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1 To mètro Lebesgue ston Rk.1.1 Eisagwgikèc ènnoiec.Sthn arq  thc enìthtac aut c, ja parousiastoÔn merikèc jemelei¸deic èn-noiec kai apotelèsmata thc jewrÐac mètrou, oi opoÐec eÐnai aparaÐthtec giathn kataskeu  tou mètrou Lebesgue.Ja arqÐsoume parousi�zontac thn polÔ basik  ènnoia thc s-�lgebrac. Hshmantikìthta thc ènnoiac aut c gÐnetai faner  me ton epìmeno kiìlac orismì,miac kai oi s-�lgebrec apoteloÔn to pedÐo orismoÔ k�je mètrou.Orismìc 1.1 (s-�lgebra). 'Estw Q èna mh kenì sÔnolo kai A mia oiko-gèneia uposunìlwn tou Q. H A lègetai s-�lgebra sto Q an eÐnai mh ken ,kleist  wc proc sumplhr¸mata kai kleist  wc proc arijm simec en¸seic.Dhlad ,
i. Up�rqei A ⊆ X me A ∈ A.

ii. An A ∈ A tìte Ac ∈ A.

iii. An {An}
∞
n=1 akoloujÐa uposunìlwn tou Q me An ∈ A gia k�je n, tìte⋃

∞

n=1 An ∈ A.To zeug�ri (X,A) lègetai metr simoc q¸roc.Sth sunèqeia ja anaferjoÔme sthn paragìmenh s-�lgebra. H ènnoia aut ja mac bohj sei na orÐsoume amèswc met� thn kl�sh twn legìmenwn Borel up-osunìlwn tou Q, h opoÐa ja deÐxoume parak�tw ìti perièqetai sthn s-�lgebratwn Lebesgue-metr simwn uposunìlwn tou Q. Prin ìmwc apì autì ja macqreiasteÐ mÐa prìtash.Prìtash 1.1. 'Estw Q èna mh kenì sÔnolo kai {Ai}i∈I mia oikogèneia s-algebr¸n sto Q. Tìte h oikogèneia A =
⋂

i∈I Ai eÐnai s-�lgebra.Apìdeixh. i. Gia k�je i ∈ I isqÔei ∅ ∈ Ai (afoÔ {Ai}i∈I s-�lgebra)
⇒ ∅ ∈

⋂
i∈I Ai = A.

ii. 'Estw A ∈ A ⇒ gia k�je i ∈ I, A ∈ Ai ⇒ gia k�je i ∈ I, Ac ∈ Ai

⇒ Ac ∈
⋂

i∈I Ai = A.
iii. 'Estw A1, ...., An, ... ∈ A ⇒ gia k�je i ∈ I, A1, ...., An, ... ∈ Ai ⇒ giak�je i ∈ I, ⋃∞

n=1 An ∈ Ai ⇒
⋃∞

n=1 An ∈
⋂

i∈I Ai = A.2



Orismìc 1.2 (paragìmenh s-�lgebra). 'Estw Q èna mh kenì sÔnolokai èstw F tuqoÔsa mh-ken  oikogèneia uposunìlwn tou Q. H s-�lgebra poupar�getai apì thn F , eÐnai h
σ(F) =

⋂
{A| A s-�lgebra X, A ⊇ F}.Prìtash 1.2. H σ(F) eÐnai h mikrìterh s-�lgebra sto Q, h opoÐa perièqeithn F .Dhlad , an A eÐnai s-�lgebra sto Q kai A ⊇ F tìte σ(F) ⊆ A.Apìdeixh. H σ(F) eÐnai s-�lgebra wc tom  miac mh-ken c oikogèneiac s-algebr¸nkai σ(F) ⊇ F .EpÐshc, an A s-�lgebra, A ⊇ F , èqoume σ(F) ⊆ A apì ton orismì thc

σ(F).Eis�goume t¸ra thn ènnoia thc Borel s-�lgebrac.Orismìc 1.3. 'Estw (X, ρ) ènac metrikìc q¸roc. SumbolÐzoume me T thnoikogèneia twn anoiqt¸n uposunìlwn tou Q. H Borel s-�lgebra tou QeÐnai h s-�lgebra pou par�getai apì thn T .Dhlad  B(X) = σ(T ).Ta uposÔnola tou Q pou an koun sthn B(X) eÐnai ta Borel sÔnola touQ. Parat rhsh
• K�je anoiqtì uposÔnolo tou Q eÐnai Borel.
• K�je kleistì uposÔnolo tou Q eÐnai Borel.
• Ta Gδ kai ta Fσ sÔnola eÐnai Borel.Prìtash 1.3. An F eÐnai h oikogèneia twn kleist¸n uposunìlwn tou Q,tìte σ(F) = B(X) = σ(T ).Apìdeixh.

F ⊆ σ(T ) ⇒ σ(F) ⊆ σ(T ).'Omoia
T ⊆ σ(F) ⇒ σ(T ) ⊆ σ(F).
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Orismìc 1.4 (�lgebra). 'Estw Q èna mh kenì sÔnolo kaiA mia oikogèneiauposunìlwn tou Q. H A lègetai �lgebra sto Q an eÐnai mh ken , kleist  wcproc sumplhr¸mata kai kleist  wc proc peperasmènec en¸seic.Parat rhsh K�je s-�lgebra eÐnai �lgebra, en¸ to antÐjeto den isqÔei.Gia par�deigma an X = N kai an A = {A ⊆ N| A peperasmèno   Acpeperasmèno}, tìte eÔkola apodeiknÔetai ìti h A eÐnai �lgebra, all� deneÐnai s-�lgebra sto N. AkoloujeÐ h jemeli¸dhc ènnoia tou mètrou.Orismìc 1.5 (mètro). 'Estw (X,A) ènac metr simoc q¸roc. Mia sun�rthsh
µ : A → [0,∞] lègetai mètro ston (X,A) an ikanopoieÐ ta ex c:
i. µ(∅) = 0.

ii. An {An}
∞
n=1 eÐnai mia akoloujÐa xènwn stoiqeÐwn thc A tìte

µ

(
∞⋃

n=1

An

)
=

∞∑

n=1

µ(An).H tri�da (X,A, µ) lègetai q¸roc mètrou.Parat rhsh: H idiìthta (ii) lègetai s-prosjetikìthta.Orismìc 1.6 (pl rec mètro). 'Estw (X,A, µ) ènac q¸roc mètrou. Lèmeìti to µ eÐnai pl rec an ikanopoieÐ to ex c: an µ(E) = 0 kai F ⊆ E tìte F ∈ A(opìte µ(F ) = 0). An to µ eÐnai pl rec, o (X,A, µ) lègetai pl rhc q¸rocmètrou.1.2 Ta jewr mata tou Karajeodwr  kai h kataskeu tou mètrou Lebesgue.Orismìc 1.7 (exwterikì mètro). 'Estw Q èna mh kenì sÔnolo. Miaapeikìnish µ∗ : P(X) → [0,∞] lègetai exwterikì mètro sto Q an ikanopoieÐtic ex c idiìthtec:
i. µ∗(∅) = 0.

ii. An A ⊆ B ⊆ X tìte µ∗(A) ≤ µ∗(B).
iii. An {An}

∞
n=1 eÐnai mia akoloujÐa uposunìlwn tou Q tìte

µ∗

(
∞⋃

n=1

An

)

≤
∞∑

n=1

µ∗(An).4



Ta exwterik� mètra eÐnai mia epinìhsh tou 'Ellhna majhmatikoÔ Karajeod-wr  kai parèqoun mia polÔ qr simh mèjodo gia thn kataskeu  mètrwn. Sthmèjodo aut  ja sthriqjeÐ h kataskeu  tou mètrou Lebesgue ston EukleÐdeioq¸ro Rk, pou eÐnai kai o kÔrioc skopìc thc enìthtac aut c.Orismìc 1.8 (s-k�luyh). 'Estw Q èna mh kenì sÔnolo. Mia oikogèneia
C tou Q lègetai s-k�luyh gia to Q, an ∅ ∈ C kai up�rqoun C1, ... , Cn, ... sthn
C ¸ste X =

⋃∞

n=1 Cn.O parak�tw orismìc ofeÐletai ston Karajeodwr .Orismìc 1.9 (µ∗-metr simo sÔnolo). 'Estw µ∗ èna exwterikì mètrosto mh kenì sÔnolo Q. Lème ìti èna sÔnolo A ⊆ X eÐnai µ∗- metr simo an
µ∗(E ∩ A) + µ∗(E ∩ Ac) = µ∗(E)gia k�jeE ⊆ X. SumbolÐzoume meAµ∗ thn oikogèneia ìlwn twn µ∗-metr simwnuposunìlwn tou Q.Je¸rhma 1.1 (Kataskeu  exwterik¸n mètrwn). 'Estw C mia s-k�luyh gia to mh kenì sÔnolo Q, kai èstw τ : C → [0,∞] tuqoÔsa apeikìnishme τ(∅) = 0. Gia k�je A ⊆ X orÐzoume

µ∗(A) = inf{
∞∑

j=1

τ(Cj) |Cj ∈ C, A ⊆
∞⋃

j=1

Cj}.Tìte h apeikìnish µ∗ eÐnai exwterikì mètro sto Q.Apìdeixh. Ja deÐxoume ìti isqÔoun oi treic idiìthtec pou apaiteÐ o orismìc.
i. ∅ ⊆

⋃∞

j=1 ∅ ⇒ 0 ≤ µ∗(∅) ≤
∑∞

j=1 τ(∅) = 0.Epomènwc µ∗(∅) = 0.

ii. 'Estw A, B ⊆ X, me A ⊆ B. 'Estw ìti B ⊆
⋃

∞

j=1 Cj ìpou Cj ∈ C. AfoÔ
A ⊆ B, èpetai ìti A ⊆

⋃∞

j=1 Cj kai �ra µ∗(A) ≤
∑∞

j=1 τ(Cj). Epeid  h
{Cj} èinai tuqoÔsa k�luyh tou B apì thn C, èpetai telik¸c ìti:

µ∗(A) ≤ inf{
∞∑

j=1

τ(Cj) |Cj ∈ C, B ⊆
∞⋃

j=1

Cj} = µ∗(B).

iii. 'Estw {An}
∞
n=1 mia akoloujÐa uposunìlwn tou Q kai èstw ε > 0.E�n µ∗(An) = +∞ gia k�poio n ∈ N tìte isqÔei. 'Estw µ∗(An) < +∞,gia k�je n ∈ N mporoÔme na broÔme Cn,j ∈ C ¸ste An ⊆

⋃
∞

j=1 Cn,j kai
∑∞

j=1 τ(Cn,j) < µ∗(An) +
ε

2n
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Tìte ⋃∞

n=1 An ⊆
⋃∞

n=1

(⋃∞

j=1 Cn,j

)
=
⋃

(n,j)∈N×N
Cn,j kai �ra

µ∗

(
∞⋃

n=1

An

)

≤
∑

(n,j)∈N×N

τ(Cn,j) =

∞∑

n=1

(
∞∑

j=1

τ(Cn,j)

)

≤
∞∑

n=1

(
µ∗(An) +

ε

2n

)

=
∞∑

n=1

µ∗(An) +
∞∑

n=1

ε

2n
=

∞∑

n=1

µ∗(An) + ε.Sunep¸c, af nontac ε → 0 ja èqoume ìti
µ∗

(
∞⋃

n=1

An

)
≤

∞∑

n=1

µ∗(An).Je¸rhma 1.2 (Karajeodwr ). 'Estw µ∗ èna exwterikì mètro sto mhkenì sÔnolo Q. Tìte h oikogèneia Aµ∗ twn µ∗-metr simwn uposunìlwn touQ eÐnai s-�lgebra. An sumbolÐsoume me µ ton periorismì thc apeikìnishc µ∗sthn Aµ∗ , tìte h tri�da (X,Aµ∗ , µ) eÐnai ènac pl rhc q¸roc mètrou.Apìdeixh. i. ∅ ∈ Aµ∗An E ⊆ X tìte :
µ∗(E ∩ ∅) + µ∗(E ∩ ∅c) = µ∗(∅) + µ∗(E) = µ∗(E).

ii. An A ∈ Aµ∗ tìte Ac ∈ Aµ∗ .Pr�gmati, an E ⊆ X tìte :
µ∗(E ∩ Ac) + µ∗(E ∩ (Ac)c) = µ∗(E ∩ Ac) + µ∗(E ∩ A) = µ∗(E).giatÐ A ∈ Aµ∗ .

iii. An A, B ∈ Aµ∗ tìte A ∪ B ∈ Aµ∗ .'Estw E ⊆ X. Tìte:
µ∗(E∩(A∪B)+µ∗(E∩(A∪B)c) = µ∗(E∩((A∩B)∪(Ac∩B)∪(A∩Bc))

+µ∗(E ∩ Ac ∩ Bc)

≤ µ∗(E ∩A∩B) + µ∗(E ∩Ac ∩B) + µ∗(E ∩A∩Bc) + µ∗(E ∩Ac ∩Bc)

= µ∗(E ∩ B) + µ∗(E ∩ Bc) = µ∗(E).giatÐ A, B ∈ Aµ∗ . 6



iv. H Aµ∗ eÐnai �lgebra.H apìdeixh gÐnetai eÔkola me epagwg .
v. An {An}

∞
n=1eÐnai mia akoloujÐa xènwn sunìlwn sthn Aµ∗tìte:

∞∑

n=1

µ∗(E ∩ An) = µ∗ (E ∩ (∪∞
n=1An))gia k�je E ⊆ X.'Estw A, B ∈ Aµ∗ me A ∩ B = ∅. Tìte an E ⊆ X parathroÔme ìti :

µ∗(E ∩ (A ∪ B)) = µ∗((E ∩ (A ∪ B)) ∩ A) + µ∗(E ∩ (A ∪ B)) ∩ Ac)=
µ∗(E ∩ A) + µ∗(E ∩ B).Epagwgik�, an A1, A2, ...., AN ∈ Aµ∗ xèna kai E ⊆ X tìte:

µ∗(E ∩ (A1 ∪ ..... ∪ AN )) = µ∗(E ∩ A1) + .... + µ∗(E ∩ AN).'Estw t¸ra {An}
∞
n=1 akoloujÐa xènwn sunìlwn sthn Aµ∗ kai E ⊆ X,tìte gia k�je N ∈ N:

µ∗(E∩A1)+....+µ∗(E∩AN) = µ∗(E∩(A1∪.....∪AN )) ≤ µ∗ (E ∩ (∪∞

n=1An))apì thn monotonÐa tou µ∗. Sunep¸c
∞∑

n=1

µ∗(E ∩ An) ≤ µ∗ (E ∩ (∪∞

n=1An))H antÐstrofh anisìthta èpetai �mesa apì thn s-upoprosjetikìthta tou
µ∗.

vi. An {An}
∞
n=1 eÐnai mia akoloujÐa xènwn sunìlwn sthn Aµ∗tìte ⋃∞

n=1 An ∈ Aµ∗ .ArkeÐ na deÐxoume ìti gia k�je E ⊂ X isqÔei:
µ∗(E) ≥ µ∗ (E ∩ (∪∞

n=1An)) + µ∗ (E ∩ (∪∞

n=1An)c)Gia k�je N ∈ N xèroume ìti ∪N
n=1An ∈ Aµ∗ epomènwc

µ∗(E) ≥ µ∗
(
E ∩ (∪N

n=1An)
)

+ µ∗
(
E ∩ (∪N

n=1An)c
)

≥
N∑

n=1

µ∗(E ∩ An) + µ∗ (E ∩ (∪∞

n=1An)c)7



⇒ µ∗(E) ≥
∞∑

n=1

µ∗(E ∩ An) + µ∗ (E ∩ (∪∞

n=1An)c)

= µ∗ (E ∩ (∪∞
n=1An)) + µ∗ (E ∩ (∪∞

n=1An)c) .H antÐstrofh anisìthta eÐnai profan c apì ton orismì tou exwterikoÔmètrou.
vii. H Aµ∗ eÐnai s-�lgebra.An {An}

∞
n=1 ∈ Aµ∗ ìqi anagkastik� xèna metaxÔ touc, tìte orÐzoume

B1 = A1, B2 = A2 \ B2, ....., Bn = An \ (A1 ∪ A2 ∪ ... ∪ An−1).Tìte profan¸c ∪∞
n=1An = ∪∞

n=1Bn kai apì to (vi) ∪∞
n=1Bn ∈ Aµ∗ kai�ra ∪∞

n=1An ∈ Aµ∗Apì ta b mata t¸ra (i), (ii), (vi) kai thn parat rhsh aut  èpetai tosumpèrasma.
viii. To µ = µ∗|Aµ∗

eÐnai mètro.OrÐzoume µ : Aµ∗ → [0,∞] me µ(A) = µ∗(A), an A ∈ Aµ∗ . Ja deÐxoumeìti to µ eÐnai mètro. Pr�gmati,
• µ(∅) = µ∗(∅) = 0

• An {An}
∞
n=1 akoloujÐa xènwn sunìlwn sthnAµ∗ tìte µ(∪∞

n=1An) =
µ∗(∪∞

n=1An) =
∑∞

n=1 µ∗(An) =
∑∞

n=1 µ(An).Sunep¸c to m eÐnai mètro sthn Aµ∗ .

ix. To µ eÐnai pl rec.'Estw A ∈ Aµ∗ me µ(A) = µ∗(A) = 0 kai èstw B ⊆ A.Apì thn monotonÐa tou µ èqoume ìti
0 ≤ µ∗(B) ≤ µ∗(A) = 0�ra µ∗(B) = 0.'Estw t¸ra E ⊆ X. Tìte,

µ∗(E ∩ B) + µ∗(E ∩ Bc) ≤ µ∗(B) + µ∗(E) = µ∗(E).Sunep¸c B ∈ Aµ∗ . 8



'Eqontac dÔo sÔnola A kai B se ènan metrikì q¸ro (X, d) orÐzoume thnapìstash metaxÔ twn A kai B na eÐnai h
d(A, B) = inf{d(x, y) : x ∈ A και y ∈ B}.Orismìc 1.10. 'Estw (X, d) ènac metrikìc q¸roc kai µ∗ èna exwterikìmètro ston Q. To µ∗ kaleÐtai metrikì exwterikì mètro an ikanopoieÐtaih sunj kh :

µ∗(A ∪ B) = µ∗(A) + µ∗(B)opoted pote d(A, B) > 0.Je¸rhma 1.3. An to µ∗ eÐnai èna metrikì exwterikì mètro ston metrikìq¸ro Q, tìte ta Borel sÔnola tou Q eÐnai µ∗-metr sima. Sunep¸c to µ∗periorismèno sthn B(X) eÐnai mètro.Apìdeixh. Apì ton orismì thc B(X), arkeÐ na deÐxoume ìti ta kleist� up-osÔnola tou Q eÐnai µ∗-metr sima.'Estw loipìn F èna kleistì sÔnolo kai A èna uposÔnolo tou Q me µ∗(A) <

∞. Gia k�je n ∈ N orÐzoume (blèpe Sq ma 1) to
An = {x ∈ F c ∩ A : d(x, F ) >

1

n
}.

x
b

︷ ︸︸ ︷d(x, F ) > 1

n

A
An

F

Sq ma 1Tìte An ⊂ An+1 kai afoÔ to F eÐnai kleistì èqoume F c ∩ A =
⋃∞

n=1 An.Pr�gmati, afoÔ to F eÐnai kleistì èqoume ìti F =
⋂∞

n=1{x ∈ X : d(x, F ) ≤
1
n
} kai �ra F c =

⋃∞

n=1{x ∈ X : d(x, F ) > 1
n
}. EpÐshc, h apìstash metaxÔ twn9



F ∩ A kai An eÐnai megalÔterh apì 1
n
kai afoÔ to µ∗ eÐnai metrikì exwterikìmètro ja èqoume ìti

µ∗(A) ≥ µ∗ ((F ∩ A) ∪ An) = µ∗(F ∩ A) + µ∗(An). (1)Sth sunèqeia isqurizìmaste ìti
lim

n→∞
µ∗(An) = µ∗(F c ∩ A). (2)Gia na to doÔme autì, jewroÔme ta Bn = An+1 ∩ Ac

n kai parathroÔme ìti
d(Bn+1, An) ≥

1

n(n + 1)
.Pr�gmati, an x ∈ Bn+1 kai d(x, y) < 1

n(n+1)
h trigwnik  anisìthta dÐnei ìti

d(y, F ) < 1
n
kai ètsi y 6∈ An. Epomènwc

µ∗(A2k+1) ≥
k∑

j=1

µ∗(Bj).Me èna parìmoio epiqeÐrhma blèpoume ìti
µ∗(A2k) ≥

k∑

j=1

µ∗(B2j−1).AfoÔ ìmwc to µ∗(A) eÐnai peperasmèno, èpetai ìti kai oi dÔo seirèc∑∞

j=1 µ∗(B2j)kai ∑∞

j=1 µ∗(B2j−1) sugklÐnoun. Tèloc parathroÔme ìti
µ∗(An) ≤ µ∗(F c ∩ A) ≤ µ∗(An) +

∞∑

j=n+1

µ∗(Bj),kai autì apodeiknÔei thn (2). Af nontac t¸ra to n na teÐnei sto �peiro sthnanisìthta (1) brÐskoume ìti µ∗(A) ≥ µ∗(F ∩A) + µ∗(F c ∩A) kai sunep¸c to
F eÐnai µ∗-metr simo to opoÐo oloklhr¸nei kai thn apìdeixh.AkoloujeÐ o kÔriwc orismìc thc enìthtac aut c. To mètro Lebesgue prw-toparousi�sthke apì ton Henri Lebesgue to 1901 kai akoloÔjhse h parousÐ-ash tou oloklhr¸matoc Lebesgue ènan qrìno argìtera. Kai ta dÔo aut�komm�tia apotèlesan mèroc thc didaktorik c tou diatrib c pou dhmosieÔthketo 1902. 10



Orismìc 1.11 (mètro Lebesgue). SumbolÐzoume me C thn oikogèneia twnanoiqt¸n diasthm�twn R =
∏k

j=1(aj, bj),−∞ < aj ≤ bj < ∞ ston EukleÐdeioq¸ro Rk. H C eÐnai s-k�luyh tou Rk. Gia k�je anoiqtì di�sthma R orÐzoume
τ(R) = volk(R) =

k∏

j=1

(bj − aj).H C kai h t ep�goun èna exwterikì mètro λ∗
k ston Rk. Dhlad  an E ⊆ Rktìte:

λ∗

k(E) = inf{
∞∑

j=1

volk(Rj) |Rj ∈ C, E ⊆
∞⋃

j=1

Rj}.An Lk eÐnai h s-�lgebra twn λ∗
k-metr simwn uposunìlwn tou Rk tìte to λk =

λ∗
k|Lk

eÐnai pl rec mètro sthn Lk.To λ∗
k eÐnai to exwterikì mètro Lebesgue ston Rk. To λk eÐnai tomètro Lebesgue ston Rk. H Lk eÐnai h s-�lgebra twn Lebesgue metr -simwn uposunìlwn tou Rk.MporeÐ na apodeiqteÐ to akìloujo je¸rhma1:Je¸rhma 1.4. An to S eÐnai èna di�sthma tou Rk, tìte to S eÐnai Lebesgue-metr simo kai λk(S) = volk(S).Ston R h kat�stash (saf¸c perissìtero aplopoihmènh) èqei wc ex c:Orismìc 1.12 (Exwterikì mètro Lebesgue ston R ). To exwterikìmètro Lebesgue ston R λ∗ : P(R) → [0,∞] orÐzetai wc ex c:An A ∈ P(R), tìte:

λ∗(A) = inf{
∞∑

j=1

(bn − an) |A ⊂
∞⋃

n=1

(an, bn), an, bn ∈ R, an < bn, n = 1, 2, ...}.To λ∗ eÐnai kal¸c orismèno, epeid  to sÔnolo tou opoÐou paÐrnoume to
inf eÐnai mh-kenì, afoÔ k�je sÔnolo A ∈ P(R), mporeÐ na kalufjeÐ apì mi-a akoloujÐa diasthm�twn (an, bn), ìpwc parap�nw. An to sÔnolo eÐnai to
{+∞}, tìte λ∗(A) = inf{+∞} = +∞.1Για την απόδειξη βλέπε [1].
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1.3 Idiìthtec tou mètrou Lebesgue.Prìtash 1.4. K�je Borel uposÔnolo tou Rk eÐnai Lebesgue metr simo.Dhlad  B(Rk) ⊆ Lk.Apìdeixh. Apì to Je¸rhma 1.4 èqoume ìti an C h oikogèneia ìlwn twn di-asthm�twn tou Rk, tìte
C ⊆ Lk ⇒ σ(C) ⊆ Lk.'Omwc σ(C) = B(Rk) kai me autì oloklhr¸netai h apìdeixh.Parat rhsh: Eidikìtera, ta anoiqt�, kleist�, Gδ kai Fσ sÔnola eÐnai

Lebesgue metr sima.1.3.1 Mètro Lebesgue kai aploÐ metasqhmatismoÐ.IsqÔoun ta akìlouja:Prìtash 1.5. 'Estw A ∈ Lk. Gia k�je x ∈ Rk isqÔei
x + A = {x + a | a ∈ A} ∈ Lk kai

λk(x + A) = λk(A).Eidikìtera, sqetik� me thn pio p�nw prìtash, isqÔei to akìloujo Je¸rhma2:Je¸rhma 1.5 (Monadikìthta tou mètrou Lebesgue wc proc toanalloÐwto twn metajèsewn). An µ eÐnai èna mètro ston (Rk,B(Rk))me tic idiìthtec:
i. µ(I + x) = µ(I) gia k�je di�sthma I tou Rk kai x ∈ Rk, kai
ii. µ(K) < +∞ gia k�je sumpagèc sÔnolo K ⊂ Rktìte up�rqei a ∈ R, a ≥ 0 ¸ste µ = aλk, dhlad  µ(A) = aλk(A) gia k�je

A ∈ Lk.Prìtash 1.6. 'Estw A ∈ Lk. Gia k�je r > 0 isqÔei rA = {ra|a ∈ A} ∈ Lkkai
λk(rA) = rkλk(A).Prìtash 1.7. 'Estw A ∈ Lk kai T : Rk → Rk grammik  apeikìnish.Tìte T (A) ∈ Lk kai

λk(T (A)) = | det T | · λk(A).2Για την απόδειξη βλέπε [4]. 12



1.3.2 Parathr seic - Ask seicParathr seic1. An A ⊆ Rk, tìte
λ0(A) =

{
n, an to A èqei akrib¸c n stoiqeÐa
∞, an to A eÐnai �peiro sÔnolodhlad  parathroÔme ìti to λ0(A) tautÐzetai me to arijmhtikì mètro.2. 'Estw A ⊆ Rk kai d ∈ N, 1 ≤ d < k. E�n up�rqei Bn ⊆ A me Bi∩Bj = ∅kai ∑∞

i=1 λd(Bn) = +∞, tìte mporoÔme na poÔme ìti λd(A) = +∞.ParadeÐgmata1. 'Estw A ⊆ R2 me A = [0, 1]2, (Sq ma 2).
x

y

0

1

1Sq ma 2Tìte èqoume:
λ0(A) = +∞

λ1(A) = +∞

λ2(A) = 1kai
λj(A) = 0 ∀j ≥ 3.2. 'Estw A ⊆ R3 me A = [0, 1]3, (Sq ma 3).
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x y

z

Sq ma 3Tìte èqoume:
λ0(A) = +∞

λ1(A) = +∞

λ2(A) = +∞

λ3(A) = 1kai
λj(A) = 0 ∀j ≥ 4.Parathr ste ìti gia �kalì sÔnolo A� ston Rk up�rqei d ∈ N, me 1 ≤ d ≤

k, ¸ste
λν(A) =

{
+∞, gia ν < d

0, gia ν > dJa onom�zoume ton akèraio d di�stash tou A.Ask seic1. 'Estw A arijm simo uposÔnolo tou Rk. ApodeÐxte ìti λd(A) = 0.2. 'Estw C to triadikì sÔnolo tou Cantor. DeÐxte ìti λ1(C) = 0.Parat rhsh: Parathr ste ìti to mètro Lebesgue adunateÐ na xe-qwrÐsei ta arijm sima apì ta mh arijm sima sÔnola kai autì apoteleÐthn kÔria Ðswc adunamÐa tou mètrou autoÔ, h opoÐa kai ja xeperasteÐlÐgo argìtera me thn eisagwg  tou mètrou Hausdorff.3. 'Estw K ⊂ R, me λ1(K) > 0. Up�rqei di�sthma (a, b) ⊆ K ?14



H ap�nthsh sthn �skhsh 3, ìso kai an autì antibaÐnei sthn diaÐsjhsh mac,eÐnai arnhtik . IsqÔei ìmwc to ex c polÔ endiafèron L mma:L mma 1.1 (L mma tou Steinhaus). An A ∈ Lk me λk(A) > 0 tìteup�rqei δ > 0 tètoio ¸ste:
B(0, δ) ⊆ (A − A) = {x − y : x, y ∈ A}.Sthrizìmenoc sto L mma autì kai qrhsimopoi¸ntac to axÐwma thc epilog -c, o Vitali kat�fere na kataskeu�sei èna uposÔnolo tou R to opoÐo na mhneÐnai Lebesgue-metr simo.Je¸rhma 1.6 (Vitali). i. Up�rqei E ⊂ R to opoÐo den eÐnai Lebesgue-metr simo.

ii. An A ⊆ R me λ∗(A) > 0, tìte up�rqei E ⊆ A to opoÐo den eÐnai
Lebesgue-metr simo.Apìdeixh. i. OrÐzoume mÐa sqèsh ∼ sto R wc ex c :

x ∼ y ⇔ x − y ∈ Q.H ∼ eÐnai sqèsh isodunamÐac.Pr�gmati,
• x ∼ x ⇔ x − x = 0 ∈ Q

• x ∼ y ⇔ x − y ∈ Q ⇒ y − x ∈ Q ⇒ y ∼ x

• x ∼ y kai y ∼ z ⇒ x ∼ z'Ara, h ∼ ep�gei mia diamèrish Ea : a ∈ A tou R.Qrhsimopoi¸ntac to axÐwma thc epilog c, epilègoume èna xa ∈ Ea, a ∈
A.OrÐzoume

E = {xa | a ∈ A},dhlad  to E èqei mìno èna stoiqeÐo apì k�je kl�sh isodunamÐac.An {qk}
∞
k=1 eÐnai mia arÐjmhsh tou Q, tìte isqurÐzomai ta ex c:Isqurismìc 1: R =

⋃∞

i=1(qk + E).Pr�gmati, an x ∈ R tìte up�rqei a ∈ A tètoio ¸ste x ∈ Ea ⇒ x ∼ xa ⇒up�rqei q ∈ Q : x = qk + xa ⇒ x ∈ qk + E.15



Isqurismìc 2: An k 6= s tìte (qk + E) ∩ (qs + E) = ∅.Pr�gmati, an eÐqa x ∈ (qk + E) ∩ (qs + E) ja up rqan xa, xb ∈ E ètsi¸ste : x = qk + xa = qs + xb ⇒ xa − xb = qs − qk ∈ Q ⇒ xa ∼ xb

⇒ xa = xb ⇒ qk = qs, �topo.Isqurismìc 3: To E den eÐnai Lebesgue-metr simo.An to E  tan Lebesgue-metr simo, tìte ja èprepe qk + E ∈ Lk

⇒ ∞ = λ(R) =

∞∑

k=1

λ(E)

⇒ λ(E) > 0 'Etsi apì to L mma tou Steinhaus ja prèpei E − E ⊇
(−δ, δ) gia k�poio δ > 0. Autì ìmwc eÐnai �topo, afoÔ to E − EapoteleÐtai mìno apì �rrhtouc kai apì to 0.

ii. Af netai wc �skhsh.
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2 To mètro Hausdorff ston Rk.H bajÔterh melèth twn gewmetrik¸n idiot twn twn sunìlwn suqn� apaiteÐ miaan�lush thc {m�zac} touc, sthn pragmatopoÐhsh thc opoÐac ìmwc to mètro
Lebesgue tic perissìterec forèc adunateÐ na antapokrijeÐ. EÐnai ed¸ pou oiènnoiec thc di�stashc enìc sunìlou (h opoÐa mporeÐ na eÐnai kai klasmatik )kai enìc sqetikoÔ mètrou paÐzoun krÐsimo rìlo.Sthn enìthta aut  ja orÐsoume to mètro Hausdorff ston (Rk, d), (ìpou dh EukleÐdeia metrik .) Sthn genikìthta tou ìmwc to mètro Hausdorff orÐzetaise tuqaÐo metrikì q¸ro.Orismìc 2.1. 'Estw A ⊆ Rk OrÐzoume th di�metro tou sunìlou A wc :

δ(A) = sup{d(x, y) | x, y ∈ A.},e�n A 6= ∅ kai δ(∅) = 0.Orismìc 2.2. 'Estw s ∈ R, s ≥ 0 kai E ⊆ Rk. Tìte gia ε > 0 orÐzoume:
Hs

ε(E) = inf{
∞∑

i=1

δs(Ui) : E ⊆
∞⋃

i=1

Ui, δ(Ui) ≤ ε, i ∈ N}Me �lla lìgia gia k�je ε > 0 jewroÔme kalÔmata tou E apì arijm simecoikogèneiec tuqaÐwn sunìlwn me di�metro mikrìterh tou e kai met� paÐrnoumeto infimum twn ajroism�twn ∑∞

i=1 δs(Ui).An af soume t¸ra to ε → 0 ja èqoume to ex c:Orismìc 2.3. 'Estw s ∈ R, s ≥ 0 kai E ⊆ Rk . Tìte gia ε > 0 orÐzoumewc exwterikì mètro Hausdorff s-di�stashc tou E to:
Hs(E) = lim

ε→0
Hs

ε(E) = sup{Hs
ε(E), ε > 0}ParathroÔme ìti h posìthta

Hs
ε(E) = inf{

∞∑

i=1

δs(Ui) : E ⊆
∞⋃

i=1

Ui, δ(Ui) ≤ ε, i ∈ N}aux�netai kaj¸c to ε mei¸netai, dhlad  an èqoume 0 < ε1 < ε2, tìteHs
ε2

(E) ≤
Hs

ε1
(E). EpÐshc to ìrio

Hs(E) = lim
ε→0

Hs
ε(E)up�rqei, parìlo pou to Hs

ε(E) mporeÐ na gÐnei kai +∞.Akìma, mporoÔme eÔkola na deÐxoume ìti ta Hs
ε kai Hs eÐnai exwterik�mètra. Endeiktik�, gia to Hs èqoume:17



i. Hs(∅) = 0, profan¸c afoÔ δ(∅) = 0.

ii. An E1 ⊂ E2 tìte Hs(E1) ≤ Hs(E2), afoÔ k�je k�lumma tou E2 eÐnaikai k�luma tou E1.
iii. Hs (

⋃∞

i=1 Ei) ≤
∑∞

i=1 H
s(Ei) gia k�je arijm simh oikogèneia {Ei} up-osunìlwn tou Rk.Apìdeixh. Gia thn apìdeixh thc teleutaÐac sqèshc, epilègoume a jetikìkai stajerì, ε > 0 kai gia k�je i èna k�luma {Fi,k}

∞
k=1 tou Ei apìsÔnola me diamètrouc mikrìterec tou ε, tètoia ¸ste:

∞∑

k=1

δs(Fi,k) ≤ Hs
ε(Ei) +

α

2i
.AfoÔ to ⋃i,k Fi,k eÐnai èna k�luma tou E =
⋃

∞

i=1 Ei apì sÔnola medi�metro mikrìterh tou ε kai Hs
ε(Ei) ≤ Hs(Ei) ∀i ∈ N, ja èqoume:

Hs
ε(E) ≤

∞∑

i=1

∞∑

k=1

δs(Fi,k)

≤
∞∑

i=1

(
Hs

ε(Ei) +
α

2i

)
=

∞∑

i=1

Hs
ε(Ei) + α ≤

∞∑

i=1

Hs(Ei) + α.Dhlad ,
Hs

ε(E) ≤
∞∑

i=1

Hs(Ei) + α.Af nontac to ε → 0, èqoume:
Hs(E) ≤

∞∑

i=1

Hs(Ei) + αkai afoÔ to a eÐnai tuqaÐo paÐrnoume to zhtoÔmeno
Hs

(
∞⋃

i=1

Ei

)

≤
∞∑

i=1

Hs(Ei).

'Etsi, apì tic idìthtec (i), (ii) kai (iii) to Hs eÐnai exwterikì mètro.18



2.1 Idiìthtec tou mètrou Hausdorff.Apì to Je¸rhma 1.2 tou Karajeodwr , to opoÐo apodeÐqthke sthn pro -goumenh enìthta, e�n periorÐsoume to Hs sthn s-�lgebra twn Hs-metr simwnsunìlwn, o periorismìc autìc ja eÐnai mètro. To mètro autì ja to kaloÔmemètro Hausdorff s-di�stashc (s ∈ R, s ≥ 0).Ja deÐxoume ìti sthn s-�lgebra aut  perièqontai ta Borel uposÔnola tou Rk.Prìtash 2.1. 'Estw E1, E2 ⊆ Rk. An d(E1, E2) > 0, tìte Hs(E1 ∪ E2) =
Hs(E1) + Hs(E2).Apìdeixh. ArkeÐ na deÐxoume ìti Hs(E1 ∪E2) ≥ Hs(E1) +Hs(E2), miac kai hantÐstrofh anisìthta eÐnai �mesh sunèpeia thc upoprosjetikìthtac tou exw-terikoÔ mètrou.'Estw ρ > 0 stajerì, me ρ < d(E1, E2). An dojeÐ mia opoiad pote k�luyhtou E1 ∪ E2 apì sÔnola F1, F2, ... me diamètrouc mikrìterec apì ε, ìpou 0 <

ε < ρ, jewroÔme ta
F

′

j = E1 ∩ Fj και F
′′

j = E2 ∩ Fj .Tìte, oi {F ′

j} kai {F ′′

j } eÐnai kalÔyeic gia ta E1 kai E2 antÐstoiqa kai eÐnaiprofan¸c xènec. Sunep¸c,
∞∑

j=1

δs(F
′

j ) +
∞∑

j=1

δs(F
′′

j ) ≤
∞∑

k=1

δs(Fk).PaÐrnontac infimum wc proc tic kalÔyeic kai af nontac to ε → 0 èpetai hprosdok¸menh anisìthta.Apì thn parap�nw Prìtash, eÐnai fanerì ìti to Hs eÐnai metrikì exwterikìmètro. Sunep¸c apì to Je¸rhma 1.3, èpetai �mesa to akìloujo Pìrisma:Pìrisma 2.1. Ta Borel sÔnola tou Rk eÐnai Hs-metr sima.IsqÔoun oi akìloujec prot�seic:Prìtash 2.2. 'Estw E ⊆ Rk. Gia k�je x ∈ Rk isqÔei E+x = {e+x|e ∈ E}kai
Hs(E + x) = Hs(E).Dhlad  to Hs paramènei amet�blhto k�tw apì par�llhlec metatopÐseic.Prìtash 2.3. 'Estw E ⊆ Rk kai r peristrof  ston Rk. Tìte isqÔei ìti
Hs(rE) = Hs(E).19



Dhlad  to Hs paramènei amet�blhto k�tw apì peristrofèc.Prìtash 2.4. 'Estw E ⊆ Rk. Gia k�je α > 0 isqÔei αE = {αe | e ∈ E}kai
Hs(αE) = αsHs(E).Gia thn apìdeixh twn parap�nw prot�sewn arkeÐ na parathr soume ìti hdi�metroc enìc sunìlou E mènei amet�blhth k�tw apì par�llhlec metatopÐseickai peristrofèc, kaj¸c epÐshc kai ìti ikanopoieÐ thn sqèsh: δ(αE) = αδ(A)gia k�je α > 0.Prìtash 2.5. 'Estw E ⊆ Rk, l, s ∈ R, l, s ≥ 0. Tìte gia to exwterikìmètro Hausdorff isqÔei ìti:

i. an Hs(E) < +∞ kai l > s, tìte Hl(E) = 0 kai epÐshc
ii. an Hs(E) > 0 kai l < s, tìte Hl(E) = +∞.Apìdeixh. i. 'Estw ε > 0. An δ(U) ≤ ε kai l > s tìte:

δl(U) = δl−s(U)δs(U) ≤ εl−sδs(U).Sunep¸c,
Hl

ε(E) ≤ εl−sHs
ε(E) ≤ εl−sHs(E)kai afoÔ Hs(E) < +∞ kai l − s > 0, af nontac to ε → 0, ja èqoumeìti Hl(E) = 0.

ii. 'Omoia, me thn antÐjeth diadikasÐa, ja èqoume ìti Hl(E) = +∞ ìtan
Hs(E) > 0 kai l < s.Apì thn parap�nw prìtash, mporoÔme na katano soume mia afhrhmènhènnoia thc Hausdorff di�stashc enìc E ⊆ Rk, h opoÐa eÐnai mia monadik  tim pou sumbolÐzetai me dimH E, tètoia ¸ste:

Hs(E) = +∞ an 0 ≤ s < dimH Ekai
Hs(E) = 0 an dimH E < s < +∞.Genik�, gia E ⊆ Rk kai gia k�je s ≥ 0, h posìthta Hs(E) mporeÐ naermhneuteÐ wc h m�za s-di�stashc tou E an�mesa se sÔnola di�stashc s.Tìte, an to s eÐnai megalÔtero apì thn di�stash tou sunìlou E, to sÔnoloèqei amelhtèa m�za kai sunep¸c èqoume Hs(E) = 0. An to s eÐnai mikrìtero20



apì th di�stash tou E, tìte to E eÐnai polÔ meg�lo (sugkritik�) kai �ra
Hs(E) = +∞. Sthn krÐsimh perÐptwsh pou to s sumpÐptei me thn di�stashtou E, h posìthta Hs(E) perigr�fei to pragmatikì s−di�stato mègejoc tousunìlou.L mma 2.1. 'Estw E, F ⊆ Rk kai f : E → F mÐa apeikìnish tètoia ¸ste

| f(x) − f(y) | ≤ c| x − y |gia k�je x, y ∈ E kai c mÐa stajer�. Tìte Hs(F ) ≤ csHs(E).'Opwc eÐdame prin to exwterikì mètro Hausdorff Hs orÐzetai gia s ∈ R, s ≥
0.Ti gÐnetai ìmwc ìtan s ∈ N? Ja doÔme ìti se aut  thn perÐptwsh parathroÔn-tai merik� polÔ endiafèronta apotelèsmata.

• Ac xekin soume gia s = 0. Se aut  loipìn thn perÐptwsh èqoume:
H0(E) = card(E),dhlad , H0(E) = pl joc shmeÐwn sto E kai �ra to H0 eÐnai to ari-jmhtikì mètro.

• Sth sunèqeia, gia s = 1, ja doÔme ìti to H1 èqei epÐshc sugkekrimènhermhneÐa wc mètro m kouc. Sugkekrimèna, ac jewr soume thn tuqaÐa,suneq  kampÔlh G me m koc èstw `(Γ), ston Rk. Tìte h kampÔlh è-qei exwterikì mètro Lebesgue k−di�stashc Ðso me mhdèn. Diaisjhtik�,autì eÐnai arket� xek�jaro, afoÔ h G eÐnai èna monodi�stato antikeÐ-meno se ènan q¸ro k−di�stashc. Ja apodeÐxoume wstìso sto tèlocthc epìmenhc enìthtac ìti h posìthta H1(Γ) den eÐnai mìno peperasmèn-h, all� kai akrib¸c Ðsh me to m koc thc kampÔlhc G. Dhlad , èqoume
H1(Γ) = `(Γ).Apì tic parap�nw parathr seic eÐnai fanerì ìti ta mètra Lebesgue kai
Hausdorff diafèroun. 'Etsi, eÐnai logikì na genn�tai to er¸thma, pìte tadÔo aut� mètra ��sumpÐptoun�� kai poi� eÐnai h endeqìmenh sqèsh metaxÔtouc.

• An jewr soume t¸ra s = k ston Rk (k ∈ N), ja doÔme tìte ìti ta λk kai
Hk sqetÐzontai. Gia thn apìdeixh ìmwc thc Ôparxhc thc sqèshc aut cmetaxÔ twn dÔo mètrwn ja mac qreiastoÔn oi orismoÐ kai ta apotelèsmatathc epìmenhc enìthtac.
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3 H sqèsh metaxÔ twn mètrwn Lebesguekai Hausdorff.3.1 Je¸rhma K�luyhc Vitali.Orismìc 3.1. 'Estw E ⊆ Rk. Mia oikogèneia sunìlwn V apoteleÐ miak�luyh Vitali tou E an:Gia k�je x ∈ E kai ε > 0, up�rqei U ∈ V me x ∈ U kai 0 < δ(U) ≤ ε  isodÔnama an gia k�je x ∈ E èqoume inf{δ(U) : x ∈ U ∈ V } = 0.Je¸rhma 3.1 (K�luyhc Vitali). 'Estw E ⊆ Rk. E�n to E eÐnai Hs−metr simo kai V eÐnai mia k�luyh Vitali tou E apoteloÔmenh apì kleist�sÔnola, tìte up�rqei arijm simh (peperasmènh   ìqi) upooikogèneia {Ui : i ∈
N} thc V me Ui ∩ Uj = ∅ gia i 6= j tètoia ¸ste

Hs

(
E\

∞⋃

i=1

Ui

)
= 0   ∞∑

i=1

δs (Ui) = +∞.Dhlad , to pio p�nw je¸rhma, mac dÐnei thn dunatìthta se èna sÔnolo mek�luyh Vitali V na broÔme mÐa upooikogèneia thc V xènwn sunìlwn, h opoÐakalÔptei sqedìn pantoÔ to dedomèno sÔnolo,   to �jroisma twn diamètrwntouc na eÐnai +∞.Apìdeixh. 'Estw ρ > 0 stajerì. MporoÔme na upojèsoume ìti δ(U) ≤ ρ

∀U ∈ V . Epilègoume thn {Ui} epagwgik�. 'Estw U1 èna tuqaÐo mèloc thc V .Upojètoume ìti ta U1, ....., Um èqoun epileqjeÐ. OrÐzoume to
dm = sup{δ(U) : U ∈ V me U ∩ Ui = ∅ ∀i = 1, 2, ....., m}.E�n dm = 0, tìte E ⊆

⋃m

i=1 Ui kai �ra èqoume to zhtoÔmeno, dhlad 
Hs (E\

⋃m
i=1 Ui) = 0 kai h diadikasÐa termatÐzetai.Diaforetik� epilègoume Um+1 èna sÔnolo sthn V me Um+1

⋂
(
⋃m

i=1 Ui) = ∅tètoio ¸ste δ(Um+1) ≥
1
2
dm.'Estw ìti h diadikasÐa suneqÐzetai ep' �peiron kai ìti ∑∞

i=1 δs (Ui) < ∞,afoÔ diaforetik� an ∑∞

i=1 δs (Ui) = +∞ ja eÐqame telei¸sei.T¸ra, gia k�je i, jètoume wc Si th sfaÐra me kèntro sto Ui kai aktÐnaÐsh me 3δ(Ui).Isqurismìc: Gia k�je k ∈ N, E \
⋃k

i=1 Ui ⊆
⋃∞

i=k+1 SiH pio p�nw sqèsh isqÔei afoÔ e�n x ∈ E\
⋃k

i=1 Ui tìte up�rqei U ∈ V me
U ∩ Ui = ∅ ∀i = 1, 2, ......, k kai me x ∈ U . Eqoume ìti δ(Ui) → 0 sunep¸c22



up�rqei k�poio m ∈ N tètoio ¸ste δ(U) > 2δ(Um). Apì ton trìpo epilog cthc {Ui} to U prèpei na tèmnei k�poio Ui gia k�poio i me k < i < m, gia toopoÐo δ(U) ≤ 2δ(Um). Epomènwc, ja èqoume ìti U ⊂ Si kai �ra o isqurismìcapedeÐqjei.'Etsi gia ε > 0 kai apì ton pio p�nw isqurismì, èqoume:
Hs

ε

(
E\

∞⋃

i=1

Ui

)
≤ Hs

ε

(
E\

k⋃

i=1

Ui

)
≤

∞∑

i=k+1

δs(Si) = 6s

∞∑

i=k+1

δs(Ui),dedomènou ìti to k eÐnai arket� meg�lo gia na exasfalÐsoume ìti δ(Si) ≤
ε ∀i > k. Af nontac to ε → 0 èqoume ìti Hs

ε (E\
⋃∞

i=1 Ui) = 0, dhlad  tozhtoÔmeno.3.2 Isodiametrikì prìblhma.Orismìc 3.2. 'Estw E ⊆ Rk. To E lègetai kurtì an
(1 − λ)x + λy ∈ E gia x, y ∈ E, λ ∈ [0, 1].OrÐzoume wc kurt  j kh tou sunìlou A, conA, to el�qisto kurtìsÔnolo pou perièqei to A.Je¸rhma 3.2. Apì ìla ta sumpag , kurt� sÔnola tou Rk, ta opoÐa èqoundi�metro to polÔ d, h sfaÐra S tou Rk diamètrou d, èqei ton megalÔtero ìgko.Pio analutik�: E�n K eÐnai sumpagèc, kurtì sÔnolo tou Rk me δ(K) ≤

δ, tìte
λk(K) ≤ λk(S) = ck · δ

k,ìpou ck =
π

k
2 ( 1

2
)

k

( k
2
)!

o ìgkoc thc sfaÐrac tou Rk diamètrou 1. (Sugkekrimèna
c1 = 1 kai c2 = π

4
). H isìthta isqÔei an kai mìno an to K eÐnai sfaÐradiamètrou δ.H apìdeixh tou jewr matoc eÐnai arket� perÐplokh kai af netai sto endi-afèron tou anagn¸sth.3Parat rhsh: An S eÐnai sfaÐra diamètrou δ(S) ≤ ε, tìte èqoume apìton orismì,

Hk
ε (S) ≤ δk(S) =

1

ck
λk(S).3Βλέπε για παράδειγμα:

R. Schneider, Convex Bodies: The Brunn – Minkowski Theory, Cambridge University

Press, 1993, ή
H.G. Eggleston, Convexity, Cambridge University Press, 1958.23



Je¸rhma 3.3. 'Estw E ⊆ Rk. Tìte gia ta exwterik� mètra λk,H
k isqÔei:

λk(E) = ckH
k(E)ìpou ck o ìgkoc thc sfaÐrac tou Rk diamètrou 1.Apìdeixh. E�n Hk(E) = λk(E) = +∞, èqoume to zhtoÔmeno.'Estw

Hk(E) = sup
ε>0

{
inf
{ ∞∑

i=1

δk(Ui) : E ⊆
∞⋃

i=1

Ui, δ(Ui) ≤ ε, i ∈ N

}}
< +∞'Estw ε0 > 0.Epeid  δ(Ui) = δ(Ui) kai δ(Ui) = δ(conUi), mporoÔme na upojèsoume ìtita Ui eÐnai kleist� kai kurt�, me δ(Ui) ≤ ε0. 'Ara up�rqoun Ui, i ∈ N kleist�,kurt�, ¸ste

E ⊆
∞⋃

i=1

Ui kai ∞∑

i=1

δk(Ui) < Hk(E) + ε0 (3)Tìte λk(Ui) ≤ ckδ
k(Ui), i ∈ N. (Isodiametrikì prìblhma). 'Ara

λk(E) ≤
∞∑

i=1

λk(Ui) ≤ ck

∞∑

i=1

δk(Ui)

< ckH
k(E) + ckε0(apì thn (3) ).Epeid  to ε0 eÐnai tuqaÐo, èqoume λk(E) ≤ ckH

k(E) kai λk(E) < +∞.'Eqoume:
λk(E) = inf

{ ∞∑

i=1

volk(Ri) : E ⊆
∞⋃

i=1

Ri, Ri anoiqt� diast mata ston Rk, i ∈ N

}
.'Estw ε0 > 0.Tìte up�rqoun Ri, i ∈ N orjog¸nia, ¸ste E ⊆

⋃∞

i=1 Ri kai
∞∑

i=1

volk(Ri) < λk(E) + ε0 (4)'Estw t¸ra ε > 0. JewroÔme tic kleistèc sfaÐrec aktÐnac to polÔ ε
2pou perièqontai sto Ri, i ∈ N. To sÔnolo twn sfair¸n aut¸n apoteleÐk�luyh Vitali tou Ri. 'Ara up�rqei arijm simh oikogèneia kleist¸n sfair¸n24



{Sij : j ∈ N} me Sij ∩ Sik = ∅ , j 6= k diamètrou to polÔ e (blèpe Sq ma 4),¸ste
∞∑

j=1

δk(Sij) = +∞   Hk

(
Ri \

∞⋃

j=1

Sij

)
= 0 (5)

δ < ε

Ri

Sq ma 4Epeid  h {Sij : j ∈ N} eÐnai oikogèneia kleist¸n, xènwn an� dÔo uposunìl-wn tou Ri èqoume gia to mètro λk,
∞∑

j=1

λk(Sij) = λk

(
∞⋃

j=1

Sij

)

≤ λk(Ri) = volk(Ri) < +∞. (6)'Ara isqÔei kai
∞∑

j=1

δk(Sij) < +∞ (7)epeid  λk(Sij) = ckδ
k(Sij).'Ara apì thn (5)

Hk

(
Ri \

∞⋃

j=1

Sij

)
= 0 kai Hk

ε

(
Ri \

∞⋃

j=1

Sij

)
= 0Epomènwc,

Hk
ε (E) ≤

∞∑

i=1

Hk
ε (Ri) ≤

∞∑

i=1

[
Hk

ε

(
∞⋃

j=1

Sij

)
+ Hk

ε

(
Ri \

∞⋃

j=1

Sij

)]
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=

∞∑

i=1

Hk
ε

(
∞⋃

j=1

Sij

)

≤
∞∑

i=1

∞∑

j=1

Hk
ε(Sij)

≤
∞∑

i=1

∞∑

j=1

δk(Sij) =
1

ck

∞∑

i=1

∞∑

j=1

λk(Sij)

≤
1

ck

∞∑

i=1

volk(Ri) ≤
1

ck

λk(E) +
1

ck

ε0.Apì tic (4)-(7) kai thn Parat rhsh èqoume telik¸c ìti:
ckH

k
ε (E) ≤ λk(E) + ε0gia tuqaÐa ε0 kai ε.'Ara ckHk(E) ≤ λk(E).3.2.1 Parathr seic - ApotelèsmataB�sei tou prohgoÔmenou jewr matoc èqoume:Gia thn sfaÐra Sk = Ŝ(0, 1

2
) tou Rk (Sq ma 5 gia k = 3):

• λ1(S1) = H1(S1) = 1

• λ2(S2) = π
(

1
2

)2
, H2(S2) = 1

• λ3(S3) = 4
3
π
(

1
2

)3
, H3(S3) = 1

x y

z

Sq ma 526



Gia ton monadiaÐo kÔbo [0, 1]k èqoume:
• λk([0, 1]k) = 1, Hk([0, 1]k) = 1

ck
.Sthn prohgoÔmenh enìthta parathr same, qwric apìdeixh, ìti gia mÐatuqaÐa, suneq  kampÔlh G me m koc `(Γ), h posìthta H1(Γ) eÐnai akrib¸cÐsh me to m koc thc kampÔlhc `(Γ). Gia na to apodeÐxoume ìmwc autì, acjumhjoÔme pr¸ta merikoÔc qr simouc orismoÔc.Orismìc 3.3. Mia (apl ) kampÔlh G eÐnai h eikìna miac suneqoÔc, 1-1apeikìnishc γ : [a, b] → Rk, ìpou [a, b] ⊆ R.Orismìc 3.4. To m koc thc kampÔlhc G orÐzetai wc

`(Γ) = sup
{ m∑

i=1

|γ(ti) − γ(ti−1)| : a = t0 < ... < tm = b diamèrish tou [a, b]
}(8)An `(Γ) < +∞ lème ìti h kampÔlh eÐnai eujugrammÐsimh.Orismìc 3.5. K�je eujugrammÐsimh kampÔlh mporeÐ na parametrhjeÐ mem koc tìxou, dhlad  na apeikonisteÐ wc h eikìna miac sun�rthshc γ̃ : [0, `(Γ)] →

R ¸ste to m koc tou γ̃([0, t]) = t, t ∈ [0, `(Γ)]. Autì mporeÐ na epiteuqjeÐpaÐrnontac wc γ̃(t) na eÐnai to monadikì shmeÐo γ(u) gia to opoÐo `(γ([a, u])) =
t. An loipìn γ̃ apeikonÐzei mia kampÔlh G me paramètrhsh m koc tìxou, tìteapì thn sqèsh (8) èqoume ìti

| γ̃(t1) − γ̃(t2) | ≤ | t1 − t2 |. (9)Prìtash 3.1. An G eÐnai mi� kampÔlh ston Rk, tìte H1(Γ) = `(Γ).Apìdeixh. Gia thn apìdeixh thc prìtashc qrei�zetai na k�noume pr¸ta thnakìloujh parat rhsh:'Estw G mi� kampÔlh, h opoÐa en¸nei ta shmeÐa z kai w. An me P sumbolÐsoumethn orjog¸nia probol  apì ton Rk sto eujÔgrammo tm ma [z, w] pou en¸neita z kai w, tìte èqoume ìti | P (x) − P (y) | ≤ | x − y | an x, y ∈ Rk. Apì toL mma 2.1 kai to Je¸rhma 3.3 èpetai ìti
H1(Γ) ≥ H1(P (Γ)) ≥ H1([z, w]) = λ1([z, w]) = | z − w |miac kai P (Γ) ⊃ [z, w] (blèpe Sq ma 6).
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G
z

w
x

P (x)

y

P (y)

Sq ma 6Ac upojèsoume t¸ra ìti h G orÐzetai apì thn γ : [a, b] → Rk. Apì thnparap�nw parat rhsh èpetai ìti H1(γ[t, u]) ≥ | γ(t) − γ(u) | gia opoiad pote
t kai u. Tìte, an a = t0 < t1 < ... < tm = b eÐnai mia diamèrish tou [a, b] jaèqoume ìti

∞∑

i=1

| γ(ti) − γ(ti−1) | ≤
∞∑

i=1

H1(γ[ti−1, ti]) = H1(Γ),afoÔ ta tìxa γ[ti−1, ti] thc G eÐnai xèna plhn twn �krwn twn tìxwn. Sunep¸c,
`(Γ) ≤ H1(Γ).Tèloc, an upojèsoume ìti `(Γ) < +∞, mporoÔme na jewr soume miaparamètrhsh m kouc tìxou γ̃ thc G. AfoÔ h γ̃ : [0, `(Γ)] → Γ eÐnai epÐ thc G,apì thn (9) ja èqoume ìti isqÔei to L mma 2.1 kai �ra èpetai ìti

H1(Γ) ≤ H1([0, `(Γ)]) = `(Γ).Epomènwc, telik� èqoume to zhtoÔmeno: H1(Γ) = `(Γ).
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