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• An�lush stoiqeÐwn mèsa se ènan daktÔlio akeraÐwn DK , enìc s¸matoc K.

• Se k�je DK eÐnai dunat  h an�lush enìc stoiqeÐou, all� den eÐnai p�nta perioq 

monadik c an�lushc.
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• DouleÔoume se tetragwnik� migadik� s¸mata arijm¸n, Q(
√

d). EÐnai d < 0 kai

eleÔjeroc tetrag¸nwn.

• O daktÔlioc akeraÐwn enìc Q(
√

d) eÐnai

1. DK = Z[
√

d], an d 6≡ 1 mod 4 kai D = 4d

2. DK = Z[1
2

+ 1
2

√
d], an d ≡ 1 mod 4 kai D = d.
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• An�lush idewd¸n se daktulÐouc akeraÐwn tetragwnik¸n migadik¸n swm�twn

arijm¸n.

• Je¸rhma: Ta mh mhdenik� klasmatik� ide¸dh enìc daktulÐou akeraÐwn, èqoun

monos manth an�lush se ginìmeno pr¸twn idewd¸n.

• An a ⊆ DK orÐzetai h nìrma tou ide¸douc na eÐnai

N(a) = |DK/a|.

• An èqoume a = 〈α〉 tìte N(a) = |N(α)|.
• An K = Q(

√
d) eÐnai |N(α)| = |x2 − dy2|.
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Orismìc: Class group H, eÐnai to phlÐko thc om�dac F twn klasmatik¸n idewd¸n,

proc thn om�da P twn kÔriwn klasmatik¸n idewd¸n.

• DÔo x, y ∈ F eÐnai isodÔnama an

xd = ye,

me d, e ∈ P . To sÔnolo aut¸n twn kl�sewn [x], eÐnai h class group.

• An DK eÐnai PMA, tìte h h = |H| = 1.
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Je¸rhma: K�je mh mhdenikì ide¸dec a tou DK , eÐnai isodÔnamo me èna ide¸dec tou

opoÐou h nìrma eÐnai ≤ ( 2
π
)t

√
|D|.

Par�deigma: 'Estw Q(
√
−5). Tìte t = 1 kai D = 4d = 4(−5) = −20. H nìrma k�je

ide¸douc tou Z[
√
−5] eÐnai ≤ 2.85. 'Ola dhlad  ta ide¸dh èqoun nìrma 1   2. Ta

ide¸dh me nìrma 1 eÐnai ìloc o DK kai èna ide¸dec tou Q(
√
−5) pou èqei nìrma 2,

eÐnai to 〈2, 1 +
√
−5〉. 'Ara h = 2.
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Nìmoc an�lushc se ènan DK .

Je¸rhma: 'Estw K èna s¸ma arijm¸n bajmoÔ n kai DK = Z[θ], o opoÐoc par�getai

apì to θ ∈ DK . 'Estw ìti èqoume ènan pr¸to arijmì p kai to el�qisto polu¸numo f

tou θ sto Q, èqei an�lush se an�gwga p�nw apì to Zp,

f = f e1
1 ...f er

r .

Tìte an fi èna opoiod pote apì aut� ta polu¸numa modp, to ide¸dec

pi = 〈p〉+ 〈fi(θ)〉 ja eÐnai pr¸to ide¸dec kai h an�lush tou 〈p〉 se pr¸ta ide¸dh ston

DK eÐnai

〈p〉 = pe1
1 ...per

r .
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Par�deigma: 'Eqoume Q(
√
−1). EÐnai θ =

√
−1 me el�qisto polu¸numo to t2 + 1.

Zht�me an�lush tou 〈2〉. EÐnai

t2 + 1 = (t + 1)2 mod 2,

�ra

〈2〉 = p2,

kai to p eÐnai èna pr¸to ide¸dec. EÐnai

p = 〈2〉+ 〈
√
−1 + 1〉 = 〈1 +

√
−1〉.

H an�lush tou 〈2〉 ston DK eÐnai

〈2〉 = 〈1 +
√
−1〉2

8



An�lush idewd¸n se epekt�seic Galois.

'Estw p pr¸to ide¸dec tou DK . San ide¸dec miac epèktashc K ⊂ L èqei an�lush se

pr¸ta ide¸dh

p = Be1
1 ...Beg

g .

Ta ei lègontai deÐqtec diakl�dwshc. K�je pr¸to ide¸dec Bi dÐnei mÐa epèktash

DK/p ⊂ DL/Bi, me bajmì fi pou onom�zetai bajmìc adr�neiac.

1. An ei = 1, tìte to p eÐnai adiakl�dwto p�nw apì to B.

2. An kai to fi = 1, tìte to p diasp�tai pl rwc p�nw apì to B.
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Je¸rhma: 'Estw epèktash Galois K ⊂ L, me L = K(α), α ∈ DL kai f(x) to

el�qisto polu¸numo tou α p�nw apì to K, tètoio ¸ste f(x) ∈ DK [x]. An to p eÐnai

pr¸to sto DK kai to f(x) analÔetai pl rwc modp, tìte èqoume:

1. To p eÐnai adiakl�dwto sto L.

2. An f(x) ≡ f1(x)...fg(x) mod p, ìpou ta fi(x) eÐnai an�gwga modp tìte to

Bi = pDL + fi(α)DL eÐnai pr¸to ide¸dec tou DL me Bi 6= Bj, i 6= j, kai

pDL = B1...Bg. Epiplèon ìla ta fi(x), èqoun ton Ðdio bajmì, o opoÐoc eÐnai o

bajmìc adr�neiac f .

3. To p diasp�tai pl rwc sto L, an kai mìno an h f(x) ≡ 0 mod p èqei deg f to

pl joc lÔseic sto DK .
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Je¸rhma: An èqoume èna s¸ma arijm¸n K, tìte up�rqei mÐa peperasmènh epèktash

Galois L, gia thn opoÐa ja eÐnai:

1. H L eÐnai adiakl�dwth abelian  epèktash tou K.

2. K�je adiakl�dwth abelian  epèktash tou K, brÐsketai mèsa sthn L.

'Ena tètoio s¸ma L, lègetai s¸ma kl�sewn tou Hilbert, gia to K. EÐnai h mègisth

abelian  epèktash gia to K kai eÐnai monadik .
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1. Om�da diakl�dwshc tou B, DB = {σ ∈ Gal(L/K) : σ(B) = B}, me t�xh
|DB| = eB|pfB|p.

2. Om�da adr�neiac tou B, IB = {σ ∈ Gal(L/K) : σ(α) ≡ α mod B}, me t�xh
|IB| = eB|p.
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'Estw epèktash Galois K ⊂ L, kai p èna pr¸to ide¸dec tou DK , adiakl�dwto sto L.

An to B eÐnai pr¸to tou DL kai to opoÐo na perièqei to ide¸dec p, tìte up�rqei èna

monadikì stoiqeÐo σ ∈ DB, tètoio ¸ste gia k�je α ∈ DL na eÐnai,

σ(α) = αN(p) mod B,

ìpou N(p) = |DK/p|, h nìrma tou ide¸douc p.

To monadikì stoiqeÐo σ tou prohgoÔmenou l mmatoc, kaleÐtai sÔmbolo tou Artin kai

ja to sumbolÐzoume apì ed¸ kai pèra
(

L/K
B

)
.
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• An K ⊂ L abelian  epèktash Galois epèktash, to sÔmbolo Artin exart�tai mìno

apì to ide¸dec p, opìte gr�foume (L/K
p

).

• To p diasp�tai pl rwc sto L, an kai mìno an ((L/K)/B) = 1.

• Se èna tetragwnikì s¸ma Q(
√

d), èna p diasp�tai pl rwc an èqoume

t2 − d ≡ 0 mod p.

Dhlad  to d gr�fetai san tetr�gwno modp. 'Ara to sÔmbolo tou Legendre dÐnei(
d

p

)
= 1,

pou to Ðdio mac lèei kai to sÔmbolo Artin.
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• 'Estw a ∈ F kai h an�lus  tou se pr¸ta ide¸dh a =
∏r

i=1 pri
i .

•
(

L/K
a

)
=

∏r
i=1

(
L/K
pi

)ri

.

• To sÔmbolo tou Artin orÐzei omomorfismì :(
L/K

·

)
: F −→ Gal(L/K).
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Je¸rhma: 'Estw L to s¸ma kl�sewn tou Hilbert enìc s¸matoc arijm¸n, K. Tìte o

omomorfismìc Artin (
L/K

·

)
: F −→ Gal(L/K),

eÐnai epÐ kai èqei pur na thn om�da twn kÔriwn klasmatik¸n idewd¸n P . Epomènwc,
sÔmfwna me to jemeli¸dec je¸rhma tou isomorfismoÔ, ja èqoume:

H ∼= Gal(L/K).
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Je¸rhma: An èqoume èna s¸ma arijm¸n K, tìte up�rqei mÐa èna proc èna

antistoiqÐa metaxÔ twn adiakl�dwtwn abelian¸n epekt�sewn tou K, kai twn

upoom�dwn H thc om�dac kl�sewn idewd¸n H. Epiplèon, an mÐa epèktash M ,

antistoiqeÐ se mÐa upoom�da H ⊂ H, o Artin omomrfismìc ja ep�gei isomorfismì

H/H ∼= Gal(M/K).
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Je¸rhma: 'Estw L to s¸ma kl�sewn tou Hilbert, enìc s¸matoc arijm¸n K. 'Estw

epÐshc èna pr¸to ide¸dec p, tou K. Tìte to p ja diasp�tai pl rwc sto L, an kai

mìno an eÐnai kÔrio ide¸dec.
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Elleiptikèc KampÔlec

• MÐa elleiptik  kampÔlh orismènh sto K, eÐnai to algebrikì sÔnolo V (f) enìc f

omogenoÔc poluwnÔmou bajmoÔ deg f = 3, tètoio ¸ste to V (f) na eÐnai pantoÔ omalì.

• MÐa elleiptik  kampÔlh p�nw apì to K orÐzetai na eÐnai to sÔnolo twn lÔsewn sto

probolikì epÐpedo P2(K), thc omogenoÔc makr�c exÐswshc tou Weierstrass,

E : Y 2Z + a1XY Z + a3Y Z2 = X3 + a2X
2Z + a4XZ2 + a6Z

3,

me a1, a2, a3, a4, a6 ∈ K mazÐ me to shmeÐo sto �peiro O.

• Met� apì apoomogenopoÐhsh kai kat�llhlh allag  suntetagmènwn, h exÐswsh miac

elleiptik c kampÔlhc ja dÐnetai apì

Y 2 = X3 + aX + b, a, b ∈ K.
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Nìmoc om�dac

• Ta rht� shmeÐa miac elleiptik c kampÔlhc, mazÐ me to shmeÐo O, èqoun dom 

abelian c om�dac, me pr�xh thn prìsjesh shmeÐwn orismènh wc ex c.

• P, Q ∈ E(K) kai R to trÐto shmeÐo thc E(K) pou tèmnei h PQ thn E(K). To

shmeÐo P + Q eÐnai to summetrikì tou R. Oudètero stoiqeÐo thc pr�xhc eÐnai to O.
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• Oi efarmogèc thc jewrÐac twn E.K. sthn kruptografÐa, eÐnai gia E.K. orismènec

p�nw apì peperasmèna s¸mata, E(Fq).

• PolÔ shmantikì z thma eÐnai h eÔresh thc t�xhc |E(Fq)|.
• 'Ena fr�gma gia thn t�xh èdwse o Hasse :

||E(Fq)| − q − 1| ≤ 2
√

q.

• H t�xh miac E(Fq) upologÐzetai apì

|E(Fq)| = 1 + q ± t,

me t na eÐnai to Ðqnoc tou Frobenius.

Ja doÔme dÔo mejìdouc upologismoÔ thc t�xhc |E(Fq)|.

1. Algìrijmoc tou Schoof,

2. E.K. me migadikì pollaplasiasmì.
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PDLEK

• Ta kruptosust mata eÐnai basismèna sto prìblhma tou diakritoÔ log�rijmou gia

elleiptikèc kampÔlec (PDLEK).

• An èqoume Q, P ∈ Fq me Q = 〈P 〉, to PDLEK eÐnai h eÔresh enìc akeraÐou arijmoÔ

m tètoiou ¸ste

Q = mP.
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• Z thma gia kruptanalutèc : eÔresh kat�llhlhc E.K.

• H t�xh |E(Fq)| prèpei na plhreÐ k�poiec proupojèseic gia thn apofug  epijèsewn

sta kruptosust mata.

1. |E(Fq)| = rs, me r ènan meg�lo pr¸to arijmì.

2. t 6= 1 (sunj kh anwmalÐac).

3. t 6= 0, 2 kai to t na mhn diaireÐ thn qarakthristik  tou s¸matoc Fq (sunj kh

MOV).
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O Algìrijmoc tou Schoof

• H E(Fq) eÐnai gnwst  kai anazhtoÔme thn t�xh thc.

• Endomorfismìc tou Frobenius : φ : (x, y) 7→ (xq, yq).

• IkanopoieÐ : φ2(P )− tφ(P ) + qP = O, P ∈ E(Fq).

• P ∈ E[l] = {P ∈ E(Fq) : lP = O}.
• Dokim�zei tic timèc τ ∈ {2, ..., l − 1} gia l pr¸touc me l ≤ lmax o mikrìteroc pr¸toc

ìpou
∏

l > 4
√

q.

• Me kinèziko je¸rhma upologÐzei to Ðqnoc tou Frobenius t.
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Migadikìc Pollaplasiasmìc

• Kataskeu  elleiptik¸n kampÔlwn me gnwst  t�xh.

• H eÔresh thc t�xhc E(Fq) eÐnai p�li to prìblhma.

• Meionèkthma thc mejìdou : Sugkekrimènh oikogèneia kampÔlwn, dhl. lÐgec epilogèc

sthn kataskeu  enìc kruptosust matoc.
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OrÐzoume thn j analloÐwto miac E.K.

• H = {z ∈ C : Im(z) > 0}.
• Eτ

∼= C/Λ, Λ = Z + τZ, τ ∈ H.

• H j eÐnai mÐa sun�rthsh j : H −→ C, periodik  kai dèqetai an�lush Fourier

j(q) =
1

q
+

∑
c(n)qn, q = e2πiz.

j(q) =
1

q
+ 744 + 19688q + 21493760q2 + 864299970q3 + 20245856256q4
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• End(E) eÐnai o daktÔlioc ìlwn twn isogenei¸n apì thn E ston eautì thc.

• An o End(E) ∼= Z + τZ, dhlad  èqei dom  miac order tetragwnikoÔ migadikoÔ

s¸matoc, lème ìti h E.K. èqei migadikì pollaplasiasmì.
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Je¸rhma: 'Estw τ ∈ H na eÐnai ènac migadikìc algebrikìc arijmìc. Tìte an jèsoume

Eτ = C
Z+τZ , h elleiptik  kampÔlh Eτ èqei migadikì pollaplasiasmì, kai to j(τ) eÐnai

akèraioc algebrikìc. Epiplèon to s¸ma K(j(τ)) eÐnai to Hilbert class field tou

s¸matoc Q(τ).
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Je¸rhma: An to K eÐnai to peperasmèno s¸ma Fp, kai j0 ∈ Fp, j 6= 0, 1728 mod p,

tìte oi dÔo elleiptikèc kampÔlec E1, E2 pou èqoun j-annaloÐwto j0 ja èqoun t�xeic

|E1| = p + 1− t, |E2| = p + 1 + t.

29



Je¸rhma: 'Estw τ ìpwc orÐsthke prin kai me diakrÐnousa −D. Dhlad  −D eÐnai h

diakrÐnousa thc prwtarqik c tetragwnik c morf c Q(x, y), h opoÐa èqei to τ san rÐza

thc Q(x, 1) = 0. 'Estw hD o arijmìc kl�sewn thc order me diakrÐnousa −D. Tìte to

j(τ) eÐnai akèraioc algebrikìc kai to el�qisto polu¸numì tou dÐnetai apì

HD(x) =
∏

(x− j(α)),

ìpou to α diatrèqei ìlouc touc migadikoÔc arijmoÔc tètoiouc ¸ste, to (α, 1) na eÐnai

mÐa rÐza miac ek twn hD to pl joc anhgmènwn prwtarqik¸n morf¸n diakrÐnousac −D.
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1. Epilègoume ènan meg�lo pr¸to.

2. BrÐskoume thn lÔsh thc 4p = u2 + Dv2 gia thn mikrìterh tim  thc D.

3. UpologÐzoume thn t�xh thc p + 1± u kai elègqoume an plhreÐ tic proôpojèseic

mac.

4. UpologÐzoume to polu¸numo Hilbert kai mÐa rÐza tou modp, èstw j. Aut  eÐnai h

j analloÐwtoc pou qarakthrÐzei thn elleiptik  kampÔlh pou y�qnoume.

5. PaÐrnoume dÔo elleiptikèc kampÔlec me thn Ðdia j kai epilègoume poia èqei thn

t�xh pou èqoume brei.
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