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Eisagwg 

To kÔrio jèma thc ptuqiak c aut c ergasÐac eÐnai oi gewmetrikoÐ k¸dikec Goppa,
touc opoÐouc gia na orÐsoume kai na d¸soume tic kuriìterec idiìthtec touc,
krÐname skìpimo na parousi�soume pr¸ta tic majhmatikèc ènnoiec stic opoÐec
sthrÐqthkame.

'Etsi sto pr¸to kef�laio ja doÔme ti eÐnai algebrikì s¸ma sunart sewn kai
pwc orÐzontai s� autì oi daktÔlioi ektÐmhshc kai oi jèseic. Sth sunèqeia gÐnetai
efarmog  aut¸n twn ennoi¸n sto rhtì s¸ma sunart sewn. To pr¸to kef�laio
telei¸nei me touc diairètec tou F/K kai tic idiìthtec aut¸n.

Sto deÔtero kef�laio parousi�zoume sto pr¸to mèroc tic ènnoiec thc para-
g¸gou kai tou diaforikoÔ enìc algebrikoÔ s¸matoc sunart sewn, orÐzoume to
gènoc g tou F/K kai apodeiknÔoume to Je¸rhma Riemann. En¸ sto deÔtero
mèroc analÔetai h ènnoia thc P-adic pl rwshc enìc s¸matoc F .

Sto trÐto kef�laio eis�goume tic ènnoiec index of speciality enìc diairèth kai thc
adele. Stìqoc tou kefalaÐou eÐnai h diatÔpwsh kai h apìdeixh tou Jewr matoc
Riemann-Roch.

Sto tètarto kai teleutaÐo kaf�laio dÐnoume ton orismì enìc k¸dika kaj¸c kai
ta qarakthristik� stoiqeÐa tou. Sthn sunèqeia parousi�zoume touc gnwstoÔc
kai eureÐac qr shc k¸dikec Reed Solomon kai wc genÐkeush aut¸n touc gewme-
trikoÔc k¸dikec Goppa.

Gia thn ekpìnhsh aut c thc ptuqiak c ja  jela na euqarist sw ton eishght 
kajhght  mou k. AristeÐdh Kontoge¸rgh gia thn kajod ghsh pou mou pareÐqe
kai thn katanìhsh pou èdeixe. EpÐshc euqarist¸ jerm� touc kurÐouc M. AnoÔsh
kai A. TsolomÔth gia thn parousÐa touc sthn parousÐash aut c thc ergasÐc.
Euqarist¸ thn oikogèneia mou gia thn katanìhsh pou èdeixe kai ìlouc autoÔc
pou me ton trìpo touc me bo jhsan na oloklhr¸sw tic spoudèc mou.

S. KoumoÔtsh, S�moc 2005.





Kef�laio 1

Algebrik� s¸mata
sunart sewn

1.1 Jèseic

Orismìc 1.1. 'Estw F èna s¸ma kai K upos¸ma tou F .

(i) To F/K lègetai epèktash s¸matoc. Jewr¸ntac to F wc ènan dianusma-
tikì q¸ro p�nw apì to K, h di�stas  tou onom�zetai bajmìc tou F/K
kai sumbolÐzetai me [F : K].

(ii) To F/K lègetai peperasmènh epèktash an [F : K] = n < ∞. Tìte
up�rqei mÐa b�sh {a1, . . . , an} tou F/K, dhlad  k�je γ ∈ F gr�fetai
kat� monadikì trìpo sth morf 

γ =
n∑

i=1

ciai me ci ∈ K.

An F/K kai M/F eÐnai peperasmènec epekt�seic, tìte kai to M/K eÐnai
peperasmènh epèktash kai isqÔei [M : K] = [M : F ] · [F : K].

(iii) 'Ena stoiqeÐo α ∈ F eÐnai algebrikì p�nw apì to K an up�rqei mh mhdenikì
polu¸numo f(x) ∈ K[x] (K[x] o daktÔlioc poluwnÔmwn p�nw apì to K)
ètsi ¸ste f(α) = 0. An to α den eÐnai algebrikì p�nw apì to K, tìte to
α lègetai uperbatikì p�nw apì to K.

(iv) H epèktash s¸matoc F/K lègetai algebrik  epèktash an ìla ta stoiqeÐa
α ∈ F eÐnai algebrik� p�nw apì to K.

Sqìlia 1.1.

(i) 'Estw γ1, . . . , γr ∈ F . To mikrìtero upos¸ma tou F to opoÐo perièqei
to K kai ìla ta stoiqeÐa γ1, . . . , γr to sumbolÐzoume me K(γ1, . . . , γr). H
epèktash K(γ1, . . . , γr)/K eÐnai peperasmènh ann ìla ta γi eÐnai algebrik�
p�nw apì to K.

(ii) Eidikìtera to α ∈ F eÐnai algebrikì p�nw apì to K ann
[K(α) : K] < ∞.
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ParadeÐgmata 1.1.

(i) To C eÐnai mÐa epèktash tou Q. To
√

2 eÐnai algebrikì stoiqeÐo p�nw apì
to Q ef' ìson eÐnai rÐza tou x2 − 2. OmoÐwc to i eÐnai algebrikì stoiqeÐo
p�nw apì to Q, afoÔ eÐnai rÐza tou x2 + 1.

(ii) Oi arijmoÐ π kai e eÐnai uperbatik� stoiqeÐa p�nw apì to Q. 'Omwc o π
eÐnai algebrikìc p�nw apì to R wc rÐza tou (x− π) ∈ R[x].

Orismìc 1.2. 'Ena algebrikì s¸ma sunart sewn F/K mÐac metablht c p�nw
apì to K eÐnai mÐa epèktash s¸matoc F (⊇ K) ètsi, ¸ste F eÐnai mÐa pepera-
smènh algebrik  epèktash tou K(x) gia k�poia x ∈ F ta opoÐa eÐnai uperbatik�
p�nw apì to K. Gia suntomÐa to F/K to lème s¸ma sunart sewn.

Sqìlia 1.2. Gia ta stoiqeÐa tou F ta opoÐa eÐnai uperbatik� p�nw apì to K
isqÔei h akìloujh prìtash: {To z ∈ F eÐnai uperbatikì p�nw apì to K ann
[F : K(z)] < ∞}.

Apìdeixh:

EujÔ: An z ∈ F eÐnai uperbatikì p�nw apì to K tìte:

F
| algebrik 

K(z)
| �peirh
K

�ra [F : K(z)] < ∞.

AntÐstrofo: An [F : K(z)] < ∞ kai z algebrikì tìte [K(z) : K] < ∞.
'Ara [F : K] = [F : K(z)] · [K(z) : K] < ∞ �ra z uperbatikì p�nw apì
to K. ¥

Orismìc 1.3. To sÔnolo

K̃ := {z ∈ F : z eÐnai algebrikì p�nw apì to K}
lègetai s¸ma twn stajer¸n tou F/K.

Parathr seic 1.1. (i) To K̃ eÐnai upìswma tou F . Pr�gmati, an α, β alge-
brik� stoiqeÐa tou F , tìte prèpei na deÐxoume ìti α+β, α·β,−α kai α−1 (an
α 6= 0) eÐnai epÐshc algebrik�. Ef' ìson α eÐnai algebrikì [K(α) : K] < ∞.
Epiplèon to β eÐnai algebrikì p�nw apì to K, �ra eÐnai algebrikì p�nw
apì to megalÔtero s¸ma K(α). Epomènwc to s¸ma K(α, β) eÐnai mÐa
peperasmènh epèktash tou K(α), dhlad  [K(α, β) : K(α)] < ∞. Epei-
d  K ⊂ K(α), to [K(α, β) : K] eÐnai epÐshc peperasmèno. Epomènwc
k�je stoiqeÐo tou K(α, β) eÐnai algebrikì p�nw apì to K. Ta stoiqeÐa
α+β, α ·β,−α kai α−1 brÐskontai ìla sto K(α, β). 'Ara eÐnai algebrik�.

(ii) IsqÔei ìti K ⊆ K̃ ⊂ F kai ìti to F/K̃ eÐnai s¸ma sunart sewn p�nw apì
to K̃.

(iii) To K eÐnai algebrik� kleistì sto F (dhlad  k�je m  stajerì polu¸numo
ston K[x] èqei mÐa rÐza sto K) an K̃ = K.
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ParadeÐgmata 1.2. To aploÔstero par�deigma enìc algebrikoÔ s¸matoc su-
nart sewn eÐnai to s¸ma twn rht¸n sunart sewn.

To F/K onom�zetai rhtì an F = K(x) gia k�poia x ∈ F uperbatik� p�nw apì
to K.

K�je stoiqeÐo z( 6= 0) ∈ K(x) gr�fetai kat� monadikì trìpo

z = a ·
∏

i

pi(x)ni (1.1)

ìpou a( 6= 0) ∈ K, ta pi(x) ∈ K[x] èqoun megistob�jmio suntelest  mon�da
(monic polynomials) kai eÐnai an�gwga, ni ∈ Z.
Sqìlia 1.3.

(i) 'Ena aujaÐreto s¸ma sunart sewn F/K (to opoÐo den eÐnai aparaÐthta
rhtì) suqn� anaparÐstatai wc mÐa apl  algebrik  epèktash s¸matoc, tou
s¸matoc twn rht¸n sunart sewn K(x), dhlad  F = K(x, y), ìpou ϕ(y) =
0 gia k�poia an�gwga polu¸numa ϕ(T ) ∈ K(x)[T ].

(ii) An F/K den eÐnai rhtì s¸ma sunart sewn, den eÐnai xek�jaro an k�je
stoiqeÐo z( 6= 0) ∈ F epidèqetai an�lush an�logh thc (1.1). Pr�gmati den
eÐnai xek�jaro ti ennooÔme ìtan lème an�gwgo stoiqeÐo tou F . 'Ena �llo
prìblhma sqetik� me thn (1.1) eÐnai to akìloujo: {DÐnontai ta stoiqeÐa
α1, . . . , αn ∈ K. Na breÐte ìlec tic rhtèc sunart seic f(x) ∈ K(x) me
prokajorismènh t�xh riz¸n (  pìlwn) sta α1, . . . , αn}. Gia na d¸sou-
me ap�nthsh se tètoia probl mata eis�goume tic ènnoiec twn daktulÐwn
ektÐmhshc kai twn jèsewn.

Orismìc 1.4. 'Enac daktÔlioc ektÐmhshc enìc s¸matoc sunart sewn F/K
eÐnai ènac daktÔlioc1 O ⊆ F me tic akìloujec idiìthtec:

(i) K ⊂ O ⊂ F kai

(ii) Gia k�je z ∈ F to z ∈ O   z−1 ∈ O.

Parathr seic 1.2. Sthn perÐptwsh tou s¸matoc twn rht¸n sunart sewn
K(x) dojèntoc enìc an�gwgou poluwnÔmou p(x) ∈ K[x] jewroÔme to sÔnolo

Op(x) :=

{
f(x)
g(x)

: f(x), g(x) ∈ K[x] kai p(x) - g(x)

}
.

ParathroÔme loipìn ìti

1MÐa tri�da (R, +, ·) pou apoteleÐtai apì èna (mh kenì) sÔnolo R kai dÔo pr�xeic +, ·
kaleÐtai daktÔlioc an isqÔoun ta akìlouja.

(i) To zeÔgoc (R, +) eÐnai abelian  om�da.

(ii) To zeÔgoc (R, ·) eÐnai hmiom�da

(iii) (a + b) · c = a · c + b · c kai c · (a + b) = c · a + c · b gia ìla ta a, b, c ∈ R.
An epiplèon o pollaplasiasmìc eÐnai metajetikìc, tìte o daktÔlioc onom�zetai metajetikìc.
'Enac metajetikìc daktÔlioc me monadiaÐo stoiqeÐo kai qwrÐc diairètec tou mhdenìc kaleÐtai
akèraia perioq  (p.q. o daktÔlioc Z twn akeraÐwn eÐnai akèraia perioq ).
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(i) to Op(x) eÐnai ènac daktÔlioc ektim sewn tou K(x)/K 2 kai

(ii) an q(x) eÐnai eÐnai èna �llo an�gwgo polu¸numo, tìte Op(x) 6= Oq(x).

Orismìc 1.5. An R eÐnai ènac metajetikìc daktÔlioc, èna uposÔnolo I ⊂ R
lègetai ide¸dec (ideal) an

(i) 0 ∈ I,

(ii) gia k�je α ∈ I kai gia k�je β ∈ R sunep�getai ìti α · β ∈ I kai

(iii) gia k�je α, β ∈ I to α + β ∈ I.

Orismìc 1.6.

(i) 'Ena ide¸dec I pou par�getai apì èna stoiqeÐo lègetai kÔrio ide¸dec(principal
ideal).

(ii) MÐa akèraia perioq  lègetai perioq  kurÐwn idewd¸n (principal ideal do-
main) an k�je ide¸dec thc eÐnai kÔrio. (P.q. k�je stoiqeÐo tou K[x] eÐnai
kÔrio. Gi' autì to K[x] eÐnai mÐa perioq  kÔriwn idewd¸n.)

Orismìc 1.7. An to ide¸dec I enìc daktulÐou R eÐnai I 6= R kai I 6= 0, tìte
to I lègetai gn sio ide¸dec tou R.

Orismìc 1.8. 'Ena gn sio ide¸dec I tou daktÔliou R lègetai

(i) pr¸to (prime) an apì th sqèsh ab ∈ I sumperaÐnoume ìti eÐte a ∈ I eÐte
b ∈ I kai

(ii) mègisto an apì th sqèsh I ⊂ M / R 3 sumperaÐnoume ìti M = R, dhlad 
den up�rqei gn sio ide¸dec tou R pou na perièqei gn sia to I.

Prìtash 1.1. 'Estw O ènac daktÔlioc ektÐmhshc tou s¸matoc sunart sewn
F/K. Tìte

(i) o O eÐnai ènac topikìc daktÔlioc, dhlad  o O èqei monadikì mègisto ide-
¸dec P := O\O∗ ìpou to sÔnolo

O∗ = {z ∈ O : up�rqei w ∈ O me zw = 1}

eÐnai h om�da twn mon�dwn tou O,

(ii) gia x(6= 0) ∈ F , to x ∈ P ann x−1 6∈ O kai

(iii) gia to s¸ma K̃ twn stajer¸n tou F/K èqoume ìti K̃ ⊆ O kai K̃∩P = {0}.
Apìdeixh:

(i) Ja deÐxoume ìti to P := O\O∗ eÐnai èna ide¸dec tou O.

(aþ) To 0 ∈ P .
2Pr�gmati Op(x) ⊂ K(x) kai gia k�je z ∈ K(x) to z ∈ Op(x)   z−1 ∈ Op(x). K�je

z ∈ K(x) eÐnai thc morf c f(x)/g(x) ìpou f(x), g(x) ∈ K[x] kai p(x) an�gwgo polu¸numo
tou K[x] tìte p(x) - g(x)   p(x) - f(x).

3Me �lla lìgia to M eÐnai ide¸dec tou R.
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(bþ) 'Estw ìti x ∈ P kai z ∈ O. Tìte xz 6∈ O∗ giatÐ alli¸c to x ja
mporoÔse na eÐnai mon�da. Pr�gmati an z ∈ O tìte x · z = u ∈ O∗
opìte x·u−1 = z−1 �ra z eÐnai mon�da opìte kai x mon�da. Epomènwc
xz ∈ P .

(gþ) 'Estw ìti x, y ∈ P . QwrÐc blabh thc genikìthtac mporoÔme na upo-
jèsoume ìti x/y ∈ O. Tìte 1 + x/y ∈ O kai x + y = y(1 + x/y) ∈ P
apì to b'.

'Ara to P eÐnai ide¸dec tou O. Wc gn sio ide¸dec tou O den mporeÐ na
perièqei mon�da opìte eÐnai to monadikì mègisto ide¸dec.

(ii) 'Eqoume ìti x ∈ F �ra
x ∈ O   x−1 ∈ O (1.2)

kai x ∈ P �ra
x ∈ O kai x 6∈ O∗. (1.3)

Apì tic (1.2) kai (1.3) sunep�getai kai antistrìfwc ìti x−1 6∈ O.

(iii) 'Estw ìti z ∈ K̃. Upojètw ìti z 6∈ O. Tìte z−1 ∈ O, ef' ìson O eÐnai
daktÔlioc ektÐmhshc. Apì thn �llh afoÔ to z−1 eÐnai algebrikì p�nw apì
to K up�rqoun stoiqeÐa a1, . . . , ar ∈ K me

ar(z−1)r + · · ·+ a1z
−1 + 1 = 0

 
z−1

(
ar(z−1)r−1 + · · ·+ a1

)
= −1.

Epomènwc

z = −(
ar(z−1)r−1 + · · ·+ a1

) ∈ K[z−1] ⊆ O.

'Etsi z ∈ O. H isqÔc thc K̃∩P = {0} eÐnai profan c. ¥

Je¸rhma 1.1. 'Estw O ènac daktÔlioc ektÐmhshc tou s¸matoc sunart sewn
F/K kai P eÐnai to monadikì tou mègisto ide¸dec. Tìte:

(i) To P eÐnai kÔrio ide¸dec.

(ii) An P = tO, tìte k�je z(6= 0) ∈ F èqei monadik  anapar�stash, thc
morf c

z = tnu

gia k�poia n ∈ Z, u ∈ O∗.
(iii) 'Estw ìti to O eÐnai perioq  kÔriwn idewd¸n. Akrib¸c, an P = tO kai

I
(6= {0}) ⊆ O eÐnai èna ide¸dec, tìte I = tnO gia k�poia n ∈ N.

'Enac daktÔlioc me tic parap�nw idiìthtec onom�zetai diakritìc daktÔlioc ektÐ-
mhshc.

L mma 1.1. 'Estw O ènac daktÔlioc ektÐmhshc enìc algebrikoÔ s¸matoc su-
nart sewn F/K, P to mègisto ide¸dec tou kai x(6= 0) ∈ P . 'Estw x1, x2, . . . , xn ∈
P ètsi, ¸ste x1 = x kai xi ∈ xi+1P gia i = 1, . . . , n − 1. Tìte èqoume
n ≤ [F : K(x)] < ∞.
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Apìdeixh:

To ìti [F : K(x)] < ∞ prokÔptei apì to sqìlio 1.2 kai thn prìtash 1.1. 'Etsi
mènei na deÐxoume ìti ta x1, . . . , xn eÐnai grammik¸c anex�rthta p�nw apì to
K(x). Gia to lìgo autì upojètoume ìti up�rqei ènac mh-tetrimmènoc grammikìc
sundiasmìc

n∑

i=1

ϕixi = 0 me ϕi ∈ K(x).

MporoÔme na upojèsoume ìti ìla ta ϕi eÐnai polu¸numa tou x kai ìti to x den
ta diaireÐ ìla. Jètoume ai := ϕi(0) wc ton stajerì ìro tou ϕi kai orÐzoume
j ∈ {1, . . . , n} me thn upìjesh aj 6= 0 all� ai = 0 gia ìla ta i > j. 'Eqoume
loipìn

−ϕjxj =
∑

i 6=j

ϕixi (1.4)

me ϕi ∈ O gia i = 1, . . . , n (ef' ìson x = x1 ∈ P ), xi ∈ xjP gia i < j kai
ϕi = xgi gia i > j, ìpou gi ta polu¸numa tou x. Diair¸ntac thn (1.4) me xj

prokÔptei
−ϕj =

∑

i<j

ϕi · xi

xj
+

∑

i>j

x

xj
· gixi.

ta ajroÐsmata tou deÔterou mèlouc an koun sto P , epomènwc ϕj ∈ P . Apì thn
�llh ϕj = aj + xgj me gj ∈ K[x] ⊆ O kai x ∈ P , ètsi, ¸ste aj = ϕj − xgj ∈
P ∩K. Ef' ìson ìmwc aj 6= 0 katal goume se �topo. 'Ara ta x1, . . . , xn eÐnai
grammik¸c anex�rthta p�nw apì to K(x). ¥

Apìdeixh tou jewr matoc 1.1:

(i) Upojètw ìti to P den eÐnai kÔrio ide¸dec. 'Estw epÐshc èna stoiqeÐo x1(6=
0) ∈ P . AfoÔ P 6= x1O, up�rqei x2 ∈ P\x1O. Tìte x2 · x−1

1 6∈ O, opìte
x−1

2 x1 ∈ P apì thn prìtash 1.1.2. 'Etsi x1 ∈ x2P . Me epagwg  paÐrnoume
mÐa �peirh akoloujÐa x1, x2, x3, . . . sto P tètoia, ¸ste xi ∈ xi+1P gia k�je
i ≥ 1, to opoÐo eÐnai �topo sÔmfwna me to l mma 1.1. 'Ara to P eÐnai kÔrio
ide¸dec tou O.

(ii) 'Estw ìti z ∈ F . Tìte z ∈ O   z−1 ∈ O, opìte mpor¸ na upojèsw ìti
z ∈ O. An z ∈ O∗ tìte z = t0z. 'Ara isqÔei. An z ∈ P up�rqei èna
mègisto m ≥ 1 me z ∈ tmO, ef' ìson to m koc thc akoloujÐac

x1 = z, x2 = tm−1, x3 = tm−2, . . . , xm = t

fr�ssetai lìgw tou l mmatoc 1.1. Gr�foume z = tmu me u ∈ O. Tìte to
u prèpei na eÐnai mon�da tou O (alli¸c u ∈ P = tO kai ètsi u = tw me
w ∈ O kai z = tm+1w ∈ tm+1O, �topo giatÐ to m eÐnai mègisto m' aut 
thn idiìthta). 'Ara z = tmu me m ∈ Z kai u ∈ O∗.

Monadikìthta: An z = tmu = tsv ìpou u, v ∈ O∗ kai m ≤ s, tìte
u = ts−mv opìte s = m kai u = v.

(iii) 'Estw ìti to I
(6= {0}) ⊆ O eÐnai èna ide¸dec. To sÔnolo

A := {r ∈ N : tr ∈ I}
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den eÐnai kenì (an x(6= 0) ∈ I tìte x = tru me u ∈ O∗ kai tr = xu−1 ∈ I).
Jètw n := min(A). ApaitoÔme I = tnO. tnO ⊆ I isqÔei, ef' ìson tn ∈ I.
'Estw y ∈ I me y 6= 0. 'Eqoume y = tsw me w ∈ O∗ kai s ≥ 0. 'Etsi
ts ∈ I kai s ≥ n. Epomènwc y = tnts−nw ∈ tnO. 'Ara I ⊆ tnO. 'Ara I =
tnO. ¥

Orismìc 1.9. (i) MÐa jèsh P tou s¸matoc sunart sewn F/K eÐnai to mè-
gisto ide¸dec k�poiou daktulÐou ektÐmhshc O tou F/K. K�je stoiqeÐo
t ∈ P ètsi, ¸ste P = tO onom�zetai pr¸to stoiqeÐo gia to P .

(ii) PF := {P : P eÐnai mÐa jèsh tou F/K}
An to O eÐnai ènac daktÔlioc ektÐmhshc tou F/K kai to P to mègisto ide¸dec
tou, tìte to O orÐzetai monadik� apì to P , dhlad 

O = {z ∈ F : z−1 6∈ P}
(Prìtash 1.1). Epomènwc to OP (:= O) onom�zetai daktÔlioc ektÐmhshc thc
jèshc P .

Orismìc 1.10. MÐa diakrit  ektÐmhsh tou F/KeÐnai mÐa sun�rthsh v : F →
Z ∪ {∞} me tic akìloujec idiìthtec:

(i) v(x) = ∞⇔ x = 0

(ii) v(xy) = v(x) + v(y), ∀x, y ∈ F

(iii) v(x + y) ≥ min{v(x), v(y)}, ∀x, y ∈ F

(iv) Up�rqei èna stoiqeÐo z ∈ F me v(z) = 1 kai

(v) v(a) = 0, ∀a( 6= 0) ∈ K.

To sÔmbolo∞ ekfr�zei ta stoiqeÐa pou den an koun sto Z ètsi, ¸ste∞+∞ =
∞+ n = n +∞ = ∞ kai ∞ > m gia ìla ta m, n ∈ Z.
Apì tic idiìthtec 2 kai 4 tou orismoÔ 1.10 prokÔptei amèswc ìti h v : F →
Z ∪ {∞} eÐnai 1-1 kai epÐ.

H idiìthta 3 tou orismoÔ 1.10 onom�zetai trigwnik  anisìthta. MÐa piì austhr 
morf  thc dÐnetai apì to akìloujo l mma.

L mma 1.2. (Austhr  Trigwnik  Anisìthta) 'Estw v mÐa diakrit  ektÐmhsh
tou F/K kai x, y ∈ F me v(x) 6= v(y). Tìte

u(x + y) = min{u(x), u(y)}.
Apìdeixh:
ParathroÔme ìti

v(ay) = v(a) + v(y) = 0 + v(y) = v(y)

gia a( 6= 0) ∈ K (Idiìthtec 2 kai 5 tou orismoÔ 1.10). Eidikìtera

v(−y) = v(−1 · y) = v(−1) + v(y) = 0 + v(y) = v(y).

Efìson v(x) 6= v(y) mporoÔme na upojèsoume v(x) < v(y). Upojètoume ìti
v(x + y) 6= min{v(x), v(y)} kai ètsi v(x + y) > v(y) apì thn idiìthta 3 tou ori-
smoÔ 1.10. Opìte èqoume v(x) = v

(
(x+y)−y

) ≥ min{v(x+y), v(y)} > v(x). 'A-
topo! 'Ara v(x+y) = min{v(x), v(y)}. ¥
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Orismìc 1.11. Se k�je jèsh P ∈ PF antistoiqÐzoume mÐa sun�rthsh vP :
F → Z∪ {∞} (h opoÐa mporeÐ na apodeiqjeÐ ìti eÐnai mÐa diakrit  ektÐmhsh tou
F/K). Dialègoume èna pr¸to stoiqeÐo t gia to P . Tìte k�je z(6= 0) ∈ F èqei
monadik  anapar�stash z = tnu me u ∈ O∗P kai n ∈ Z. OrÐzoume vP (z) := n
kai vP (0) := ∞.

Parathr seic 1.3. O prohgoÔmenoc orismìc exart�tai mìno apì to P kai ìqi
apì thn epilog  tou t. An tuqìn t′ eÐnai èna �llo pr¸to stoiqeÐo gia to P tìte
P = tO = t′O. 'Etsi t = t′w gia k�poia w ∈ O∗P . Epomènwc tnu = (t′nwn)u =
t′n(wnu) me wnu ∈ O∗P .

Je¸rhma 1.2. 'Estw F/K èna s¸ma sunart sewn. Tìte

(i) Gia k�je jèsh P ∈ PF , h sun�rthsh vP pou orÐsthke piì p�nw eÐnai mÐa
diakrit  ektÐmhsh tou F/K. Epiplèon èqoume

OP = {z ∈ F : vP (z) ≥ 0} (1.5)

O∗P = {z ∈ F : vP (z) = 0} (1.6)

P = {z ∈ F : vP (z) > 0} (1.7)

Tèloc èna stoiqeÐo x ∈ F eÐnai èna pr¸to stoiqeÐo gia to P ann vP (x) = 1.

(ii) Antistrìfwc. Upojètoume ìti v eÐnai mÐa diakrit  ektÐmhsh tou F/K.
Tìte to sÔnolo

P := {z ∈ F : v(z) > 0}
eÐnai mÐa jèsh tou F/K kai to

OP = {z ∈ F : v(z) ≥ 0}

eÐnai o antÐstoiqoc daktÔlioc ektÐmhshc.

(iii) K�je daktÔlioc ektÐmhshc O tou F/K eÐnai ènac mègistoc, gn sioc upo-
daktÔlioc tou F .

Apìdeixh:

(i) H vP èqei tic idiìthtec 1, 2, 4 kai 5 tou orismoÔ 1.10. Ja apodeÐxoume
ìti isqÔei kai h 3. 'Estw ìti x, y ∈ F me vP (x) = n kai vP (y) = m.
MporoÔme na upojèsoume ìti n ≤ m < ∞. 'Etsi x = tnu1 kai y = tmu2

me u1, u2 ∈ O∗P . Tìte

x + y = tnu1 + tmu2 = tn(u1 + tm−nu2) = tnz

me z ∈ OP . An z = 0 èqoume

vP (x + y) = ∞ > min{n,m},

alli¸c z = tk · u me k ≥ 0 kai u ∈ O∗P . Epomènwc

vP (x + y) = vP (tn+ku) = n + k ≥ n = min{vP (x), vP (y)}.

'Ara vP eÐnai mÐa diakrit  ektÐmhsh tou F/K. Tèloc an x ∈ F eÐnai èna
pr¸to stoiqeÐo gia to P ⇔ x = x1u me u ∈ O∗P ⇔ vP (x) = 1.
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(ii) Pr�gmati, to OP eÐnai daktÔlioc ektÐmhshc afoÔ an z ∈ F tìte   v(z) ≥ 0
opìte z ∈ OP   v(z) < 0 opìte v(z−1) = −v(z) > 0 kai z−1 ∈ OP . Oi
mon�dec tou OP eÐnai ta z ∈ F ¸ste v(z) = 0 kai to mègisto ide¸dec
apoteleÐtai apì aut� pou èqoun jetik  ektÐmhsh.

(iii) 'Estw to O ènac daktÔlioc ektÐmhshc tou F/K, P to mègistì tou ide¸dec,
vP h diakrit  ektÐmhsh pou antistoiqeÐ sto P kai z ∈ F\O. Jèloume
na deÐxoume ìti F = O[z]. 'Estw èna aujaÐreto stoiqeÐo y ∈ F tìte
vP (yz−k) ≥ 0 gia arket� meg�lo k ≥ 0 (vP (z−1) > 0) efìson z 6∈ O.
Sunep¸c w := yz−k ∈ O kai y = wzk ∈ O[z]. 'Ara F ⊆ O[z] kai epeid 
O[z] ⊆ F èqoume F = O[z]. ¥

'Estw P mÐa jèsh tou F/K kai OP o daktÔlioc ektÐmhs c thc. Efìson P
eÐnai èna mègisto ide¸dec, o daktÔlioc kl�shc upoloÐpwn OP /P eÐnai s¸ma. Gia
x ∈ OP orÐzoume x(P ) ∈ OP /P na eÐnai h kl�sh twn upoloÐpwn tou x modulo
P , gia x ∈ F\OP jètoume x(P ) := ∞ (To sÔmbolo ∞ den èqei thn Ðdia ènnoia
me ton orismì 1.10).

Apì thn prìtash 1.1 xèroume ìti K ⊆ OP kai K ∩ P = {0}. 'Etsi h apeikìnish
OP → OP /P dhmiourgeÐ mÐa kanonik  emfÔteush tou K sto OP /P . Sto ex c
ja jewroÔme to K p�nta wc upìswma tou OP /P mèsw aut c thc emfÔteushc.
Autì efarmìzetai kai gia to K̃ antÐ gia to K. 'Etsi mporoÔme na jewroÔme to
K̃ wc upìswma tou OP /P .

Orismìc 1.12. 'Estw P ∈ PF .

(i) FP := OP /P eÐnai to s¸ma kl�shc upoloÐpwn tou P . H apeikìnish
x 7→ x(P ) apì to F sto FP ∪ {∞} onom�zetai apeikìnish kl�shc upo-
loÐpwn me ektÐmhsh sto P . Merikèc forèc ja qrhsimopoi soume epÐshc
ton sumbolismì x + P := x(P ) gia x ∈ OP .

(ii) deg P := [FP : K] onom�zetai bajmìc tou P .

Parathr seic 1.4. O bajmìc miac jèshc eÐnai p�nta peperasmènoc.

Prìtash 1.2. An P eÐnai mÐa jèsh tou F/K kai 0 6= x ∈ P tìte deg P ≤ [F :
K(x)] < ∞.

Apìdeixh:

[F : K(x)] < ∞ isqÔei apì to sqìlio 1.2. Opìte mènei na deÐxoume ìti
gia opoiad pote stoiqeÐa z1, . . . , zn ∈ OP twn opoÐwn oi kl�seic upoloÐpwn
z1(P ), . . . , zn(P ) ∈ FP eÐnai grammik� anex�rthtec p�nw apì to K, eÐnai gram-
mik� anex�rthtec p�nw apì to K(x).
Upojètoume ìti up�rqei ènac mh- tetrimmènoc grammikìc sunduasmìc

n∑

i=1

ϕizi = 0 (1.8)

me ϕi ∈ K(x). QwrÐc bl�bh thc genikìthtac jewroÔme ìti ta ϕi eÐnai polu¸numa
tou x kai den eÐnai ìla diairet� apì to x dhlad  ϕi = αi + xgi me αi ∈ K,
gi ∈ K[x] ìqi ìla ta αi = 0.
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Efìson x ∈ P kai gi ∈ OP , ϕi(P ) = αi(P ) = αi. Efarmìzontac thn apeikìnish
kl�shc upoloÐpwn sthn (1.8) èqoume:

0 = 0(P ) =
n∑

i=1

ϕi(P )zi(P ) =
n∑

i=1

αizi(P ) (1.9)

�topo giatÐ ta zi(P ), . . . , zn(P ) eÐnai grammik� anex�rthta p�nw apì to K ¥

Pìrisma 1.1. To s¸ma K̃ twn stajer¸n tou F/K eÐnai mÐa peperasmènh
epèktash tou K.

Apìdeixh:

To PF 6= ∅ (apodeiknÔetai parak�tw). Epilègoume k�poia P ∈ PF . Efìson
K̃ èqei emfuteujeÐ sto FP mèsw thc apeikìnishc kl�shc upoloÐpwn OP → FP ,
èpetai ìti

[K̃ : K] ≤ [FP : K] < ∞. ¥ (1.10)

Sqìlia 1.4. Gia thn perÐptwsh pou deg P = 1 èqoume FP = K kai h apeikìnish
kl�shc upoloÐpwn apeikonÐzei to F sto K ∪{∞}. Eidikìtera an K eÐnai èna al-
gebrik� kleistì s¸ma, k�je jèsh èqei bajmì 1, opìte mporoÔme na diab�soume
èna stoiqeÐo z ∈ F wc mÐa sun�rthsh

z :




PF → K ∪ {∞}

P 7→ z(P )
. (1.11)

Gia autì to lìgo to F/K lègetai s¸ma sunart sewn. Ta stoiqeÐa tou K pou
ermhneÔontai wc sunart seic me thn ènnoia thc (1.11) eÐnai stajerèc sunart seic
gi' autì to lìgo to K onom�zetai s¸ma stajer¸n tou F .

Orismìc 1.13. 'Estw z ∈ F kai P ∈ PF . Lème ìti:

• to P eÐnai rÐza tou z ⇔ vP (z) > 0.

• to P eÐnai pìloc tou z ⇔ vP (z) < 0.

An vP (z) = m > 0, P eÐnai rÐza tou z t�xhc m. An vP (z) = −m < 0, P eÐnai
pìloc tou z t�xhc m.

Je¸rhma 1.3. 'Estw F/K èna s¸ma sunart sewn kai R ènac upodaktÔlioc
tou F me K ⊆ R ⊆ F . 'Estw ìti {0} 6= I $ R èna gn sio ide¸dec tou R. Tìte
up�rqei mÐa jèsh P ∈ PF tètoia ¸ste I ⊆ P kai R ⊆ OP .

Apìdeixh:

JewroÔme to sÔnolo

F := {S : S eÐnai upodaktÔlioc tou F me R ⊆ S kai IS 6= S} (1.12)

(ex' orismoÔ, IS eÐnai to sÔnolo ìlwn twn peperasmènwn ajroism�twn
∑

ανsν

me αν ∈ I, sν ∈ S. IS eÐnai èna ide¸dec tou S). R ∈ F �ra F 6= ∅ kai F
eÐnai epagwgik¸c diatetagmèno. Pr�gmati, an H ⊆ F eÐnai olik¸c diatetagmèno
uposÔnolo tou F tìte T := ∪{S : S ∈ H} eÐnai upodaktÔlioc tou F me R ⊆ T .
'Eqoume na apodeÐxoume ìti IT 6= T . Upojètoume ìti autì den isqÔei, tìte
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1 =
∑n

ν=1 ανsν me αν ∈ I, sν ∈ T . Efìson H eÐnai olik� diatetagmèno up�rqei
èna S0 ∈ H tètoio ¸ste s1, . . . , sn ∈ S0, ètsi

1 =
n∑

ν=1

ανsν ∈ IS0. (1.13)

'Atopo, �ra IT 6= T .

Apì to L mma tou Zorn 4 to F perièqei èna mègisto stoiqeÐo, dhlad  ènac
daktÔlioc O ⊆ F tètoioc ¸ste R ⊆ O ⊆ F , IO 6= O kai O mègisto me autèc
tic idiìthtec.

Ja deÐxoume t¸ra ìti to O eÐnai daktÔlioc ektÐmhshc tou F/K. Efìson I 6= {0}
kai IO 6= O èqoume O $ F kai I ⊆ O\O∗. Upojètoume ìti up�rqei èna stoiqeÐo
z ∈ F me z 6∈ O kai z−1 6∈ O. Tìte IO[z] = O[z] kai IO[z−1] = O[z−1] kai
mporoÔme na broÔme α0, . . . , αn, b0, . . . , bn ∈ IO me

1 = α0 + α1z + · · ·+ αnzn kai (1.14)

1 = b0 + b1z
−1 + · · ·+ bmz−m (1.15)

me n ≥ 1 kai m ≥ 1. MporoÔme na upojèsoume ìti m, n èqoun epileqjeÐ na
eÐnai ta mikrìtera dunat� kai m ≤ n. Pollaplasi�zontac thn (1.14) me 1 − b0

kai thn (1.15) me αnzn paÐrnoume

1− b0 = (1− b0)α0 + (1− b0)α1z + · · ·+ (1− b0)αnzn kai (1.16)

0 = (b0 − 1)αnzn + b1αnzn−1 + · · ·+ bmαnzn−m. (1.17)

Tic prosjètw kat� mèlh ìpote

1 = c0 + c1z + · · ·+ cn−1z
n−1 (1.18)

me suntelestèc ci ∈ IO. 'Atopo lìgw tou el�qistou tou n sthn (1.14). 'Ara
z ∈ O   z−1 ∈ O opìte O eÐnai daktÔlioc ektÐmhshc tou F/K. ¥

Pìrisma 1.2. 'Estw F/K s¸ma sunart sewn, z ∈ F uperbatikì p�nw apì to
K. Tìte z èqei mÐa toul�qiston rÐza kai ènan toul�qiston pìlo. Eidikìtera
PF 6= ∅.

Apìdeixh:

JewroÔme ton daktÔlio R = K[z] kai to ide¸dec I = zK[z]. Apì to je¸rhma
1.3 up�rqei mÐa jèsh P ∈ PF me z ∈ P , opìte P eÐnai mÐa rÐza tou z.
OmoÐwc z−1 èqei mÐa rÐza Q ∈ PF , tìte Q eÐnai ènac pìloc tou z. ¥

4L mma Zorn: An S eÐnai èna merik� diatetagmèno sÔnolo tètoio ¸ste k�je alusÐda sto
S na èqei èna �nw fr�gma sto S, tìte to S èqei toul�qiston èna megistikì stoiqeÐo.

'Ena uposÔnolo T enìc merik� diatetagmènou sunìlou S lègetai alusÐda an opoiad pote
dÔo stoiqeÐa α kai b tou S eÐnai sugkrÐsima.

'Ena stoiqeÐo u ∈ S lègetai �nw fr�gma enìc uposunìlou A enìc merik� diatetagmènou
sunìlou S an α ≤ u, ∀α ∈ A.

'Ena stoiqeÐo m enìc merik� diategmènou sunìlou S lègetai megistikì an den up�rqei s ∈ S
tètoio ¸ste m < s.
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1.2 To S¸ma twn rht¸n sunart sewn

Gia na katanohjoÔn oi prohgoÔmenec ènnoiec ja tic melet soume sthn perÐptwsh
tou s¸matoc twn rht¸n sunart sewn F = K(x), ìpou x eÐnai uperbatikì p�nw
apì to K. Gia polu¸numo p(x) ∈ K(x), an�gwgo me megistob�jmio suntelest 
1 (monic) jewroÔme ton daktÔlio ektÐmhshc

Op(x) :=
{

f(x)
g(x)

: f(x), g(x) ∈ K[x], p(x) - g(x)
}

(1.19)

tou K(x)/K me mègisto ide¸dec

Pp(x) =
{

f(x)
g(x)

: f(x), g(x) ∈ K[x], p(x) | f(x), p(x) - g(x)
}

. (1.20)

Sthn eidik  perÐptwsh pou to p(x) eÐnai grammikì dhlad  p(x) = x−α me α ∈ K
suntomeÔoume kai gr�foume

Pα := Px−α ∈ PK(x). (1.21)

Up�rqei ènac �lloc daktÔlioc ektÐmhshc tou K(x)/K, dhlad 

O∞ :=
{

f(x)
g(x)

: f(x), g(x) ∈ K[x], deg f(x) ≤ deg g(x)
}

. (1.22)

me mègisto ide¸dec

P∞ :=
{

f(x)
g(x)

: f(x), g(x) ∈ K[x], deg f(x) < deg g(x)
}

. (1.23)

autì onom�zetai �peirh jèsh tou K(x).

ParathroÔme ìti autoÐ oi qarakthrismoÐ exart¸ntai apì thn eidik  epilog  tou
paragìmenou stoiqeÐou x tou K(x)/K (p.q. K(x) = K(1/x) kai h �peirh jèsh
me ektÐmhsh sto 1/x eÐnai h jèsh P0 me ektÐmhsh sto x).

Prìtash 1.3. 'Estw F = K(x) to s¸ma twn rht¸n sunart sewn.

(i) 'Estw P = Pp(x) ∈ PK(x) h jèsh pou orÐsthke sthn (1.20) ìpou p(x) ∈
K[x] eÐnai èna an�gwgo polu¸numo. Tìte p(x) eÐnai èna pr¸to stoiqeÐo
tou gia to P , kai h antÐstoiqh diakrit  ektÐmhsh vP mporeÐ na perigrafeÐ
wc ex c: {An z ∈ K(x)\{0} gr�fetai sth morf  z = p(x)n(f(x)/g(x))
me n ∈ Z, f(x), g(x) ∈ K[x], p(x) - f(x) kai p(x) - g(x) tìte vP (z) =
n}. To s¸ma kl�shc upoloÐpwn K(x)P = OP /P eÐnai isomorfikì me to
K[x]/(p(x)). O isomorfismìc eÐnai

φ :





K[x]/(p(x)) → K(x)P

f(x)modp(x) 7→ f(x)(P )
.

Sunep¸c, deg P = deg p(x).

(ii) Sthn eidik  perÐptwsh pou p(x) = x− α me α ∈ K, o bajmìc tou P = Pα

eÐnai 1 kai h apeikìnish kl�shc upoloÐpwn dÐnetai apì

z(P ) = z(α) gia z ∈ K(x), (1.24)
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ìpou z(α) orÐzetai wc ex c: gr�foume z = f(x)/g(x) me sqetik� pr¸ta
polu¸numa f(x), g(x) ∈ K[x]. Tìte

z(α) =





f(α)/g(α) an g(α) 6= 0

∞ an g(α) = 0
.

(iii) Tèloc, èstw P = P∞ eÐnai h �peirh jèsh tou K(x)/K pou orÐsthke sthn
(1.23). Tìte deg P∞ = 1. 'Ena pr¸to stoiqeÐo gia thn P∞ eÐnai to t = 1/x.
H antÐstoiqh diakrit  ektÐmhsh dÐnetai apì

v∞(f(x)/g(x)) = deg g(x)− deg f(x) (1.25)

ìpou f(x), g(x) ∈ K[x]. H apeikìnish kl�shc upoloÐpwn pou antistoiqeÐ
sthn P∞ orÐzetai apì z(P∞) = z(∞) gia z ∈ K(x) ìpou z(∞) orÐzetai wc
ex c:

An z =
αnxn + . . . + α0

bmxm + . . . + b0
me αn, bm 6= 0, (1.26)

tìte

z(∞) =





αn/bm an n = m

0 an n < m

∞ an n > m

.

(iv) K eÐnai to pl rec s¸ma stajer¸n tou K(x)/K.

Apìdeixh:

(i) 'Estw P = Pp(x), p(x) ∈ K[x] an�gwgo polu¸numo. To ide¸dec Pp(x) ⊆
Op(x) par�getai apì to p(x) opìte to p(x) eÐnai èna pr¸to stoiqeÐo gia
to P . Gia na apodeÐxoume ìti K(x)P eÐnai isomorfikì me to K[x]/(p(x))
jewroÔme ton omoiomorfismì 5

ϕ :





K[x] → K(x)P

f(x) 7→ f(x)(P )
.

O pur nac 6 thc ϕ eÐnai to ide¸dec pou par�getai apì to p(x). Epiplèon
h ϕ eÐnai 1− 1 kai epÐ. An z ∈ Op(x), mporoÔme na gr�youme

z = u(x)/v(x) me u(x), v(x) ∈ K[x] (1.27)

ètsi ¸ste p(x) - v(x). 'Etsi up�rqoun α(x), b(x) ∈ K[x] me

α(x)p(x) + b(x)v(x) = 1, (1.28)
5 'Estw R, R′ dÔo daktÔlioi. MÐa apeikìnish ϕ : R → R′ lègetai omoiomorfismìc an oi

parak�tw dÔo idiìthtec ikanopoioÔntai ∀α, b ∈ R:

(aþ) ϕ(α + b) = ϕ(α) + ϕ(b)

(bþ) ϕ(αb) = ϕ(α)ϕ(b)

6An ϕ : R → R′ omoiomorfismìc daktulÐwn tìte o upodaktÔlioc ϕ−1({0′}) lègetai pur -
nac thc ϕ kai sumbolÐzetai me Ker(ϕ).



14 · Algebrik� s¸mata sunart sewn

epomènwc

z = 1z =
(
α(x)p(x) + b(x)v(x)

)u(x)
v(x)

=

α(x)u(x)
v(x)

p(x) + b(x)u(x) (1.29)

kai z(P ) = (b(x)u(x))(P ) eÐnai sthn eikìna thc ϕ. 'Ara h ϕ dhmiourgeÐ
ènan isomorfismì φ apì to K[x]/(p(x)) sto K(x)P .

(ii) T¸ra P = Pα me α ∈ K. An f(x) ∈ K[x] tìte (x − α) | (f(x) − f(α)),
apì ìpou

f(x)(P ) = (f(x)− f(α))(P ) + f(α)(P ) = f(α). (1.30)

'Ena aujaÐreto stoiqeÐo z ∈ OP mporeÐ na grafeÐ z = f(x)/g(x) me f(x),
g(x) ∈ K[x] kai (x− α) - g(x), epomènwc g(x)(P ) = g(α) 6= 0 kai

z(P ) =
f(x)(P )
g(x)(P )

=
f(α)
g(α)

= z(α). (1.31)

(iii) Ja deÐxoume ìti 1/x eÐnai èna pr¸to stoiqeÐo gia to P∞. JewroÔme k�poio
stoiqeÐo z = f(x)/g(x) ∈ P∞ ètsi ¸ste deg f < deg g. Tìte z = 1

x
xf
g

me deg(xf) ≤ deg g ìpote z ∈ (1/x)O∞ apì ìpou èpetai ìti 1/x eÐnai èna
pr¸to stoiqeÐo gia to P∞.

(iv) Epilègoume mia jèsh P tou K(x)/K bajmoÔ 1 (p.q. P = Pα me α ∈ K).
To s¸ma K̃ twn stajer¸n tou K(x) emfuteÔetai sto s¸ma kl�shc upo-
loÐpwn K(x)P , opìte K ⊆ K̃ ⊆ K(x)P = K. ¥

Je¸rhma 1.4. Den up�rqoun �llec jèseic gia to s¸ma twn rht¸n sunart sewn
K(x)/K ektìc apì tic jèseic Pp(x) kai P∞ pou orÐsthkan apì tic (1.20) kai
(1.23).

Apìdeixh:

EÐnai arketì na deÐxoume to akìloujo: DÐnetai mia jèsh P ∈ PK(x), P 6= P∞
tìte up�rqei èna an�gwgo polu¸numo p(x) ∈ K[x] ètsi ¸ste Op(x) = OP .

• Pr¸th perÐptwsh: Upojètoume ìti x ∈ OP . Tìte K[x] ⊆ OP . Jètoume
I := K[x]∩P autì eÐnai èna ide¸dec tou K[x] kai m�lista pr¸to ide¸dec.
H apeikìnish kl�shc upoloÐpwn dhmiourgeÐ mÐa emfÔteush

K[x]/I ↪→ K(x)P (1.32)

sunep¸c I 6= {0} apì prìtash (1.2) èpetai ìti up�rqei èna an�gwgo polu¸-
numo me megistob�jmio suntelest  1 (monadik� orismèno) p(x) ∈ K[x] è-
tsi ¸ste I = K[x]∩P = p(x)K[x]. K�je g(x) ∈ K[x] me p(x) - g(x) den eÐ-
nai sto I, ètsi g(x) 6∈ P kai 1/g(x) ∈ OP apì
prìtash 1.1. SumperaÐnoume ìti

Op(x) :=
{

f(x)
g(x)

: f(x), g(x) ∈ K[x], p(x) - g(x)
}
⊆ OP . (1.33)

Wc daktÔlioi ektÐmhshc eÐnai mègistoi gn sioi upodaktÔlioi tou K[x] (Je-
¸rhma 1.2 ) èqoume OP = Op(x).
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• DeÔterh perÐptwsh: T¸ra x 6∈ OP . SumperaÐnoume ìti

K[x−1] ⊆ OP , x−1 ∈ P ∩K[x−1] (1.34)

kai
P ∩K[x−1] = x−1K[x−1]. (1.35)

'Opwc sthn perÐptwsh 1,

Op(x) ⊇
{

f(x−1)
g(x−1)

: f(x−1), g(x−1) ∈ K[x−1], x−1 - g(x−1)
}

=

{
α0 + α1x

−1 + · · ·+ αnx−n

b0 + b1x−1 + · · ·+ bmx−m
: b0 6= 0

}
=

{
α0x

m+n + α1x
m+n−1 + · · ·+ αnxm

b0xm+n + b1xm+n−1 + · · ·+ bmxn
: b0 6= 0

}
=

{
u(x)
v(x)

: u(x), v(x) ∈ K[x], deg u(x) ≤ deg v(x)
}

= O∞.

'EtsiOP = O∞ kai P = P∞. ¥

Pìrisma 1.3. Oi jèseic tou K(x)/K bajmoÔ 1 eÐnai se {1− 1} antistoiqÐa me
to K ∪ {∞}.
Orismìc 1.14. 'Estw ìti to K eÐnai èna algebrik� kleistì s¸ma. O n- di�-
statoc afinikìc q¸roc (affine space) An = An(K) eÐnai to sÔnolo ìlwn ekeÐnwn
twn n-�dwn me stoiqeÐa apì to K.

Orismìc 1.15. 'Ena stoiqeÐo P = (a1, a2, . . . , an) ∈ An eÐnai èna shmeÐo tou
An, kai ta a1, a2, . . . , an eÐnai oi suntetagmènec tou P .

Orismìc 1.16. 'Estw K[x1, x2, . . . , xn] o daktÔlioc twn poluwnÔmwn me n me-
tablhtèc p�nw apì to K. 'Ena uposÔnolo V ⊆ An eÐnai èna algebrikì sÔnolo
an up�rqei èna sÔnolo M ⊆ K[x1, x2, . . . , xn] tètoio, ¸ste

V =
{
P ∈ An : F (P ) = 0 gia ìla ta F ∈ M

}
.

Orismìc 1.17. To sÔnolo twn poluwnÔmwn

I(V ) =
{
F ∈ K[x1, x2, . . . , xn] : F (P ) = 0 gia ìla ta P ∈ V

}

onom�zetai ide¸dec tou V .

Parathr seic 1.5. To I(V ) eÐnai èna ide¸dec tou K[x1, x2, . . . , xn] kai mpo-
reÐ na paraqjeÐ apì peperasmènou pl jouc polu¸numa F1, F2, . . . , Fr ∈ K[x1,
x2, . . . , xn]7

(
opìte V =

{
P ∈ An : F1(P ) = F2(P ) = · · · = Fr(P ) = 0

})
.

Pr�gmati to 0 ∈ I(V ) ex' orismoÔ (giatÐ mhdenÐzetai apì ìla ta shmeÐa). An
F, G ∈ I(V ) kai H ∈ K[x1, x2, . . . , xn] tìte to F (P ) + G(P ) = 0 kai to
H(P ) · F (P ) = 0 gia k�je P ∈ V . 'Ara to I(V ) eÐnai pr�gmati èna ide¸dec
kai kaleÐtai ide¸dec tou V .

7Je¸rhma peperasmènhc b�shc tou Hilbert.
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Orismìc 1.18. 'Ena algebrikì sÔnolo V ⊆ An onom�zetai an�gwgo an den
mporeÐ na grafeÐ wc V = V1 ∪ V2 ìpou ta V1 kai V2 eÐnai gn sia algebrik�
uposÔnola tou V .

Sqìlia 1.5.

(i) To V eÐnai an�gwgo an kai mìno an to I(V ) eÐnai pr¸to ide¸dec.

(ii) MÐa affine variety eÐnai èna an�gwgo algebrikì sÔnolo V ⊆ An.

Orismìc 1.19. O daktÔlioc suntetagmènwn mÐac affine variety V eÐnai o da-
ktÔlioc kl�shc upoloÐpwn

Γ(V ) = K[x1, x2, . . . , xn]/I(V ).

Prìtash 1.4. An to I(V ) eÐnai èna pr¸to ide¸dec tìte to Γ(V ) eÐnai mÐa
akèraia perioq .

Orismìc 1.20. 'Estw V an�gwgo algebrikì sÔnolo. K�je f = F + I(V ) ∈
Γ(V ) dhmiourgeÐ (par�gei) mÐa sun�rthsh f : V → K me f(P ) = F (P ) gia k�je
P ∈ V . To s¸ma phlÐko K(V ) = Quot(Γ(V )) onom�zetai s¸ma twn rht¸n
sunart sewn thc V kai

(i) Perièqei to K wc upos¸ma.

(ii) H di�stash thc V eÐnai o uperbatikìc bajmìc tou K(V )/K.

(iii) Gia èna shmeÐo P ∈ V , èstw

OP (V ) =
{
f ∈ K(V ) : f = g/h me g, h ∈ Γ(V ) kai h(P ) 6= 0

}
.

To OP (V ) eÐnai topikìc daktÔlioc me s¸ma phlÐko to K(V ). To monadikì
mègisto ide¸dec tou eÐnai to

MP (V ) =
{
f ∈ K(V ) : f = g/h me g, h ∈ Γ(V ),

h(P ) 6= 0 kai g(P ) = 0
}
.

O OP (V ) lègetai topikìc daktÔlioc thc V sto P . Gia f = g/h ∈ OP (V )
me h(P ) 6= 0, h tim  thc f sto P orÐzetai na eÐnai h f(P ) = g(P )/h(P ).

Orismìc 1.21. (i) Sto sÔnolo An+1 \ {0, 0, . . . , 0} mporoÔme na orÐsoume
mÐa sqèsh isodunamÐac {∼} wc ex c

(x′0, x
′
1, . . . , x

′
n) ∼ (x0, x1, . . . , xn) ⇐⇒ ∃λ(6= 0) ∈ K ètsi,

¸ste xi = λx′i gia 0 ≤ i ≤ n.

H kl�sh isodunamÐac tou (x0, x1, . . . , xn) sumbolÐzetai (x0 : x1 : · · · : xn).

(ii) O n-di�statoc probolikìc q¸roc Pn = Pn(K) eÐnai to sÔnolo ìlwn twn
kl�sewn isodunamÐac, dhlad 

Pn =
{
(x0 : x1 : · · · : xn) | xi ∈ K, ìqi ìla ta xi = 0

}
.

'Ena stoiqeÐo P = (x0 : x1 : · · · : xn) ∈ Pn eÐnai èna shmeÐo kai ta
x0, x1, . . . , xn onom�zontai omogeneÐc suntetagmènec tou P .
An skeftoÔme piì gewmetrik� tìte

Pn(K) ∼=
{
Grammèc pou pernoÔn apì thn arq  sto Kn+1

}
. (1.36)
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Prìtash 1.5. 'Estw to

U0 =
{
(x0, x1, . . . , xn) ∈ Pn : x0 6= 0

}
.

Tìte h apeikìnish φ pou paÐrnei to (a1, a2, . . . , an) tou Kn kai to apeikonÐzei
sto shmeÐo me omogeneÐc suntetagmènec (1, a1, a2, . . . , an) tou Pn(K) eÐnai mÐa
èna proc èna antistoiqÐa an�mesa sto Kn kai sto U0 ⊂ Pn(K).

Sqìlia 1.6.

(i) Apì ton orismì tou U0 èqoume Pn(K) = U0 ∪H ìpou

H =
{
P ∈ Pn(K) : P = (0, x1, . . . , xn)

}
. (1.37)

An tautÐsoume to U0 me ton afinikì q¸ro Kn, tìte mporoÔme na doÔme to
H wc èna uperepÐpedo sto �peiro. Apì thn (1.36) èpetai ìti ta shmeÐa sto
H eÐnai se mÐa èna proc èna antistoiqÐa me tic n-�dec (x1, . . . , xn), ìpou
dÔo n-�dec antiproswpeÔoun to Ðdio shmeÐo tou H mìno an to èna eÐnai
mh mhdenikì bajmwtì pollapl�sio tou �llou. Me �lla lìgia to H eÐnai
èna {antÐgrafo} tou Pn−1(K), dhlad  o probolikìc q¸roc me di�stash
mikrìterh kat� èna.
TautÐzontac to U0 me to Kn kai to H me to Pn−1(K) mporoÔme na gr�-
youme

Pn(K) = Kn ∪ Pn−1(K). (1.38)

Gia na exhg soume ti shmaÐnei gewmetrik� H = Pn−1(K) apì thn (1.36),
èna shmeÐo P ∈ Pn−1(K) dÐnei mÐa gramm  L ⊂ Kn pou pern�ei apì
thn arq . Sunep¸c sthn an�lush (1.38) mporeÐ kaneÐc na skeftei to P
anaparist¸ntac thn asumptwtik  kateÔjunsh ìlwn twn gramm¸n sto Kn

par�llhla sto L.

(ii) MÐa eidik  perÐptwsh eÐnai h probolik  gramm  P1(K). Ef' ìson P0(K)
apoteleÐtai apì apl� shmeÐa jètontac n = 1 sthn (1.38) paÐrnoume

P1(K) = K1 ∪ P0(K) = K ∪ {∞},
ìpou to ∞ anaparist� ta apl� shmeÐa tou P0(K).

Parathr seic 1.6. Apì to pìrisma (1.3) kai thn prohgoÔmenh an�lush gia
to P1(K) mporoÔme na sumper�noume ìti oi jèseic tou K(x)/K me bajmì 1
brÐskontai se èna proc èna antistoiqÐa me ta shmeÐa tou P1(K).

1.3 AnexarthsÐa ektim sewn

Je¸rhma 1.5. (AsjenoÔc Prosèggishc) 'Estw ìti to F/K eÐnai èna s¸ma su-
nart sewn, P1, P2, . . . , Pn ∈ PF an� dÔo diaforetikèc jèseic tou F/K, x1, x2, . . . , xn ∈
F kai r1, r2, . . . , rn ∈ Z. Tìte up�rqoun k�poia x ∈ F tètoia, ¸ste

vPi(x− xi) = ri, gia i = 1, 2, . . . , n.

Apìdeixh:

(H apìdeixh autoÔ tou jewr matoc eÐnai teqnik , epìmènwc qwrÐzetai se b mata.
Gia eukolÐa to vPi sumbolÐzetai kat� thn di�rkeia aut c thc apìdeixhc kai mìno
me vi.)
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B ma 1: Up�rqoun k�poia u ∈ F me v1(u) > 0 kai vi(u) < 0 gia i = 2, 3, . . . , n.

Apìdeixh tou b matoc 1:

H apìdeixh autoÔ tou b matoc ja gÐnei me epagwg .

• Gia n = 2 parathroÔme ìti OP1 6⊆ OP2 kai OP2 6⊆ OP1 , ef' ìson oi
daktÔlioi ektÐmhshc eÐnai gn sioi mègistoi upodaktÔlioi tou F (apì to
je¸rhma 1.2). Epomènwc mporoÔme na broÔme y1 ∈ OP1 \ OP2 kai y2 ∈
OP2 \ OP1 . Tìte

v1(y1) ≥ 0, v2(y1) < 0, v2(y2) < 0 kai v2(y2) ≥ 0.

To stoiqeÐo u := y1/y2 èqei thn idiìthta v1(u) > 0, v2(u) < 0 pou eÐnai
akrib¸c aut  pou jèlame.

• Gia n > 2 èqoume me epagwg  apì thn upìjesh èna stoiqeÐo y me

v1(y) > 0, v2(y) < 0, . . . , vn−1(y) < 0.

An vn(y) < 0 h apìdeixh telei¸nei. Sthn perÐptwsh pou vn(y) ≥ 0 dia-
lègoume z me v1(z) > 0, vn(z) < 0 kai jètoume u := y + zr. Ed¸ r ≥ 1
epilègetai me tètoio trìpo, ¸ste r · vi(z) 6= vi(y) gia i = 1, 2, . . . , n − 1
(autì eÐnai profan¸c pijanì). 'Epetai ìti

v1(u) ≥ min{v1(y), r · v1(z)} > 0

kai
vi(u) = min{vi(y), r · vi(z)} < 0 gia i = 2, 3, . . . , n.

(ParathroÔme ìti isqÔei h austhr  trigwnik  anisìthta.)

B ma 2:

Up�rqoun w ∈ F ètsi, ¸ste v1(w − 1) > r1 kai vi(w) > ri gia i = 2, 3, . . . , n.

Apìdeixh tou b matoc 2:

Epilègoume to u me ton Ðdio akrib¸c trìpo pou autì ègine sto b ma 1 kai jètoume
w := (1 + us)−1. Gia epark¸c meg�lo s ∈ N èqoume

v1(w − 1) = v1

[−us(1 + us)−1
]

= s · v1(u) > r1

kai
vi(w) = −vi(1 + us) = −s · vi(u) > ri gia i = 2, 3, . . . , n.

B ma 3

Dojèntwn y1, y2, . . . , yn ∈ F up�rqei èna stoiqeÐo z ∈ F me vi(z − yi) > ri gia
i = 1, 2, . . . , n.

Apìdeixh tou b matoc 3:

Dialègoume s ∈ Z ètsi, ¸ste vi(yj) ≥ s gia ìla ta i, j ∈ {1, 2, . . . , n}. Apì to
b ma 2 up�rqoun w1, w2, . . . , wn me vi(wi − 1) > ri − s kai vi(wj) > ri − s gia
j 6= i. Tìte to

z :=
n∑

j=1

yjwj
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èqei tic epijumhtèc idiìthtec.

Apì to b ma 3 mporoÔme na broÔme z ∈ F me vi(z − xi) > ri, i = 1, 2, . . . , n.
'Epeita dialègoume zi me vi(zi) = ri. Kai p�li apì to b ma 3 up�rqei z′ me
vi(z′ − zi) > ri gia i = 1, 2, . . . , n. 'Epetai ìti

vi(z′) = vi

[
(z′ − zi) + zi

]
= min{vi(z′ − zi), vi(zi)} = ri.

'Estw t¸ra ìti x := z + z′. Ja eÐnai

vi(x− xi) = vi

[
(z − xi) + z′

]
= min{vi(z − xi), vi(z′)} = ri. ¥

Pìrisma 1.4. K�je s¸ma sunart sewn èqei �peirou pl jouc jèseic.

Apìdeixh:

H apìdeixh tou porÐsmatoc autoÔ mporeÐ na gÐnei me dÔo trìpouc.

• (A' trìpoc) Upojètoume ìti up�rqoun peperasmènou pl jouc jèseic, èstw
P1, P2, . . . , Pn. Apì to je¸rhma (1.5) brÐskoume èna mh mhdenikì stoiqeÐo
x ∈ F me vPi(x) > 0, gia i = 1, 2, . . . , n. Tìte to x eÐnai uperbatikì p�nw
apì to K ef' ìson èqei rÐzec, all� den èqei pìlouc. Autì ìmwc eÐnai �topo
sÔmfwna me to pìrisma 1.2.

• (B' trìpoc) An to s¸ma twn stajer¸n K eÐnai �peiro, tìte to K(x) èqei
�peirou pl jouc jèseic bajmoÔ 1. An to s¸ma twn stajer¸n eÐnai pepe-
rasmèno tìte up�rqoun apeÐrou pl jouc an�gwga polu¸numa p�nw apì to
K8. ¥

Prìtash 1.6. 'Estw F/K èna s¸ma sunart sewn kai P1, P2, . . . , Pr rÐzec tou
stoiqeÐou x ∈ F . Tìte

r∑

i=1

vPi(x) · deg Pi ≤ [F : K(x)].

Apìdeixh:

Jètoume vi := vPi , fi := deg Pi kai ei := vi(x). Gia k�je i up�rqei èna stoiqeÐo
ti me

vi(ti) = 1 kai vk(ti) = 0 gia k 6= i.

Met� dialègoume si1 , si2 , . . . , sifi
∈ OPi ètsi, ¸ste ta si1(P ), si2(P ), . . . , sifi

(P )
na sqhmatÐzoun mÐa b�sh tou s¸matoc kl�shc upoloÐpwn FPi p�nw apì to K.
Me efarmog  tou jewr matoc 1.5 mporoÔme na broÔme zij ∈ F ètsi, ¸ste gia
ìla ta i, j na isqÔei to ex c

vi(sij − zij) > 0 kai vk(zij) ≥ ek gia k 6= i. (1.39)

Gia ta stoiqeÐa

tai · zij me 1 ≤ i ≤ r, 1 ≤ j ≤ fi, 0 ≤ a ≤ ei,

8An up�rqoun peperasmènou pl jouc an�gwga polu¸numa p�nw apì to K, èstw
f1, f2, . . . , fn, tìte to f1f2 · · · fn + 1 eÐnai èna polu¸numo me jetikì bajmì pou den diaireÐtai
apì ta fi kai ètsi mporoÔme na to sumperil�boume wc par�gonta. 'Atopo!
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apaitoÔme na eÐnai grammik¸c anex�rthta p�nw apì to K(x). To pl joc touc
eÐnai

r∑

i=1

fiei =
r∑

i=1

vPi(x) · deg Pi.

Upojètoume ìti up�rqei ènac mh tetrimmènoc grammikìc sundiasmìc

r∑

i=1

fi∑

j=1

ei−1∑
a=0

ϕijatai zij = 0 (1.40)

p�nw apì to K(x). QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti
ϕija ∈ K[x] kai ta ϕija den eÐnai ìla diairet� apì to x. Tìte up�rqoun deÐktec
k ∈ {1, 2, . . . , r} kai c ∈ {0, 1, . . . , ek − 1} tètoioi, ¸ste

x|ϕkja gia k�je a < c kai k�je j ∈ {1, 2, . . . , fk}

kai x - ϕkjc gia k�poia j ∈ {1, 2, . . . , fk}. (1.41)

Pollaplasi�zoume thn (1.40) me t−c
k kai paÐrnoume

r∑

i=1

fi∑

j=1

ei−1∑
a=0

ϕijatai t−c
k zij = 0 (1.42)

• Gia i 6= k, ìla ta ajroÐsmata thc (1.42) eÐnai sto Pk

vk(ϕijatai t−c
k zij) = vk(ϕija)+avk(ti)−cvk(tk)+vk(zij) ≥ 0+0−c+ek > 0.

• Gia i = k kai a < c, èqoume

vk(ϕkjata−c
k zkj) ≥ ek + a− c ≥ ek − c > 0.

(To x|ϕkja kai epomènwc vk(ϕkja) ≥ ek)

• Gia i = k kai a > c, èqoume

vk(ϕkjata−c
k zkj) ≥ a− c > 0.

Sundu�zontac ta prohgoÔmena me thn (1.42) èqoume

fk∑

j=1

ϕkjczkj ∈ Pk. (1.43)

Par�throÔme ìti ϕkjc(Pk) ∈ K kai ìqi ìla ta ϕkjc(Pk) = 0 (apì thn (1.41)).
'Etsi h (1.43) dÐnei èna mh tetrimmèno grammikì sundiasmì

fk∑

j=1

ϕkjc(Pk)zkj(Pk) = 0 (1.44)

p�nw apì to K. Autì ìmwc eÐnai �topo diìti ta zk1(Pk), zk2(Pk), . . . , zkfk
(Pk),

sqhmatÐzoun mÐa b�sh tou FPk
/K. ¥
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Pìrisma 1.5. Se èna s¸ma sunart sewn F/K k�je stoiqeÐo x( 6= 0) ∈ F èqei
peperasmènou pl jouc rÐzec kai pìlouc.

Apìdeixh:
An to x eÐnai stajerì tìte den èqei oÔte rÐzec oÔte pìlouc. An to x eÐnai uper-
batikì p�nw apì to K, to pl joc twn riz¸n eÐnai mikrìtero   Ðso tou [F : K(x)]
lìgw thc prìtashc 1.6. OmoÐwc to x−1 èqei peperasmènou pl jouc rÐzec �ra to
x èqei peperasmènou pl jouc pìlouc. ¥

1.4 Diairètec

Apì ed¸ kai sto ex c to F/K ja jewreÐtai wc èna algebrikì s¸ma sunart sewn
mÐac metablht c ètsi ¸ste to K na eÐnai to pl rec s¸ma twn stajer¸n tou F/K.

Orismìc 1.22. H eleÔjerh abelian  om�da h opoÐa par�getai apì tic jèseic
tou F/K sumbolÐzetai me DF kai lègetai om�da twn diairet¸n tou F/K. Ta
stoiqeÐa tou DF lègontai diairètec tou F/K.

Me �lla lìgia ènac diairèthc eÐnai èna tupikì �jroisma thc morf c

D =
∑

P∈PF

nP P me nP ∈ Z sqedìn ìla Ðsa me 0.

Orismìc 1.23. O forèac tou D orÐzetai wc ex c

suppD := {P ∈ PF : nP 6= 0}.
Pollèc forèc eÐnai bolikì na gr�foume

D =
∑

P∈S

nP P,

ìpou to S ⊆ PF eÐnai èna peperasmèno sÔnolo me suppD ⊆ S.

Orismìc 1.24.

(i) 'Enac diairèthc thc morf c D = P me P ∈ PF onom�zetai pr¸toc diairèthc.

(ii) DÔo diairètec D =
∑

nP P kai D′ =
∑

n′P P prosjètontai me ton ex c
trìpo

D + D′ =
∑

P∈PF

(nP + n′P )P.

(iii) To mhdenikì stoiqeÐo thc om�dac twn diairet¸n DF eÐnai o diairèthc

0 :=
∑

P∈PF

rP P me ìla ta rP = 0.

(iv) Gia Q ∈ PF kai D =
∑

nP P ∈ DF orÐzoume

vQ(D) := nQ.

Epomènwc
suppD := {P ∈ PF : vP (D) 6= 0}

kai
D =

∑

P∈suppD

vP (D) · P.



22 · Algebrik� s¸mata sunart sewn

(v) MÐa merik  di�taxh sto DF orÐzetai wc ex c

D1 ≤ D2 ⇐⇒ vP (D1) ≤ vP (D2), ∀P ∈ PF .

(vi) 'Enac diairèthc D ≥ 0 kaleÐtai jetikìc (effective).

(vii) O bajmìc enìc diairèth orÐzetai mèsw thc sqèshc

deg D :=
∑

P∈PF

vP (D) · deg P

h opoÐa par�gei ton akìloujo omoiomorfismì

deg : DF −→ Z.

Orismìc 1.25. 'Estw x(6= 0) ∈ F . Ac sumbolÐsoume epÐshc me Z (antÐstoiqa
N) to sÔnolo twn riz¸n (antÐstoiqa pìlwn) tou x sto PF . Tìte orÐzoume

(i) ton mhdenikì diairèth tou x mèsw thc

(x)0 :=
∑

P∈Z

vP (x)P, (1.45)

(ii) ton pìlo diairèth tou x mèsw thc

(x)∞ :=
∑

P∈N

[−vP (x)
]
P, (1.46)

(iii) ton kÔrio diairèth tou x mèsw thc

(x) := (x)0 − (x)∞. (1.47)

Profan¸c
(x)0 ≥ 0, (x)∞ ≥ 0, (x) =

∑

P∈PF
vP (x)P. (1.48)

Ta stoiqeÐa x( 6= 0) ∈ F ta opoÐa eÐnai stajer� qarakthrÐzontai wc ex c

x ∈ K ⇔ (x) = 0.

Orismìc 1.26. To sÔnolo

PF :=
{
(x) : x( 6= 0) ∈ F

}

onom�zetai om�da kÔriwn diairet¸n tou F/K. Aut  eÐnai mÐa upoom�da tou DF

ef' ìson gia x, y(6= 0) ∈ F ,

(xy) =
∑

P∈PF
vP (xy)P =

∑

P∈PF

[
vP (x) + vP (y)

]
P =

∑

P∈PF
vP (x)P +

∑

P∈PF
vP (y)P = (x) + (y).

Orismìc 1.27. H om�da phlÐko CF := DF /PF onom�zetai om�da kl�shc diai-
ret¸n. Gia èna diairèth D ∈ DF , to antÐstoiqo stoiqeÐo sthn om�da phlÐko CF

sumbolÐzetai me [D], o diairèthc kl�shc tou D.

Orismìc 1.28. DÔo diairètec D, D′ ∈ DF eÐnai isodÔnamoi (sumb. D ∼ D′)
an [D] = [D′]. 9 , dhlad  D = D′ + (x) gia k�poia x ∈ F \ {0}.

9H sqèsh aut  eÐnai sqèsh isodunamÐac afoÔ,
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Orismìc 1.29. Gia ènan diairèth A ∈ DF jètoume

L(A) :=
{
x ∈ F : (x) ≥ −A

} ∪ {0}.

Autìc o orismìc mac lèei ìti an

A =
r∑

i=1

niPi −
s∑

j=1

mjQj me ni,mj > 0

tìte to L(A) perièqei ìla ta stoiqeÐa x ∈ F ètsi, ¸ste

(i) to x èqei rÐzec t�xhc megalÔterhc   Ðshc tou mj sta Qj gia j = 1, 2, . . . , s
kai

(ii) to x mporeÐ na èqei pìlouc mìno stic jèseic P1, P2, . . . , Pr me thn t�xh
pìlou sta Pi na fr�ssetai apì ta ni (i = 1, 2, . . . , r).

Sqìlia 1.7. 'Estw ìti A ∈ DF . Tìte

(i) To x ∈ L(A) an kai mìno an vP (x) ≥ −vP (A) gia ìla ta P ∈ PF.
(ii) To L(A) 6= {0} an kai mìno an up�rqei ènac diairèthc A ∼ A′ me A′ ≥ 0.

Apìdeixh:

(i) Ef' ìson x ∈ L(A) ⇔ x ∈ F ìpou (x) ≥ −A ⇔ ∑
vP (x)P ≥ −∑

vP (A)P ⇔
vP (x) ≥ −vP (A).

(ii) (⇒) An L(A) 6= {0} tìte up�rqei x ∈ L(A) me (x) ≥ −A. 'Ara A′ =
(x) + A ≥ 0.
(⇐) An A ∼ A′ tìte up�rqei diairèthc x ∈ F \ {0} ètsi, ¸ste A′ =
(x) + A ≥ 0. 'Ara x ∈ L(A) afoÔ (x) ≥ −A. ¥

L mma 1.3. 'Estw ìti A ∈ DF . Tìte èqoume ìti

(i) To L(A) eÐnai dianusmatikìc q¸roc p�nw apì to K10.

(i) [D] = [D′], �ra D ∼ D′.

(ii) An D ∼ D′ tìte [D] = [D′]. 'Ara [D′] = [D]. Opìte D′ ∼ D.

(iii) An D ∼ D′ kai D′ ∼ D′′ tìte [D] = [D′] kai [D′] = [D′′]. Opìte [D] = [D′′], dhlad 
D ∼ D′′.

10 'Estw ìti to K eÐnai èna s¸ma. 'Enac dianusmatikìc q¸roc p�nw apì to K (  ènac
K dianusmatikìc q¸roc) apoteleÐtai apì mÐa abelian , wc proc thn prìsjesh, om�da V , h
opoÐa eÐnai efodiasmènh me mÐa pr�xh bajmwtoÔ pollaplasiasmoÔ twn stoiqeÐwn tou V me ta
stoiqeÐa tou K apì arister� tètoia, ¸ste gia k�je a, b ∈ K kai α, β ∈ V na ikanopoioÔntai
ta ex c

(aþ) a · α ∈ V

(bþ) a(bα) = (ab)α

(gþ) (a + b)α = (aα) + (bα)

(dþ) a(α + β) = (aα) + (aβ)

(eþ) 1 · α = α.

Ta stoiqeÐa tou V lègontai dianÔsmata kai ta stoiqeÐa tou K bajmwt�. K�poia apl� para-
deÐgmata dianusmatik¸n q¸rwn eÐnai ta akìlouja
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(ii) An A′ eÐnai ènac diairèthc isodÔnamoc tou A tìte L(A) ' L(A′) (isomor-
fikoÐ wc dianusmatikoÐ q¸roi p�nw apì to K).

Apìdeixh:

(i) 'Estw ìti x, y ∈ L(A) kai a ∈ K. Tìte gia k�je P ∈ PF ja eÐnai

vP (x + y) ≥ min
{
vP (x), vP (y)}} ≥ −vP (A)

(mèsw tou sqìliou 1.7) kai

vP (ax) = vP (a) + vP (x) = 0 + vP (x) ≥ −vP (A)

(epÐshc mèsw tou sqìliou 1.7). 'Ara x + y kai ax an koun sto L(A).
Epomènwc o L(A) eÐnai ènac dianusmatikìc q¸roc.

(ii) An A ∼ A′ tìte A = A′ + (z) me z ∈ F \ {0}. JewroÔme thn apeikìnish

ϕ :




L(A) → F

x 7−→ xz

kai èstw ìti x, y ∈ L(A) kai a ∈ K. Tìte

ϕ(x + y) = (x + y)z = xz + yz = ϕ(x) + ϕ(y)

kai
ϕ(ax) = (ax)z = a(xz) = a

(
ϕ(x)

)
.

'Ara h ϕ eÐnai K-grammik  kai h eikìna thc perièqetai sto L(A′). OmoÐwc
h

ϕ′ :




L(A′) → F

x 7−→ xz−1

eÐnai K-grammik  apì to L(A′) sto L(A). Oi ϕ kai ϕ′ eÐnai h mÐa antÐ-
strofh thc �llhc, �ra h ϕ eÐnai ènac isomorfismìc metaxÔ twn L(A) kai
L(A′). ¥

L mma 1.4. IsqÔoun ta akìlouja

(i) L(0) = K.

(ii) An A < 0 tìte L(A) = {0}.
(aþ) An to F eÐnai mÐa epèktash tou s¸matoc K, tìte mporoÔme na doÔme to F wc èna

dianusmatikì q¸ro p�nw apì to K sto opoÐo h prìsjesh twn dianusm�twn tautÐzetai me
th sun jh prìsjesh sto F kai o bajmwtìc pollaplasiasmìc tautÐzetai me ton sun jh
pollaplasiasmì tou s¸matoc F . Oi idiìthtec apì α′ wc ε′ tou dianusmatikoÔ q¸rou
prokÔptoun �mesa apì apì tic idiìthtec pou ikanopoioÔntai apì to s¸ma F .

(bþ) Gia k�je s¸ma K mporoÔme na doÔme ton K[x] wc dianusmatikì q¸ro p�nw apì to K,
ston opoÐo h prìsjesh dianusm�twn tautÐzetai me thn sun jh prìsjesh poluwnÔmwn tou
K[x] kai to bajmwtì ginìmeno enìc stoiqeÐou tou K[x] me èna stoiqeÐo tou K tautÐzetai
me to sunhjismèno ginìmeno ston K[x]. Oi idiìthtec apì α′ wc ε′ tou dianusmatikoÔ
q¸rou prokÔptoun �mesa apì tic idiìthtec pou ikanopoioÔntai apì thn akèraia perioq 
K[x].
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Apìdeixh:

(i) An (x) = 0 tìte x( 6= 0) ∈ K kai kat� sunèpeia K ⊆ L(0).

Antistrìfwc an x(6= 0) ∈ L(0) tìte (x) ≥ 0. Autì shmaÐnei ìti to x den
èqei pìlouc �ra apì to pìrisma 1.2, x ∈ K epomènwc L(0) ⊆ K. 'Ara
L(0) = K.

(ii) Upojètoume ìti up�rqei èna stoiqeÐo x( 6= 0) ∈ L(A). Tìte (x) ≥ −A > 0
(efìson A < 0) opìte to x èqei toul�qisto mÐa rÐza all� den èqei pìlouc,
to opoÐo ìmwc eÐnai adÔnato. 'Ara den up�rqei x 6= 0 me x ∈ L(A), opìte
L(A) = {0}. ¥

Sthn sunèqeia o stìqoc mac eÐnai na apodeÐxoume ìti o L(A) eÐnai peperasmènhc
di�stashc gia k�je A ∈ DF . Me dim V ja sumbolÐzoume apo ed¸ kai sto ex c
thn di�stash enìc dianusmatikoÔ q¸rou V .

L mma 1.5. 'Estw A,B diairètec tou F/K me A ≤ B. Tìte ja èqoume ìti
L(A) ⊆ L(B) kai dim

[L(B)/L(A)
] ≤ deg B − deg A.

Apìdeixh:

An x ∈ L(A) tìte (x) ≥ −A ≥ −B. 'Ara x ∈ L(B) kai ètsi L(A) ⊆ L(B).
Gia na apodeÐxoume thn deÔterh sqèsh ja upojèsoume arqik� ìti B = A+P gia
k�poia P ∈ PF . Dialègoume èna stoiqeÐo t ∈ F me vP (t) = vP (B) = vP (A)+1.
Gia x ∈ L(B) èqoume

(x) ≥ −B ⇔ vP (x) ≥ −vP (B) = −vP (t)

apì ìpou
vP (x) + vP (t) ≥ 0 ⇔ vP (xt) ≥ 0

kai ètsi xt ∈ OP . 'Ara èqoume mÐa K-grammik  apeikìnish

ψ :




L(B) → FP

x 7−→ (xt)(P )
.

To x an kei ston pur na thc ψ an kai mìno an

vP (xt) > 0 ⇔ vP (x) + vP (t) > 0 ⇔ vP (x) > −vP (t) = −vP (B) = −vP (A)− 1,

dhlad  vP (x) ≥ −vP (A). 'Ara ker(ψ) = L(A) kai h ψ dÐnei mÐa K-grammik 
{1− 1} apeikìnish apì to L(B)/L(A) sto FP . Opìte

dim
[L(B)/L(A)

] ≤ dim FP = deg B − deg A. ¥

Prìtash 1.7. Gia k�je diairèth A ∈ DF , o q¸roc L(A) eÐnai ènac peperasmè-
nhc di�stashc dianusmatikìc q¸roc p�nw apì to K. Akrib¸c an A = A+ −A−
me A+, A− jetikoÔc diairètec, tìte dimL(A) ≤ deg A+ + 1.

Apìdeixh:

AfoÔ isqÔei ìti A ≤ A+ ja eÐnai L(A) ⊆ L(A+). ArkeÐ loipìn na deÐxoume ìti
dimL(A+) ≤ deg A+ + 1.
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T¸ra 0 ≤ A+ opìte apì to l mma 1.5

dim
[L(A+)/L(0)

] ≤ deg A+ − deg 0 = deg A+.

'Omwc apì to l mma 1.4 L(0) = K, �ra

dimL(A+) = dim
[L(A+)/L(0)

]
+ 1

kai ètsi
dim

[L(A+)/L(0)
]

= dimL(A+)− 1.

Epomènwc dimL(A+)−1 ≤ deg A+   dimL(A+) ≤ deg A++1. ¥

Orismìc 1.30. Gia A ∈ DF , o akèraioc dim A := dimL(A) onom�zetai di�-
stash tou diairèth A.

'Ena apì ta piì shmantik� probl mata thc jewrÐac twn algebrik¸n swm�twn
sunart sewn eÐnai o upologismìc thc di�stashc enìc diairèth.

Je¸rhma 1.6. K�je kÔrioc diairèthc èqei bajmì mhdèn.
An x ∈ F/K kai (x)0 (antÐstoiqa (x)∞) o mhdenikìc diairèthc tou x (antÐstoiqa
o pìloc diairèthc tou x), tìte

deg(x)0 = deg(x)∞ = [F : K(x)].

Apìdeixh:

Jètoume n := [F : K(x)] kai B := (x)∞ =
∑r

i=1−vPi(x)P ìpou P1, P2, . . . , Pr

eÐnai ìloi pìloi tou x. Tìte

deg B =
r∑

i=1

vPi(x
−1) · deg Pi ≤ [F : K(x)] = n

apì thn prìtash 1.6. Opìte mènei na deÐxoume ìti n ≤ deg B.

Dialègoume mÐa b�sh u1, u2, . . . , un tou F/K(x) kai ènan diairèth C ≥ 0 ètsi,
¸ste ui ≥ −C gia i = 1, 2, . . . , n. Opìte èqoume

dim(lB + C) ≥ n(l + 1) gia ìla ta l ≥ 0, (1.49)

to opoÐo prokÔptei diìti xiuj ∈ L(lB +C) gia 0 ≤ i ≤ l, 1 ≤ j ≤ n (ta stoiqeÐa
aut� eÐnai grammik¸c anex�rthta p�nw apì to K efìson ta u1, u2, . . . , un eÐnai
grammik¸c anex�rthta p�nw apì to K(x)). Jètontac c := deg C paÐrnoume

n(l + 1) ≤ dim(lB + C) ≤ l · deg B + c + 1

mèsw thc prìtashc 1.7. 'Etsi

l(deg B − n) ≥ n− c− 1 (1.50)

gia ìla ta l ∈ N. To dexÐ mèloc thc (1.50) eÐnai anex�rthto tou l, epomènwc h
(1.50) isqÔei mìno ìtan deg B ≥ n. 'Ara

deg B = deg(x)∞ = [F : K(x)].

Efìson ìmwc (x)0 = (x−1)∞, èqoume ìti

deg(x)0 = deg(x−1)∞ = [F : K(x−1)] = [F : K(x)]. ¥
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Pìrisma 1.6.

(i) 'Estw A, A′ diairètec me A ∼ A′. Tìte èqoume
dim A = dim A′ kai deg A = deg A′.

(ii) An deg A < 0 tìte dim A = 0

(iii) Gia ènan diairèth me bajmì mhdèn ta epìmena eÐnai isodÔnama:

(aþ) A eÐnai kÔrioc

(bþ) dim A ≥ 1

(gþ) dim A = 1.

Apìdeixh:

(i) An A ∼ A′ tìte apì L mma 1.3 L(A) ' L(A′) �ra dimL(A) = dimL(A′)
opìte apì ton orismì 1.30 dim A = dim A′ kai

deg A =
∑

P∈PF

vP (A) deg P =
∑

P∈PF

vP (A′) deg P = deg A′. (1.51)

(ii) Upojètoume ìti dim A > 0 tìte apì to sqìlio 1.7 up�rqei k�poioc diai-
rèthc A′ ∼ A me A′ ≥ 0 kai epomènwc deg A = deg A′ ≥ 0 �topo giatÐ
deg A < 0 �ra an deg A < 0 tìte dim A = 0.

(iii) (α′) ⇒ (β′) An A = (x) eÐnai kÔrioc tìte x−1 ∈ L(A) opìte dim A ≥ 1.
(β′) ⇒ (γ′) 'Estw dim A ≥ 1 kai deg A = 0 tìte A ∼ A′ gia k�poio
A′ ≥ 0 (apì sqìlio 1.7). Tìte A ≥ 0 kai deg A′ = 0 �ra A′ = 0 opìte
dim A = dim A′ = dim 0 = 1 apì l mma 1.4. (γ′) ⇒ (α′) Upojètw ìti
dim A = 1 kai deg A = 0. Epilègw
0 6= z ∈ L(A), tìte (z) + A ≥ 0. Efìson deg((z) + A) = 0 èpetai ìti
(z) + A = 0 epomènwc A = −(z) = z−1 eÐnai kÔrioc. ¥

ParadeÐgmata 1.3. JewroÔme to s¸ma twn rht¸n sunart sewn F = K(x).
Gia 0 6= z ∈ K(x) èqoume z = af(x)/g(x) me a ∈ K\{0}, f(x) , g(x) ∈
K[x] me suntelest  megistob�jmiou ìrou Ðso me 1 kai sqetik� pr¸ta. 'Estw
f(x) =

∏r
i=1 pi(x)ni , g(x) =

∏s
j=1 qj(x)mj ìpou pi(x), qj(x) ∈ K[x] polu¸numa

an�gwga, me suntelest  megistob�jmiou ìrou Ðso me 1. Tìte o kÔrioc diairèthc
tou z sto DK(x) eÐnai thc morf c

(z) =
n∑

i=1

niPi −
s∑

j=1

mjQj + (deg g − deg f)P∞ (1.52)

ìpou Pi (antÐstoiqa Qj) eÐnai oi jèseic pou antistoiqoÔn sta pi(x) (antÐstoiqa
qj(x)). Epomènwc se aujaÐreta s¸mata sunart sewn, oi kÔrioi diairètec qrh-
simopoioÔntai sthn an�lush se an�gwga polu¸numa, autì isqÔei kai sto rhtì
s¸ma sunart sewn. ¤

Sqìlia 1.8. DeÐxame sthn prìtash 1.7 ìti dim A ≤ 1+deg A gia k�je diairèth
A ≥ 0. Autì sthn pragmatikìthta isqÔei gia diairètec me bajmì megalÔtero  
Ðso tou mhdenìc.
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Apìdeixh:

'Estw dim A > 0, tìte A ∼ A′ gia k�poio A′ ≥ 0 apì sqìlio 1.7 opì-
te dim A = dim A′ ≤ 1 + deg A′ = 1 + deg A apì pìrisma 1.6 �ra deg A ≥
0. ¥

Prìtash 1.8. Up�rqei mÐa stajer� γ ∈ Z tètoia ¸ste gia ìlouc touc diairètec
A ∈ DF na isqÔei:

deg A− dim A ≤ γ. (1.53)

To γ den exart�tai apì ton diairèth A, exart�tai mìno apì to s¸ma twn sunar-
t sewn F/K.

Apìdeixh:

A1 ≤ A2 ⇒ deg A1 − dim A1 ≤ deg A2 − dim A2 (1.54)

apì to l mma 1.5. 'Estw x ∈ F\K kai B := (x)∞, tìte up�rqei ènac diairèthc
C ≥ 0 (exart�tai apì to x) ètsi ¸ste dim(lB + C) ≥ (l + 1) deg B gia ìla ta
l ≥ 0 (sqèsh (1.49)). All� isqÔei kai:

dim(lB + C) ≤ dim(lB) + deg C (1.55)

(apì l mma 1.5). Sundu�zontac autèc tic anisìthtec èqoume:

dim(lB) ≥ (l + 1) deg B − deg C = deg(lB) + deg B − deg C =

deg(lB) + ([F : K(x)]− deg C). (1.56)

Epomènwc
deg(lB)− dim(lB) ≤ γ gia k�je l > 0. (1.57)

Jèloume t¸ra na deÐxoume ìti isqÔei h (1.57) an antikatast soume to lB me
opoiod pote diairèth A ∈ DF .

ApaÐthsh: 'Otan dÐnetai diairèthc A tìte up�rqoun diairètec A1, D kai è-
nac akèraioc l ≥ 0 ètsi ¸ste A ≤ A1, A1 ∼ D kai D ≤ lB.

Qrhsimopoi¸ntac aut  thn apaÐthsh èqoume

deg A− dim A ≤ deg A1 − dimA1 (apì thn (1.54) )
= deg D − dim D (apì pìrisma 1.6)
≤ deg(lB)− dim(lB) (apì thn (1.54) )
≤ γ (apì thn (1.57) ). (1.58)

Apìdeixh thc apaÐthshc: Epilègoume A1 ≥ A ètsi ¸ste A1 ≥ 0. Tìte

dim(lB −A1) ≥ dim(lB)− deg A1 (apì l mma 1.5)
≤ deg(lB)− γ − deg A1 (apì thn (1.57) )
> 0 (1.59)

gia arket� meg�lo l.
'Etsi up�rqei k�poio stoiqeÐo 0 6= z ∈ L(lB−A1). Jètontac D := A1−(z) paÐr-
noume A1 ∼ D kai D ≤ A1− (A1− lB) = lB ìpwc jèlame. ¥
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Orismìc 1.31. To gènoc g tou F/K orÐzetai wc ex c:

g := max{deg A− dim A + 1 | A ∈ DF }. (1.60)

To gènoc eÐnai h pio shmantik  stajer� enìc s¸matoc sunart sewn.

Sqìlia 1.9. To gènoc tou F/K eÐnai ènac mh arnhtikìc akèraioc.

Apìdeixh:
Ston orismì 1.31 jètw A = 0 tìte

deg(0)− dim(0) + 1 = 0− 1 + 1 = 0 (1.61)

�ra g ≥ 0. ¥
Je¸rhma 1.7. (Riemann) 'Estw F/K èna s¸ma sunart sewn me gènoc g.

(i) Gia k�je diairèth A ∈ DF ,

dim A ≥ deg A + 1− g (1.62)

(ii) Up�rqei ènac akèraioc c, exart¸menoc apì to F/K ètsi ¸ste
dim A = deg A + 1− g opoted pote deg A ≥ c.

Apìdeixh:

(i) Apì ton orismì tou gènouc èqoume:

g ≥ deg A− dim A + 1 (1.63)

�ra
dim A ≥ deg A + 1− g. (1.64)

(ii) Epilègoume ènan diairèth A0 me

g = deg A0 − dim A0 + 1 (1.65)

kai jètoume
c := deg A0 + g. (1.66)

An deg A ≥ c tìte

dim(A−A0) ≥ deg(A−A0) + 1− g = deg A− deg A0 + 1− g ≥
c− deg A0 + 1− g ≥ 1 (1.67)

'Etsi up�rqei èna stoiqeÐo 0 6= z ∈ L(A − A0). JewroÔme ton diairèth
A′ := A + (z) o opoÐoc eÐnai megalÔteroc   Ðsoc tou A0 kai èqoume

deg A− dim A = deg A′ − dim A′ (apì pìrisma 1.6)
≥ deg A0 − dim A0 (apì l mma 1.5)
= g − 1 (1.68)

opìte dim A ≤ deg A+1−g. ¥
ParadeÐgmata 1.4. Ja deÐxoume ìti to rhtì s¸ma twn sunart sewn K(x)/K
èqei gènoc g = 0. 'Estw P∞ o pìloc diairèthc tou x. JewroÔme gia r ≥ 0 ton
dianusmatikì q¸ro L(rP∞). Tìte ta 1, x, . . . , xr an koun ston L(rP∞) opìte
r + 1 ≤ dim(rP∞) = deg(rP∞) + 1 − g = r + 1 − g gia arket� meg�lo r. 'Ara
g ≤ 0, efìson ìmwc g ≥ 0 gia k�je s¸ma sunart sewn èqoume g = 0.





Kef�laio 2

Diaforik� enìc algebrikoÔ
s¸matoc sunart sewn

Se autì to kef�laio, jewroÔme èna algebrikì s¸ma sunart sewn F/K miac
metablht c. K eÐnai to pl rec s¸ma stajer¸n tou F kai K eÐnai tèleio1.

2.1 Par�gwgoi kai diaforik�

Orismìc 2.1. 'Estw M èna module p�nw apì to F (dhlad  ènac dianusmatikìc
q¸roc p�nw apì to F ). MÐa apeikìnish δ : F → M lème ìti eÐnai mÐa par�gwgoc
tou F/K an h δ eÐnai k-grammik  kai o kanìnac ginomènou δ(u·v) = u·δ(v)+v·δ(u)
isqÔei gia k�je u, v ∈ F .

Orismìc 2.2. 'Estw K èna s¸ma kai 1 ∈ K eÐnai to oudètero stoiqeÐo tou
pollaplasiasmoÔ. Gia k�je akèraio m > 0 èstw m = 1+1+1+ · · ·+1 ∈ K (m
prosjetèoi). An m 6= 0 (to mhdenikì stoiqeÐo tou K) gia ìla ta m > 0, lème
ìti to K èqei qarakthristik  mhdèn (sumbolÐzw charK = 0). Alli¸c up�rqei
monadikìc pr¸toc arijmìc p ∈ N tètoioc ¸ste p = 0 kai to K lème tìte ìti èqei
qarakthristik  p. O sumbolismìc pou qrhsimopoioÔme eÐnai charK = p. An
charK = 0, tìte to K perièqei to s¸ma Q twn rht¸n arijm¸n. An charK =
p > 0, to K perièqei to s¸ma Fp = Z/pZ. Se èna s¸ma me qarakthristik 
p > 0, èqoume (a + b)q = aq + bq gia ìla ta a, b ∈ K kai q = pj , j ≥ 0.

L mma 2.1. (Idiìthtec thc δ) 'Estw δ : F → M mÐa par�gwgoc tou F/K sto
M . Tìte èqoume:

(i) δ(a) = 0 gia k�je a ∈ K

(ii) δ(zn) = nzn−1 · δ(z) gia z ∈ F kai n ≥ 0

(iii) An charK = p > 0, tìte δ(zp) = 0 gia k�je z ∈ F

(iv) δ(x/y) = (y·δ(x)−x·δ(y))
y gia x, y ∈ F kai y 6= 0.

1Blèpe orismì 2.5
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Apìdeixh:

(i) δ(αx) = a · δ(x) + x · δ(a), a ∈ K, x ∈ F ìmwc δ K−grammik  �ra

a · δ(x) = a · δ(x) + x · δ(a)

opìte x · δ(a) = 0 �ra gia x = 1, δ(a) = 0.

(ii) ApodeiknÔetai me epagwg . Pr�gmati gia n = 0,

δ(z0) = 0 · z−1 · δ(z)   δ(1) = 0

isqÔei lìgw tou (1). 'Estw ìti isqÔei gia n = k, dhlad 

δ(zk) = k · zk−1 · δ(z).

Ja deÐxoume ìti isqÔei kai gia thn tim  n = k + 1, dhlad  ja deÐxoume ìti
δ(zk+1) = (k + 1) · zk · δ(z).

δ(zk+1) = δ(zk · z)
= zk · δ(z) + z · δ(zk)
= zk · δ(z) + z · k · zk−1 · δ(z)
= zk · δ(z) + k · zk · δ(z)
= (k + 1) · zk · δ(z)

'Ara δ(zn) = n · zn−1 · δ(z) gia z ∈ F kai n ≥ 0.

(iii) An charK = p > 0, tìte δ(zp) = p · zp−1 · δ(z) = 0, ∀z ∈ F .

(iv) 0 = δ(1) = δ
(
y · 1

y

)
= y · δ

(
1
y

)
+ 1

y · δ(y) �ra δ
(

1
y

)
= − 1

y2 · δ(y).

δ
(x

y

)
= δ

(
x · 1

y

)

= x · δ
(1

y

)
+

1
y
· δ(x)

= x ·
(
− 1

y2
· δ(y)

)
+

1
y
· δ(x)

=
−x

y2
· δ(y) +

δ(x)
y

=
y · δ(x)− x · δ(y)

y2
.

Orismìc 2.3. 'Estw f(x) ∈ K[x] èna polu¸numo me suntelest  megistob�j-
miou ìrou Ðso me 1 kai bajmoÔ d ≥ 1. Se mÐa kat�llhlh epèktash s¸matoc
L ⊇ K, to f(x) gr�fetai f(x) =

∏d
i=1(x− ai). To f(x) lègetai diaqwrÐsimo an

ai 6= aj gia ìla ta i 6= j, diaforetik� to f eÐnai èna mh diaqwrÐsimo polu¸numo.

An charK = 0, ìla ta an�gwga polu¸numa eÐnai diaqwrÐsima. An charK =
p > 0, èna an�gwgo polu¸numo f(x) =

∑
aix

i ∈ K[x] eÐnai diaqwrÐsimo an kai
mìno an ai 6= 0 gia k�poia i 6≡ 0modp.

H par�gwgoc tou f(x) =
∑

aix
i ∈ K[x] orÐzetai me ton sunhjismèno trìpo

dhlad  f ′(x) =
∑

iaix
i−1. 'Ena an�gwgo polu¸numo f(x) ∈ K[x] eÐnai diaqw-

rÐsimo an kai mìno an f ′(x) 6= 0.
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Orismìc 2.4. 'Estw L/K mÐa algebrik  epèktash s¸matoc. 'Ena stoiqeÐo a ∈
L lègetai diaqwrÐsimo p�nw apì to K an to el�qisto polu¸numo tou p(x) ∈ K[x]
eÐnai diaqwrÐsimo polu¸numo.

L/K eÐnai mÐa diaqwrÐsimh epèkatsh an ìla ta a ∈ L eÐnai diaqwrÐsima p�-
nw apì to K. An charK = 0, tìte ìlec oi algebrikèc epekt�seic L/K eÐnai
diaqwrÐsimec.

Orismìc 2.5. 'Ena s¸ma K lègetai tèleio an ìlec oi algebrikèc epekt�seic
L/K eÐnai diaqwrÐsimec. S¸mata me qarakthristik  0 eÐnai p�nta tèleia. 'Ena
s¸ma K me qarakthristik  p > 0 eÐnai tèleio an kai mìno an k�je a ∈ K mporeÐ
na grafeÐ a = βp gia k�poia β ∈ K. 'Ola ta peperasmèna s¸mata eÐnai tèleia.

Orismìc 2.6. 'Ena stoiqeÐo x ∈ F onom�zetai diaqwristikì stoiqeÐo tou F/K
an F/K(x) eÐnai mÐa diaqwrÐsimh algebrik  epèktash.

L mma 2.2. 'Estw x èna diaqwristikì stoiqeÐo tou F/K kai δ1, δ2 : F → M
par�gwgoi tou F/K me δ1(x) = δ2(x). Tìte δ1 = δ2.

Apìdeixh:

Apì to l mma 2.1 èpetai ìti gia èna polu¸numo
f(x) =

∑
aix

i ∈ K[x] isqÔei δj(f(x)) = (
∑

iaix
i−1) · δj(x) gia j = 1, 2 opìte

δ1(f(x)) = δ2(f(x)). Gia èna aujaÐreto stoiqeÐo z = f(x)/g(x) ∈ K(x) apì to
l mma 2.1 (4) èpetai ìti

δ1(z) =
g(x) · δ1(f(x))− f(x) · δ1(g(x))

g(x)2
=

g(x) · δ2(f(x))− f(x) · δ2(g(x))
g(x)2

= δ2(z) (2.1)

Epomènwc oi periorismoÐ twn δ1, δ2 sto K(x) eÐnai Ðsoi.

T¸ra jewroÔme èna stoiqeÐo y ∈ F . 'Estw h(T ) =
∑

uiT
i ∈ K(x)[T ] to

el�qisto polu¸numo tou K(x)[T ] p�nw apì to K(x). Efarmìzoume thn δj

(j = 1, 2) sthn h(y) = 0 kai èqoume

0 = δj(h(y)) = δj(
∑

uiy
i) =

∑
(uiδj(yi) + yiδj(ui)) =

(
∑

iuiy
i−1) · δj(y) +

∑
yi · δj(ui) (2.2)

AfoÔ to y eÐnai diaqwrÐsimo p�nw apì to K(x) h par�gwgoc tou h′(y) =∑
iuiy

i−1 den mhdenÐzetai �ra δj(y) = −1
h′(y)

∑
yiδj(ui) gia j = 1, 2. Efìson

ui ∈ K(x) xèroume ìti δ1(ui) = δ2(ui) epomènwc δ1(y) = δ2(y). ¥

Prìtash 2.1.

(i) 'Estw E/F eÐnai mÐa peperasmènh diaqwrÐsimh epèktash tou F kai δ0 :
F → N eÐnai mÐa par�gwgoc tou F/K se k�poio s¸ma N ⊇ E. Tìte h
δ0 mporeÐ na epektajeÐ se mÐa par�gwgo δ : E → N . Aut  h epèktash
orÐzetai monadik� apì thn δ0.

(ii) An x ∈ F èna diaqwristikì stoiqeÐo tou F/K kai N ⊇ F eÐnai k�poio
s¸ma, tìte up�rqei monadik  par�gwgoc δ : F → N tou F/K me thn
idiìthta δ(x) = 1.
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Apìdeixh:

(i) Gia na apodeÐxoume thn Ôparxh thc δ0, jewroÔme dÔo apeikonÐseic apì ton
daktÔlio poluwnÔmwn F [T ] ston N [T ], dhlad 

s(T ) =
∑

siT
i 7→ s′(T ) :=

∑
isiT

i−1 (2.3)

kai
s(T ) =

∑
siT

i 7→ s0(T ) :=
∑

δ0(si)T i (2.4)

Autèc oi dÔo apeikonÐseic eÐnai k-grammikèc kai epalhjeÔoun ton kanìna
tou ginomènou. T¸ra dialègoume èna stoiqeÐo u ∈ E tètoio ¸ste
E = F (u). 'Estw f(T ) ∈ F (T ) to el�qisto polu¸numo tou u p�nw apì
to F kai jètw n := [E : F ] = deg f(T ). K�je y ∈ E èqei monadik 
anapar�stash y = h(u) me h(T ) ∈ F [T ] kai deg h(T ) < n. OrÐzoume thn
δ : E → N me

δ(y) := h0(u)− f0(u)
f ′(u)

· h′(u) (2.5)

to f ′(u) 6= 0 efìson to u eÐnai diaqwrÐsimo p�nw apì to F . Ja deÐxoume
ìti h δ eÐnai par�gwgoc tou E h opoÐa epekteÐnei thn δ0. An y ∈ F tìte
h(T ) = y, h′(T ) = 0 kai h′(T ) = δ0(y) opìte h (2.5) gÐnetai:

δ(y) = δ0(y). (2.6)

H δ eÐnai k-grammik  kai ja deÐxoume t¸ra ìti epalhjeÔei kai ton kanìna
tou ginomènou. 'Estw y, z ∈ E, y = h(u), z = g(u) me deg h(T ) < n
kai deg g(T ) < n. Gr�foume g(T ) · h(T ) = c(T ) · f(T ) + r(T ) me c(T ),
r(T ) ∈ F [T ] kai deg r(T ) < n, opìte y · z = c(u) · f(u) + r(u) = r(u).
Epomènwc

δ(y · z) = (r0 − f0

f ′
r′)(u) =

1
f ′(u)

· (r0 · f ′ − f0 · r′)(u) =

1
f ′(u)

· ((gh− cf)0 · f ′ − f0(gh− cf)′)(u) (2.7)

UpologÐzoume touc ìrouc (gh− cf)0 kai (gh− cf)′ qrhsimopoi¸ntac ton
kanìna tou ginomènou kai parathr¸ntac ìti f(u) = 0

(gh− cf)0 = (gh)0 − (cf)0 = g0h + gh0 − c0f − cf0

(gh− cf)′ = (gh)′ − (cf)′ = g′h + gh′ − c′f − cf ′ (2.8)

Tìte h (2.7) gÐnetai

δ(y · z) =
1

f ′(u)
(g0hf ′ + gh0f ′− cf0f ′− f0g′h− f0gh′ + f0cf ′)(u) (2.9)

 

δ(y · z) =
1

f ′(u)
(g0hf ′ + gh0f ′ − f0g′h− f0gh′)(u) (2.10)
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kai apì thn (2.5) èqoume

y · δ(z) + z · δ(y) = h(u) · (g0 − f0

f ′
· g′)(u) + g(u) · (h0 − f0

f ′
h′)(u) =

1
f ′(u)

· (hg0f ′ − hf0g′ + gh0f ′ − gf0h′)(u) (2.11)

Apì tic (2.10) kai (2.11) èqoume δ(y · z) = y · δ(z) + z · δ(y). 'Ara h
δ epalhjeÔei ton kanìna tou ginomènou. H monadikìthta èpetai apì to
l mma 2.2.

(ii) Gia na deÐxoume thn Ôparxh miac parag¸gou δ : F → N me δ(x) = 1
eÐnai arketì na deÐxoume ìti up�rqei mÐa par�gwgoc δ0 : K(x) → N tou
K(x)/K me δ0(x) = 1. OrÐzoume thn δ0 wc ex c:

δ0

(
f(x)
g(x)

)
:=

g(x) · f ′(x)− f(x) · g′(x)
(g(x))2

(2.12)

ìpou f(x), g(x) ∈ K[x] kai h f ′(x) ekfr�zei thn tupik  par�gwgo tou
f(x) sto K[x]. H (2.12) eÐnai kal� orismènh, k-grammik  kai epalhjeÔei
ton kanìna tou ginomènou �ra eÐnai mÐa par�gwgoc tou K(x)/K.

δ0(x) = δ0(
x

1
) =

1(x)′ − x(1)′

12
=

1− 0
1

= 1 (2.13)

H monadikìthta èpetai apì to l mma 2.2. ¥

Orismìc 2.7.

(i) 'Estw x èna diaqwristikì stoiqeÐo tou s¸matoc sunart sewn F/K. H
monadik  par�gwgoc δx : F → F tou F/K me thn idiìthta δx(x) = 1
onom�zetai h par�gwgoc me ektÐmhsh sto x.

(ii) 'Estw

DerF := {η : F → F | η eÐnai mÐa par�gwgoc tou F/K}.
Gia η1, η2 ∈ DerF kai z, u ∈ F orÐzoume

(η1 + η2)(z) := η1(z) + η2(z) (2.14)

kai
(u · η1)(z) := u · η1(z) (2.15)

η1 + η2 kai u · η1 eÐnai par�gwgoi tou F/K kai DerF eÐnai èna F -module
kai lègetai to module twn parag¸gwn tou F/K.

L mma 2.3. 'Estw x èna diaqwristikì stoiqeÐo tou F/K. Tìte isqÔoun ta
akìlouja:

(i) Gia k�je par�gwgo η ∈ DerF , èqoume η = η(x) · δx. Eidikìtera, DerF

eÐnai èna monodi�stato F -module.

(ii) (Kanìnac alusÐdac) An y eÐnai èna �llo diaqwristikì stoiqeÐo tou F/K,
tìte

δy = δy(x) · δx (2.16)



36 · Diaforik� enìc algebrikoÔ s¸matoc sunart sewn

(iii) Gia t ∈ F , èqoume δx(t) 6= 0 ⇔ t eÐnai èna diaqwristikì stoiqeÐo.

Apìdeixh:

(i) JewroÔme dÔo parag¸gouc η kai η(x) · δx tou F/K sto F . Efìson (η(x) ·
δx)(x) = η(x) · δx(x) = η(x) kai to x eÐnai diaqwristikì stoiqeÐo apì to
l mma 2.2 èpetai ìti η(x) · δx = η.

(ii) Sto (1) jètoume η = δy �ra

δy = δy(x) · δx (2.17)

(iii) 'Estw t diaqwristikì stoiqeÐo,

1 = δt(t) = δt(x) · δx(t) (2.18)

(apì ton orismì tou δt kai ton kanìna thc alusÐdac). Opìte δx(t) 6= 0.
Upojètoume t¸ra ìti to t den eÐnai diaqwristikì. An charK = 0, tìte
t ∈ K kai δx(t) = 0 efìson ìlec oi par�gwgoi tou F/K mhdenÐzontai sto
K. An charK = p > 0, tìte t = up gia u ∈ F kai δx(t) = δx(up) = 0 a-
pì to l mma 2.1. Opìte gia t ∈ F èqoume δx(t) 6= 0 ⇔ t eÐnai diaqwristikì
stoiqeÐo. ¥

Orismìc 2.8.

(i) Sto sÔnolo Z := {(u, x) ∈ F × F | x eÐnai diaqwristikì} orÐzoume thn
sqèsh ∼ wc ex c:

(u, x) ∼ (v, y) :⇔ v = u · δy(x). (2.19)

Aut  eÐnai mÐa sqèsh isodunamÐac sto Z.

(ii) OrÐzoume thn kl�sh isodunamÐac tou (u, x) ∈ Z me thn sqèsh ∼ na eÐnai
to udx kai to onom�zoume diaforikì tou F/K. H kl�sh isodunamÐac tou
(1, x) orÐzetai na eÐnai to dx. ParathroÔme ìti apì thn (2.19)

udx = vdy ⇔ v = u · δy(x). (2.20)

(iii) 'Estw ∆F := {udx | u ∈ F, kai x ∈ F eÐnai diaqwristikì} eÐnai to
sÔnolo ìlwn twn diaforik¸n tou F/K. OrÐzoume to �jroisma dÔo diafo-
rik¸n udx kai vdy ∈ ∆F wc ex c: Dialègoume èna diaqwristikì stoiqeÐo
z tìte

udx = (u · δz(x))dz (2.21)

kai
vdy = (v · δz(y))dz, (2.22)

kai èqoume
udx + vdy := (u · δz(x) + v · δz(y))dz (2.23)

O orismìc (2.23) eÐnai anex�rthtoc apì thn epilog  tou z. OmoÐwc orÐ-
zoume w · (udx) := (wu)dx ∈ ∆F gia w ∈ F kai udx ∈ ∆F . Opìte to ∆F

me autìn ton trìpo gÐnetai èna F -module.
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(iv) Gia èna mh diaqwristikì stoiqeÐo t ∈ F , orÐzoume dt := 0 (to mhdenikì
stoiqeÐo tou ∆F ) ètsi èqoume thn apeikìnish

d :
{

F → ∆F

t 7→ dt
. (2.24)

To zeÔgoc (∆F , d) onom�zetai module diaforikì tou F/K (gia suntomÐa
ja anafèroume to ∆F wc module diaforikì tou F/K).

Prìtash 2.2. (Idiìthtec tou module diaforikoÔ)

(i) 'Estw z ∈ F diaqwristikì. Tìte dz 6= 0 kai k�je diaforikì w ∈ ∆F mporeÐ
me monadikì trìpo na grafeÐ sthn morf  w = udz me u ∈ F . Opìte ∆F

eÐnai èna monodi�stato F -module.

(ii) H apeikìnish d : F → ∆F pou orÐzetai apì thn (2.24) eÐnai mÐa par�gwgoc
tou F/K dhlad  d(ax) = adx, d(x + y) = dx + dy kai d(xy) = xdy + ydx
gia ìla ta x, y ∈ F kai a ∈ K.

(iii) Gia t ∈ F , èqoume dt 6= 0 ⇔ t eÐnai diaqwristikì.

(iv) Upojètw ìti δ : F → M eÐnai mÐa par�gwgoc tou F/K se k�poia
F -module M . Tìte up�rqei monadik  F -grammik  apeikìnish
µ : ∆F → M tètoia ¸ste δ = µ ◦ d.

Apìdeixh:

(i) To diaforikì 0 = 0dz eÐnai to mhdenikì stoiqeÐo tou ∆F . To (0, z) den eÐnai
isodÔnamo me to (1, z) sÔmfwna me thn (2.19) opìte dz 6= 0. 'Estw t¸ra
èna aujaÐreto diaforikì w ∈ ∆F , w = vdy, y diaqwristikì stoiqeÐo. Jètw
u := v · δz(y). Qrhsimopoi¸ntac thn (2.20) èqoume udz = (vδz(y))dz =
vdy = w. Efìson dz 6= 0 kai ∆F eÐnai ènac dianusmatikìc q¸roc p�nw
apì to F to u eÐnai monadikì.

(ii) OrÐzoume èna diaqwristikì stoiqeÐo z ∈ F . Gia ìla ta t ∈ F èqoume

dt = δz(t)dz (2.25)

An t eÐnai diaqwristikì tìte h (2.25) prokÔptei apì thn (2.20). An t den
eÐnai diaqwristikì tìte dt = 0 ex' orismoÔ kai δz(t)dz = 0 apì to l mma
2.3. Ja qrhsimopoi soume thn (2.25) gia na deÐxoume ìti h d : F → ∆F

eÐnai mÐa par�gwgoc tou F/K. 'Estw x, y ∈ F kai a ∈ K, efìson δz eÐnai
mÐa par�gwgoc tou F/K èqoume

d(ax) = δz(ax)dz = (aδz(x))dz = aδz(x)dz = adx (2.26)

d(x + y) = δz(x + y)dz = (δz(x) + δz(y))dz =

δz(x)dz + δz(y)dz = dx + dy (2.27)

d(xy) = δz(xy)dz = (yδz(x) + xδz(y))dz =

y(δz(x)dz) + x(δz(y)dz) = ydx + xdy (2.28)

'Ara h d : F → ∆F eÐnai mÐa par�gwgoc tou F/K.
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(iii) ProkÔptei apì ton orismì thc d.

(iv) 'Estw δ : F → M mia par�gwgoc tou F/K. Apì to (1) k�je w ∈ ∆F

gr�fetai w = udz kai mporoÔme na orÐsoume µ : ∆F → M me
µ(w) := u · δ(z). H µ eÐnai F -grammik . Gia na deÐxoume ìti δ = µ ◦ d
arkeÐ na deÐxoume ìti

δ(z) = (µ ◦ d)(z) (2.29)

to opoÐo prokÔptei apì ton orismì thc µ.

Monadikìthta thc µ: 'Estw ν : ∆F → M eÐnai F -grammik  kai δ = ν ◦d
tìte

ν(udz) = u · ν(dz) = u · ((ν ◦ d)(z)) = u · δ(z) = µ(udz) (2.30)

'Ara ν = µ. ¥

Sqìlia 2.1.

(i) 'Ena diaforikì thc eidik c morf c w = dx (me x ∈ F ) lègetai pl rec
(exact). Ta pl rh diaforik� sqhmatÐzoun èna K upìqwro tou ∆F .

(ii) Efìson ∆F eÐnai èna monodi�stato F -module mporoÔme na orÐsoume to
phlÐko w1/w2 ∈ F gia w1, w2 ∈ ∆F kai w2 6= 0 jètontac

u =
w1

w2
:⇔ w1 = uw2. (2.31)

Eidikìtera, an z ∈ F eÐnai diaqwristikì kai y ∈ F , orÐzetai to phlÐko
dy/dz kai èqoume δz(y) = dy

dz , apì prìtash 2.2. Qrhsimopoi¸ntac autì
mporoÔme na gr�youme k�poiouc prohgoÔmenouc tÔpouc me �llo trìpo.
P.q.

udx = vdy ⇔ v = u · dx

dy
⇔ u = v · dy

dx
(2.32)

kai
dy

dx
=

dy

dz
· dz

dx
(2.33)

an x kai z eÐnai diaqwristik�. To (2.32) eÐnai o tÔpoc (2.20) kai to (2.33)
eÐnai o kanìnac thc alusÐdac.

2.2 H P-adic pl rwsh

To R eÐnai h pl rwsh tou Q me metrik  thn gnwst  apìluth tim . Autì shmaÐnei:
(1) to s¸ma Q eÐnai puknì sto R, kai (2) k�je akoloujÐa Cauchy sto R eÐnai
sugklÐnousa.

S' autì to kef�laio ja eis�goume k�ti an�logo, dhlad  thn pl rwsh enìc s¸-
matoc sunart sewn F/K me ektÐmhsh se mia jèsh P ∈ PF . Autì ja mac
efodi�sei me èna polÔ qr simo ergaleÐo gia ton upologismì thc parag¸gou dz

dt
(ìpou t eÐnai èna P−pr¸to stoiqeÐo) kai epÐshc ja eÐmaste ikanoÐ na orÐsoume
to oloklhrwtikì upìloipo enìc diaforikoÔ se mia jèsh P .

Orismìc 2.9. Mia diakrit  ektÐmhsh enìc s¸matoc T eÐnai mia “1-1”kai epÐ
apeikìnish v : T → Z ∪ {∞} h opoÐa ikanopoieÐ ta ex c:
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(i) v(x) = ∞⇔ x = 0

(ii) v(x, y) = v(x) + v(y) gia ìla ta x, y ∈ T

(iii) v(x + y) ≥ min{v(x), v(y)} gia ìla ta x, y ∈ T (trigwnik  anisìthta)

To s¸ma T (  kalÔtera to zèugoc (T, v)) onom�zetai valued s¸ma.

H austhr  trigwnik  anisìthta eÐnai

v(x + y) = min{v(x), v(y)} an x, y ∈ T kai v(x) 6= v(y).

Mia akoloujÐa (xn)n≥0 sto T eÐnai sugklÐnousa an up�rqei èna stoiqeÐo x ∈ T
(onom�zetai ìrio thc akoloujÐac) gia to opoÐo isqÔei:
gia k�je c ∈ R up�rqei ènac deÐkthc n0 ∈ N ètsi ¸ste v(x−xn) ≥ c opoted pote
n ≥ n0.

Mia akoloujÐa (xn)n≥0 onom�zetai Cauchy akoloujÐa an èqei thn akìloujh
idiìthta:
gia k�je c ∈ R up�rqei ènac deÐkthc n0 ∈ N etsi ¸ste v(xn − xm) ≥ c opoted -
pote n,m ≥ n0.

'Opwc kai sthn pragmatik  an�lush isqÔoun ta ex c:

(i) An mia akoloujÐa (xn)n≥0 eÐnai sugklÐnousa tìte to ìrio thc x ∈ T eÐnai
monadikì. Epomènwc mporoÔme na gr�foume x = limn→∞ xn.

(ii) K�je sugklÐnousa akoloujÐa eÐnai mia akoloujÐa Cauchy. En¸ mia ako-
loujÐa Cauchy den eÐnai p�nta sugklÐnousa.

Orismìc 2.10.

(i) 'Ena valued s¸ma T lègetai pl rec, an k�je akoloujÐa Cauchy sto T eÐnai
sugklÐnousa.

(ii) 'Estw (T, v) èna valued s¸ma. Mia pl rwsh tou T eÐnai èna valued s¸ma
(T̂ , v̂) me tic akìloujec idiìthtec:

(aþ) T ⊆ T̂ kai v eÐnai o periorismìc thc v̂ sto T .

(bþ) T̂ eÐnai pl rec me metrik  thn ektÐmhsh v̂.

(gþ) T eÐnai puknì sto T̂ , dhlad  gia k�je z ∈ T̂ up�rqei mia akoloujÐa
(xn)n≥0 sto T me limn→∞ xn = z.

Prìtash 2.3. Gia k�je valued s¸ma (T, v) up�rqei mia pl rwsh (T̂ , v̂). Aut 
eÐnai monadik , dhlad  an (T̃ , ṽ) eÐnai mia �llh pl rwsh tou (T, v) tìte up�rqei
monadikìc isomorfismìc f : T̂ → T̃ ètsi ¸ste v̂ = ṽ ◦f . Opìte to (T̂ , v̂) lègetai
pl rwsh tou (T, v).

Apìdeixh:

SkiagrafoÔme thn apìdeixh.

JewroÔme to sÔnolo

R := {(xn)n≥0 / (xn)n≥0 eÐnai akoloujÐa Cauchy sto T}.
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To R efodiasmèno me tic pr�xeic prìsjeshc kai pollaplasiasmoÔ akolouji¸n
gÐnetai metajetikìc daktÔlioc. Sto R jewroÔme to sÔnolo M twn akolouji¸n
pou sugklÐnoun sto 0. ApoeiknÔetai ìti to M eÐnai mègisto ide¸dec tou R. H
zhtoÔmenh pl rwsh eÐnai to s¸ma T̂ := R/M ìpou to T emfuteÔetai sto T̂
mèsw thc apeikìnishc

T 3 a 7→ (an = a).

O èlegqoc twn leptomerei¸n af netai ston anagn¸sth. ¥

L mma 2.4. 'Estw (zn)n≥0 mia akoloujÐa sto pl rec valued s¸ma (T, v). Tìte
èqoume: h �peirh seir�

∑∞
i=0 zi eÐnai sugklÐnousa an kai mìno an h akoloujÐa

(zn)n≥0 sugklÐnei sto mhdèn.

Apìdeixh:

Upojètoume ìti h (zn)n≥0 sugklÐnei sto mhdèn.

JewroÔme to merikì �jroisma sm :
∑m

i=0 zi.

Gia n > m èqoume:

v(sn − sm) = v(
n∑

i=m+1

zi) ≥ min{v(zi) / m < i ≤ n} ≥ min{v(zi) / i > m}.

Efìson v(zi) →∞ gia i →∞ èqoume ìti h akoloujÐa (sn)n≥0 eÐnai akoloujÐa
Cauchy sto T �ra sugklÐnousa. ¥

Parathr seic 2.1. Sto R me thn sun jh metrik  autì den eÐnai swstì

1
n
→ 0 kai h seir�

∞∑
n=1

1
n

apoklÐnei.

T¸ra gia thn perÐptwsh enìc algebrikoÔ s¸matoc sunart sewn F/K èqoume:

Orismìc 2.11. 'Estw P mia jèsh tou F/K. H pl rwsh tou F me ektÐmhsh
sto vP onom�zetai P-adic pl rwsh tou F . SumbolÐzoume thn pl rwsh aut  me
F̂P kai thn ektÐmhsh tou F̂P me vP .

Je¸rhma 2.1. 'Estw P ∈ PF mia jèsh bajmoÔ 1 kai t ∈ F èna P−pr¸to
stoiqeÐo. Tìte k�je stoiqeÐo z ∈ F̂P èqei mia monadik  anapar�stash thc
morf c

z =
∞∑

i=1

ait
i me n ∈ Z kai ai ∈ K. (2.34)

H morf  (2.34) lègetai P-adic dunamoseir� an�ptuxhc tou z me ektÐmhsh sto t.

Apì thn �llh, an (ci)i≥n eÐnai mia akoloujÐa sto K, tìte oi seirèc
∑∞

i=n cit
i

sugklÐnoun sto F̂P kai èqoume:

vP

( ∞∑

i=n

cit
i
)

= min{i / ci 6= 0}.
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Apìdeixh:

An z ∈ F̂P dialègw n ∈ Z me n ≤ vP (z). Up�rqei èna stoiqeÐo y ∈ F me
vP (z − y) > n efìson F eÐnai puknì sto F̂P .

Apì thn trigwnik  anisìthta èqoume:

vP (z − y) ≥ min{vP (z), vP (−y)}

�ra vP (y) ≥ n opìte vP (yt−n) ≥ 0.

AfoÔ h P eÐnai mia jèsh bajmoÔ 1, up�rqei èna stoiqeÐo an ∈ K me vP (yt−n −
an) > 0 kai

vP (z − antn) = vP ((z − y) + (y − antn)) > n.

OmoÐwc brÐskoume an+1 ∈ K ètsi ¸ste

vP (z − antn − an+1t
n+1) > n + 1.

Epanalamb�nontac th diadikasÐa prokÔptei mia �peirh akoloujÐa an, an+1, an+2, . . .
sto K ètsi ¸ste

vP (z −
m∑

i=n

ait
i) > m

gia ìla ta m ≥ n.

Autì deÐqnei ìti:

z =
∞∑

i=n

ait
i.

Monadikìthta. 'Estw mia �llh akoloujÐa (bi)i≥m sto K gia thn opoÐa

z =
∞∑

i=n

ait
i =

∞∑

i=m

bit
i.

MporooÔme na upojèsoume ìti n = m (diaforetik�, an n < m, orÐzoume bi := 0
gia n ≤ i ≤ m).

Upojètoume ìti up�rqei k�poio j me aj 6= bj .

Dialègoume j el�qisto me aut  thn idiìthta kai èqoume gia ìla ta k > j:

vP

( k∑

i=n

ait
i −

k∑

i=n

bit
i
)

= vP

(
(aj − bj)tj +

k∑

i=j+1

(ai − bi)ti
)

= j (2.35)

(efìson vP ((aj − bj)ti) = j efarmìzetai h austhr  trigwnik  anisìthta).

Apì thn �llh

vP

( k∑

i=n

ait
i −

k∑

i=n

bit
i
)

= vP

( k∑

i=n

ait
i − z + z

k∑

i=n

bit
i
)

≥ min
{

vP

(
z −

k∑

i=n

ait
i
)
, vP

(
z −

k∑

i=n

bit
i
)}

(2.36)
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Gia k → ∞ h (2.36) teÐnei sto �peiro autì sÔmfwna me thn (2.35) eÐnai �topo
�ra apodeÐxame ìti h morf  (2.34) eÐnai monadik .

Telik� jewroÔme mia aujaÐreth akoloujÐa (ci)i≥n sto K. AfoÔ vP (cit
i) ≥ i

gia ìla ta i, h akoloujÐa (cit
i)i≥n sugklÐnei sto mhdèn. Opìte apì to L mma

2.4 h seir�
∑∞

i=n cit
i eÐnai sugklÐnousa sto F̂P ,

∞∑

i=n

cit
i =: y ∈ F̂P .

Jètw j0 := min{i / ci 6= 0}.
An j0 = ∞ tìte ìla ta ci = 0, opìte y = 0 kai vP (y) = ∞.

An j0 < ∞ èqoume gia ìla ta k ≥ j0, vP

( ∑k
i=n cit

i
)

= j0 apì thn austhr 
trigwnik  anisìthta.

Efìson vP

(
y −∑k

i=n cit
i
)

> j0 gia ìla ta arket� meg�la k, èqoume:

vP (y) = vP

(
y −

k∑

i=n

cit
i +

k∑

i=n

cit
i
)

= min
{

vP

(
y −

k∑

i=n

cit
i
)
, vP

( k∑

i=n

cit
i
)}

= j0. ¥

Prìtash 2.4. 'Estw P mia jèsh tou F/K bajmoÔ 1 kai t ∈ F èna P−pr¸to
stoiqeÐo. An to z ∈ F èqei thn P-adic an�ptuxh z =

∑∞
i=n ait

i me suntelestèc
ai ∈ K tìte

dz

dt
=

∞∑

i=n

iait
i−1.

Apìdeixh:

OrÐzoume thn apeikìnish δ : F̂P → F̂P me

δ
( ∞∑

i=m

cit
i
)

:=
∞∑

i=m

icit
i−1.

H δ eÐnai K−grammik  kai

δ(u · v) = uδ(v) + vδ(u)

gia ìla ta v, u ∈ F̂P , (dhlad  epalhjeÔei ton kanìna tou ginomènou). Epiplèon
δ(t) = 1. Epomènwc

δ(z) = δt(z) =
dz

dt

gia k�je z ∈ F . ¥

Orismìc 2.12. 'Estw P mia jèsh tou F/K bajmoÔ 1 kai t ∈ F eÐnai èna
P−pr¸to stoiqeÐo. An z ∈ F èqei thn P-adic an�ptuxh z =

∑∞
i=n ait

i me n ∈ Z
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kai ai ∈ K orÐzoume to oloklhrwtikì upìloipo tou me ektÐmhsh sto P kai sto
t wc ex c:

resP,t(z) := a−1.

H apeikìnish resP,t : F → K eÐnai K−grammik  kai

resP,t(z) = 0 an vP (z) ≥ 0. (2.37)

Prìtash 2.5. 'Estw s, t ∈ F eÐnai P−pr¸ta stoiqeÐa (ìpou P eÐnai mia jèsh
bajmoÔ 1). Tìte:

resP,s(z) = resP,t

(
z · ds

dt

)
gia ìla ta z ∈ F.

Apìdeixh:
H an�ptuxh tou s se dunamoseir� me ektÐmhsh sto t èqei thn akìloujh morf 

s =
∞∑

i=1

cit
i

me c1 6= 0 (apì Je¸rhma 2.1).

Apì thn prìtash 2.4 èqoume:

ds

dt
= c1 +

∞∑

i=2

icit
i−1 (2.38)

T¸ra diakrÐnoume tic parak�tw peript¸seic:

(i) vP (z) ≥ 0. Tìte vP

(
z · ds

dt

) ≥ 0 (apì thn 2.38). Apì thn (2.37) èpetai ìti

resP,s(z) = resP,t

(
z · ds

dt

)
= 0.

(ii) z = s−1. Tìte èqoume resP,s(s−1) = 1. OrÐzoume thn an�ptuxh tou s−1

se dunamoseir� me ektÐmhsh sto t na eÐnai:

s−1 =
1

c1t + c2t2 + . . .

=
1

c1t
·
(
1 +

c2

c1
t +

c3

c1
t2 + . . .

)−1

=
1

c1t
·
(
1 +

∞∑
r=1

(−1)r
(c2

c1
t +

c3

c1
t2 + . . .

)r)

=
1

c1t
·
(
1 +

f2(c2)
c1

t +
f3(c2, c3)

c2
1

t2 + . . .
)

(2.39)

gia k�poia polu¸numa fj(X2, . . . , Xj) ∈ Z[X2, . . . , Xj ]. Epomènwc

s−1 · ds

dt
=

1
t

+ y

me vP (y) ≥ 0 (apì 2.38 kai 2.39).

'Eqoume:

resP,t

(
s−1 · ds

dt

)
= 1 + resP,t(y) = 1

apì thn 1h perÐptwsh.
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(iii) z = s−n me n ≥ 2. Tìte resP,s(s−n) = 0.

An charK = 0 tìte

s−n · ds

dt
=

1
−n + 1

· d(s−n+1)
dt

.

Gr�foume s−n+1 =
∑∞

i=k dit
i me k = −n + 1 kai di ∈ K kai paÐrnoume:

d(s−n+1)
dt

=
∞∑

i=k

idit
i−1.

Opìte

resP,t

(
s−n · ds

dt

)
=

1
−n + 1

· resP,t

( ∞∑

i=k

idit
i−1

)
= 0. (2.40)

An charK 6= 0 apì tic (2.38) kai (2.39) èqoume

s−n · ds

dt
=

1
cn
1 tn

(c1 + 2c2t + . . .) ·
(
1 +

f2(c2)
c1

t +
f3(c2, c3)

c2
1

t2 + . . .
)n

=
1

cn
1 tn

·
(
c1 +

g2(c1, c2)
c1

t +
g3(c1, c2, c3)

c2
1

t2 + . . .
)

me gj(X1, . . . , Xj) ∈ Z[X1, . . . , Xj ].

Aut� ta polu¸numa eÐnai anex�rthta apì to charK, èqoume:

resP,t

(
s−n · ds

dt

)
=

1
c2n−1
1

· gn(c1, . . . , cn).

Apì thn (2.40) èpetai gn(c1, . . . , cn) = 0 gia opoiad pote stoiqeÐa c1 6=
0, c2, . . . , cn se s¸ma me qarakthristik  mhdèn. 'Etsi gn(X1, . . . , Xn) prè-
pei na eÐnai to mhdenikì polu¸numo ston Z[X1, . . . , Xj ].

Opìte h isìthta

resP,t

(
s−n · ds

dt

)
= 0 = resP,s(s−n)

isqÔei gia èna s¸ma me opoiad pote qarakthristik  (gia n ≥ 2).

(iv) 'Estw z èna tuqaÐo stoiqeÐo tou F me vP (z) < 0, z =
∑∞

i=−n ais
i me n ≥ 1

kai ai ∈ K. Tìte resP,s(z) = a−1 kai z = a−ns−n + . . . + a−1s
−1 + y me

vP (y) ≥ 0.

Qrhsimopoi¸ntac ta apotelèsmata twn peript¸sewn 1, 2 kai 3 èqoume:

resP,t

(
z · ds

dt

)
=

−1∑

i=−n

ai · resP,t

(
si · ds

dt

)
+ resP,t

(
y · ds

dt

)

= a−1 · resP,t

(
s−1 · ds

dt

)

= a−1 = resP,s(z). ¥
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Orismìc 2.13. 'Estw ω ∈ ∆F èna diaforikì kai P ∈ PF mia jèsh bajmoÔ
1. Dialègw èna P−pr¸to stoiqeÐo t ∈ F kai gr�fw ω = udt me u ∈ F . Tìte
orÐzoume to oloklhrwtikì upìloipo tou ω sto P wc ex c:

resP (ω) := resP,t(u).

Parathr seic 2.2. O prohgoÔmenoc orismìc eÐnai anex�rthtoc apì thn epi-
log  tou pr¸tou stoiqeÐou t.

Pr�gmati, an s eÐnai èna �llo P−pr¸to stoiqeÐo kai ω = udt = zds, tìte
u = z · ds

dt kai

resP,s(z) = resP,t

(
z · ds

dt

)
= resP,t(u).





Kef�laio 3

To je¸rhma Riemann - Roch

S� autì to kef�laio, F/K ja eÐnai èna algebrikì s¸ma sunart sewn me gènoc
g.

Orismìc 3.1. Gia A ∈ DF , i(A) := dim A− deg A + g− 1 onom�zetai index of
speciality tou A.

Apì to Je¸rhma Riemann èqoume ìti o i(A) eÐnai mh arnhtikìc akèraioc kai
i(A) = 0 an deg A eÐnai arket� meg�lo.

Orismìc 3.2. Mia adele tou F/K eÐnai mia apeikìnish

α :




PF → F

P 7→ αP

ètsi ¸ste αP ∈ OP gia sqedìn ìla ta P ∈ PF .

JewroÔme mia adele wc èna stoiqeÐo tou eujÔ ginomènou
∏

P∈PF
F kai epomènwc

qrhsimopoioÔme ton sumbolismì α = (αP )P∈PF
  gia suntomÐa α = (αP ).

To sÔnolo AF := {α/α eÐnai mia adele tou F/K} onom�zetai q¸roc adele tou
F/K. JewreÐtai dianusmatikìc q¸roc p�nw apì to K.

Orismìc 3.3. Mia kÔria adele enìc stoiqeÐou x ∈ F eÐnai mia adele thc opoÐac
ìlec oi sunist¸seic eÐnai Ðsec me x. Autì dÐnei mia emfÔteush F ↪→ AF .

Oi ektim seic vP tou F/K epekteÐnontai sto AF jètontac vP (α) := vP (αP )
(ìpou αP eÐnai h P sunist¸sa thc adele α).

Apì ton orismì, vP (α) ≥ 0 gia ìla sqedìn ta P ∈ PF .

Orismìc 3.4. Gia A ∈ DF orÐzoume

AF (A) := {α ∈ AF /vP (α) ≥ −vP (A) gia ìla ta P ∈ PF }

To AF (A) eÐnai K−upìqwroc tou AF .
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Je¸rhma 3.1. Gia k�je diairèth A, o index of speciality eÐnai

i(A) = dim(AF /(AF (A) + F ))

(dim shmaÐnei di�stash tou K−dianusmatikoÔ q¸rou).

Apìdeixh:
B ma 1: 'Estw A1, A2 ∈ DF kai A1 ≤ A2. Tìte AF (A1) ⊆ AF (A2) kai

dim(AF (A2)/AF (A1)) = deg A2 − deg A1 (3.1)

Apìdeixh tou b matoc 1:

AF (A1) := {α ∈ AF /vP (α) ≥ −vP (A1) ∀ P ∈ PF }

AF (A2) := {α ∈ AF /vP (α) ≥ −vP (A2) ∀ P ∈ PF }
ìmwc

A1 ≤ A2 ⇔ vP (A1) ≤ vP (A2)
⇔ −vP (A1) ≥ −vP (A2)

�ra AF (A1) ⊆ AF (A2).

An A2 = A1 + P me P ∈ PF , dialègoume t ∈ F me vP (t) = vP (A1) + 1 kai
jewroÔme thn K−grammik  apeikìnish

φ :




AF (A2) → FP

α 7→ (tαP )(P )

• an φ(α) = φ(β) tìte (tαP )(P ) = (tβP )(P ) �ra α = β, dhlad  h φ eÐnai
“1-1”.

• eÐnai epÐ

• o pur nac thc eÐnai AF (A1)

'Ara deg A2 − deg A1 = deg P = [FP : K] = dim(AF (A2)/AF (A1)).

B ma 2: 'Estw A1, A2 ∈ DF kai A1 ≤ A2. Tìte

dim((AF (A2) + F )/(AF (A1) + F )) = (deg A2 − dim A2)− (deg A1 − dim A1)
(3.2)

Apìdeixh tou b matoc 2:

'Eqoume mia akoloujÐa grammik¸n apeikonÐsewn h opoÐa eÐnai akrib c

0 −→ L(A2)/L(A1)
σ1−→ AF (A2)/AF (A1)

σ2−→ (AF (A2)+F )/(AF (A1)+F ) −→ 0
(3.3)

ja deÐxoume ìti o pur nac thc σ2 perièqetai sthn eikìna thc σ1.

'Estw α ∈ AF (A2) me σ2(α +AF (A1)) = 0.

Tìte α ∈ AF (A1) + F , ètsi up�rqei k�poio x ∈ F me α− x ∈ AF (A1).
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Efìson AF (A1) ⊆ AF (A2) èqoume x ∈ AF (A2) ∩ F = L(A2).

Epomènwc α + AF (A1) = x + AF (A1) = σ1(x + L(A1)) brÐsketai sthn eikìna
thc σ1.

Apì thn (3.3) èqoume

dim(AF (A2) + F )/(AF (A1) + F ) = dim(AF (A2)/(AF (A1))− dim(L(A2)/L(A1))
= (deg A2 − deg A1)− (dimA2 − dim A1)

B ma 3: An B eÐnai ènac diairèthc me dim B = deg B + 1− g tìte

AF = AF (B) + F (3.4)

Apìdeixh tou b matoc 3:

Gia diairèth B1 ≥ B èqoume

dim B1 ≤ deg B1 + dim B − deg B = deg B1 + 1− g

all� kai apì to je¸rhma Riemann

dim B1 ≥ deg B1 + 1− g.

Epomènwc
dim B1 = deg B1 + 1− g (3.5)

gia k�je B1 ≥ B.

'Estw α ∈ AF tìte mporeÐ kaneÐc na brei ènan diairèth B1 ≥ B ètsi ¸ste
α ∈ AF (B1).
Apì (3.2) kai (3.5)

dim(AF (B1) + F )/(AF (B) + F ) = (deg B1 − dim B1)− (deg B − dim B)
= (g − 1)− (g − 1)
= 0

opìte AF (B) + F = AF (B1) + F .

Efìson α ∈ AF (B1) èpetai ìti α ∈ AF (B) + F �ra apodeÐqthke h (3.4).

B ma 4:(tèloc thc apìdeixhc)

JewroÔme ènan aujaÐreto diairèth A. Apì to je¸rhma Riemann up�rqei k�poioc
diairèthc A1 ≥ A ètsi ¸ste dim A1 = deg A1 + 1− g.

Apì thn (3.4)
AF = AF (A1) + F

kai qrhsimopoi¸ntac kai thn (3.2)

dim(AF /AF (A) + F ) = dim(AF (A1) + F )/(AF (A) + F )
= (deg A1 − dim A1)− (deg A− dim A)
= (g − 1) + dim A− deg A

= i(A) ¥
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Parathr seic 3.1.

(i) Oi dianusmatikoÐ q¸roi AF ,AF (A) kai F eÐnai �peirhc di�stashc, to je-
¸rhma (3.1) lèei ìti o q¸roc phlÐko AF /(AF (A) + F ) èqei peperasmènh
di�stash p�nw apì to K.

(ii) Mia �llh diatÔpwsh tou Jewr matoc (3.1) ja mporoÔse na eÐnai h ex c:

Gia k�je diairèth A ∈ DF isqÔei

dim A = deg A + 1− g + dim(AF /(AF (A) + F )) (3.6)

Pìrisma 3.1. g = dim(AF /(AF (0) + F ))

Apìdeixh:

i(0) = dim(0)− deg(0) + g − 1 = 1− 0 + g − 1 = g. ¥

Orismìc 3.5. 'Ena Weil diaforikì tou F/K eÐnai mia K−grammik  apeikìnish
ω : AF → K h opoÐa mhdenÐzetai ston AF (A)+F gia k�poion diairèth A ∈ DF .

Onom�zoume ΩF := {ω/ω eÐnai èna Weil diaforikì tou F/K} to module twn
Weil diaforik¸n tou F/K.

Gia A ∈ DF èqoume:

ΩF (A) := {ω ∈ ΩF /ω mhdenÐzetai ston AF (A) + F}

• O ΩF eÐnai ènac K−dianusmatikìc q¸roc.
Pr�gmati an ω1 mhdenÐzetai ston AF (A1) + F

kai ω2 mhdenÐzetai ston AF (A2) + F

tìte ω1+ω2 mhdenÐzetai ston AF (A3)+F gia k�je diairèth A3 me A3 ≤ A1

kai A3 ≤ A2,
kai aω1 mhdenÐzetai ston AF (A1) + F gia a ∈ K.

• Profan¸c ΩF (A) eÐnai ènac upìqwroc tou ΩF

L mma 3.1. Gia A ∈ DF èqoume dimΩF (A) = i(A).

Apìdeixh:

O ΩF (A) eÐnai isomorfikìc me ton q¸ro twn grammik¸n morf¸n touAF /(AF (A)+
F ). O AF /(AF (A)+F ) eÐnai peperasmènhc di�stashc kai apì to Je¸rhma (3.1)
èqoume:

i(A) = dim(AF /(AF (A) + F )) = dimΩF (A). ¥

Sqìlia 3.1. Mia apl  sunèpeia tou L mmatoc 3.1 eÐnai ìti ΩF 6= 0.

Pr�gmati an A ènac diairèthc bajmoÔ ≤ −2 tìte

dimΩF (A) = i(A) = dim A− deg A + g − 1 ≥ 1

�ra ΩF (A) 6= 0.
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Orismìc 3.6. Gia x ∈ F kai ω ∈ ΩF orÐzoume

xω : AF → K me (xω)(α) := ω(xα).

To xω eÐnai èna Weil diaforikì tou F/K. Pr�gmati an ω mhdenÐzetai ston
AF (A) + F tìte xω mhdenÐzetai ston AF (A + (x)) + F .

Prìtash 3.1. ΩF eÐnai ènac monodi�statoc dianusmatikìc q¸roc p�nw apì to
F .

Apìdeixh:

Dialègoume 0 6= ω1 ∈ ΩF (up�rqei tètoio ω1 giatÐ ΩF 6= 0). Ja deÐxoume ìti
gia k�je ω2 ∈ ΩF up�rqei k�poio z ∈ F ¸ste ω2 = zω1.

MporoÔme na upojèsoume ìti ω2 6= 0.

Epilègoume A1, A2 ∈ DF ètsi ¸ste ω1 ∈ ΩF (A1) kai ω2 ∈ ΩF (A2).

Gia èna diairèth B jewroÔme tic K−grammikèc 1− 1 kai epÐ apeikonÐseic:

ϕi :




L(Ai + B) → ΩF (−B)

x 7→ xωi

(i = 1, 2).

ApaÐthsh
Me kat�llhlh epilog  tou diairèth B isqÔei

ϕ1(L(A1 + B)) ∩ ϕ2(L(A2 + B)) 6= {0}.

Apìdeixh thc apaÐthshc:

Apì thn grammik  �lgebra gnwrÐzoume ìti an U1, U2 eÐnai upìqwroi tou pepe-
rasmènhc di�stashc dianusmatikoÔ q¸rou V tìte

dim(U1 ∩ U2) ≥ dim U1 + dim U2 − dim V. (3.7)

'Estw B > 0 ènac diairèthc me arket� meg�lo bajmì, ètsi ¸ste

dim(Ai + B) = deg(Ai + B) + 1− g gia i = 1, 2

(autì eÐnai dunatìn apì to Je¸rhma Riemann).

Jètoume
Ui := ϕi(L(Ai + B) ⊆ ΩF (−B).

Efìson

ΩF (−B) = i(−B) = dim(−B)− deg(−B) + g − 1 = deg B − (1− g)

èqoume
dim U1 + dim U2 − dimΩF (−B) =

deg(A1 + B) + 1− g + deg(A2 + B) + 1− g − (deg B + g − 1) =

deg B + (deg A1 + deg A2 + 3(1− g)).
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Oi ìroi pou eÐnai mèsa stic parenjèseic sthn teleutaÐa sqèsh eÐnai anex�rthtoi
tou B, �ra

dim U1 + dimU2 − dimΩF (−B) > 0

an o deg B eÐnai arket� meg�loc.

Apì thn (3.7) èqoume loipìn ìti U1 ∩ U2 6= {0} �ra kai

ϕ1(L(A1 + B)) ∩ ϕ2(L(A2 + B)) 6= {0}

ètsi apodeÐxame thn apaÐthsh.

Dialègoume t¸ra x1 ∈ L(A1+B) kai x2 ∈ L(A2+B) ètsi ¸ste x1ω1 = x2ω2 6= 0
opìte ω2 = (x1x

−1
2 )ω1 ìpwc jèlame. ¥

Orismìc 3.7. M(ω) := {A ∈ DF /ω mhdenÐzetai ston AF (A) + F}
(To sÔnolo autì to orÐzoume giatÐ jèloume na sundèsoume èna diairèth me k�je
Weil diaforikì ω 6= 0.)

L mma 3.2. 'Estw 0 6= ω ∈ ΩF . Tìte up�rqei ènac monadik� orismènoc diairè-
thc W ∈ M(ω) ètsi ¸ste A ≤ W gia k�je A ∈ M(ω).

Apìdeixh:

Up�rqei mia stajer� c, h opoÐa exart�tai mìno apì to s¸ma sunart sewn F/K
me thn idiìthta i(A) = 0 gia ìlouc touc diairètec A ∈ DF me bajmì ≥ c (autì
eÐnai dunatìn apì to Je¸rhma Riemann).

Efìson dim(AF /AF (A) + F )) = i(A) (Je¸rhma 3.1) èqoume ìti deg A < c gia
ìla ta A ∈ M(ω). Opìte mporoÔme na epilèxoume ènan diairèth W ∈ M(ω) me
mègisto bajmì.

An o W den eÐnai tètoioc ¸ste A ≤ W gia k�je A ∈ M(ω) tìte up�rqei ènac
diairèthc A0 ∈ M(ω) me A0 � W dhlad  vQ(A0) > vQ(W ) gia k�poio Q ∈ PF .

JewroÔme mia adele α = (αP ) ∈ AF (W + Q). MporoÔme na gr�youme α =
α′ + α′′ me

α′P :=





αP gia P 6= Q

0 gia P = Q
kai α′′P :=





0 gia P 6= Q

αQ gia P = Q

Tìte α′ ∈ AF (W ) kai α′′ ∈ AF (A0). Epomènwc

ω(α) = ω(α′) + ω(α′′) = 0.

'Ara ω mhdenÐzetai ston AF (W + Q) + F , opìte W + Q ∈ M(ω) �topo lìgw
tou megÐstou bajmoÔ tou W .

'Ara up�rqei monadik� orsimènoc diairèthc W ∈ M(ω) ètsi ¸ste A ≤ W gia k�-
je A ∈ M(ω). ¥

Orismìc 3.8.

(i) O diairèthc (ω) enìc Weil diaforikoÔ ω 6= 0 eÐnai o diairèthc tou F/K pou
orÐzetai monadik� kai epalhjeÔei ta epìmena:
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(aþ) ω mhdenÐzetai ston AF ((ω)) + F .

(bþ) An ω mhdenÐzetai ston AF (A) + F tìte A ≤ (ω).

(ii) Gia 0 6= ω ∈ ΩF kai P ∈ PF orÐzoume vP (ω) := vP ((ω)).

(iii) Mia jèsh P lègetai rÐza (antÐstoiqa pìloc) tou ω an vP (ω) > 0 (antÐ-
stoiqa vP (ω) < 0).

ω lègetai kanonikì sto P an vP (ω) ≥ 0 kai ω lègetai kanonikì (  olo-
morfikì) an eÐnai kanonikì se k�je P ∈ PF .

(iv) 'Enac diairèthc W onom�zetai kanonikìc diairèthc tou F/K an W = (ω)
gia ω ∈ ΩF .

Sqìlia 3.2.

• ΩF (A) = {ω ∈ ΩF /ω = 0   (ω) ≥ A}.

• ΩF (0) = {ω ∈ ΩF /ω eÐnai kanonikì }.

• dimΩF (0) = g (sunèpeia tou L mmatoc 3.1 kai tou orismoÔ 3.1)

Prìtash 3.2.

(a) Gia 0 6= x ∈ F kai 0 6= ω ∈ ΩF èqoume (xω) = (x) + (ω).

(b) DÔo opoioid pote kanonikoÐ diairètec tou F/K eÐnai isodÔnamoi.

Apìdeixh:

(a) An ω mhdenÐzetai ston AF (A)+F tìte xω mhdenÐzetai ston AF (A+(x))+F
epomènwc (ω) + (x) ≤ (xω).

OmoÐwc (xω) + (x−1) ≤ (x−1xω) = (ω)   (xω) ≤ −(x−1) + (ω).

'Ara apì tic dÔo autèc sqèseic èqoume:

(ω) + (x) ≤ (xω) ≤ −(x−1) + (ω) = (ω) + (x).

Epomènwc (xω) = (x) + (ω).

(b) 'Estw W = (ω) kai W ′ = (ω′) dÔo kanonikoÐ diairètec tou F/K me 0 6=
ω, ω′ ∈ ΩF . Epeid  h di�stash tou ΩF p�nw apì to F eÐnai 1 èqoume ìti:

(ω′) = (xω) gia k�poio x ∈ F\{0}

kai apì to (a) èpetai ìti:

(ω′) = (x) + (ω)

pou shmaÐnei ìti ω ∼ ω′. ¥
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Je¸rhma 3.2. 'Estw A ènac aujaÐretoc diairèthc kai W = (ω) ènac kanonikìc
diairèthc tou F/K. Tìte h apeikìnish

µ :




L(W −A) → ΩF (A)

x 7→ xω

eÐnai ènac isomorfismìc apì K−dianusmatikoÔc q¸rouc kai

i(A) = dim(W −A).

Apìdeixh:

Gia x ∈ L(W −A) èqoume

(xω) = (x) + (ω) ≥ −(W −A) + W = A

�ra xω ∈ ΩF (A) apì ta Sqìlia 3.2. Epomènwc h µ apeikonÐzei ton L(W − A)
ston ΩF (A).

H µ ex� orismoÔ eÐnai grammik .

Gia x1, x2 ∈ L(W − A) an x1ω = x2ω gia ω 6= 0 èqoume x1 = x2 �ra h µ eÐnai
kai 1-1.

Gia na deÐxoume ìti h µ eÐnai epÐ jewroÔme èna Weil diaforikì ω1 ∈ ΩF (A). Apì
thn Prìtash 3.1 ω1 = xω gia k�poio x ∈ F .

Efìson
(x) + W = (x) + (ω) = (xω) = (ω1) ≥ A

èqoume ìti
(x) ≥ −(W −A)

�ra
x ∈ L(W −A) kai ω1 = µ(x).

T¸ra
dimΩF (A) = i(A) (L mma 3.1)

kai
dimΩF (A) = dim(W −A)

�ra i(A) = dim(W −A). ¥

Je¸rhma 3.3. (Je¸rhma Riemann-Roch)
'Estw W ènac kanonikìc diairèthc tou F/K. Tìte gia k�je A ∈ DF ,

dim A = deg A + 1− g + dim(W −A).

Apìdeixh:

i(A) = dim A− deg A + g − 1 (orismìc 3.1)

i(A) = dim(W −A) (apì Je¸rhma 3.2)

�ra
dim A− deg A + g − 1 = dim(W −A)

 
dim A = deg A + 1− g + dim(W −A). ¥
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Pìrisma 3.2. Gia ènan kanonikì diairèth W , èqoume

deg W = 2g − 2 kai dim W = g.

Apìdeixh:

Apì to Je¸rhma Riemann-Roch kai to L mma (1.4) èqoume:

• Gia A = 0
1 = dim 0 = deg 0 + 1− g + dim(W − 0)

�ra
dim W = g.

• Gia A = W
g = dim W = deg W + 1− g + dim 0

�ra
g = deg W + 1− g + 1

dhlad 
deg W = 2g − 2. ¥

Sqìlia 3.3. Apì to je¸rhma Riemann xèroume ìti up�rqei k�poia stajer� c,
exart¸menh apì to F/K gia thn opoÐa dim A = deg A + 1− g, ìtan deg A ≥ c,
dhlad  i(A) = 0, ìtan deg A ≥ c. Sto epìmeno je¸rhma ja dialèxoume c =
2g − 1.

Je¸rhma 3.4. An A eÐnai ènac diairèthc tou F/K me deg A ≥ 2g − 1 tìte

dim A = deg A + 1− g.

Apìdeixh:

Apì to Je¸rhma Riemann-Roch èqoume

dim A = deg A + 1− g + dim(W −A),

ìpou W èÐnai ènac kanonikìc diairèthc.

Efìson deg A ≥ 2g − 1 kai deg W = 2g − 2 èqoume ìti

deg(W −A) < 0.

'Omwc apì to Pìrisma (1.6) èpetai ìti

dim(W −A) = 0

�ra
dim A = deg A + 1− g. ¥

Parathr seic 3.2. To fr�gma 2g − 1 eÐnai to kalÔtero dunatìn efìson gia
èna kanonikì diairèth W isqÔei

dim W > deg W + 1− g.





Kef�laio 4

GewmetrikoÐ k¸dikec Goppa

4.1 K¸dikec

S� autì to kef�laio ja perigr�youme merikoÔc grammikoÔc error-correcting,
touc gewmetrikoÔc k¸dikec Goppa. Oi k¸dikec autoÐ apoteloÔn genÐkeush twn
Reed-Solomon kwdÐkwn kai gia na oristoÔn apaiteÐtai qr sh thc jewrÐac alge-
brik¸n swm�twn sunart sewn.

Oi Error-Correcting k¸dikec qrhsimopoioÔntai gia na diorj¸nontai l�jh ìtan
mhnÔmata metadÐdontai mèsw diktÔou me parambolèc. Oi parembolèc mporeÐ na
eÐnai anjr¸pina l�jh, prìblhma uperjèrmanshc, prìblhma eisagwg c thc plh-
roforÐac k.t.l. S� autèc tic peript¸seic eÐnai epijumhtì na kwdikopoi soume thn
plhroforÐa me tètoio trìpo ¸ste ta l�jh na anagnwrÐzontai kai na diorj¸nontai
ìtan aut� sumbaÐnoun.

ParadeÐgmata 4.1. Genik� èna yhfiakì sÔsthma epikoinwnÐac eÐnai ìpwc to
epìmeno:

To Ðdio montèlo mporeÐ na qrhsimopoihjeÐ gia na perigr�youme èna sÔsthma
apoj keushc plhrofori¸n an to apojhkeutikì mèso jewrhjeÐ wc èna kan�li.
'Ena tupikì par�deigma eÐnai to cd.

Ac doÔme t¸ra èna polÔ aplì pr�deigma sto opoÐo ta monadik� mhnÔmata pou
jèloume na steÐloume eÐnai ‘YES’kai ‘NO’.

'Edw èqoun gÐnei dÔo l�jh kai to lambanìmeno m numa 01001 diorj¸netai kai
gÐnetai 00000 (  ‘YES’) wc h plhsièsterh lèxh gia to 01001.

S� autì to kef�laio me Fq sumbolÐzoume to peperasmèno s¸ma me q stoiqeÐa
(ìpou q eÐnai dÔnamh pr¸tou). JewroÔme ton n−di�stato dianusmatikì q¸ro
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Fn
q tou opoÐou ta stoiqeÐa eÐnai diatetagmènec thc morf c a = (a1, . . . , an) me

ai ∈ Fq.

Orismìc 4.1. Gia a = (a1, a2, . . . , an) kai b = (b1, b2, . . . , bn) ∈ Fn
q orÐzoume:

• thn d(a, b) := |{i; ai 6= bi}|.
H d eÐnai sun�rthsh kai onom�zetai Hamming apìstash ston Fn

q , metr�
to pl joc twn diaforetik¸n suntetagmènwn metaxÔ twn dianusm�twn a
kai b epomènwc se pìsa shmeÐa diafèrei h plhroforÐa.

• to w(a) := d(a, 0) = |{i; ai 6= 0}|, lègetai b�roc tou stoiqeÐou a ∈ Fn
q , mac

deÐqnei pìso apèqei to a apì to na eÐnai mhdèn.

Parathr seic 4.1. H Hamming apìstash eÐnai mia metrik  ston Fn
q , efìson

ikanopoieÐ ta ex c:

(i) d(a, b) = 0 an kai mìno an a = b

(ii) d(a, b) = d(b, a) gia ìla ta a, b ∈ Fn
q

(iii) d(a, b) ≤ d(a, c) + d(c, b) gia ìla ta a, b, c ∈ Fn
q .

Ta (i), (ii) eÐnai profan . To (iii) eÐnai h trigwnik  anisìthta kai apodeiknÔetai
wc ex c:

d(a, b) eÐnai o el�qistoc arijmìc diaforetik¸n suntetagmènwn metaxÔ a kai b pou
ja jèlame sthn metabol  tou a se b. All� mporoÔme epÐshc na metab�lloume
to a se b k�nontac pr¸ta d(a, c) allagèc (metab�llontac to a se c) kai met�
d(c, b) allagèc (metab�llontac to c se b). 'Etsi

d(a, b) ≤ d(a, c) + d(c, b).

ParadeÐgmata 4.2. Ston F5
2 èqoume d(00111, 11001) = 4, en¸ ston F4

3 èqoume
d(0122, 1220) = 3.

Orismìc 4.2. 'Enac k¸dikac C (p�nw apì to alf�bhto Fq) eÐnai ènac grammikìc
upìqwroc tou Fn

q . Ta stoiqeÐa tou C onom�zontai kwdikèc lèxeic. Onom�zoume
m koc tou C ton arijmì n kai me dim C sumbolÐzoume thn di�stash tou C.
'Enac [n, k] k¸dikac eÐnai ènac k¸dikac me m koc n kai di�stash k.

Parathr seic 4.2. Pio genik�, mporeÐ kaneÐc na orÐsei ènan k¸dika wc èna mh
kenì uposÔnolo C ⊆ An ìpou A 6= Ø eÐnai èna peperasmèno sÔnolo. An A = Fq

kai C = Fn
q eÐnai ènac grammikìc upìqwroc, o C lègetai grammikìc k¸dikac. Oi

k¸dikec me touc opoÐouc ja asqolhjoÔme eÐnai grammikoÐ.

Orismìc 4.3. H el�qisth apìstash enìc k¸dika C 6= 0 sumbolÐzetai me d(C)
kai orÐzetai wc ex c:

d(C) := min{d(a, b)/a, b ∈ C kai a 6= b}.

'Enac [n, k] k¸dikac me el�qisth apìstash d sumbolÐzetia [n, k, d] k¸dikac.
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Sqìlia 4.1.
d(C) = min{w(c)/0 6= c ∈ C} = W (C)

ìpou W (C) to el�qisto b�roc tou k¸dika C.

Apìdeixh:

An a, b ∈ C tìte
d(a, b) = d(a− b, 0) = w(a− b) (4.1)

T¸ra up�rqoun kwdikèc lèxeic x kai y tou k¸dika C ètsi ¸ste d(C) = d(x, y)
kai apì th sqèsh (4.1)

d(C) = w(x− y) ≥ W (C)

efìson x− y eÐnai mia kwdik  lèxh tou grammikoÔ k¸dika C.

Apì thn �llh gia k�poia kwdik  lèxh x ∈ C,

W (C) = w(x) = d(x, 0) ≥ d(C),

efìson to 0 an kei ston grammikì k¸dika C.

'Ara
d(C) ≥ W (C) kai W (C) ≥ d(C)

opìte
d(C) = W (C). ¥

ParadeÐgmata 4.3. Sto par�deigma (4.1) èqoume ton k¸dika {00000, 11111}.
An ta mhnÔmata YES kai NO anagnwrÐzontai me ta sÔmbola 0 kai 1 antÐstoiqa,
tìte k�je sÔmbolo tou mhnÔmatoc epanalamb�netai 5 forèc. Gi� autì lème ìti
autìc eÐnai ènac k¸dikac m kouc 5.

Orismìc 4.4.

• H katanom  b�rouc enìc [n, k] k¸dika eÐnai èna (n+1)−di�stato di�nusma
(A0, . . . , An) ∈ Nn+1

0 me

Ai := |{c ∈ C : w(c) = i}|.

Profan¸c A0 = 1 (mìno èna stoiqeÐo èqei mhdenik  nìrma) kai Ai = 0 gia
1 ≤ i ≤ d(C) − 1. Dhlad  ta Ai dÐnoun ton arijmì twn kwdik¸n lèxewn
ston C me b�roc i.

• To polu¸numo WC(X) :=
∑n

i=0 AiX
i ∈ Z[X] onom�zetai metrht c b�-

rouc tou k¸dika C.

• Gia èna k¸dika C me el�qisth apìstash d = d(C) jètoume

t := [(d− 1)/2]

(ìpou [x] dhl¸nei to akèraio mèroc enìc pragmatikoÔ arijmoÔ x, dhlad 
x = [x] + ε me [x] ∈ Z kai 0 ≤ ε < 1). Tìte o C lègetai t-error correcting.
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Sqìlia 4.2. An u ∈ Fn
q kai d(u, c) ≤ t gia k�poio u ∈ C tìte c eÐnai h monadik 

kwdik  lèxh me d(u, c) ≤ t.

Apìdeixh:

An c′ eÐnai mia �llh kwdik  lèxh me d(u, c′) ≤ t tìte

d(c′, c) ≤ d(c′, u) + d(u, c) ≤ t + t = 2t = 2 ·
[d− 1

2

]
< d

dhlad  d(c′, c) < d �topo giatÐ d = d(C) h el�qisth apìstash tou k¸dika
C. ¥

'Enac �ploc trìpoc gia na perigr�youme ènan k¸dika C eÐnai na gr�youme mia
b�sh gia ton C.

Orismìc 4.5. 'Estw C ènac [n, k] k¸dikac p�nw apì to Fq. 'Enac pÐnakac
genn tria tou C eÐnai ènac k × n pÐnakac tou opoÐou oi grammèc eÐnai mia b�sh
tou C.

Orismìc 4.6. To kanonikì eswterikì ginìmeno ston Fn
q orÐzetai wc ex c

〈a, b〉 :=
n∑

i=1

aibi

gia a = (a1, a2, . . . , an) kai b = (b1, b2, . . . , bn) ∈ Fn
q .

Orismìc 4.7. An C ⊆ Fn
q eÐnai ènac k¸dikac tìte

C⊥ := {u ∈ Fn
q /〈u, c〉 = 0 gia ìla ta c ∈ C}

onom�zetai duðkìc tou C.

O C lègetai auto-duðkìc an C = C⊥.

O C lègetai auto-orjog¸nioc an C ⊆ C⊥.

Sqìlia 4.3.

(i) An C eÐnai ènac [n, k] k¸dikac p�nw apì to Fq tìte o C⊥ eÐnai ènac [n, n−k]
k¸dikac.

Apìdeixh:

'Estw G = [gij ] ènac pÐnakac genn tria tou k¸dika C. Tìte gia ta stoiqeÐa
tou C⊥ isqÔei ìti eÐnai dianÔsmata v = (v1, v2, . . . , vn) gia ta opoÐa

n∑

j=1

gijvj = 0 gia i = 1, 2, . . . , k (4.2)

H (4.2) eÐnai èna sÔsthma apì k anex�rthtec omogeneÐc exis¸seic me n
agn¸stouc, tìte o q¸roc lÔsewn C⊥ èqei di�stash n− k.



4.1 K¸dikec · 61

Pr�gmati an C1 kai C2 eÐnai isodÔnamoi1 tìte to Ðdio isqÔei kai gia touc
C⊥1 kai C⊥2 . 'Ara ja deÐxoume ìti dim(C⊥) = n − k sthn perÐptwsh pou
o C èqei pÐnaka genn tria thc morf c

G =




1 . . . 0 a11 . . . a1,n−k

...
...

...
...

...
...

0 . . . 1 ak1 . . . ak,n−k


 .

Tìte

C⊥ = {(v1, v2, . . . , vn) ∈ Fn
q / vi +

n−k∑

j=1

aijvk+j , i = 1, 2, . . . , k}.

Gia k�je mia apì tic qn−k epilogèc tou (vk+1, . . . , vn) up�rqei monadikì
di�nusma (v1, v2, . . . , vn) ston C⊥. 'Ara |C⊥| = qn−k opìte

dim(C⊥) = n− k. ¥

(ii) Gia k�je [n, k] k¸dika C, (C⊥)⊥ = C.

Apìdeixh:

IsqÔei C ⊆ C⊥ efìson k�je di�nusma ston C eÐnai orjog¸nio se k�je
di�nusma sto C⊥. All� dim

(
(C⊥)⊥

)
= n−(n−k) = k = dim C �ra C =

(C⊥)⊥. ¥

(iii) Eidikìtera h di�stash enìc auto-duðkoÔ k¸dika me m koc n eÐnai n
2 .

Orismìc 4.8. 'Enac pÐnakac genn tria H tou C⊥ lègetai parity check pÐnakac
gia ton C2. O H eÐnai ènac (n− k)× n pÐnakac me t�xh n− k efìson o C eÐnai
ènac [n, k] k¸dikac kai èqoume ìti:

C = {u ∈ Fn
q / H · ut = 0}

ìpou ut ekfr�zei ton an�strofo tou u.
1DÔo k¸dikec (p�nw apì to alf�bhto Fq) lègontai isodÔnamoi an o ènac mporeÐ na prokÔyei

apì ton �llo me èna sunduasmì pr�xewn thc morf c:
(aþ) Met�jesh twn jèsewn tou k¸dika.
(bþ) Met�jesh twn sumbìlwn pou emfanÐzontai se mia stajer  jèsh.

P.q. O k¸dikac

C =

8>><>>:
0 0 1 0 0
0 0 0 1 1
1 1 1 1 1
1 1 0 0 0

eÐnai isodÔnamoc me ton k¸dika

C′ =

8>><>>:
0 0 0 0 0
0 1 1 0 1
1 1 0 1 1
1 0 1 1 0

efarmìzontac thn met�jesh 0@ 0 1
↓ ↓
1 0

1A .

sta sÔmbola sthn trÐth jèsh tou C kai met� antall�ssontac tic jèseic 2 kai 4.
2Prìkeitai gia mia b�sh tou C⊥.
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Dhlad  ènac parity check pÐnakac elègqei an èna di�nusma u ∈ Fn
q eÐnai kwdik 

lèxh.

'Ena apì ta basik� probl mata thc kwdikopoÐhshc eÐnai na kataskeu�zei k¸dikec
p�nw apì èna alf�bhto Fq twn opoÐwn h di�stash kai h el�qisth apìstash na
eÐnai meg�la se sqèsh me to m koc touc. P�ntwc up�rqoun k�poioi periorismoÐ,
an h di�stash enìc k¸dika eÐnai meg�lh tìte h el�qisth apìstas  tou eÐnai
mikr . To pio aplì fr�gma eÐnai to akìloujo.

Prìtash 4.1. (Singleton Bound) Gia ènan [n, k, d] k¸dika C isqÔei:

k + d ≤ n + 1.

Apìdeixh:
JewroÔme ènan grammikì upìqwro W ⊆ Fn

q o opoÐoc eÐnai

W := {(a1, . . . , an) ∈ Fn
q / ai = 0 gia ìla ta i ≥ d}.

K�je a ∈ W èqei b�roc ≤ d− 1 �ra W ∩ C = 0.

AfoÔ dim W = d− 1 èqoume:

k + (d− 1) = dim C + dim W

= dim(C + W ) + dim(C ∩W )
= dim(C + W ) ≤ n.

'Ara
k + d ≤ n + 1. ¥

Orismìc 4.9. K¸dikec me k + d = n + 1 eÐnai tèleioi, tètoioi k¸dikec lègontai
MDS k¸dikec (maximum distance separable codes).

An n ≤ q + 1, up�rqoun MDS k¸dikec p�nw apì to Fq gia ìlec tic diast�seic
k ≤ n.

To fr�gma Singleton den anafèrei to mègejoc tou alfab tou. Up�rqoun bèbaia
kai �lla fr�gmata gia tic paramètrouc k kai d, ta opoÐa eÐnai isqurìtera apì
to fr�gma Singleton an to n eÐnai meg�lo se sqèsh me to q.

'Opwc anafèrame sthn arq  tou kefalaÐou ènac k¸dikac C p�nw apì to alf�bh-
to Fq eÐnai ènac grammikìc upìqwroc tou Fn

q �ra anakefalai¸nontac mporoÔme
na doÔme kai sqhmatik� tic basikèc ènnoiec thc par�grafou:



4.2 GewmetrikoÐ k¸dikec Goppa · 63

ìpou d = d(C) h el�qisth apìstash tou k¸dika C.

T¸ra jèlontac na diorj¸soume thn “plhroforÐa”x mèsw tou k¸dika C epilè-
getai h kwdik  lèxh pou eÐnai pio kont� sto x �ra h y. Gia na mporoÔme t¸ra na
diorj¸soume perissìtera l�jh jèloume qamhlìtera fr�gmata gia thn el�qisth
apìstash se èna k¸dika. Tètoioi k¸dikec eÐnai oi klasikoÐ k¸dikec Goppa, oi
opoÐoi parousi�zoun meg�lo endifèron kai ènac apì touc lìgouc eÐnai ìti mporeÐ
kaneÐc na èqei èna kalì qamhlì fr�gma gia thn el�qisth apìstas  touc.

4.2 GewmetrikoÐ k¸dikec Goppa

Katarq n ja melet soume touc k¸dikec Reed Solomon p�nw apì to Fq. Oi
gewmetrikoÐ Goppa k¸dikec eÐnai genÐkeush twn Reed Solomon kwdÐkwn.

'Estw n = q−1 kai β ∈ Fq èna prwteÔon stoiqeÐo thc pollaplasiastik c om�dac
F∗q = Fq\{0}, dhlad  F∗q = {β, β2, . . . , βn = 1}. Gia ènan akèraio k me 1 ≤ k ≤ n
jewroÔme ton k−di�stato dianusmatikì q¸ro

Lk := {f ∈ Fq[x] / deg f ≤ k − 1} (4.3)

kai thn apeikìnish ektÐmhshc

ev(f) :=
(
f(β), f(β2), . . . , f(βn)

) ∈ Fn
q . (4.4)

H apeikìnish aut  eÐnai Fq−grammik  kai “1-1” diìti èna mh mhdenikì polu¸numo
f ∈ Fq[x] me bajmì < n èqei ligìterec apì n rÐzec.

Epomènwc
Ck :=

{(
f(β), f(β2), . . . , f(βn)

)
/ f ∈ Lk

}
(4.5)

eÐnai ènac [n, k] k¸dikac p�nw apì to Fq kai lègetai RS k¸dikac (Reed Solomon
k¸dikac).

To b�roc miac kwdik c lèxhc 0 6= c = ev(f) ∈ Ck dÐnetai apì thn

ω(c) = n− | {i ∈ {1, . . . , n}; f(βi) = 0} |
≥ n− deg f

≥ n− (k − 1).

'Ara h el�qisth apìstash d tou Ck ikanopoieÐ thn anisìthta d ≥ n+1−k. Apì
thn �llh apì to fr�gma Singleton isqÔei d ≤ n+1−k. 'Ara d = n+1−k, dhlad 
oi Reed Solomon k¸dikec eÐnai MDS (maximum distance separable) k¸dikec
p�nw apì to Fq.

ParathroÔme epÐshc ìti oi Reed Solomon k¸dikec eÐnai mikrìteroi se sÔgkrish
me to mègejoc tou alf�bhtou Fq efìson n = q − 1.

ParadeÐgmata 4.4. 'Estw ènac Reed Solomon k¸dikac p�nw apì to F9 me k =
3. Qrhsimopoi¸ntac thn b�sh {1, t, t2} gia ton L3 èqoume ton pÐnaka genn tria

G =




1 1 1 1 1 1 1 1
1 a a2 a3 a4 a5 a6 a7

1 a2 a4 a6 1 a2 a4 a6


 .
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ìpou h pr¸th gramm  dÐnei tic timèc tou f(t) = 1, h deÔterh gramm  dÐnei tic
timèc tou f(t) = t kai h trÐth dÐnei tic timèc tou f(t) = t2 sta mh mhdenik�
stoiqeÐa tou F9 (a8 = 1 sto F9).

Sqìlia 4.4. Genik� oi pÐnakec genn triec gia touc Reed Solomon k¸dikec sqh-
matÐzontai paÐrnontac mia b�sh tou Lk−1 kai ektim¸ntac thn morf  twn antÐ-
stoiqwn kwdik¸n lèxewn.

Gia ìla ta k < q, oi pr¸tec k−st lec tou pÐnaka genn tria pou antistoiqoÔn
sthn b�sh monwnÔmwn tou Lk−1 dÐnoun upopÐnaka me mh mhdenik  orÐzousa. H
apeikìnish ektÐmhshc eÐnai “1-1”kai o antÐstoiqoc Reed Solomon k¸dikac eÐnai
ènac grammikìc k¸dikac me m koc n = q − 1 kai di�stash k = dimLk−1.

Oi sumbolismoÐ pou ja qrhsimopoi soume sto kef�laio autì eÐnai:

• F/Fq eÐnai èna algebrikì s¸ma sunart sewn gènouc g.

• P1, . . . , Pn eÐnai jèseic tou F/Fq diaforetikèc metaxÔ touc, bajmoÔ 1.

• D = P1 + . . . + Pn.

• G eÐnai ènac diairèthc tou F/Fq ètsi ¸ste suppG ∩ suppD = Ø.

Orismìc 4.10. O gewmetrikìc Goppa k¸dikac CL(D, G) pou sundèetai me touc
diairètec tou D kai G orÐzetai wc ex c:

CL(D, G) :=
{(

x(P1), . . . , x(Pn)
)

/ x ∈ L(G)
}
⊆ Fn

q .

Parathr seic 4.3.

• Gia x ∈ L(G) èqoume vPi(x) ≥ 0 (i = 1, . . . , n) giatÐ suppG∩ suppD = Ø.
H kl�sh upoloÐpwn x(Pi) tou x modulo Pi eÐnai èna stoiqeÐo tou s¸matoc
kl�shc upoloÐpwn tou Pi. Efìson deg Pi = 1, to s¸ma kl�shc upoloÐpwn
eÐnai to Fq, ètsi x(Pi) ∈ Fq.

• MporoÔme na jewr soume thn apeikìnish ektÐmhshc evD : L(G) → Fn
q me

evD(x) :=
(
x(P1), . . . , x(Pn)

) ∈ Fn
q (4.6)

H evD eÐnai Fq−grammik  kai CL(D, G) eÐnai h eikìna tou L(G) mèsw
aut c thc apeikìnishc.

Oi Reed Solomon k¸dikec eÐnai eidik  perÐptwsh twn gewmetrik¸n kwdÐkwn Gop-
pa giatÐ ta x(Pi) ston gewmetrikì k¸dika Goppa CL(D,G) an koun sto Fq en¸
ta f tou Reed Solomon k¸dika Ck an koun ston Fq[x] kai deg f ≤ k − 1. H
kataskeu  t¸ra enìc gewmetrikoÔ k¸dika Goppa apaiteÐ to s¸ma sunart sewn
F/Fq na epilegeÐ ¸ste na èqei gènoc g kai oi jèseic tou P1, . . . , Pn na eÐnai diafo-
retikèc kai bajmoÔ 1. 'Oso gia touc diairètec D kai G prèpei D = P1 + . . .+Pn

kai suppG ∩ suppD = Ø.

Oi k¸dikec autoÐ parousi�zoun endiafèron giatÐ mporeÐ kaneÐc na upologÐsei tic
paramètrouc n, k, d me to Je¸rhma Riemann-Roch kai na petÔqei èna qamhlì
fr�gma gia thn el�qisth apìstas  touc.
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Je¸rhma 4.1. CL(D, G) eÐnai ènac [n, k, d] k¸dikac me paramètrouc k = dim G−
dim(G−D) kai d ≥ n− deg G.

Apìdeixh:

O CL(D, G) eÐnai k¸dikac p�nw apì to Fq efìson ta Pi eÐnai rht� kai to x èqei
touc suntelestèc tou sto Fq.

H apeikìnish ektÐmhshc evD eÐnai 1-1 kai epÐ grammik  apeikìnish apì to L(G)
sto CL(D, G) me pur na

Ker(evD) =
{
x ∈ L(G) / vPi

(x) > 0 gia i = 1, . . . , n
}

= L(D −G).

opìte
dim CL(D,G) = dimL(G)− dimL(G−D)

�ra
k = dim G− dim(G−D).

Gia na apodeÐxoume thn deÔterh sqèsh upojètoume ìti CL(D,G) 6= 0. 'Estw
loipìn x ∈ L(G) me w(evD(x)) = d.

Tìte n− d jèseic Pi1 , . . . , Pin−d
sto forèa tou D eÐnai oi rÐzec tou x, �ra

0 6= x ∈ L(
G− (Pi1 + . . . + Pin−d

)
)
.

'Ara apì to Pìrisma (1.6) sumperaÐnoume ìti

0 ≤ deg
(
G− (Pi1 + . . . + Pin−d

)
)

= deg G− n + d

�ra
d ≥ n− deg G. ¥

Pìrisma 4.1. 'Estw ìti o bajmìc tou G eÐnai austhr� mikrìteroc tou n. Tìte
h apeikìnish ektÐmhshc evD : L(G) → CL(D, G) eÐnai 1-1 kai èqoume:

a) CL(D, G) eÐnai ènac [n, k, d] k¸dikac me d ≥ n − deg G kai k = dim G ≥
deg G + 1− g �ra k + d ≥ n + 1− g.

b) An epiplèon 2g − 2 < deg G < n, tìte k = deg G + 1− g.

g) An {x1, . . . , xn} eÐnai b�sh tou L(G) tìte o pÐnakac

M =




x1(P1) x1(P2) . . . x1(Pn)
...

...
...

...
xk(P1) xk(P2) . . . xk(Pn)


 .

eÐnai ènac pÐnakac genn tria gia ton CL(D,G).

Apìdeixh:

'Eqoume ìti deg(G −D) = deg G − deg D = deg G − n < 0 �ra L(G −D) = 0
kai o L(G−D) = 0 eÐnai o pur nac thc evD kai h evD eÐnai 1-1 apeikìnish.
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a) O CL(D, G) sÔmfwna me to Je¸rhma 4.1 eÐnai epÐshc ènac [n, k, d] k¸dikac
me d ≥ n− deg G kai

k = dim G− dim(G−D)
= dim G− 0
= dim G

≥ deg G + 1− g

apì to Je¸rhma Riemann.

T¸ra prosjètw kata mèlh tic

d ≥ n− deg G

kai
k ≥ deg G + 1− g

�ra
k + d ≥ n + 1− g.

b) Xèroume ìti gia k�je diairèth A tou F/K me bajmì ≥ 2g − 1 isqÔei

dimA = deg A + 1− g

�ra an deg G ≥ 2g − 1 tìte

k = dim G = deg G + 1− g.

g) Oi grammèc tou M apoteloÔn b�sh gia ton CL(D, G) �ra o M eÐnai ènac
pÐnakac genn tria gia ton CL(D, G) .

Parathr seic 4.4. IsqÔoun

k + d ≥ n + 1− g (Pìrisma 4.1)

kai
k + d ≤ n + 1 (Singleton Bound)

gia deg G < n, �ra
n + 1− g ≤ k + d ≤ n + 1. (4.7)

Epomènwc
k + d = n + 1

ìtan g = 0, dhlad  an F eÐnai s¸ma sunart sewn gènouc mhdèn.

'Ara oi gewmetrikoÐ Goppa k¸dikec eÐnai k¸dikec MDS ìtan kataskeu�zontai
sto rhtì s¸ma sunart sewn Fq(z).

Orismìc 4.11. O akèraioc d∗ := n−deg G onom�zetai designed apìstash tou
k¸dika CL(D,G).

Sqìlia 4.5. H el�qisth apìstash enìc gewmetrikoÔ k¸dika Goppa den mporeÐ
na eÐnai mikrìterh apì thn designed apìstas  tou. Autì prokÔptei apì to
Je¸rhma 4.1, dhlad  isqÔei d∗ ≤ d. Pìte isqÔei to Ðson;

An dim G > 0 kai d∗ = n− deg G > 0 tìte d∗ = d an kai mìno an up�rqei ènac
diairèthc D′ me 0 ≤ D′ ≤ D, deg D′ = deg G kai dim(G−D′) > 0.
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Apìdeixh:

EujÔ: Upojètoume ìti d∗ = d.

Tìte up�rqei èna stoiqeÐo 0 6= x ∈ L(G) ètsi ¸ste h kwdik  lèxh
(
x(P1), . . . , x(Pn)

) ∈
CL(D, G) na èqei akrib¸c n − d = n − d∗ = deg G mhdenikec sunist¸sec tic
x(Pij

) = 0 gia j = 1, . . . , deg G.

Jètw

D′ :=
deg G∑

j=1

Pij

tìte
0 ≤ D′ ≤ D, deg D′ = deg G

kai
dim(G−D′) > 0

giatÐ x ∈ L(G−D′).

AntÐstrofo: An D′ diairèthc me 0 ≤ D′ ≤ D,deg D′ = deg G kai dim(G −
D′) > 0 tìte dialègoume èna stoiqeÐo 0 6= y ∈ L(G−D′).

Tìte to b�roc thc antÐstoiqhc kwdik c lèxhc
(
y(P1), . . . , y(Pn)

)
eÐnai n−deg G =

d∗ �ra d = d∗. ¥

Parathr seic 4.5. Gia ènan diairèth A ∈ DF , ΩF (A) eÐnai o q¸roc twn Weil
diaforik¸n ω me (ω) ≥ A. Autìc eÐnai ènac peperasmènhc di�stashc dianusmati-
kìc q¸roc p�nw apì to Fq me di�stash i(A) (the index of speciality tou A). Gia
èna Weil diaforikì ω kai mia jèsh P ∈ PF , ωP : F → Fq ekfr�zei thn topik 
sunist¸sa tou ω sto P . Thn opoÐa qrhsimopoi¸ntac mporoÔme na broÔme kai
ènan �llo k¸dika o opoÐoc sundèetai me touc diairètec G kai D.

Orismìc 4.12. 'Estw G kai D = P1+. . .+Pn diairètec me suppG∩suppD = Ø
kai Pi diaforretikèc metaxÔ touc jèseic bajmoÔ 1. Tìte orÐzoume ton k¸dika:

CΩ(D,G) :=
{(

ωP1(1), . . . , ωPn(1)
)

/ ω ∈ ΩF (G−D)
}

.

Je¸rhma 4.2. (An�logo tou Jewr matoc 4.1)
O CΩ(D, G) eÐnai ènac [n, k′, d′] k¸dikac me paramètrouc

k′ = i(G−D)− i(G) kai d′ ≥ deg G− (2g − 2).

An epiplèon isqÔei deg G > 2g − 2 èqoume ìti:

k′ = i(G−D) ≥ n + g − 1− deg G.

EpÐshc an 2g − 2 < deg G < n tìte:

k′ = n + g − 1− deg G.

Apìdeixh:

'Estw P ∈ PF mia jèsh bajmoÔ 1 kai ω èna Weil diaforikì me vP (ω) ≥ −1.
Isqurizìmaste ìti:

ωP (1) = 0 ⇔ vP (ω) ≥ 0. (4.8)
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(⇐) IsqÔei ìti gia ènan akèraio r ∈ Z
vP (ω) ≥ r ⇔ ωP (x) = 0 gia ìla ta x ∈ F me vP (x) ≥ −r (4.9)

opìte gia r = 0 prokÔptei ìti an vP (ω) ≥ 0 tìte ωP (1) = 0.

(⇒) Upojètw ìti ωP (1) = 0.

'Estw x ∈ F me vP (x) ≥ 0. Efìson deg P = 1 mporoÔme na gr�youme x = a+y
me a ∈ Fq kai vP (y) ≥ 1.

Tìte
ωP (x) = ωP (a) + ωP (y) = a · ωP (1) + 0 = 0

(ωP (y) = 0 giatÐ vP (ω) ≥ −1 kai vP (y) ≥ 1). 'Etsi èqoume apodeÐxei thn (4.8).

T¸ra jewroÔme thn Fq−grammik  apeikìnish

%D :





ΩF (G−D) → CΩ(D,G)

ω 7→ (
ωP1(1), . . . , ωP1(1)

)

h %D eÐnai 1-1 kai epÐ kai o pur nac thc eÐnai o ΩF (G) (apì thn 4.8).

Epomènwc

k′ = dim ΩF (G−D)− dimΩF (G) = i(G−D)− i(G). (4.10)

'Estw %D(ω) ∈ CΩ(D, G) kwdik  lèxh me b�roc m > 0. Tìte ωPi(1) = 0 gia
k�poiouc deÐktec i = i1, . . . , ın−m, ètsi

ω ∈ ΩF

(
G− (

D −
n−m∑

j=1

Pij

))

(apì thn 4.8). Efìson ΩF (A) 6= 0 sunep�getai

deg A ≤ 2g − 2

(apì to Je¸rhma 3.4), opìte èqoume:

2g − 2 ≥ deg G− (n− (n−m)) = deg G−m.

Epomènwc h el�qisth apìstash d′ tou CΩ(D, G) ikanopoieÐ thn anisìthta

d′ ≥ deg G− (2g − 2).

Upojètw t¸ra ìti deg G > 2g−2. Apì to Je¸rhma 3.4 èqoume i(G) = 0. Opìte
h 4.10 me to Je¸rhma Riemann-Roch dÐnoun

k′ = i(G−D)− 0
= dim(G−D)− deg(G−D) + g − 1
= dim(G−D) + n + g − 1− deg G.

'Ara
k′ ≥ n + g − 1− deg G.

An epiplèon deg G < n tìte dim(G−D) = 0 opìte k′ = n + g − 1− deg G. ¥
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Orismìc 4.13. O arijmìc deg G − (2g − 2) lègetai designed apìstash tou
CΩ(D,G).

Je¸rhma 4.3. Oi k¸dikec CL(D, G) kai CΩ(D, G) eÐnai o ènac duðkìc tou
�llou, dhlad 

CΩ(D, G) = CL(D,G)⊥.

Apìdeixh:
Isqurismìc

'Estw P ∈ PF jèsh bajmoÔ 1, ω èna Weil diaforikì me vP (ω) ≥ −1 kai èna
stoiqeÐo x ∈ F me vP (x) ≥ 0, tìte

ωP (x) = x(P ) · ωP (1). (4.11)

Apìdeixh IsqurismoÔ

Gr�foume x = a + y me a = x(P ) ∈ Fq kai vP (y) > 0, tìte

ωP (x) = ωP (a) + ωP (y)
= a · ωP (1) + 0
= x(P ) · ωP (1)

T¸ra ja deÐxoume ìti CΩ(D, G) ⊆ CL(D,G)⊥.

'Estw loipìn ω ∈ ΩF (G−D) kai x ∈ L(G), tìte

0 = ω(x) =
∑

P∈PF

ωP (x)

=
n∑

i=1

ωPi(x)

(giatÐ gia P ∈ PF \{P1, . . . , Pn} èqoume vP (x) ≥ −vP (ω) (efìson x ∈ L(G) kai
ω ∈ Ω(G−D)) ètsi ωP (x) = 0 apì thn 4.9)

=
n∑

i=1

x(Pi) · ωPi(1)

(èpetai apì thn (4.11) )

=
〈(

ωP1(1), . . . , ωPn(1)
)
,
(
x(Pn), . . . , x(Pn)

)〉

�ra CΩ(D,G) ⊆ CL(D, G)⊥.

T¸ra ja deÐxoume ìti oi k¸dikec CΩ(D,G) kai CL(D,G)⊥ èqoun thn Ðdia di�-
stash

dim CΩ(D,G) = i(G−D)− i(G) (apì Je¸rhma4.2)
= dim(G−D)− deg(G−D)− 1 + g − (dimG− deg G− 1 + g)

(apì Je¸rhma Riemann-Roch kai orismì tou i(A))

= deg D + dim(G−D)− dim G

= n− (dimG− dim(G−D))
= n− dim CL(D, G)
= dim CL(D, G)⊥. ¥
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L mma 4.1. Up�rqei èna Weil diaforikì η ètsi ¸ste vPi
(η) = −1 kai ηPi

(1) = 1
gia i = 1, . . . , n.

Apìdeixh:

Dialègoume èna Weil diaforikì ω0 6= 0. Apì to Je¸rhma AsjenoÔc Prosèg-
gishc, up�rqei èna stoiqeÐo z ∈ F me vPi

(z) = −vPi
(ω0) − 1 gia i = 1, . . . , n.

Jètontac ω := zω0 paÐrnoume vPi
(ω) = −1. Epomènwc ai := ωPi

(1) 6= 0 (apì
thn 4.8). Xan� apì to Je¸rhma AsjenoÔc Prosèggishc brÐskoume y ∈ F ètsi
¸ste vPi

(y − ai) > 0. 'Epetai ìti

vPi(y) = 0 kai y(Pi) = ai.

Jètoume η := y−1ω kai èqoume

vPi
(η) = vPi

(ω) = −1

kai

ηPi(1) = ωPi(y
−1)

= y−1(Pi) · ωPi(1)
= a−1

i · ai

= 1 ¥

Prìtash 4.2. 'Estw η èna Weil diaforikì ètsi ¸ste vPi(η) = −1 kai ηPi(1) = 1
gia i = 1, . . . , n. Tìte

CL(D, G)⊥ = CΩ(D, G) = CL(D,H) me H := D −G + (η).

Apìdeixh:

ParathroÔme ìti
supp(D −G + (n)) ∩ suppD = Ø

efìson vPi(η) = −1 gia i = 1, . . . , n. 'Ara o CL(D,D −G + (η)) orÐzetai.

Apì to Je¸rhma 3.2 up�rqei ènac isomorfismìc

µ : L(D −G + (η)) → ΩF (G−D)

pou orÐzetai apì µ(x) := xη.

Gia x ∈ L(D −G + (η)) èqoume:

(xη)Pi(1) = ηPi(x)
= x(Pi) · ηPi(1)
= x(Pi).

'Ara
CΩ(D,G) = CL(D, D −G + (η)). ¥

Pìrisma 4.2. Upojètoume ìti up�rqei èna Weil diaforikì η ètsi ¸ste (η) =
2G−D kai ηPi(1) = 1 gia i = 1, . . . , n. Tìte o k¸dikac CL(D, G) eÐnai autodu-
ðkìc.
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Apìdeixh:
'Eqoume

(η) = G + G−D   G = D −G + (η).
'Ara apì thn Prìtash 4.2 èpetai ìti:

CL(D,G)⊥ = CL(D, D −G + (η)) = CL(D, G). ¥
Sqìlia 4.6. Qrhsimopoi¸ntac thn prìtash 4.2 mporoÔme na metatrèyoume
to Je¸rhma 4.2 sto Je¸rhma 4.1. Opìte èqoume mia deÔterh apìdeixh tou
Jewr matoc 4.2.
Orismìc 4.14. DÔo k¸dikec C1, C2 ⊆ Fq lègontai isodÔnamoi an up�rqei èna
di�nusma a = (a1, . . . , an) ∈ (

Fq\{0}
)n ètsi ¸ste C2 = a · C1, dhlad 

C2 =
{
(a1c1, . . . , ancn) / (c1, . . . , cn) ∈ C1

}
.

Parathr seic 4.6. IsodÔnamoi k¸dikec èqoun thn Ðdia di�stash, thn Ðdia el�-
qisth apìstash kai thn Ðdia katanom  b�rouc. P�ntwc aut  h isodunamÐa den
metafèrei ìlec tic idiìthtec enìc k¸dika.
Prìtash 4.3.

a) 'Estw G1 kai G2 diairètec me G1 ∼ G2 kai suppG1 ∩ suppD = suppG2 ∩
suppD = Ø. Tìte oi k¸dikec CL(D, G1) kai CL(D, G2) eÐnai isodÔnamoi.
To Ðdio isqÔei kai gia touc CΩ(D, G1), CΩ(D, G2).

b) Antistrìfwc, an ènac k¸dikac C ⊆ Fn
q eÐnai isodÔnamoc me ton CL(D, G)

(antÐstoiqa me ton CΩ(D, G)) tìte up�rqei ènac diairèthc G′ ∼ G ètsi ¸-
ste suppG′∩suppD = Ø kai C = CL(D, G′) (antÐstoiqa C = CΩ(D, G′)).

Apìdeixh:
a) G1 ∼ G2 �ra G2 = G1 − (z) me vPi(z) = 0 gia i = 1, . . . , n. 'Ara

a :=
(
z(P1), . . . , z(Pn)

) ∈ (
Fq\{0}

)n

kai h apeikìnish
x 7→ xz

apì to L(G1) sto L(G2) eÐnai 1-1 (L mma 1.3). Apì autì sunep�getai ìti:

CL(D, G2) = a · CL(D, G1).

Dhlad  oi k¸dikec CL(D, G1) kai CL(D,G2) eÐnai isodÔnamoi.

Me ton Ðdio trìpo apodeiknÔetai ìti kai oi k¸dikec CΩ(D, G1) kai CΩ(D, G2)
eÐnai isodÔnamoi.

b) 'Estw C = a · CL(D, G) me a = (a1, . . . , an) ∈ (
Fq\{0}

)n. Dialègoume
z ∈ F me z(Pi) = ai, i = 1, . . . , n kai jètoume G′ := G− (z). Tìte

C = CL(D, G′). ¥

Sqìlia 4.7. An G eÐnai ènac diairèthc gia ton opoÐo suppG ∩ suppD = Ø,
mporoÔme na orÐsoume ènan gewmetrikì Goppa k¸dika CL(D, G) pou sundèetai
me touc D kai G wc ex c: dialègoume ènan diairèth G′ ∼ G me suppG′∩suppD =
Ø (autì eÐnai dunatìn apì to Je¸rhma Prosèggishc) kai jètoume CL(D, G) :=
CL(D, G′). H epilog  tou G′ den eÐnai kanonik , �ra o CL(D, G) eÐnai kal�
orismènoc apì thn isodunamÐa thc Prìtashc 4.3.
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4.3 GewmetrikoÐ k¸dikec Goppa enìc rhtoÔ s¸matoc su-
nart sewn

S� aut  thn par�grafo ja melet soume gewmetrikoÔc k¸dikec Goppa pou sun-
dèontai me diairètec enìc rhtoÔ s¸matoc sunart sewn. Sthn kwdikopoÐhsh aut 
h kathgorÐa kwdÐkwn eÐnai gnwst  wc Generalized Reed Solomon k¸dikec.

Orismìc 4.15. 'Enac gewmetrikìc k¸dikac Goppa CL(D, G) pou sundèetai
me touc diairètec G kai D enìc rhtoÔ s¸matoc sunart sewn Fq(z)/Fq lège-
tai rhtìc. ('Opwc kai sthn par�grafo 4.2, D = P1 + . . . + Pn me P1, . . . , Pn
diaforetikèc metaxÔ touc jèseic, bajmoÔ 1 kai suppG ∩ suppD = Ø).

Parathr seic 4.7. To m koc tou CL(D,G) fr�ssetai apì to q + 1 giatÐ to
Fq(z) èqei mìno q + 1 jèseic bajmoÔ 1. Autèc eÐnai o pìloc P∞ tou z kai gia
k�je α ∈ Fq h rÐza Pα tou z − α (Prìtash 1.3).

Prìtash 4.4. 'Estw C = CL(D, G) ènac rhtìc gewmetrikìc k¸dikac Goppa
p�nw apì to Fq kai èstw n, k, d oi par�metroi tou C. Tìte èqoume:

a) n ≤ q + 1.

b) k = 0 ⇔ deg G < 0 kai k = n ⇔ deg G > n− 2.

g) Gia 0 ≤ deg G ≤ n− 2

k = 1 + deg G kai d = n− deg G

opìte o C eÐnai MDS k¸dikac afoÔ k + d = n + 1.

d) O C⊥ eÐnai epÐshc rhtìc gewmetrikìc k¸dikac Goppa.

Prìtash 4.5. 'Estw C = CL(D, G) eÐnai ènac rhtìc gewmetrikìc k¸dikac
Goppa p�nw apì to Fq me paramètrouc n, k kai d.

a) An n ≤ q up�rqoun stoiqeÐa α1, . . . , αn ∈ Fq ana dÔo diaforetik� metaxÔ
touc kai v1, . . . , vn ∈ Fq\{0} (ìqi aparaÐthta diaforetik�) ètsi ¸ste

C =
{(

v1 ·f(α1), v2 ·f(α2), . . . , vn ·f(αn)
)

/ f ∈ Fq[z] kai deg f ≤ k−1
}

.

O pÐnakac

M =




v1 v2 . . . vn

α1v1 α2v2 . . . αnvn

α2
1v1 α2

2v2 . . . α2
nvn

...
...

...
...

αk−1
1 v1 αk−1

2 v2 . . . αk−1
n vn




(4.12)

eÐnai ènac pÐnakac genn tria gia ton C.

b) An n = q + 1, o C èqei pÐnaka genn tria ton

M =




v1 v2 . . . vn−1 0
α1v1 α2v2 . . . αn−1vn−1 0
α2

1v1 α2
2v2 . . . α2

n−1vn−1 0
...

...
...

...
...

αk−1
1 v1 αk−1

2 v2 . . . αk−1
n−1vn−1 1




(4.13)

ìpou Fq = {α1, . . . , αn−1} kai v1, . . . , vn−1 ∈ Fq\{0}.
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Apìdeixh:

a) 'Estw D = P1 + . . . + Pn. Efìson n ≤ q up�rqei mia jèsh P bajmoÔ 1 h
opoÐa den eÐnai ston forèa tou D. Dialègoume mia jèsh Q 6= P bajmoÔ 1
(p.q. Q = P1). Tìte dim(Q− P ) = 1 (apì Je¸rhma Riemann-Roch) �ra
Q−P eÐnai kÔrioc diairèthc (Pìrisma 1.6). 'Estw Q−P = (z), tìte to z
eÐnai to paragìmeno stoiqeÐo tou rhtoÔ s¸matoc sunart sewn p�nw apì
to Fq kai P eÐnai o pìloc diairèthc tou z, dhlad  P = P∞.

Apì thn prohgoÔmenh prìtash (4.4) mporoÔme na upojèsoume ìti deg G =
k − 1 ≥ 0 (h perÐptwsh k = 0 eÐnai tetrimmènh). O diairèthc (k − 1)P∞ −
G èqei bajmì mhdèn �ra eÐnai kurtìc (apì Je¸rhma Riemann-Roch kai
Pìrisma 1.6). 'Estw (k − 1)P∞ − G = (u) me 0 6= u ∈ F . Ta k stoiqeÐa
u, z · u, . . . , zk−1 · u eÐnai ston L(G) kai eÐnai grammik¸c anex�rthta p�nw
apì to Fq. Efìson dim G = k apoteloÔn mia b�sh tou L(G), dhlad 

L(G) = {u · f(z) / f ∈ Fq[z] kai deg f ≤ k − 1}.

Jètontac αi := z(Pi) kai vi := u(Pi) èqoume
(
u · f(z)

)
(Pi) = u(Pi) · f

(
z(Pi)

)
= vi · f(αi) gia i = 1, . . . , n.

Epomènwc

C = CL(D, G) =
{(

v1 · f(α1), . . . , vn · f(αn)
)

/ deg ≤ k − 1
}
.

H kwdik  lèxh tou C pou antistoiqeÐ sto u ·zj eÐnai (v1 ·αj
1, v2 ·αj

2, . . . , vn ·
αj

n) opìte o pÐnakac (4.12) eÐnai pÐnakac genn tria tou C.

b) H apìdeixh eÐnai parìmoia me thn perÐptwsh n ≤ q. T¸ra èqoume n = q+1
kai mporoÔme na dialèxoume z ètsi ¸ste Pn = P∞ o pìloc tou z. 'Opwc
kai prin (k − 1)P∞ − G = (u) me 0 6= u ∈ F kai {u, z · u, . . . , zk−1 ·
u} eÐnai mia b�sh tou L(G). Gia 1 ≤ i ≤ n − 1 = q, ta stoiqeÐa
αi := z(Pi) ∈ Fq eÐnai diaforetik� metaxÔ touc �ra Fq = {α1, . . . , αn−1}.
Epiplèon vi := u(Pi) ∈ Fq\{0} gia i = 1, . . . , n − 1. Gia 0 ≤ j ≤ k − 2
èqoume:

(
(u · zj)(P1), . . . , (u · zj)(Pn)

)
= (αj

1 · v1, . . . , α
j
n−1 · vn−1, 0),

all� gia j = k − 1 isqÔei:
(
(u · zk−1)(P1), . . . , (u · zk−1)(Pn)

)
= (αk−1

1 · v1, . . . , α
k−1
n−1 · vn−1, γ)

ìpou 0 6= γ ∈ Fq. Antikajist¸ntac to u me γ−1u prokÔptei o pÐnakac gen-
n tria (4.13). ¥

Orismìc 4.16. 'Estw α = (α1, . . . , αn) ìpou ta αi eÐnai diaforetik� stoiqeÐa
tou Fq kai èstw v = (v1, . . . , vn) ìpou ta vi eÐnai mh mhdenik� stoiqeÐa (ìqi
aparaÐthta diaforetik�) stoiqeÐa tou Fq. Tìte o Generalized Reed Solomon
k¸dikac sumbolÐzetai me GRSk(α, v) kai apoteleÐtai apì ìla ta dianÔsmata(
v1 · f(α1), . . . , vn · f(αn)

)
me f(z) ∈ Fq[z] kai deg f ≤ k − 1 (gia stajerì

k ≤ n).
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Parathr seic 4.8.

(i) 'Enac orismìc isodÔnamoc me ton orismì 4.16 eÐnai o ex c: GRSk(α, v)
eÐnai o k¸dikac p�nw apì to Fq me pÐnaka genn tria ton 4.12.

(ii) An α = (β, β2, . . . , βn) (ìpou n = q−1 kai β eÐnai prwteÔon niost  rÐza thc
mon�dac) kai v = (1, 1, . . . , 1) tìte o GRSk(α, v) eÐnai ènac Reed Solomon
k¸dikac.
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