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ABSTRACT. The classical isoperimetric inequality relates the (d — 1)-th root of the area

of the surface of a convex body K in R% with the d-th root of its volume. A similar

problem has been considered in the case of polyhedra for the quantities (}/ ° }/ T,

1 < r < s < d where {; is the s-dimensional Hausdorff measure of the s-skeleton of K.
Several inequalities are proved for specific values of », s,d. In the case where the faces of
the polyedra are simplices, an optimal inequality is proved for arbitrary values of r, s, d
(1<r<s<d).

1. Introduction. Let P be a convex polytope in the d-dimensional Euclidean space E®.
The k-skeleton of P, with 1 < k < d, is defined to be the union of all its k-dimensional
faces. The k-dimensional Hausdorff measure of the k-skeleton of the polytope P will be
denoted by (x(P).
The classical isoperimetric problem for convex polytopes is the following:
For any integers 7, s, with 1 < r < s < d, determine the least number «(d, s, 7) such that
the inequality
(P
P

holds for all convex polytopes P in E<. )

Eggleston, Grunbaum and Klee have proved in [4] that v(d,d,r) < oo, v(d,d, —1,7) < ©
and if 7 is a divisor of s then v(d,s,r) < 1. Aberth has given the following bounds in [1]
and [2],

<(d,s,T)

7(3,2,1) < (67) 7%, (3,3,1) < (432m) 75,
Also Schneider proved in [6] a result which implies that

i/r
a(d —r)

(d—r +1)e(d) (‘T’)

where a(k) denotes the volume of the k-dimensional unit ball. Finally from a paper of
Burton and Larman [3] we have that

~v(d,d, -1,7) < (da(d))ll’"(d_l) .

7(4,2,1) <

N[ =
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and ford > 5
v(dyd—2,d - 3)
- [5(d — 3)Vd—4((d — 3)1/4)1/(@~3) (Za(d -3) , 9(d-1)(d- 4)2%)] 1/(4-3)
= a(d —2) d—2 64
a5a52a 24\ 4?40
«[Eet (2)"]

In the general case it is not known whether v(d, s, r) exists.

Here, we restrict the problem in the class of the simplicial polytopes (see for example
[5]), i.e. convex polytopes the facets of which are (d — 1)-simplices, and we prove that if r
and s are integers, such that 1 < r < s < d, the inequality

1/s N\ YT

s/ (P) 2 d—r .o,

1/ "(P)~ \d-s

holds for any simplicial polytope. P in E¢, with equality if, and only if, P is a regular

1
1 [s+1 &
s! 22
s+1 1 r+1
r+1)7! 2r

2. An inequality for the r-skeleton of an s-simplex. In this section we prove that if
F'is an s-simplex of a given s-dimensional volume, then for any integer r, with 1 <r < s,
¢-(F) gets its minimum value exactly when F is regular. So conclude that

—-’Us(F) e

HrF)

with equality if, and only if, the simplex F' is regular.

s-simplex, where @ = 7=+ This notation is used in the rest of this

paper.

Theorem 2.1. Let F be an s-simplex with given s-dimensional volume, and let v be an
integer such that 1 <r < s. Then, (,(F) gets its minimum value ezactly when the s-simplex
F is regular.

Proof. Let xo,x1,...,xs be the vertices of F' and R be the (s — 1)-simplex formed by the
vertices z3,Z2,... ,Zs. We assume that R is fixed and since F is of a given s-dimensional
volume the distance h of zy from the flat L formed by z1,zs,... , T, is fixed. We consider
the following two cases:

CASEIL:r=1

For i =1,2,...,s, let o; denote the length of the line segment ¢; with endpoints the
vertices To,T; and ¢; be the acute angle between £; and the perpendicular from zo to L.

i . 3 . ™
Then, since the function (cosz)~! is strictly convex in [0, —) , we have

2
}iai =h
=1

s

-1
1 -]
-1
COS ©; > hs jcos | — E Pi
1( : [ (s i=1 )]

with equality only if o1 = @3 =...p; namely a; = az =... = a;.

i=
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Now, if the simplex F' is not regular, there exists a vertex z say which is not equidistant
from the other vertices of F'. Considering a point zj in E*® which is equidistant from z;,
i=1,2,...,s are at the same distance h from the flat L as above, we form the s-simplex
F’ with vertices zf),z1,... ,2s. Then, F and F’ are of the same s-dimensional volume, but
G(F) > G(F).

Thus among the s-simplices of given s-dimensional volume only the regular s-simplex
realises the minimum 1-dimensional Hausdorff measure of the 1-skeleton.

CASEIL: r>1

Let Ai,As,... , Ap with k= °

-1
the vertex =y and E,, Es,..., Ey be the r-faces of F' containing the vertex zo. Finally, let
©; be the acute angle between the perpendicular lines form z¢ to L and L; where L; is the
flat containing the face A;, fori =1,2,...,s. Then, if V; denotes the t-dimensional volume

, be the (r — 1)-faces of F' which do not contain

. 5 . . . . s
function, since the function (cosz)™! is strictly convex in [0, 5) , we have

% —
Vr— 1 (A’L)
cos —_—;
(e
with equality only if ¢; = @2 = ...y, that is only when the vertex zg is equidistant from
the faces A;,1=1,2,... k. So, if F is regular (,.(F) gets its minimum value.
Conversely if an s-simplex F of given s-dimensional volume realises the minimum (. (F'),

working as in the case I proceeding inductively we get that every vertex of F' is equidistant
from the 2-faces of F' which do not contain zg, and this implies that F' is regular.

. h o h
S Vi(E) = - ZV—l(Ai)(COS%)‘l > ;Cr—1(R)

=1

Corollary 2.2. If F is an s-simplez and r is an integer such that 1 <r < s, then

:/S(F) <6

Ur(py ~

Proof. If R is a regular k-simplex of edge 1, then

1 [k+1
B = gy e

where V}, denotes the k-dimensional volume function. Hence, from the Theorem 2.1 we get
the result.

3. The isoperimetric problem for simplicial polytopes. A polytope P in the d-
dimensional Euclidean space E¢, is said to be a simplicial polytope, if every (d — 1)-face of
P is a (d — 1)-simplex. Here we prove the following:

Theorem 3.1. Let P be a simplicial polytope in E® and r,s be integers such that
1<r<s<d. Then,

sl/s(P) <o d—r\"
}/T(p) = \d-s

with equality if, and only if, P is a regular s-simplez.

Proof. Let Fy,F5, ..., Fj be the s-faces of P. Since P is a simplicial polytope, the s-faces
F;, for i = 1,2,...,k, are s-simplices. Therefore, by the Corollary 2.2, for : = 1,2,... ,k,
we have relations

(1) G(F) > 07" - (I (F),
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 with equality if, and only if, the s-simplex F; is regular.
Also we have

e =(471)" -ggm)

and from (1) we get

d—r\"! k
> .O-T /s (. .
@ SR P IR DA
Now, since 1 < r < s, it holds
k & r/s
S GIE) 2 D GE)
=1 i=1
with equality if, and only if, k = 1. Hence (2) becomes
d—r\"" k /e
T > -7 s
@ Pz (7)) o [T am

with equality if, and only if P is a regular s-simplex.
Finally, since

k
G(P) =) ¢(Fy),
=1

we have from (3)

-1/r
@z (370) erarm,

with equality exactly when P is a regular s-simplex, which proves the Theorem.
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