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Abstract

We present lower and upper bounds for the box dimension of the graphs of certain nonaffine fractal in-

terpolation functions by generalizing the results that hold for the affine case.
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1 Introduction

There has been great interest in the calculation of the box dimension of fractal inter-
polation functions because of their potential utility in approximation theory and in comput-
er graphics.

In the case of equally spaced interpolation points, Hardin and Massopust') computed
the box dimension of certain self-affine functions in one dimension. Later, Barnsley et. al.
in [3] showed how the class of one-dimensional interpolation functions can be usefully
widened by considering the projections of the graphs of higher-dimensional self-affine
functions, which he named hiddenvariable fractal interpolation functions. The construc-
tion of space-filling curves using these hidden-variable fractal interpolation functions is
considered in [6]. The determination of the conditions that a vertical scaling factor must
obey to effectively model an arbitrary function and the introducton of the polar fractal in-

terpolation functions as a fractal interpolation method of a nonaffine character are consid-
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ered in [4].

Here our aim is to estimate the box dimension of the graphs of certain nonaffine func-
tions in one dimension so as to generalize the results in (3] to the nonaffine case. Finally,
some examples of how one can use the proposed bounds to estimate and, in some cases, to

compute the box dimension of the fractal functions mentioned earlier are given.
2 Iterated Function Systems

Within Fractal Geometry, the method of iterated function systems introduced by

1 [2] 1 s3

Hutchinson' and popularised by Barnsley et. a and Demko et. a , provide a frame-
work for encoding and generating a large class of fractal images.
Let X,YCR?. A function f:X—Y is called a Lipschitz function if
| f(x) — f| <clz — vyl
for all ,y€ X and for some constant ¢cz20. A Lipschitz function is a contraction with con-
tractivity factor ¢, if ¢<C1. The function f is called a bi-Lipschitz function if
alz —y| < [f(@) — S <l — vl

for all x,y€ X and some constants 0<c,<{c,<<oo. An iterated function system, or IFS for
short, may be considered as a pair consisting of a closed subset X of R? and a finite collec-
tion of continuous mappings 1,: X—~X, n=1,2,-+,N. It is often convenient to write an

IFS formally as {X;w,,w,,***swn} or, somewhat more briefly, as {X;w,_,}.

We introduce the associated map of subsets WS¢ (X)—+Z¢(X), given by

N
WE =Uw,(E) for EE€ X)),

n=

where ¥ (X) is the metric space of all nonempty compact subsets of X endowed with the
Hausdorf{ metric. The map W is called the collage map to alert us to the fact that W(E) is
formed as a union or collage of sets. Sometimes $¥°(X) is referred to as the “space of frac-
tals in X” (but note that not all members of X are fractals).

If w, are contractions with corresponding contractivity factors s,,n=1,2,++,N, the
IFS is termed hyperbolic and the map W is itself a contraction with contractivity factor s=
max {§;+5z,ssn} (ref. [1], Theorem 7.1, p. 81). In what follows we abbreviate by f*
the k-fold composition f o fo =« o f,

The attractor of a hyperbolic IFS is the unique set A for which limW*(E)=A for ev-

d—-o0

ery starting set E. The term attractor is chosen to suggest the movement of E towards A

under repeated applications of W. Note that A is also the unique set in S¥°(X) which is
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not changed by W, i.e. , W(A)=A, and from this important perspective it is often called
the invariant set of the IFS.
A transformation w is affine in R?if it may be represented by a matrix B and a trans-

lation ¢ as w(X)=Bx-+t, or , in the case of R?,

-

The code of w is the 6-tuple (a,b,c,5,d,¢e), and the code of an IFS is a table whose rows

are the codes of w;,w,s*** ;wn. We refer the interested reader to [1] or [8].
3 Fractal Interpolation Functions

Let f be a continuous real function defined on the real closed interval I=[0,1]. Fur-
ther, let 0=z, <z <{-<zy_;<<zn=1 be a partition of I, where xo,z,,*,2y are N+1
distinct points. It is not assumed that these points are equidistant. The funciton f is called
an interpolation function corresponding to the set of data {(zi,y,)EIXR: i=0,1,,N},
if f(z)=y;foralli=0,1,:,N. We shall write for brevity f(z;)=f:,i=0,1,*,N. The
points (x;,f;) are called the interpolation points. We say that the function f interpolates
the data and that (the graph of) f passes through the interpolation points. Let us denote
by G;={(x,f(x)):x€I) the graph of a function f on I. Throughout this section we will
work in the complete metric space K=1XR with respect to the Euclidean or to some other
equivalent metric.

Let N be a positive integer greater than 1. Set I,=[x,-,,z,] and define L,.I—I, by

L.(z) = a,x + d.,
where the real numbers a,.d,, for n=1,2,+,N, are chosen to ensure that L,(I)=]1,.
Thus, for n=1,2,-,N,

x’l_‘rn—l
(2,,='—————=.Z',.—I,_1>09
IN — Xy

INT,_; — ToX
d,="fant T g

IN — Zo
Since N=2,0<a,<1,L, are contractive homeomorphisms for n=1,2,++,N with contrac-
tivity factor A=max{a,:n=1,2,+,N}.
Now define M,:K-—>R, by
M. (z,y) = c,.g8.(x) + 5,0 (y) + &as
where g,:/—R and A,:R—R are continuous functions such that

|g.(x) — gu(x") | < m, |z — 2|
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with g.(zy)#g.(x0) and
Lly— Y1 < |h(y») —hLO|<rnly—y1,
where r,2' €1, y,y' €R and /,,r,>>0 are constants for n=1,2,+-,N.
The real constants ¢, and e, depend on the adjustable real parameters s, and chosen so
that
M (zos fo) = fuoys  Mu(zy, fa) = fa
Thus,

f"—fn—l — hn(fN)_hn(fO)
g.(xn) — ga(xy) " gulan) — g.(xo)’

gn(IN)fn-Al _ gn(xo)fn _ gu(xN)hn(fo) - gn(IO)hn(fN)
g.(xn) — g.(xo) " g.(zn) — g.(x0)

e, =

for n=1,2,+,N. The mapping M,,n=1,2,---,N are Lipschitz with respect to the first
variable, with Lipshitz constant |c,| and bi-Lipschitz with respect to the second variable,
with constants |s,|l.s |5, |74

Now define the functions w,:K—+K by

M
w, =
y M.(Isy)

for all (x,y)€ K and n=1,2,-*, N. Then the IFS is of the form {K;w,_y}, where the

maps are of the special structure

x a,z d,
wl = ]
y 8. (x) + sk, (y) &,

and @nsCns5nsdnse, are real numbers for n=1,2,++,N. We refer to s, as the vertical scaling
factor of the transformation w,, which must obey
w,{xo:{= r"—l} and w,,[IN:'= {:I”:l forn=1,2,,N.
fo Such Sfn S

To assure that the IFS {K:w,_y} constructed above is hyperbolic, we need the fol-
lowing

Theorem 1.  Let s, be such that 0<|s,|r.<<1 for n=1,2,++,N. Then there is a metric
p on K, egivalent to the Euclidean metric, such that the IFS {K; w,_y} is hyperbolic with
respect to p.

Theorem 2. The hyperbolic IFS{K; w,_y} defined above has a unique attractor G €&
S (K). Furthermore, G is the graph of a continuous function f:I—~R which obeys

flzy=/fi, i=0,1,,N.
The proofs of Theorems 1 and 2 follow closely those of Theorems 2.1 and 2.2 in [1]
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or Lemma 2.1 and Theorem 1 in [3], repsectively, and are therefore omitted.
Definition 1. The function f whose graph is the attractor of an IFS as described in

Theorem 2, is called a fractal interpolation function or FIF for short.
4 Main Result

The main idea behind all the dimension calculations is to define the right covers for
the graph G of the fractal function. Let us now define a class of covers that will allow to
relate covers of different sizes (see also [3]).

Definition 2. For 0<<e<<1, {t;}}, is called an ¢-partition if

1. 1,€(—€/2, 1), for j=0,1,,m.
2. &/2<t,,,— ;<€ for j=0,1,,m—1.
A cover C(€) of G will be called an e-column cover of G with associated ¢-partition
{t;}70 if there are positive integers noynys > snm and real numbers &€, 5+ ,En such that
C@ = {[tn + el X [&+ (G — Deéi + jel: j=1,2,m; k= 0,1, ,m}.
The class of all such covers of G is denoted by ¥ (¢). Note that a cover C(e) € ¥ (e) con-

sists of Zn. closed €X e squares arranged in m+1 columns. Let |C(¢) | denote the cardi-
k=0

nality of C(e) and define A" (&)=min{|C(e)|:C(e)EC(e)}.
Definition 3. Let F be a nonempty bounded subset of R? and let N (€) be the smallest
number of (closed) squares of side € which can cover F. The lower and upper box-counting

dimensions of F are defined respectively as

dimyF = liminf log.#(e)

o — loge ’

dimyF = limsup lﬂc%(e_).
>0 — loge

If these are equal we refer to the common value as the box-counting or box dimension of F

log.4"(€)

dimgF = lim —= Toge *

ot

The next result shows that for the calculation of the box dimension of G it suffices to
consider e-column covers.

Lemma 1. A (e)<<A" (e)247(e) for all 0<e<1.

Proof. See Lemma 4.1, p. 1236 of [3] or Proposition 6.1, p. 206 of [10].

Lemma 2. Let y,y1,y:ER be such that yy=(1—2A)y+2y,+3 for some AE (0,1) and
0570. Let p:R—>R be a function which satisfies |¢(x,) —¢(x,) | =2l 2, —z;| for 21,2, ER
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and some [>0. Then,

1) if @is increasing, concave and 6>>0, we have ¢(y;— (1— )¢ y) — Ap(y,) =10;

i) if @is increasing , concave and 6>>0, we have ¢(y,) — (1= @(y) —Ap(y;) <I0';

i) if @is linear, we have |¢(y,) —(1—ADey) —Agy,) | 21]8].

Proof. Let

I'=@(y) — Q1 — DEy) — 2p(y,)
= [ =Dy + Ay + 8 — ¢((1 = Dy + Ay,)]
+ [X(Q =Dy +Ay,) — (1 — DEy) — Axy,)]=A + B.

i) Since @is increasing, concave, and §>>0, we have A,B=20 and '=>A=|A|>/0;

ii) Since ¢ is increasing, convex, and §<C0, we have A,B<C0 and
r<A=—|AlI<—1|d]=10;

iii) Since @is linear, we have |I'|= {8 | =/]5].

To show that the term 1/¢ becomes negligible we need the following

Lemma 3. Let {(z:,f.):i=0,1,-*,N} be given points and Vi=(fi—fi_)— (fis,—
Sie) =220/ (Zppy —24- )0 for some k€ {1,2,++,N—1}. Choose g.(x)=x for all n
=1,2,",N and

1) if there exists a RE {1,2,+++yN—1} such that V.>0, choose suha for n=1,2,+*,N to
be increasing and concaves

i) if there exists a l€ {1,2,-yN—1} such that V,<<0, choose s\h, for n=1,2,+,N to
be increasing and convex;

iti) if there exist k,l € {1,2,+*yN~1} such that V,V,<0, choose s,h, for n=1,2,++ N

to be (all) increasing and concave or (all) increasing and convex.

N
Then, if 7, = > LIs.| > 1,
n=1

lim e (g) = oo,

ot

Proof. We shall prove only the first case; the other two can be proved using similar
arguments. Let z;=(1—A)z,_,+Ax,,, for some A€ (0,1). Then, fi=1—Af,_,+ifin
+Vi(see Fig. 1(a)).

Let a=min{2a,:2=1,2,-*,N}. Then 0<<a<{l, because N=2. Since f is continuous
and the points (z,_,fi_1) s (Zis 1) s (24419 f441) €G we obtain

/V'(E)}Yelforallo<e<a.

From the previous lemma and since g,(z) =z for all n=1,2,+*, N we have that M, (z:,

f})_(]._A)M,(I‘_Iof‘_I)—'AM,(I‘+19f‘+1)=S,h,,((1 _A)f‘_l+llf‘+l+Vk)— (1 _A)S,,h,.
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(fio)) =2k fiy ) 2001521V fOor n=1,2,++,N. Since w,(G)CG for n=1,2,+,N, the
points w. (z4_1» fa ) = (Lo (24 )) yMaCxu_ 13 [i21)) s walzis [2) = (L) s M (a5 f4)) y wa
(Zyg10 S i01) = L x4y 1) s M (x4 15 [241)) €EG, 50 M (s, [i) = (1 =DM (z4_y» fu_,) +AM,
(Zars [e) o2 ls, | LVLE FCL[0,1])) for some g1 and L. (x:) =(1—A)L,(z;_,) +AL,

N
(z44,). Hence, to cover QIL.([O,l])Xf(L.([O,l:])) we need

Y 1% T 1%
N (e) = Z,u,,l,.ls,,l ?‘2 Zl,.ls,.[ —E'f forall 0<e<<a®

am] nw=]

Wn (T, f)

(Tk+1y fr41)

n(Tk+1. fre1)
(Th-1, fr-1) :

0 1 0 L,‘(:z;k_l) Ln(:rkH)l
(a) (b)

Figure 1
(see Fig. 1(b)). By induction

N
/1"’(5)2(Zl,,ls,,l)myt_:-‘E for 0<e<a™'and m € N.

m=]

N
Since 21,. |s.| > 1and V,>0 the lemma is proved.

n=]

The next theorem serves as a generalization of Theorem 4, p. 1236 of [3] to the case
of nonaffine fractal functions, which are more flexible, since they can deal with a wider
(than in the affine case) range of applications.

Theorem 3.  Let f be the function with the graph G generated by the hyperbolic IFS
{K ;wl—N}‘

N
(a) If Zr,ls,,I > 1and (i, f;) € K fori = 0,1,++,N are not all collinear, then

n=1]

N
dimzG << D, where D € (1,2) is the unique real solution of Z:,r,,ls,,la,‘,"l =1.

ne=)

(b) If the hyperbolic IFS satisfies in addition the conditions of Lemma 3, then d<<

N
dimsG, where d € (1,2) is the unique real solution of El, Is.jad™ = 1.

=]
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Proof. Let 0<(e<{a be given and C(e) a minimal &e-column cover of G with associat-
ed &-partition {7;}7n,. For n€ {1,2,++,N}, let (4,7, +¢€] be the smallest interval that cov-
ers I,=[xz,_,,x.]. Denote by

Coe) = {{r,n, +e] X [& + G — De& + jelij = 1,2, ,m,
[r,r; + €] C [ty + €]}
the “restriction” of C(¢) to I, and by A4, (e)=|C,(e) | its cardinality. Note that 4", (e)
denotes the number of squares of side length € that intersect w,(G) for n=1,2,+,N.
Since there are at most two columns in C,(e) C,,,(€) and that f is uniformly bounded on
I, there is some constant A;>0 such that

N
DO K A () + AT

nm]

Now suppose that n€ {1,2,+*,N} is such that 5,70. Then w, is invertible. Consider a
typical column & in C,(e) that consists of n.e X € squares. Qbviosuly & has the width ¢

and height nee. Since 0, (G)C |J £, we have GC U w, ' (&). If (x,3),(z',y)E
KCC (o) RCC (0

%, then, since |z—z'|<e, |y—y' |<<noe and

x—d,
a,
]
w, = d 9
y = y — c.gn(E ") — e
5
w, ' (&%) has the maximum height
r—d, , ¥ —d,
B Y — caga( - ) — e, _pr )Y — €aga( a ) — e,
S Su
1 , —d, r —d,
<Ii ‘(y—y ) —c,.[g,.(x i G >]‘
1 lca |
DVATN LR P PR

Thus, the inverse image, w, (%), of & is a set that is inside a rectangle of the width ¢/

a, and height ] |1s |uo€+1 ||C" || m,e, which can be covered by
a, leal
ey o]

squares of the side €/a, as in Fig. 2, where [ + ] denotes the integer part of a number.

Since there are at most 2a,/€+2 columns in C,(e) ’gechJ ( )w.,"(gf) can be covered by

a, C, 2a, ___a, A,
m/".(s) + mmn(? +2)= Z—uls.[/‘r’(e) +
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¢/a, X &/a, squares for some constant A,>>0. Therefore

A ()< ‘I‘ I/¢f<e)+
or equivalently,
Ho) bl e (=) — A
a, a, €
Summing over n yields
EHSI/V( ) — Aesrno-tcr© W
n=]l as ne=]

for some positive constant $3,.

Nngs + Cn
n|%n nldnl|an

le—g —{

Figure 2 The rectangle &% and its image under the map w0,
Next an upper bound for .4* (¢) is obtained. Fix an n€ {1,++,N}. Let D, be a mini-
mal &/a,-column cover of G and £ a typical column of D, that consists of n.&/a, X €/a.

squares. Note that w,(Z) is a set that is inside a parallelogram of width € and height |s.|

€ £ .
atlo a—+ Ic.la—m,., which can be covered by
n A

|:no r.‘le. l ':' | :|+ 1

e X e squares as in Fig. 3. This way a cover C,(€) of w,(G) consisting of € X e squares is

generated. Since there are at most 2a,/e+2 columns of D., aLcJo w,(Z) can be covered by

B
ralsal g 4 Jaal, (280 4 gy _Talselip ) 4 B
a, a, € a, €
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squares ofthe side € for some constant B,>0. Therefore

1Cey| < felsal e 2y 4 B
a, a, €

0 N I VR |
wy,
-
ol ] |snlrang £ + Lolem,,
k3 e Ve m - ) &
b—e/ag b—g —
0 1 o Tn-1 Tn 1

Figure 3 The rectangle & and its image under the map w.

N
The union UC,(€) is a cover of G, but in general may not be an e-column cover of G
n=1

because the columns of C,(¢) may not join up properly with those of C,,,(e); however, an

N
e-column cover C(e) can be constructed from |JC,(¢) by replacing at most two columns

nx=1

from C,(e)UC,, () with at most two properly spaced columns. Thus, there exists a pos-

itive constant 3, such that

N
@< D) ’"L‘"‘JV' <f—> + % (2)
n=1 n n

From (1) and (2) we have established that 4" (¢) satisfies the functional inequality
N

XL £ B N T l5a € B
nlon » o =y 1 - Taldnl e o = ‘2
E -—a,,_”/V (a,.) . SA (@< D 4, A (a") + 7

ne=1 n=1

for all 0<<e<<a and some f,,05,>0.
M

(a) Note that if 7, = 2 r.15.| then 7,227,>>1. Select &>0,4,>0 so that
n=]
N (e) K i—e_l + ke ” (3
1 - 72

for e,<e<e,/a, where a=min{a,:n=1,,N}. If Ae,<<e<g,, where A=max{a,:n=1,
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+w N}, then €<<e/a,<&/a and thus

B, a
1_

« & an 2 yp
A< TEy G kB,

Therefore, using also (2) and (3),

. ".|S. B, ) ISI -1
/V(e)<; . 1—72)?+e° a7 + B

nm=] "

N
e S+ B e

nm] n=]
_ B, -D -1 -1 .y
————1_75 + ke + Bie ﬂz +1)e + ke
2
_ ﬁ e gD
= —-—1 — + k¢

for Ae;<Ce<{e;,. The preceding argument serves as an induction step: Suppose that for A*e,
<e<6,kEN

B
1-72

N (e) < € + ke P,

-+ .
lepLeLe,. Since A*—0 as k—o0,

< P
1—"72

then it must also hold for A

A ) < 4 ke < ke P

for all €€ (0,¢ ). Therefore,

log A" (&) logk,
— loge SD+ = loge’

which implies that dimsG<D.
(b) By Lemma 3 there exists §,>0 so that

eﬂ'(e)>27 ﬂ—ll for 0<e< éy/a.
1
Then
B, B, B k,
eN " () = 7, 1-+-7,__1> —1+e"‘”
for 6,<Le<= ),ﬂ_ll % . Working in an analogous way, we finally have
1

ke ! K Tﬂ—l_f-l + ke K A (e)

for all e€ (0,8,]. Therefore, dimyG=>d.
The proof of the theorem is complete.
The following corollary is, in turn, a generalisation of Theorem 5, p. 1240 of [3],

because it does not confine the functions g, only to the case g,(zx) =z, but permits freedom
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of selection according, of course, to the restrictions set.
Corollary 1.  With the same notation as above, but with h.(y)=1y,

N
(ayif Z {s.| > 1 and the inter polation points do not all lie on a single straight line,

n=1

the upper box-counting diemnsion of G is the unique real solution D of

N
Dolslla =1,

ne=1

(b) if in addition the conditions of Lemma 3 are satisfied , the box-counting dimension
of G is the unique real solution D of

N
2o lsdla? =1

A=l

Example 1. Let I=[0,1], Y=R and let {(0,0),(1/2,1),(1,0)} be a given set of

data. Define the functions L,.I—I by
LD =212+ =1, =12

Let g,,g,€C(I). Define mappings M,:I XY—Y by M.(z,y)=g.(z) =s.y,n=1,2. Fig. 4
shows the graph of a nonaffine fractal interpolation function for g,(z)=x, g,(x) =xz% and
si=s,=23/4, which has an upper box dimension bounded by

10g(|51| + |Sz|) _ log3 ~

dimy(G) €1 + Togz = logz =

1. 585.

-
25+

&

025 05 0.75 1

Figure 4 The graph of a nonaffine FIF
Example 2. Let 1=[0,1],Y=[1,6] and let {(0,2),(1/3,4),(2/3,5/2),(1,2)} be

a given set of data. Define the functions L..1—1 by
L) =tz + = D], n=1,2,3.

Let g1,82,8:E€ C(I). Define mappings Mn:IXY—=>Y by Ma(x,y) =coga(x) +s:ha(y) +ensn
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=1,2,3. Fig. 5(a) shows the graph of such a fractal interpolation function for
£:(x) = g:(2) = g3(z) = z, bi(y) = ', hy(¥) = hy () =
and
sy = 1/16, s, = 1/2 and 5, = 3/4,

the upper box-counting dimension of which satisfy

12921 + 2 1(01;3/8) < dims(6) < dims(G)

log2
<1+log3:1.63.

14

554 u-}
5

s 05 a%s i i Y P % i
(a) (b)
Figure § The graphs of (a) a nonaffine FIF and (b) an affine FIF

Figure 5(b) shows the graph of an affine fractal interpolation function using almost
the same parameters as before except that k,(y) =3y, which has a box-counting dimension

of

log(|si| + Is.] 4+ Iss])

Tog3 = 1. 248.

dimg(G) =1 +
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