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Euqarist�eH paroÔsa diplwmatik  ekpon jhke sta pla�sia twn spoud¸n mou gia thn apìkthshMetaptuqiakoÔ Dipl¸mato Eid�keush tou Progr�mmato Metaptuqiak¸n Spoud¸nsta Efarmosmèna Majhmatik� kat� th di�rkeia twn akadhmaðk¸n et¸n 2006-2007.UpeÔjunh gia thn ep�bleyh th ergas�a aut   tan h anaplhr¸tria kajhg tria kaLe¸nh Euaggel�tou-D�lla.H diadikas�a th èreuna e�nai polÔtimh dedomènou ìti proupojètei kai sugqrìnwexel�ssei thn gn¸sh. Ja  tan, gi’autì, adÔnato na antapokrij¸ sti apait sei thparoÔsa diplwmatik  ergas�a q¸ri thn polÔtimh bo jeia kai sumpar�stash thepiblèpousa kajhg tria, thn opo�a kai euqarist¸ jerm� giat� me thn didaskal�a thèstreye to endiafèron mou sto ped�o twn fractals. Tautìqrona, ja  jela idia�terana euqarist sw ton Dr. Pantel  MpoumpoÔlh giat� se sunergas�a me thn ka Le¸nhEuaggel�tou-D�lla, se ant�xoe sunj ke, upomonetik� diìrjwse kai èkane ousi¸deiparathr sei, oi opo�e me od ghsan sthn swst  kateÔjunsh.Ja  jela akìma na euqarist sw ton kajhght  k. Bas�lh Dougal  gia thn su-mpar�stash kai thn enj�rrunsh pou mou pare�qe kat� thn di�rkeia twn spoud¸n mou,tìso se proptuqiakì ìso kai se metaptuqiakì ep�pedo. Ep�sh, euqarist¸ jerm� tonlèktora Miq�lh Drakìpoulo o opo�o sumplhr¸nei thn trimel  exetastik  epitrop .Kle�nonta, ja  jela na euqarist sw autoÔ pou me thn amèristh sumpar�stashkai katanìhsh me bo jhsan na ft�sw mèqri ed¸.
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Kef�laio 1Kataskeu  Fractal sunìlwn
“Ta sÔnnefa den e�nai sfairik�,ta boun� den e�nai kwnik�,oi aktè den e�nai kuklikè,o floiì twn dèntrwn den e�nai leiì,kai h troqi� tou keraunoÔ den e�nai euje�a.”

Benoit Mandelbrot1.1 Fractal SÔnolaOi q¸roi mèsa stou opo�ou kataskeu�zoume ta Fractal sÔnola kai ti Fractalsunart sei e�nai oi sun jei Eukle�deioi q¸roi R, R2 kai R3. Bèbaia, k�je uposÔnoloenì Eukle�deiou q¸rou den e�nai Fractal sÔnolo. Saf  orismì twn Fractal sunìlwnden up�rqei, par’ìla aut� ja d¸soume k�poia basik� qarakthristik� tou. O Kenneth
Falconer èdwse s�ena Fractal sÔnolo F ti ex  idiìthte:1. To F èqei �risth dom . 'Oso kai na megejunje� den mpore� na èqei omal� tm mata.2. To F den dÔnatai na perigrafe� me gewmetrikè mejìdou.3. Pollè forè to F apotele�tai apì komm�tia pou moi�zoun metaxÔ tou.4. Sun jw h Fractal di�stas  tou F e�nai megalÔterh apo thn topologik  toudi�stash.5. Suqn� to F mpore� na oriste� apl� (p.q. anadromik�).7



KEF�ALAIO 1. KATASKEU�H FRACTAL SUN�OLWNSQOLIO: Ti idiìthte autè den ti plhroÔn kat’an�gkh ìla ta Fractal sÔnola.'Opw ja doÔme, ta Fractal sÔnola pou ja kataskeuastoÔn e�nai elkustè kat�llhlwnsunart sewn.Ja qreiastoÔme merikè basikè ènnoie th an�lush, ìpw twn metrik¸n q¸rw-n, twn isodÔnamwn metrik¸n q¸rwn, th plhrìthta, th sump�geia k.lp. pou jaqrhsimopoi soume sthn melèth ma kai ja ti jewr soume gnwstè. Perissìtereleptomèreie gia ti ènnoie autè blèpe [1℄, [3℄.'Estw (X, d) èna metrikì q¸ro.Orismo 1.1 Elkust  sun�rthsh.To sÔnolo A 6= ∅, A ⊆ X kale�tai stajerì sÔnolo   elkust  gia thn f : X → X,an f(A) = A. Ean to stajerì sÔnolo e�nai monosÔnolo, dhl. A = {x0}, tìte to x0kale�tai stajerì shme�o.Genik� mia sun�rthsh f den èqei stajerì sÔnolo. Se eidikè peript¸sei exasfal�zetaih Ôparxh. Ja sumbol�zoume me
f1 = fkai

fn = f ◦ f ◦ · · · ◦ f, n ∈ N.H suneq  epan�lhyh th sÔnjesh ja qrhsimopoihje� polÔ parak�tw.Protash 1.1 'Estw f : X → X suneq  sun�rthsh, ìpou (X, d) e�nai sumpag m.q. Tìte up�rqei sumpagè sÔnolo A 6= ∅ ètsi ¸ste f(A) = A.(To A den e�nai kat’an�gkh monadikì.)Orismo 1.2 'Estw f : X → X. H f kale�tai sun�rthsh sustol  an up�rqei
0 < c < 1 me d(f(x), f(y)) ≤ cd(x, y) gia k�je x, y ∈ X. Ton arijmì

s = inf

{
d(f(x), f(y))

d(x, y)
: x, y ∈ X, x 6= y

}kaloÔme suntelest  sustol  th f .Jewrhma 1.1 (Je¸rhma StajeroÔ Shme�ou tou Banach).'Estw (X, d) èna pl rh metrikì q¸ro kai f : X → X sun�rthsh sustol , mesuntelest  sustol  s. Tìte :1. Up�rqei akrib¸ èna stajerì shme�o x0 th f (dhl. f(x0) = x0).8



1.2. SUST�HMATA EPANALAMBAN�OMEWN SUNART�HSEWN(S.E.S.)2. x0 = limn→∞ fn(y), gia k�je y ∈ X.3. Gia k�je y ∈ X isqÔei ìti |fn(y) − x0| ≤
sn

1−s
|f(y) − y|, n ∈ N.Or�zoume w H = H(X) to sÔnolo ìlwn twn mh ken¸n, sumpag¸n uposunìlwntou X.H diadikas�a pou akolouje�tai gia thn kataskeu  Fractal sunìlwn bas�zetai sthnplhrìthta tou q¸rouH(X) w pro thn metrik  Hausdorff ef’ìson o (X, d) e�nai pl -rh. JewroÔme kat�llhle sunart sei sustol  (ston H(X)) kai kataskeÔazoumeta sÔnola mèsw epanalhptik¸n diadikasi¸n w stajer� shme�a. To je¸rhma tou sta-jeroÔ shmeioÔ tou Banach (je¸rhma 1.1) exasfal�zei thn Ôparxh tètoiwn sunìlwn.Up�rqoun ìmw sÔnola pou jewroÔntai Fractals all� den mporoÔn na kataskeuastoÔnme autì ton trìpo.Orismo 1.3 Hausdorff Metrik .'Estw A, B ∈ H. An d(x,B) = min{d(x, b) : b ∈ B} e�nai h apìstash tou shme�ou

x ∈ X apì to B, tìte or�zoume w
d̃(A,B) = max{d(a,B) : a ∈ A} thn apìstash tou A apì to B kai w
d̃(B,A) = max{d(b,A) : b ∈ B} thn apìstash tou B apì to A.H Hausdorff metrik  metaxÔ twn A, B or�zetai w ex  :

h(A,B) = max{d̃(A,B), d̃(B,A)}

= max{max
a∈A

min
b∈B

d(a, b),max
b∈B

min
a∈A

d(a, b)}.Ef’ìson ta A, B e�nai sumpag  up�rqoun a0 ∈ A, b0 ∈ B ¸ste h(A,B) = d(a0, b0).Jewrhma 1.2 An o (X, d) e�nai pl rh, tìte o metrikì q¸ro (H(X), h) e�naipl rh.Gia apìdeixh blèpe [1℄, [Bar93].1.2 Sust mata Epanalambanìmewn Sunart sewn(S.E.S.)'Ena SÔsthma Epanalambanìmenwn Sunart sewn   Iterated Function System (S.E.S.  I.F.S.) apotele�tai apì ènan pl rh metrikì q¸ro (X, d) maz� me èna sÔnolo sunart -sewn {wi : X → X, i = 1, 2, ..., N}. Gia suntom�a ja to sumbol�zoume w {X,w1−N}.An oi apeikon�sei wi e�nai i = 0, 1, . . . , N sustolè, to SES kale�tai uperbolikì.9



KEF�ALAIO 1. KATASKEU�H FRACTAL SUN�OLWNProtash 1.2 'Estw ìti oi apeikon�sei {wi : X → X, i = 1, 2, ..., N} e�nai sunar-t sei sustol  sto metrikì q¸ro (X, d). Tìte h apeikìnish W : H(X) → H(X) me
W (A) = w1(A) ∪ w2(A) ∪ ... ∪ wN (A) e�nai sun�rthsh sustol . Akìma an jewr -soume {s1, s2, ..., sN} tou suntelestè sustol  twn apeikon�sewn {w1, w2, ..., wN},tìte h W èqei suntelest  sustol  s = max{si : i = 1, 2, ..., N}.Epomènw, an o (X, d) e�nai pl rh, apì to je¸rhma stajeroÔ shme�ou tou Banach,je¸rhma (1.1), èqoume to akìloujo je¸rhma.Jewrhma 1.3 'Estw o pl rh m.q. (X, d) kai to SES {X,w1−N} pou apotele�taiapì ti sustolè wi : X → X, i = 1, ..., N. Tìte gia thn sun�rthsh sustol  WisqÔoun ta akìlouja :1. Up�rqei akrib¸ èna sÔnolo A ∈ H(X) to opo�o e�nai stajerì shme�o th W .2. To A = limn→∞W n(B), gia k�je arqikì sÔnolo B ∈ H(X).To sÔnolo A onom�zetai elkust  tou SES.1.2.1 Algìrijmoi Kataskeu  Elkust¸n SESAn epilèxoume kat�llhle apeikon�sei wi mporoÔme na kataskeu�soume SES meelkustè di�fora gnwst� Fractal sÔnola. Uparqoun dÔo gnwsto� algìrijmoi pouepitugq�noun thn kataskeu  tou elkust  enì opoioud pote SES orismènou stonq¸ro X (ìpou o X sun jw e�nai o pl rh Eukle�dio q¸ro Rk , k = 1, 2, 3).O pr¸to e�nai gnwstì w Algìrijmo Aitiokratik¸n Epanal yewn -AAE kai o deÔtero w Algìrijmo Tuqa�wn Epanal yewn - ATE.Algìrijmo Aitiokratik¸n Epanal yewn'Estw {Rk, w1−N} èna uperbolikì SES. Epilègoume èna tuqa�o arqikì sumpagèsÔnolo A0 ⊂ Rk. Sth sunèqeia upolog�zoume to sÔnolo A1 = W (A0) =

⋃N
i=1 wi(A0),to sÔnolo A2 = W (A1) k.o.k. AkoloujoÔme thn anadromik  sqèsh An = W (An−1),gia i = 1, 2, . . . . SÔmfwna me to je¸rhma tou stajeroÔ shme�ou tou Banach (jewr -mata 1.1 kai 1.3) h akolouj�a {A0, A1, . . . , An, . . .} sugkl�nei me thn metrik  Hausdorffse èna sumpagè sÔnolo A, ton elkust  tou SES.Prèpei na ton�soume ìti o algìrijmo d�nei swst� apotelèsmata gia k�je tuqa�aepilog  tou arqikoÔ sunìlou A0. 'Omw an to A0 apèqei polÔ apì ton elkust tou SES, ja qreiastoÔn pollè epanal yei ¸ste na p�roume w apotèlesma ènasÔnolo arket� kont� ston elkust (je¸rhma 1.1- sqèsh 3). Autì sunep�getai meg�loupologistikì qrìno kai meg�lh qwrhtikìthta mn mh. E�nai, epomènw anagka�o naepilèxoume to arqikì ma sÔnolo ìso to dunatìn pio kont� ston elkust . Gia autìn10



1.2. SUST�HMATA EPANALAMBAN�OMEWN SUNART�HSEWN(S.E.S.)to lìgo, an gnwr�zoume merik� apì ta shme�a tou elkust , epilègoume aut� w arqikìsÔnolo.Algìrijmo Tuqa�wn Epanal yewnJewroÔme èna uperbolikì SES {Rk, w1−N} maz� me èna sÔnolo pijanot twn pi, i =
1, 2, . . . , N , tètoio ¸ste p1 + p2 + · · · + pN = 1 (sun jw epilègoume �se pijanìth-te). AntistoiqoÔme k�je pijanìthta pi me thn apeikìnish wi kai epilègoume ènatuqa�o arqikì shme�o x0. Sth sunèqeia, epilègoume w wi1 mia apì ti apeikon�sei
{w1, w2, . . . , wN}, ìpou h pijanìthta epilog  th wi1 e�nai pi1 . Mèta upolog�zoumeto shme�o x1 = wi1(x0). Suneq�zoume epilègonta mia nèa apeikìnish wi2 kai upolo-g�zoume to shme�o x2 = wi2(x1) k.o.k. An sqedi�soume ìla ta shme�a {x0, x1, . . .}ja prokÔyei èna sqèdio tou elkust  tou SES. O algìrijmo autì den upolog�zeiton elkÔsth tou SES, all� dhmiourge� shme�a pou suneq¸ plhsi�zoun ta shme�a touelkust . O algìrijmo autì pleonekte� giat� èqei polÔ mikrìtereapait sei mn mh apì ton AAE. Autì wfe�letai sto gegonì ìti k�je b ma tou al-gor�jmou par�gei èna shme�o, en¸ ston AAE o arijmì twn paragìmenwn shme�wnse k�je b ma aux�netai gewmetrik�. Epiplèon, epilègonta diaforetikè pijanìthtegia k�je apeikìnish, suqn� èqoume thn dunatìthta na doÔme kajarìtera ton elkust qrhsimopoi¸nta ton �dio arijmì shme�wn me ton AAE.H ulopo�hsh aut¸n twn algor�jmwn se matlab up�rqei sto par�rthma.Parak�tw d�nontai merik� gnwst� Fractal sÔnola efarmìzonta tou parap�nwalgor�jmou se kat�llhla SES. Shmei¸noume ìti ìla ta sq mata pou prokÔptounapì thn qr sh SES èqoun to qarakthristikì th autoomoiìthta, dhlad  megenjÔ-nonta k�poio komm�ti tou br�skoume sq ma ìmoio me to olikì sq ma.Par�deigma 1 (SÔnolo Cantor)To triadikì sÔnolo tou Cantor e�nai èna apì ta pio gn¸sta Fractal sÔnola. JewroÔmeto metrikì q¸ro R me thn Eukle�deia metrik  kai ti sustolè

w1(x) =
1

3
x, w2(x) =

1

3
x+

2

3
, x ∈ R.To triadikì sÔnolo tou Cantor e�nai o elkust  tou SES {R, w1, w2}. W gnwstìn,h diadikas�a kataskeu  tou triadikoÔ sunìlou tou Cantor mpore� na perigrafe� wex : Pa�rnoume to eujÔgrammo tm ma A0 = [0, 1] kai to sp�me se tr�a �sa tm mata.AfairoÔme to mesa�o opìte pa�rnoume to A1 = [0, 1/3] ∪ [2/3, 1], epanalamb�noumethn �dia diadikas�a sta dÔo akrian� eujÔgramma tm mata k.o.k. H �dia diadikas�apragmatopoie�tai mèsw tou SES me ton ex  trìpo:11



KEF�ALAIO 1. KATASKEU�H FRACTAL SUN�OLWNJewroÔme arqikì sÔnolo A0 = [0, 1]. Tìte
W ([0, 1]) = [0, 1/3] ∪ [2/3, 1],

W 2([0, 1]) = W ([0, 1/3] ∪ [2/3, 1]) = [0, 1/9] ∪ [2/9, 3/9] ∪ [6/9, 7/9] ∪ [8/9, 1]k.o.k. 'Ara to stajerì shme�o th W mèsw tou SES e�nai to
A = lim

n→∞

W n([0, 1]).Sto sq ma 1.1 fa�netai h kataskeu  tou sunìlou aÔtou mèsw tou SES, qrhsimopoi¸-nta ton AAE me arqikì sÔnolo to A0 = [0, 1] mèqri kai thn tètarth epan�lhyh.
Sq ma 1.1: To sÔnolo CantorPar�deigma 2 (To platanìfullo   maple leaf)To platanìfullo kataskeu�zetai ston R2. 'Estw (R2, d) ìpou d h Eukle�deia metrik .Ja qreiastoÔme ti sustolè:

w1

(
x
y

)
=

(
0.49 0.01
0 0.62

)(
x
y

)
+

(
25
−2

)

w2

(
x
y

)
=

(
0.27 0.52
0.40 0.36

)(
x
y

)
+

(
0
56

)

w3

(
x
y

)
=

(
0.18 −0.73
0.50 0.26

)(
x
y

)
+

(
88
8

)

w4

(
x
y

)
=

(
0.04 −0.01
0.50 0

)(
x
y

)
+

(
52
32

)To stajerì shme�o tou SES fa�netai sto sq ma 1.2 met� apì 8 epanal yei touA.A.E. 12



1.3. PERIODIK�A SUST�HMATA EPANALAMBAN�OMENWN SUNART�HSEWN(PSES)
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Sq ma 1.2: To platanìfullo1.3 Periodik� Sust mata Epanalambanìmenwn Su-nart sewn (PSES)Ta sq mata pou e�dame sthn prohgoÔmenh par�grafo e�nai autoìmoia. Ed¸ ja pe-rigr�youme trìpou ¸ste na kataskeu�soume Fractal sÔnola pou na mhn èqoun aut thn idiìthta.'Ena Periodikì SES (PSES)   Recurrent Iterated Function System (RFIS) apote-le�tai apì èna SES {X,w1−N} kai apì ènan p�naka P = (pij) o opo�o èqei ti ex idiìthte:1. pij ∈ [0, 1] gia i, j = 1, 2, ..., N,2. ∑N
j=1 pij = 1 gia i = 1, 2, ..., N.3. o p�naka P e�nai irreducible.O P anaparist� m�a markobian  alus�da me N katast�sei. A doÔme analutikìterapw leitourge� èna PSES.'Estw ìti èqoume èna arqikì sÔnolo A0 sto opo�o efarmìzoume arqik� thn apeikìnish

wi. Tìte lème ìti h alus�da metèbh sthn kat�stash i. H pijanìthta pij ekfr�zei thnpijanìthta na metabe� h alus�da apì thn kat�stash i sthn kat�stash j, dhlad  na e-pilege� h apeikìnish wj dedomènou ìti sto prohgoÔmeno b ma e�qe epilege� h apeikìnish13



KEF�ALAIO 1. KATASKEU�H FRACTAL SUN�OLWN
wi. Gia autìn akrib¸ to lìgo kai o p�naka P èqei ti 3 parap�nw idiìthte. Pr¸tonoi pijanìthte prèpei na an koun sto [0,1℄, deÔteron h alus�da na e�nai stoqastik ,pou shma�nei ìti se k�je kat�stash to �jroisma twn pijanot twn met�bash e�nai 1kai tr�ton apì k�je kat�stash i prèpei na mporoÔme na metaboÔme se opoiad pote�llh kat�stash j. Den up�rqoun dhlad , kleisto� kÔkloi, k�ti pou ja ma egkl¸bizese èna sugkekrimèno monop�ti kai ja adunatoÔsame na qrhsimopoi soume ti apeikon�-sei pou antistoiqoÔn sti upìloipe katast�sei. 'Etsi e�maste s�gouroi ìti o ATEja qrhsimopoi sei ìle ti apeikon�sei tou SES. Sthn per�ptwsh ìmw pou èqoumeanag¸gimo p�naka, ja egklwbistoÔme se èna monop�ti kai den ja qrhsimopoi soumepotè ti apeikon�sei pou antistoiqoÔn sti upìloipe katast�sei. Ean P = (pij) me
pii = pi kai pij = 0 gia i 6= j tìte èqoume thn per�ptwsh pou perigr�yame w ATE.To akìloujo par�deigma ja ma bohj sei na katano soume kalÔtera ìsa anafèrame.A jewr soume èna PSES tou R2 me ti apeikon�sei:

w1

(
x
y

)
=

(
0.5 0
0 0.5

)(
x
y

)
+

(
0
0

)

w2

(
x
y

)
=

(
0.5 0
0 0.5

)(
x
y

)
+

(
0
50

)

w3

(
x
y

)
=

(
0.5 0
0 0.5

)(
x
y

)
+

(
50
0

)

w4

(
x
y

)
=

(
0.5 0
0 0.5

)(
x
y

)
+

(
50
50

)Gia diaforetikoÔ anag¸gimou p�nake P prokÔptoun diaforetik� sq mata. To sq ma
1.4-(a) prokÔptei an qrhsimopoi soume ton

P1 =
1

10




5 3 2 0
1 2 3 4
2 1 4 3
3 4 1 2


me pijanìthte met�bash apì thn m�a kat�stash sthn �llh ìpw fa�netai sto sq ma1.3 pou apotele� to kateujunìmeno gr�fhma th markobian  alus�da tou PSES.Ta sq mata 1.4-(b), 1.4-(c) prokÔptoun an qrhsimopoi soume tou

P2 =
1

21




1 4 4 12
1 4 4 12
1 4 4 12
1 4 4 12


 , P3 =

1

15




0 2 4 9
1 2 4 8
4 2 1 8
4 2 1 8
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1.3. PERIODIK�A SUST�HMATA EPANALAMBAN�OMENWN SUNART�HSEWN(PSES)

Sq ma 1.3: To kateujunìmeno gr�fhma th markobian  alus�da enì PSES mep�naka P1.

(a) (b) (c)Sq ma 1.4: Oi elkustè tou PeriodikoÔ Epanalambanìmenou SÔsthma Sunart -sewn pou prokÔptoun qrhsimopoi¸nta diaforetikoÔ p�nake met�bash,lìgw twn
P1, P2, P3 ant�stoiqa.ant�stoiqa. Kai sti trei peript¸sei èqei qrhsimopoihje� to �dio arqikì sÔnolo.1.3.1 'Uparxh Elkust  PSESJewroÔme èna PSES orismèno ston metrikì q¸ro (X, d) pou apotele�tai apì tiapeikon�sei wi : X → X kai ton p�naka P = (pij). Or�zoume ti apeikon�sei

Wij : H(X) → H(X) : Wij(B) =

{
wi(B), pji > 0

∅, pji = 015



KEF�ALAIO 1. KATASKEU�H FRACTAL SUN�OLWNkai ton metrikì q¸ro
H̃(X) = H(X)N = H(X) ×H(X) × . . .×H(X),efodiasmèno me thn metrik  h̃ :

h̃







A1

A2...
AN


 ,




B1

B2...
BN





 = max{h(Ai, Bi) : i = 1, 2, . . . , N}.Ean o (X, d) e�nai pl rh m.q. tìte eÔkola apodeiknÔetai ìti kai o (H̃(X), h̃) e�naipl rh m.q.Sthn sunèqeia or�zoume thn apeikìnish

W : H̃(X) → H̃(X) : W




A1

A2...
AN


 =




W11 W12 . . . W1N

W21 W22 . . . W2N... ... ...
WN1 WN2 . . . WNN


 ×




A1

A2...
AN




=




W11(A1) ∪W12(A2) ∪ . . . ∪W1N (AN )
W21(A1) ∪W22(A2) ∪ . . . ∪W2N (AN )...
WN1(A1) ∪WN2(A2) ∪ . . . ∪WNN (AN )




=




⋃
j∈I(1) w1(Aj)⋃
j∈I(2) w2(Aj)...⋃

j∈I(N) wN (Aj)


 ,ìpou I(i) = {j : pij > 0}, gia i = 1, 2, . . . , N .Gia par�deigma, a upojèsoume ìti èqoume to PSES ston R2 pou or�zetai apì ti tès-seri apeikon�sei wi, i = 1, 2, 3, 4 pou qrhsimopoi same parap�nw kai ton stoqastikìp�naka

P =




1/3 1/3 1/3 0
0 1/2 0 1/2

1/2 0 1/2 0
1/2 1/2 0 0
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1.3. PERIODIK�A SUST�HMATA EPANALAMBAN�OMENWN SUNART�HSEWN(PSES)tìte h apeikìnish W ja e�nai:
W =




w1 ∅ w1 w1

w2 w2 ∅ w2

w3 ∅ w3 ∅
∅ w4 ∅ ∅


 .An jewr soume èna arqikì shme�o (A1, A2, A3, A4)

t tou q¸rouH(R2)4, tìte toW (A)ja e�nai:
W




A1

A2

A3

A4


 =




w1(A1) ∪ w1(A3) ∪ w1(A4)
w2(A1) ∪ w2(A2) ∪ w2(A4)

w3(A1) ∪ w3(A2)
w4(A2)


 ,dhlad  se k�je sÔnolo Ai mporoÔn na efarmostoÔn sugkekrimène apeikon�sei wi(me b�sh ton p�naka P ), parade�gmato q�rin sto A1 efarmìzontai mìno oi w1, w2, w3kai ìqi h w4.An oi apeikon�sei wi : X → X, i = 1, 2, . . . , N enì PSES orismènou ston pl rh m.q.(X, d) e�nai sustolè me suntellestè si ant�stoiqa, tìte h apeikìnish W : H̃(X) →

H̃(X), ìpw thn or�same parap�nw
W




A1

A2...
AN


 =




⋃
j∈I(1) w1(Aj)⋃
j∈I(2) w2(Aj)...⋃

j∈I(N) wN (Aj)


e�nai ep�sh sustol  ston pl rh m.q. ( ˜H(X), h̃) me suntelest  sustol 

s = max{si : i = 1, 2, . . . , N}.'Etsi apì to je¸rhma tou stajeroÔ shme�ou tou Banach, afoÔ o H̃(X) e�nai pl rh,up�rqei èna sÔnolo E = (E1, E2, . . . , EN )t gia to opo�o isqÔei: W (E) = E kai
Ei =

⋃

j∈I(i)

wi(Ej),gia i = 1, 2, . . . , N. To stoiqe�o E onom�zetai elkust  tou PSES. Suqn� gia lìgoueukol�a onom�zoume elkÔsth tou PSES thn ènwsh ìlwn twn Ei, dhlad  to sÔnolo
N⋃

i=1

Ei.17
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Kef�laio 2
Fractal Sunart seiParembol Sto kef�laio autì ja exet�soume mejìdou kataskeu  Fractal sunart sewn pa-rembol  kai ja d¸soume algor�jmou gia thn kataskeu  tou mèsw tou H/U. JadoÔme ìti qrhsimopoi¸nta akìma kai 4   5 shme�a parembol  mìno, mporoÔn naprokÔyoun Fractal sunart sei arket� polÔploke. Epiplèon, diathr¸nta ta �diashme�a, all� all�zonta ti upìloipe paramètrou kataskeu , prokÔptoun diafo-retikè sunart sei. O M.Barnsley, blèpe [Bar86],  tan o pr¸to pou eis gage ti
Fractal Interpolation Functions (FIFs)   Fractal Sunart sei Parembol  oi opo�eprokÔptoun w elkustè kat�llhlwn SES   PSES kai paremb�loun dosmèna arqik�shme�a. Ta apotelèsmata parat�jontai sti paragr�fou 2.1, 2.2, gia perissìtereleptomèreie blèpe [Bar86], [BEH89].2.1 Fractal Sunart sei Parembol  me Sust mataEpanalambanìmenwn Sunart sewn'Estw ìti èqoÔme èna dosmèno sÔnolo shme�wn parembol  ∆ = {(xi, yi) : i =
0, 1, . . . , N} ⊂ R2, N ≥ 2, N ∈ N. Ja exhg soume p¸ mporoÔme na kataskeu�soumeèna SES   èna PSES, o elkust  tou opo�ou ja e�nai to gr�fhma m�a suneqoÔsun�rthsh pou ja paremb�lletai sta shme�a tou ∆. 'Estw èna SES {R2, w1−N},me ti wi th morf :

wi

(
x
y

)
=

(
Li(x)
Fi(x, y)

)
, gia i = 1, 2, . . . , N, (2.1)19



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HSìpou,
Li(x) = aix+ bi (2.2)

Fi(x, y) = siy + qi(x), (2.3)me ta qi(x) na e�nai poluwnumikè sunart sei.O suntellest  si onom�zetai suntelest  katakìrufh analog�a (contraction fa-
ctor) kai jewroÔme |si| < 1.Epilègoume thn wi ¸ste na apeikon�zei ta akra�a shme�a tou ∆ (x0, y0) kai (xN , yN )sta shme�a (xi−1, yi−1) kai (xi, yi) ant�stoiqa (blèpe sq ma 2.1), dhlad ,

wi

(
x0

y0

)
=

(
xi−1

yi−1

) (2.4)
wi

(
xN

yN

)
=

(
xi

yi

)
, (2.5)gia i = 1, 2, . . . , N.Se aut  thn per�ptwsh o elkust  tou SES e�nai to gr�fhma m�a sun�rthsh.

Sq ma 2.1: H apeikìnish wiSugkekrimèna isqÔoun ta parak�tw.Protash 2.1 'Estw èna SES {R2, w1−N} ìpw autì pou or�sthke parap�nw. An
|si| < 1, i = 1, 2, . . . , N tìte up�rqei metrik  d isodÔnamh th Eukle�deia, w prothn opo�a to SES e�nai uperbolikì. 20



2.1. FRACTAL SUNART�HSEIC PAREMBOL�HC ME SUST�HMATAEPANALAMBAN�OMENWN SUNART�HSEWNJewrhma 2.1 'Estw ∆ = {(xi, yi) : i = 0, 1, . . . , N} èna sÔnolo shme�wn tou R2.An gia k�poio SES isqÔoun oi sqèsei (2.4), (2.5) tìte to SES èqei èna monadikìstajerì shme�o G ∈ H(R2) to opo�o apotele� to gr�fhma m�a suneqoÔ sun�rthsh
f , h opo�a paremb�lletai sta shme�a tou ∆. Epiplèon h f ikanopoie� thn sunarthsiak sqèsh f(Li(t)) = sif(t) + qi(t) gia t ∈ [xi−1, xi], i = 1, 2, . . . , N.2.1.1 Autosusqetismène Fractal Sunart sei Parembol  meSESSthn per�ptwsh ìpou ta pi(x) e�nai polu¸numa pr¸tou bajmoÔ, dhlad  th morf 
qi(x) = cix + di pa�rnoume ti Autosusqetismène Fractal Sunart sei Parembol (Affine Fractal Interpolation Functions-AFIF).H sqèsh (2.1) g�netai

wi

(
x
y

)
=

(
ai 0
ci si

)(
x
y

)
+

(
bi
di

)
, gia i = 1, 2, . . . , N. (2.6)Oi par�metroi ai, bi, ci, di upolog�zontai me b�sh ta shme�a tou ∆, mèsw tou akìloujougrammikìu sust mato pou prokÔptei apo ti sqèsei (2.4), (2.5) :

aix0 + bi = xi−1,

aixN + bi = xi,

cix0 + siy0 + di = yi−1,

cixN + siyN + di = yi.An jewr soume tou suntelestè si w eleÔjere paramètrou, èqoume monadik  lÔshtou parap�nou sust mato, gia k�je dedomènh epilog  twn shme�wn parembol :
ai =

xi − xi−1

xN − x0
(2.7)

bi =
xNxi−1 − x0xi

xN − x0
(2.8)

ci =
yi − yi−1

xN − x0
− si

yN − y0

xN − x0
(2.9)

di =
xNyi−1 − x0yi

xN − x0
− si

xNy0 − x0yN

xN − x0
. (2.10)2.1.2 Box Di�stashSÔmfwna me ìsa xèroume apì thn klassik  Gewmetr�a ta eujÔgramma tm mata kaioi euje�e èqoun di�stash 1, ta polÔgwna kai oi kÔkloi èqoun di�stash 2, en¸ oi21



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HSpuram�de, oi sfa�re kai ta polÔedra èqoun di�stash 3. Ed¸ ja eisag�goume thnènnoia th Box Di�stash. Ja antistoiq soume dhlad  se m�a Fractal sun�rthshparembol  m�a “klasmatik ”di�stash, thn Box Di�stash.Orismo 2.1 An F ⊆ Rd e�nai fragmèno sÔnolo, or�zoume w Box di�stash tou,ton arijmì
dimBF = lim

δ→0+

log Nδ(F )

−log δ(efìson up�rqei to ìrio), ìpouNδ(F ) e�nai o el�qisto arijmì kÔbwn tou Rd, pleur�
δ pou kalÔptoun to F .Perissìtere leptomèreie gia ton orismì kai thn Box di�stas  genikìtera blèpe [1℄.Jewrhma 2.2 'Estw ∆ = {(xi, yi), i = 0, 1, . . . , N} èna sÔnolo shme�wn tou
R2. 'Estw G to gr�fhma th Autosusqetismènh Fractal Sun�rthsh Parembol pou prokÔptei apì èna uperbolikì SES sundeìmeno me ta shme�a tou ∆. An ta shme�aparembol  tou ∆ den e�nai suneujeiak� kai

N∑

i=1

|si| > 1,tìte h Box di�stash tou G e�nai h monadik  lÔsh th ex�swsh
N∑

i=1

|si|a
D−1
i = 1.Se opoiad pote �llh per�ptwsh h Box di�stash tou G e�nai 1.Gia thn pl rh apìdeixh blèpe [BEHM89] kai gia genikè grammè aut  blèpe [Bar93].Parat rhsh: Sthn per�ptwsh ìpou ta shme�a parembol  isapèqoun (dhlad  xi =

x0+ i
N

(xN −x0), gia i = 1, 2, . . . , N) prokÔptei ìti ai = 1
N
, gia i = 1, 2, . . . , N . An tashme�a parembol  den e�nai suneujeiak� kai ∑N

i=1 |si| > 1, eÔkola prokÔptei ìti h Bo-
x di�stash tou graf mato th Autosusqetismènh Fractal Sun�rthsh Parembol ja d�netai apì ton tÔpo

D = 1 +
log

∑N
i=1 |si|

logN
. (2.11)Sta sq mata 2.2(a)-(b)-(c) fa�nontai trei diaforetikè AFIF gia to �dio sÔnolo ∆shme�wn parembol . 22



2.2. FRACTAL SUNART�HSEIS PAREMBOL�HS ME PERIODIK�A SUST�HMATAEPANALAMBAN�OMENWN SUNART�HSEWN
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(c)Sq ma 2.2: Me kìkkino qr¸ma fa�nontai ta shme�a parembol  ∆ =
{(0.2, 5), (0.5, 9), (0.8, 7), (1.1, 12), (1.4, 10)}.
(a) Oi suntelestè katakìrufh analog�a e�nai S = {0.95, −0.9, 0.97, −0.93}. H
FSP, sÔmfwna me to je¸rhma 2.2, ja èqei di�stash l�go mikrìterh apì 2.
(b) Oi suntelestè katakìrufh analog�a e�nai S = {0.05, −0.1, 0.1, −0.07}. H
FSP, sÔmfwna me to je¸rhma 2.2, ja èqei di�stash �sh me 1.
(c) Oi suntelestè katakìrufh analog�a e�nai S = {0.3, −0.7, 0.8, −0.4}. H
FSP, sÔmfwna me ton to je¸rhma 2.2, ja èqei di�stash per�pou 1,5.2.2 Fractal Sunart sei Parembol  me Periodik�Sust mata Epanalambanìmenwn Sunart sewnSthn par�grafo aut  ja kataskeu�soume FIF qrhsimopoi¸nta Periodik� Sust -mata Epanalambanìmenwn Sunart sewn (PSES, RIFS). 'Estw ìti èqoume èna dosmèno23



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HSsÔnolo shme�wn parembol 
∆ = {(xi, yi) : i = 0, 1, . . . , N} ⊂ R

2, N ∈ N, N ≥ 2me x0 < x1 < . . . < xN kai èna uposÔnolì tou
∆̂ = {(x̂j , ŷj) : j = 0, 1, . . . ,M} ⊂ ∆, M ≥ 2 ,me x̂0 < x̂1 < . . . < x̂M , tètoio ¸ste x̂0 = x0 kai x̂M = xN . Ta shme�a parembol qwr�zoun to di�sthma [x0, xN ] se N diast mata Ii = [xi−1, xi], i = 1, 2, . . . , N pouonom�zontai tome� (regions), en¸ ta shme�a tou ∆̂ qwr�zoun to [x0, xN ] se M dia-st mata Jj = [x̂j−1, x̂j ], j = 1, 2, . . . ,M pou onom�zontai perioqè (domains). E�naiprofanè ìti k�je perioq  èqei k�poiou tome� pou e�nai uposÔnol� th.JewroÔme, ep�sh, m�a apeikìnish J : {0, 1, . . . , N} → {0, 1, . . . ,M} , J(i) = j kai

affine apeikon�sei wi, i = 1, 2, . . . , N th morf  (2.1), tètoie ¸ste
wi

(
x̂j−1

ŷj−1

)
=

(
xi−1

yi−1

) (2.12)
wi

(
x̂j

ŷj

)
=

(
xi

yi

) (2.13)O stoqastikì p�naka P e�nai:
pnm =

{
> 0, αν In ⊆ JJ(m)

0, αλλιώς,Dhlad  to stoiqe�o pnm e�nai jetikì an o tomèa In e�nai uposÔnolo th perioq 
JJ(m) (h opo�a mèsw th Lm apeikon�zetai ston tomèa Im).Protash 2.2 'Estw èna PSES {R2, w1−N} ìpw autì pou or�sthke parap�nw,dhl. na isqÔoun oi (2.12)-(2.13). An |si| < 1, n = 1, 2, . . . , N tìte up�rqei metrik  disodÔnamh th Eukle�deia, w pro thn opo�a to PSES e�nai uperbolikì.Jewrhma 2.3 'Estw ∆ = {(xi, yi) : i = 0, 1, . . . , N} èna sÔnolo shme�wn tou R2kai ∆̂ èna uposÔnolì tou. An gia to PSES isqÔoun oi sqèsei (2.12)-(2.13) tìte toPSES èqei èna monadikì stajerì shme�o G ∈ H(R2) to opo�o apotele� to gr�fhmam�a suneqoÔ sun�rthsh f , h opo�a paremb�lletai sta shme�a tou ∆. Epiplèon h fikanopoie� thn sunarthsiak  sqèsh f(Li(t)) = sif(t) + qi(t) gia t ∈ [x̂j−1, x̂j ].Ean jewr soume w

∆̂ = {(x0, y0), (xN , yN )}24



2.2. FRACTAL SUNART�HSEIS PAREMBOL�HS ME PERIODIK�A SUST�HMATAEPANALAMBAN�OMENWN SUNART�HSEWNtìte h kataskeu  sump�ptei me aut n th paragr�fou 2.1.O parak�tw algìrijmo bas�zetai ston ATE kai kataskeu�zei thn ant�stoiqh Fra-
ctal sun�rthsh parembol :Xekin�me apì èna tuqa�o arqikì shme�o (x∗, y∗) tou [x0, xN ] × R,1. H alus�da br�sketai sthn kat�stash n, an to shme�o (x∗, y∗) an kei sto In×R.2. Epilègoume me b�sh ti pijanìthte pn1, pn2, . . . , pnN mia apì ti apeikon�sei

w1, w2, . . . .wN ant�stoiqa. Efarmìzonta thn apeikìnish wm, prokÔptei ènanèo shme�o to opo�o an kei sto Im×R kai h alus�da metaba�nei sthn kat�stash
m. Bèbaia, gia na epilege� h apeikìnish wm, ja prèpei pnm > 0, dhlad  japrèpei to arqikì shme�o na an kei sthn perioq  JJ(m), h opo�a mèsw th Lmapeikon�zetai ston tomèa Im.3. JewroÔme to shme�o pou proèkuye apì to prohgoÔmeno b ma w to arqikì shme�o
(x∗, y∗) kai efarmìzoume xan� ta prohgoÔmena b mata mèqri na dhmiourghjoÔn
“arket� ”shme�a.2.2.1 Kat� tm mata Autosusqetismène Fractal Sunart seiParembol  me PSESSthn per�ptwsh ìpou ta qi(x) e�nai polu¸numa pr¸tou bajmoÔ, dhlad  th morf 

qi(x) = cix + di tìte èqoume kata tm mata Autosusqetismène Fractal Sunart seiParembol  (Piece-wise Self-Affine FIF).H sqèsh (2.1) g�netai
wi

(
x
y

)
=

(
ai 0
ci si

)(
x
y

)
+

(
bi
di

)
,gia i = 1, 2, . . . , N . Upojètoume ìti oi apeikon�sei ikanopoioÔn ti parak�tw sqèsei,ìpw or�sthkan kai pio p�nw

wi

(
x̂j−1

ŷj−1

)
=

(
xi−1

yi−1

) (2.14)
wi

(
x̂j

ŷj

)
=

(
xi

yi

) (2.15)Dhlad  oi wi apeikon�zoun dedomèna sta �kra th perioq  Jj ≡ JJ(i) sta �kratou tomèa Ii, k�ti pou fa�netai sto sq ma 2.3.25
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Sq ma 2.3: 'Eqoume 5 shme�a parembol , ek twn opo�wn 3 apì ta shmeia aut� an kounsto sÔnolo ∆̂. DhmiourgoÔntai 4 tome� kai 2 perioqè. Sto sq ma blèpoume ton trìpodr�sh th w3 sta akra�a shme�a.
ParathroÔme ìti Li(Jj) = Ii. An jewr soume tou suntelestè si w eleÔjereparamètrou èqoume thn ex  monadik  lÔsh tou sust mato pou prokÔptei apì tisqèsei (2.14), (2.15)

ai =
xi − xi−1

x̂j − x̂j−1
(2.16)

bi =
x̂jxi−1 − x̂j−1xi

x̂j − x̂j−1
(2.17)

ci =
yi − yi−1

x̂j − x̂j−1
− si

ŷj − ŷj−1

x̂j − x̂j
(2.18)

di =
x̂jyi−1 − x̂j−1yi

x̂j − x̂j−1
− si

x̂j ŷj−1 − x̂j−1ŷj

x̂j − x̂j−1
(2.19)Sto par�rthma d�netai o algìrijmo se matlab gia thn kataskeu  mia kat� tm -mata Susqetismènh Fractal Sun�rthsh Parembol .26



2.2. FRACTAL SUNART�HSEIS PAREMBOL�HS ME PERIODIK�A SUST�HMATAEPANALAMBAN�OMENWN SUNART�HSEWN2.2.2 Stoqastikì P�naka, P�naka kai Di�nusma SÔndeshO p�naka sÔndesh, pou sumbol�zetai me C, èqei diast�sei N ×N kai prokÔpteiapì ton stoqastikì p�naka P w ex : ston an�strofo tou stoqastikoÔ p�naka b�-zoume 1 sta mh-mhdenik� stoiqe�a kai af noume ta mhdèn ìpou up rqan apì prin.Anafèrame pio p�nw ìti ta stoiqe�a tou P ekfr�zoun pijanìthte kai epomènw pa�r-noun timè an�mesa sto 0 kai to 1.Or�zoume to di�nusma sÔndesh (connection vector) V = (J(1), J(2), . . . , J(N)).To di�nusma autì de�qnei ìti oi grammè tou P pou antistoiqoÔn se tome� oi opo�oian koun sthn �dia perioq , e�nai �die.Par�deigma 1A upojèsoume ìti èqoume ta shme�a parembol 
∆ = {(0, 8), (0.20, 12), (0.40, 10), (0.60, 13), (0.80, 9), (1, 7)},kai

∆̂ = {(0, 8), (0.60, 13), (1, 7)}.'Eqoume 6 shme�a parembol  kai pa�rnoume 3 apì aut� sto ∆̂, opìte dhmiourgoÔntai 5tome�, oi I1 = [0, 0.2], I2 = [0.2, 0.4], I3 = [0.4, 0.6], I4 = [0.6, 0.8], I5 = [0.8, 1]kai 2 xène perioqè, oi J1 = [0, 0.60], J2 = [0.60, 1].Par�deigma 2A upojèsoume ìti èqoume ta shme�a parembol 
∆ = {(0, 9), (0.25, 11), (0.5, 10), (0.75, 11), (1, 8)},qwr�zoume to di�sthma [0, 1] se 4 tome�, tou I1 = [0, 0.25], I2 = [0.25, 0.5], I3 =

[0.5, 0.75], I4 = [0.75, 1], kaî
∆ = {(0, 9), (0.5, 10), (1, 8)}opìte èqoume dÔo xène perioqè, ti J1 = [0, 0.5], J2 = [0.5, 1].Epilègoume w p�naka pijanot twn ton
P =




1/2 0 0 1/2
1/2 0 0 1/2
0 1/2 1/2 0
0 1/2 1/2 0


 .'Ara o p�naka sundèsewn kai to di�nusma sÔndesh ja e�nai (blèpe sq ma 2.4)27



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HS
C =




1 1 0 0
0 0 1 1
0 0 1 1
1 1 0 0


 , V =

(
1, 2, 2, 1

)
.Dhlad  h perioq  J1 apeikon�zetai stou tome� I1, I3, I4, en¸ h perioq  J2 stoutome� I2, I5.Gia dedomèna sÔnola ∆, ∆̂ kai qrhsimopoi¸nta ton parap�nw p�naka R, sthnsunèqeia ja doÔme, p¸ all�zei to sq ma an all�xoun oi suntelestè katakìrufhsustol .Sta sq mata 2.5−(a), (b), (c) blèpoume ant�stoiqa ta graf mata me suntelestèkatakìrufh sustol , kata apìluth tim  kont� sto 1, kont� sto 0 kai tuqa�ou(dhl.kat' apìluth tim  an�mesa sto 0 kai to 1). Diakr�noume ìti k�je gr�fhma èqei kaidiaforetik  di�stash (l�go mikrìterh apì 2, �sh me 1 kai per�pou 1.5 ant�stoiqa). K�tipou prokÔptei kai jewrhtik� an qrhsimopoi soume tou tÔpou th Box di�stash,blèpe [BEH89].

Sq ma 2.4: 'Eqoume 5 shme�a parembol  kai pa�rnoume 3 apì aut� sto ∆̂, opìtedhmiourgoÔntai 4 tome� kai 2 perioqè. 28



2.2. FRACTAL SUNART�HSEIS PAREMBOL�HS ME PERIODIK�A SUST�HMATAEPANALAMBAN�OMENWN SUNART�HSEWN
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(c)Sq ma 2.5: Me kìkkino qr¸ma fa�nontai ta shme�a parembol 
∆ = {(0, 9), (0.25, 11), (0.5, 10), (0.75, 11), (1, 8)},
∆̂ = {(0, 9), (0.5, 10), (1, 8)}.Oi suntelestè katakìrufh sustol  pou qrhsimopoi jhkan se k�je gr�fhma d�no-ntai parak�tw.
(a) 0.8 − 0.9 0.95 − 0.85
(b) 0.1 − 0.1 0.09 − 0.08
(c) 0.6 − 0.4 0.5 − 0.5.E�dame w t¸ra ìti tìso sthn FIF ìso kai sthn RFIF to IFS pou qrhsimopoi sameapotele�to apì apeikon�sei th morf 

wi

(
x
y

)
=

(
ai 0
ci si

)(
x
y

)
+

(
bi
di

)
=

(
Li(x)
Fi(x, y)

)
, (2.20)29



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HSìpou
Li(x) = aix+ bi (2.21)kai

Fi(x, y) = siy + qi(x), (2.22)me qi(x) = cix+ di. Dhlad , to qi(x)  tan grammikì (pr¸tou bajmoÔ) polu¸numo, engènei ìmw ìpw  dh anafèrame, mpore� na e�nai kai megalÔterou bajmoÔ. Parak�twja melet soume thn per�ptwsh ìpou to qi(x) na e�nai polu¸numo megalÔterou bajmoÔ.2.3 Diafor�sime Fractal Sunart sei Parembol Ja apode�xoume ìti to olokl rwma mia RFIF th morf  2.1 e�nai ep�sh th�dia morf . To je¸rhma pou apodeiknÔetai se aut  thn par�grafo e�nai gen�keushant�stoiqou jewr mato gia FIF, blèpe [BH89].Jewrhma 2.4 'Estw ìti h f e�nai m�a RFIF pou prokÔptei apì to RIFS {R2, w1−N , P}ìpou
wi

(
x
y

)
=

(
Li(x)
Fi(x, y)

)
=

(
aix+ bi
sy + qi(x)

)
,me |si| < ai, i = 0, 1, . . . , N kai sqet�zetai me ta shme�a parembol  twn sunìlwn

∆ = {(xi, yi) : i = 0, 1, . . . , N} ⊂ R
2, N ∈ N, N ≥ 2

∆̂ = {(x̂j , ŷj) : j = 0, 1, . . . ,M} ⊂ R
2, M ∈ N, M ≥ 2kai thn apeikìnish J ìpw thn or�same.An

f̃(x) = ỹ0 +

∫ x

x0

f(t)dt, (2.23)tìte h sun�rthsh f̃ e�nai h RFIF pou prokÔptei apì to RIFS {R2, w̃i, P}, me
w̃i

(
x
y

)
=

(
aix+ bi
s̃iy + q̃i(x)

)ìpou s̃i = ai · si,
q̃i(x) = ỹi−1 − aisi

ˆ̃yj−1 + ai

∫ x

x̂j−1

qi(t)dt,gia i = 0, 1, . . . , N, j = J(i) kai ˆ̃yj = ỹI(j), ìpou I(j) = i an xi = x̂j .H sun�rthsh f̃ sqet�zetai me ta shme�a parembol 
∆ = {(xi, ỹi) : i = 0, 1, . . . , N}, ˆ̃∆ = {(x̂j , ˆ̃yj) : j = 0, 1, . . . ,M}30



2.3. DIAFOR�ISIMES FRACTAL SUNART�HSEIS PAREMBOL�HSkai thn apeikìnish J.To shme�o ỹ0 e�nai auja�reto en¸ ta shme�a ỹ1, ỹ2, . . . , ỹN upolog�zontai apì tosÔsthma ỹi = ỹi−1 + aisi(ˆ̃yj − ˆ̃yj−1) + ai

∫ x̂j

x̂j−1
qi(t)dt, gia i = 1, 2, . . . , N, j = J(i).Apìdeixh.'Eqoume ìti

f̃(Li(x)) = ỹ0 +

∫ Li(x)

x0

f(t)dt = ỹ0 +

∫ xi−1

x0

f(t)dt+

∫ Li(x)

xi−1

f(t)dt =

= ỹi−1 +

∫ Li(x)

xi−1

f(t)dt,qrhsimopoi same thn (2.23) gia x = xi−1.An k�noume thn allag  metablht  t = Li(u), dt = aidu tìte
f̃(Li(x)) = ỹi−1 + ai

∫ x

x̂j−1

f(Li(u))du,ìpou j = J(i).Qrhsimopoi¸nta thn sqèsh f(Li(t)) = sif(t) + qi(t) gia t ∈ [x̂j−1, x̂j ] ja èqoume
f̃(Li(x)) = ỹi−1 + aisi

∫ x

x̂j−1

f(t)dt+ ai

∫ x

x̂j−1

qi(t)dt

= ỹi−1 + aisi

∫ x

x0

f(t)dt− aisi

∫ x̂j−1

x0

f(t)dt+ ai

∫ x

x̂j−1

qi(t)dt

= ỹi−1 + aisi(f̃(x) − ỹ0) − aisi(ˆ̃yj−1 − ỹ0) + ai

∫ x

x̂j−1

qi(t)dt.Telik�,
f̃(Li(x)) = ỹi−1 + aisi(f̃(x) − ˆ̃yj−1) + ai

∫ x

x̂j−1

qi(t)dt

= s̃if̃(x) + q̃i(x). (2.24)'Etsi h f̃ e�nai m�a RFIF ìpw perigr�fetai sto je¸rhma. Jètonta sthn (2.24)
x = x̂j, i = 1, 2, . . . , N, j = J(i) pa�rnoume to sÔsthma

ỹi = ỹi−1 + aisi(ˆ̃yj − ˆ̃yj−1) + ai

∫ x̂j

x̂j−1

qi(t)dt,gia i = 1, 2, . . . , N, j = J(i).'Ara h RFIF f̃ paremb�letai sta shme�a {(x1, ỹ1), (x2, ỹ2), . . . , (xN , ỹN )}. �31



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HSPorisma 2.1 'Estw f, f̃ dÔo RFIF pou prokÔptoun apì ta RIFS

{R2, w1−N , P}, {R2, w̃1−N , P}ant�stoiqa ìpou
wi

(
x
y

)
=

(
Li(x)

siy + qi(x)

)
, w̃i

(
x
y

)
=

(
Li(x)

s̃iy + q̃i(x)

)
,me |si| < 1, |s̃i| < 1, gia i = 1, 2, . . . , N. Oi f, f̃ paremb�lontai sta shme�a

∆ = {(xi, yi) : i = 0, 1, . . . , N}, ∆̂ = {(x̂i, ŷi) : i = 0, 1, . . . ,M}kai
∆̃ = {(xi, ỹi) : i = 0, 1, . . . , N}, ˆ̃∆ = {(x̂i, ˆ̃yi) : i = 0, 1, . . . ,M},ant�stoiqa.'Eqoume ìti f̃ ′ = f, an kai mìno an
s̃i = aisi kai q̃′i(x) = aiqi(x), gia x ∈ Ii, i = 1, 2, . . . , N. (2.25)Apìdeixh.Lìgw tou jewr mato 2.4 prokÔptei to “eujÔ”tou sugkekrimènou por�smato.Ant�strofa:

f̃(xi) − f̃(xi−1) = ỹi − ỹi−1

= F̃i(x̂j , ˆ̃yj) − Fi(x̂j−1, ˆ̃yj−1)

= aisi
ˆ̃yj + q̃i(x̂j) − aisi

ˆ̃yj−1 − q̃i(x̂j−1)

= aisi(ˆ̃yj − ˆ̃yj−1) + ai

∫ xj

x̂j−1

qi(t)dt.'Ara ta ỹi, ỹi−1 plhroÔn thn sqèsh tou jewr mato 2.4. Dhlad  h f̃ ′ e�nai h RFIFpou kataskeu�zetai apì {R2, w̃1−N , P} kai lìgw twn 2.25 prokÔptei ìti f̃ ′ = f . �E�nai eÔkolo na apode�xoume, me an�logo trìpome to Je¸rhma 2.4 ìti isqÔei to e-x :Jewrhma 2.5 'Estw to RIFS {R2, w1−N , P} me elkust  to gr�fhma mia RFIFpou antistoiqe� sta shme�a twn sunìlwn ∆, ∆̂, ìpou
wi

(
x
y

)
=

(
Li(x)
Fi(x, y)

)
=

(
aix+ bi
siy + qi(x)

)32



2.4. ERMITIAN�A POLU�WNUMAme
|si| < an

i , qi ∈ Cn([x0, xN ]).'Estw
Fk,i(x, y) =

siy + q
(k)
i (x)

sk
i

, k = 0, 1, . . . , nkai oi arijmo� yk,i na e�nai lÔsei tou sust mato
yk,i−1 = Fk,i(x̂j−1, ŷk,j−1) =

aiŷk,j−1 + q
(k)
i (x̂j−1)

sk
i

yk,i = Fk,i(x̂j, ŷk,j) =
aiŷk,j + q

(k)
i (x̂j)

sk
igia k = 1, 2, . . . , n, ìpou y0,i = yi, ŷ0,j = ŷj, F0,i = Fi kai ŷk,j = yk,I(j).An yi = Fi(x̂J(i), ŷJ(i)), yi−1 = Fi(x̂J(i)−1, ŷJ(i)−1) kai Fk,i−1(x̂J(i−1), ŷk,J(i−1)) =

Fk,i(x̂J(i)−1, ŷk,J(i)−1) gia k�je k = 1, 2, . . . , n kai i = 1, 2, . . . , N, tìte to RIFS

{R2, w1−N , P} prosdior�zei m�a RFIF f ∈ Cn([x0, xN ]) kai h f (k) e�nai h RFIF pouprosdior�zetai apì to RIFS {R2, wk,1−N , P} me
wk,i

(
x
y

)
=

(
Li(x)

Fk,i(x, y)

)gia k�je k = 1, 2, . . . , n kai i = 1, 2, . . . , N, kai sqet�zetai me ta shme�a twn sunìlwn
∆k = {(xi, yk,i) : i = 0, 1, . . . , N}, ∆̂k = {(x̂j , ŷk,j) : j = 0, 1, . . . ,M}.2.4 Ermitian� Polu¸numa'Estw èna di�sthma [a, b]. Jèloume na broÔme èna polu¸numo P bajmoÔ 2p+1 giato opo�o na isqÔei

P (k)(a) = ak, P (k)(b) = βk,ìpou ak, βk dosmènoi pragmatiko� arijmo�, gia k = 0, 1, . . . , p. ApodeiknÔetai ìti toparap�nw prìblhma èqei monadik  lÔsh. To polu¸numo autì onom�zetai ErmitianìPolu¸numo. Mia genikìterh ènnoia e�nai aut  th Ermitian  Sun�rthsh.'Estw mia dosmènh diamèrish D : x0 < x1 < . . . < xN enì diast mato [x0, xN ],kai Ii = [xi−1, xi]. Tìte o q¸ro twn ermitian¸n sunart sewn t�xh p, Hp+1
D or�zetaiw ex :

Hp+1
D = {φ : [x0, xN ] → R; φ ∈ Cp[x0, xN ], φ|Ii

∈ P2p+1, i = 1, 2, . . . , N}33



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HSìpou o q¸ro P2p+1 apotele�tai apì ta polu¸numa bajmoÔ to polÔ 2p+ 1.Gia na prosegg�soume m�a dosmènh sun�rthsh y ∈ Cp[x0, xN ] me m�a ermitian  sun�r-thsh φ ∈ Hp+1
D arke� ta polu¸numa Qi = φ|Ii

na epilegoÔn ètsi ¸ste
Q

(k)
i (xi−1) = y(k)(xi−1), Q

(k)
i (xi) = y(k)(xi), για k = 0, 1, . . . , p.'Eqei apodeiqje� ìti h lÔsh se autì to prìblhma up�rqei kai e�nai monadik .Perissìtere plhrofor�e gia ìsa anafèrontai parap�nw blèpe [4℄.2.5 Periodikè Ermitianè Fractal Sunart sei Pa-rembol  (Hermite Recurrent Fractal Interpola-

tion Functions, HRFIF)Sto kef�laio autì ja prosegg�soume to Ermitianì Fractal prìblhma parembol qrhsimopoi¸nta periodikè Fractal Sunart sei Parembol . Oi M.A. Navascue-
s, M.V.Sebastian, blèpe [NS04a], asqol jhkan me ta Ermitian� Fractal probl mataparembol  qrhsimopoi¸nta Fractal sunart sei parembol , pou kataskeu�zontaimèsw IFS. Eme� ja asqolhjoÔme me to �dio prìblhma qrhsimopoi¸nta Fractal sunar-t sei parembol  pou proèrqontai apì periodikè IFS.Jewrhma 2.6 'Estw Dx : x0 < x1 < . . . < xN m�a diamèrish tou [x0, xN ], (N ≥ 2)kai D̂x : x̂0 < x̂1 < . . . < x̂M , (M ≥ 2) èna uposÔnolì th, tètoio ¸ste x̂0 =
x0, x̂M = xN , ìpou Ii = [xi−1, xi] kai Jj = [x̂j−1, x̂j ]. Ep�sh, jewroÔme èna sÔnoloshme�wn Dy = {yk,i, k = 0, 1, . . . , p, i = 0, 1, . . . , N}.An gia tou pragmatikoÔ arijmoÔ s1, s2, . . . , sN isqÔei |si| < |ai|

p, gia k�je i =
1, 2, . . . , N, ìpou ai =

xi−xi−1

x̂j−x̂j−1
tìte up�rqei m�a monadik  FIF f ∈ Cp gia thn opo�a

f (k)(xi) = yk,i, k = 0, 1, . . . , p, i = 0, 1, . . . , N . H f kataskeu�zetai apì to RIFS

{R2, w1−N , P} me
wi

(
x
y

)
=

(
aix+ bi
siy + qi(x)

)
,ìpou qi(x), i = 1, 2, . . . , N e�nai polu¸numa bajmoÔ to polÔ 2p+ 1, P o stoqastikìp�naka ìpw èqei oriste� pio p�nw. Apìdeixh.Or�zoume thn apeikìnish I : {0, 1, . . . ,M} → {0, 1, . . . , N} w ex : I(j) = i an x̂j =

xi. 'Etsi kataskeu�zoume to sÔnolo D̂y = {ŷk,j k = 0, 1, . . . , p, i = 0, 1, . . . , N} ⊆
Dy me ŷk,j = yk,I(j). Oi suntelestè tou poluwnÔmou qi(x) upolog�zontai mèsw tou34



2.5. PERIODIK�ES ERMITIAN�ES FRACTAL SUNART�HSEIS PAREMBOL�HS(HERMITE RECURRENT FRACTAL INTERPOLATION FUNCTIONS, HRFIF)sust mato exis¸sewn:
Fk,i(x̂j−1, ŷk,j−1) =

siŷk,j−1 + q
(k)
i (x̂j−1)

ak
i

= yk,i−1 (2.26)
Fk,i(x̂j , ŷk,j) =

siŷk,j + q
(k)
i (x̂j)

ak
i

= yk,i (2.27)Oi parap�nw exis¸sei prosdior�zoun èna sÔsthma 2p+ 2 exis¸sewn me 2p+ 2 agn¸-stou to opo�o mpore� na grafe� aploÔstera w ex :
(qi ◦ L

−1
i )(k)(xi−1) = xk,i−1 −

siŷk,j−1

ak
i

(qi ◦ L
−1
i )(k)(xi) = xk,i −

siŷk,j

ak
i

.Dhlad  to qi ◦ L
−1
i e�nai èna ermitianì polu¸numo bajmoÔ p, i = 1, 2, . . . , N. 'Aralìgw th Ôparxh kai th monadikìthta th lÔsh twn ermitian¸n poluwnÔmwn toparap�nw grammikì sÔsthma èqei akrib¸ m�a lÔsh. Ex�allou isqÔoun oi pro�pojèseitou jewr mato 2.5, dhlad 

Fk,i−1(x̂J(i−1), ŷk,J(i−1)) = Fk,i(x̂J(i)−1, ŷk,J(i)−1) = yk,i−1, k = 0, 1, 2, . . . , N.'Ara up�rqei f ∈ Cp([x0, xN ]) h opo�a proèrqetai apì to en lìgw RIFS. �2.5.1 Kubikè Periodikè Ermitianè Fractal Sunart sei Pa-rembol Ja asqolhjoÔme me Kubikè Periodikè Ermitianè Fractal Sunart sei Parembo-l  (HRFIF), dhlad  to polu¸numo q(x) e�nai tr�tou bajmoÔ. Sthn per�ptwsh aut se k�je shme�o parembol  (xi, yi) qreiazìmaste epiplèon kai thn par�gwgo tou q sthjèsh aut . Dhlad  k�je shme�o parembol  plèon kajor�zetai w (xi, yi, y
′

i). Opìteta sÔnola an�loga me prin g�nontai :

D = {(x0, y0, y
′

0), (x1, y1, y
′

1), . . . , (xN , yN , y
′

N )},

D̂ = {(x̂0, ŷ0, ŷ
′

0), (x̂1, ŷ1, ŷ
′

1), . . . , (x̂N , ŷN , ŷ
′

N )}.Oi apeikon�sei wi ja èqoun thn morf 
wi

(
x
y

)
=

(
Li(x)
Fi(x, y)

)
=

(
aix+ bi
siy + qi(x)

)35



KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HSìpou to polu¸nuno qi(x) e�nai th morf  qi(x) = Aix
3 +Bix

2 + Cix+Di.Oi suntelestè tou poluwnÔmou upolog�zontai apì to sÔsthma pou prokÔptei anqrhsimopoi soume ti sqèsei (2.26)-(2.27).'Eqoume dhlad  ti sqèsei :

qi(x̂j−1) = yi−1 − siŷj−1 (2.28)
qi(x̂j) = yi − siŷj (2.29)

1

ai
q′i(x̂j−1) = y′i−1 −

siŷ
′

j−1

ai
(2.30)

1

ai
q′i(x̂j) = y′i −

siŷ
′

j

ai
. (2.31)Kai ètsi katal goume sto sÔsthma

Aix̂
3
j−1 +Bix̂

2
j−1 + Cix̂j−1 +Di = yi−1 − siŷj−1 (2.32)

Aix̂
3
j +Bix̂

2
j + Cix̂j +Di = yi − siŷj (2.33)

3Aix̂
2
j−1 + 2Bix̂

2
j−1 + Ci = aiy

′

i−1 − siŷ
′

j−1 (2.34)
3Aix̂

2
j + 2Bix̂

2
j + Ci = aiy

′

i − siŷ
′

j. (2.35)To sÔsthma autì lÔnetai polÔ eÔkola me thn qr sh th matlab, an jewr soume wp�naka G tou suntelestè twn Ai, Bi, Ci,Di kai w p�naka st lh g0 tou stajeroÔìrou tou deÔterou mèlou. 'Eqoume dhlad 
G




Ai

Bi

Ci

Di


 = g0 ⇒




Ai

Bi

Ci

Di


 = G−1g0. (2.36)Qrhsimopoi¸nta kat�llhla ta parap�nw prokÔptei o algìrijmo se matlab pou u-p�rqei sto par�rthma. Parak�tw up�rqei efarmog  tou.An qrhsimopoi soume ta sÔnola

D = {(0 11 0.8), (0.2 9 0.1), (0.5 10 − 0.3), (0.7 12 0.2), (0.85 9 − 0.9), (1.0 10 0.4)}kai
D̂ = {(0 11 0.8), (0.2 9 0.1), (0.7 12 0.2), (1.0 10 0.4)}pa�rnoume ta sq mata 2.6, 2.7 , 2.8 me diaforetik� sÔnola suntelest¸n sustol .Parat rhsh: Ean l�boume ∆̂ = {(x0, y0), (xN , yN )} lamb�noume thn kataskeu twn Navascues, Sebastian. Ean, epiplèon epilèxoume si = 0, i = 1, 2, . . . , N tìte hsun�rthsh parembol  lÔnei to gnwstì prìblhma parembol  me Ermitian  sun�rthsh.36



2.5. PERIODIK�ES ERMITIAN�ES FRACTAL SUNART�HSEIS PAREMBOL�HS(HERMITE RECURRENT FRACTAL INTERPOLATION FUNCTIONS, HRFIF)
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Sq ma 2.6: Sto parap�nw sq ma qrhsimopoi same tou suntelestè sustol  S =
{−0.01, 0.005, −0.008, −0.003, 0.007}. Me kìkkino qr¸ma fa�nontai ta shme�aparembol .
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Sq ma 2.7: Sto parap�nw sq ma qrhsimopoi same tou suntelestè sustol  S =
{0.19 0.199−0.18−0.193 0.197}. Me kìkkino qr¸ma fa�nontai ta shme�a parembol .
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KEF�ALAIO 2. FRACTAL SUNART�HSEIS PAREMBOL�HS
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Sq ma 2.8: Sto parap�nw sq ma qrhsimopoi same tou suntelestè sustol  S =
{0.1 − 0.15 0.08 − 0.13 0.07}. Me kìkkino qr¸ma fa�nontai ta shme�a parembol .
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Kef�laio 3
FRACTAL EPIFANEIESPAREMBOLHS

O Peter Massopust  tan o pr¸to pou kataskeÔase Fractal epif�neie parembo-l  ìpou ta shme�a twn dedomènwn br�skontan se korufè trig¸nou, blèpe [Mas90],
[Mas94]. H kataskeu  tou den epitrèpei tuqa�e timè sta dedomèna. Met� oi Ge-
ronimo kai Hardin gen�keusan thn kataskeu  tou Massopust, ¸ste na mporoÔn naqrhsimopoihjoÔn se genikìtera sÔnola dedomènwn, p�ntote se trigwnik� qwr�a, blèpe
[GH93].O Nailiang Zhao èdwse m�a akìmh pio genik  kataskeu  qrhsimopoi¸nta affine all�kai mh affine apeikon�sei me auja�reta epilegmènou suntelestè sustol  ep�sh setrigwnik� qwr�a. Gia na apofÔgei th qr sh suneujeiak¸n shme�wn parembol  stasÔnora tou qwr�ou, qrhsimopoi se thn ènnoia th “Peristrofik  Trigwnopoi sh”(Consistent Triangulation), blèpe [Zha96].Sthn sunèqeia, oi H.Xie kai H.Sun qrhsimopo�hsan Bivariate apeikon�sei se dedomènapou e�nai topojethmèna se orjog¸nio plègma, me auja�retou suntelestè sustol kai qwr� kam�a sunj kh gia sunoriak� dedomèna, blèpe [XS97]. H kataskeu  touodhge� se elkustè pou den e�nai genik� graf mata suneq¸n sunart sewn, ìpw èdeixeh D�lla, blèpe [Dal02]. H kataskeÔh th e�qe periorismoÔ sta dedomèna ¸ste naepiteuqje� omalìthta sthn epif�neia. Tèlo o Robert Malysz èdwse m�a parìmoia ka-taskeu , qrhsimopoi¸nta auja�reta sunoriak� shme�a parembol , �lla tou �diousuntelestè sustol  gia ìle ti apeikon�sei, blèpe [Mal06].39



KEF�ALAIO 3. FRACTAL EPIFANEIES PAREMBOLHS3.1 Bivariate Fractal Epif�neie Parembol  se Or-jog¸nio Plègma me Qr sh PSESSthn enìthta aut  ja parousi�soume thn mèjodo kataskeu  Fractal epifanei¸npou qrhsimopoie� Periodik� SES, eidikìtera thn kataskeu  Bivariate Fractal Epifa-nei¸n Parembol  se Orjog¸nio Plègma me qr sh PSES. H mèjodo aut  ègine apìtou MpoumpoÔlh-D�lla-Drakìpoulo, blèpe [BDD], kai fa�netai na e�nai mèqri t¸rato kalÔtero apotèlesma sthn Fractal parembol  ìtan ta dedomèna e�nai se plègma.Ja perigr�youme ta basik� b mata th kataskeu .'Estw ìti
∆ = {(xi, yj, zij) : i = 0, 1, . . . , N ; j = 0, 1, . . . ,M}e�nai èna sÔnolo (N + 1)× (M + 1) shme�wn parembol  tou X = [0, 1] × [0, p]×R,tètoiwn ¸ste 0 = x0 < x1 < . . . < xN = 1 kai 0 = y0 < y1 < . . . < yM = p.Epiplèon, èstw ìti
∆̂ = {(x̂k, ŷl, ẑkl) : k = 0, 1, . . . ,K ; l = 0, 1, . . . , L}e�nai èna uposÔnolo tou ∆ apoteloÔmeno apì (K + 1) × (L+ 1) shme�a, tètoia ¸ste

0 = x̂0 < x̂1 < . . . < x̂K = 1 kai 0 = ŷ0 < ŷ1 < . . . < ŷL = p. Ta shme�a parembol qwr�zoun to [0, 1] × [0, p] se N × M orjog¸nia Iij = [xi−1, xi] × [yj−1, yj ], i =
0, 1, . . . , N ; j = 0, 1, . . . ,M, ta opo�a kaloÔme tome�, en¸ ta shme�a tou ∆̂ qwr�zounto [0, 1]× [0, p] se K×L orjog¸nia Jkl = [x̂k−1, x̂k]× [ŷl−1, ŷl], k = 0, 1, . . . ,K ; l =
0, 1, . . . , L, ta opo�a kaloÔme perioqè. Shmei¸noume, ep�sh, ìti ta shme�a tou ∆̂epilègontai me tètoio trìpo ¸ste k�je perioq  Jkl na perièqei perissìterou apìènan tome�.Ep�sh jewroÔme m�a apeikìnish

J : {1, 2, . . . , N} × {1, 2, . . . ,M} → {1, 2, . . . ,K} × {1, 2, . . . , L}40



3.1. BIVARIATE FRACTAL EPIF�ANEIES PAREMBOL�HS SE ORJOG�WNIOPL�EGMA ME QR�HSH PSESme J(i, j) = (K(i, j),L(i, j)) = (k, l) kai sustolè wij tètoie ¸ste
wij




x̂k−1

ŷl−1

ẑk−1,l−1


 =




xi−1

yj−1

zi−1,j−1


 , (3.1)

wij




x̂k

ŷl−1

ẑk,l−1


 =




xi

yj−1

zi,j−1


 , (3.2)

wij



x̂k−1

ŷl

ẑk−1,l


 =



xi−1

yj

zi−1,j


 , (3.3)

wij



x̂k

ŷl

ẑk,l


 =



xi

yj

zi,j


 , (3.4)gia i = 0, 1, . . . , N ; j = 0, 1, . . . ,M. Oi sustolè wij apeikon�zoun ti korufè thperioq  Jkl sti korufè tou tomèa Iij . Tèlo or�zoume m�a 1-1 apeikìnish

Φ : {1, . . . , N} × {1, . . . ,M} → {1, . . . , NM},me Φ(i, j) = (i − 1)M + j. 'Ena PSES, pou sundèetai me ta dedomèna tou sunìlou
∆, apotele�tai apì to SES {X;w1−N,1−M , P} ìpou P = (pnm)NM o stoqastikìp�naka ìpw perigr�fhke sta prohgoÔmena kef�laia.'Ena uperbolikì PSES èqei p�nta èna monadikì elkust , o opo�o den e�nai, en gènei,to gr�fhma mia suneqoÔ sun�rthsh, all� apl¸ èna sumpagè uposÔnolo tou R3.Ed¸ ja melet soume thn eidik  per�ptwsh ìpou oi wij e�nai apeikon�sei th morf 

wij



x
y
z


 =




aijx+ bij
cijy + dij

eijx+ fijy + gijxy + sijz + kij


 =




φij(x)
ψij(y)

Fij(x, y, z)


 .Apeikon�sei aut  th morf  onom�zontai Bivariate apeikon�sei. Apì ti exis¸sei(3.1)-(3.4) prokÔptei èna grammikì sÔsthma 8 exis¸sewn 9 agn¸stou, to opo�o mpore�na epiluje� w pro aij , bij , cij , dij , gij, eij , fij , kij , se sqèsh me ta shme�a parem-bol  kai tou suntellestè sij, pou jewroÔntai w eleÔjeroi par�metroi. 'Etsi, h41



KEF�ALAIO 3. FRACTAL EPIFANEIES PAREMBOLHSlÔsh tou sust mato e�nai:
aij =

xi − xi−1

x̂k − x̂k−1
(3.5)

bij =
x̂kxi−1 − x̂k−1xi

x̂k − x̂k−1
(3.6)

cij =
yj − yj−1

ŷl − ŷl−1
(3.7)

dij =
ŷlyj−1 − ŷl−1yj

ŷl − ŷl−1
(3.8)

gij =
zij + zi−1,j−1 − zi−1,j − zi,j−1

(ŷl − ŷl−1)(x̂k − x̂k−1)
−

−
sij(ẑkl + ẑk−1,l−1 − ẑk−1,l−1 − ẑk,l−1)

(ŷl − ŷl−1)(x̂k − x̂k−1)
(3.9)

eij =
zi−1,j−1 − zi,j−1 − sij(ẑk−1,l−1 − ẑk,l−1) − gij ŷl−1(x̂k−1 − x̂k)

x̂k−1 − x̂k

(3.10)
fij =

zi−1,j−1 − zi,j−1 − sij(ẑk−1,l−1 − ẑk−1,l) − gij x̂k−1(ŷl−1 − ŷl)

ŷl−1 − ŷl

(3.11)
kij = zij − eij x̂k − fij ŷl − sij ẑkl − gij x̂kŷl. (3.12)H parak�tw prìtash ma parèqei mia ikan  sunj kh ¸ste to PSES pou or�same pa-rap�nw na e�nai uperbolikì.Protash 3.1 JewroÔme èna PSES, ìpw autì pou or�same parap�nw, pou nasundèetai me ta dedomèna tou sunìlou ∆. An gia tou suntelestè katakìrufhanalog�a isqÔei ìti

0 < |sij| < 1, gia i = 1, 2, . . . , N, j = 1, 2, . . . ,M,tìte up�rqei mia metrik  orismènh ston q¸ro [0, 1]× [0, p]×R, h opo�a e�nai isodÔnamhme thn Eukle�deia metrik , tètoia ¸ste to PSES na e�nai uperbolikì.Ja perioristoÔme sthn per�ptwsh ìpou oi tome� e�nai tetr�gwna pleur� δ = 1/N ,oi perioqè tert�gwna pleur� ψ = 1/K kai o arijmì
α =

ψ

δ
=
N

Ke�nai akèraio. ParathroÔme ìti o arijmì α2 ekfr�zei to pl jo tomèwn pou perièqeik�je perioq . Se k�je tomèa antistoiqoÔme èna monadikì akèraio arijmì, qrhsimo-poi¸nta thn apeikìnish Φ(i, j) = (i − 1)M + j, i = 1, 2, . . . , N, j = 1, 2, . . . ,M .42



3.1. BIVARIATE FRACTAL EPIF�ANEIES PAREMBOL�HS SE ORJOG�WNIOPL�EGMA ME QR�HSH PSES'Estw o NM × NM p�naka pijanot twn P . To stoiqe�o pnm e�nai jetikì an kaimìno an up�rqei mia apeikìnish Tij , h opo�a apeikon�zei thn perioq  pou perièqei to
n−ostì tomèa ston m−ostì tomèa. O p�naka sÔndesh C prokÔptei ìpw exh-g same sto prohgoÔmeno kef�laio apì ton stoqastikì p�naka P . An p�roume ènashme�o tou sunìlou Iij × R me n = Φ(i, j), lème ìti briskìmaste sthn kat�stash
n. To stoiqe�o pnm tou p�naka pijanot twn de�qnei thn pijanìthta efarmog  thapeikìnish wΦ−1(m) se autì to shme�o ¸ste to sÔsthma na metabe� sthn kat�stash
m. Ton�zoume ìti o elkust  enì PSES ìpw autì pou perigr�yame pio p�nw dene�nai en gènei to gr�fhma mia suneqoÔ sun�rthsh. Sto [2℄ d�nontai kat�llhlesunj ke ¸ste autì na sumba�nei. Parak�tw d�noume èna par�deigma mia suneqoÔepif�neia pou kataskeu�sthke sÔmfwna me thn mejodolog�a pou perigr�fetai sto [2℄.Paradeigma'Estw M = N = 4 kai K = L = 2, opìte α = 2 (ta shme�a parembol  gia tousuntelestè katakìrufh analog�a pou qrhsimopoi same blèpe [2] sel.119-120). Stosq ma 3.1 fa�netai se poioÔ tome� mpore� na metaferje� h k�je perioq . Sto sq ma3.2 fa�netai h Bivariate Fractal Epif�neia Parembol  pou kataskeÔazetai me b�shaut� ta dedomèna.
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KEF�ALAIO 3. FRACTAL EPIFANEIES PAREMBOLHS

Sq ma 3.1: Ta shme�a parembol  or�zoun 16 tome� kai 4 perioqè. To di�nusmasÔndesh e�nai V = (2, 1, 4, 3, 4, 1, 3, 2, 1, 4, 3, 2, 2, 1, 3, 4).

Sq ma 3.2: O elkust  tou parade�gmato.
44



3.2. KATASKEU�H FRACTAL EPIFANEI�WN PAREMBOL�HS ME THN QR�HSHPERIODIK�WN FRACTAL SUNART�HSEWN PAREMBOL�HS3.2 Kataskeu  Fractal Epifanei¸n Parembol  methn qr sh Periodik¸n Fractal Sunart sewn Pa-rembol Se auth thn par�grafo ja melet soume mia nèa kataskeu  Fractal epifanei¸n pa-rembol  se orjog¸nio plègma tuqa�wn shme�wn parembol  me th bo jeia twn opo�wnkataskeu�zetai h zhtoÔmenh epif�neia. H mèjodo aut  ofe�letai stou MpoumpoÔlhkai D�lla, blèpe [BD]JewroÔme ta shme�a parembol  ∆ = {(xi, yj, zij) : i = 0, 1, . . . , N ; j = 0, 1, . . . ,M}
⊆ [0, 1]× [0, p]×R me 0 = x0 < x1 < . . . < xN = 1, 0 = y0 < y1 < . . . < yM = p kai
xi − xi−1 = δi, i = 0, 1, . . . , N − 1, yj − yj−1 = δ̃j , j = 0, 1, . . . ,M − 1. 'Estw S =
{s1, s2, . . . , sN}, S̃ = {s̃1, s̃2, . . . , s̃M} dÔo sÔnola suntelest¸n sustol  kai èstw
P = (pnm)N , P̃ = (p̃nm)M dÔo stoqastiko� p�nake me diast�sei N×N kaiM×M ,ant�stoiqa. Ep�sh, èstw ∆̂ = {(x̂k, ŷl, ẑkl) : k = 0, 1, . . . ,K; l = 0, 1, . . . , L}na e�nai èna uposÔnolo tou ∆ tètoio ¸ste x̂0 = 0, x̂K = 1, ŷ0 = 0, ŷL = p kai
x̂k − x̂k−1 = ψk, ŷl − ŷl−1 = ψ̃l, k = 0, 1, . . . ,K, l = 0, 1, . . . , L.Akìma jewroÔme ti apeikon�sei J kai J̃, ìpw ti e�qame or�sei pio p�sw, pou sundèo-ntai me tou p�nake P kai P̃ , ant�stoiqa, me J(i) = k kai J̃(j) = l. Ta {x0, x1, . . . , xN}qwr�zoun to [0, 1] se N tome�, tou I1, I2, . . . , IN , en¸ ta {y0, y1, . . . , yM} qwr�zounto [0, p] se M tìmei, tou Ĩ1, Ĩ2, . . . , ĨM . Epiplèon ta {x̂0, x̂1, . . . , x̂K} qwr�zoun to
[0, 1] se K perioqè, ti J1, J2, . . . , JK , en¸ ta {ŷ0, ŷ1, . . . , ŷL} qwr�zoun to [0, p] se Lperioqè, ti J̃1, J̃2, . . . , J̃L. Epiprìsjeta or�zoume ti apeikon�sei

I : {0, 1, . . . ,K} → {0, 1, . . . , N}

Ĩ : {0, 1, . . . , L} → {0, 1, . . . ,M}tètoie ¸ste x̂k = xI(k), ŷl = y
Ĩ(l).StajeropoioÔme to xi, gia i = 0, 1, . . . , N, kai kataskeu�zoume affine Fractalsun�rthsh parembol  ui, h opo�a paremb�letai sta shme�a tou sunìlou ∆̃xi

=
{(xi, yj , zij) : j = 0, 1, . . . ,M}. Sthn sunèqeia, gia y ∈ [0, p], kataskeu�zoumeèna periodikì sÔsthma epanalambanìmenwn sunart sewn pou sqet�zetai me ta shme�aparembol  ∆y = {(xi, y, ui(y)) : i = 0, 1, . . . , N}, ∆̂y = {(x̂k, y, uI(k)(y)) : k =
0, 1, . . . ,K}, to sÔnolo twn suntelest¸n sustol  S maz� me ton p�naka P kai ètsidhmiourge�tai h Fractal sun�rthsh parembol  fy : [0, 1] → R.Or�zoume thn sun�rthsh

F : [0, 1] × [0, p] → R ètsi ¸ste F (x, y) = fy(x).Parìmoia, jewroÔme ti affine Fractal sunart sei parembol  vj, oi opo�e paremb�-loun ta sÔnola ∆yj
= {(xi, yj , zij) : i = 0, 1, . . . , N}, gia j = 0, 1, . . . ,M. 'Opw45



KEF�ALAIO 3. FRACTAL EPIFANEIES PAREMBOLHSkai prin, gia x ∈ [0, 1] kataskeu�zoume èna periodikì sÔsthma epanalambanìmenwnsunart sewn pou sqet�zetai me ta shme�a parembol  ∆̃x = {(x, yj , vj(x)) : j =

0, 1, . . . ,M},
˜̂
∆x = {(x, ŷl, vĨ(l)(x)) : l = 0, 1, . . . , L}, to sÔnolo twn suntele-st¸n sustol  S̃ maz� me ton p�naka P̃ , kai ètsi dhmiourge�tai h Fractal sun�rthshparembol  f̃x : [0, p] → R. Or�zoume thn sun�rthsh
F̃ : [0, 1] × [0, p] → R ètsi ¸ste F̃ (x, y) = f̃x(y).Oi sunart sei F, F̃ e�nai suneqe� sunart sei parembol  kai F = F̃ , blèpe [BD].Qrhsimopoi¸nta ton k¸dika se matlab, pou br�sketai sto par�rthma, pa�rnoume dia-doqik� ta sq mata 3.3 kai 3.4, e�te èqonta arqik� stajeropoi sei to xi opìte dh-miourgoÔntai oi ui k.o.k., e�te to yj opìte dhmiourgoÔntai oi vj k.o.k.
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3.2. KATASKEU�H FRACTAL EPIFANEI�WN PAREMBOL�HS ME THN QR�HSHPERIODIK�WN FRACTAL SUNART�HSEWN PAREMBOL�HS
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(b) (c)Sq ma 3.3: 'Ena par�deigma sto opo�o kataskeu�zontai diadoqik� oi sunart sei Fkai F̃ . (a) 'Eqoume to sÔnolo ∆ twn shme�wn parembol , ìpou N = M = 8, p =
1. (b) Oi 9 sunart sei parembol  u0, u1, . . . , u8. (c) Oi 9 sunart sei parembol 
v0, v1, . . . , v8.
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(c)Sq ma 3.4: Sunèqeia tou sq mato 3.3
(a) Mia apì ti FIFs fy (pr�sinh gramm ). (b) Mia apì ti FIFs fx (pr�sinhgramm ). (c) To gr�fhma twn sunart sewn F kai F̃ to opo�o e�nai to �dio kai sti 2peript¸sei.

48



3.3. KATASKEU�H HERMITE FRACTAL EPIFANEI�WN PAREMBOL�HS ME THNQR�HSH FRACTAL SUNART�HSEWN PAREMBOL�HS3.3 Kataskeu  Hermite Fractal Epifanei¸n Parem-bol  me thn qr sh Fractal Sunart sewn Pa-rembol Qrhsimopoi¸nta parìmoia mèjodo me thn parap�nw, mporoÔme na kataskeu�soume
Fractal Epif�neie Parembol  t�xh C1, blèpe [BDK].Sthn per�ptwsh aut , jewroÔme C1 sunart sei ui, oi opo�e paremb�loun ta sÔnola
∆̃xi

= {(xi, yj, zij) : j = 0, 1, . . . ,M}, gia i = 0, 1, . . . , N. Ep�sh jewroÔme k�poie�lle tuqa�e suneqe� sunart sei u∗i orismène sto [0, 1] ètsi ¸ste na ikanopoioÔnthn sunj kh tou Lipschitz. Autè oi sunart sei ja qrhsimopoihjoÔn w oi x−merikèpar�gwgoi th epif�neia pou kataskeu�same. Sthn sunèqeia, gia y ∈ [0, 1], ka-taskeu�zoume Ermitian  Periodik  Fractal Sun�rthsh Parembol  f t�xh 1, ìpwèqei kataskeuaste� sthn par�grafo 2.5.1, pou sqet�zetai me ta shme�a parembol 
∆y = {(xi, y, ui(y), u

∗

i (y)) : i = 0, 1, . . . , N}, ∆̂y = {(x̂k, y, uI(k)(y), u
∗

I(k)(y)) :

k = 0, 1, . . . ,K} kai to sÔnolo twn suntelest¸n sustol  S maz� me ton stoqastikìp�naka P . H ant�stoiqh RIFS e�nai h {R2;wy,1−N , P}, ìpou wy,j e�nai th morf 
wy,j

(
x
z

)
=

(
aix+ bi

siz + qy,i(x)

)
,gia i = 1, 2, . . . , N, ìpw or�sthke sthn par�grafo 2.5.Or�zoume thn sun�rthsh

F : [0, 1] × [0, 1] → R tètoia ¸ste F (x, y) = fy(x).Ja apode�xoume ìti h F e�nai C1 sun�rthsh. Ja kataskeu�soume mia RIFS th opo�ao elkust  e�nai tautìshmo me th F .Xekin�me me to sÔnolo ∆ = {(xi, yj, zij) : i = 0, 1, . . . N ; j = 0, 1, . . . ,M} ⊆
[0, 1] × [0, 1] × R me 0 = x0 < x1 < · · · < xN = 1, 0 = y0 < y1 < · · · < yM = 1.Or�zoume ∆̂′ = {(x̂k, yj, zI(k),j) : k = 0, 1, . . . K; j = 0, 1, . . . M} uposÔnolo tou ∆.Oi ant�stoiqoi tome� e�nai oi Di = [xi−1, xi]× [y0, yM ], i = 1, 2, . . . , N kai oi perioqèe�nai oi Rk = [x̂k−1, x̂k] × [y0, yM ]. Oi apeikon�sei w′

i kataskeu�zontai w ex 
w′

i



x
y
z


 =




aix+ bi
y

siz +Qi(x, y)


 =




Li(x)
y

siz +Qi(x, y)


 ,gia i = 1, 2, . . . , N , (x, y) ∈ Di tètoie ¸ste Qi(x, y) = qy,i(x), ìpou qy,i e�nai polu¸-numa pou qrhsimopoioÔntai sthn RIFS th opo�a o elkust  e�nai h Hermite RFIF49
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fy. To gegonì ìti ta qy,i e�nai ErmitianoÔ tÔpou polu¸numa t�xh 3, ètsi ¸ste

qy,i(xi−1) = ui−1(y) − siuk−1(y),

qy,i(xi) = ui(y) − siuk(y),

q′y,i(xi−1) = u∗i−1(y) −
siu

∗

k−1(y)

ai
,

q′y,i(xi) = u∗i (y) −
siu

∗

k(y)

ai

,ìpou k = J(i), gia ìla ta y ∈ [0, 1], exasfal�zei ìti to Qi e�nai mia C1 sun�rthshgia ìla ta i = 1, 2, . . . , N . JewroÔme ton q¸ro C1([0, 1]2) efodiasmèno me th sun jhnìrma ‖g‖1 = ‖g‖∞ + ‖g′‖∞, g ∈ C1([0, 1]2) kai to sÔnolo F = {f ∈ C1([0, 1]2) :
f |xi×[0,1] = ui,

∂f
∂x

|xi×[0,1] = u∗i , i = 0, 1, . . . , N} pou e�nai kleistì uposÔnolo tou
(C1([0, 1]2), ‖ · ‖1). Or�zoume ton telest  T : F → F tètoio ¸ste T f(x, y) =
sif(L−1

i (x), y) +Qi(L
−1
i (x), y), gia ìla ta (x, y) ∈ Di, i = 1, 2, . . . , N , o opo�o apo-deiknÔetai eÔkola ìti e�nai kal� orismèno (bas�zetai ston trìpo pou kataskeu�zetaih fy kai sto gegonì ìti ta Qi e�nai C1 ) kai ìti e�nai sustol . Gi’autì, èqei monadikìstajerì shme�o to opo�o taut�zetai me thn F . 'Etsi h F e�nai mia C1 sun�rthsh.Sto sq ma 3.5 qrhsimopoi same sÔnola th morf  ∆ = {(xi, yj, zi,j , z

∗

i,j , z
∗∗

i,j) :
i = 0, 1, . . . N ; j = 0, 1, . . . ,M}, ìpou z∗i,j , z∗∗i,j e�nai oi timè twn merik¸n parag¸gw-n sto (xi, yj) w pro x kai y ant�stoiqa. Kataskeu�same ti sunart sei ui wErmitianè Periodikè FIF tr�tou bajmoÔ pou sqet�zontai me ta dedomèna twn su-nìlwn {(xi, yj , zi,j, z

∗∗

i,j) : j = 0, 1, . . . ,M}, gia i = 0, 1, . . . N . Oi sunart sei u∗ikataskeu�sthkan w grammikè sunart sei parembol  pou dièrqontai apì ta shme�a
{(xi, yj , z

∗

i,j) : j = 0, 1, . . . ,M}, gia i = 0, 1, . . . N .
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3.3. KATASKEU�H HERMITE FRACTAL EPIFANEI�WN PAREMBOL�HS ME THNQR�HSH FRACTAL SUNART�HSEWN PAREMBOL�HS
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(c) (d)Sq ma 3.5: 'Ena par�deigma kataskeu  mia C1 sun�rthsh F . (a) Oi ennèa sunar-t sei parembol  u0, u1, . . . , u8, (b) Mia apì ti FIFs fy (h pr�sinh gramm ), (c) Togr�fhma th C1 epif�neia, (d) 'Allo par�deigma mia C1 epif�neia qrhsimopoi¸ntadiaforetikì sÔnolo dedomènwn.
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Kef�laio 4Progr�mmata se Matlab4.1 Algìrijmo Aitiokratik¸n Epanal yewnTo prìgramma e�nai ulopoihmèno se morf  upoprogr�mmato - sun�rthsh kai qrh-simopoie� affine apeikon�sei ston q¸ro R2. H sun�rthsh dèqetai w eisìdou to ar-qikì sÔnolo A0 (èna p�naka me ti suntetagmène twn M arqik¸n shme�wn), ènanarijmì N pou ekfr�zei to pl jo twn apeikon�sewn wi, ènan arijmì K pou ekfr�zeito pl jo twn epijumht¸n epanal yewn kai ènan p�naka W pou perièqei tou su-ntelestè twn affine apeikon�sewn. W èxodo epistrèfetai èna sÔnolo shme�wn pouprosegg�zei ton elkust .
%A0 is the initial set representing a Mx2 matrix

%N is the number of the mappings

%K is the number of iterations

%W is the matrix Nx6 containing the parameters of the mappings

%Each row (i) contains the 6 coefficients of the map w_i. a,b,c,s,d,e

% / \ / \

% |a b| | d |

%w=| | + | |

% |c s| | e |

% \ / \ /

%The function returns the matrix FP N^K x 2!!!

function B=MYDIA_R2(A0,W,N,K) A=A0; [M,l]=size(A0); points=M; for

(i=1:K)

for j=1:points %for every point

x=A(j,1);

y=A(j,2);

for r=1:N %map the point through each map

B(points*(r-1)+j,1)=W(r,1)*x+W(r,2)*y+W(r,5);
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B(points*(r-1)+j,2)=W(r,3)*x+W(r,4)*y+W(r,6);

end;

end;

points=M*N^i;

A=B;

end; end;4.2 Algìrijmo Tuqa�wn Epanal yewnTo prìgramma autì dèqetai ti �die eisìdou me to prohgoÔmeno prìgramma, me thnprosj kh enì p�naka pijanot twn. Den d�nei èxodo, ìpw to prohgoÔmeno prìgramma,all� sqedi�zei ton elkust  sthn ojình.
%A0 is the initial point represented by a 1x2 matrix

%P is the matrix Nx1 containing the probabilities

%N is the number of the mappings

%K is the number of iterations

%W is the matrix Nx6 containing the parameters of the mappings

%Each row (i) contains the 6 coefficients of the map w_i. a,b,c,s,d,e

% / \ / \

% |a b| | d |

%w=| | + | |

% |c s| | e |

% \ / \ /

%The function plots the attractor!!!

function MYRIA_R2(A0,W,P,N,K) figure(1); hold on; SP(1)=P(1);

hist(1)=0; for i=2:N

SP(i)=SP(i-1)+P(i);

hist(i)=0;

end; X=A0(1,1); Y=A0(1,2); plot(X, Y , ’b.’ , ’MarkerSize’ , 2); for

(i=1:K)

what=rand(1);

for j=1:N

if what<SP(j)

r=j;

hist(r)=hist(r)+1;

break;

end;

end;

nX=W(r,1)*X+W(r,2)*Y+W(r,5);

nY=W(r,3)*X+W(r,4)*Y+W(r,6);

X=nX;

Y=nY;
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4.3. ALG�ORIJMOS TUQA�IWN EPANAL�HYEWN GIA PSES
plot(X, Y , ’b.’ , ’MarkerSize’ , 2);

end; end;4.3 Algìrijmo Tuqa�wn Epanal yewn gia PSES
%A0 is the initial point represented by a 1x2 matrix

%P is the matrix NxN containing the probabilities

%N is the number of the mappings

%K is the number of iterations

%W is the matrix Nx6 containing the parameters of the mappings

%first map is the number of the first map w_i, that it is applied to A0

%Each row (i) contains the 6 coefficients of the map w_i. a,b,c,s,d,e

% / \ / \

% |a b| | d |

%w=| | + | |

% |c s| | e |

% \ / \ /

%The function plots the attractor!!!

function B=MYRRIA_R2(A0,W,P,N,K,first_map) figure(1); hold on;

for i=1:N

SP(i,1)=P(i,1);

for j=2:N

SP(i,j)=SP(i,j-1)+P(i,j);

end;

end;

X=A0(1,1); Y=A0(1,2); plot(X, Y , ’b.’ , ’MarkerSize’ , 2);

r=first_map; for (i=1:K)

nX=W(r,1)*X+W(r,2)*Y+W(r,5);

nY=W(r,3)*X+W(r,4)*Y+W(r,6);

X=nX;

Y=nY

plot(X, Y , ’b.’ , ’MarkerSize’ , 2);

what=rand(1);

for j=1:N

if what<SP(r,j)

r=j;

break;

end;

end;

end; hold off; end; 55



KEF�ALAIO 4. PROGR�AMMATA SE MATLAB4.4 Kataskeu  autosusqetismènh FSPO algìrijmo autì bas�zetai ston algìrijmo aitiokratik¸n epanal yewn poud¸same sthn par�grafo 4.1 kai dèqetai w eisìdou ta shme�a parembol , tou su-ntelestè katakìrufh analog�a, ton arijmì twn shme�wn parembol  kai twn arij-mì twn epanalhptik¸n bhm�twn. Ta shme�a parembol  d�nontai mèsw enì p�naka
(N + 1) × 2 me to ìnoma IP kai oi suntelestè katakìrufh analog�a mèsw enìmonodi�statou p�naka N stoiqe�wn me to ìnoma S.
%IP is a N+1x2 matrix representing the interpolation points

%N is the number of mappings and N+1 the number of points

%S is a Nx1 matrix representing the contraction factors

%steps: is the number of iterations

%The algorithm computes and returns N^(steps+1)+1 points

%representing the attractor of the FIF.

function P=myFIF(IP,S,N,steps)

%Here are the map parameters.

for i=1:N

a(i)=(IP(i+1,1)-IP(i,1))/(IP(N+1,1)-IP(1,1));

e(i)=(IP(N+1,1)*IP(i,1)-IP(1,1)*IP(i+1,1))/(IP(N+1,1)-IP(1,1));

c(i)=(IP(i+1,2)-IP(i,2))/(IP(N+1,1)-IP(1,1))-S(i)*(IP(N+1,2)-IP(1,2))

/(IP(N+1,1)-IP(1,1));

f(i)=(IP(N+1,1)*IP(i,2)-IP(1,1)*IP(i+1,2))/(IP(N+1,1)-IP(1,1))

-S(i)*(IP(N+1,1)*IP(1,2)-IP(1,1)*IP(N+1,2))/(IP(N+1,1)-IP(1,1));

end;

A_0=IP; points=N+1; for i=1:steps

%for each section

l=1;

for j=1:N

%map all the points to the section j

for k=1:points-1

P(l,1)=a(j)*A_0(k,1)+e(j);

P(l,2)=c(j)*A_0(k,1)+S(j)*A_0(k,2)+f(j);

l=l+1;

end;

end;

P(l,1)=A_0(points,1);

P(l,2)=A_0(points,2)

points=l;

A_0=P;

end;
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4.5. KATASKEU�H KAT�A TM�HMATA SUSQETISM�ENHS FSP4.5 Kataskeu  kat� tm mata susqetismènh FSPTo prìgramma autì e�nai mia parallag  tou algor�jmou aitiokratik¸n epana-l yewn. Dèqetai ti �die paramètrou me ton algìrijmo kataskeu  autosusqeti-smènwn FSP me thn exa�resh tou p�naka AD, o opo�o perigr�fei ti perioqè pouapeikon�zontai se k�je tomèa. Pio sugkekrimèna isqÔei ìti ston tomèa Ii = [xi−1, xi]apeikon�zetai h perioq  [AD[i,1], AD[i,2]]. To prìgramma epistrèfei èna sÔnolo sh-me�wn pou prosegg�zoun to gr�fhma th kat� tm mata autoìmoia FSP.
%IP is a N+1x2 matrix representing the interpolation points

%N is the number of mappings and N+1 is the number of points

%S is a Nx1 matrix representing the contraction factors

%AD: is a Nx4 matrix representing the interval that is mapped to each section.

%i.e. if [...;x_0,x_1,y_0,y_1;...] then the [x_0,x_1] is the interval.

%steps: is the number of iterations

%The algorithm computes and returns N^(steps+1)+1 points

%representing the attractor of the FIF.

function P=myRFIF(IP,AD,S,N,steps)

%Here are the map parameters.

for i=1:N

a(i)=(IP(i+1,1)-IP(i,1))/(AD(i,2)-AD(i,1));

e(i)=(AD(i,2)*IP(i,1)-AD(i,1)*IP(i+1,1))/(AD(i,2)-AD(i,1));

c(i)=(IP(i+1,2)-IP(i,2))/(AD(i,2)-AD(i,1))-S(i)*(AD(i,4)-AD(i,3))/(AD(i,2)-AD(i,1))

f(i)=(AD(i,2)*IP(i,2)-AD(i,1)*IP(i+1,2))/(AD(i,2)-AD(i,1))-S(i)*(AD(i,2)*AD(i,3)-

AD(i,1)*AD(i,4))/(AD(i,2)-AD(i,1));

end;

A_0=IP; points=N+1; E=10^-14; for i=1:steps

%for each section

l=1;

for j=1:N

%find the start of the respective interval

for start=1:points

if abs(A_0(start,1)-AD(j,1))<E

break;

end;

end;

%find the end of the respective interval

for end_=start+1:points

if abs(A_0(end_,1)-AD(j,2))<E

break;

end;

end;

%map all the points to the section j

57



KEF�ALAIO 4. PROGR�AMMATA SE MATLAB

for k=start:end_-1

P(l,1)=a(j)*A_0(k,1)+e(j);

P(l,2)=c(j)*A_0(k,1)+S(j)*A_0(k,2)+f(j);

l=l+1;

end;

end;

P(l,1)=A_0(points,1);

P(l,2)=A_0(points,2);

points=l;

A_0=P;

end;4.6 Kataskeu  kat� tm mata susqetismènh Her-

mite FSPTo prìgramma autì e�nai mia parallag  tou parap�nw algor�jmou, mìno pou sek�je shme�o parembol  (xi, yi) qreiazìmaste epiplèon kai thn par�gwgì tou sthjèsh aut . Dhlad  k�je shme�o parembol  plèon kajor�zetai w (xi, yi, y
′

i). Toprìgramma epistrèfei èna sÔnolo shme�wn pou prosegg�zoun to gr�fhma th kat�tm mata autoìmoia HFSP.
%IP is a N+1x2 matrix representing the interpolation points

%N is the number of mappings and N+1 is the number of points

%S is a Nx1 matrix representing the contraction factors

%AD: is a Nx6 matrix representing the interval that is mapped to each section.

%i.e. if [...;x_0,x_1,y_0,y_1;...] then the [x_0,x_1] is the interval.

%steps: is the number of iterations

%The algorithm computes and returns N^(steps+1)+1 points

%representing the attractor of the HRFIF.

function P=dipmyRFIF(IP,AD,S,N,steps)

%Here are the map parameters.

for i=1:N

a(i)=(IP(i+1,1)-IP(i,1))/(AD(i,2)-AD(i,1));

b(i)=(AD(i,2)*IP(i,1)-AD(i,1)*IP(i+1,1))/(AD(i,2)-AD(i,1));

B=[AD(i,1)^3 AD(i,1)^2 AD(i,1) 1;

AD(i,2)^3 AD(i,2)^2 AD(i,2) 1;

3*(AD(i,1)^2) 2*AD(i,1) 1 0;

3*(AD(i,2)^2) 2*AD(i,2) 1 0];
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D=[IP(i,2)-S(i)*AD(i,3);

IP(i+1,2)-S(i)*AD(i,4);

a(i)*IP(i,3)-S(i)*AD(i,5);

a(i)*IP(i+1,3)-S(i)*AD(i,6)] ;

Q=(inv(B))*D;

q1(i)=Q(1);

q2(i)=Q(2);

q3(i)=Q(3);

q4(i)=Q(4);

end;

A_0=IP; points=N+1; E=10^-14; for i=1:steps

%for each section

l=1;

for j=1:N

%find the start of the respective interval

for start=1:points

if abs(A_0(start,1)-AD(j,1))<E

break;

end;

end;

%find the end of the respective interval

for end_=start+1:points

if abs(A_0(end_,1)-AD(j,2))<E

break;

end;

end;

%map all the points to the section j

for k=start:end_-1

P(l,1)=a(j)*A_0(k,1)+b(j);

P(l,2)=S(j)*A_0(k,2)+q1(j)*(A_0(k,1)^3)+q2(j)*(A_0(k,1)^2)+q3(j)*A_0(k,1)+q

l=l+1;

end;

end;

P(l,1)=A_0(points,1);

P(l,2)=A_0(points,2);

points=l;

A_0=P;

end;
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4.7 Bivariate Fractal Epif�neie Parembol  se Or-jog¸nio PlègmaTo prìgramma autì pa�rnei ti paramètrou enì PSES ìpw autì or�sjhke sthnpar�grafo 3.1 kai upolog�zei ton elkust  tou.
% This program takes a Bivariate RIFS on [0,1]x[0,p]xR and some points and produces

% after (steps) steps using DIA.

%a,b,c,d,e,f,g,s,k: the coeficients of w-map

%a: matrix 1xN0

%b: matrix 1xN0

%c: matrix 1xM0

%d: matrix 1xM0

%g,e,f,k: matrix N0xM0

%P: matrix (N0+1)x(M0+1) contains the interpolation points

%nP: matrix (N0+1)steps x (M0+1)steps contains the new points after applying the w-maps

%(steps) times

%C: matrix 1xN0M0 shows which interval is mapped onto which section. (C^v)

%N0: how many sections per line

%M0: how many sections per column

%K0: how many intervals per line

%L0 how many intervals per column

function

nP=RIFS(a,b,c,d,e,f,g,s,k,C,P,N0,M0,K0,L0,steps,alpha,delta,R,U)

oP=P; interval_distance=delta;

section_distance=interval_distance/alpha; for r=1:steps

[N,M]=size(oP);

N=N-1;

M=M-1;

%for every section

deiktisx=1;

for i=1:N0

deiktisy=1;

for j=1:M0

section=(i-1)*M0+j;

interval=C(section);

intervalcol=floor((interval-1)/ L0)+1;
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intervalline=mod(interval-1, L0) +1;

intervalx=0+(intervalcol-1)*R/L0;

intervaly=0+(intervalline-1)*U/L0;

for m=1:alpha^r+1

for n=1:alpha^r+1

nP(deiktisx+m-1,deiktisy+n-1)=

e(i,j)*(intervalx+(m-1)*interval_distance)

+f(i,j)*(intervaly+(n-1)*interval_distance)

+g(i,j)*(intervalx+(m-1)*interval_distance)

*(intervaly+(n-1)*interval_distance)

+s(i,j)*oP((intervalcol-1)*alpha^r+m,

(intervalline-1)*alpha^r+n)+k(i,j);

end;

end;

deiktisy=deiktisy+alpha^r;

end;

deiktisx=deiktisx+alpha^r;

end;

interval_distance=interval_distance/alpha;

oP=nP;

end;4.8 Fractal Epif�neie Parembol  apì Periodikè
Fractal Sunart sei Parembol To prìgramma RIFS.m pa�rnei ti paramètrou enì PSES ìpw autì or�sjhkesthn par�grafo 3.2 kai upolog�zei ton elkust  tou.

%FIS from RFIF

function P=myRFISF(X,Y,IP,ADx,ADy,Sx,Sy,M,N,steps)

for i=1:N+1

for j=1:M

ADR(j,1)=X(ADx(j,1));

ADR(j,2)=X(ADx(j,2));

ADR(j,3)=IP(i,ADx(j,1));

ADR(j,4)=IP(i,ADx(j,2));

IPoints(j,1)=X(j);

IPoints(j,2)=IP(i,j);

end;

IPoints(M+1,1)=X(M+1);

IPoints(M+1,2)=IP(i,M+1);

temp=myRFIF(IPoints,ADR,Sx,M,steps);
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[pointsx,t]=size(temp);

for k=1:pointsx

f(i,k)=temp(k,2);

end;

clear temp,IPoints;

end;

for j=1:pointsx;

for i=1:N

ADR(i,1)=Y(ADy(i,1));

ADR(i,2)=Y(ADy(i,2));

ADR(i,3)=f(ADy(i,1),j);

ADR(i,4)=f(ADy(i,2),j);

IPoints2(i,1)=Y(i);

IPoints2(i,2)=f(i,j);

end;

IPoints2(N+1,1)=Y(N+1);

IPoints2(N+1,2)=f(N+1,j);

temp2=myRFIF(IPoints2,ADR,Sy,N,steps);

[pointsy,t]=size(temp2);

for l=1:pointsy

P(l,j)=temp2(l,2);

end;

clear temp2,IPoints2;

end;4.9 Fractal Epif�neie Parembol  apì Periodikè
Fractal Sunart sei Parembol To prìgramma myRIFS.m pa�rnei ti paramètrou enì PSES ìpw autì or�sjhkesthn par�grafo 3.2 kai upolog�zei ton elkust  tou.

%FIS from RFIF

function P=myRFIS(X,Y,IP,ADx,ADy,Sx,Sy,M,N,steps)

for i=1:N+1

for j=1:M

ADR(j,1)=X(ADx(j,1));

ADR(j,2)=X(ADx(j,2));

ADR(j,3)=IP(i,ADx(j,1));

ADR(j,4)=IP(i,ADx(j,2));

IPoints(j,1)=X(j);
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IPoints(j,2)=IP(i,j);

end;

IPoints(M+1,1)=X(M+1);

IPoints(M+1,2)=IP(i,M+1);

temp=myRFIF(IPoints,ADR,Sx,M,steps);

[pointsx,t]=size(temp);

for k=1:pointsx

f(i,k)=temp(k,2);

end;

clear temp,IPoints;

end;

for j=1:pointsx;

for i=1:N

ADR(i,1)=Y(ADy(i,1));

ADR(i,2)=Y(ADy(i,2));

ADR(i,3)=f(ADy(i,1),j);

ADR(i,4)=f(ADy(i,2),j);

IPoints2(i,1)=Y(i);

IPoints2(i,2)=f(i,j);

end;

IPoints2(N+1,1)=Y(N+1);

IPoints2(N+1,2)=f(N+1,j);

temp2=myRFIF(IPoints2,ADR,Sy,N,steps);

[pointsy,t]=size(temp2);

for l=1:pointsy

P(l,j)=temp2(l,2);

end;

clear temp2,IPoints2;

end;4.10 C1 Fractal Epif�neie Parembol  apì Ermitianès-Periodikè Fractal Sunart sei Parembol To prìgramma RIFS.m pa�rnei ti paramètrou enì PSES ìpw autì or�sjhkesthn par�grafo 3.3 kai upolog�zei ton elkust  tou.
%HFIS from RFIF-HRFIF

%first step

function P=dipmyRFIS(X,Y,IP,ADx,ADy,Sx,Sy,S,M,N,steps,PX,PY) for

i=1:N+1
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for j=1:M

ADR(j,1)=X(ADx(j,1));

ADR(j,2)=X(ADx(j,2));

ADR(j,3)=IP(i,ADx(j,1));

ADR(j,4)=IP(i,ADx(j,2));

ADR(j,5)=PX(i,ADx(j,1));

ADR(j,6)=PX(i,ADx(j,2));

IPoints(j,1)=X(j);

IPoints(j,2)=IP(i,j);

IPoints(j,3)=PX(i,j);

end;

IPoints(M+1,1)=X(M+1);

IPoints(M+1,2)=IP(i,M+1);

IPoints(M+1,3)=PX(i,M+1);

temp=dipmyRFIF(IPoints,ADR,Sx,M,steps);

[pointsx1,t]=size(temp);

for k=1:pointsx1

h(i,k)=temp(k,2);

end;

clear temp,IPoints;

end;

%second step

for i=1:N+1

for j=1:M

ADR(j,1)=X(ADx(j,1));

ADR(j,2)=X(ADx(j,2));

ADR(j,3)=IP(i,ADx(j,1));

ADR(j,4)=IP(i,ADx(j,2));

IPoints2(j,1)=X(j);

IPoints2(j,2)=PX(i,j);

end;

IPoints2(M+1,1)=X(M+1);

IPoints2(M+1,2)=PX(i,M+1);

temp2=myRFIF(IPoints2,ADR,S,N,steps);

[pointsx2,t]=size(temp2);

for k=1:pointsx2

g(i,k)=temp2(k,2);

end;
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clear temp2,IPoints2;

end;

%third step

for j=1:pointsx1;

for i=1:N

ADR(i,1)=Y(ADy(i,1));

ADR(i,2)=Y(ADy(i,2));

ADR(i,3)=h(ADy(i,1),j);

ADR(i,4)=h(ADy(i,2),j);

ADR(i,5)=g(ADy(i,1),j);

ADR(i,6)=g(ADy(i,2),j);

IPoints3(i,1)=Y(i);

IPoints3(i,2)=h(i,j);

IPoints3(i,3)=g(i,j);

end;

IPoints3(N+1,1)=Y(N+1);

IPoints3(N+1,2)=h(N+1,j);

IPoints3(N+1,3)=g(N+1,j);

temp3=dipmyRFIF(IPoints3,ADR,Sy,N,steps);

[pointsy,t]=size(temp3);

for l=1:pointsy

P(l,j)=temp3(l,2);

end;

clear temp3,IPoints3;

end;
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