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Algebrik  JewrÐa Arijm¸n

H Algebrik  jewrÐa arijm¸n xekÐnhse apì touc Kummer,
Dedekind kai Kronnecker.
'Ena Algebrikì S¸ma Arijm¸n K eÐnai mia peperasmènh epèktash
tou Q.
O daktÔliocOK = K ∩ {rÐzec monik¸n poluwnÔmwn touZ[x ]}
onom�zetai o daktÔlioc twn akeraÐwn algebrik¸n tou K.

Par�deigma

An K = Q, tìte OK = Z.
An K = Q(

√
−5), tìte OK = Z[

√
−5].

An K = Q(
√

5), tìte OK = Z[1
2(1 +

√
5)]

To 1
2(1 +

√
5) eÐnai rÐza tou x2 − x − 1 = 0.
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Basikèc AnalogÐec

Mia 3-pollaplìthta M antistoiqeÐ se èna Algebrikì S¸ma
Arijm¸n K kai pio sugkekrimèna antistoiqeÐ sto SpecOK.

'Enac kìmpoc K mèsa sthn M antistoiqeÐ se èna pr¸to
ide¸dec.

Pwc mporoÔme na to doÔme autì?
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Oi kìmpoi eÐnai pr¸ta ide¸dh

'Estw K ⊂ M ènac kìmpoc mèsa sthn M.

'Enac kìmpoc K eÐnai mia emfÔteush

S1 ↪→ M

π1(S1) = Z
'Estw p ∈ SpecOK.

K�je shmeÐo tou f�smatoc SpecOK mporeÐ na jewrhjeÐ san
thn emfÔteush

SpecFpn ↪→ SpecOK

Prìblhma : π1(Fpn) = ?

Arijmhtik  TopologÐa
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H algebrik  jemeli¸dhc om�da πalg
1

Orismìc

O Grothendieck ìrise thn algebrik  jemeli¸dh om�da, h opoÐa
gia èna peperasmèno s¸ma Fp eÐnai

π
alg
1 (Fp) = Gal(F̄p/Fp) = lim

←−
[K :Fp ]

Gal(K/Fp) = Ẑ

O Grothendieck èdeixe epÐshc to akìloujo je¸rhma.

Je¸rhma

An X topologikìc q¸roc ston opoÐo na mporeÐ na oristeÐ
sunhjismènh π1(X)tìte

π
alg
1 (X) = π̂1(X).

Arijmhtik  TopologÐa
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Poi� eÐnai h πalg
1 (S1)?

π
alg
1 (S1) = lim

←−
n

Aut(Yn/S1),

ìpou Yn ta adiakl�dista kalÔmmata tou S1.
 Poia eÐnai ìmwc aut�?

Ta monadik� adiakl�dista kalÔmmata tou S1 eÐnai thc morf c

S1 → S1

x 7→ xn

Aut(S1/S1) = µn(C) = Z/nZ.

π
alg
1 (S1) = lim

←−
n

Aut(S1
(n)/S1) = lim

←−
n

= µn(C) = Ẑ = π̂1(S1)

Arijmhtik  TopologÐa
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To Q antistoiqeÐ sthn S3

Gia thn S3

π1(S3) = 0.
K�je k�lumma èqei gia branch locus èna link (Alexander).

S̃3 = S3

[π1(S3),π1(S3)]
= S3.

K�je vector bundle p�nw apì thn S3 eÐnai tetrimmèno.
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To Q antistoiqeÐ sthn S3

Gia to Q

Ide¸dh −→ locally free sheaves me rank 1
Vector bundle p�nw apì toSpecOK −→ OK-
projective module me rank n
To Z eÐnai PKI, �ra :

K�je vector bundle tetrimmèno.

K�je epèktash tou Q diakladÐzetai me Branch Locus to
sÔnolo ìlwn twn idewd¸n pou diairoÔn th diakrÐnousa.

Sumpèrasma: To Q eÐnai apl� sunektikì kat� Grothendieck.
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Om�dec Diakl�dwshc kai Adr�neiac gia Ide¸dh

'Estw G = Gal(L/K) kai q èna pr¸to ide¸dec tou OL.

Orismìc

H om�da diakl�dwshc tou q, Dq ⊂ G eÐnai h om�da twn stoiqeÐwn
thc G pou diathroÔn to q,

Dq = {σ ∈ G : σ(q) = q}.

∀σ ∈ G ep�gei ènan automorfismì σ̄ tou OL/q
/
OK/p.

O σ 7→ σ̄ ep�gei ton Dq → Gal(OL/q
/
OK/p).
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To stoiqeÐo thc Dq pou apeikonÐzetai sto genn tora thc

Gal(OL/q
/
OK/p) onom�zetai to sÔmbolo tou Artin

(L/K
q

)
.
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Om�dec Diakl�dwshc kai Adr�neiac gia Kìmpouc.

'Estw G peperasmènh om�da pou dra se pollaplìthta M.

p : M → M/G eÐnai èna diakladismèno k�lumma.

H upoom�da DK ⊂ G h opoÐa apeikonÐzei ton K ⊂ M ston
eautì tou eÐnai h om�da adr�neiac tou K.
H eikìna tou omomorfismoÔ DK → Homeo(K) eÐnai akrib¸c
h om�da twn deck transformations Aut(K/K′) tou
kalÔmmatoc K → K′ = K/DK.

Se analogÐa me th jewrÐa arijm¸n, o pur nac thc parap�nw
eÐnai h om�da adr�neiac tou kìmpou.

Se adiakl�distec epekt�seic mporeÐ na oristeÐ to sÔmbolo

tou Artin,
(M

/
M/G
K

)
.
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To MKR lexikì

Oi Kapranov kai Reznikov basizìmenoi se idèec tou Mazur
proteÐnane to akìloujo lexikì pou antistoiqeÐ tic ènnoiec twn
3-Pollaplot twn me autèc thc Algebrik c jewrÐac arijm¸n.

Oi kleistèc, prosanatolÐsimec, sunektikèc, leÐec
3-pollaplìthtec antistoiqoÔn sta sq mata SpecOK, ìpou
K eÐnai èna algebrikì s¸ma arijm¸n.

'Ena link sthn M antistoiqeÐ se èna ide¸dec ston daktÔlio
twn akeraÐwn algebrik¸n OK kai ènac kìmpoc sthn M
antistoiqeÐ se èna pr¸to ide¸dec ston OK. JewroÔme mìno
tame links kai kìmpouc.
'Enac akèraioc algebrikìc w ∈ OK eÐnai an�logoc me mia
emfuteumènh epif�neia S ⊂ M. H apeikìnish w → 〈w〉 /OK
antistoiqeÐ sthn S → ∂S.
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Je¸rhma (Seifert)

Gia k�je link L sthn S3 up�rqei mia emfuteumènh epif�neia sthn
S3 me sÔnoro to L. Aut  h epif�neia onom�zetai Seifert epif�neia.

Arijmhtik  TopologÐa



aegean

Eisagwg 
Basikèc AnalogÐec

H JewrÐa tou Hilbert gia tic 3-pollaplìthtec
To MKR Lexikì

H EikasÐa tou Poincare sta S¸mata Arijm¸n
To Principal Ideal Theorem gia kìmpouc

Oi peperasmènec epekt�seic twn swm�twn arijm¸n K ⊂ L
antistoiqoÔn se peperasmèna diakladizìmena kalÔmmata
3-pollaplot twn π : M → N.

K�je Galois epèktash K ⊂ L me om�da Gal(L/K) = G
ep�gei to morfismì SpecOL → (SpecOL)/G = SpecOK.

H sfaÐra S3 antistoiqeÐ sto Q.
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H EikasÐa tou Poincare

EikasÐa (Poincare )

H S3 eÐnai to monadik  kleist  3-pollaplìthta pou den èqei
peperasmèna adiakl�dista kalÔmmata.

H eikasÐa tou Poincare  tan èna apì ta Millennium Prize
Problems gia ta opoÐa to Clay Mathematics Institute
prosfèrei $1.000.000 gia thn epÐlus  touc.
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ApodeÐqjhke apì ton Grigori Perelman, o opoÐoc tim jhke
me to Fields Medal.

Arn jhke na paral�bei kai ta dÔo brabeÐa.
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H eikasÐa tou Poincare se S¸mata Arijm¸n

H algebrik  met�frash aut c thc eikasÐac, ìti dhlad  { To
monadikì s¸ma arijm¸n pou den èqei adiakl�dista kalÔmmata
eÐnai to Q} eÐnai yeud c.

Je¸rhma

An d < 0 kai h om�da kl�sewn thc epèktashc L = Q(
√

d) eÐnai
tetrimmènh tìte h L den èqei adiakl�distec epekt�seic. Up�rqoun
akrib¸c 9 tètoiec timèc gia to d: -1, -2, -3, -7, -11, -19, -43, -67,
-163.
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Je¸rhma (Principal Ideal Theorem)

'Estw K èna algebrikì s¸ma arijm¸n me OK ton daktÔlio twn
akeraÐwn algebrik¸n tou, K 1 ac eÐnai to s¸ma kl�sewn tou
Hilbert kai O1

K ac eÐnai o daktÔlioc twn akeraÐwn algebrik¸n tou
K 1. K�je ide¸dec P tou OK ìtan epektajeÐ se ide¸dec POK 1 tou
K 1 gÐnetai kÔrio.

EikasÐa

Ac eÐnai M mi� sumpag c 3-pollaplìthta kai ac eÐnai

M(1) = M̃/[π1(M), π1(M)]

h antÐstoiqh Hilbert pollaplìthta thc. K�je kìmpoc S1 → M
ìtan gÐnei lift se kìmpo thc M(1) eÐnai sÔnoro epif�neiac Seifert.

Arijmhtik  TopologÐa
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