ox€on

o/ (t) = u'()ru(B(1) + o' (O)ru(6(1))

Aro TtV Oroia CUUIEPAIVOUHE OTL

(3.2.4) o' (t) € TraeyS = Ta)S;
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apa [Baoet ing (3.2.3)]
[/ () = Tagy (o () =
= u'(t)*E(B(t)) + 20/ (V' (1) F(B(1)) + ' (t)*G(B(t))-

Bdoetl tov avetépw, 10 PRKROG (togou) piag diadopioung (Kavovikrg) Ka-
HrAng a: [a,b] — W bivetat ano v oxéon

(3.2.5)

b
L(a) = / o’ ()|t =

(3.2.6)

b
=/ VU (O2B(B(t)) + 2u' () () F(B(t)) +v'(1)2G(B(2) dt.

Ia 6vo davuopata wi, wy € 15,5, 1 yevia § nou oxnuati¢ouv urodoyide-
1al, ®G oUvHO®G, Ao TNV OXEoT)
<wy,wy > < wi, w2 >p

(3.2.7) cosf = =
[[wa[[[we]] Ip(wr) - Ty(wa)

Av £€xoupe 600 kKavovikég Sragopioeg kaprmudeg a: [ — S kat B: J — S
rou tépvovtat oto p € S, dnAadn undpyouv t, € I kat s, € J térola dote
a(ty) = B(se) = p, 0t opiletat  yevia § tov Kaprudov autov, oto ev Adym
onpeio, PEO® ¢ yoLIiag OV TaxUTHIOV Toug, dnAadn péow tng oxéong

/ / / /
(3.2.8) cosf = <a (to)’ﬂ (30) >p _ < (to)aﬂ (30) >p

o/ B ()l /(@ (%)) - L(B (s0))

ISattépwg, av o1 a kat § eival o1 Kapmudeg cuvietaypévev tng 8oopévng
napap€rpnor) 7, tote
_ <rlgr@>_  Flg

Iru(@) o (@) E(q)G(q)

(3.2.9) cos 6

[Tapawmpoupe ot
Ty L1y & <ry,r,>=0 < F=0.

Mua napapétpnon pe F' = 0 kaAeitat opBoydvia (orthogonal parametri-
zation).

'Eoto topa K C W évag gpayuévog t0mog urtocuvodo g S. To epBadov
tou K (area) divetatl aro tov turo

A(K) = //rl(K) l7e (u, v) X 7y (u, v)||du do.
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Aoyw g oxéong (i) ing [potaong 3.2.3, tedikd 1o epBadov tou K diverat arod
TOV TUITO

(3.2.10) AK) = ffrl(K) VE(u,v)G(u,v) — F(u,v)? dudv.

3.2.4 Hapatnprostg. 1) Av n ewkéva W piag napapétpnong (U, r, W) kadu-
Itel OAOKATN PN TV erupavela S wAnv evog ovvoiou unbdevikov eubadou (Tu.X.
MANV J1ag YPAPHng 1) HEPOVOUEVROV onpeinv), tote to epBadov tou W ouprti-
ITtel pe to gpBadov 0Ang tng S.

2) Av 10 ouvodo K Bev mepiéxetal 0AOKANPO 0g €va CUCTIIA OUVIETAYHE-
vav, 1o Siapepiloupe 0g UTTIOCUVOAA TIOU £€XOUV AUTr] TV 1610T1d, KAl UTIOAO-
yidoupe ta empépoug epBada.

3.2.5 Mapadeiypata. (1) Ag Yewprjooupe v M@PAVEId TOU KATAKOPUGHOU
(1} opB0Y) KUAiIVEpou (cylinder) axtivag 1

K=S8'"xR={(z,y,2) e R® : 22 +¢*> =1}.
Mua napapétpnon tou K diverat and v tpada (U, r, W) pe

U = {(u,v)|u € (0,27), v € R} C R?,

r:U— K: (u,v) — r(u,v) := (cosu,sinu, v),
TTOU TOV KAAUTITEL OAOKANPO, EKTOG A0 Hia Yeverelpa. APEowms PAEOUPE OTL
ry(u,v) = (—sinu,cosu,0) watr 7,(u,v) = (0,0,1).
Enopéveg, yia kabe ¢ = (u,v) € U, éxoupe

E(q) = <ru(q);7ulq) >p
< (—sinu, cos u,0), (— sin u, cos u, 0) >

= sin?u+4cos?u+0=1,

F(g) = <ru(g),mv(q) >p
= < (—sinwu,cosu,0),(0,0,1) >=0,
G(Q) = < TU(Q)J‘U(Q) >p=< (0707 1)7 (07 0, 1) >=1

Ot tipég autég npoxurttouy yla kabe g € U, apa
E=1, F=0, G=1,

(otaBepng), apa n napanave napapétpnorn tou Kulivdpou eival opBoyovia.
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2) Ag mapouype 1o entinedo 11 tou [Mapadeiypatog 2, §2.2. Mapaywyidovrag
HEPIK®G TNV MTAPAHPETIPN O] TOU, £XOUME OTL

o= (10-5). n-(01-2).

)
E(g) =1+ <é>2, F(Q):g—fa Glg) =1+ <§>2,

A\? AB B\?
E=1+(2 F=22 a=1+(2).
+<C>’ cz © +<c>

TV 16aitepn nepintwon tou erurnédou z = 0, eivar A = B = D = 0 xat
C =1, apa

o110TE

Kat teAKka

E =1, F =0, G=1,
dnAadn 1o eninedo auto €xet ta id1a JepeAdimdn peyedn e tov KUAWSpPo. Auto
pag odnyet otnv endpevy Baociky) apatrpnon :
Ta 9epeirdn peyédn 1Ing talng dev mpoobiopifouv, amod pudva Toug, THU
empavela.
IMa tov unodoylopod tewv epBadov g odpaipag Kal g oreipag maparé-
HIOUHE OTIG AUPEVEG AOKI|OEG.

3.3 H ancikovion Gauss

OewPOUNE H1a TIPOoAVATOAOUEVT] erPAveld S KAl TOV MPOCAVATOAICHO TG
N: S — R3 Enedn kaBe N(p) eival povadiaio Sidvuopa, prmopolpe va
Sewpriooupe ot n N eivat anekovion g popPprg

(3.3.1) N:S— §2

3.3.1 Opopog. H arnekdvion (3.3.1) kadeital aneikovion Gauss (Gauss
map) tng S.

3.3.2 IIpotaoy. H ancucovion Gauss sivar dtagopioyn.

Anobein. Apkel va deifoupe ou yia kabe napapétpnon (U,r, W) wmg S, n
TOTUIKI] TTAPACTACT)

Nor:U —R3
etvat Stagpopiompn. Ipaypat, yua kabe q € U, eivat

ru(q) X T4(q)
(Nor)(q) = ’
I7u(q) X ro(q)]
1 ortoia £ivat mPoPpaveg dl1aPpopioljin areIKovion. O
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E@ ocov n N eivatl diagopiourn, opiletat Kat 1o 51adpopiko tng
(3.3.2) dpN : T, S — Ty () S,

oe kaBe onueio p € S. O epartopevog xopog 15,5 eivat o (povadikog) 2-
Srdotatog unoxepog tou R3, mou eivar kabetog oto Sidvuopa N (p). Amo
10 aAAO PEPOG, AIO KATAOKEUT], KAl O eparttopevos Xopos Ty y) S? etva 2-
Sraotatog unoxepog tou R3, kat eival kabBetog oto Sidvuopa 9éong (aktiva)
tou onpetou N(p) € S%. Enopévag ot xopot 1,5 kat TN(p)52 givat 8uvo
ermineda rapadAnia petagy toug (wg kabeta mpog 1o N (p)) Kat £€Xouv KOO
onpeio to 0, dpa ouprintouyv, dnAadn)

(3.3.3) T S* =T,5,

omote 1 (3.3.2) propet va SewpnBet ot elval anelkovion g Lopeng

(3.3.4) d,N:T,S — T,S.

To rponyoupievo S1apopikd oUuotaotika ekPpadet tov tporto petaBoirng tou N,

EMOHEV®MG, KATA KATIO0V TPOTIO, TEPLYPAPEL TO "oxnua” g ermpdavelag.

3.3.3 Oplopdg. H aviibetn g anekoviong (3.3.4), 6nAadn o tedeotng
—dpN: T, — T,S

Kkaleital teAsot)g oxnfpatog tng S oto p (shape operator).

‘Eow wpa ma napapétpnon (U, 7, W) wg S pe p € W. Twa va urno-
Aoyiooupe TG ewoveg tov w € 1,5 péow g d, N, apkel va Bpolpe TG e1KOVES
OV Bacikov Stavuoudatev 7, (q), 7 (q), érou ¢ := r~1(p). Ta 1o okord autd

XPTO1OIIOI0VE TG KAUIUAeg o« = 1 o & Kat 3 = r o 3, érou
a(t) = (up +t,v,) war  B(t) := (o, vo + 1),

avuotoixwg, pe (Up, Uo) := ¢q (BA. Aoknon 28, Kep. 2). Eropéveg, arnd tov
Op1opo 2.7.2 1ou 61apopikoy £XOUNE:
dpN (ru(q)) = dpN(d/(0)) = (N 0 a)'(0)
= (Noroa)(0) = [D(N oroa)(0)](1)
= [D(N or)(@))(a’(0)) = [D(N or)(q)](e1)

_O(Nor)
N ou a
Avaloya Bpiokoupe ot
_O(Nor)
dpN(r4(q)) = o .
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YupbBoAika 9étoupie

__O(Nor) __O(Nor)
(3.3.5) Nu(q) == ~u q, Ny(q) :== 5 q,
OTIOTE, TEALKA,
(3.3.6) dpN(ru(q)) = Nu(q), dpN(rs(q)) = Nu(q).

3.3.4 @zopnpa. O teieotric oxnUarog eival autoouluyng (7} CURPETPLKROG)
(self-adjoint), énAadn, yia omowadnmote davvopara wi,ws € 1,5, woxver n
oxeon

< —de(wl),wg >=<w, —de(’LUQ) > .

Amnddeiln. Tlpopaveg, apkel va deixOetl ot
< de(wl), wy > =< wi, de(’wg) >,

&nAabdn ot o avtibetdg tou —d, N eivat auvtoouiuyrg. Emiong, apkei va a-
robeBei 1 avetépe oxéon yla txovoa Paon {wi, ws} tou T,S. Enopéveg,
apkel va aroderyOet o1

< dpN(ru(q)),mo(q) >=<7u(q), dpN(rs(q)) >,
1), oupdeva pe v (3.3.6),
(3.3.7) < Nu(q),70(q) > =< ru(q), No(q) > .

Erneién
N(r(q) L ru(q), m0(q); VqeU,

ywa g ouvaptijoelg N o 7, 1, Kat 7, 10XUEL 0Tl
(3.3.8) <Nor,ry >=<Normr, >=0.

[Mapayeyidoviag v < N o r,r, > = 0 g 11pog v, £XOUNE:

0
0—%q(<Nor,ru>)—
__O0(Nor) ory
—<Tq,ru(q)>+<(Nor)(q),Wq>.
B<tovtag
(339) r ()_% —2 g — 82T
o Uuq'_@vq_avq ou _8v8uq’
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Kat xpnowponowoviag ug (3.3.5), n mponyoupevn oxéon petacxnpatidetal otnv
(3.3.10) < Ny(q),ru(q) >+ < (N o7r)(q), ru(q) >=0.

Avdldoya, napayeyiloviag v < N o r, 1, > = 0 &g ripog u, Bpiokoupe 6T

(3.3.11) < Nulq),mo(q) > + < (N or)(q),Tuw(q) >=0.
Ene1dn

O%r 0%r
(3.3.12) Tuv(q) = 9uds |, =~ Bdu, rou(q), VqeU,

o1 (3.3.10) kat (3.3.11) odbnyouv otnv

< Nu(q),rv(q) >=< Nv(Q)aru(Q) >=< Tu(Q)an(Q) >,
mou eivat n {nrovupevn. O

ZUpgeva pe v Yeviky dempild 1oV autoouluymv TeAe0T®V, UMTApXEl pid
opBokavovikr) Baon {wi, wa} tou 1,5, tétoa wote

(3.3.13) —de(wl) = kiwy —de('wg) = kows,
pe k1 > ko. Ipogaveg ta wi, we etvat thodiavvouata tov —d, N xat kq, ka ot

avtiotoixeg hotpés. Enopévag, o mivaxkag tou —d, N, g ripog v opboxa-
vovikr] Baon {wq,ws} eivat o

ki 0
5518 (50

3.3.5 Oplopog. Ot W6otpég ki, ko kadouvialr RUPLEG KAPMUAGTNTES THG
S oto p (principal curvatures), eve o1 kateuBuvoelg mou mpoodiopidovial
arno ta 16odlaviopata wi, wy Kalouvial Kipleg xateuduvoelg g S oto p
(principal directions). Iiaitépwg, kadeitar kapnuAdtnra Gauss tng S oto
p (Gaussian curvature) n rmoootnta

K(p) := kiko = det(—d,N) = det(d,N)

Kal péorn kapnuddtnta tng S oto p (mean curvature) r ocotnta
1 1

3.8.6 IIapatfpnon. Av avti tou nipooavatodicpou N miapoupe tov — N, 10t
o tedeotng oxnuatog ivat o d, N pe 161otpég —k; kat —kg. Zuvenog n Ka-
prudotnta tou Gauss 9a peiver i61a, adda n péon kaprudowmta Sa arddaget
onpeto.
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3.3.7 Opiopdg. Eva onueio p € S Adyetat

—&gMewmurse, av  K(p) >0
—unepBoAkd, av K(p) <0
— napaBoAkd, av (p) =0 pe d,N #0
— emuned1Ko, av (p) =0.

i

p

H peAén tov onpeiov tov Iponyoupéveay popdav £xet dlaitepn onpaocia
yla v ped€nn tng ermpavelag, SePeuyel OPG Ao TOUG OKOTTOUG TOU MAPOVIOG.

3.4 H 8evtepn IepeArddng popon

3.4.1 Opopog. 'Eotw S pia mpooavatodiomn rkavovikn smgdvela kat N
évag npooavatoAlopog mg. Ovopdaloupie devtepn YepeAddng popor tng
S oto p (second fundamental form) tnv telPaAY@VIKT PLOPPT] TIOU AVIIOTOLXEL
otov autoouduyn tedeotr) —d,N : 1,8 — 15,5, dndadn v teTpayevikn poper)

(3.4.1) I,: 7,8 — R: w — I (w) := — < d,N(w),w > .

@eswpoupe Vv opboxkavovikyy Baon {wi,ws} xat ug oupég kq, ke tou
avtoouduyoug tedeotr) —d, N. Tdte, av ndpoupe tuxov diavuopa w € 15,5 pe
|lw]| = 1, propoupe va to exkPppdooups Pe TV POPPT)

w = wy - cos B + wy - sin 6.
Enopévag, unodoyidovtag v II, oto w, Bpiokoupe ot

I)(w) =— < d,N(w),w >
=< —dpN(w; - cosf + wy - sinf), wy - cosf 4+ wy - sinf >
=< ky-cosO-wy+ ko-sinf-wy, wy-cosf + ws -sinf >
=k - cos?0- < wy,wy >+ ko -sinfcosf < wy, wy >
+ Ky - cosfsin b < wy,wy > + ko sin® 0 < wa, wy >
= ky cos® 0 + ko sin? 0.

dnAadn katadnyoupe otnv

(3.4.2) IL,(w) = ky cos? 0 + ko sin? 6.

H oxéon (3.4.2) eival yvoot og Tonog tou Euler (Euler’s formula) xkat
nipoodiopidet tv tpr g II, enti tou povadaiov xkUKAoU. Ao v popdn auvtr
etvat gavepov ot ot ki kat ko etvat ot akpotateg tipég g II, ota povadaia
Otavuoparta.
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Mud dAAn ékgppaon tou I, mpoxurntet pe tov akéAoubo 1péTo: ‘Eote tuxov
w € T),S. Enedn w = Ary,(q) + pry(q), £xoupe 6t

I)(w) =— < d,N(w),w >
= — < AdpN(ru(q)) + pdpN(r4(q)), Aru(q) + pro(q) >
= — < ANu(q) + uNo(q), Aru(q) + pro(q) >
= A% < Nu(q),7u(q) > =AM < Nyu(q), mo(q) > —
— Mt < Ny(q),ma(q) > —pi® < Ny(q),m0(q) > .

Ab6yw g (3.3.8), n mponyoupevn petaoyxnpatidetatl oty

I, (w) = =X* < Ny(q), ru(q) > —

(3.4.3) 2
=2 < Ny(q),ro(q) > —p* < Ny(q),r0(q) > .

®<toviag topa

e(q) == — < Nu(q),u(q) >=— < dpN(ru(q)),ru(q) >,
(3.4.4) f(@) == < Nulq),rv(q) >=— < dpN(ru(q)),ro(q) >
o == < Ny(q);rulq) >=—< de(rv(Q))aTU(Q) >,
9(q) == — < Nu(q),m0(q) >=— < dpN(rv(q)),m0(q) >,
n (3.4.3) naipvet v teAKn popdr)
(3.4.5) I, (w) = Ne(q) + 22 uf(q) + 12g(q).

O1 Sagopioeg aneikovioeg e, f,g: U — R kadouvial 9epeAicddn peyébn
216 tafng g S (second fundamental coefficients) kat e§aptvrat amnd v
niapapétpnon (U, r, W).

TMa myv mAnpotmta 9a avapepoupe Katl KAmoleg aAAeg ekppdoeig v e, f
Kdl g, TIOU €ival TIOAAEG POPESG TTI0 EUXPNOTEG A0 auteg tov (3.4.4). Ta tov
oxkord auto napaywyifoupe v < Nor, r, > = 0 ©g 1pog u, orote naipvouyie
v

O(Nor or
<g,ru>+<Nor,—“ >=0.
ou ou
®<toviag
N Ory
uu T 8“ b
£youpe ot

(3.4.6) e=—<Nyry>=<Norry, >.
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[Mapopola, napaywyitoviag myv < N o 7,1, > = 0 0g 1pog v, maipvoupe

<M,ru>+<Nor,%>:0.
ov ov

AapBavovtag urt oy v (3.3.12) Bpiokoupe v
(3.4.7) f=—< Nyry>=<Norry>=<Norry >.

TéAog, napayeyiloviag v < N or, 7, > = 0 &g 1ipog v, naipvoupe

O(Nor or
<g,rv>—|—<Nor, > =0.
ov ov
B<tovtag
ory
Toy = %
Bpiokoupe o1
(3.4.8) g:=—< Ny,ry >=< Nor,ry > .

Enedry 1o N(p) eivat 1o (Kavovikoroinpévo) e§oteptkd yivopevo v 7, (q)
Kat 14(q), 1a £001EPIKA Yvopeva ta oroia spgaviovial otoug apandve tu-
roug (3.4.6)-(3.4.8) eival piktd yvopeva, dpd KATAANYOUHE OTNV EMOEVT)
Hopdn v depediwbov peyebwv 2ng taing (6mou mapalesirmoupe v peta-
BAn) q):

[ru Ty Tuu] [Tu Ty Tuu]
e=< Norry >= = ,
“ |70 X 70| VvVEG — F?2
[Tu 7o Tuo]  [u 7o Tun)
(3.4.9) =< Norry >= = ,
! “ |r x|l VEG — F2
[Tu Ty Tvv] [Tu Ty TUU]
=< Norry >= = .
g v |re x ro|| — VEG = F2

H biagopa tov wnwv (3.4.4) and toug (3.4.9) givar mpogavng: ot mpwTol
eupavifouv g uepucés napaywyovs (I1ng talng) tov N kat g r, eve ot
teflevtaiol eugavifouv g Ueptkes mapaywyouvg (Ing kar 2n¢ taéng) uovo
wme r. H mpotiunon yia v ypnon mg wag 1 me ading ouadag efaprarat
amno 1o mwoéco moAvmAokn elvar n uop@n ou N Kai v 1y, 1y (0TMoTE Kat o
UTOf10yI100¢ TOV aVTIOTOL(®V TTapaywy®v Toug givatl emiong moAUnTioKkog).
Enousvag, 9a smifcfoupe toUC TUMOUG EKEVOUSG TOU TPOKUTTIOUV UE TNV
evukojlotepn duvat) mapaywylon.

O1 Sepedwbelg PopPég 0UCIAOTIKA TTPOCGO10p1{OUV TOTUKA TNV EMPAVELD.
[T16 ouykekpippéva (XOPIg va PoX®P|00UTIE O AETITOPEPELEG), 10XUEL TO O€-
PeEA®deg Ospnpa twv Emgaveidv, cuupova pe 1o oroio av divoviat



3.5. H KAMITYAOTHTA MEXQ TQN ®EMEAIQAQN METE®QN 157

tpeg ouvaptoes F, F, G tang touddyiotov C? kat tpeig ouvaptioes e, f,
¢ ta€ng touddxiotov C1, pe medio opropov éva avoxtd U C R2, étot dote

i) EG-F*>0,E>0,G>0,

ii) ta E, F, G; e, f, g Iravorolouv kataAAnleg oxéoelg oupBiBaototntag

(tig Aeyopeveg eglowoelg Gauss kat Mainardi-Codazzi),

61e undpyetl ovotua ouvtetaypévev (U, r, W), e r ta&ng touddyiotov C3,
oo wote ta (E, F,G), (e, f, g) va eivat ta 9epediodn peyebn g 1ng kat 2ng
1a€ng, avrotoixwg, rmou opidovtat amod v r. H ewwdva W eival povoorjpavia
OP1OPEVT), EKTOG ATTO TNV J€01 G OTOV XWPO.

IMa Aertopépeteg apanépnouvpie ot BiBAoypadia.

3.5 H rapnuldotnta pEo® TV A0SOV peyebov

TKOIOG Pag OTa endpeva £ivat va rmpoodlopicouie TV KAPMTUAGTNTA HECR TRV
Jepedwdav peyebwv. Eidape mponyoupéveg 6tt av Semprjooupe tov mivaka
tou autoouduyoug tedeotr| —d, N : 1,8 — 1,5 @g 1ipog v opBokavovikn) Bd-
on {w1,ws} tev 181061avuopdtey ou, tdte £xel v dayovia popdn (3.3.14),
eve 1 Kaprudotnta Gauss Kat 1 Yo KAPMUAOTNTA MAipVOUV aviloTiX®g 1)

popen

ki + ko 1

K(p) = kiky = det(—dp,N), H(p)

Av aAAd§oupe v Bdon tou 71,5, addddet n popen tou mivaka (3.3.14)
aAAa Sev ernpeaetar n opi¢ouvoa det(—d,N) = det(d,N), oute 1o ixvog
tr(—d,N) = —tr(d,N). @ewpovpe Aoutov tov mivaka A(p) tou d, N og rpog
v Baon {ry(q),m,(q)}, mou eodyetat and pa napapérpnon (U, r, W). 'Eocte

(3.5.1) A(p) = < an(a) - ar2(q) ) :

az(q) az(q)

Ot ouvietaypéveg Tou mivaka opidovrat aro tig wootnteg [PA. oxéoeg (3.3.6)]

Nu(q) = dpN(ru(q)) = a11(¢)ru(q) + a21(q)rs(q),
Ny(q) = dpN(rv(q)) = a12(q)ru(q) + az2(q)rv(q).

Agrvovtag 1o ¢ va petaBdAdetatl péoa oto U, naipvoupe ot

—e =< Ny,ry > =< a117y + a217y, 7y >=ann bl +an F’
—f =< Ny,mp > =< anry + a7y, 7y >= a1 F + anG
—f =< Ny,ry > =< a1ary + a2y, 7y >= a12F + axnF
—g =< Ny, 1y > =< aiory + a7y, 7y >= a12F + a2G
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Ot TPONYOUHEVEG 100TNTEG ATTOTEAOUV £va OUCTNHA TECOUPRV E§10W0EDY HE
TE00EPELS AYVWOTOUG, TTIOU £Xel akpl8ag pia Avon [BA. kat [Ipotaon 3.2.3(ii)]

_ fF—eG _ eF—-[fFE
ailr = > a1 = ’
EG — F? EG — F?
_ gF—fG _ fF—gF
a2 = > a2 = .
EG — F? EG — F?

'Evag armAog untoAoy1opi0g anodetkvuet ot

E F\'/e ¥
052 e (EEY (50,

Ao mVv popen (3.5.2) tou A mpoxurtel apeong ot

K =det(—A) =det A
-1
:det<<1€ g) )det(? ‘§>
e f
det<f 9> _eg—f?

E F\ EG-F¥
det(F G>

dnAadn £xoupe Vv ernopevn ekPppaon g Kapmnudotntag Gauss

_eg— f?
(3.5.3) K= pi— s

[Mapopouq,
1 1

1
= —§(a11 + a)
1 eG-2fF +gE

2 EG — F?

dnAadn n péon KapmuAotnta naipvet ) Hopen

(3.5.4) H=} G2 Aob,
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Agou eival yvootr) n popdn tev a;;, uropei kaveig va emavéABet otig e§t-
O®MOELG TOU OPLOP0U TOUG, KAl VA ITAPEL TIG OXEOELS

fF —eG el — fE
PGt BG - 2
gF — |G JF—gE
EG_r2 T EG_

(3.5.5) Ny = a11ry + a1y = Tv,

(3.5.6) Ny = a127y + agary =

Ot tedeutaieg ival yvootég og e§lomoelg Weingarten.

Ag mapatnprjocouvpe 6w ot av eivat yvootég ot K kat H, ot kUpieg Ka-
HITUASTNTEG PITOPOUV VA UTIOAOYIOTOUV w¢ Pideg tng SeutepoBabpiag etiowong

22 —2Hz + K = 0.

Avaxkepalaiwvovrag, BAEroupie 011 PIopouE va 1pocdlopicoulie TV KAapItu-
Adtnta Gauss K (p) xkat tnv péon kaprwdomnta H (p) pe 8Uo tpomnoug:

(a) Xpnowornowwviag toug turnoug (3.5.3) kat (3.5.4), nou ekppalouv ta
K xat H péon tov Sepedindov peyebov.

(B) Av pe karmoto tpdro Bpioketal eukoAa o mivakag A tng ypapPIKLG aret-
Kkoviong —d, N [oneg .. otnv nepintwon g opaipag 1 tou KUAivépou
(BA. Aoxnoeig 12, 13)], téte epappoddoupe toug tunoug K (p) = det(A)
kat H(p) = 3tr(A).

Av avti g Baong {7y, ry} xpnowonouwcoupe pia wyovoa Baon twu 1,5, o
ripoodlopiopog v K, H eivatl moAundokdtepog, Onmg @aivetal otig AOKIoelg
20 kat 21. Tlapopoia kat o rpoodloplopog T®V Kupiev Kateubuvoenv (BA.
‘Aoxknon 23).

3.6 TesopeTPIKRN eppnveia g Kapnmuiotntag

Eote S kavovikn erugpaveia kat «: I — S pia kaprnudn povadiaiag tayxutntag,
orou I avoixto daotnpa pe 0 € 1. 'Eoww 1o onpeio p = «(0) omyv ewova C
g Kapring, k = k(0) n xapruAddua g a oto p, n(0) to nmpoto kKabeto
diavuopa g a ot p, N(p) 1o kdBeto Sravuopa g emgpaveiag S oto B0
onueio, kat § n yevia tov n(0) xat N(p). Mpopavog cosd =< n(0), N(p) >
(BA. xat 1o mapakdwe Txnua 3.2).

3.6.1 Opopog. Ovopdldoupe KAOetyy KapmuAotnta g « oto p (normal
curvature) tov apibuo

k, := kcos@.
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Zxfpa 3.2

A6 TOV TIPONYOUHEVO OPLOH0 £XOUHE OTL
kn = kcosf =< k-n(0), N(p) >,

apa n ky, eivat n poBoAr) tou Siavopatog k - n(0) eni tng kabétou eubeiag tng
em@aveag oto p.

3.6.2 IIpdtaon. '‘Ectw a: I — S waunuin povabdiaiag taxvintag emi mg S,
tétowa wote a(0) = p € S. Avw = &/(0), e n kademn KauruAdnra g o
070 p oUuTInTEL Ue TNV T g devutepng Isusivdouvg uop@rng orto w, 6niadn

(3.6.1) kyn = IL,(w) = I,(a/(0)).
Anobeién. Ano tov oplopo tou N kat v oxéon (3.2.4)] poxurtiel 61
N(a(s)) L a'(s) € Ty S; Vsel,

&ndadn N oo L o/, xat w0odvvapa < N o a, o’ > = 0. Iapayeyilovtag tv
teAeutaia £€Xoupe ot

<(Noa),d >+<Noa,d >=0,
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AT OITOU TTPOKUITIEL 1
(3.6.2) —<(Noa),d >=<Noa,a" >.
Enopévag €xoupe:

kn =kcos® =k < N(p),n(0) >

=< (N oa)(0),k(0)n(0) >
=< (N oa)(0),77(0) >
=< (Noa)(0),a”(0) >
(BA. oxéon (3.6.2)) = — < (Noa)'(0),d(0) >
(BA. Opopd 2.7.2) = — < d,N(d/(0)),d(0) >
(BA. oxéon (3.4.1)) = — < dpN(w),w >=1,(w),
ou eivat akp1Bwg n {nroupevn oxeor. O

Mropoupe twpa va anodeifouyie v enopevn rapaddayr) tou Oswprjpatog
tou J. B. Meusnier.

3.6.3 Gsopnpa (Meusnier). 'OAeg ot KAVOVIKEG KAUTUAES ETLL YLag KAVOVIKNG
empaveiag S, mou bigpyovtar and 1o 6o onueio p € S kar gyovv m iba
£QanTOueLVn 010 P, £XOUV emiong U (6la KAJETN KAUTUAOTNTA 0TO ONUEIO aUTO.

Amnddeiln. YnoBetoupie Ot 0Aeg o1 KapmuAeg eivatl povadiaiag tayxuintag, al-
Alwg Taipvoupe avarnapaperproelg HEo® Tou PAiKoug tocou. H avarapapé-
Tpnon Sev adAdadel TG EPATITOPEVES.

BemPOUE TNV KAUITUAT @, 01i0g otnv [Ipotaon 3.6.2, kat pia onoladrnote
dAAn kaprodn (povadaiag tayxvtntag) a: I — S pe a(0) = p xat pe v da
epartropévn oto p. Ipopavag o' (0) = w = & (0). Av kaAécoupe k, (avtiot. k)
v kaetn kapruAdta (avuot. myv kaprwddétta) kat 72(0) to npoto KEOeto
dldvuopa g & oto p, TapaAtTnPEOUlE OTl

cosf =< N(p),n(0) >=< N(p),n(0) > .

AxoAloubwviag kat yia mv & v Stabikaoia g anodegng tng [podtaong 3.6.2
Bpiokoupe o1

kp, = I, (w) = ky,
TTOU Artode1kVUEL TO dedpnua. O

Av untoBéoouyie topa OT1 Sivetatl Eva Tuxov povadiaio epantopevo davuopa
w € T},S, pniopoupe naviote va Bpouvpe (kGvoviag, av eivat avaykaio, kat pia
avanapap€pnon PEo® PAKOoUG TOtou) pia kaprudn povadiaiag tayutntag
a: I — Spea0) =pxrad/(0) = w (BA. anddedn Oswpripatog 2.6.2). Tote
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Kat At 1oxUet 1) oxéon (3.6.1). Eropévag, Bacet 1ou Oswprpatog Meusnier,

E€XOUE TNV EMOUEV
Teopetpkn spunveia g devtepng YepusMiwdoug poperic I, otop : n upn
g oe éva povadiaio epartopevo dravuopa w € 1,5 ouprintet pe my
KAOET KAPMUAOTNTA OO0 TIOTE KAVOVIKEG KAPMUANG (povadiaiag
taxumrtag) ermi mg S, 1 omoia S1€pXetal amo 10 p Katl £XEl EPATTTOLEVO
diavuopa oto onpeio auto o w.

Ao 60a einape pexpPig 66 MPOKUITIEL KAl T0 £E1G PACIKO oupnépaoud :
H k, 6ev efaptatar tefikd ano mv kaunuin o, aiid povov amo to
duavvopa w € T,S.

MriopoUpe, ENOPEVRS, va ypagoupe ot k, = ky,(w), 8ndadn n k,, eivat ouvap-
mnon v (povadiaiev) eparttopévev Stavuopdtev. O apdpog ky, (w) kadeitat
KA0etn xapnudotnta tng S otnv KateuOuvon w (normal curvature along
the direction w).

Eneidr), 6nwg @aiveratl ano v oxéon k, = kcosf, 6Aeg o1 Kapruleg o
g ermpdAvelag, moU MEPVOUV Ao 10 P HE TaxUInIa w, £X0UV KAPMUAOTNTd
k > k,(w), 9a npoornabrjocoupe va mpoodiopicoupe pia Kapmudn mou éxet
Vv edayiotn duvarry kaprdouta, dndady éxet k = ky(w). Ta o oxorod
auTo IPOXWPOUNE OG EEHG:

To kabeto diavuona N (p) mg S oto p kar o w € 1,5 opidouv éva erinedo
F nou tépvet iy emgavela katd prikog piag ypapung C, v onoiav kadoupe
KAOetn topn tng S oto p otnv KatevOuvon w (normal section of S at p
along w). H C propel va Sewpnbei eikdva pag eminedng kapmudng o pe
a(0) = p ka1 &/(0) = w (autd pnopei va yivel maviote, TOUAAXIOTOV O H1a
rieploxr) ou p). Emedn n « eivat emninedn), to k&Oeto Siavuopa g n(0) oto p
avrkel oto erinedo E kat eivat kaOeto oty taxvma w, apa n(0) = £N(p),
ondte priopoupe va ewpriooupe ot n(0) = N(p), ev avaykn arddadoviag tov
nipooavatodiopd ard N oe —N. Enopéveg, § = 0 ka1t k = k(0) = ky(w),
orou k eivat n kaprudotnta g KAabeng 1opng oto p.

'Eto1, n k&6etn topn) g S oto p oty Kateubuvorn w £XEl TV MIKPOTEPT
raprudotnta (oto p) and 6Asg TG KAUMUAEG TOU diEpxovial and 10 p Kat
€xouv taxutnta w. H pikpotepn autr] KAPITUAOTNTA CUNTTIITIEL € TV KABETn
KAUITUAOTNTA OtV KAteubuvon tou w.

ATT 10 dAA0 P€POG, av adr)joouiEe To Stavuopa w va dratpéxel tov povadiaio
KUKAO péoa oto 15,5, and tov turno tou Euler (3.4.2), npokuruet ot 1 I, (w) =
k,(w) naipver akpdtateg Tipég g KUpleg KapruAdtnteg k1 Kat ka.

'Eote S kavovikr) smgdvela kat p € S. Av Seoprjooupie 10 GUVOA0

A:={a: I — S : xaprnvdn povadiaiag taxuintag pe a(0) = p},

1a tedevtaia ouprniepdopata cuvowidovial g eEAG:
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IMa kabe w € T),S pe |lw|| = 1, eivar
kn(w) = min{k,(0) : o € A pe o/(0) = w}
= KaumuAodtnta g Kabeing tourng,
orou k, eival n kaprudotta g Kapmuing .

Eriong, agouv ky,(w) = II,(w) ya ||w| = 1 xat o1 KUpleg KapmUAGTIES
k1, kg eivar ot akpotateg tpég g I, ndve oto povadiaio xukAo (BA. TUTO
tou Euler), Bpiokoupe o1

k1 = max{k,(w) : w € T),S pe ||w| = 1},
ko = min{k,(w) : w € T,S pe ||w| = 1}.

H onpaoia t@v rmponyoupévey EyKettal 0To 0Tt PITopoUlLe va UTIOAOYiooUE
TG KUp1eg KaprwuAotnteg ki, ko (pa xat tig kaprudotnteg K katr H) uroAoyi-
Jovtag T1§ KAPIMUAOTTEG LOVOV KAPITUA®V TTOU TTA{PVOUV TIHEG OtV erdpAveld.
Aurty) eivatl n Poogyylon rmou akoAdoubnoe cuotnpatikda o Euler. 'Opog n pé-
Y060g tou Gauss, rou Baociletal ot petaBoldn tou kabétou Saviopatog (BA.

[Tapdypago 3.3) anodeixOnke mmd yovipn Kat eixe MOAU ONLAVIIKEG OUVETIELEG
yua mv &A1 ng Alagopikng Feopetpiag ev yévet.

3.7 Aoxrnoeig

‘Acknon 1. Oswpoue Vv rapapétpnor u kulivépou K = ST x R
r:(0,27) x R — R3: (u,v) +— (cosu,sin u, v)
[BA. emiong Mapdadetypa 3.2.5(1)] kat tv KApPImvAn
a: (0,21) — K: t v+ (cost,sint,t).
Na Bpebei 1o unkog g o péow otoixeiov tou K.

Avon. TMapatnpovUpe 0T 1] o UIopPet va ypadtel pe v popen a = r o G, orou
0 eivat n (erminedn) kapruin

B:(0,27) — (0,27) x R: t — (t,1).
Erdong, yia mv [ eivat 4(t) = (u(t),v(t)), ormou u(t) = v(t) = t. Enopévag
u = v = id( or), onote u'(t) = v'(t) = 1, yia xabe t € (0, 27).
ATT 10 AAA0 P€POG, Via TNV 9e®POoUEVT TAPAPETPNON TOU KUAIvEpou, £xou-
peBpeioun F =G =1xat F =0. Apaq,

2
L(a) = [ W/ (2EB() + 2u () () F (B(1) + v/ (t)*G(B(t)) dt

0

21
= VI+0+ 1dt = 27V2.

0
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‘Acknon 2. Na anodeixBei 611 0 kUAvdpog K = S' x R eivat ipooavatodior-
Hnog.
Avor. Xpnolponoimviag Ty rapapérpnor tng mponyouevng AoKnong
r(u,v) = (cosu,sinu, v); (u,v) € (0,2m) x R,
Bpiokoupe o1
Ty = (—sinu, cosu, 0)
Ty = (07 0, 1)
Ty X Ty = (cosu,sinu, 0)
lry X 1] =1
Apa oe éva onpeio p = r(u,v) = (cosu,sinu,v), eivar N(cosu,sinu,v) =

(cosu,sinu,0). H amewkévion autr enekteivetat o éva 0Ako dlapopiotpo
povadiaio kabeto Sravuopauko nedio

N: K—>52 QR?)! ($7y7z) = (m,y,O)

[Mapatnpouvjie 0T 1 EMEKTACT AUTH ivat Siapopioir, wg MEPIOPIONOG Tl TNG
ermgavelag K g tagopiomng anekoviong R 3 (z,y, 2) — (x,,0) € R3,

‘Aornon 3. Aivetal pia kavovikn smeaveia g popeng S = f _1(6). Na
urodoytotei 1o N (p) péow tng f, yua tuxov p € S. Eivain S pooavatodiown ;
Auon. A 1poérog [xpriowo texvaocual: Zupgeava pe tv ‘Aoknon 16 tou Kega-
Aaiou 2, yia kG6e w = (wy, we, w3) € T),S eivar

0 0 0
w1 —f‘ —l—wg—f‘ +w3—f‘ =0.
8:Ep ayp 8zp

Enopévag,

Vi) = (5

of| of

s | 0 o ) 1 (w17w2>w3)7
» 8yp 0z

p

yia kaBe w = (wy, w2, w3) € T,S. Apa 1o Siavuopa

N(p) = Vf(p)

IVl

etvat éva povadiaio diavuona, kabeto otov 1,5, yia kabe p € S. H avtiotoiyn
anewévion N: S — R3 opietl évav ripoocavatoAiopd mg S.

B Tpornog [péom 10U @smprjlatog TV MEMASYREVOV oUVAPTNoE®V]: Ag U-
noBéooupe o (U, r, W) eivat éva ovotpa ouvietaypévov pe  r(u,v) =
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(u,v,g(u,v)), trow oote p € W xat f.(p) # 0 (BA. Oedpnpa 2.2.1). Tote,
yia o ¢ = r~Y(p), éxoupe ou

ru(Q) = (LQQU(Q))? TU(Q) = (07 17gv(Q))y

orote

(x) ru(q) X 1o(q) = (—9u(q), —gv(q), 1),
OIIoU, KATd 1d YVOOoTd, £Xoupe 9éoet

9u(q) = %(q), 9u(q) == %(Q)-

Zupoeeva pe 1o Oswpnpa [emeypévng Zuvaptnong, o1 HEPIKEG TAPAY®YOL

9u(q), gv(q) ouvbéovtal pe g pepikég apayoyous g f pe ug akdAoubeg
OXEOoE1g

(A)

fz(p) + f2(p) - gu(q) =0,
fy(p) + £2(p) - gu(q) = 0.

anod ug onoieg, Aoye g f.(p) # 0, Bplokoupe g

9u(q) = —f2(p)/ f2(0), gv(@) = —fy(p)/f= (D).

Méowm tev tedeutainv, 1 (x) petaoxnpatidetal otnv

ra(g) X rolg) = fjp) (£o0)s £,(0), F-(0)) =

Enopévag,

Vf(p)

~ fp) | Vi)
NGO = e T Nl

|f=(p)]

H oxéon autr) woxvet yua kabe p € W. MriopouUyie va srudé§oupie

N(p) = Vip)

IVl

Kal va opiocoupe évav aviiotoiyo rpoocavatodiopd N, ermekteivoviag v mpo-
nyoupevr ox£or o 0AOKANpr) v erugaveia S.

SHMEIQZH. I'a 81eukoAuvor 10U avayvootn arodeikvuouie tig oxeoeig (A):
Enedy f(u,v,g(u,v)) = ¢, yia ka0e (u,v) € U, priopovpe va ypdyoupe ot
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f(r(u,v)) = ¢, yia x40e (u,v) € U, 6nhadny f o r = c¢. Hapayaeyilovtag tmyv
tedeutaia oxéon oto ¢ = 71 (p), Ppiokoupe 6Tt

0= D(for)(qg) = Df(p)o Dyg(qg),

arod TtV ortoiav MPOKUITIEL 1 AVTIOTOo1X] 0X£0n TV Imvak®v Jacobi
(Jpf) - (Jgr) = 0.
Enedn f = f(x,y, 2) kat g = g(u,v), éxoupe 6u

Jpf = (fz(p), fy(p); f=(P)),
1 0

O moAAarmAactaopog TV IMVAK®OV AUTOV 00nyel otig {NToupeveg OXEOETS.

‘Aoxrnon 4. YroBétoupe oul S eival pia GUVEKTIKY] KAVOVIKY] EMPAVELA, TNG
ortoiag 0Aeg o1 kaBetol Higpyovrat anod éva edopévo otabepd onueio A tou
xwpou. Na anodeiyBel 611 ) empavela Keitat rm opaipag.

Avor. Ag kaléooupe a 1o d1avuopa 9éong tou onpueiou A. Bswpoupe pia na-
papétpnon (U, r, ). Av p € W eivat tuxdv onueio, n kabetog tng erupdveiag
0’ auto eivatl n eubeia

mp(t) =p+tN(p), teR.
Enopévag, unapxet kanoio ¢, € R, tétoio oote
p+t,N(p) =a.

Avdloya 1oxuouv Kat yua ta urodouta onueia g W, omndte n ouvOnkn g
EKPWVINONG MEPIYPAPETAL ATTO TNV OXEOT)

(1) p+AP)N(p) =a; peW,

orou A\: W — R. H ouvdpmon A eivat dapopiomun: Ilpaypat, av «rtodAa-
rAaotaooupe e0@teptkd v (1) pe N(p), éxoupe ot

AMp) =<p—a,N(p) >,

ou artoSe1kvUet 1o {Ntoupevo, adou 1o de§10 pédog Eval ouvbeorn tng Sapo-
PIoING ATTEIKOVIONS

W 3p— (p—a,N(p) € R® xR?



3.7. AXKHXEI® 167

HE T0 e0wTEPIKO ydpevo <, >: R? x R? — R, mou eivat eriong diapopiorpn
ATEIKOVIO] ®G SYPAPIKY.
Enedr) p = r(q), ¢ € U, ano v (1) naipvoupe v woduvapn oxéon

r(g) +(Aor)(q)- (Nor)(g)=a; q€U,

TNV oroiav PIopouve va Mapay®yiooupe pe tov ouvhOn 1poro (yia ouvaptr)-
oe1g petadu eurAedeiov xopav). Enmopévaeg, xpnotpornoioviag cupBoAiopoug
avdaloyoug 1pog toug (3.3.5),6piokoupe:

—nula) = TG - Weri + enie - M0
@) = 25| e w -,
Kat, rapépuota,
I e R CEROR 0!

[Taipvovtag 1o e00teptkd yvopevo tov (2) kat (3) pe to N(p), éxoupe:

<@ N) > = 200 < N ) NG) > 1AB) < Nla) N ) >,
<@ V) > = 252 < NG)NG) > 1AB) < Nala) Np) >

AapBavovtag topa urt oy g (3.3.8) kat 6uu N 1L N,, N, (a6 v na-
paywyton mg (< Nor, N or >= 1 @g mpog u Kat v), 01 apanive oXEoelg
petacynpati¢ovat otnv

d(Aor)
ou

d(Aor)
ov

=0,
q

q

art orou npokurttet ot D(Aor)(q) = 0, V g € U, dpa n Aor eivat otabepr) oto
U, omote kat n A eivat otaBepry oto W. Adyw tng ouvekukottag g S, teAka
n A eivat otaBepr] 0" 0AOKANPN v erugaveila, 6nhadn A = c. Enavepxopevot
t0pa oy (1) £xoupe ot

lp—al =l - IN(@)| =lcl; Vpes,

1 ortoia arodeIKVUEL TOV 10XUPIOHO NG A0KNO0NG.
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‘Aornon 5. Na arobeiydei 611 oe KGO onueio pag yevetelpag tou KUuAivépou
10 eparttopevo eminedo pével otabepd (PA. emiong kat v Aoknon 15 tou
Kepadaiou 2).

Avorn. 'Onwg oug Aoknoelg 1 kat 2, kat v ‘Aoknorn 15 tou Kepaldaiou 2,
Sewpoupe v nmapapérpnon tou Kudivbpou K

r(u,v) = (cosu,sinu, v), (u,v) € (0,2m) x R.
Bupidoupe pa yevetelpa gival To GUVOAO TV onuEiV
I' ={r(uy,v) : veR},

yia éva otabepd u,. Enedn T, K L N(p), yua va dei§oupe ou o 1, K napa-
péver otabepod dtav o p = 7(u,, v) dratpéxer to I', apket va dei§oupe 6 N(p)
napapévetl otabepo. Emeidn

Tu(Uo, v) = (—sin uy, cos U, 0), 74 (ue,v) = (0,0,1)
Bpiokoupe apéowng ot
N(p) = (cosuy, sinu,, 0),

ovu eivat ave§aptto tou v.

‘Acknon 6. Aivetat n mapapérpnon
r(u,b) = (g(u), h(u) cos v, h(u) sin v); (u,v) € (a,b) x (0,27),
pe h(u) > 0, ¢'(u) # 0 xar (¢'(w)® + (W (w)* =1, YV u € (a,b). Na

arodetyBel o011 OAeg o1 KABeTOl NG €mpAvelag, IMTOU MAPAYETAL ATO TNV 7,
TEPVOUV TOV A§ova TeV .

Avorn. H napayopevr erugdvela ivat n ermpaveld €K meplotpoPng, rmept t1ov
afova v x, g Kapruing (povadiaiag taxumnrag) a(u) = (g(u), h(u),0).
Katd ta yveotd, €xoupe:

= (¢'(u), W (u) cos v, k' (u) sinv) ,
ry = (0, —h(u) sin v, h(u) cosv) ,
ru X Ty = (h(u)h (u), —¢' (w)h(u) cos v, —¢' (u)h(u) sinv)

lru x 702 = h(u)® = |ra x 7oll = h(uw).
Apa, to povadilaio kaBeto Sidvuopa oe Tuxov onpeio p, = (U, v,) G eIUL-
@avelag ivat 1o
1
h(uo)
= (W (uo), —9' (o) cOS v, —g' (uo) sinv,) .

N(po) = (h(uo)h/(uo)v _g,(uo)h(uo) COS Vo, _g,(uo)h(uo) sin 'Uo)
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H kd6etn eubeia oto onpueio p, eivat n eubeia

Tpo (t) = po + tN(po) =
(9(uo) + th' (o), (h(uo) — ¢ (uo)t) cos v, (A(ue) — g'(uo)t) sinwv,) .

[Tapatnpoupe o1, ya

raipvouyie to onueio

(su0) + ) 2222 0. 0)

g Kabetng eubeiag, MOU avikel oTov Afova eV .

‘Acoknon 7. Na Bpebei 1o epBadov tng opaipag pe kévrpo 0 kat aktiva 7.

Avdorn. E6m 9a Xpnoionojcoupe v apapétpnon He YEQYPAPIKEG GUVTE-
taypéveg (U, x, W), 6mou

x: U =(0,21) x (—7/2,7/2) — R3:

(u,v) +— (rcosvcosu,rcosvsinu, rsinv).

Zxnpa 3.3
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To W kaAurttet 0An v opaipa mAnv evog peyiotou nuikukAiou. 'Onwg @aive-
TA1 KAl OTO PO YOUHEVO OX1 1A, ] ITAPAIIAVE TTAPAPETPI 0L ATTOTEAET ITapaieé-
TPNOoN H1ag EMPAVELAS EK TEPIOTPOPNS, 1] OTIOIA IIPOKUIITEL AV TIEPIOTPEYOULLE
nept tov afova twv z éva nuikukAlo. H yovia u petpd to yewyoa@uko ur-
KOg, dapa rPoodlopilel Tov UeonuUEPIVO £vOG TOTIOU, €VR 1] Yovia v HeTpd 1o
yewypaguo Tidrog, apa rpoadlopilet 10 yewypa@iko mAATog¢ ToU TOTou.

H arnodedn o ) avapepopevn tpwada (U, x, W) arotedel mpaypauxa pia
napapérpnon ermdaveiag eivat otoyelndng.

Enedn, onwg sirmape, pe v napdandve mapapérpnorn KAAUmetal 0Ao-
KANpn n opaipa eKTog £vog PEYIOTOU NIIKUKAIOU, TOU Oroiou 1o epBadov eivat
0, to epBadov ng opaipag ouprtirttel pe to epBadov tou W (BA. kat IMapa-
mpenoeg 3.2.4). Ta 1o tedeutaio, unodoyidoupe ta Sepedwdn peyebn 1ng
tagng:

Xu = (—rcosvsinu,rcosvcosu,0),

Xv = (—7sinv cos u, —r sin v sin u, r cos v),
E =< Xu, Xu >=r2cos? v,
F=<Xu,xo>=0,

G:<XU>XU >:T27

OTTOTE TIPOKUITTEL OTL

A(Sz):// \/EG—F2dudv:// Vricos? v dudv
U U
w/2 2 w/2 2r
= / r? cos v dudv = 7‘2/ </ du> cos v dv
—7/2J0 —m/2 0

/2
= 27rr2/ cos v dv = 2mr? sin v[/:p = 42,
—7/2

[MAPATHPHZEIZ. 1) 'Onog @AvnKe otnyv IPOTEIVOPEVT AUOT], 1] IAPAPEIPNON)
mou Xpnotpornot)fnke 0dnyel oe EUKOAOUG UTTOAOYIOP0UG, apoU dev ePIAEKeL
TOUG TOAUTTAOKOUG TUTIOUG TRV OTEPEOYPAPIKGOV ITPOBOAGV 1] TOV NUIOPAIPiV.

2) ®a propovocape emniong va Ppoue to epBaddv, unodoyioviag, avti v
9ened10dov peyebov, 1o ||y X Xo|| (BA. IIpdtaon 3.2.3).

‘Acrnon 8. Na urniodoyiotei 1o epBadov g oreipag (torus) T (BA. to Iapa-
delypa oto t1édog g Mapaypdgou 2.4).

Avorn. H anewovion

x(u,v) = ((a+ pcosv)cosu, (a+ pcosv)sinu, psinv),
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pe 0 < p < a rat 0 < w,v < 27, opidel pia mapapP€rpnorn mMouU KAAUITTEL
MV erupavela g oreipag mAnv evog cuvolou undevikou epBadou. Me 1o
OKEITIKO 1§ MPONYOUHEVNS AOKNO1G, UTtodoyi{oupie ta peyebn:

Xu= (= (a+ pcosv)sinu, (a+ pcosv)cosu, 0),
Xv = (—psinvcosu, —psinvsinu, pcosv),

E =< Xu, Xu >= (a+ pcosv)?,

F =< Xuxo >=0,

G =< Xus X0 >=

VEG — F? = p(a+ pcosv),

orote Bpiokoupe Ot

2w 27
A(T) = /0 /0 p(a + pcosv)dudv
2 2m

:/OW</O du> p(a + pcosv)dv

2m
= 271/ pla+ pcosv)dv =
0

2 2
= 2mpa dv + 27 p? / cosvdv =
0 0

= 4712 pa + 0 = 47°pa.

‘Aoknon 9. Na urtoAoyotel 1o epBadov tou tprjpatog K tou napaboroeiboug
z = 22 + y?, 10 omoiov (tpfpa) kabopiletat anéd g ouvlnkeg =, y > 0 Kat
z € [0,1].
Auvon. OAOKANpr n ermugavela tou 600£viog rapaBoroe1boUg KAAUITIETAl Ao
TV €1KOVA TG TIAPAPETIPNONS
x(u,v) = (u,v,u2 + Uz), (u,v) € R2
lMa v napap€rpnon avtr) €X0UNE:
Xu = (1707 2“)7 Xv = (07 1,211),
E =< Xu,Xu >= 1+ 40,
F =< xu xv >=4uv
G =< Xos Xo > =1+ 402,
EG — F? =1+ 4u® + 402
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ATT 10 dAAo pépog,
D=xYK)= {(u,v) ER?:u,v>0,0<u?+02< 1},

dnAadn to D eivat 1o ripwto (Ave 6e€1d) tetaptnpopto tou povadiaiou diokou.
Enopévag,

A(K)://D\/EG—deudv://D\/1+4u2+4v2dudv-

IMa va uroAoyicoupe 1o teAeutaio oAokANpea Sa XP1 o100 |00UNE TOAUKES
ovvtetayueveg. 'Etol 9étoupe

u=pcosh, v=psinh, pe 0<p<1, 0<6<7/2,

o1to0TE

1 pm/2 8(u U)
AK :// 1+ 4p2cos20 + 4p2sin20 ——2 dpdf
) 0 Jo \/ P P d(p,0) P

1 pr/2 1 w/2
:/ / \/1+4p2pdpd9:/ (/ d9>\/1+4p2pdp
0 0 0 0

! n3/2\ , T 213/2 |1
—E/OE((l—i-llp) )dp—ﬁ(l—i-llp) ‘0

= ﬂ(5\/5— 1).

‘Aoknon 10. Aivetal pia kavovikr) emugdvela S kat £éva oUoTHPa CUVIETayHE-
Vv (Rz, X, X(Rz)) autrg, pe avtiotoixa Sepehimdn peyéon
B(u,v) =1+ % F(u,v) = —wv, G(u,v) =1+ v% (u,v) € R2.

(i) ®@ewpoupe v kaprudn a(t) := x(¢,2t). Na arnodeyBei ot yia t, = 0, 10
HKog 108U g «v Hivetat and v woodtta

s(t) = /Ot\/5+9wdw.

(ii) Av D = {(u,v) € R? |u? + v? < 2}, va urodoytotei 1o epBadov tou (D).
(iii) Na Bpebel n ywvia mmou oxnpatidel n mponyoupevn KAPMUAN o Pe v
kaprodn G(s) = x(1, s).
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Avon. (i) H a ypdgetat povoorjpavia wg oo = y © @&, 6rou & = (u, v) erinedn
KauIiAn. Ano my vniobeon, a(t) = (u(t),v(t)) = (¢, 2t). Apa

s(t) = /0 o () | deo

_ /0 V@2 EG (W) + 2w (0) (@) F(a(w)) + o (w)2F (@ () dw

t
:/ V1-EB(w,2w) +2-1-2- F(w,2w) + 4 - G(w, 2w) dw
0

t t
:/\/1+w2—8w2—|—4+16w2dw:/\/5—1—9wdw.
0 0

(ii) Enedn) EG — F? =1 4 u? + v2, éxoupe ou
A(X(D)):// \/EG—F2dudv:// V14 u? + 02 dudv.
D D

'Onwg otV mponyoupevr] AOKNOT), XPNOTIOMIOI0UNE MTOAKEG OUVIETAYHEVES.
®<toviag

u=pcosf, v=psinf, pe 0<p<2 0<60<2m,

Bpiokoupe o1

21 2 a(u ’U)
A(x(D :/ / 14+ p2cos? 6+ p?sin? 6 "~ dpdf
o) = [ [yree ; S o

2 2 2
:/ / p\/1+p2dpd0:7r/ 20\ 1+ p2dp
o Jo 0

2
_ 2 032\ , 2« 2\3/2 |2
_77/03<(1+p) >d,o_—3 (1+p7) ‘

_27T
3

0

(5v/5—1).

(iii) H 8 ypdgetat eniong povoorpavia pe v popen 8 = x o 4, orou 3
erinedn kaprudn. Ano v unobeon, a(s) = (1,s). Ag npoodiopicoupe 1o
onpeio p oto Oroio TEPVOVIAl 01 KAPUIUAeg & Katl 5. @a MmpErnel va urndapxouv t
kat s (ota nedia oplopoy v o Kat F aviotoixmg), €tola wote

p=a(t)=p(s) & x(t2t)=x(1,s)
o (t,2t) =(1,s)

& t=1xrat s=2,
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apa

[Tapawmpoupe ot

o/ (t) = (x 0 a)'(t) = [Dx(a(t)(&(t))
= [Dx(¢,2t)](1,2) = [Dx(t, 2t)](e1 + 2e2)
_ X 59X
ou (¢,2t) v (¢,2t)

= xu(t,2t) + 2x, (¢, 2t),

OUVETI®OG

[/ ()] = Ixu(1,2) + 2x0(1,2)]
=< xu(1,2) + 2x0(1,2), xu(1,2) + 2x0(1,2) >/
= (< xu(1,2), xu(1,2) > +4 < xu(1,2),x0(1,2) > +
+4 < x(1,2), x0(1,2) >)"?

= (B(1,2) + 4F(1,2) + 4G(1,2)) /> = V14,
[Mapépoia,yia v Kapmudn G, éxouue

B'(s) = (x ° B)'(s) = [Dx(B(s)](B'(5)) = [Dx(1,5)](0,1)

= (DXl = G| =l
orote
18" @) = lIxu(1,2)l] = < x0(1,2), x0(1,2) >/
= G(1,2)% = /5.
Emiong,

<d(1),8(2) > =< xu(1,2) + 2x»(1,2), x0(1,2) >
=< xu(1,2),x0(1,2) > + 2 < x(1,2), x5 (1,2) >
= F(1,2) +2G(1,2) = —2 + 10 = 8.

Apa, tedKa,

cosg o ~W.FR2)> 8 8
@I Viavs V7o
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‘Aoknon 11. Ze pa apapétpnon r eivat £ = 1 kat F' = 0. Na anodeixOei ot
Ol V-TIAPAPEIPIKEG KAPITUAEG ATIOKOITIOUV ATIO TIS U-TIAPAPEIPIKEG KAPITUAEG
ioa pnpata.

Avon. Bswpoupe SUo v-niapapetpikég kaprudeg B (t) = r(ug, t) kat f2(t) =
7r(ug,t), KaBog KAl TV u-NApPapetpiky) Kaprudn a(t) = r(t,v,). Enedr n «
ypagetat pe my popen o = 7 o (u,v), onou u(t) =t kar v(t) = v,, 10 PrKog
g « avapeoa otg (1 Kat f givat to

u2
Lmyi/ JAOPE 20 () 0 F T o (12G dt
ug
u2
:/ \/1+0+Odt:u2—u1,
u

ou etvat otaBepod yia 0Aeg TI§ (v. ZTOV MAPAIIAVE TUTIO gvvoeitatl OTt

E = B(u(t),v(t)), F = F(u(t),v(t), G = G(u(t),v(t).

‘Acknon 12. Na arodeixei 6t otnv (povadiaia opaipa xévipou 0) S 1 mpotn
Kat n 8eutepn depedwdbelg popPpeg ouPTTITTIOUV.

Avon. H erugaveia S? déxetat ov oAkéd ripooavatodtopé N (p)=-p.peS 2
(BA. TTapddewypa 3.1.3). Eb¢ a&ilel va onpeiwooupe ot n ermdoyr] tou ap-
VIITIKOU onpeilou yivetatl yia va €xoupe péon raprvdowta detikn. Emopé-
vog, dewpoviag 10 N ©¢ ATEKOVION HPE TIHEG EITIONG OtV 52, éxoune oul
—N =idg2 = idgs|g2. Ondte (BA. xat Aoknon 23 tou Kepadaiou 2)

—dpN = dyidg> = idr, g2,
ouvenag, yia kabe w € 15,5, eivat

I,(w) =< —d,N(w),w >=< w,w >=I,(w).

‘Acrnon 13. Na Bpebouv n kaprnudowta Gauss Kat 1 Péo Kapmulotta
g erugaveiag mg opaipag S(0, ) pe kévrpo 0 kat axtiva 7.

A¥on. Ba emAuooupe TV ACKNOT PE dU0 TPOIoUg, MPOKEINEVOU va €XOUE
éva A peg unodeypa.

Kat apyag, epyadopevol oniwg otnv mepintoorn) g povadlaiag opaipag pe
kevipo 0, BAEmoOUPE OT1 PIOPOUE va TIAPAHPEIPHCOUHE 10 BOpelo nuiodpaiplo
HEO® TG ATIEIKOVIONG

x(u,v) = (u,v,w); (u,v) € D(0,r),
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érov, yia eukoAia, éxoune 9ot w = V12 — u? — v2. Avdloyeg apaperpr)-
oe1g opidovtal kat yia ta vnddowuta nuodpaipia. Enopéveg Bpiokoupe ot

u v
(1) Xu = (1707 __) o Xv = <0717 __> )
w w

1 T
Xo X Xo = —(u,v,w), |Ixu X Xol = —-
w w
Z10 npodaiplo auto erAEYoUe TOV IIPOCAVATOAIOHNO
N(p) = — Xu(@) X xo(a) _}(u v, w) = 1
IXu(a) X xo(@)Il 777 r

orou p = (u, v, w), o onoiog enekteivetat ¢ VAOKANPEN Vv odaipa.
[a Tov UITOAOY10H0 TV KAUTTUAOTHT®V MTPOX®WPOUHE TWPA WS e8NS,
A’ 1poérog. Méow® ToU Tivaka tou 81adpopikou:

1o Bopelo nuiopaipio (mapdpola kat ota adda) EXOUHE TV OXEOT)

(N ox)(u,0) = = (wv,w) (wv) € DO,

ano v onoiav Bpiokoupe ot yia kabe ¢ = (u,v) € D(0,7),

1 U 1
1 v 1

Tuvenog, ya p = x(q),

1
dpN (xu()) = Nu(a) = = —xulq) + 0xv(q),
1
de(Xv(Q)) = Nv(Q) = OXu(Q) - ;Xv(q)7
ondte o mivaxag tou drapopikou —d, N eivat
_(1/r 0O
= (50

rou éxet 1otpég by = ko = 1/r. Tig idieg tipég Bpiokoupe yia dAa ta onpeia
p ng opaipag. Apa

1
K:detA:kgk‘Q: 5’
T

1 1 1
A =gkt k) =
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B’ 1pérog. Méow tov depediwdov peyedov:

Enedn) éxoupe 1161 urmodoyioet ta peyedn Xu, Xv, Nu, Ny, HAS CURPEPEL VA
Xpnotponorjooupe toug turoug (3.4.4). ‘AdAwote, ot turot (3.4.9) anattouv
va MApAy®yiooUPE Tad Xy, Xv, DPAYHA 1ou (e6w) eival moAurdokdtepo amnod
Vv napaywyon g N o . Zinv mapovoa nepintworn, eriong, dev eivat
AIaPAITNTo va EKTEAECOUE KAl OAEG TIG TIPASELS, AOY® TOV MAPATIAV® OXECEDV
(2) xat (3). 'Etot Bpiokoupe:

1 1

e:_<Nu7Xu >:_<_;XU7XU >:;E7
1 1

f=—<Nu,xv>=—<—;xu,xv>=;F,

1 1
g:_<NUJXU>:_<_;XU7X1) >:;G

Enopévag,

oo 9—f* 1BEG-F> 1
EG—-F? r2EG-F2 r2
leG—2fF+gE 1EG—-2FF+GE 1
~2 EG-F* 2 EG-F*2 1

H

‘Acrnorn 14. Na urniodoyiotouv n kaprudotta Gauss Kat n Péorn KapruAo-
ta g oreipag, (torus) 7' kat va yivel oxXeukn diepevivnorn g PETaBoAng tng
npeING.
Auon. Bcwpoupe v ouvrOn apapélpnor g oreipag
X(u,v) = ((a + pcosv) cosu, (a + pcosv)sinu, psinv),

orou 0 < p<a xrat 0 <u < 27w, 0<v <27 Hbn yvepidoupe (BA. Aoknon
8) o1

Xu = (—(a + pcosv)sinu, (a 4+ pcosv) cos u,0),

Xv = (—psinvcosu, —psinvsinu, p cosv),

E =< Xuxu>=(a+ pcosv)z,

F=< Xuyr Xv >:07

G =< Xu X0 >=p".

I'a va Bpoupe 1o povadiaio kaBeto Savuopatiko nedio, ou opidetat aro v
AVRTEP® TTAPAPETPNOT), EXOUHE

€1 €2 €3
Xu X Xo = | —(a+pcosv)sinu (a-+ pcosv)cosu 0
—psinvcosu —psinvsinu pCOS v

= (p(a + pcosv)cosucosv, pla+ pcosv)sinusinv, p(a + pcosv) sinv),
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Kat
lIxXu X Xvl| = p(a+ pcosv),
o1to0TE
Xu X Xv . .
N oy =--——2— = (cosucosv,sinucosv,sinv).
HXu X XUH

YroAoyidoviag topa TG PePIKEG IAPAYWOYOUS TOV Xy, X, ITaipvoupe

Xuu = (= (a+ pcosv) cos u, —(a+ pcosv)sinwu, 0),
Xuv = (psinvsinu, —psinv cosu, 0),

Xvw = (—pcosvcosu,—pcosvsinu, —psinv).

Zuvenwg,
e=<Nox,Xuy >=—(a+ pcosv)cosv,
f:<NOX7XUU>:Oa
g=<Nox,xvw >=—p.
‘Apa
2
K- eg— f _ COS v ,
EG—F? p(a+ pcosv)
H_leG—2fF+gE_ a+ 2pcosv
2 EG-F?  2p(a+pcosv)

Ag doupe v petaBolAn g kapruAottag K oe ox€on pe v petaBoArn tou
v € (0,27). Kpatwvtag to v = 5 otafepd, draypadoupe Tov "endva” optgovTio
KUKAO TG OTEipag, eve ya v = 37” Sraypagoupie Tov "KAT®" 0p1¢oVTIo KUKAO.
Xe 0Aa ta onpeia v §Uo autdv KUKAeV eivat cosv = 0 kat K = 0.

Ta 0 < v < § katyua 37” < v < 2w, &oupe cosv > 0, dpa K > 0. To

NUIKUKAL0 pe cosv > 0 eival 1o e§wieptkod p£Pog g oreipag. Aviotoixwg
™ 3

0 NUIKUKA pe 5 < v < 5 kat cosv < 0, omote K < 0, duaypaget 10
E0MTEPIKO PEPOG NG OTTEIPAg.

‘Aoknon 15. 'Ecte ou yia pia napapétpnon erugaveiag r eivar F = f = 0.
Na BpebBouv o1 KUpleg KAPMUAOTNTEG TG EMIPAVELIAS KOG TIPOG TNV 7.

Avorn. H kaprudotnta Gauss Kat 1 H€on KapmuAotnta ivovial topa arno g
AVTIOTOIXEG OXEOELG

eg H_leG—l—gE
" EG T2 EG




3.7. AXKHXEI® 179

oTIg oroieg £Xoupe mapaldsiyet v petaBAnt p. Avukadbiotoviag TG mpon-
YOUHEVEG EKPPACELS OV £EI0QOT)

22 —2Hx+ K =0

naipvouye tv
O AP
2 (g+g)e+5 60

Ao TNV Oroiav MPOKUITIOUV 01 KUPIEG KAUTTUAOTITES

k‘lzé Kat k:g:g-

G

‘Acornon 16. Na Ppebouv n kaprnudowta Gauss Kat 1 Péo Kapmulotta
tou ypagnuatog I', piag Siagopioing anewoéviong h: U — R, émouv U C R?
avoryto.

Avon. To I'y, xaAUmtetat and myv povadiky apapérpnon (BA. Hapadeypa 4
g [Hapaypdgou 2.2 kat v ‘Aoknon 19 tou Kepalaiou 2)

X(u,v) = (u,v, h(u,v)),  (u,v) €U.
Enopévag Bpiokoupe:

Xu - (1707 hu)a Xv = (07 17hv)7
E=1+h2, F=hyh,, G=1+h2,
Xu X Xv = (_hw _hva 1)7

IXu X X0l = \/hz%'i'h%"i'l»

N(x(1,0)) = — (s o 1),

V1+h2 +h2

Enedn) n napayoyon tou NV o y eivat apretd riepindokr), edw pag cupgpépet
va XProoIo)COUHE TOUg TUroug (3.4.9) yia tov urtoAoyiopo tev depeAtmdov
peyebov 2ng tééng.

'Eto1 €xoupe:

Xuu = (0707 huu)» Xuv = (0,0, huv)» Xvv = (0707 hvv)a
0 hy
1
0

h
hv = huu7
h

uu

(
1
[XuXvqu] =10
0
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1 0 h,y

[XuXvXuv] =10 1 hv = huva
0 0 A’y
1 0 hy

[XuXvav] =10 1 hyl|= hvva
0 0 hyy

onote
huu P i)
e = s f = h

V14 hZ +h2
Zroxelddetg urtodoyiopol divouv topa ot

o huuhvv - huv
T (A+h2+h2)?

H =

V1+h2 +h2

RV eyl

(1 + h%})huu - 2h3v + (1 + h%)hvv

2(1+ hZ + h2)3/?

‘Aoknon 17. Oswpoupe v ermpdvela S mMou mapdyetal amnod v mePIoTpodn),
nept v agova v z Kat katd yovia v € (0,27), g xapnuing povadiaiag

tayvtnrag y(u) = (a(u),0,b(u)) pe a(u) > 0 raru € (—

€,€). Na Bpebei n xa-

pruAotnta Gauss, 1 PEOT KAPMUAOTNTA, KAOWS KAl 01 KUPIEG KAPITUAOTITEG

mg S.

Avorn. H aoknorn mepiéxetl otoxeindelg urodoyiopoug "poutivag”, onwg Kat
O€ TIPONYOUEVEG TIAPOHOIEG, YU AUTO KAl TIAPAAEITIOUE TG AETTTOPEPEIEG TV

UTTIOAOY10P®V.
Oe®POoUPE TV APAPETPNOT)

r(u,v) = (a(u) cos v, a(u) sin v, b(u)); (u,v) € (—¢,€) x (0,2m),

ondte, oe TuXov ¢ = (u,v) eivat:

ru(q) = (' (uw) cosv,d’ (u)sinv, ¥’ (u)) ,
r4(q) = (—a(u) sinwv, a(u) cosv,0),

ruwu(q) = (a”(u) cos v, a” (u)sinv, b”(u)) ,

run(q) = (—d'(u)sinv, a'(u) cos v,0) ,

Tvv(q) (—a(u) cosv, —a(u
)b'(

ru(q) X m(q) = (—a(w)b' (v) cos v, —a(u

)
)

sin v

b (u) si

Iru(@) x ro(@)ll = a(w)
E=1,F=0,G=d

e = a/b// _ a”b/, f — 0’

,0),

inv,a(u)d (u))

g=ab.
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OITOU £XO0ULIE XPIO1I0IO|0El CUCTHIATIKA TNV OXEOT) a/(u)2 + b/(u)2 =1, n
ortoia mPOKUITIEl Ao v urobeorn ot 1) 7y eivatl povadiaiag tayutntag.
H kaprnuAdinta Gauss topa diveratl aro v oXEon
eg (a/b// _ a//b/)b/
“EG - a
Mapayeyiovtag mv o (u)? + b'(u)? = 1, Bpiokoune éu a’'a” + b’ = 0,
ETOPEV®MG I TIPONYOUNEVI EKPPAOCT] TG KAPMUAOTNTAG PeTacnpati¢etat otnv

g (@Y -y (@YW e

K= = 7 = —
EG a a a
Avaloya, n péon Kapnu)xétr]ta etvat
b/
H = — + (a'V" = d"V)|.
2 ! )

TéAog, enebry f = F = 0, priopoupe va epappocoupe v Acknorn 15,
Baoetl g oroiag o1 KUpleg KAPITUAOTNTEG ivat Ot

b/

kl — a/b// _ a//b/, k2 —_ _ .

a
‘Acoknon 18. Na Bpebei n kabetn kaprudomta ky,(w) omv kateubuvor tou

Sravuopatog w € 1,5, av 1o w Sev eivat povaduaio.
Avorn. Iy nepimeon auty propovpe va ypdayoupe 6w w = 5'(0), émou
B: (—€,6) — S eivar pia dwagopioun kapmuldn, ox1 avaykaia povadiaiag

taxuttag, pe 5(0) =
'Onwg Kat otnv repintoor tou povadiaiou Siavuopatog (BA. Mapaypago
2.6), 9a sivat

kn(w) = k(0) - cost; 6 = £(n(0), N(p)),

orou wopa k(0) xat n(0) eivat avuotoixwg n Kapnuddnta Kat 0 PATO Ka-
910 S1dvuopa g [ oto F(0) = p. Emiong, pe v i6ia cuddoyiouky g
MEPIMIOONG TOU povadiaiou §iavuopatog, 10X UEL KAl 1] 0XE0T
B(t)
[EZ0]IR
H mapaywylon 10U mapandve e0TEPIKOU yivopevou (oto onpeio 0), padi
pe tov opiopd tou dlapopikou tou N, divel ot
< (N0 3)(0)),T(0) > + < (N0 p)(0),7°(0) >=0
= < (Nop)(0),7(0) >+ < (N(p),7°(0) >=0
= < d,N(w),T(0) >+ < (N(p),7"(0) >=0.

< NB@),T(t)>=0, ne T(t)=
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Enopévag, epappodoviag toug yevikeupévoug turnoug Frenet-Serret kat toug
0pP1o0P0UG TV IePEAOOOV POPPOV, EXOUE:

kn(w) = k(0) - cos@ = k(0) < N(p),n(0) >

Co=FOD =< NE).KOmO) > = (Np), -2
— L < NO)LT'0) > = 1~ N () )
_ 1 w), w :L w:Hp(w),
B 7 e w ey
dnAadn katadnyoupe ot oxEon
1 1L, (w) )

kn(w) = Wﬂp(w) = T,(w)

P LT EMOPEVES AOKLOELG, Y1 EUKOALA, XP1OOITIOI0UE TOV aKOAOUH0
OUPBOAIOO Y1a TOV TEAECTI) OTO ONHEIO P:

2, = —d,N.

‘Aoknon 19. Aivetat n napapétpnon piag erugpaveiag (U, r, W) xat ta onpeia
qgeU,p=r(q). Av F =0, va anodeixBouv o1 oxéoeig:

Zp(ru) = %Tu + érva
EP(TU) = %Tu + %Tva

OTIOU O OAEG T1G EPPAVIZOIIEVEG CUVAPTIOELG £XOUV TTapaAeipBel ta aviiotoxa
q xat p.

Avuorn. Akoloubwviag v dadikaoia g [Hapaypagou 3.5, Yétoupe:

(1) —4Vy = Z10(74u) = a117y + 42174,

(2) —4Vy = Zp(rv) = Q1274 + G227.

[Maipvoviag 10 €0OTEPIKO YIvopevo TV (1) kat (2) dadoxikad pe 1, KAl 7y,
gxoupe ot
< =Ny, 1y > =aq11 < Ty, Ty > Fao1 < Ty, Ty >
=e=anF+anF =anF,
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< =Ny, Ty > =a11 < Ty, Ty > Fag1 < Ty, Ty >
= f=anF +anG = anG,
< =Ny, Ty > =12 < Ty Ty > F009 < Ty, Ty >
= f=a13F 4+ anF =a;pF,
< =Ny, Ty > =a19 < Ty, Ty > Fa22 < Ty, Ty >
= g = a12F + a29G = a2G,
ETTOPEVRG

e
aj] = 450 21 = 5 12 = 50 A2 =

9
E G E G’
P& Ti§ omoieg KATaAnyoue otig {ntovupeveg oX£0eS.
‘Acknon 20. Aivetal pia Kavoviky) ermgdvela S Kat 0 EPpAITIOUEVOS XMPOS TNS
T,S oo p € S. Av unobéooupe o1t wy, wo € 13,5 eivat ypappikeg ave§aptnta
Sravuopata, 10te 10XUOUV 01 OXEOELS

(1) Ep(wr) x Tp(ws) = K(p)(w1 x ws),
2) Yp(wy) X wy +wy X Bp(we) = 2H (p)(wy X wa).

Avdorn. IZupgeva pe my unobeon, ta wi, we anotedovv Bdon tou 1,5, ondte
HITOPOUHE va YpAyoupe Ot

Yp(wi) = Mwr + prws,  Xp(w2) = Aawi + pows,

ondte o mivaxkag tou X, (@G IPog v rponyoupevn Bdon) eivat o

B— (M M)
12 )

Enopévag,
K(p) = det(Xp) = det(B) = Az — Agpu,
1 1 1
H(p) = B tr(Xp) = §tr(B) =5 (A1 + p2),
orote

Ep(wr) x Ep(we) = (Mwr + pws) X (Agwy + pows)
= M A2(w1 X wy) + Az (wy X wa)
+ Aopr (we X wr) + p p2(we X wa)
= (A p2 — Adopr) (w1 X w2)
= K(p)(w1 x wz).
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Avdloya £xoupe o1t

Zp(wl) X wg + wy X 2p(u}2) =
= ()\111)1 + pwy) X wo + wy X ()\le + pows) =
= (A1 + p2)(wy X we) = 2H (p)(wy X wa).

‘Aoknon 21. Oswpoviag yvoory v tavtotnta Lagrange

ac a+d

. d R3
bee bedl’ a, bv c,ac )

(@ xb)(cxd)=

va ermdubouv ot (1) xat (2) tng mponyoupevng doknong, &g rpog K (p) kat
H(p) avuotoixwg.

"non
.

e XNV naparndave ox£or), yia EUKoAla, éxoupe oupBolioet pe "+" 10 E0MTEPIKO

ywopevo, dnAadr) ypdgpoupe a-c := < a, c > KATIL.

Avon. Eneidn wy, wo eival ypappikog avefdapmra, wy X we # 0. [ToAAanAa-
olddovtag €0mTEPIKA Katl Ta 6Uo PéAn g (1) pe wy X wa, €XOUpPE OTl

(Zp(wr) x Sp(wa))+ (w1 x wg) = K (p)(wy X wa)+(wy X wy).

‘Apa, spappoloviag v tavtotnta Lagrange kat ota §Uo péAn g nponyou-
Hevng, Bplokoupe ot

wrwp Wiw2

)

W2 wy; W2rw2

o1to0TE

Yp(wr)owr  Xp(wr)-w2

K(p) = Ep(wz)-w Tp(wz)-wa|

wiswp W1 w2

W w1 W2 W2
Me avdAoyo tpéro, anod v (2) mpoxkurtet 6Tt

Ep(wr)wr Ep(wr)-ws w1 w1 w1 w2

wa w1 Wa*ws Yp(wa)wy XS (wa) ws

1
H(P) = )
wi-wp wWiw2

W2 wy W2 w2
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[TAPATHPHEH. Ta w; = 74(q) xat wy = r,(q), ot mpornyoupevol turot,
Béo® g (3.3.6) kat v oplopev oV Jepediwdov peyebwv 1ng kat 2ng tagng,
08nyouv otoug TUTNOUg Kaprudottev (3.5.3) kat (3.5.4).

‘Acrnorn 22. Me toug cUPBOAICOUS TRV ITPONYOUHEVROV AOKNOE®V, va SetxOel
ot yia kabe w = Ary(q) + pry(q) € 1,5, 1oxvet iy oxéon

Iu2 _)\N )\2
S,(w)yxw=0 & |E F G|=0.
e f g

Avon. Ipota mapatnpoupe Ot 10XUEL 1] 1008uvapia
1)) Yow)yxw=0 <& (Zp(w)xw)(ry xry) =0,

OI0U, Yla €UKOAid, rmapaleinmoupe 10 ¢ = rl (p) ouig OGO TEG TOU E§RTEPIKOU
Ywopévou.

[Mpaypatikd, n katevbuvon = elval npodpavng. AviotpoPrg, eneldr)
w, Yp(w) € Tp,S, 1o Sravuopa X,(w) x w eivat kabeto oto emninedo mou Ppi-
okovtat ta w, Lp(w), apa eival KAOeTo 010 eminedo WV 4, . AAAG oTO 1610
eninedo eivat KAOeTo Kat 10 7y, X 7. Enopéveg, X, (w) x w = A(ry, X ry), dpa
n oxéon (X, (w) X w)+(ry X 1) = 0 ouvenayetat 6t A(ry, X ry,)+ (1 X 1) = 0,
art érou mpokurttet 6t A = 0 xat Xy, (w) x w = 0.

Egpappodoviag topa v tavtotnta Lagrange oto Sevtepo 1éA0G tng 1006U-
vapiag (), Bpiokoupe ot

(I

AMAa

Sp(w)ery = (A8, (ry) + pp(ry)) oy
= A < —de(Tu),Tu > +,U < —de(rv)aru >
= Xe + :ufv

Kat apoépola
Ep(w)ery = (ABp(ru) + pEp(r)) 1o = Af + pg.
Emiong,

wWery = (ATy + pry)ry
=AY, Ty > F U< Ty, Ty >
= A\E + uF,
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Kat
wery = (Ary + pry)ry = AF + uG.

AvukabBioteviag tig riponyoupeveg otnv (II), éxoupe teAdikd ot

5, (w) X w =0 Aetpf  Afdng|
P AE + uF \F + uG
ole f e g 2| f 9] _
S0 B F+)\N‘E G‘—i—u o G‘—O
E F E G F G
A2 +A‘ ‘+ 2 ‘:0
e f Hle 9| TH 1 g
Iu2 _)\N )\2
< |E F G|=0.
e [ g

‘Acoxnon 23 'Eva pn pndeviko diavuopa w € 15,5 kadeitar kGpro Siavuopa
tou tedeotr) oxnpatog X, = —d,N, av X,(w) = Aw, yua éva X € R,, éniabdrn)
10 w eivat 16108udvuopa tou X;,. Na arnodeixBel 6t

0 w eivat kupo Stavuopa & X,(w) X w = 0.

Avon. TIvepiloupe 6u X(w) X w = 0 téte kKat pévov tdte av ta davuopata
Yp(w), w eivar ypappikeg e§npupéva, dndadr unapxet A € R,, étot wote
Yp(w) = Aw, apa to w eivat kupto Sidvuopa.

[TAPATHPHZEIE. 1) Av w = Ary+pur,, T0Te, CUPQGOVA KAl HE TNV [PONYOUHEVT)
AoKnon,

Iu2 _)\N )\2
1T0 w eivat kupto davuopa < |F F G| =0.
e f g

2) Ta xUpla dravuopata opidouv, MPOPAVOS, AVIIOTOLXEG KUPLEG KATEUOUVOELS.

‘Aoxrnon 24 Yrobstoupe ou f: .S — S sival pia apgidiagopion petadu duo
KAVOVIKQV EMPAVEI®V, 1] OTI01d IKAVOIIOLET TV OUVONKI

(1) < dpf(wy),d,f(ws) >fp) =< w1, w2 >p,

yia kae p € S xat kabe wi, wo € 1,5, Na anodeixBouv ta endpeva :
a) Av (U,r, W) etvar pia mapapétpnon wg S, téte xkarn (U, f or, f(W))
elval mapapérpnon g S.
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B) H (1) woobuvapei pe v

2) iy (dpf (w)) = Tp(w),

yia kabe p € S xarw € T),S.
V) Av E, F, Grar B, F, G gival ta 9gpehodn peyédn 1ng tagng, wg mpog
ug napapetproetg (U, r, W) xatr (U, for, f(W)) wov S xat S avuotoixeg, tote

E=E, F=F, G=aG.

Avon. H anédeiln tou gpotjpatog a) sivat aupeon, enedn n f eivar apgiba-
@opilon (Apa Kat 01010 0PPIoHOG).

B) H ouvernayoyn (1) = (2) eival pogavrg. Avuotpooeg, eneidr) o
E0MTEPIKO YIVOLIEVO IKAVOITOLEL TNV YEVIKY] OXEOT)

<a+ba+b>—<aa>—<bb>=2<a,b>,
N (2) ovvendyetat ot

2 <wi,wy > =I(w; +wz) — Ip(wr) — I(ws)
= Lyp) (dpf (w1 +w2)) = Tp(p) (dp f (w1)) = Typ) (dp f (w2))
=T (dpf(wl) + dpf(w2)) — Ly (dpf(wl)) — L) (d:nf(w2))
=2 <dpf(wr),dpf(ws) >,

arr orou npoxkurttet 1 (1).
V) Ag 9éooups, yia sukodia, 7 = f o r. Tdte, cupgwva pe v Aoknon 27
tou KegpalAaiou 2,

or d(f o
rlo) = 5| = 20| = dla). Vaeu.

Yuvenwg, ya kabe g € U, éxoupe ot

E(q) =< Ty, Ty >f(P)
=< dpf(ru)a dpf(ru) >f(p)
=< ’r’u77'u >p: E(Q)7

6nAadn F = E. Avdloya anodeikviovial Kat 0t OX£0ELS TV UMTOAOIV Iejie-
Awdov peyebov 1ng tagng.






Iapaptnpa A’

ArapoplrOg AOYLONOG

YrnievBupioupe €80 pepikda Baoikd oupnepacpata 1ou Atapopikou Aoylopou,
Ta omoia €ivatl Xpriotpa otg ZNPeEIOoelS aUTES.

A'.1 Opropdg. BOczwpoupe éva U C R™ avoixto, a € U katl pia areikovion
f: U — R". Aé¢pe 6un f eivar ragpopioyn oto a, 1) 6t ) f napaywyiletat
oT0 a, av urapyel ypappiky anewovion Df(a): R™ — R”™ [6nAady Df(a) €
L(R™,R™)], éto1 wote

L fat )~ f(@) - D@D

=0.
h—0 It

(A. 1)

H ypappikn anewovion D f(a) Aédyetar Srapopird tng f oto onpeio a.

Ztov apOuntr tou naparndve nnAikou spgavidetatl n voppa tou R”, eve
otov rapovopaocty) autr tou R™.
H oxéon (A. 1) eivatl 10o6uvaun pe t oxéon

A. 2) iy F(at 1) = fla) = Df(a)(h)
h=0 17|

=0,

aAlAd n voppa Tou napovopaoty) 6ev propet va mapaldeipBel, yia m > 2.
Emiong, aSidel va rnapatnprjooupie 61t 0 IPonyoUuHEeEVOg 0plopog £XEL Evvola
yla Oroloucdote XPoug He VOPHA, Kal OX1 POVOo yia eukAeideloug.

A'.2 Egpappoyyy. Ag unobéooupe ou f: I — R, émou [ eivat éva avoixto
d1aotpua tou R, kat éote 6u n f mapaywyiletat o éva t,. Tote, ernedn) 1o

189
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dlapopko g f oto t,
Df(to) R— R>

elval YPapHIK: AIelkoOVIor, IKAVOITIOLEL T OXEoT)
Df(to)(t) =tDf(to)(1), VteR.

Ormdte, ano tov oplopod g drapopioung ouvaptnong, EXOUHE 0Tt

o [t +8) = £(t0) = tDF(t) (1)

=0.
t—0 |t|

I'|, IOOGﬁVG]JCl,
lim ( = ) ( O)

t—0 t

=Df (to)(l)'
Enopéveg, o authjv tv nepimoon eivat
(A. 3) f/(to) = Df(to)(l)a

OTIOU OTO0 ITP®TO PEAOG €XOULLE T OUVL 01 MAPAY®YO N1AG ITPAYHATIKAG GUVApP-
NoNg PE Ipaypatki) petabAnt). EmmAéov, 1oxvetl n oxéon

(A. 4) Df(ty)(t) =t f'(t,), VteR.

Avn f: U C R™ — R"” sivat Sragopiomn oo a € U, oérou 10 U sivar
avoiyto, ta enopeva pia cupnepdopata eivat apeoa:

A'. 3 IIpétaon. To Sapopiko e [ oto a givar povoonuavia opiouevo.
A'. 4 TIpétaon. H f sivai ovveyrig oto a.

A'.5 IIpétaoy. O mepiopioudg g f oe kade avoyto V . C U pue x € V eivar
Swagopioyn areucovion oo x kar D(f|y)(x) = Df(x).

A'.6 Opiopdg. Av U C R™ avoxté kat f: U — R”, téte n f Aéystar Srago-
piowan ovo U, av eivat Stagopion oe kabe onpeio z € U.

Ot 1peig npotacelg rou akoAoubouv e§acpadidouv v Sadpopiopotta
OPIOUEVRV ATTIAGV ATEIKOVICERDV

A'.7 IIpétaon. AvU C R™ avoytd kat f: U — R" otadepn), 101e 1 f eivar
Swagopiown oto U, kat Df(x) = 0, yia kade v € U. Avuopdpeg, av ya
uia &agopiowun f: U — R™ evar Df(x) = 0, yia kade x € U, wie n f
glvar otadepn) oe kade ovvektkn ovviotwoa tou U. Isiatiépwg, av 1o U givat
OUVEKTIKO oUvoAo, 10te | elvar otadgpn ae ofokaAnpo o U.
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A'.8 IIpétaon. Avn f: R™ — R” sivar yoauuxn anewcovion, éndaén f €
L(R™ R"™), wote n f eivar bragopion kai

(A. 5) Df(z) =,

yia kade x € R™.

A.9 IIpétaon. Avn f: R™ x .- x R™ — R" givar k-mAsioypappuxn arn-
eucovon, 6nAadn sivar yoauukny ©¢ mpog Kade pustabinty, omote ypd@ouue

(014

f € Lk(lef o 7Rmk7Rn)7

ote n f elvar Srapopiown kai

Df(.%')(h) = f(hl,xz,...,xk)+f($1,h2,$3,...,$k)+"'
+f($17 sy Th—2, hk—17$k) + f(xlv s ,ZL'k-_l,hk),

yia kade x = (r1,22,...,Tk), h = (hy,ha, ..., hx) € R™ x ... x R™Mk,
A'. 10 IIépropa. (i) Kade eowteptiko ytvouero
<,>:R"xR™ —R
glvar drapopioo, ¢ Stypappuikn arskovion, Kat
(A. 6) [D <, > (z,y)](h, k) =< h,y >+ < x,k >,

yia kade x,y, h, k € R™,
(ii) To e§wtepucO yrvopevo

x:R¥xR* — R?
elvar dlapopioyio, ¢ SLypauuIkn aneikovion, Kat
(A. 7) [D x (z,y)](h,k) =h xy+z Xk,

yia kade .y, h, k € R3.
(iii) H extyunipia ansucovion

ev: LIR™ R") x R™ — R": (f,x) — ev(f,z) = f(z)
elvar dragpopion, wg drypaupukn, kKat
(A. 8) [Dev(f07$o)](f>x) = f(l'o) + fo(x)a

yia kade xy, v € R™ xar f,, f € L(R™,R™).
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(iv) H ovvdeon
co: L(R™,R") x L(R",R”) — L(R™,RP): (f,g) > co(f,g) =g o f
slvat dlagopion, wg drypaupikny anskovion, Kat

(A. 9) [Dco(fmgo)](fag) =goo f+go fo

yia kade f,, f € LIR™,R™) kat ¢,,9 € L(R™,RP).
Ye oxéon pe 1 ouvleon §1aPopioI®V ATIEIKOVIOE®V, 10X UEL TO ETTOPEVO

A'.11 Gcopnpa (Kavévag tng AAuooidag). Ymodcwouvue o f: U C R™
kat g: V C R" — RF sivar Guapopiowec aneiwovioeic ota onueia a € U ka
f(a) € V avuotoixwg, xai f(U) C V. Tote karn ovvdeon go f: U — R sivar
Stagpopioun oto a Kat

D(go f)(a) = Dg(f(a)) o Df(a).

Ot endpeveg TPeEg MPOTACEIS APOPOUV OE ATMEIKOVIOEIG TIoU opidovial 1
naipvouv T1PEG 08 KAPTESIAvA YIVOUEVA EUKRAEIBEIOV XOP®V.

A'.12 Ipétaon. Av f: U C R" — R™ kat 9éoouvue f; = u; o f, émou
u; : R — R eivar n i-mpo6oin (ndadn u;(x1,...,T,) = x;), e n [ evar
Stagopiown oto a € U eav kar povov gav f; eivar sragpopiown oto a, yia kdde
1=1,...,m. Zmu nepimtwon avty elvar

Df(a) = (Dfl(a), . ,Dfm(a)).
I6wanépag, avU =1 C R, and my f'(a) = Df(a)(1), mporvnter ou

f'(a) = (fi(a), fa(a),..., fr(a)).
A'. 13 Ipétaon. O ancwwoviceg f: U C R" - R karg: V C RP — RY
eivar Sragopiousg ota onueia a € U karb € V, avuotoixwg, av kat povov av n
anemovion

fxg:UxV —R"xRI: (z,y) — (f(z),9(y))

etvar Sragopiown oto (a,b). Znv nepintwon avt) eivai

D(f x g)(a,b) = Df(a) x Dg(b).
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'Eote éva ouvodo tng popepng U x V, orou U C R™, V C R" avoixid,
a € Uxat b € V. @swpoupe piav anekovion f : R™ x R — RP. Ot
ATIEIKOVIOELG

fa: R" — RP : v fu(v) := f(a,v)
for R — RP 1w — fiy(u) := f(u,b)

ovopddovtal pepirég ancikovioelg tng f oto (a,b). loxvet 1o endpevo

A'. 14 Osopnpa Av uia f, onwg mponyoupévag, elvat siagopiown oto (a,b) €
U xV, éna. vndpxetn Df(a,b) € L(R™ x R" RP) 1dte ot f, kar fp eivar
Stapopioweg ota b kai a, aviiotoiywg, Kat Wy vet o Tunog tou Leibniz:

Df(a,b)(h,k) = Dfa(b)(k) + D fo(a)(h),

ya kade (h, k) € R™ x R™.

A'.15 Opopdsg. Eow f = (f1,..., fn): U C R™ — R" apopiown aret-
kovion oto a € U, 8nd. vriapyer n Df(a) € L(R™,R™). H nponyoupevn
VPAUHIKI] AIEKOVIon tavtietat pe éva mivara (aij) € My, xn(R), péoo g
oxéong

(A. 10) aij := prj(Df(a)(e:)) = D(prj o f)(a)(ei) = D fj(a)(ei).

O avaotpogog tou mivaka (A. 10) Aéyetar mivarag Jacobi 1] IarwBlavog
nivarag tqng f oto a, kai cupBoAiletal pe J,f (BA. xkai ) oxéon (A. 14)
NapakaAt®). 'Oneg BALrnel Kaveig aro v IIPONyouUlEVI) KATAOKEUT),

o J,f €lvar arpibo¢ o mivakag mou avtiotol el otn YoauuiKy ameicovion
D f(a), wg mpog g puotkes Baoelg.
Zug meplooodtepeg TEPUTTOOELS Urtodoyidoupe tov lakeBlavo mivaka xkat
avayopaote Katdrmy ot ypappiky) anewwovion D f(a), péow g oxéong
hy
[All) Df(a)(h177hm):(Jaf) )
hm,
yia ka0e h = (hy, ..., hy) € R™.

A'.16 Opiopdg. Eoww f: U C R™ — R™ (U avowktd) kata = (ay, ..., ay) €
U. Ynidpyxouv avoiktd Swaotuata l; CR, i =1,...,m,pea € [1 x---x I, C
U. Aépe 6u n f napayoyifetat katd tnv i-petaBAnty ovo a € U, 1 ou
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undpyet n i-peplky napdywyog tng f oto a € U, av undpyet n napaywyos
NG PEPIKIG ATIEIKOVIONG

Ii — R": t’_)f(alv"'aai—17t>ai+17"'7am)

oto onpeio a;.

Zupoeweva pe v Epappoyr A’ 2 kat myv IIpotaon A' 12, 10 S1apopiko
g TeAeUTaiag AMEIKOVIONG PIOPEL va EPUNVEUTEL €1t ®§ Pia YPAPHIKL a-
nekovion, nou oupBodiletat pe D; f(a), eite wg éva diavuopa tou R™, mou

oupBoAidetal pe g—g{l la- Ta g—i lo ka1 D; f(a) oxetidovtal péoe tng 106tntag

of

8:L'Z' a

(A. 12) = D;f(a)(1).

H 8iagpopiomoémrta mg f oto a, mou & oplopou 1ocobuvapel pe v ox€on
(A. 1), ouvenayetat v

o 1@+ t63) = (@) = Df (@)t

t=0 [[tei

=0,

1 ortoia, Je T o€1pd g, 100duvapel pe v

o F @ te) = (@)

t—0 t

= D f(a)(ei),
art Orou TIPOKUITIEL 1)

of
al’i

(A. 13) = Df(a)(e;).

a

Zuvduddoviag v tedeutaia ootnta pe v (A. 10), Bplokoupe 6T 0 mivakag
Jacobi tng f oto a aipvel mAéov ) popr

(A. 14) Jof = <g£ﬂ

):4Dﬁm»i

a
OTI0U 0 €KOENG ¢ oUPBOATLel, Katd Ta YVOOTd, avaotpodo mivaka.

A'. 17 Opopdg. Eotw 6t pia anewoévion f: U C R™ — R™ eivar drago-
piown oto U, 6niadr undpyet 1o dapopko D f(a), yia kabe a € U. Tote
opidetal n arnekovion

Df:U — LR™R"): z+— Df(x)

rou Aéyetat (0A1ko) Sradpopiko 1) (0A1ky) napaywyog tng f.
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Agou o xwpog L(R™,R™) eivat euxAeiberog, kat pdiota
LR™ R"™) =2 Mp,xn(R) X R™™,

éxetl évvola 1o gpatnua av n D f eival ouvexng, 11 Sagopiomn. ‘Etot, Sa Aépe
oun f eival Srapopioypn takng C' (1) armdovotepa: n f sivar taing Ch), av
n f eival Bragopion oto U xkar n D f sivat ouvexrg.

Av grurAéov n D f eival Sapopioun oto a € U, to dagopikd g D f oto
a, SnA. N YPAPHIKL AMEKOVION)

D?f(a) := D(Df)(a): R™ — L(R™ R"™)

ovoudadetal deutepn napaywyog tng f oto a. Mid ttowa anewkovion, av
UITAPXEL, 1KAVOTIOLEL TNV

D?f(a) € L(R™, L(R™,R")) = Ly(R™;R™),

orou Lo(R™; R™) oupBodidet tov X@po 6A@V ToV S1ypappikeOV aretkovioemv
g popgng R™ x R™ — R™. Av n D?f(a) undpxet ya kae a € U, tote
opidetal 10 drapopiko (1] nmapaywyog) devtepng taing tng f. 6ndadn n
ATEIKOVIOT)

D?f: U — Ly(R™;R").

I61ntépag, av i D? f eivat ouvexng, dte 1 f Aéyetal Sradopictjin ansirévi-
on tafng C2.
Me avdloyo tpomo opiletal n k-tafng mapaywyog tng f oto a, niadr) n

D¥f(a) € L(R™, L(R™, L(R™,...)...)) = Ly(R™;R")

kat 1o Sapopkd D¥f: U — Li(R™;R™). Av n D¥f eival ouvexrig, tote 1 f
Aéyetatl Srapopiowpn takng CF. I61anépwg, av n f sivar ta€ng C*, yia kabe
k=1,2,..., tdtc Aépe 6u 1 f eivar Swagpopioun taing C*.

A'. 18 IIpdotaon. Ia pia Swapopiown arncsucovion f: U C R™ — R™ taéne
CF, n D f(a) € Ly(R™;R") eivai uppetpiry ansikévion. Anjadn, yia kade
(hi,...,hi) € R™ x R™, eivar

D¥f(a)(ha, ..., hx) = D*f(a)(ho(1)s-- - ho),

ylia kade Uetadeon o TV OEIKIOV.

Av pia antewoviony f: U C R™ — R” napaywyidetat oo a € U, AapBavoviag
urt oyw v Ipodtaon A'13, Slarmot@voupe OT1 UTIAPYXOUV OAEG Ol PEPIKEG
napdyoyot gotle. i =1,...,n, j =1,...,m. Iawépag, avn f etvar C1, t6te
KAl Ol ITPONYOUHEVEG HEPIKEG MTAPAYDYOL €lval ouvexeilg. AvIloTpOd®g, OPKG,
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1 UMapdn OV PEPIKOV MApAy@ywv Ogv ouvernayetat v urnapsn wmg Df(a).
AMAQ, av UrapyouVv ot PEPIKEG MAPAY®YOl Kal £ival OUVEXELS, TOTE UTIAPXEL 1)
Df(a), xatn f etvat ing wégng C*.

Eneidn kabe fj: U C R™ — R eival anewovion m petaBAntav, av n f
drapopiletal maviov, Sa opiletal Kat ) AMEIKOVION

of; . 0f;
0z U>a+r— oz,

e R,

a

ordte propel kaveig va SiepamBel yia v k-pepikr) mapdymyo g teAsutaiag
oe orolodnrtte onpeio a € U, 6ndadn ya v

0 (0f; . 0? fi
Oxp \Ox; )|, Oxrlx;
Av 1) f etvat Stagopiomn ta€ng 2 (avuiot. drapopion tadng C2), tote undp-

XOUV OAeG O PEPIKEG Mapaywyotl Tafng 2, SnAadn 6Aeg ot

0% f;
0z, 0x;

k=1,...,n.

Y
a

9y
a
ya kabe a € U (avtiot. undpxouv 0Aeg o1 pepikEG napdymyot tagng 2 kat
elvat ouveyeig). Aviiotpodpag, av ot 2-taing HEPIKEG MTAPAYRYOL UTTAPXOUV Kt
elval ouvexeis, tote kat n f eivat Sragopioyn ta€ng C2.
Avdloya €xoupe TG PEPIKEG ITAPAY®YOUS Tagng p, yia kabe p = 1,2,. ..
I81a1tépwg, 10XUEL TO ETTOPEVO

A'. 19 @copnpa. Ecto f: U C R™ — R" (U avowktd) kara € U. H | eivar
Sragpopiown tafne C'™ 101e Kar HOVOV TOTe v UTLAPXOUV Ol UEPIKES TTAPAYEYOL
Kade tafng Kat ivat oUveXELS.

A'. 20 O=opnpa (tng Avtiotpogpng Ancikoviorng). Eoww f: U C R” — R”
(U C R" avowyto) Sitagopiown arneucdvion tafng CP (p > 1). Av n mapdywyog
Df(a,) mg f ot a, evar yoauuikog wwopop@iouog (6ni. 1-1, eni kat yoaupuukn),
101¢ Utdpxet (avoytn) meptoxn U, tou a, pe a, € U, C U kai (avoryt) teploxn
Vo, tou f(a,), étor dote va toxvouv ta efrg:

i) O meproproucg g f eni wou U, eivar anewcovion 1-1 kar f(U,) =V, (apa
n flu,: Up — V, eivar 1-1 kai eni anetcdvion).

it) H avtiotpogn aneicovion g f|u,

(f|Uo)_1: Vo — U,

elvar 6rapopion taéne CP (apa n f|y, eivar pia CP-aupibiapopion).
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iii) I'a kade a € U,, 1woyver n oxéon

(A. 15) Df~(f(a)) = [Df(a)]~".

Ateurpvidoupe ot av U, V eivat avoiytd urtoouvoda tou R”, pia aneikovi-
on f: U — V 9a Aéyetar CF-appidrapédpion, av sivat C*-Siagpopionn kat a-
vuotpéyn, ka1 avriotpopry g £~ : V. — U sivat ertiong C k—ﬁqu)opiomr].

@upidoupe akoéun o6u (oto napandve Sewpnua), yia va eivar n D f(a,) :
R"” — R" ypappikog 1000p@p1opog, apKel va eival ypappiky kat (Adye tng
nenepacpévng dwaotaong) 1 - 1 1 e,

Ioxuetl n emopevn

A'.21 Hpéraon. Av U,V C R" avoya, pia f: U — V eivar CF-augibiapo-
pwn, av gvat Ck—{)'zacpopiozun, 1-1 kat eni kar D f (x) eivar avuotpépyun, ya
kadex € U.

IMa ) dlatinwor evog addou depedimboug armotedéoatog Tou Alapopikoy
Aoylopou sioayoupe tov €€ oupBoAtopo: Av f: R™ x R™ D A — R™, 16t
HITOPOUHE va YpAyoupe Ot

f = f(xlv"'axTL?yl?"' aym)
A'. 22 Osopnpa (tng MemAeypévng Zuvaptnong). 'Eoto f: A — R™ uia

Sraopion arneovion taéng CF, omou A C R™ x R™ givar avoiytd umoouvolo,
kat éva onueio (a,b) € A, térowo wote f(a,b) = 0 kat o (uepucdg) mivarxag Jacobi

of1 ... on
Oy (a,b) OYym (a,b)
f17 KRR fm
J(a,b) <m e
Ofm ... Ofm
W1 (o) Pl (a,0)

va ivat avtiotpentog (toodvvaua: n opifovoda tou dev undevietay). Tote urapyet
avow ) neptoxn (avoty unddda) U C R"™ tou a, avoytn nepioxn (avoytn
wrnaAida) V. C R™ wu b, ue U x V C A, xar pia povadikny Siapopioyn
ansucovion g: R D U — V C R™ waéne CF, térowa dote:

gla) =b; f(z,9(z)) =0, VzeUl,

fla"'afm

Kat o wivarxag Jy <7 va givar avtotpentog, yia kade x € U.
y17 A 7ym
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Emmiéov, o mivaxag Jacobi g g, oto twyov onueio x € U, divetar and
oxéon (xpnowonowvtag v avdioyn oupuboAKn HopPn TV TWAK®OV UELIKOU
Tapaywywv, Onwg 1o TAVe) :

fla" fm
ng = J(:c,f(l‘)) <y1, e Ym

fi,-- fm)] <f17-- fm>
= - Jx T Jx T .
[(,f( ) <y17”"ym (z,f(z)) T1,. . Tn

Armo v tedeutaia oxEon PIOPOUV va UTIOAOYIOTOUV KAl Ol PHEPLKEG mapd-
YOYO1 G ¢g. ®a Soupe pia eUKOAGTEP MEPITIM®OT] Ot OUVEXELA.

A'.23 IIépopa 'Ecto f: R*" xR DO A — R (A avowtd) pia Srapopion
answovion tagne CF, onéte f = f(x1,...,2n,y). Av (a,b) € A sivar onueio,
tétowo wote f(a,b) = 0 kar

of

et =g

70,

101 UTapyel avoyty meptoxn (avoyty unadida) U C R"™ tou a, avoytr me-
owoxn (avoyto Swaotua) V. C R wou b, ue U x V. C A, kar uia povabikn
stagopiown answovion g: R* D U — V C R waéne CF, tétoia dote:
g(a) =,
Fa.g(@) =0 xa f,(a,g(x) £0, Vael.

EmimAéov, woyvet ot

(for (@, (@), fan (@, f(2)))
fy(l'af(l')) ’

(gwl(m),...,gwn(x)) = — Ve eU,

am OTOU MPOKUTITOUV Ol CYEOEIC

fai (2, f(z))

9 = )

VeelU kat i=1,...,n.
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- gyyutato, 12

- euBelortoovv, 12

- eparttopevo, 115

- KdaOeto, 12
emeaveia

- €K meploTpodrg, 102

- KAVOVIKT), 85

- IapapeTpnévn, 82

- npooavatoAioyn, 143
ermrayuvon, 5
£0WTEPIKEG eClonoelg, 40
eparttopévn) eubeia, 4
eparttoépevo davuopa

- erugavelag, 113

- RAPItuAng, 5
eparntopevog xopog, 113
gubeia

- eparttopévn, 4

- raben, 142
e€lowoeig
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- Weingarten, 159 - opadn, 4

- E0MTEPIKEG, 40 - APAPETIPNHEVT), 2

- puolkeg, 40 - 010 X®po, 2

- mapdaAAnAn, 77

Yepedindn peyédn - opalpikn, 71

- 1ng t&éng, 146 Kapmnudomta

- 2ng taéng, 155 - Gauss, 153
SepeAdwdng popepn - kabetn, 159

- devtepn, 154 - Kapruing, 10, 20

- Tipwn, 145 - eminedn, 41
Bsopnua - IPOoONPAcEévn, 41

- Avtiotpogpng - KUpua, 153

Yuvaptnong, 121, 196 - péon, 153
- OgpeA1®deg Kavévag g Aduoibag, 120
- 1ov Emgaveiov, 156 KOVOVIKI)
- 1@v Kapnuiov, 36 - KAuImun, 4
- ITemAeypévng - pop®r] KAPmuAng, 28
Zuvaptnong, 197 - mapdotaon KapmuAng, 28
- Meusnier, 161 KukAoeibrg, 59
KUAwbpog (katakopugpog), 149

Kabetn KuUpla

- devtepn (kapmuAng), 63 - kapruAdtnta, 153

- eubeia (em@aveiag), 142 - katevbuvor, 153

- Kaprnudotnta, 159 KUpto Siavuopa, 186

- Tpwtn (Kapruing), 62 KOVOG TETPAYOVIKOG, 94

- toun, 162
KAaBeto Hiavuopa AoyapiBpikn oneipa, 57

- devtepo, 11

peonuBpivoi, 102
petagpopd, 34

HETPO TAXUINTag, 5
HNKOG KaPUrtuAng, 5, 148

- emgpavelag, 142

- pwtevoy, 10

- npwto, 10
KAPITUAEg

- MAPAPETPIKEG, 85

opBoywvia napapérpnon, 148
- ouvietaypévev, 85

KAUIAn, 2 napaAAnlot (kuxkdol), 102
- avtiBewn, 56 tapaBoAoe1dbeg
- ardn, 4 - eAdertuiko, 94
- yevételpa, 102 - uniepBoAko, 94
- eminebn), 2 napapérpnon
- KAVOVIKY), 4 - (turou) Monge, 92
- Katatopng, 102 - erugpaveiag, 82, 84

- povadiaiag tayuintag, 9 - opBoyovia, 148
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MIAPAPETPOS QUOIKEG eClo00eg, 40
- @UOIKN, 9
- pnKog t6gou, 9 xapg, 82
TIPOCAVATOAIO10G
- Bdoewv, 24

- eugpavelov, 143
- KauIulov, 25
TIPOCEYY10T] KAUMUANG, 28

onpueio
- avopadiag, 4
-181wadov, 10
oreipa
- torus, 106
- AoyapiBuiky), 57
oteped kivnon, 35
OTEPEOYPAPIKT TIPOBOAT)
- and tov Bopeto mdro, 90
- aro Tov votlo oo, 91
otpéyn, 13, 20
otpogn, 34
ouppetpia (areikédvion), 142
ouotnpa Cuvietaypévayv, 82
opaipiky) deikrpa, 75

Tawia tou Mobius, 143
tauvtotnta Lagrange, 184
Tedeotng
- autoouduyng, 152
- oxfjpatog, 151
TETPAYOVIKOG KOVog, 94
Toruky napdotaor), 109
1piedpo
- Frenet, 11, 20, 22
- KATd PNKog KAPmuAng, 12
- ouvodeuvov, 11
- KATtd PNKog KAPmuAng, 12
turnot Frenet-Serret, 15
- yevikeupévol, 24

uriepBoAoelbég
- 6ixwvo, 94
- povoxwvo, 94






