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Kaluptikè Apeikon�sei

lEpif�neie Riemann

↓

Fuchsian om�de
2



'

&

$

%

• An m�a om�da dra evenly ston q¸ro Y , tìte h fusik  probol  p : Y → Y/G e�naim�a kaluptik  apeikìnish.

• K�je kaluptik  apeikìnish p : Y → X, pou proèrqetai apì m�a even dr�sh m�aom�da G se ènan q¸ro Y onom�zetai G-kaluptik  apeikìnish kai o q¸ro Y
G-kaluptikì q¸ro.
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• 'Ena omomorfismì tou kaluptikoÔ q¸rou (Y1, y1) ston kaluptikì q¸ro (Y2, y2)e�nai m�a suneq  apeikìnish ϕ : Y1 → Y2 tètoia ¸ste to parak�tw di�gramma na e�naimetajetikì:

(Y1, y1)
ϕ
−→ (Y2, y2)

p1 ց ւ p2

(X, x)

• An h ϕ e�nai èna omoiomorfismì twn topologik¸n q¸rwn Y1 kai Y2, tìte prokÔpteièna isomorfismì kaluptik¸n q¸rwn. Se aut n thn per�ptwsh oi kaluptiko� q¸roionom�zontai isìmorfoi (  isodÔnamoi).
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• Gia k�je upoom�da H tou π1(X, x) up�rqei èna sunektikì k�lumma:

pH : (YH , yH)→ (X, x), me yH ∈ p−1(x), ètsi ¸ste h eikìna tou π1(YH , yH) sthn

π1(X, x), mèsw th pH∗

na e�nai h upoom�da H. K�je �llo tètoio k�lumma (w prothn epilog  b�sh) e�nai isìmorfo me autì.
• An K e�nai m�a �llh upoom�da tou π1(X, x), pou perièqei to H, up�rqei monadik suneq  apeikìnish pH,K : (YH , yH)→ (YK , yK) pou e�nai sumbat  me ti probolèston X. Aut  e�nai kaluptik  apeikìnish kai an H ⊳K, tìte e�nai èna G-k�lumma me

G = K/H.
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• Up�rqei m�a 1-1 kai ep� antistoiq�a metaxÔ ìlwn twn upoom�dwn H th π1(X, x) kaiìlwn twn kaluptik¸n kl�sewn [pH : (YH , yH)→ (X, x)]. Dhlad :

H = pH∗
(π1(YH , yH))←→ [pH : (YH , yH)→ (X, x)].
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Ja èqoume thn ex  antistoiq�a:
(X̃, x̃) ↔ {e} = Aut(X̃/X̃)

↓ ∩ ∧

(YH , yH) ↔ H = Aut(X̃/H)

↓ ∩ ∧

(YK , yK) ↔ K = Aut(X̃/K)

↓ ∩ ∧

(X, x) ↔ G = Aut(X̃/X)
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Jemeli¸de je¸rhma th jewr�a Galois'Estw F m�a peperasmènou bajmoÔ epèktash Galois ep� tou K, me om�da Galois thn

G = Gal(F/K), K = FG kai E endi�meso s¸ma, dhlad  K ⊂ E ⊂ F . Tìte up�rqeim�a 1-1 antistoiq�a metaxÔ: ìlwn twn endi�meswn swm�twn th epèktash kai ìlwntwn upoom�dwn th G, pou d�netai apì thn E 7→ Gal(F/E),

(

H 7→ [pH : (YH , yH)→ (X, x)], me H < π1(X, x)
) ètsi ¸ste:1. O bajmì th sqetik  epèktash dÔo endi�meswn swm�twn e�nai �so me tonsqetikì de�kth twn ant�stoiqwn upoom�dwn th G. Sugkekrimèna h Gal(F/K),èqei t�xh [F : K].2. H F e�nai m�a Galois epèktash ep� k�je endi�mesou s¸mato E, all� to E e�nai

Galois epèktash ep� tou K ann h ant�stoiqh upoom�da Galois: Gal(F/E) e�nai m�akanonik  upoom�da th G. S' aut n thn per�ptwsh ja èqoume:
Gal(F/K)/Gal(F/E) ∼= Gal(E/K).

(

Aut(X̃/YK)/Aut(X̃/YH) ∼= Aut(YH/YK) ∼= K/H.
)
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F ←→ 1

∪ ∧

M ←→ Gal(F/M)

∪ ∧

L ←→ Gal(F/L)

∪ ∧

K ←→ Gal(F/K) = G

(X̃, x̃) ↔ {e} = Aut(X̃/X̃)

↓ ∩ ∧

(YH , yH) ↔ H = Aut(X̃/H)

↓ ∩ ∧

(YK , yK) ↔ K = Aut(X̃/K)

↓ ∩ ∧

(X, x) ↔ G = Aut(X̃/X)

Sq ma 1: Endi�mesa s¸mata m�a Galois epèktash vs endi�meswn kaluptik¸n apeiko-n�sewn
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Epif�neie RiemannM�a sunektik  epif�neia Riemann X e�nai m�a (le�a) 2-pollaplìthta, maz� me m�amigadik  analutik  dom  ston X:
• E�nai m�a epif�neia, dhlad  èna Hausdorff topologikì topologikì q¸ro X mem�a arijm simh b�sh ètsi ¸ste: gia k�je x ∈ X na up�rqei anoikt  perioq  tou

Ux, me Ux na e�nai omoiomorfik  me èna V , pou e�nai anoiktì tou R2 ∼= C.

• O X e�nai efodiasmèno me èna zeÔgo (Uα, ϕα), ìpou Uα e�nai èna anoiktìuposÔnolo tou C kai ϕα m�a sullog  apì omoiomorfismoÔ:

ϕα : Uα → ϕα(Uα) ⊂ X, gia k�je de�kth α ∈ I (o ϕα e�nai m�a emfÔteush tou Uαston X.). Thn sullog  {ϕα : α ∈ I} thn onom�zoume q�rth (chart, coordinate

chart) kai to zeÔgo (Uα, ϕα) suntetagmenik  perioq  (coordinate neighborhood.).
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• O topologikì q¸ro X kalÔptetai apì autè ti perioqè, dhlad  isqÔei

X = ∪ϕα(Uα), me α ∈ N.

• An Uαβ = ϕ−1
α (ϕα(Uα) ∩ ϕβ(Uβ)), or�zoume ti apeikon�sei allag suntetagmènwn na e�nai ϕβα = ϕ−1

β ◦ ϕα : Uαβ → Uβα  

ϕβα = ϕ−1
β ◦ ϕα : ϕ−1

α (Uα ∩ Uβ)→ ϕ−1
β (Uα ∩ Uβ)me Uαβ

∼= Uβα kai apaitoÔme na e�nai analutikè gia k�je de�kte α, β. Oi

(Uα, ϕα), (Uβ, ϕβ), onom�zontai analutik� isodÔname suntetagmenikè perioqè.
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H migadik  dom  se m�a epif�neia Riemann
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• An X, Y e�nai epif�neie Riemann, m�a apeikìnish f : X → Y e�nai analutik  se èna

P ∈ X, an up�rqoun suntetagmenikè perioqè: ϕ : U → X kai ψ : V → Y pouapeikon�zontai se geitoniè tou P kai tou f(P ) ant�stoiqa, ètsi ¸ste

f(ϕ(U)) ⊂ ψ(V ), kai h sÔnjesh ψ−1 ◦ f ◦ ϕ na e�nai m�a analutik  apeikìnish apì to

U sto V .
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Analutik  apeikìnish metaxÔ epifanei¸n Riemann
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'Estw X epif�neia Riemann. H f e�nai m�a merìmorfh sun�rthsh ston X an

f : X \ S → C me S ⊂ X e�nai m�a analutik  sun�rthsh ètsi ¸ste isqÔoun taakìlouja:1. To S na e�nai èna diakritì sÔnolo, dhlad  na perièqei mìno memonwmèna shme�a: an

p ∈ S, up�rqei D(p, R), R > 0 ètsi ¸ste D(p, R) ∩ S = {p}.2. Gia k�je p ∈ S èqw
lim
x→p
|f(x)| =∞

• Ta shme�a tou S onom�zontai pìloi th f kai to sÔnolo twn merìmorfwnsunart sewn ston X sumbol�zetai meM(X).
• IsodÔnama mporoÔme na fantastoÔme ti merìmorfe apeikon�sei f ston q¸ro X,san analutikè apeikon�sei sthn sfa�ra f : X → S2
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• 'Estw Y,X epif�neie Riemann kai f e�nai m�a ìqi stajer  analutik  apeikìnishmetaxÔ aut¸n twn epifanei¸n f : Y → X. 'Ena shme�o P ∈ Y onom�zetai shme�odiakl�dwsh (ramification point) th f an den up�rqei geitoni� tou V tou P ètsi¸ste h f |V e�nai 1-1.
• 'Estw f : X → Y m�a ìqi stajer  analutik  apeikìnish kai X, Y na e�nai sumpage�epif�neie Riemann. Tìte:1. |R| <∞ me R ⊂ X to sÔnolo twn shme�wn diakl�dwsh kai S = f(R) ⊂ Y .2. H apeikìnish X \ f−1(S)→ Y \ S e�nai m�a kaluptik  apeikìnish n-fÔllwn.Onom�zoume ton akèraio n bajmì (degree) th analutik  f kai to sumbol�zoumeme n := degf . Autì e�nai to �jroisma tou pl jou twn ant�strofwn eikìnwnenì gnwstoÔ q ∈ Y metrhmènh th pollaplìthta th f se k�je èna apì aut�ta shme�a, dhlad :3. Gia k�je q ∈ Y isqÔei:

∑

P∈f−1(q)

ef (P ) = n.
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Antistrìfw:

• 'Estw Y epif�neia Riemann, S èna peperasmèno uposÔnolo tou Y kai

p : X ′ → Y \ S m�a kaluptik  apeikìnish e fÔllwn me X ′ na e�nai sunektikì.MporoÔme na emfuteÔsoume ton X ′ san èna anoiktì uposÔnolo m�a epif�neia

Riemann X: X ′ →֒ X me X = X ′∪ èna peperasmèno sÔnolo ètsi ¸ste h p na mpore�na epektaje� se m�a proper, analutik  sun�rthsh metaxÔ epifanei¸n Riemann

f : X → Y .
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Epif�neie Riemann kai Algebrikè KampÔle

• 'Estw F (z, w) ìqi stajerì, an�gwgo polu¸numo dÔo metablht¸n me migadikoÔsuntelestè. To sÔnolo twn riz¸n tou:
C = {(z, w) ∈ C2 : F (z, w) = 0}onom�zetai {migadik  afinik  kampÔlh sto ep�pedo}.

• JewroÔme thn pr¸th probol  π1 : C → C me π1(z, w) = z.

• Afair¸nta k�poio peperasmèno arijmì shme�wn tìte h π1 g�netai m�a topologik kaluptik  apeikìnish. Pr�gmati up�rqei èna peperasmèno arijmì shme�wn, S ⊂ Cètsi ¸ste h probol  p : C \ π−1
1 (S)→ C \ S na e�nai m�a peperasmènwn fÔllwnkaluptik  apeikìnish.

• p : C \ π−1
1 (S)→ S2 \ S ∪ {∞}.
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Sunoy�zonta:

• K�je an�gwgo polu¸numo F (z, w) ∈ C[Z,W ] ep�gei m�a kaluptik  apeikìnish

p : C \ π−1
1 (S)→ C \ S me C to algebrikì sÔnolo mhdenismoÔ tou F kai Speperasmèno sÔnolo. Aut  h apeikìnish me thn seir� th epekte�netai se m�a analutik kai proper apeikìnish f : X → S2, me X na e�nai m�a sumpag  epif�neia Riemann kai

f ∈M(X). Aut  h epif�neia Riemann onom�zetai h epif�neia Riemann thalgebrik  kampÔlh C   tou poluwnÔmou F .
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•An X e�nai m�a sumpag  epif�neia Riemann kaiM(X) to s¸ma merìmorfwnsunart sewn tìte tr.dCM(X) = 1.
•K�je sumpag  kai sunektik  epif�neia Riemann e�nai h epif�neia Riemann m�aalgebrik  kampÔlh.
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• K�je deck tranformation sto topologikì k�lumma ep�gei ènan deck tranformationsto analutikì k�lumma.
• K�je analutikì deck transformation σ : Y → Y tou Y ep� tou X ep�gei ènanautomorfismì f 7→ σf := f ◦ σ−1 touM(Y ) = L, pou af nei stajerì to s¸ma

M(X) = K me thn apeikìnish:
Aut(Y/X)→ Gal(L/K)ìpw aut  or�sthke, na e�nai èna isomorfismì om�dwn. Tèlo o kaluptikì q¸roe�nai kanonikì, me thn ènnoia ìti to topologikì k�lumma pou ep�gei e�nai kanonikì, anh epèktash e�nai Galois.

• Efarmog  sto ant�strofo prìblhma th jewr�a tou Galois.
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Fuchsian Om�de Pr¸tou E�dou

Uniformization je¸rhma gia epif�neie RiemannO kajolikì kaluptikì q¸ro X̃, mia epif�neia Riemann X, e�nai (sÔmmorfo) e�teo C, e�te h sfa�ra tou Riemann, e�te o monadia�o anoiktì migadikì d�sko D.
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• M�a topologik  om�da (G,m, τ) e�nai èna topologikì q¸ro (G, τ) pou èqei dom om�da (G,m), me G na e�nai èna sÔnolo, τ , m�a topolog�a kai m na dhl¸nei thn(pollaplasiastik ) pr�xh th om�da, ètsi ¸ste oi sunart sei:

G×G→ G me tÔpo x× y 7→ x · y

G→ G, me tÔpo x 7→ x−1,na e�nai suneqe� sunart sei. M�a telik  pro�pìjesh e�nai to monosÔnolo pouperièqei to tautotikì stoiqe�o th om�da {idG}, na e�nai kleistì, ètsi ¸ste

G \ {idG} ∈ τ.

• Lème ìti h G dra suneq¸ (  ìti e�nai m�a om�da metasqhmatism¸n) ston S anup�rqei m�a suneq  apeikìnish
G× S → S me tÔpo S ∋ (g, s) 7→ g · s ∈ S,ètsi ¸ste na ikanopoioÔntai ta ex :1. (ab)s = a(bs) gia a, b ∈ G kai s ∈ S,2. idGs = s ∀s ∈ S. 23
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Taxinìmhsh twn grammik¸n klasmatik¸n metasqhmatism¸n ston C ∪ {∞}.'Estw σ =





a b

c d



 ∈ GL2(C) kai z ∈ C ∪ {∞}. Jètoume

σ(z) =
az + b

cz + d
.

(i)





λ 1

0 λ



 , (ii)





λ 0

0 µ



 , me λ 6= µ.Gi �utìn ton lìgo o metasqhmatismì e�nai èna apì tou dÔo:

(i) z 7→ z + λ−1, (ii) z 7→ cz, c 6= 1.Sthn pr¸th per�ptwsh kaloÔme to σ parabolikì. Sthn deÔterh per�ptwsh to σonom�zetai elleiptikì an |c| = 1 kai uperbolikì an c ∈ R+. Diaforetik� to σ kale�tailoxodomikì. O orismì autì isqÔei tìso gia tou metasqhmatismoÔ ìso kai gia toup�nake.
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Taxinìmhsh me to �qno:An σ ∈ GL2(C) \ {±I}, tìte:
• to σ e�nai parabolikì an kai mìnon an to tr(σ) = ±2,

• to σ e�nai elleiptikì an kai mìnon an to tr(σ) e�nai pragmatikì kai |tr(σ)| < 2,

• to σ e�nai uperbolikì an kai mìnon an to tr(σ) e�nai pragmatikì kai |tr(σ)| > 2,

• to σ e�nai loxodromikì an kai mìnon an to tr(σ) den e�nai pragmatikì.
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Taxinìmhsh me ta stajer� shme�a:An σ ∈ GL2(R) \ {±I}, tìte:
• to σ e�nai parabolikì an kai mìnon an èqei monadikì stajerì shme�o sto P1(R) kaikanèna stajerì shme�o ston H,
• to σ e�nai elleiptikì an kai mìnon an èqei èna stajerì shme�o z ∈ H kai kanènastajerì shme�o ston P1(R),
• to σ e�nai uperbolikì an kai mìnon an èqei dÔo (diaforetik�) stajer� shme�a sto

P1(R) kai kanèna ston H.
26
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• 'Estw Γ na e�nai m�a diakrit  upoom�da tou SL2(R). 'Ena shme�o z ∈ H onom�zetaielleiptikì stajerì shme�o th Γ an up�rqei èna elleiptikì stoiqe�o σ ∈ Γ tètoio ¸ste

σ(z) = z. 'Omoia èna shme�o s ∈ P1(R), onom�zetai cusp tou Γ an up�rqei up�rqeiparabolikì stoiqe�o τ ∈ Γ, tètoio ¸ste τ(s) = s. An w e�nai èna cusp tou Γ(ant�stoiqa èna elleiptikì stajerì shme�o), kai γ ∈ Γ, tìte kai to γ(w) e�nai ep�sh

cusp (elleiptikì stajerì shme�o) tou Γ.
27
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• An to z e�nai èna elleiptikì stajerì shme�o tou Γ, tìte h {γ ∈ Γ : γ(z) = z} e�naim�a peperasmènh kai kuklik  om�da.

• 'Estw s na e�nai èna cusp tou Γ, kai Γs = {σ ∈ Γ : σ(s) = s}. Tìte h

Γs/(Γ ∩ {±I2×2}) e�nai isìmorfh me thn Z. Ep�sh k�je stoiqe�o tou Γs e�nai to ±I2×2  e�nai parabolikì, dhlad  Γs = Γ ∩ P (s).

• Or�zoume H∗ = H ∪ cusps.
28
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Sq ma 2: M�a topolog�a gia ton H∗.
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H Modular Om�da SL2(Z)

• Ta cusps th Γ = SL2(Z) e�nai akrib¸ ta shme�a tou Q ∪ {∞} = P1(Q).

• Ta elleiptik� stajer� shme�a th Γ = SL2(Z) e�nai

• to i, pou e�nai to stajerì shme�o tou 



0 −1

1 0



,
• to −ρ̄ = exp(2πi/6), pou e�nai to stajerì shme�o tou τ =





0 −1

1 −1



,

• to ρ = exp(2πi/3), pou e�nai to stajerì shme�o tou τ 2.
• H SL2(R) dra sto P1(R) en¸ dra metabatik� ston H.
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Jemeli¸dh perioq Gia k�je diakrit  upom�da Γ th SL2(R), onom�zoume jemeli¸dh perioq (fundamental domain) tou H/Γ (  pio apl� tou Γ) an:

• o F e�nai èna sunektikì anoiktì uposÔnolo tou H,

• opoiad pote dÔo shme�a tou F den e�nai Γ-isodÔnama,
• k�je shme�o tou H e�nai Γ-isodÔnamo me èna shme�o pou an kei sthn kleistìthtatou F .
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• H modular om�da SL2(Z) genn�tai apì ta stoiqe�a:

τ =





0 −1

1 0



 kai σ =





1 1

0 1



 .

• Gia k�je z ∈ F̄ kai Γz = {γ ∈ SL2(Z) : γz = z}, ja èqw
Γz =



























{I2×2, τ}, gia z = i,

{I2×2, τσ, (τσ)2}, gia z = ρ = exp(2πi/3),

{I2×2, στ, (στ)
2}, gia z = −ρ̄ = exp(2πi/6),

{I2×2}, diaforetik�.
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M�a jemeli¸dh perioq  gia thn modular om�da kai k�poie dr�sei twn stoiqe�wn th

SL2(Z) sthn F .

F

1 101 2/ 1 2/

( )
2

(
2
)

1-

i
r r

-
-

- -

Re( )z
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H∗/Γ = H/Γ ∪ {∞}, me H∗ = H ∪ P1(Q),

• O H∗/Γ apotele� thn sumpagopo�hsh tou enì shme�ou tou H/Γ, kaj¸ o H/Γ e�naièna Hausdorff kai topik� sumpag  q¸ro.
• O q¸ro H∗/Γ e�nai Hausdorff.
• Ton efodi�zoume me thn migadik  analutik  dom  gia na prokÔyei m�a sumpag epif�neia Riemann.

• Blèpoume ti Fuschian om�da pr¸tou e�dou.
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• M�a Fuchsian om�da pr¸tou e�dou kale�tai m�a diakrit  upoom�da Γ tou SL2(R) ( tou PSL2(R)), tètoia ¸ste o H∗/Γ na e�nai sumpag .

• AntistoiqoÔme sthn sumpag  epif�neia thn algebrik  th kampÔlh X(1).
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H gewmetr�a tou Y (1) kai tou X(1)

i

00

r r
--

F

Y

X
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1( )

(

-
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Modular sunart sei

• Melèth merìmorfwn sunart sewn
• M�a sun�rthsh f onom�zetai modular sun�rthsh ann ikanopoie� ti akìloujeidiìthte:

• f ∈M(H),

• gia k�je p�naka γ ∈ Γ(1) kai τ ∈ H, isqÔei f(γτ) = f(τ), dhlad  h f e�nai

Γ(1)-anallo�wth,

• H seir� Laurent èqei morf :
f̃(τ) =

∞
∑

n=−m

an exp(2iπnτ).
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Uniformization Elleiptik¸n kampÔlwn

• Or�zoume thn modular anallo�wto j(τ), τ ∈ H na e�nai h sun�rthsh

j(τ) = 1728
g3
2(τ)

∆(τ)
.Dhlad  h j(τ) e�nai h j-anallo�wto pou antistoiqe� sthn elleiptik  kampÔlh mediakr�nousa ∆:

EΛτ
: y2 = 4x3 − g2(τ)x− g3(τ)kai h EΛτ

dèqetai parametrikopo�hsh k�nonta qr sh th ℘ sun�rthsh tou

Weierstrass:

C/Λτ → EΛτ
(C),

z 7→
(

℘(z; Λτ ), ℘
′(z; Λτ)

)

.
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• H j(τ) e�nai m�a modular sun�rthsh kai ep�gei ènan (analutikì) isomorfismì:

X(1)
∼=
−→ P1(C).'Etsi, ja èqoume ìti:

H/SL2(Z)←→ C,

τ 7−→ j(τ).

• Gnwr�zonta ìti dÔo lattices Λτ ,Λτ ′ ⊂ C e�nai omìjeta ann up�rqei

γ ∈ SL2(Z) : γ(τ) = τ ′, taut�zoume ton q¸ro H/SL2(Z) me ton q¸ro twn latticesp�nw apì ton C:

H/SL2(Z)←→ Λτ/ ∽ me τ 7−→ Λτ .

• 'Omw k�je elleiptik  kampÔlh p�nw apì ton C antistoiqe� se èna lattice:
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Uniformization je¸rhma gia elleiptikè kampÔle

• A jewr soume m�a elleiptik  kampÔlh p�nw apì to C:

E : y2 = x3 + Ax+ Bme ∆ = 4A3 − 27B2 6= 0, me A,B ∈ C. Tìte up�rqei monadikì lattice Λ ⊂ C ¸ste

g2(Λ) = 60G4(Λ) = −4A kai g3(Λ) = 140G6(Λ) = −4B.H sun�rthsh

C/Λ→ E : y2 = x3 +Ax+ B,

z 7→
(

℘(z; Λ),
1

2
℘′(z; Λ)

)e�nai migadikì analutikì isomorfismì.
• Blèpoume ètsi, ton q¸ro H/SL2(Z) san ton q¸ro twn kl�sewn isodunam�aelleiptik¸n kampÔlwn p�nw apì to C.

40



'

&

$

%

• Gia j0 6= 0, 1728 h elleiptik  kampÔlh me ex�swsh

y2 + xy = x3 −
36

j0 − 1728
x−

1

j0 − 1728èqei j-anallo�wto �sh me j0.
• Gia j =∞ odhgoÔmaste sthn id�omorfh kampÔlh me tÔpo:

y2 + xy = x3, (1)

• E�nai adÔnath h sumpagopo�hsh tou q¸rou twn elleiptik¸n kampÔlwn qwr� nasumperil�boume ston q¸ro autì kai idiìmorfe kampÔle.
• Gia par�deigma h:

y2 + xy = x3 + a,sugkl�nei sthn kampÔlh (1).
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Sq ma 3: Mia akolouj�a apì elleiptikè kampÔle pou sugkl�noun sthn (1).
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