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Eiwcaywyn

Ye auth Ty epyacio tpootadolye Vo doouUE pla eQaguoYr Tne ahyeBpixhic Ve-
wplag aptdudv xan e axpBolc Yewplag ¥AICEWY COUATWY 0TV XpuTToYpapla.
‘Eva anoteheoyatind xpuntocbotnua eivon autd tou Boasiletar 6to mpdBinua Tou
dtaxprtol Aoyaplluou oe plo menepacuévn ouddo. IToAléc memepacuéves ouddec
éyouv yenowonowmel otny Bihoypagpio yio ny Lhonoion g uedodou Tou BLa-
%pLto0 hoyopiduou xon pla and Tic, XaTd YEVLXY) TopadoY T, ATOTEAECUATIXOTERES
elvor oL ouddeS TV pNT®Y oNUElwY Tou 0pllovTal TEVW ond TETEPUGUEVO GOUTA.

Or ewdwol g xpumtoavdhuong €youv dwoeL plo Oelpd amd «GTEATNYIXECY Ol
OTOlEC YPNOLUOTOLOOVTAL Yol THY ATOXPUTTOYRA(PLOT) XPUTOCUCTNUAT®WY oL Baot-
Covtan to mpdBinua Tou dioxpltod hoyapiduou. Hpoxetuévou vo xataoxeudoouyue
amoteeoudtixa xpuntocucTthiuata Baclouéva oty pédodo tou dlaxprtod Aoyd-
prduou N TdEN e ouddac e eAREITTIXAC xoUTOANG Vo pémer v ixavoTnolel pia
oelpd and ouvixec. Oa TEENEL AOLTOY Vo XATACXEUAOOUUE EANELTTIXES XOUTOAES
0L OTIOLEC VOl EYOUV EX TWYV TROTEPWY YVWOTH TEEN.

To mpéBAnua Tou tpoadiopiopol Tne Taine Twy onuelwy ulog eNetTTXhC Xa-
umOAng ebvon éva 50oxoho xou Bodl medBinua. T plo ewdiny) xotnyopla eAkeinti-
2OV HOPTOADY, TIC AEYOUEVES EAAELTTIXEC XUUTUAES YE ULYOBIXO TOANATAAGLACUS
T0 MEoBAnua autd Exel Ao

IMpdrypatt 1 j-avarrolwtn uiog EAAELTTIXNAC XOUTOANC UE ULyadixd ToAAATAACLA-
ouo Tapdyel To Aeyouevo onpa Tou Hilbert evéoc piyadixold Tetpaywvixol oouatos
aprdudy. Auto to avéATioTo Yemdpnuo Lo Svel TNV SuVaTdTNTA VA XATAGXEDAGOU-
pe v j-avahhoiwtn we pila tou tohuwviuou Hilbert xou va 6odcouue cuvirixeg
TNV aELIUNTLXY TV LBEWDWY EVOC ULyadixol TETROYWVIXO) GOUATOC apliudy, o-
ote to moAudvudo Hilbert va éyer dhec tou Tic pilec oe éva TETEPUOUEVO CWUA
Fp.

ITpoxewwévou va 0ploOULUE XAl VoL YENOLUOTOLAGOUUE T TAUEATAVL €pYaAela,
x4voude ota €€L TeMTa XePdAona pla ElcaywYY) oE PEPXE oTolyelal TN ahyEBEIXAC
Vewplog aptudv.

310 TpwTO XEPdAoLo divouue Toug Pacixols oplotolc Tou Yo YenouoTo cou-
ue, 6mwe evée axépanou ahyeBpxol aptduol, evéc oduatoc aptdudy K xo Tou
doxtUAlou axepaiwy Tou D k. Enlong meprypdgouye tov tpémo elbpeorc tne Bdorne
axepatdTnTaC EVOC daxtuAou axepatwy. Télog yivetan xou Waiteprn avapopd ota
TETpaYWVIXG utyadid obuata, Snhadh ot enextdoelc tou Q e wopphc Q(vVd),
6mou d évac apyNTxog aptiudg eAediepoc TeTpaydvwy. Evac daxtOAog axepalwv
evoc odpatoc optduy, eivor Noetherian axépona meployy|, emouévwe etvor duvath
n avdluon ot mpohta otouyela, ywelc dpwe va anotehel IIMA. Ye tétowouc du-
xtulloug oxepalwy Yo TpooTaliGOUUE VoL TR OVTOTIOLHGOUUE WOEMDT), XdvovToC
Xphon tne vépuac touc. Me yphon tne Yewploc twv mieyudtwy (lattice), Yo opl-

il
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coupe Tov opo Lt xou Yo ndpouye éva moluTpdTaTo epyaieio, To VeMpnUa ToU
Minkowski, to onolo 9a pac eZacgaiioet 611 xde WBeddec a mou avrixel otov D g
elvar 100d0vao e éva 1deddec vopuac < (2/7)'VA, émou A eivor 1 Sroxpivouca
e Bdone axepoudtnrac tou Dg. Autd 1o anotélecya, elvor mou Yo pac ddoet
™ duvatétnTa var Bpoldue Ty T8EN e class group touv D

Y1 ouvéyewa divouue to Vedpnua avdhuone. Av éyoupe pia enéxtoon Galois
K C L = K(a), xou mdpouye éva mpth1o Weddes p € D oL av T0 EAIYLOTO
TOAUGVUUO TOU o avolleToL TARPwS modp, €youde 6Tl To WeWdeS p elvar adLo-
XAAOWTO oTOV D o UTOPOUUE EUXONA VO TO YRAPOUUE GAV YIVOUEVO TROTOV
Wewdwy tou Dr. H péylotn adiohddwtn xan aehavr enéxtaon tou K, ovo-
udletor o@po xhdoewv tou Hilbert. Méow tou opopoppiopol tou Artin, da
XATUPEPOUPE VO PTACOUPE GE €val amd Tor YeUEA@ON Yol T BOURELS Yo amoTE-
Aopata, 6t 7 class group H tou D elvor toduopen ue v opdda Galois tne
enéxtoone L/ K. Enlong éva npdto eddeg tou K Yo dlaondton tAfpws oto L,
ov xou wévo av etvar x0pLo.

Y10 €Bdopo xepdhato divovtar uepind Baowxd ototyelo e Yewploc Twv eAAeL-
TUXOY XUUTOAWY, Xat 0pllovTon oL EANELTTIXES XUUTONES UE ULyadixd TOMNATAAOLA-
opd. Ov eMAenTinée xAUTOAES UE ULyadind TOANITAAGLAOUG ATOTEAOUY Yiot TOAD
Wialtepn xhdom EMELTTIXOY XAUTOAWY 1) 0TIolol GUVBEETOL UE TNV OXELET| XOTHOXEL-
1 ToU oGpaTog xhdoewv tou Hilbert. Agol oploouye Tic eAhetntinég xoumiieg
UE utyadixd ToANAmAACIAOUG, DElYVOUUE WS UTOPOVUE VA TIC YENOLLOTOLCOUUE
yia vor UToAoyiooude TNV j-avahholwTn TNE EAAELTTLXAC XUUTUANE Tou YEAOUUE Vo
xatooxeudoovue. H 10éa ebvar va xdvouye avaywyr modulo éva xatdAnko xOpto
WBeWdEC EVOC TETPAYWWIXOD GOUTOC optducy oto tolucdvuuo tou Hilbert. T
var yivel auté Yo mpénel vai UTOAOYIGOUPE TNV TWH NS j-avahiolwtng, Ty onola
v Yewpolue we plo modular cuvdptnone tne SLa(Z). To nohudvupo Hilbert
XAUTUOUEVELETAL UE TNV YPNOT TWV TETPOY WVIXWY UOPPRY oL 0Toles ELGdyoVToL GTO
6Yd00 xe@dhaLo.

Oa npénet Vo TovicoupE, OTL 1) TPOGEYYLGT Hag elvor xardopd Yewpntixr xou Sev
Ho amacyoholy TeoBArfuata VAOTOHOTGC OTwe 10 PEYEVOSC TV GUVTEAEGTAOV TOU
noAvwviuou Hilbert, o0te n peydin axplBeia xvntrc unodlactolic Tou amoutel-
TaL Yl TOV UTOAoYLoUd Tne Twhc e modular cuvdptnone j mdve oto mAéyua
nou 0pller 0 doaxTOMOC TV axepalwY OAYERPIXWY TOU Pyadixol TeTpay®wvixoU
COUATOC.

Oa el €8, Vo ExPpdc® TIC ELYPLGTEC YoV GTOV ddoxaho You ApioTeldn
Kovtoyedpyn yio Tov ¥pbvo TOU %ol YLo TO XOURJYLO TOU HOL EBWOE XATA TNV
Oidpxelal TS EXTOVNONC TNC TTuytaxhc wou epyaotac. Enione 9€hw va euyoploth-
0w ToL UTONOLTIL LEAT TN ETLTEOTAC, Tous X. Metagton B. xou x. Mreinydvvn A.
Yt Tov Yebvo nou dudidecay. Téhog euyapioties otov Twtren yio Ty dnulovpyia
TWV OYNUATWY X0 PUOLXE VLol TLC GpeS Ttou drofalope pall GAov auTdY TOV Xoups,
xa oty XIovaTn yia TNV Topoy ) T0U NAEXTEOVIXO) TOU UTOAOYLOTH.

Nixoc I'xepmvic , Mduoc Iobvioc
2005.



Kegpdiowo 1

AlyeBpuxol apriuol

1.1 AAvyeBewxol aptipol

Két mou Yo pog anacyolfioel oe peydho Badud oe autrhv tnv epyaota, etvon
1 moparyovionolnon evéc aptduol. Eivon enionc xou 1o mou ¥élouye va tov mopa-
yovtonoljooupe. I'evixd doukebouye oe xatdhinioug utodoaxtUioug Tou C. Oa
dolue ta dlo mo Baowxd otouyela TNg Soukelde pag, Ta onola etvor €va ahyeBpLxd
oo apLiPdY %ot 0 BoXTUAOC TV OAYEREIXGY axepaiwy auTo) TOU GOUATOS. e
évay tétotov daxtOMo Yo Pd&ouye yior TpOTO Vo TaparyovioTolicoude. Alvouye
TEMTA TOV 0ptoPs6 evog ahyeBpLxol aptiuoy.

Opiowoc 1.1 Evag uyadixkds aprduds a kadetfrar akyeBpixds av efvar akyeBpikds
mdvw andé to Q, to omoio onuaiver 6t ikavomolel kdmoo TOAVWYUMO UEe pnTOUS
ourteleotés. Ioodvvapa, av dihéovpe Toug Tapavouaotés uropolue va vrodéoovue
0t 01 CVYTEAEOTES €lval oto Z. Oa ovuPolilovue and €d0dd kar mépa e A to ovvoro
TV alyeppikdy aprdudy.

Oedpenua 1.1 To glrodo A twv adyefpikdy apidudy, eivai éva vnéowua tou

Andoeln. Tvwpilouvue 6t €vac apriuog a eivon alyeBpxodg, av xar uévo av
o Bodude e enéxtaonc [Q(a) : Q] eivon nenepaopévoc. Eotw 6t Exoupe dVo
ahyePBpxote aptiuolc a,b. Tote Yo éyouue

[Q(a,0) : Q] = [Q(a,b) : Qa)][Q(a) : Q.

Aol o b glvon ahyeBpxde v and to Q, Yo elvon ahyeBeixde xou mdve and
10 Q(a). Emopévwe o [Q(a,bd) : Q(a)] eivar nenepacuévoc. Ernione, npogpavie
o [Q(a) : Q] evor menepacuévoc, dpa t1ehxd o [Q(a,b) : Q] elvor tenepacuévoc.
AXNSE %80e a + b, a — b, ab, alb, (b# 0) avixel oto Q(a,b). Anhadr ol autd Yo
avxouy 6to A.

Opiopwoc 1.2 Oa kakolue éva odua K, odua aprfudv av eivar vréowua tov C
ka1 o BaOuds enéxtaons tov ndvew and to Q elvar memepaoévog.

Auté pag el 6T xde otouyelo Tou K elvon ahyeBpxd, ondte Yo éyouue ot
K CC.
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Oevpnue 1.2 Ay K efvar éva odua epidudv, téte K = Q(u) ya kdrowor u
alyefpikd aproud.

Anébeén. Oa unodéoovue 61t av K = Ki(a,b) t61¢ K = K1(u). Eoto 61t
D, q €lvat Tl EAGYLOTO TOAUGYVLP TwV a, b avtioTolya Tdvw and to K. Eoctw 6t
1) TOEAYOVIOTOINOT ATV TWV TOAUGYUUGY TEVL and Toug Uy adixols elvon

p(t) = (t —a1)...(t — an)

q(t) = (t = b1)...(t — bp)-
Enéyw vaelvar a = a1, b = by. Dvopllouye enlone 6t dha T a; elvan dlapopeTind
petal toug, émwe xou ta bj. Enopévec v xdde ¢ xan xdde k # 1 undpyet
Touldytotov éva atolyelo z oto K, tétolo dote a; + xby = a; + xby. And tny
OTLYUR, TOU UTdPY oLV TENERAUOUEVES To TAND0C TéTolES EELOMTEL, UTOPOUUE Vil
emAéEoupe éva ¢ € K pe ¢ # 0, to onolo va uny ebvat (6o pe xavéva and autd o
T ol TOTE VoL €YOVUE
a; + cbg # a1 + cby.

Oétouue u = a + ¢b. Ou anodelfovye 61t Kq(u) = Ki(a,b). To 61 Ki(u) C
K1 (a,b) elvan mpogavée, dpo uével va delouye 61t Kq(u) O Ki(a,b). Apxel va
delZoupe 6t b € K, agol a = u — cb. Eyouue p(u—cb) = p(a) = 0, xou opllouue
0 mohudvupo r(t) = p(u — ct) € Ki(u)[t]. Téte to b eivon pila xou tou ¢(t)
xou Tou 7(t). Autd ta Tohudvupa Yo €xouy uévo pia xown plla, vyt av elyoue
xou Wlo S pila &, pe q(§) = r(§) = 0 téte o € Ya elvon éval ex TV b; xau
enione 1o u — c£ Va elvon éva ex twv a,. Eivor théov npogavéc 6t npénel va elvon
& =b. 'Eotww h(t) to ehdytoto nohudvupo tou b tdve and 1o Kq(u). Tote da
gbvon h(t) | q(t),h(t) | r(t). Kou enedn éxouye ot ta g(t) xou r(t) €éxouvv uévo
wa xowd| pila oto C, mpéner va ebvon deg h(t) = 1, étor h(t) = t + 1 yw xdnoto
I € Kq(u). Téhoc Yo éxoupe 0 =h(b) =b+1 < b= -1 e Ki(u).
Ac Bolue éva mapddelypo TS XENOLHOTNTOC TOU TAUSUTAVR.

Mupdderypa 1.10a deiovpe e Adyireo xiro, du Q(v2, 5) = Q(v2+V5).

Efvax

ap = \/57 az = *\/5

by = V/5,by = w5, by = w? V5

1€ To w va efvar pia piyadixri kuPikn pila tng povddas w = 1/2(—1+ /—3). I'a
Ty TN twpa touv ¢ = 1 napatnpolue ot

a; +cb; # V2 + V5
agov o Oe&l pélog efvar mpayuatikos apiouds, €vd to apiotepd eivar uryadiks
yia 6Aes g mepintdioes (k # 1). Emopuévaws, drog detéape otny andbeén tou

mponyotpevoy Dewpripatos xkar prdvortas oe autd mov (ntijoaue Q(v/2,V/5) =
Q(V2+ V/5).

1.2 Xuluy7 xou diaxplvouoeg

‘Eotww 61 éyouye éva oopa apduady K = Q(u). To K unopel va euguteutel
o610 C ye dagopeTinols TpoTouS, HECW TwV povouopplopwy o : K — C. T
nopdderyua, av éyovue K = Q(i) téte Ya éyouue 500 TEPINTHOOELS.

olx +iy) =z +1iy
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U($+ly) :x_iyaxay € Q
To 6lvolo ATV TV UOVOUOPELGUMY Vot Hog anacy OAAGEL LBLAITEPX GTN GUVEYELDL.

Oeopnua 1.3 Eotw K = Q(u) odua apidudv, pe Palud enéktaons n ndvw
ané to Q. Tére vndpyovr akpifis n dagopetixol povopopgiouol o; : K — C.
Eriong, ta otoweia o;(u) = u;, eivar o1 diagopetinés piles oto C, tov eAdyiotov
ToAvwyUov tov u ndvew amd to Q.

Andden. Eotw ug, ...u, ot dwupopetinée pllec Tou EAGYLOTOU TOMIWYOUOU p
tou u. Téte xou 10 xdde u; Yo €yel ENdYIGTO TOAUDVLUO TO p, ENEWT TO p elvor
avdywyo. Enopévee umdpyer uovadixde toopoppoude cwpdtwy o; @ Qu) —
Q(ui), v tov omoio o;(u) = u,;. Ovolaotxd, av ndpoupe éva a € Q(u) téte Yo
gyouue a = r(u) v xdnowo povadixd tolvwvopo r(t) € Q[t], ye degr(t) < n.
Apa t6te Yo éyoupe oi(a) = r(u;). Avtiotpoga, av o 0 : K — C elvan évoac
HOVOUOopQLoPGS, T6TE 0 0 elvar 0 TautoTxde oto Q. Apa Yo elvou

o(p(u)) = 0(0) = 0 = p(a(u)).

Mpdypa 1o onolo pag odnyel oto cuurépacpa 6t 10 o(u) elvan plo ex TV u;
oLy, dpa xat 0 o elvon €vac Ex TV 0.

Ogtowdc 1.3 TNa kde a € K = Q(u) optlovue oav moluvdrupo oduatos tov a

’ z ’
ndvw ané to K va eivar to

n

fa(t) = T](t = oia)).

i=1

Me 1t Borldeia T0U 0ploHO0 TOU GUUPETELXOU TOALWVOPHOU, Yo BLATUTGOUUE

€val Toplopal Ywelc TNV anddell Tou, To onolo Yo Yoc Qovel YpHoWo 1o ENGUEVO
Yedpnua.

Ogowdc 1.4 Eotw Rlty, ..., t,] daxtidiogs tolvwrvipwr. Eotw S, n ovppetpl-
k) opudda petabéoewy twv n ototyelwy. Ia kdle uerdfeon o € S, ka1 kdOe
roAvdvupo f € Rt1, ..., 1], opilovue to moAvdvupo

fg(tla atn) = f(ta(l)a ata(n))
‘Eva moAvdvuuo ovoudletar ovppetpixd, av kar uévo av f© = f yia kdde o € S,,.
IIépropa 1.1 Eoww du éyovpe pia enéxtaon L evds oduatos K. Enlong éotw

roAvdvupo p € K(t], degp(t) = n ka1 o1 piles tov p €tvar ot uy,...,u, € L. Av
h(ty,...tn) € Kt1,...t,] elvar ovppetpixd, tére h(ug, ..., u,) € K.

Anddbaén. Bréne népopa 1.10 [1].
Oevpnpa 1.4 O1 cuvrtedeotés tov Tolvwriuov odpatog eivar pntoi apiduot,
bAad fa(t) € Qlt].
ArnddeiEn. ‘Onwe €youpe met, éyovue a = r(u),r(t) € Q[t] xou degr(t) < n. To
TOAUGOVLUO odpatoc Talpvel TNy eERC Lop®h:

fa(t) = H(t — r(u;)).
Ou ouvteheotéc Tou fo(t) ebvon e wop@hc h(uq, ..., uy, ), 610U 10 A(t1, ..., t,) elvon

€val CUMPETPIXG TOAUWYLUO 0T0 Q[t1, ..., t,]. Téhoc xou e yprion Tou moplopatoc
1.1, ot ouvtekeotéc Tou TOAUWVOUOU 6ouatoc h(ty, ..., iyn) € Q.
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Ogtowdc 1.5 Ta oroiyeta o;(a) ovoudlovtar K-ouvluyn tou a.
Oewpnua 1.5
1. To moAvddrupo aoduatos f, elvar pia dvaun tov €Ady10ToU TOAVWVYUUOU Dy,

2. Ta K-ovluyn tov a €lvar o1 piles tov p, oto C, ue tnr kaleud va ena-
vakapfdvetar n/m @opés, émov m efvar o Baduds tov moAvwviuov p, kai
diapétng Tou n.

3. To ovoiyeio a € Q av ka1 udvo av dAa tov ta K-ovluyn, elvai ioa.

4. Oa épovue Q(a) = Q(u), av kar udvo av dha ta K-ovluyn tou a elvar
dapopetind peta&d toug.

Anddbaén.Bréne Vedpnua 2.5 [1].

Ogtowde 1.6 Av éyovue Aoy tny enéktaon tov Q, K = Q(u) Baiuov n,
kai pfa Bdon tov (aq,...,an) av to dodue oa davvouatikd ydpo ndvew ard to Q,
optlovue oa dakpivovoa tns fdong avtig va etvai:

Alay,...,an] = [det(oi(aj))]2

‘Eotww 6t emhéyouye pla dhhn Bdon (b1, ..., by). Téte Ya ebvan:

n
b = E Cik 0y
i=1

yw ek € Q, k=1, ...,nxoudet(cyy) # 0. And v otiyur mou x&de povopoppLoud
0;, oV TovV Teploplow oto Q elvar o TavToTINGE, Yo ThPOLYE:

Alby, ..., by = [det(ca)]*Alay, ..., an).

Oevpnua 1.6 H dakpivovoa kdle Bdong ya to K = Q(u) efvar pntds apriduds
kat un undevikss. Emiong av dda ta K-ovluyn tou u eivar mpayuazixol apidjof,
Tdte n daxpivovoa kdle Bdongs elvar ka1 Jetikds aprOuds.

Anédatn. Emréyouue tn Bdon v onola pac Borevel, (1,u,...,u™ ). Ay
o ULUYH TOU U EVOL OL Up, ..., Uy, D Exoupe AL, u, ..., u" 1] = (detul)?. Ml
optlovoa authc e poppric ovoudletar Vandermonde opilouca xat amodevieton
oTL 1 T e diveton amd

D= > (ti—t).
1<i<j<n

Enopévwe da éyouye

Mapatnpolye 6Tt T0 D Gov TONUMYULO ToU ¢, Elvon avTlouUPETEXd, dpat To D?
Yo elvan oupueted. Enopévwe, obugova ye to mépiopa 1.1, 1o A elvon pntoc
oprdude. Enione agol ta u; elvan Srapopetind petald toug, to A Yo elvon xou
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BLdpopo tou undév. ‘Eotw enlone pla ortowdrinote Bdon (b1, ..., by). Téte clupwva
ue Tov tono nou betlope mev Vo elvan

Alby, ..., by] = (deteiy)*A

We ¢k pnrols aptdpole xan deter, # 0, étol  Afby, ..., by] elvor pntéc oprdude
xan Sudpopog Tou undév. Téhoc elvar mpogavéc 6TL av dha o u,; efvar Tparyuatixol
aprduol, To A G elvon Yetinde aprude xon to Blo xou 1 draxpivouca xdde dhing

Bdong.

1.3 Axgpauol ahyeBepixol aprdpol
Eexwdye TNV Topdypapo UE TOV 0plos eVOC axépotou ahyeBpixol aptduou.

Opwowoc 1.7 Evas piyadikds apiduds uw Ga ovoudletar axépaios akyeBpikds av
urdpyer éva povikd toAvdvupo p(t) pe axépalovs ouvtedeotés, tétoto dote p(u) =
0. AnAadn 9a wxder u™ + ap_1u™ "t + ... + a9 = 0 pe wa a; € Z.

Mopdderypa 1.2X0upwra Aondr jie tov tapandvo opioud, o ap1ouds u = /—2
efvar axépaiog akyefpinds apot u?+2 = 0. O apifudst = 1/2(14+/5) efvar eriong
arxépaiog akyefpikds apod t2 —t — 1 = 0. Evd avtidera, o apiduds m = 23/2
umopet va 1cavomoiel tny e€iowon 2m—23 = 0, n onola dev efvai povikd toAvdyuvuo.
Ixavonoiel eniong tny m — 23/2 = 0, aAAd avtij Gev éxer aképaiovs ourTedeaTés
ya va kathotolv to m axépaio alyefpikd apioud.

Ané b xan wépa Yo cupPBoriloupe ue B 10 glvolo twv axéponwy aAyeBpxdv
aprdundy. O mpdtog otoyoc Yo elvon va det€ouye 6Tt 10 B elvor unodaxtiilog Twv
ohyeBpxddy aptdudy A. T va yivel autd mpodta delyvouue To axdhoudo Aiuua.

ARupe 1.1 Evag pryadikés aptduds u eivar aképaiog akyeBpixds, av kai uévo av
n mpooletikh opudda mov yevvdtar ard dles Tig duvdues 1,u,u?, ... efvar merepa-

ouéva Tapayduevn.

Anddeiln. 'Eotww mpodta 61t o apdudc u eivon axéparog alyefpixdc. Tote
oclupVA UE TOV 0plopd Tou duoaue Yo elvou

U+ apu" 4 . +ag=0,a; € Z. (1.1)

Ioyuplduaote bt xdde dovoun tou u Beloxetou uéoa TNy TpocVeTin ouddo Tou
rapdyeton and ta 1, u,u?, ..., u" "t Qo cuuPoliloupe authv TV opddae, T'. And
v oyéon 1.1, Brénoupe 6t u” € I'. Enoywyixd, av éyovye m > n xoa u™ € T,
Yo elva

m+1 _  m+l-n_n — uerlfn( 1

U =u U —ap_qu" T — ... —ap) €T

Anhadn xdde d0vaun tou u Beloxeto péoo oty I'. Tdpa yio 1o avtiotpogo. Tro-
Vétoupe 6Tt xde dOvaun tou u Lel Yéoa oe ulo tenepaouéva Topay GUEV TpocUe-
Teh opdda G. H vnoopdda I' < G nou napdryeton amé tic duvdpels 1, u, u?, ..., u"
TRETEL X0 uTH Vo elvor enepacuéva mapayduevn. Ondte Yo Yewpricouye 6t 7
oudda I' et yevvAtopec vy, vg, ..., Up. BAEmouue autd ta v;, GOV TOAUGDVUUO TOU
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u, ue axépaouc ouvteleotéc. Emopévwe xou to wv; da elvon moludvupo. Etol
uTdipy oLy axépatol aptiuol b;; tétolol Kot

n
Uv; = E bij’Ui.
j=1

H nopandve oyéon pac odnyel ot éva cOOTNHA OPOYEVOY EELGHOEWY Yia TO vj,
ToU Eyel TV e€XC HopYT.

(b11 — U)’Ul + b12’02 + ..+ blnvn =0

b211)1 + (b22 - u)vg “+ ..o+ bgn’l)n =0

bpivi + ... + (bpn — w)v, = 0.

Ané v otiypn mou undpyer Aoon vy, ..., u, € C, 0dnyoluacte 6T0 cuuTEpUcUa
6t 1 Saxplvouvoa Tov oy NUAToLY 0L GUVTEAEGTES TWV V; 0TO TOPATEVEL GUGTNU
elvor {om ye undév. Av tnv avol&oupe, xATOATYOUUE GE EVOL TOAUWVYUUO UOVIXG, UE
axEpaoLS GUVTEAEOTES oL Wxavorolel 1o u. Etol o u Ya elvan axéponog ahyelpt-
x6¢ apripoc.

Oedpnpa 1.7 O1 axépaior alyeBpikoi apiuol oxnuatilovr vrodaktilio Tov oc-
Hatos twr alkyefpikdy aptiudr.

Anddeln. ‘Eotww I,m € B. Ilpénel va 6ellouye 61t I +m € B xau 61t Im € B.
Ané o Myupa 1.1, E€pouye dTL dhec oL duvduelc tou | Louv e yio Tenepacuéva
noparybpevn tpocletixr) utooudda I'1 < € xon 6t 6hec o duvduels Tou m Louy
oe ulo memepacuéva mapayduevr teocVetixr, urooudda I'y, < C. Enopévwe, ol
duVAUELS TwV [ +m, Im elvor axépotot ypauuixol cuvduaouol GTotyelwy TN LopPRc
I'm?, o omoto Louv péoa oty Iy, € C. Av nolue 6t n Iy éyer yevvhtopec
V1, ey Up @l N Ty 1o wy, ., ws, tote 1 IYL, ebvon 1 npocdetind ouddo mou
mapdryeton and oha T u;w; e 1 <i < n,1 < j < s. Enouévewe dheg oL duvduele
Tou [+ m xa tou Im Louv ot pla tenepaouéva napayduevn urtoopddo tou C xou
€10l olugwva pe o Mjupa 1.1, to I +m xan Im elvan axéponot ahyeBpuxol aprdpol.

Axolovddvtag mepimov v Bl Tax T Ye TV mponyoLuevn anddelln, Ju
oet€ouye 10 enduevo Yewpnua.

Oedpnua 1.8 Eotw u évag uiyadikds aptduds o omoiog ikavomolel éva povi-
K6 TOAUDYUNO, e OUVTEAETTES aképalovs alyefpikols apiduols. Tdéte o u elvar
axépaio§ alyeppixds.

Anédatn. YTrodétouye 6T
U Y u" T 4 4y =0,

pe T y; € B. Autd to y; vevvoly évav unodaxtoho Y tou B. Anéd to Mupo
1.1, &pouye 611 Ghec ot Buvduelc Tou u LoUV OE EVA TEMEQUGUEVH TOPAYOUEVO
Y-submodule M tou C, 10 onolo yevvdtor amd ta 1, u, ..., u™ L. Ané to Jedpnua
1.7, ta y; xou o duvdpeic touc Louv oe plo TETEPUCUEVA TopAY OUEVT TPOGVETIXT
oudda I';. Eotw &1L auth| €xel yevwhtopec gi5, e 1 < j < n;. Enopévwe to M
Cev yéoo 6NV mpocVeTixy| opdda Tou TopdyeTan and OAa Ta oTouyElal

k .
9ij1592j2+-9n—1,5,_1 U ;1 < Ji < ni;O < k <n- 15



KE®AAAIO 1. AATEBPIKOI APIOMOI 7

70 onolo elvou nenepacyuévo obvoro. Apa xou 1o M elvor nenepaouéva napayOUEVO
cav tpooleTiny| oudda. Lopgovo ue o Mude 1.1, o u elvon oxéponog ahyefBpixde
aptiuoe.

H ypnowdtnta twv 800 teheutalwy Yewpnudtony tou anodelfoue, elvar TL uno-
POUUE VO XATAOXEVACOUPE axépatoug ahyeBpLxolc aptduolc and dANouC Yvnotolc
aprdpole. Ac dolue éva mopddetypa. Zépouue 6T oL aprduot V5 xon /7 ebvon -
xépanot ahyeBpol. Lopgpuva topa ue to Yedenua 1.7, axéponor alyeBpxol du

elvon xau o apriuol V5 4+V7,5V5 + 57V, \/55(1 + \/7)2 Enlonc obugpuva ye to
Vedpnua 1.8, ot pllec evéc povixol TOALWVOUOL TO 0Tolo EYEL GUVTEAESTES TOUC
Topamdve apriuole, o elvon xon autéc axépatol ahyeBpixol apripol. Xuveyilouvpe
ME TOV 0ptopd Tou BoaxTUAlOL axepaiwy EVOC COUATOC ApLIUMY.

Opiopwoc 1.8 Ia kdOe odua apifudv K eivar ® = K NB, ka1 ovoudlovue to D
daktlio Twv alyeBpikdy akepaiwy tov K. O oupuBoliojds mov Ja xpnoiponoolue
Oa elvar D, 1 dtav elvar pavepé yia moo odpa uikdue, andd Ja ypdpovue .
Eriong agot ta K,B efvar vrodaktidior tov C, to ® efvar vrodaktidiog tov K.
EmmAéov Oa éxyovue ZC QC K ka1 Z C B, dpa Z C D.

ARupa 1.2 Av K elvar éva odua apidudy kara € K, téte ya kdmoto ¢ # 0, ¢ €
Z Oa éyouue ca € D.

AndoeiEn. H anddeiln autold tou Muyatog elvor TETpUUEVT xaL anAd Ya to Yen-
olgonolioouye Lo vor del€oupe to axdroudo moplopa.

IMégiopa 1.2 Av éyouue K éva odua apidudy, téte K = Q(u), ya u kdroor
axépaio akyefpikd apioud.

Arnddeiln. 'Onwe éyouye deller oto Jewpnuo 1.2, v xdmowov b € A Yo elvan
K = Q(b). Ané 1o Mupa 1.2 da woylet 61t uw = ¢b, ¢ € Z, ¢ # 0. Enopéveg,
elvor mAéov mpogavéc dtt Q(b) = Q(u).

Ity anédelén tou enduevou Appatoc Yo SLUTUTWGOUKE TO TOPAXETw AU
Tou 1o ogellouye otov Gauss.

Adppa 1.3 Eotw moAvdvupo p € Z[t] ka1 éotw dtt p = gh,g,h € Q[t]. Tdre
undpyer X € Q ya tov omofo Ja éxovpe Ag, A\~ h € Z]t].

ArnddeiEn. Béne Mupa 1.4 and [1].

Adppa 1.4Evag alyeBpikds apifuds a elvar axépaios alyefpikds, av kar uévo
av to eAdy10to ToAVGY UG Tov Tdvw and to Q, éyel akepaiovs ouvTEAEOTES.

Anédaén. 'Eotw p 10 eNdyloto TOALGYLUO Tou a Téve and o Q. Autd elvau
Hovixd xan avdywyo oto Q[t]. Av to p avixel oto Z[t], té1e €€ optopol o a elvou
oxéponog ahyeBpixoc. Avtiotpoga, éotw a axépaiog ahyeBpixdc. Tote yio xdmoto
povixd mohucdvuyo ¢(t) € Z[t] Ya elvon g(a) = 0 xou enione p | ¢. Kdmoto pntd
ToMNaTAdolo Ap uTdpyel 6to Z[t] To omolo drupel 1o ¢. Kou emedn to d0o autd
ToAuVLUY elvon povixd Yo €youpe OTL A = 1, emopévwe oOUpwva Ue To AAUUA
1.4, p(t) € Z]t].

Adppa 1.5 Evag axépaiog alyeBpikds apifuds Oa elvar pntds, av kar pdvo av
efvar axépaiog apiduds. Ankadr BN Q = Z.

Arndden. O eyxhewoude Z C BNQ elvar npogavrc. ‘Eotw tdpa xdnow a € BNQ.
‘Exoupe 61 a € Q, dpa T0 eAdyl0TO TOAGVLPS ToU Tdvw and to Q Yo elvon to
t—a. Agol elvou xoun axéponoc ahyeBpixde, and o Mupa 1.5, npénet oL GUVTEAEGTES
TOU VAL aviixouV 60 Z. Anhadh) —a € Z mou Tpopaves onuaivel 6t a € Z.
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1.4 Bdoeic axepardotnIog

‘Eotw 6t éyouye éva adpa aptiudyv K, ue Badud n mdve and o Q. Eépoupe
6t K = Q(u), 6mou u évac axépatog olyeBpixds. Téte 1o ehdyloto Toludvuuo p
0L u, éyel Badud n xou pia Bdon tou K etvon 1y {1, u,u?, ..., u" "1}, O doxtohog
axepalwv D, tou K, elvan aflehiov) opdda pe mpdln ty npdodeon (6o autd da
anodetytoly otn ouvéyew). H {aq, ..., as} elvon Bdon axepoudtntog, av xou pévo av
oha T a; € D xoun 6Aa ta oTovyela Tou D YpdpovTa povadixd ot Yopdt| biar +...+
bsas,b; € Z. X1n cuvéyelo Yo del€ouye OTL 6VToC BAoT) axEPAULOTNTOC UTEPYEL YidL
xd0e SaxTOAL0 axepaiwy, oANS Bev etvar autr tou BlacTtxd Yo unotétaue. Anlady
yioéva K = Q(u) pe u axépono ohyeBpwd, ula Q-Bdon elvon 1 {1, u, u?, ..., u"_l}
oAAS Bev onualver amopaltnto 6Tt auTh elvor xou 1 Bdom axepandtnToc Tou K. Av
ndipoupe cav Tapdderypa o K = Q(v/5) xou to otoyeio autol & + 24/5 10 omolo
wavorotel v elowon 12 —t+1 = 0, BAénoupe d1t eved elvon dhyeBpxde axépatoc,
dev avixel oto Z[V/5]. Tpoywpolue tépa oiyd ouyd va o amodelfouue 6Aa autd
%ol VoL T SOUUE oTNY TEAE.

Adppa 1.6 Eotw K odua apidudv kai {aq, ...an} pta Bdon tou mov anotelel-
a1 and aképaiovs akyefpixovs. Tdre n dakpivovoe Alay,...,a,] €var axépaiog
ap1iués, d1dpopos tov undevag.

Anddeln. Tougwvo ye to Jedpnua 1.6 Eépouye 6t n A elvon pntéc apriude.
Etvor xon axépotog ahyeBpxdc agol elvon a € B. Enouévewe, and 1o AMpua 1.5 Yo
ndpouye 6t elvar axépanoc. Téhoc, o 6T dev elvon undév pac to e€aopoliler TéA
0 Yedpnua 1.6.

Oedenue 1.9 Kdde daktidios D, evis oduaros apifudy K, éel fdon akepais-
Tntag kai n npooldetikn oudda tov D eivar ekedlepn afehiavy), tdéng n, ion pe to
Padué tov K.

Anddaén. Eow u axépaog ahyefeinde xaw K = Q(u). Yrdpyel pio Bdon tou
K, ¢otw 7 {1, u, ...,u"’l}, 7 onola anoteAelton and axépatoug alyeBpixole, oh-
A ywplc va elvon amapaltnta Bdon axepondtnrac. And to Muua 1.5, éyouue 6Tt
AL, ..., u™ 1] € Z*. Enopévwc, emhéyoupe plo Bdon nou amoteleiton omd oné-
panoug ahyeBpxolc {wi, ..., wy } xou yior TNy omola vou toyVer 6T 1 |Afws, ..., wy]|s
va ebvon 1 eAdyrotn duvath. Ioyueilépaote ot auth elvor uio Bdomn axepodtntog.
'Eotw 61t dev elvan. Téte Yo undipyet xdmolog ahyePeixds axépaoc w € Q(u), o
omolog YPAPETH W = a1wy + ... + GpWwy UE T a; € Q xon xdmola and autd To ;,
Oy amopaitnTa Oha, va elvon axépatot. ‘Eotw 6t a1 ¢ Z. Téte Ya elvon

a1 =a+nr,a €Z,0<r<l.

©étouue

Y1 =W — aw1, Y = Wi, 1t = 2,...,N.
Ko tdpan {y1, ..., Yn }, elvon pla fdon tou anoteheiton and axéparouc ahyePpixole.
H opilouca mou etvar oyetixd ye v alloyy) Bdong and to w ota y, ebvar 1)

a—a az az ... Qap
0 1 0 .. 0
0 0 1 .. O0|=nr

0 o 0 .. 1
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Enopévae Yo éyouye
Alyt, .oy Yn) = 72 A1, ooy wh).

Ané v oyur) mou éyoupe urodéoel 6Tt yia To 7 Loy Ve 0 < 1 < 1, pTdvouye oe a-
vtideon oe 6Tt aopd Ty emthoy woc Yo T {wi, ..., wr }, 6TL N |Afwr, ..., wy]| lvan
eNdyotn. Enopévec o woyvplopde pac Atay owotds, dnhadh n Bdon {wi, ..., wn }
etvon Bdom axepondnrac. Ondte 1 (D, +) ebvan ehebiepn afehiavr oudda, tdEne
n.

Metd tnv anddeiln autol Tou YewpRUAToC GTAVOUUE GTO EpWTNUA TNS EVPECTC
Bdome axepanbTnTaC, Yo TeEpinTdOEC 6Twe auth Tou Q(V/5), 6rou Bdon axepord-
nrac dev ebvon n Q-Bdon {1, \/3} ‘Eotw éva otoyelo 10 onolo va avixel 6To
Q(V/5). Auté Va éyer popyh p+ qv/5, p,g € Q. Auté o orotyelo éyel ehdytoTo
TOAUGVUUO

t:p+q2@t2—2pt+p2:5q2<:>t2—2pt+(p2—5q2).

O aptdpdc p+ gv/5 Vo ebvon axéponoc ohyeBEde, av xau UOVO av 0L GUVTENEGTEC
auToV TOU TOAUEYOPOL elvar adépatot aprdpol. Anhadh p, p? —5q¢? € Z. Enopévec
p=1/2P, P € Z. Tw P dptio, éyoupe 61t o p* elvon axépooc, mou onpalver o1t
xor 0 5g? elvon axépatoc, mou xdvel Tov ¢ va elvor axépono enione. Av o P elvon
neptttéc aprdude, Beloxoupe bt g = 1/2Q), brou Q elvan enlong neptttdg oxépotog.
Enopévec Bhémouye 61t o doxtihoc axepoiwy elvan 0 D = Z[1 + 21/5] xou 1 Béon
axepondTnTog etvon 1 {1, 3 + %\/3}

Adppa 1.7 Eotw G eAetdepn aBeliavij opdda tdéng n, pe fdon {ay, ..., an}.
Eotw éu éxovue tov mivaka (bi;) pe by € Z. Tére ta oroyela

Yi = Z bija;
i

arnotedoly pia Bdon ya tyy G, av ka1 udévo av o (bij) efvar unimodular.

Arnddeén. Ta y; amoteholv Bdon yia ty G. Apa xou o a; yYpd@povion Gov
yeopuxol cuvduacuol Twyv y;. Elvou

a; = E Cijyj-

J

Av (¢;5) o rmivaxac twv otoelwv ¢;;, tapatnpoltue ot (bij)(cij) = Ig, étoL o
nivoxeg autol Yo elvar avtioTpéduuot xou Yo TpEmeL var €xouy avtioTeéduun optlouca
010 Z, dnhady det (b;;) = £1.

Oeopnua 1.10 Eoto du {ay, ..., an} elvar pula Q-Bdon ya éva odua apidudy
K. Av n buakpivovoa Alay, ..., a,] €var apiduds eledlepos tetpaydvwr, téte n
{a1,...,an} Oa elvar Bdon akepaidtnas.
Anéddaén. Eotw pla Bdon axepondtntog {bi, ..., by }. Téte o toylel

A[al, ceey an] = (detcij)QA[bl..., bn]

Aol 1 Alaq, ..., an] elvon apidude eledilepoc tetpaydvoy and v unddeoy), da
npénel 1 opllovou detc;; = 1, dnhadn o mivaxac b;; va elvon unimodular. Eno-
wévee oméd to Mupe 1.7 n Bdon {ai, ..., an } Ya ebvon Bdon axepandtnrac.
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HMapddewypa 1.3 Eotw du éyouvue to mponyoluevo mapdderyua, 6nladn K =
Q(V5). Eotw enions n Q-Bdon tov {1, % + %\/5} Iaipvouvue Tovg 600 povopop-
poots o; - Q(v5) — C,i = 1,2. Eivar:

o1(p+qVh)=p+qV5
o2(p +qv/5) = p—qV5,
ya p,q € Q. Enouévas n diakpivovoa avtnis tng Bdong da eivai

+3V5
1

- 15

2
1 =5.
27 2

o=

1 1 1
Al = + =5 =
1,5 +5V3) ‘1

‘Omnov o 5 eivar apiduds exetdepog tetpaydrvwy, enopuévws olpugwra e to Jedpnua
1.10 n Bdon {1, 14 %\/3}, efval Bdon axepaidTnag.

IMapathenorn: Biénouye 61 1o avtiotpogo tou Yewprpatoc 1.10 dev woylel oe
QUTAY TNV TeplnTwon.

1.5 Noéppa xou tyvog

e auth TV Topdypapo Yo acyohndolue YE T vopua xal TO (Vo EVEC GToL-
yelou a € K. Eexwdye dlvovtag toug oplopolc.

Opgowdc 1.9 Ia kdOe a € K optlovue vépua va eivar n
N(a) =[] oi(a)
i=1

ka1 tyvog

T(a) = Zoi(a).

Eépoude 6Tl To TOAUDYLUO oOUaToC efvar uio BOvVoUN Tou EASYIGTOU TOAUG-
vopou tou a. Emnopévwe, xor clugva Ue aUTE TOU EYOUUE TEL WS TWEA, O a
Yo elvan oxéponog ahyeBeixde, av xaL HOVO oV TO TOAUWYUUO GOUATOC TOu, EYEL
OLVTEAETTEC axépotoug aptdpols. Aol T0 TOAUMVUHO GOUATOS Efvol

n

fa(t) = T](t = oia)),

i=1

Yo €youpe OTL av 0 a elvar oxéponog aAYeBELxog, TOTE 1 VOpUA TOU Xot TO {yVog
Tou Yo ebvan axéponol apriuol. Eivan enlone mpogavée, étL agol ol o; elvor povo-
wopgiopol Eyoupe, N(ab) = N(a)N(b),a,b € K xa 6t av a # 0 téte N(a) # 0.

IMedtaom 1.1 Eotw K = Q(u) éva odua apiudy ka1 to u va éer eAdyr-
oto noAvdvupo p, degp = n. Tdre n Q-Pdon {1,u, ...,u"_l} éxel dakpivovoa
All,u, ..., u 1] = (=1)""=D/2N(Dp(u)), érov Dp efvar n rapdywyos tou p.
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Arnddeiln. ‘Onwe éyoude del otny anddeiln tou Yewpruatoc 1.6, etvon

A=Alu,.. ,u"" = H (u; — uj)?,

1<i<j<n

OTOU U7, ..., Up—1 €bvort Tot cuLUYT) Tou u. ‘Eyoupe

EMOUEVWC

MoManhactdlouye topa dAec autéc Tic eElo®oelc Yl j = 1, ..., n xot talpvouue

[I[opw) = T] (w5 —w).
i=1 i =L

To aplotepd péhoc e e&lowong elvon n N(Dp(u;)). o to Be&l uéhog €youye tov
TapdyovTa u; — w; Vo epgoviletan 600 Qopéc, ulo cay u; — uj xou wio oV U — u;.
To ywépevo d0o tétowwy mapaybviey evar —(u; — uj)?. ‘Onwe elnoye mo e
oty anddelln, autod ebvon 1 draxplvovoa Todamhaciaopévn ue (—1)* érou s elvou
o mAfdoc Twv Leuydv (i, j) to omolo elvor s = gn(n — 1). KatahhZaye howndy
oto {ntoluevo

>
'F
=
e
3
]
=
Il

(=)= DN (Dp(u)).

1.6 AoaxtOAOL axepolwy

Ye authv TV Tapdypapo Ya dodue tov TteéTo e tov onolo Va Beloxouye da-
%xTONOUC axepalwy, yia Eva owpa aptdudy. Autd anoutel apxetéc npdiels, oh-
A& e dudpopec TEYVIXEC Yo TIC UEWOOUUE 600 Umopolue meplocdtego. Eniorne
Yo Solue 6TL Sev €youv dAa T adpaTa aptduody Bdom axepatdTNTOC TNS LoPPHC
{1, u, ...,u"’l}.

Oevpnpa 1.11 Kdle unooudda H puag eAetidepng afeiavig opddas G tdéns n,
efval kar avtr) eAevdepn kar éxer tdén s < n. EmnAéov vndpyer pia fdon by, ..., by,
s G kar Oetikol axépaior aprduof ay, ..., an, T€To101 HOTE N A1b1, ..., anby, va elvar
uia Bdon ya Ty H.

ArnddeiEn. Bhéne Yedprnua 1.12 [1].
Oedpnpa 1.12 Eotw G pia mpooletikny vnooudda tov D, tdéng doo o Bad-

uds tov K, ue Bdon axepardtnzas {aq,...,an}. Tdre n tdén |D/G| dapel tnr
Alay, ..., an].
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Arndden. Ioupwvo pe to Yedpnua 1.11 o undpyel pla Bdon oxepoudtnroc
{b1,....,bn} Yl T0 D, tétol0 doTte N unooudda e G va el Bdom oxeponbTN-
tac {mib1,...,mupby}, v xotdhhnha m; € Z. Agol xdde alhoyn Bdone €yel
unimodular nivaxa, Yo woylel 6t Alay, ..., an] = Almqby, ..., mpby]. Elvor

Almaby, ...,mpby] = (ml...mn)QA[bl, vy bn] = (ml...mn)QA,

6mou A elvan 1 Sraxpivouca tou K dmAiady) axépatoc aptdudc. ‘Eyoupe dume xon
6Tt |ma..my| = |D/G|. Enouévee n |D/G| Sionpel v Alag, ..., ay].

Ipoywpolue ye pia mpdTaoy 1 onola ouclaoTxd elvon wia yevixeuon tou Tpon-
yoluevou Yewpruatoc.

IMeéraom 1.2 Eotw du® # G. Tdte vndpyer axépaios alyeBpikds apiduds tns
1oppnS .

—(liar + ... + l,ay

S(ha )

brov 0 < l; <p—1, l; € Z ka1 p efvar mpédtog ap1uds, térowsg dote to p? va
daipel Ag.

Anddalén. Apol G # D 16t |D/G| > 1. Téte and ) Jewpla twv TETEPUOUEVWLY
oBehavedv ouddwy, Yo utdpyel Evac p tpdToc o onolog Yu doupel o [D/G| xou
éva otoyelo u € D/G tétowo Kote g = pu € G. And 1o Yedpnpa 1.12, éyouue
ot p? duupel v Ag. Emmiéoy,
U= lg = 1(llal + oo+ lpay),
p p
oot ta {a; } anoteholy Bdon axepandtnrac vy Ty G.

Me v yprion auvthc tne tpdtaocne, eldacTte TAEOV €ToloL Vo Teptypdipouye pia
dadixacio pe v onola Yo Bploxovue axépatouc ahyeBpolc. Apyxd Tpopovde
agol vnoloyloouye Ty Ag xou TNV Beolue va elvon eheblepr TeTpaydVWY dev Yo
umdipyet tétotog aptiude p ondte G =D. ANAde xdvouye ta e€nc BruoTa.

1. Talpvoupe v mpogavh emAoy? yio tnv G.
2. Troloyllouye v Ag.

3. T xdde mpdto oprdud tou onolou To teTpdywvo dlongel TNV Ag, Soxuud-
Coupe 6houc touc apripolc Tne YopPhc %(llal + ... + lpan), Yl vo Solpe
TotoL efvan axépanotl ahyeBpixol.

4. Av npoxOer xdnoloc axéparoc ahyeBpxde, yeyardvoupe ™y G oty G,
TPOGVETOVTAC PEGO TNE TOV VEO apLtdud.

5. EnavohauBdvouue authiv tnv dladixacto, uéypl Vo unv unopolue TAéov val
Bpolue Véoug axépatoug ahyefBpixole aptiuoie.

Ac Solue tdpa die€oduxd éva nopdderyua, To onolo Va elvon apxeTd dopwti-
o6 xon Yo avadeiler Gl bou €youe mEL Péypl THORA

IMapddewywa 1.4 H dovdad uag Oa elvar va Bpole 6hovg tous axépaious alye-
Bpixovts tov Q(V/5). Fotw u € R,u® = 5. H npdtn xa1 moAd Aoyixri emhoyn uag
ya tny Bdon akepaiétnzag tov daktuliov akepaivy, €ival n {1,u, u2}. Eotw G



KE®AAAIO 1. AATEBPIKOI APIOMOI 13

n opdda mov mapdyetar ané aveiy ) Bdon ka1 w = >3 jia kupucr pila g

povddas. Or povopoppionof o; : Q(8/5) — C, i = 1,..3 efvar ot:
o1(u) = u, o9 (u) = wu, o3(u) = wu.

Enopévag ue okond va oxnuatioovpe kail va vroloyioovue tny opilovoa Ag, Oa
éyouue

o1(1) = 1,01 (u) = u, 01 (u?) = u?
oa(l) = ( ) = wu, o9 (u?) = wu?
03(1) = 1, 03(u) = w?u, o3(u?) = wu?,

apot Eépovpe ka1 én w3 = 1. Tno)\oyz(oupe Tdpa Ty opilovoa.

2

1 U u?
Acg=|1 wu w2u?| =
2 2

1 wu wu

1 1 1
=81 w w?| =
1 w? w

=ul(w? —w—w+w? +w? —w)? =ub(Bw? - 3w)?

= u3%(w? —w)? = 5°3%(—3) = —3°5%

Yougpwra ooy pe tny mpdraon 1.2, av vndpyer kdmoio§ aképaio§ aAyefpikis
ap1duds Oa mpémer va éye pl’a ané tg 6U0 HOPPES :

%(ll + ZQU + l3u2),0 S lz S 4

Oa dolje udrvo tny mepintwon émov p = 5, émov pe ) Pondea tov fyvous Ja
katapépoupie va ueidoovue aiointd s npdéels, i onoleg o€ Ja amopiyovue oTny
mepinttwon tov p = 3. Apxikd avtd mov Oa kdvouue, eivar va vrodoyilovue to
fyYvos Tou vmoPnglov aképaiov alyeBpikol kai va 10 UpIoTOUUE 6Tt avikel aTo Z.
Zekivdue tov UTOAOYIOUG auTOV € TN ONUAvTIKY, Yia T Melwon twy mpdéewy
mapazripnon

W=lew-1=0w-Dw4+w+)=0w’+w+1=0.
FEivai:
1 2 1 2 1 27 .2
T(a) :T(g(ll+12u+13u )) = g(l1+lgu+l3u )+ g(ll +wl2u+w lg’u )

1 l 1 1 l
+g(ll + Wilou + wizu?) = % + —lgu(l +w+w)+ glgu2(1 +w+w?) = %

Ilpérer Aoindy to fyvog avtod Tou ap1uol, av elval aképaiog akyefpixkds, va efvai
axépaios apiuds. Emouévws Oa mpémer va éyovue Iy € BZ. Téte o apiudg
a = t(lau + l3u?), mpéne va efvar enions axépaios alyefpixds. Ernduevo prja
efvar va vrodoyloouvue tnr vépua tov o’ . Elvai

N(lyu + 13u?) = (lou + I3u?) (wlau + wW?lz3u?) (W au + wizu?)
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= W (lou + I3u?) (lau + wizu?) (lau + w?lzu?)
= (lu)® + (I3u?)3 + I313u* (W + w + 1) + (I2)u’ (W +w + 1) = (lou)® + (I3u?)3.
‘Eto1, éxouue 6t yia va eivai o a’ axépaios akyefpixds, Oa mpémer n vépua tou va
etvar axépaiog. Emouévws Oa npémer

(low)® + (Izu?)® = (513 + 2515) /125 = (I3 + 513)/25.

‘Evag tpénog va dolue av avtd woxVel, eivar n xprion s oung plas. Na toe-
kdpoupe onkadn ya ta lg,lz, 0 < la,l3 < 4, mowe mapdoraon Oa Saipel to 25.
Eivax

la I3 I3+5l3 bapetear and 25
0 1 5 oyt
0 2 40 o
0 3 135 o
0 4 320 o
10 1 dxt
11 6 dxt
1 2 41 byt
1 3 136 %
1 4 321 o
2 0 8 oyt
2 1 13 dxt
2 2 48 dxt
2 3 143 o
2 4 328 %
3 0 27 o
3 1 32 oyt
3 2 67 oyt
3 3 162 o
3 4 347 o
4 0 64 o
4 1 69 oyt
4 2 104 dxt
4 3 199 ot
4 4 384 %

Me yprion tns wuns plag, detéaue 6t dev vndpyovy dAdor axépaior alyeBpixol
apuol. Tis npdéeig mov kdvaue, o€ kATOIES TEPITTWOOEIS UTOPOUUE va TIS ano@y-
Youe i€ Texrikés énws n mapakdto. Eoto 13 + 513 = 0mod 25. Av efyaue
lo =0 mod 5 tdre Ja elyape karls = 0 mod 5. AAudg elvar 5 = (—%)3 mod 25.
Enopévag to 5 eivar kufiké vrddormo mod 25. EE artiag tov napdyovta 5, Oa mpé-
et va etvar 5 = (5k)3 mod 25. To omofo duws onuaiver 6t 5 = 0 mod 25, mov
puoikd etfvar dromo.

IMapdderypa 1.5 avtd to napdderyua Ja npooradrjoovue va Bpolue tov da-
KTUA10 akepaiwr, ®, tov K = Q(¥/175). Eotwt = /175 = /257 = V52 - 7 ka1
u = V/5-72 = {/245. Tmoloyilovue rdnoies moodTntes o1 omotes Ha pag gpavolv
xpenowyues otn ovvéyea. Eivar

ut = V/52-7V5-72 = V/53 .73 = 35
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u? = V5274 =1t
t? = V5472 = 5u.

‘Eyovue u = 35/t n\adry u € Q(V/175). Erlong u® — 245 = 0, 6nladr to u
1KavoTolel TOAVUDVULO € aképaious OUVTEAETTES, TOU onuatvel 6t elvar aképaiog
akyeBpikds aprduds. Andadriu € BN K = 9. O u Aondv aviiker otov daktilio
akepaiwy kal évol Oa ndpovue oav apyikn pag vnédeon ya tny oudda G, tny
aPehavny opdda mou mapdyetar and {1,t,u}. Onws kdvape kar ato TponyoUuevo
rapdderyua, Ja vroloyioovue tnr Ag. Idue Aoindéy va PpoUue Toug HOVOLOp@I-
opots o; 1 K — Cyi = 1,..3. e o1(t) = t,02(t) = wt,03(t) = w?t pe w® = 1.
Ag doUpe T kdvouy avtol o1 povopopgiopol To ototyeio w. Eivai:

o1(u) = 01(35/t) = 3501(1/t) =35/t = u

35wt - 35w? 9

o2(u) = 02(35/t) = 3502(1/t) = 35/wt = ;W
o3(u) = 03(35/t) = % = % = wu.

Efuaote nAéov oe Oéon va dnuiovpyrjoovue tny

1 ¢ U
All,t,ul = (1 wt w?u
1 Wt wu
— 32t2u2(w2 _ w)2
ka1 pe tnr Bondea twy oyéoewr mou amodeilaje TPoYoUHévwg
AL, t,u] = 325272 (=3) = —335272,
Ornére oupwra ue Tty npdtaon 1.2, o1 mbavol axépaior akyefpixol Ja éxovv uia

and Tg €€1S poppés

1
a = g(ll+lgt+13u)a OSZZ 32’

1
a = g(ll +12t+lgu), 0 S li,g 4,

1
5(11 + ot +13u), 0 <1; <6.

1.7 Tetpaywvixd couAT

Optopwoc 1.10 Opilouue tetpaywrikd odua aprdudr, éva odua epiudy K, ue
Badué 2 ndvw and to Q. Avtnig tng popens oduate apiiudy elvar tov Ya araoyo-
Anoovr mio moAY. Erotr mo kdtw Ua detéouvue nwg Ja Bpiokovpe tous daktiAioug
akepaiwy Tétoiwy owudTwy.

Ou €youye howndy, K = Q(u), pe u évav axépono alyeBpind oprdud xou guotxd
o u Ya ebvor pila Tou TOALWVOUOL t2 + at + b, a,b € Z. Téte

—a+vVa? —4b
—
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Ané v avéhuon oe TpdTouc aprduolc 6to Z Ya éyouye 6t a’—4b = r’d,r,d € Z
xat o d elvon aptdudg ehediepog teTpaydvev. Enoyéveg

—14rVd
YTy

ot Brénovye 61t Q(u) = Q(Vd), 6mou d eivan évac axépatoc aprdude, eelddepoc
TETPAYOVOY. AuTH glvol ouoLIGTIXG Xou 1 AmdBELEY] TNE TUPUXATL TEATAOTC.

Medtacy 1.3 Ta tetpaywvind odpata eivar tns popens Q(vVd), drov d axépaios
eAetlepog teTpaydvawy.

Tapo Yo dolue autd Tou unocyedixape T, dnhady vo Bpolue Tov daxTOAo
oxEPAlWV EVOC TETEAYWVIXOD GOUATOC AUV,
Oedenua 1.13 Eow d € Z aképaiog eActifepog tetpaydvwy. Tote o1 akyeBpi-
xof axépaior tov Q(V/d) efvar tne popeng

1. Z[Vd], av d # 1 mod 4

2. Z[3 +1Vd] av d = 1 mod 4

Anddatn. Eyouue 10 tetpayeovind obdua dprdudy Q(vVd). Ta otoiyeia auto)
T0U odyuatoc evar TN Yopwtic = = 1+ sVd, 1,5 € Q. Enopévoc unopolue va
Yedouye z = %C‘/E, a,b,c € 7 xan va unv LTdpyel mewTtoc aptdude, o onolog
v Btanpel 1o Toug Teelg autolg aptipois. O o Yo elvan axépotog ahyefBpixde, av
XL UOVO AV OL GUVTEAECTEC TOU EAGYLOTOU TOAUWVUHUOU

(t—(

elvor axéponot. Anhadn

IV

—bvd 2 2 —b2%d
i)):ﬁ__atJraiQ,
(& C C

a® — b3d

2
5 EZXO(L—GGZ.

C C

Av oL ¢,a éyouv évav xowob TE®TO ToRdYovTA p, ot ol o d eivon eheliepog
TeETPaYWVLY, Yo Exouue 6TL 0 p mpénel va dowpel xou tov b, Autd duwe elvan
dromo ané Ty oy o utédeot. Enopévec 22 € Z xau ol a, ¢ BV €Y 0UY %06
nopdyovia. Avayxaotuxd , ¢ = 1, hc = 2. Av ¢ = 1 t61€ Qavepd o x elvou
oxépanoc oahyePpindc oe xde meplntwon. Ildue howndy yio v mepintwon dmou
¢ = 2. Abyw tng emAoync mou €youue xdvel, Yo TeEneL ot a, b va elvon tepttTol
apriuol xou “2_4b2d € Z. "Apa a®> — b*d = 0 mod 4. 'Ectw évac meprttoc aprdude
2k + 1. To tetpdywvéd Tou eivon 4k + 4k + 1 = 1 mod 4. Apa, du éyouue 61t
agol a,b meprttol a? = b2 = 1mod 4 — d = 1 mod 4. Ernopévec xatolfyoupe
GTO OTL AV

d # 1 mod 4 71, Bdom axepudtrrac eivor Z[Vd),

1 1
d =1 mod 4 7 Bdon oxepondtnrog ebvon Z[§ + 5\/&]
Or yovopopgiouol thpa and 10 K oto C elvar ot

o1(r+ sVd) =1+ sVd
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oo(r+sVd) =1 — sVd

Enopévwe Yo uropolue nhéov oAl ebxola va bohoyILoUYE Tic BLoxplivouoeS TwY
TETPAYWVIXOY CWUATWY, Ue TN anddelln Tou enduevou Yewphiuotog.

Oedpnue 1.14

1. Av d # 1 mod 4 tdre o Q(\/d) éye Bdon axepardtnrag tny {1, \/E} Kal
dakpivovoa 4d.

2. Avd =1 mod 4 téte ro Q(v/d) éyer Bion axepardrnrag tny {1, 14 %\/E}
ka1 daxpivovoa d.

Arnddeiln. H anddeiln elvan TeTplupévn, oAAS ac Ty BOGOLUE cay UTEVIUULOT Lot
TOV UTOAOYLOUG BLoXpVOUG®Y. Od €YOUUE AOLTOY YLl TNV TEWTN TEPITTWOT

1
1

_\%’ = (—2Vd)? = 4d,

EVQ yia Ty deltepn 6mou 1) Bdon pog elvon {1, % + %\/E}

1 §+5Vd| _
1 i-iva|

IMapddewypma 1.6 Ag dodue twpa éva napdderyua to omolo avadeikvier tny on-
paota tov napandvw Jewpnuatog. I'a 10toptkols Adyous va onueidoovue dtr eivai
70 TPATO odua ap1ucy Tov pueketninke moté. Exouue Aoindy to odpa tov Gauss,
Q(v/—1). Efvard # 1 mod 4 dpa ka1 olugwva pe to mapandve dedpnua, n Bd-
on akepaidtnrag efvar n Z[/—1] ka1 n dakpivovoa 1wovtar pe A = 4d = —4.
Na onueadoouue 6t o avté to mapdderypa PAémovpe 6t1 dev Soudever ndvta n
avtiotpogn gopd tov Jewpnpatos 1.10, apol to -4 dev elvar aprduds eevfepog
TETPaydrwY, aAld éyoupe Tepintwon Bdong akepaidtnTas.

(—Vd)? =d.

N[ Do

T yehhovtxs yeromn vo SOGOUE xat TNV vopua xot To (yvog evég atolyelou
TIOU QVAXEL GE TETPUYWVLXO CWUA,

N(r + sVd) = r? — ds?

T(r + sVd) = 2r.

Oa XAelGOLYE TNV TOPAYEOPO AUTH TOV OPLOHO TOU ULYODBIXOU TETPAYWWXOD G-
HoTog, 6mou xou Pe Tétolo Yo ooy ohndolye.

Oplowoc 1.11 Oa kalolue pryadiké tetpaywviké odua aptfudy, éva tetpa-
yoviké odua apriudy ue d apvnuxé apiud. Evd av d Oetikds, mpayuatixo
TETPAYwrikG oodua aptopdy.



Kepdiowo 2

Avdiluon oe avadywyo

2.1 Tetplpuévn avdiuon

Ye auté 10 xe@dhono Vo YEVIXEUGOUUE TNV VEAUGY GE Tp®Ta GTOLYEI GTO Z,
o€ avaAUOT) HECA OE OXEQOLEC TIEQLOYES O TILO CUYXEXPIEVA, éoa ot daxTuAloug
oaxepalwy D TETPAYWVIXDY CWUITWY apldu®Y. e aUTéC TIC TEPITTWOELS, avTileTta
ané To Z, BeV €y0UUE TAVTO Yovadixy) avdAuoT Twv oTolyelwy xot autd efvar Tou
npoxalel xdmowa cOYYLon, ahhd xan evilagpépov. Zexwvdue ye ulo uneviiulon e
€VVoLac Tng Jovadac.

Opiowoc 2.1 Kalolue povddes u, oe évav daktilio R, ta ototyela ekeiva mou
éyovr moAamAaciaotikd avtiotpopo, dnladn av u povdda Ja vrdpyer u~t téroto
dote uu~l = 1.

Opwopwoc 2.2 Eva otoiyeio y Oa ovoudletar ovvetaipikd e éva otoeio x, av
T =uy Me u povdda.

Enfong, va uneviuploouye 6t yio tapayovtonoinon & = yz xoelton xovovix,
oV XOVEVL EX TWV Y, 2 OEV elvol Yovddes. Evd un xavovixy), 1 TeTpluuévn, 6tav o
évag mapdyovTag eivan wovdda xaL o dAhog elva GuVETALEIXG oToLYElD PE TO .

IMedétacm 2.1 O povddes U(R), evds daxtudiov P, oxnuatifour oudda pe tov
ToAAamAaolaod.

Ac Solye pepxd mopadelyporta.
IMopddetypo 2.1

1. R = Q. O1 povddes etvar 6ho1 o1 pnrot, extds and to 0. Aniadn o U(Q)
efvar dreipn oudoa.

2. R=17Z. O povddes €dch etvar ta £1. Pudyvovr uia kvklixny opdda tdéng
2.

3. R =1Z[i]. Ankadnj ta otowela tng poperis a + bi,a,b € Z, o1 aképaio tov
Gauss. Eva otoieio a + bi efvar povdda av kair pudvo av vrdpyer otoryeio
c+di,c,d € Z, térowo dote

(a + bi)(c+ di) = 1.

18



KE®AAAIO 2. ANAAYYHYE ANATQTA 19

Avté pag odnyel oo 6t ac — bd = 1,ad + be = 0 ka1 Ya efvar

2 4+ b2 b
a“ + d=

a Toaz b2

Ebd Oa éxovpe axépaies Aoeis udvo av a®+b? = 1. Eropévos a = +1,b =
0fa=0,b==x1. AnAadn o1 povddes Oa efvar {1,—1,i,—i}. To U(R)
Aomdy efvar kvkAikn opdoda tdéng 4.

Od YpNOLLOTOCOVUE TWEO TNV EVVOLN TNG VOPUIC, Yld VA ENEXTEIVOUUE Ta
ATOTEAEGUATO TOU TUPATAVE TUpadElyUaTog.

IMeéraom 2.2 H oudda twv povddwr twv daktulioy akepaiwy, oe éva piyadiki
TETPAYWVIKG owua aptfudy, elvar

1. ad =—-1,U = {£1, +i}.
2. Tad=-3,U = {:l:l, :l:w,:l:wQ} LW = e2mi/3,
3. Ta d\eg Tig dAAes Tipés tou d, efvar U = {£1}.

Anddaén. Eotw a pa yovdda otov doxtiho axepaiwy Q(Vd), ue avtioteopo
w0 b Téeehuwa ! =beab=1s N(a)N(Ob) =1« N(a) = £1, agol n
vopua evée otolyelou eivar puolxde aprdude. Av éyoupe a = = +yVd, z,y € Q,
t6te N(a) = N(z +yVd) = 2> —dy?> = 1. Avx,y € Z, xon d = —1 éyouue
2? +y? =1, 6nou oL MNoeic ebvar = +1,y = 0 A z = 0,y = £1. 'Eto. delfope
10 1. Tw d < —3 unoypewtxd du npéner b = 0. Apa ov povec axépoueg ANooewg
elvor ¢ = £1,b = 0. Av ndpoupe d = 1 mod 4, t6te Ya €youye xar Ty neplnTwoN
6mov a = A/2,b = B/2, ye A, B nepittol axépanor. ‘Etor A? — dB? = 4. Tw
d < —3 nafpvouue B = 0, dpa Sev Y €youpe nogandvew Aooec. ‘Etol dellope to
3. [a d = —3 Bploxoupe tic emniéov Micewic A =+1, B=+1. wA=1,B=1
evan @ = 1(—1 4 /=3) = €¥™/3, Woon tnv onola onpeidoape cay w. Ou dhkec
TEPLTTOCELC Elvol TPoQaVHE T —w, w?, —w?. Mall ye Tic MNoelc Tou Berxape ToL,
ONOXANEWVOUPE %ot TNV am6deLn Tou 2.

ITdye va Bel€ouye pepéc BAOIXE LOLOTNTES TV HOVADWY, TWV GUVETULELXWY
GTOLYEIWY X0 TWV AVUYDYWV.

IMebraom 2.3 [a pia axépaia weproyny D, éxouue:
1. To oroiyeio x efvar povdda av kar pévo av x|1.

2. Orowadnmote dVo otoiyela mov €lvar povdoes, eivar ovvetaipikd kair kdle
ovvetalpikd povddag efvar povdda kar avtd.

3. Avo oroiela x,y elval ovvetaipikd, av ka1 uévo av x|y kai ylx.

4. Eva ovoiyelo x eivar avdywyo, av kar puovo av kdOe daipétng tou eivai
ovvetalpikd oToiyeio Tov x 1 efvail povdoa.

5. 'Eva ovvetaipikd €vi§ avdywyou, €fval kal avtd avdyw)o.

Anddeln. H anddelln twv neplocoTépwy elvar TETPUUEVN Xou EpyeTtan oYeddY
an eudeloc and toug oplopols. Ag anodelouye To 3 oL amhd ypetdleTar Voo
Sroypopric.  ‘Eyoupe 6t xly xa ylz. Yndpyouv étol a,b € D, tétown wote
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y = azx, x = by. Me avixatdotaon nalpvoupe = = bax. Topa A x = 0 bmou
Yo ebvar xou y = 0, ondte elvon ouvetanpixd otoyelo, f & # 0 xou and oV Voo
oorypapric éxouue 1 = ba. Téte a, b elvar povddec. ‘Apa x, y cuvetalpixd otolyelo.

Exgpdoouye xdmolec and autéc Tic WOLOTNTEC Ue LOEDDN xou moalpvouue TNV
TAPAX T TEOTACT).

IMebtaom 2.4 Av D uia axépaia neproyn) karx,y eivar 6o un undevikd oroiyeia
g D, tite:

1. x|y av ka1 uévo av (x) 2 (y).
2. Ta x ka1 y efvar ovvetaipikd, av ka1 udvo av {x) = (y).
3. To oroiyeio © efvar povdda, av kar pdvo av {x) = D.

4. To oroeio © efvar avdywyo, av ka1 pdévo av to 10edddes (x) elvar puéyioto
ueta&t AAwv twy kavovikdy kiplwy 10ewddy g D.

Arddeién. Tw to 1 éyoupe: Av zly = y = zz € (z),z € D. Enouévuc
() 2 (y). Avtiotpoga thpa av (y) C (z), tétre y € () = y = zz,2 € D. To 2
anodewvieTal dueca and To 1 xou TNy mpdTaon 2.3. Xto 3 av x eivar ula povida
t6te 2v = 1,v € D. 'Etol yia x&0e y € D ebvar y = zvy € (z) xou dpa (z) = D.
Avtiotpoga av (x) = D, téte agod 1 € D, 1 = zx xou dpo TpoPavex To  elvon
povdda. T'io Ty Tedeutala WoTNTa 4, €youde 6TL To = elvar éva avdywyo otolyelo
xou UdpyeL ototyelo y tétoo Hote va woyVe (x) C (y) C D. Téte y|z ahhd and
Ny emthoyT) Tou Bev elvar 00TE POVEDdA, 0UTE GuveETAipXd GTolyelo Tou z. Auté
gpyeton oe avtideon ue to anotéhecua 4 tne mpotaonc 2.3. To avtiotpogo, av
dev umdpyel Tétolo Y, TéTE xdde donpétne Tou x elvon B uovdda, ¥ cuveTELXd,
EMOUEVWS TO T VoL AVAYWYO.

2.2 Avaluomn o avdywya cTolyela

‘Eotw 61L doulebouye yéoa ot pla axépono teptoyh) D xat €youue €va un undevi-
%6 xou un avdywyo otoiyeio x. Mropolue enoyévws va 1o yeddoupe cav & = ab.
‘Ectw 611 xou oL 800 autol véol mapdyovteg dev elvar avdywya ctotyela. Tote, ou-
veyiloupe authv TN Srodixacto uéypl vo xataAAEOUUE Vo YPAPOUUE T = P1Pa...Dm.,
OTOV TA P; AUTA Elvar vy wYA.

Opiowoc 2.3 Oa Aéue du n avddvon o€ avdywya eivar duvvaty oe ufa axépaia
repioyn D, av kdUe otoiyelo tns x, ypdpetar oav memepacuévo yiviouevo avdywywy
oTolyelwy.

Fevixd, plo tétolo avdhuom urnopet va uny ebvon duvath. o nopddetyua, oyett-
%0 0L UE QUTA TTOU EYOUPE TEL UEYPL TWOPA, GTO GUVOAD TV AXERUWY AAYEBRXDVY
aprducy B, Bev etvon Suvarth n avdhuon. Autd duwe dev cuuBaiver xou oTov doxtl-
Ao axepaiwy Vo oOUATOC apldU@Y, YEYOVOC Tou elvar €vac amd Toug AGYoUS YLo
Toug onoloug doukelouye exel Yéoa. Eexwvdyue va anodelfoupe dtt oe daxTOALOUC
axepatwy elvon duvath 1 avdhuon oe avdywya otolyela, divovtag £vay oploud Tou
gpyetow ané tnv Emmy Noether(1882-1935).

Opiowoc 2.4 Oa kalolue uia axépaia tepioyr) Noetherian, av kdOe 10ecddes Tng
efval memepaouéva mapayouevo.
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‘Eneita Yo 8cdooupe 800 cuviixec ot onolec Yog elvon amopalTnTES YL TN GUVEYELL.

1. H cuvd¥xn tnc abfovoag alucidag. Av éyovue pla adfovoa ahucida
and Weddn, Ip C I; C ... C I, C ..., té1e UTdpPYEL xdmowo N TéTolo MOGTE
I, = Iy vy xdde n > N.

2. H ouvd%xr peyiotou. Kdlde un xevé clvolo and Bedddn, mepiéyel éva
uéyioto otoyelo.

IMebraom 2.5 O1 akdlovies ouviikeg elvar 10060vaes, yia puia axépaia tepioxr

D.

1. H D eivar Noetherian.
2. H D kavoroiel tng ovvdnkn s avéovoas alvaidag.

3. H D 1xavoroiel tny ovvOnkn péyiotov otoiyeiov.

Anddaén. 'Eotw apywd 6t woylel 1o 1. 'Eotw exlone I = U2, I,. To I
elvon mpogavme Weddec xan agol 1 D elvon Noetherian, elvon xou memepacuéva
Tapay6uevo SnAadr I = (1, .0y ). Kdde x5, Yo avixel oe xdnowo I,(;). Eotw
6t N = maz;n(i), téte Ya €yovye I = In xon uowd I, = In yioa xdde n > N.
Ac unoYécoupe 6T woylel 10 2. OewpolUe €va Un xEVO GUVOAO amd L8ewdT), S.
Oa ndpe ye dromo xan Yo unodécouue 6Tt 0 S Bev Exel péyloto otolyelo, Yo
va anodeifoupe 0 3. Emhéyouue éva Iy € S. Agol 1o Iy dev elvon uéyioto,
Yo undpyel éva otoyelo It € S, t€towo dote Iy C I;. Ilpoywpolue enaywyixd,
éyovtac Beet 1o I, 10 omolo Ye TN oeLpd Tou dev elvar UEYIoTO, OTOTE EMAEYOUUE
eval Int1 € S ye I, C I AN topa Eyoupe pio adEouca aluciba and Ldeddn,
1 omnola dev otopotdel toté. Apa xatoryouue o dtono. Téhog, éotw 6Tl Loy Vet
70 3. Halpvouye I éva omolodrimote 1dewdec. O€toupe S 10 GUVOAO OAWV TWV
TENEPUCUEV TOPAY GUEVWY LOEWMDOY, T ontola teptéyovton oto I. Téte 10 {0} € S,
Onhady) to S Bev elvan 0 xevd clvoro. Apa Ya éyel éva uéyioto otouelo J pe
J # I. Enéyouue x € I/J. Téte (J,x) nenepaocuéva napayduevo temdec
%ol qUoTNEd Yeyolltepo and to J. ‘Atono, enouévee J = I xou I nenepacyéva
naparyépevo. Apa D etvar Noetherian. Ael€aye howmdv xan to 1.

Oedpnua 2.1 Ay pia axépara nepioyn) D efvar Noetherian, téte n avdAlvon oe
avdywya otoryeia efvar dvvatn.

AndoeiEn. 'Eotww D Noetherian axépata nepioyr) xou éti undpyel xdnoto otoiyeio
z € D, 10 omolo dev elvon undév, aAld olte xar povdda. Eotw 6t autd 10
2 Oev Umopel Vo Ypagel GOV YIWVOUEVO TETMEQACUEVWY avVAYwYwy oTolyelwy. H
emAoYT Tou x elvar TéTow, WOTE To WEMdES () va elvar PéyioTo, 6oLV aPopd
TIC CUYXEXPLUEVEC CUVIAXEC YId TO T, TEdYHd TO OO0 UAC EMLTEETEL VO TO TOUUE
n ouviixn tou yeyiotou otoyelou. ‘Onwe oplooue howndy 1o z, E€pouye OTL Bev
elvor avdywyo, emouévee T = yz, y, z 0ev elvan povadec. Tote (z) C (y), and v
npbtoon 2.4.1. Av éyouye (x) = (y), té1e T T,y ElVOL CUVETALELXE, TOL ATd THY
2.4.2 onuaivel 61 10 z elvon Yovdda. Emopévwe éyoupe (z) C (y) xor yia Toug
{Brouc Moyoug €youue enione 6t (z) C (z). And 10 yeyovéc 61 to Wewdec (x)
elvar péyloto, Yo €youue

Yy=Dp1.-Pr
2 ={q1.-.9s,
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6oL T P;, ¢; lvon avdywyo otowyela. IToAamhacidlovtac autéc Tic 800 oyéoelc
peta€l ToUg, EXPEACOUUE TO & OOV TENEPUCHEVO YIVOUEVO AVAYWOYWY GTOLYE(WVY.
Katarfyoupe Aownéy oe drono. Enouévawe n avdhuon oe avdywya ototyelo elvon
duVATH.

Oedpnua 2.2 O daktiliog akepaiwy ® €vds oduatos apriudy K, eivar Noe-
therian.

AndoeiEn. Autd nou mpénel va bellouye elvor 6Tl xdde 18eddec Tou D elvon Te-
nepoouéva tapaybuevo. ‘Eyoupe v (D,+), n onola elvar ehetdepn afiehiovy
dEne n, 6ooc xou o Padude e enéxtaonc tou K. Enouévewe xow n (I,4) elvan
ehellepn afehavh , ye 18&n éotw s < n. ‘Eotw Aowndv pla Z-Bdon e (1,+),
N {z1,..xs}. Téte npogavie to Wewdec I Yo napdyeton and autd to oTouyel-
o Anhodi I = (21, ...,z5). Enouévec 1o I elvar nenepaouéva napoySUeEVo, Tou
onuobver 6t Sellope autéd mou Véhaye, o6TL dnhadh o D eivan Noetherian.
Yuppaledovtag 6L Sel&ope ota teheutaio Yewprjdota, £YOUUE T0 EENC TOPLoUA.

IMépropa 2.1 H avdlvon oe avdywya otoweia, eivar duvatr) péoa otovs dakty-
A0US akepatiwy twy owudtwy aptdudy.

Tdpea Yo dolpe Twe yenowWonololue TRy vopud, Y vo Beloxouue ebxola
povadeg xon avdywyo otolyela, yéoa oto D.

ITpbtaom 2.6 Eotw x,y € . Tdre eivar:

1. To x efvar povdda, av ka1 uévo av N(z) = +1.

2. Av z,y ovvetaipikd otoiyela, tote N(z) = £N(y).

3. Av N(x) efvar mpditog apiduds, téte to x elvar avdywyo otov D.
Anéoéaén.

1. Av z povdda téte 2u = 1. Téte N(x)N(u) = 1, N(z), N(u) € Z. Enopé-
voe Ya npéner N(x) = £1. Avtiotpoga, éotw 61 N(z) = £1. Téte and
TOV 0pLOHO TNC VopUoc evog atolyelou €youpe ot

01(z)...on(z) = £1,

6mou g; ot povouop@lopol and 1o K — C. Xwelic va BAddoupe ) yevxotrn-
T, €vac and auTolS TOUS TopdyovTeS, €0Tw 0 01, elval (coc ye z. OE€Touue
u = £o9(x)...on(x) xou cuvenwe Yo €yovpe

ru=lou=2"'ckK.
Enopévoc u € KNB =D, étol 10 x elvor povada.

2. Av éyouye d0o ouvetapxd otouyeia , y, Vo elvar = uy, u € U(D).Eivou
hownéy N(z) = N(uy) = N(u)N(y) = £N(y).

3. 'Eotww N(z) npodtog aptdudc xou & un avdywyos, T€Tolo¢ OoTE, T = Yz UE
T Y,z va uny ebvon povddec. Tédte Yo éyouvpe N(z) = N(y)N(z), émou
agoV N(z) mpwtoc, Vo npénet éva ex twv N(y), N(z) va elvon £N(x) %o
70 dhho £1. A& t0 oTouyelo mou N vépuo Tou elvar £1 Yo elvon yovddo.
"Atono.
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Ta avtiotpopa twv 2 xou 3, yevxd dev oybouyv. Ilpoywpolue tdpa oTNY
ENOUEVT) TPy AP0, GTOL Vol WAGOUPE YLOl LOVOBLXT X0l UT) OVODLXY) AVIAUGT) GE
avaywyd, 6oL Yo Pavoiy ISLITERA YOI T ATOTEAEGUITH TV TEONYOUUEVGY
YewenUdToy.

2.3 M povadixr, avaAuor o avdywya oTolyeio

Opiowoc 2.5 Oa Aéue éu n avdAvon oe pia axépaia weproxrj D elvar povadixn,
av dtav éxouue

P1---Pr = (q1--.4s
M€ p;, q; avdywya otoiela otny D, 10xvel 6u r = s ka1 vrndpyer pia perdeon w
tov {1,...r} Téror dote Ta pi, G (i) va elvar ovvetapird, yia kdlei =1,...,7.

Ou e enlong 6Tl €YouUE POVAdIXT) avEAUGT) O aVaYWYW, O0WV APopd TN
OElRd TV TaEAYOVTIWY xou TNV Unapln Hovddwy. XTouc BuxTUAOUS axepaiwY
owUdTwy optiuny, Bev €YouUe povadixr avdiucT. Autéd yevixd dev eivon xon TOAD
Bohxd, oANd otnyv xpuntoyeapio Yo gavel oA yeriowo. Zexwdue divovtag To
eNOUEVO YeWpNUAL.

Oedpnua 2.3 H avdlvon dev efvar povadikry otous daktidious akepaiwy tou
Q(Vd) ya Tg (zovddyrotor) mapakdre Tupés Tov d:

—5,—6,—10,—13, —14, —15, —17, —21, —22, —23, —26, —29, —30.
Anddaén. Tw tov Q(v/—5), xou 10 oToIyEl0 6, EYOUUE Tic EERC TAPOYOVTOTOLATELC.
6=2-3=(14+v-5)(1-vV-5).

Oua delfoupe Aoty 6L avtol oL tapdyoviec dev elvar avdywya otoyela. H vopua
divetan ané tov TOmo N(a + by/—5) = a® + 5b%, ondte Yo éyoupe

N(2)=4, N(3)=9, N(1++v=5)=6=N(1—-+-5).

Eow 61t 2 = a2y, z,y € D xou va unv eivow povadec. Téte 4 = N(x)N(y) =
N(z) = £2,N(y) = £2. ‘Ouowa oL un TETpIUPEVOL TUPAYOVTES TOU 3 TPETEL VoL
éxouv vopua £3, eve Twv 1 £ /=5 va elvor £2 A £3. Sougwva pe to Yedpruo
1.14, xou agob —5 = 3 mod 4 # 1 mod 4 o. axépotot alyePpixol Yo Eyouv popen
a+ byv/=5,a,b € Z. Etou éyouue odnyndel otic eZlodoeLe

a® +5b% = £2 4 +3.

Eyoupe thpa 6T |b| > 1 = |a? + 56| > 5. Ondte Yo npéner [b] = 0. Ou
éyouye howmdy a? = £2 4 £ 3, 10 onolo elvar adlvato. Erouévwc ol téooepic
Topdyovies elvan avdywya ototyela. And v otiyur thpa tou éyouue, N(2) =
4,N(1 £ /=5) = 6, and v npbdtaon 2.6.2, maipvoupe 6Tt T oTotyelo auTd
dev elvan 0UTe ouvetapxd petadd touc. Enopévie n napayovionoinon dev elvon
povodery. T Tic dhhec Twéc Tou d, doukelouue Ye Tov (Blo axpBdc TEdTO.
Na npocé€oupe udvo 6Tt oe xdmoteg meptntoec émov d = 1 mod 4 ahhdlel o
BoxTOMOC axepaiwy.

Axépa dev elpacte oe Véom va anodelouye 6Tl oe Evav SoxTUNO axepolwy
€Y OUUE HOVABIXT aVEAUGT), OAAG OIS GNUELOGOUUE OTL GTIC THESC Tou d dmou exel
Yot doulédouye, dnhadrh apvntinée xou eAeOUEpES TETRUYWVLY, EYOUUE HOoVadLXN
avaAUoT] Yia

d=—1,-2,-3,—7,—11,—19, —43, —67, —163.

)
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2.4 Tlopayovroroinon oe npwta otolyeia

Opgiopode 2.6 Ye uia axépaia mepioyry D éva atoeio tng x, Ja kadeftar mpdro,
av 0 # x ¢ U(D) ka1 emmAéov éxer tny €&rjs 1didTnta

x|lab=x|anax]|b.
Mod , , , ;o L p
poract 2.7 Eva npdto otoielo o€ pia axépaia mepioyr, €ivar kar avdywyo.

AndoeiEn. 'Eotw D oxépona meployn xon x éva mpodto otolyelo e, Av téte
x=ab,evuz|ab=xz|afz|b Ava|atdétea=2xc, c€ D xudpax = xch.
Awaypdpoupe to  xou malpvouue 6Tt cb = 1, dnhadn to otowyelo b elvon povdda.
‘Opowa xan 6tav z | b Ya grdoovue o010 cuunépacya 4Tt a elvon Lovdda, ETOPEVKS
10 TPKTO oTtouyelo x, elvar xoL avdywYo.

To avtiotpogo e mponyoluevng nedtaong dev woylel. Yrdpyouv axépateg
neployée, 6mou avdywya ctotyelo dev elvon mpdta. Lot mopdderyua, og Tdpoupe
v Topayovionolnon Tou eldaue Myo o e oo Z[y/—5], énou elyoue

6=2-3=(1+V-5)(1—+-5).

Eb¢ 10 2 elvon avdywyo otowyelo dnwe elyope dellel, alld dev donpel xavéva and
o 14+ +/—5, dnhadr dev elvon TpadTo.

Oedpnupa 2.4 Ye uie axépara wepioyn 6mov n avdlvon oe mpdta eivar duvath,
Oa efvar ka1 povadikn, av ka1 puovo av kdde avdywyo otoweio elvar kai TpATO.

Arnddeiln. Eyouvue D ula axépona mepoyf. Oo poc Bondhcer va ypddouue v
avdAuom evéc GTolyEloL GE avaYwYd we eENC

T = up1...pr,

omou u yovdda. ‘Eotw étu 1 avdiuor elvon yovadixy| xon xot 10 oTtotyelo p elvan
éva avdywyo ototyeto. Euelc npénel va delouue 61t elvon xou mptdto. Av €youue
p | ab, t61e Yo elvon pe = ab, ¢ € D. HopoyovionoloVye ta a, b, ¢, xou €Y0oUPE

a = uip1...pn

b=wu2q1...9m

C = ugry...rs,
6mou u; elvon Yovadeg xou ta otouyeld p;, g;, i ebvon avdywyo. Tote ye avtixotd-
otaor o Tdpouue

pusriy...rs = u1pP1---pnu2qi..--9m-

To 6t €youue yovadixy avdAucT, uac Aéel 6Tl To p elvol GUVETALEIXO OTOLYED UE
xdmoto and T p; 1 g;. Anhadr donpel xdnolo and autd, ondTe dionpel 1§ 0 a ¥ To
b. Enoyévwe elvon ot mpidto atoyelo. Avtlotpoga topa, £0Tw 6Tl xdde avdywyo
otouyelo elvon xou mpwto. Ou delfoupe dtL av

UIPL - P = U2q1Gn, (2.1)
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OTOU U; JOVABES oL P, @i AVAYWYO OTOLEl, TOTE M = n Xou OT. UTdpye.L uia
uetddeon m tou {1,...,m}, TETOLL WOTE Py, Gr(s) VO EVOL CUVETAULELXE GTOLYELDL.
Auté ebvar mpogavéc yiom = 0. T m > 1, av woylet n (1), 16T€ p, | U2q1-.-qn-
To pm ebvon duwe mpdTor ototyelo, dpot P, | U2 R Pm | 5, Y Xdmow0 j. TNy
TPAOTN TERIMTWOT EYOVUE OTL Py, Elvor Lovddar, doa Yo éxoupe 6T Py, | 5. Kdvoupe
Topa wa avaxatdtaln oty apldunon xou Aéue 6t n = j xou Yo EYOVUE Doy | Gn
XA Gr, = PmU, OTOUL TO U elvar yovdda. ‘Apa 1 oyéon 2.1 Ya ndpet TRV popen

U1P1---Pm = U241.--qn—-19nUPm.

ALy pdPOUYE TO Py, %ot Yo €y OUUE
1P Prm—1 = (U2u)G1-..Gn—1.

Yuveyllovpe emaywywd o utodétouge 61t m — 1 = n — 1 xou undpyer plo
uetddeon twv {1,...,m — 1} 1ol OOTE T Py, Gr (i) VO EVOL CUVETOLEIXG GTOLYELDL.
Enextelvouye tdpa tnyv yetddeon oto {1,..m} xou €YOouUe TO AMOTENEGUN TTOU
Untolooye.

Ogwowdc 2.7 Mia axépaia mepioyni kaletrar mepioyn povadiknig avdlvons, (eueis
and €ddy ka1 wépa Ja avapepduacte o€ avtés oav IIMA), av n avdlvon oe avd-
yowya efvar dvvatn kar povadikn. Na unv Eexvdue 6t o€ uia mepioyn povadiknig
avdluong, ta avdywya otolyela €ival kal TpdTa, ondTe uTopoUue va kdvoupe Adyo
ka1 yia avd\von o€ mpdta oToiyela.

2.5 EuxAeldeleg neployég

Opiopwoc 2.8 Eotw D uie axépaia mepioyny. Mia evkdeideia ovvdptnon ya tnv
aképaia mepioxri avtn, efvar ula ovvdptnon ¢ : D — {0} — N téroa dote:

1. Ava,be D — {0} ka1 a|b, tére Pp(a) < H(b).

2. Av a,b € D — {0} tére vndpyovr q,r € D, tétowa dote a = bq + r, ue
r=0,1j ¢(r) < o(b).

Opiopwoc 2.9 Mia aképaia mepioyr) n onoia éyer EvkAeideia ouvvdptnon Ga tny
ovoudlovue, EviAeideaa nepioyr).

O oxonde pac etvar va deloupe 6tL plo Euxdeldeia neployh €yel povodixy
avéiuon. Ao del€oupe howndy 6t xdie avdywyo otouyelo elvon xar TewTto. Apyixd
delyvoupe 6t xdde 1Beddec oe plo tétow meployy elvon xVplo, (Tétolee Teployéc
xoAOUVTOL TEPLOYES XUPlWVY WEMDMY ot amd €86 xou Tépa yia cuvtoplo, o Tic
yedpoupe TIKI), xau téhog 6t auth 1 Wbt elvon Lood0vaun pe to 6Tl Gha o
avaywya gbvor xou TpodTa oTolyelo. Zextvdue e yior unevIOULoY TOL 0ploPod TOU
xuplou Weddouc.

Ogtowde 2.10 Av éyovpe a € D tdte to 16edddes {ra,r € D}, ddwv twr moAia-
mAaciowy tou a, €ival to kUpio 10€dde§ Tov tapdyetal and to a kat to oupupolilovie

(a).
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Oedpnpa 2.5 Kdle Evkieildea nepioyn etvar IIKI.

Arnddetn. 'Eotww D Euxheldewo axépona nepioyn xou I évo 1demdec Yéoa o€ auThyv.
Av elvar I = 0 téte 10 I elvor x0po. Eotww = # 0 € D. Emiéyoupe autéd to
x €10l OOTE N TWH ToL ¢(x) va ebvan 1 pxpotepn Suvath. Eotw enlone otowyelo
y € 1. And v deltepn Wwotnta tne Euxdeldetag ouvdptnong, da éyoupe ot
y=gqr+ryer =0%e¢(r) < ¢(x). H debrepn nepintwon anoxheletar AMoyw
e emAoyRc oL xdvape Yo 0 z. Enopévee Yo éyouvue =0 = y = qx. ‘Apa
I = (), dnhadh to I elvar x0pto WBeddec xou i D elvon nepLoyh x0piwv LBEWIMY.

Oevpnua 2.6 Kdde nepoyn kipiwv 1dewddy (IIKI), eivar mepioyri povadiknig
avdAvong (IIMA).

AndoeiEn. ‘Eotw pla oxépona negioyr) D, n onolo etvar IIKI. Autd guoixd pog Aéet
ot ebvan xou Noetherian. Enopévog and to dedpnua 2.1, éyouye dtL 1 avdiuon oe
avaywya eivon duvath. Ipénet va del€oupe 6t elvon xou yovadnr|. Oa del€ouue bt
x&Ve avdywyo otouyelo elvon xat TpdTo. ‘Eotw otouyelo p avdywyo. To 8ewdec
(p) Yo elvon Yéyloto YeTOEl TV dAAwY xUptwv Wewddy e D. Ac¢ unodécouue
61l 0 p | ab, aANG va pny Suonpel to a. Tédte autd onpaivel 6t (p) C (p,a). Ko
eneldr) o (p) elvon uéyioto, Va éyoupe (p,a) = D. Eyovpe 61t 1 € D = 1 =
cp + da,c,d € D. Horamhaowdloupe pe b xou Yo €xouye,

b = cpb + dab,

xou opoV p | ab = p | cpb + dab = p | b. Enopévuc 1o p elvor mpddto otouyelo xou
doa 1 D meploy ) Lovadixhic avaALeTC.
Yuvdudlovtag to mapamndve Yewpruata Tolpvouue To eERC:

Oedpnua 2.7 Kdle EvkAeldera nepioyn, eivar nepioyn povadiks avdAvong.



Kepdiowo 3

Ioewon

3.1 AvdAuon LBewbwY CE TE®TIA LOEWOT

O BOCOVUE TEWTA TOV OPLOUS PEYLGTOU XOL TEWTOU WEWBOUE, EVOC daxTuliou
R.

Opiowoc 3.1 Eva 16edddeg a €vis daxtuliov R Aéyetar uéyioro, av dev elvar to
UNdeviké 10ecddes kai dev vmdpyel dAAo 1decddes I tov R, tétoio dhote va 10y Ve,

aCICR.

Opiopwoc 3.2 Eva 10edddes a evds daxtudiov R Aéyetar mpddto, av yia kdOe
16ec36n b, ¢ Tov daxtudiov R ya ta omola wyver ét1 be C a va ovvendyetar dti
bCancCa

Adppa 3.1 Eotw R daxtidiog kar a 10ekddes avtol tov daxtudiov. Téte Oa
éyovue ta €€ng:

1. 7o a efvar péyioto 10edddeg av ka1 uévo av R/a eivar odpa.

2. 10 a eivar Tpdito 10ecdbes av kar pévo av R/a elvar axépaia mepioyn.

Andbaln. To Bewdn tou R/a elvon oe éva mpoc éva xou entl avtiotoryla e T
Ta 0eddn tou R, ta omolo Beloxovtan petad tou R xon tou a. ‘Apa t0 a elvon
HéyloTo, av xat ubvo av o R/a Bev €yel un undevixd tetpuuéva ewdn. Eniong
yvwpeilovpe 6Tt av évag BuxTOMOS S, eV €YEL Un UNOEVLXA TETPUIUEVA LOEWDDT, Elvar
owua. Anodellope 10 1. Eotw 6t a mpodto 10emddec. Oewpolue x,y € R, tétow
oote otov R/a va éyoupe: (a+ z)(a+y) = 0 xu t6te 2y € a = (z) C a A
(yy Cadnodihx € afy € a. Enopévwe éva and ta a + x xou a + y elvou
undév otov R/a, dnhadh o R/a dev éxel dronpétec tou undevoc xou elvon axépana
nepoy . Aviiotpoga, ac unodécoupe 6Tt 0 R/a eivou axépona nepoyr. Téte n
&N touv R/a Ya eivar [R/a| # 1 étor a # R. Topo unodétouye ot be C a ahhd
b C axou ¢ Ca Tére unopolue va Bpolue ctowyela b € b xow g € c e b,g ¢ a
oM& bg € a. Autéd onuaiver 6t (a + D) xou (a + g) elvon dronpétec Tou undevoc
otov R/a. "Atoro ywuti éyoupe vnodéoel 6t o R/a elvor axépona TEpLO)T.

Ynuerdvouye entione ot to axdloudo TdELGUA, TOU TEOXUTTEL EUXOAA OO TO
TOPATAVE AHUUAL

27
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IMépropa 3.1 Kdle péyoto 1dedddeg eivar mpddo.

Oedenua 3.1 O daktidiog akepaivry D €vég odpatog apriudy K éyel tg axd-
Aovles 1016TnTes:

1. Eivai aképaia mepioxn pe oopa kaopdrwr K.
2. Eifvar Noetherian axépaia mepioxn.

3. Av éva oroiyelo a to omolo avijkel oto K 1kavomorlel éva jovikd moAudyupo
otov ®, téte a € D.

4. KdOe un unbeviké mpddto 10€cddes tov ® etfvar péyoto.
Ardéoein.
1. Hpogavég

2. 'Onwg Epouye 1 opdda (D, +) elvor ehetiepn offehav 1é&ne n. Enopévwe
av a éva 1demdec tou D téte xou 1 (a,+) Yo elvou eretiepn afehav ue
téen |a| < n. Kdde Bdon axepoadtnroc te (a, +) napdyeL 10 a ouv edES,
ETMOUEVLC TO a elvon Tenepacuéva topayouevo. ‘Apa eivor Noetherian.

3. Ané 1o Yedpnua 1.8 éyovue 6Tt av éva 6 € C wavonotel éva povixd mo-
ALOVLUO TO OTOlo EYEL CUVTEAECSTES axEpatous aptdpole, TOTe Xat o 6 elvon
oxépanog aAYeBpinoe. Apa, aol €youue 6T o € K xan ixavonotel povixd
ToAuVUUo 6T0 D Yo ebvar o € B. Enopévee oo € D.

4. 'Eotw p €va un undevixd mp@to Lbewdeg tou D xou éva otoyelo Tou «,
didpopo tou undevédc. Eivar N = N(«a) = ai...an € p (At yiati 1o
elvan T oLLUYY oTotyela Tou @) o é0Tw 6T v = . Téte (N) C p, xou dpat
o daxtUAoc Tnhixo D /p elvon évac SoxtOhog Tniixo tou D/ND, o onoloc
apoU elvon TeEnepacuéva Togay OUEVY, aleNlavyi oudda pe xde oTotyeio Tne va
€YEL TETEPAOPEVT TAEN, elvon tenepacpévoc. Ondte apod D /p elvor axépoua
TEPLOY T XoUL TEMECUGUEVT), elvon awua. Enouéveng 1o wemdeg p elvar péyoTo.

‘Evog SaxtOAo¢ mou ixavomolel Tl mapandve WLotntes ovoudleton doxti-
Moc¢ Dedekind. "Eva 16etdeg, énwe yvwpilouye, unopolue va 1o dolye cov D-
submodule tou D, dpa uropolue va dovhebouue xoltwvTac T D-submodules Tou
oopatoc K. Ta cuyxexpyéva submodules ta omolo Yo poc ypetaotody, Yo €youy
Ty e€h¢ WtoTHTAL:

Opiowoc 3.3 Eva ©-submodule a tov K Oa kaleftar khaouatiks 10€doeg tov D
av vndpyel kdmoo un undeviké otoiyelo ¢ € ® Tétoio wote va wyver: ca C D.
Me dA\a Aéya to odvolo b = ca, efvar éva 1decddes Tou D ka1 a = c~1b. Ankadn
ta kAaopatikd 16€cbdn tov D efvar vroovroda touv K g popgns ¢~tb, dmou b
efvar éva 10edddeg tou D kai ¢ éva un undevikd otoryeio tov D.

Oedenua 3.2 Ta un undevikd kAaouatikd 16€c0n tov ® oxnuatilovy uia a-
Behaviy oudoda ue npdén tov moAdamdaciaoud.

Anddbaén. Bréne Jewpnua 5.5 [1].

Oedpna 3.3 OAa ta un undevikd khaouatixd 16eddon evég dakTuliov akepaiwy
D, unopolv va ypagoly oa VVOUEVO TPAOTwWY 10€wddy, e Hovadikd Tpdmo, uéxpl
Tn o€lpd TwY TapayovTwy.
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Anddbaén. Bréne Jewpnua 5.5 [1].
ITgbétaoy 3.1 Ia 16econ a,b tov D, Ja wyver
a|b av ka1 uévo av a D b.

Auté pag Meu 6t oL mapdryovieg evog Beddous Tou D, elvor oaxpLB3me Ta LBEMDN
Tou 7o TEepéyouv. 'Etol o oploudc tou mpddTou WBemdous YivETa avIAOYOS YE AUTOVY
Tou TewTou oTtotyelou. Eyouue dnhady:

plab=plarp]|b.

3.2 Nopua 1d6ewddoug

Ou oploouye TV évvola N vépuac evog Wemdous N(a). ‘Eyouue delZel 6t n
TéZn tou daxtUMou TRAixou D /a etvan tenepacuévn. Etol opllovye tn vépua v
e&hc

N(a) = D/a|.

Ac Bolue v oyéon peta€d tng vopuac eVOC LBEDDOUC xaL EVOS aTotyelou.
Oevpnua 3.4

1. KdOe 106edddeg a # 0 tov D, oav éva Z-module, éxer Bion {ay, ..., an} dmov
n, 6nw§ owniws, o faduds tng enéktaons K.

2. H vépua €vig 10ecidovs 1000tal e

A, .. o] 1/2

)

émov A n daxpivovoa touv K.
Anrdoeén.

1. Tvopillouye 6t n (D, +) elvon ehetdepn offehiovi tdEne n. Eniong agol o
D/a éyer nenepacuévn tdin Ya éyxoupe 6t xou ) (a, +) Yo ebvon ededdepn
oBehav TéEne n. Enopévoc Ya éxel Bdon tne popehc {1, ..., an }-

2. 'Eotww {wi,...,wn} pio Bdon axepoudtnrog yio tov D, xou unoéToupe OTL
a; =Y cijwi; Tote éxouye bt

N(a) = |D/a| = [det(ci;)]

(BAéme Yewpnua 1.13 [1]). Tvwpiloupe howrndv ot Ya oy el
Al .oy o] = (det(cij))? Alwr, -, wn] = (N(a))?A & N(a) = ‘

IMapdderypa 3.1 A¢ dolue pia epappoyr). Oa napayovTonoujoovie To 106§
(18) otov daxtidio akepaiwv Z[\/—17]. I'vwpilovue tnv mapayovtomoinon tou
otoiyeiov 18 oto Z[\/—17] etvai:

18=2-3-3=(1+V=17)- (1 + V=17
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Ocwpotjie to 1deddes p1 = (2,1 ++/—17), Tov omofov o1 yevvijtopes efvar kai o1
6o mapdyovtes tou 18. Ilpopavds to 18 € py, dpa (18) C p1, o omolo onuaiver
ot to 10€ddbeg Py etvar napdyovtag tov (18). Tdpa emiong éxouvue :

1—V=17T=2—(1+V—-17) ep

emopévag: 18 = (1 ++/—17) - (1 +/—17) € p? o onofo pe tn oepd tov onuaiver
érr (18) C p? ka1 dpa p? efvar rapdyovtag tov (18). Ta ororyela Tddpa Tov p;

éxour T €6NS 1opyn):
2z + (1 + V—=17)y pe xz,y € Z[\V/—17).
AnAadny éxovue yia a,b,c,d € Z:
2(a+bV=17) + (1 + V=17)(c + dv/—17)

=Q2a+c—17d)+ 2b+d+c)vV-17T=r+sv-17

per—s = 2a—2b—18d, 6nkaon to r—s efvar dptiog ap1duds. Avtd pag odnyel oo
ouurnépaoua 6ti o T Kal 0 s mpénel va e€lval kai o1 6Vo dptiol 1} kai o1 Hvo mepirTol.
Eropévag to 16ecddes py 6ev unopel va kakvnter SAov tov daxtilio Z[\/—17]. Tdpa
éxoupe 6t1 to 10€dddes Py elvar péyioto. Autd yati av mdpovue éva omoiodrmote
otoiyelo g Hopepns m + ny/—17 o omolo va unv avrker oto p,, tote Ja eivar to
éva and ta m,n dptio ka1 to dAAo mepittd. Andadn) Oa efvar : py, = (m+n/—17) =
Z[v/—17]. Opowa tdpa, najprovue 16eddes pa = <3, 1+ \/717>. ‘Eva otoiyeio tou
pa efvar g popens r + sv/—17 = (Ba + ¢ — 17d) + (3b + ¢ + d)/—17, drov
r—s=3(a+b—6d). Apa ta r,s umopoly va efvar omoioidrirote aképaior mov
tkavomotoUv tny v = smod 3. Opuola pe mpty to 10606 po €lvar péyloto kai
18 =2-3-3 € p2, emopévag o p3 eivar tapdyovag tov (18).

Tékog, Oa ndpovjie p3 = <3, 1- \/717>, ka1 éto1 éyovpe éva akdpa TP To 10€d0¢ES,
térowo dote p; va efvar tapdyovtas tov (18). Opoior vrodoyiopol jie mpw, Ja pag
ddaour Ot T+ s/ —17 € ps av ka1 uévo av r+s = 0 mod 3. Enouérng olupwva
ue to Oeddpnua avdlvong Ja éyouvue:

pp3p3 D (18).

H vépua evds 16ecdsdous p, dnws tnr oploape piwv N(p), efvar fon pe tny tdén tov
rnAikov D /p. Mia ibi6tntd tns nov Ja xpnoipororjoovue efva,

N(ab) = N(a)N(b).

‘Exouvpe tdpa dtr kdde otoiyelo oto daktihio axepaiwv Z[\/—17] Oa eivar tng
poppns 1+ x,x € p1. Erouérng Oa eivar

N(p1) = |Z[V-17]/p1| = 2.
‘Onowa éovpe ya ta dAda 600 1660,
N(p;) = ’Z[\/—lﬂ/pi’ =3, yiai=2,3.
Ondre tdpa kdvovtag yprion tng mapandvw 1616TNTag s vépuas, éxYovue o :

N(p2p2p?) = N(p1)?>N(p2)?N(ps)? = 2232 .32 = 182,
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Tdpa {ntdue tn vépua tou 16ecddovs (18). Eivar
N((18)) = [Z[V=TR)/ (18)].
Kde otoiyeio Tov Z[/—17) umopodue va to ypdihovie :
a+by=17+2 pea,b=0..17 ka1 z € (18)

dpa éxovue 18 emdoyés yia to a katr 18 emloyés ya to b. Emouévng eivai

N({18)) = 182
Eotw tdpa 6t to (18) avadletar o€ mpddta 16edddn ws e&rjs:

(18) = pip3p3a,

yia kdmoio 10edddes a. Tdte Oa émpene va efyape N(a) = 1 mov onuaiver dt1 to a
efvar oAékAnpog o daktidiog. Apa katadryyovue ot

(18) = pip3p3
Eivar tdpa and tny avdlvon tov otoryeiov 18,2 - 3 - 3 = 18, emopévwg
(2) (3)" = pivdp3.

Ard Tn povadikdtnta tng avddvong twv 1bewdoy Ya éyovpe dtr kar to (2) kai to
(3) Oa efvar ywidueva tov pi, pa, ps. Iapatnpolue 6t12 € p1,2 ¢ p2,2 ¢ p3. Apa
Oa etvar py | (2) kai p2 1 (2),p31(2) éror Oa eivar

Opoins yia to 1dedides (3) eivar
(3) = pap3-

Yuvdudlovtas Tis Tedeutales oy €oeis Tajpvouue

pip3p3° = pip3ps.

ka1 Aéyw g povadikdtntag tng avdlvong mnpérel va elvar g = 2,1 =1,s =1 =
(2) = p?, (3) = paps. AxpiBds 1b1a dovdead yiverar kar yia tnv dAAn avdlvon tov
otoryeiov 18 otov Z[/—17]

18 = (14 v=17)(1 — V=17).

FEivair Aoirdy

(18) = (1 +V/—17) (1 — V—1T7) = p3p3p3.

emions
1+v717€p1,1+v717€p2,1+v717¢p3
1—vV-17€p1,1 —V/-17T€p3,1 — /=17 ¢ po.
Erouévang

(14+V—-17) = p7"p}



KE® AAAIO 3. IAEQAH 32
(1= V=17) = pip3

Enopévag ue ) Bondea tng oxéong

(18) = (1 + V=17) (1 = V=17) = pip3p3
Oa éovpue m=1,r=1,n=2,s =2, dpa

(1+V=17) = p1p3, (1 = V=17) = p1p3

‘Exoupe doirdv nléov Bpet 6Vo avaldoes tov 1becddous (18). Eiva

(18) = (2) (3)" = pi(p2ps)® = (p1p3) (p1p3) = (1 + V=17) (1 = V=17)

BAémoupe Aoimdr 6t o1 6U0 avtés dapopetikés avalioes mpoépxovtal and dago-
PETIKES OABOTOINTES TWY 10€wdDY PiPaps.

ITégropa 3.2 Av a = (a), elvar éva kUpio 10edddes, téte N(a) = |N(a)|.

Xdpr oe autd 1o ToHELOUA UTOPOUUE VI XAVOUNE QUECOUC UTOAOYLOUOUC Yol TN
VOPUA XUV WOEWDBOV.

Mopddetypa 3.2 Av éovpe évav daktidio akepaior D evés Q(Wd), ya d
axépaio apiiud ka1 eretifepo TeTpaydrov, Tote €lvai

N({a+bVd)) = |o* - b2d]

Kal oUYKekpiuéva yia to mponyoluevo mapddeyua mouv Souvdéape, OnAadn D
Z[/—17] ka1 16ecddes To (18) Oa éyouvpe

N({18)) = 182.
Oedpnua 3.5 Av épovue 6U0 un undevikd 10€don a,b evés ® téte
N(ab) = N(a)N(b).

Anddeiln. Abyw povodixdtnTac e avdAUONG Xo PE ETAYWYT 0TOV aptiud Twy
TapAY6VTWY, apxel va del€oupe ot

N(ap) = N(a)N(p)
yia p mpoto Wemdec. loyvplduaote topa t0 €€hc

D /ap| = [D/al |a/ap], (3.1)

o
la/ap| = |D/p|. (3.2)

Ané autéc g Vo oyéoElC xou TOV OploUd TNG VORUAC, 0ONYOUHAGTE GTO ONOTE-
heopa. Tty oyéon 3.1 o doukédouue we e€hc. Opiloupe tov oyopop@ioud
OO TUALWY

¢:D/ap — D/a

ue
$plap+z) =a+x.
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Téte o ¢ elvon évac enl odopoplopde daxtuhiwy ue tuphva, a/ap. Egapudlou-
UE Aotmdy 10 Vedpnua LGOYOR@LoUOU Yol Boxxtulioug ot Ho Eyouue OTL UTdpYEL
LOOUOPYLOUOC

_D/ap
- a/ap
Enopévwe ov té&eic autdv twv daxtuhiny Yo elvou (oec. 'Etol Yo mdpoupe tnv
oyéon 1.5.

¢ —D/a

D/ ap|

|a/ap|
[Mo v oyéon 3.2, mewta TapatneolUe 6TL AoYw povadxic avdiuong Yo €youue
Ot a # ap xou étot Yo elvon ap C a. Oo deiloupe 6Tt Bev undpyet Weddec b petalld
Ty a o ap. Av utipye tétolo Wendec b tote Yo itay

= [9/a] < [D/ap| = [D/al[a/ap|

a2>bDap
%o TOTE GV XAACUATLX LOEWDT,
alada b Datape=DDalbDyp.

Agol howéy éyouue 6Tt D D alh, elvon dvtoc Weddec xou enlong ool To P
elvor TpTO oTov doxTONO axepaiwy D Yo ebvon xon péyioto, da evon a~lb =D #
a='b =p. Anhodh b = a # b = ap. Enopévac dev undpyet tdeddec b petafl twv
a ot ap. Auté onpobver 6t yio xdde otolyelo o € a/ap Yo éyouue

ap + (a) = a. (3.3)
Mafpvouye éva tétolo a xou oplloupe Ty amexdvion
0:D—a/ap

ue
0(z) = ap + ax,

n omofa elvor évag D — module oyopoppionde, xai eni Aoyw e oyéong 3.3. O
nuprjvac Tou 6 elvan évo Weddec To onolo avoroel Ty p C kerd. Oo deiloupe
ot p # kerf. Av Arav p = kerf téte obupwva ue o Vedpnua opouopponol Ya
elyape

0=29/kerf = a/ap,
xau t6te Va elyaye a = ap dromo, agol €youue unodéoel and v apyn OTL a F#
ap. To 18eddec p elvon péyioto, dpa p = kerf. Enouéveg pe yphorn méAL tou
Yewphpatog odopopgopod Ya tdpouye 6T

D/p=a/ap.

E€iodvoupe g téEeig xon nalpvouye v oyéon 3.2. Me cuvdudous twv oYEcEwY
2.1 1.1

D/ap| = [/al[D/p]
xan TENOC

N(ap) = N(a)N(p)-
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IMoapdderypa 3.3 Xto mapdderyua mou efyape daxtidio akepaivv tov Z[\/—17],
efyape ta 10eddn p1; = <2, 1+ 717> P = <3, 1+ \/717> ,P3 = <3, 1—+— 7>.
Enopévag Oa éovue

N(pipzp3) = 273°3% = 187

Oa meptypdouye SN plo yprion mou Va xdvouue e tov 6o «Bialpeomy. Av
€youue a WBEWdEC EVOC daxTuAlou axepaiwy D xou b éva oTotyelo Tou D TéTol0
oote a| (b) téte Ya unopole va ypdpoupe xou alb xar Yo Méye 6L to a Yo Swonpel
70 b. pogavae alb av xou pévo av b € a. Autéde o véoc oupfoliopde €xer xdmowa
EMTAEOV TAEOVEXTARATY, OTWE YA TUEADELY A OTL AV £YOUNE P TEWTO LOEDDES Xl
p|(a) (b), téte Vo mpémeL va elvon p| (a) 7 p| (b). Apa yia p mpwTO WEMIES Elvar
plab = pla 4 p[b.

Oedpnua 3.6 Eotw a 16eddeg €vis daktuliov akepaior D, pe a # 0
1. Av N(a) efvar mpddtog apiijds tdte kar to a elvar TpddTo 10€ddES.
2. H vépua N(a) eivar otoreio tou a, 1j w0odvraua a | N(a).

3. Av a mpdto 1dedddeg, baipel axpiPds évav mpdito apidud p, kar elvar N(a) =
p™, uem < n, érov n o Baduds tov K.

Anddaén. Bréne edpnua 5.12 [1].

IMopdderywo 3.4 Av éyoupe daktidio akepaiwy tov Z[\/ —17] kai 1deddes to
p=(2,1+/=17), eradn &poupe ér n vépua tov 10odtar pue 2 Tov efvar TpdTOS
ap1uds, apéows UmopoUue va TUUTEPAVOUUE 0Tl kal TO 10€kdes P €lval mpddTo.
Eriong napatnpolie 6t dnws pag Aéer to mapandve Jedpnua N(p) =2 € p.

IMapddewypa 3.5 péner eniong va onpedoovpe, 6T UTdpXovy TEPITTAOES O-
moU €va 10606 €lvar mpdto aAdd n vdépua tov dev elvar mpdtos aptduds. Ia
napdderypa éotw ot éxovue © = Z[i], ka1 10ecddes a = (3). To 3 efvar avdywyo
ototyeio oto Z[i] ka1 emedn efuaote o€ mepioxr] povadikng avddvong, Ya eivar kar
mpddTo otoiyeio. I'vawpiloupe 0t éva mpddto otoielo mapdyer kar TPATO 10€0ES,
emopévas o a elvar Tpdto 1deddes. Emiong éyovue dr N((3)) = 32, o omnofog
dev elvar mpcdtos ap1uds. BéPaia, n vépua €vis mpddtou 10edddous, Ja elvar ndvta
dUvaun mpdtov ap1duol.

Oedenua 3.7
1. KdOe un undevikd 16edddveg evés D éxel menepaouérous d1aipéreg,

2. Evag un undevikds aképaiog apiuds avikel uévo o€ nenepacpuévo apiud
10€wbY ToU D),

3. Mdvo nenepaouéva to mArjllog 16€cddn evig D éxovr tny da vépua.
Andoeén.

1. Eivar dueon cuvéneta tou Yewphlotog avaAUoNS oe TedToL LOEGDDT.
2. Ebvau pla edunr| mepintwon tou 1.

3. Ebvau dueon ouvénela tou 2.
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IMapddewypa 3.6 Iajprovue to mponyoluevo arotéeoua tns avdAvons Touv i-
dedddoug (18) otov © = Z[/—17],

(18) = pip3ps
pepr = (2,14 /=17) ,p2 = (3,1 + /=17) ,p3 = (3,1 — v/=17). ‘Exouvpe fpea

Aoirdy dti o1 pdvor Saipétes tov (18) eivar ta p1, p2, ps.(la to Jedpnua 3.7.1).
‘Exovue 6t av to 18 aviker o€ kdnow 10eideg a, émov Ya etvar a/ (18) oniadr a |
pIp2p? tdre Oa efvar a = pipLps, drov q,r, s mpogards da etvar 0,1, i 2. Apa to
18 avriker pdvo o€ menepaouéva to mAnos 10€dddn. Ag dolue méoa 16ecrdn éxovy
vépua 18. Avtd pivetar udvo drav a | 18, dpa av a = piphps mov onuaiva du
N(a) =223"3%. H N(a) Oa efvar 18 udvo av éyovue ¢ = 1,7 + s = 2, mov pe
oepd tov onuatver ét to a efvar p1p3, 1 Pi1p2ps, 1 p1p3.

ARpper 3.2 Av a, b 600 un undevikd 10ecion €vés D, tdte vndpyet ototyelo a € a

T€TO10 HOTE

aa l+b6=2

Ipwv npoywericoupe oty anddelln Tou AMuuatoc Ya dDGOLUE TOUS 0plooUg
TOU UEYLOTOU X000 BLALEETH X0l TOU EAAYLIGTOL %x0WVO) TOAAATAAGLOU, HUO0 LBEW-
OOV,

Opiowoc 3.4 Avo un pndevikd 16ecson a, b égovy péyioto kowd daipén g kai
eldyioto kowd moAdamAdolo [ pe tig akéAovles 1d16TnTes.

g/a,9/b
kar av y kdnow g’ éyovue dri g’ | a, g’ | b, tote etvar
o'/a
Kai av
a/l, b/l

4 ! z / / 7 /.
ka1 av ya kdnow I’ éxouue dtia |1, b |1 tére efvar
L.

AAppa 3.3 Av a,b 600 10ecd0n €vds D, kat g,l o péyrotos kowds daipétng kai
70 €Addy10to Kowd ToAdamAdoio avtiotoiya, Tote Oa éxouue

g=a+bl=anb

Anddaén. Tvwpilovye bt vio éva WBewdeg ¢ éxoupe ¢ | a av xou wévo av a C 1.
Enoyévwe 1o g mpénel va eival T0 UXpOTERO LWEMBES O TEPLEYEL Tal @, b xon To [
TO UEYAAUTEQO LOEWDEC TTOL TEPLEYETOL GTAL d, b.

Tpa propolye vo dddcouue TN anddeln tou Muyatoc 3.2. Anddaén. Ipdta
Tapatneolpe 6Tt av a € a Ja éyouye a/a emopévoc o aa~! elvor ieddec xan dyL
amhd xhaopatind Wendec. Tdpa cbupuwva Ye 10 TEoNYOUHEVO ARuUd TOU anodEl-
Eope, 0 PEYLOTOC XOWOC BLOLPETNS TWV aa”! xou b da ebvor To aa” L+ b, EMOUEVKC
opxel var emAEEoLUE a € a TETOlo BOTE

aal+p;=0,i=1,...,r

HE To p; var elvon T SlapopeTind YETAED TOUS TpWTa LOEWDDY, Tat omtola SLoupolv To
b.
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Oedpnua 3.8 Eotw a éva un undevikd 10ecdes evés daktuliov akepaiwr D,
kat éva oroiyeio b € a. Tdre vndpyer ooeio a € a tézowo dote a = (a,b).

Anéden. 'Eotw WBeddec b = ba~t. Ané to Mpua 3.2, Yo undpyeL oToLyelo a € a
TETOLO DOTE

aa ' +b=aat+ba =D& ((a)+(b)at =D e a=(a)+(b) & a= (a,b)

Auté 1o Yedpnua poag Aéel 6Tt xde WBeWdES, GE Evay daxTOMO oXEPAlWY EVOC
ocwuatog aptducy, Ya €yel 1o ToAD 800 YEVVATOpEC.

Oedenua 3.9 H avddvon o€ avdywya twv otoiyelwy €vos D elvar povadikn av
ka1 uévo av eivai mepioyn Kupiwy 16ewdwv.

AndoeiEn. Tvwpilovye 61t xde mepioyy) xuplwv WEMBOVY elvor TEPLOYT HOVUBLXNC
avdiuong. Méver howndv va Bel€ouue to avtiotpogo. Apxel va Seilouue 6t pla
TEPLOY T OTOU T} avdhuoT o avdywya oTouyela elvan wovadixy, elvor xou Teployh
%xVplwV WEWdOY. Anhady dtL xdde TpdTo Wewdee elvor xVpLo, ool xdde 1WBewdec
elvor yvouevo mp@dtwy Wewdwy. Eotw Aoimév p € D mpdTo LBeWdee, Yn Undevixd.
Ané 10 Yedpnua 3.6.2, undpyet évac axépaog apliudés N = N(p) tétolog wote
p | N. MrogoUye va mopayovionolicoupe 10 N ooy YIVOUEVO avay®YwY oTolyelwy
wou D, w¢ eEhc:
N = vy...05.

Aol éyoupe 6T p | N xou o p ebvon mpddTo Wemdee, €xoupe 6Tt
p | v; Y woodbvapa p | (v;).

Eneidr efyaocte oe meployr| wovadixfic avaAuong, To avdywyo otolyelo v; elvorn xon
nptdTo oToryelo. Apa xar 0 xUplo WeWdES TOL TApdyEL To GToLyElo aUTS, elvan
Tpihto. Enouévwc éyoupe L b | (v;) 6mou xon ta 800 autd WBeddn elvar TpdTo.
‘Etol and yovadixdtnta avdhuong éyouue 6T

p= <vi>a

onAadh o p elvon x0pLo LOEDDES.



Kegpdiowo 4

ITAEypoTaL

Ye avto 1o onpelo Yo odANEEeL Alyo To oxnvixd, agol Yo yeelaoTel Vo TdpoLUE
TANpogoplec amd YeWUETEES TEYWXECS, ot omoleg Yo Pondrioouv Tic ahyeBpuxéc
ped6douc poc. Ou avantOZoupe xdmoles WIOTNTES TV TAEYUAT®Y, To omola elvol
VEPEALDODY YLoL TNV EVVOLOL WIoG EAAELTTIXNC XOUTOANG. Od WAHGOUYE oL Yiol TNV
avtiototyio wiog YeueAdBoUC TERLOYNAC Xl EVOS TOPOUL UE EVa TAEYHOL. Zexivaye
UE ToV oplopd evie mAéyuatog (lattice).

Opiowoc 4.1 Eotw ey, ..., ey va €lvar éva olrvolo ané ypaujukd aveEdptnta
davvopata tov R™,m < n. H mpooletikni vrooudda tov (R™,+) n onola napd-
yetar ané avtd ta daviouata, ovoudletar TAéyua Sidotaons m, napayduero amo
T@ €1, ... Em-

MrnopoUye vo Solue éva mAéypo ooy uio eAebiepn ofehiovy;, oudda, td&ng m.
"Apo umopoUue vo EQapUOCOUUE TNV 0poNOYIX TWV OUEBWY AUTHY, GTO TAEYUATOL.
Ac ddooupe thpa ToToAoY XS YapaxTneiopd oto TAéypa. ‘Eotw o R™ epodiocyé-
voc pe T ouviln etpuxr], 6mou ||z — yl| elvar n oaméotaoy peTagl Tou T Xou Tou
y. Oo cupPoliloupe enlong pe Brlz], TNV xAeloTh undha x€Vipou & ot oxtivag 7.

Ogtowdc 4.2 Oa Aéue dur éva otvodo X C R™ efvar gpayuévo, av X C B,[0],
yia kdmoio 7.

Optopwoc 4.3 Oa Aéue du éva alvodo X C R™, 1o omolo éyer doun ouddag eivar
dakp1té, av ka1 uévo av to undév dev elvar onueio ovoodpevons, dnladn kdle
undla B[0] Ja téuver to ovvodo X o€ nenepaopéva to nAidos onpeia.

ElyooTte étopol topa Vo BOCOLUE TO TAUpaxdTw YeWpNUAL.

Oedenua 4.1 Mia npoodetikni vroopudda tov R™ Ja efvar tAéyua , av kai uéro
av elvar daxpity).

Anéoaén. 'Eotww L éva nhéyua SldoTtaonc n, 10 onolo TapdYETol and To €1, ..., Ex.
Autd ta Braviopota tote Yo amoteloly plo Bdomn yia tov yopo R™. Kdde otowyelo

v € R", Yo ypdpetan cav

v=AeL+ ..+ )\nen, i € R.

37
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Oplouye v f: R™ — R™ vo elvon n
f(/\161 —+ ..o+ /\nen) = (Al, ceey )\n)

Téte 1o f(B[0]) elvon gpayuévo, éotw ||f(v)|| < k,v € R™. Av tdpua €xoupe
xdmow Y ase; € Br[0],a; € Z, t6te mpogavie Yo ebvan [[(a1, ... an)]| < k. A-
vilotpopa, éotw G plo Sroaxpith utoopdda tov R™. Ou delfoupe ye enaywyr oTo
n, 61t n G elvor Mhéyua. ‘Eotw g1, ..., gm T0 UEYLOTO Ypauuxd aveEdptnto uto-
cUvoro tou G. 'Eotw V o undywpoc tdpo, Tou TopdyeTol and To g1, ..., Gm—1.
Oétouue Go = GNV. Trdpyouv howndv yeauuixd aveEdotnta otowyela by, ..., Ay
Ta omolo mopdyouv Ty Go. Agol ta otowyeld g1, ..., gm € Go, T6TE Yo TpETEL
va éyovue m' = m — 1. Mnopolue vo avTiXaTaOTAGOUPE T §1, -..; Gm—1 HE T
hi, ..., hm—1, 1} 10000vVaua va unodécouye 6Tl xdde otolyelo mou avixer otnv Go
umopel va Ypagel ooy axépotog YEouULXES CUVBUIGUOS TWY g1, ..., §m—1. EOTW
wopa T, 10 utocbvoko dhwv Twv = € G Tng Yop@nic,

r=a191 + ... + GmGm,

ue a; € R tdrolndote 0 < a; < 1,i=1,...,m—1xwn 0 < a, < 1. Tédte 1o T Yo
elvon payuévo xau dpo TEmEPAGUEVO Aol To G elvar Blaxpttd cbvoro. Mropolue
o6y va emidéZoupe &’ € T Ue Tov UXPOTEPO GUVTEAESTY G, £0TW

= b1g1 + ... + bynGm.

popavdds T g1, ..., Gm—1, " elvar ypouuxd aveZdotnta. Zextvivtag ye onolodr-
note Bidvuoua v € G, unopolue Vo eAEEOUUE UXEPOLOUS GUVTENEGTES ¢, TETOLOUG
®oTe 10 oTolyelo

/ !
g =g —CnT —C191 — .. — Cm—19m—1

vat oaviixet 6To T’ %ol 0 GUVTEREGTAS TOU gy, 6TO ¢’ VO EIVOL IXPOTECOS TOU by, AARSL
puod Un apvnTxde. And Ty emhoyr Tou &’ autds o cuvteheoTthc Vo TpénEL va
elvor undév. Enopévwce ¢' € Go. Tote duwe ta {2/, g1, ..., gm—1} Tapdyouy tny
G, mou onpaiver 6tL n G elvon TAEyuaL.

To unoclvoho T' mou oploope oTNV TpoNYoUUEVn anddelln, elvar 1 Aeyduevn
Yeuehloddne meptoy ) xat divoude Tov axplfn) oploud TNC AUESKS TWEA.

Opiowoc 4.4 Ay éovue L éva tAéyua mov napdyetal and ta eq, ..., ey, opilovje
n Oepehicdon mepioyn T va amoteAeftar and dla exelva ta oroiyeia Tng HOPPNS
> aie;, a; € R, ya ta orofa éyovpe 0 < a; < 1.

Adppa 4.1 KdOe ororyeio tov R™ avijker o€ akpifds éva and ta ovvora T'+1,1 €
L.

4.1 O topog nnAixo

‘Eotww L éva mAéypa oto R™ xan Sidotaong n. Auté mou da poc anacyohfioel
elvar 1 pehétn e opddac mnhixo R™/L. Oo cuyfoliloupe pe S 10 clvolo twv
Ry odixdv aptiuddy pe pétpo 1. Autd 10 6UVORO, EQOBUCUEVO UE TOV TOANATAG-
cLaou6 efvan oudda xon ovoudleTol ouddo Twv onpeiny Tou xUxAou.

Adppa 4.2 H opdda tniiko R/Z etvar i06uopen e tnv oudda S.
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Arnddeiln. Opilouvpe v amedvion ¢ : R — S pe
¢($) _ e?ﬂ'im'

Autéc o ¢ elvou évac enl opopoppioude xa €xel Tpogavde tuprhiva to Z. Téhog
ané 1o Yeyehiddec odopop@opod Yo €YOUUE OTL UTHPYEL £VIC LOOUOPPIoUOS amtd
w0 R/Z ot0 S.

I va cuveyicouue mpénet va oplooupe tov n-didotato topo 1. Autéd eivan
70 evd0 Ywouevo NS opddac Tou xUxhou S,n gopéc. T mopdderyua €youpe
T? = S x S, o onoloc xahelton cuvAdINC TéPOC.

Oevpnua 4.2 Eotw mAépua L tov R", sidotaons n. Téte to R™/L elvar
106j0p@o e Tov n-6idotato tdpo T™.

Anddbaén. 'Eotww ov yevwhtopee tou L, {eq,...,en}, o onolol anotehodv xou pia
Bdon v 1o R™. Opilouue tov ¢ : R® — T, ue

dlarer + ... + aney) = (379 . ¢2Tion),

O ¢ elvan évoc enl opoyop@iopdc xau €yel muprva To L, ondte 6nwc xar oTny
TpONYOUUEVN amOBELEN X GUUPWVOL UE TO VEPEMODES YEWENUN TOU LGORORPIGUOU,
Yo éyoupe 61t R™/L = T™,

Ac Bolue L oupBalvel étav o L éyel didotaon m < n.

Oevpnua 4.3 Eotw L tAéyua tov R™, didotaons m < n. Tére to R"/L elvar
100110p@o (e To T™ x R,

Andoeitn. 'Eotww V o undyweoc mou napdyeton and to L. Emdéyouue éva ou-
umAfpwpd tou W, tétoto bote R® = V@ W. Téte Yaéyovye L C V, V/L =T™
a6 to edpnua 4.2, Yo ebvon W =2 R™ ™™ xau nalpvouye 10 {ntoduevo.

Adpper 4.3 O opopopgropds ¢ mov opioajie ato Jeddpnua 4.2, av wepiopiotel aTn
Oepehichon mepioyn T, endyer pla éva mpog éva kai eni aneikdrion

¢o:T —Tm.

Yy 4.1:

Me ™ Bordew tou Mupatoc 4.3 Ya ddooupe évay oplopd yia Tov Gyxo v(X),
evéc unoouvohou X tou T". Tevind o dyxoc v(X) evéc unosuvbrou X C R™,
opiletan 6mwe cuVAdwWS, apxel dNhadY Vo UTEpEYEL T0 TOAAATAG OAOXATiEWUA

v(X):/del...dxn.
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‘Eotw nhéypa L C R™, Sdotaone n, tétowo ¢ote R"/L =2 T". 'Eotww enione 6u
n Vepehddng neptoy) tou L, va ebvon 0 1. Tougwvo pe 1o Muua 4.3, undpyet
undpyet plo éva mpog éva xou enl anewoévion ¢ 1 T — T™. T xdde X vnoocivoro
Tou T™, optloupe Tov byxo v(X) va ebvor

v(X) = (6™ (X)),
o omotoc undpye. uévo av 1o ¢~ (X)) éyel byxo oto R™.
Oeopnua 4.4 Av X éva gpayuévo vrootvolo tov R™ ka1 urdpyer o v(X), kai

av v(n(X)) # v(X), érov n : R™ — T™ o guoikds opopoppiouds, téte o n)x dev
efvar éva pog €va.
Anddaén. Ac unodécoupe howndv 6L o n|x elvon éva Tpog éva. Aol thpa To
obvoho X elvan gpoaryuévo Vo tépvel tenepacyuéva 1o ThAdog GUVOAA TNS LopPphc
T+1, 6moul € L xou T 9euehiddne neptoyf. Oétoupe X; = X N(T +1). Téte da
éyouvue X = X;, U..UX;, . T xdde l; opllovue Yy, = X, —1;, étot dote Yy, C T
Euelc woyvpldpaote 6t ta Yy, elvon Eéva petald touc. Agol v(z —1;) = v(z),
v x&9e x € R™ autd éneton and T0 6TL €youpe uToYEcEL 6TL 0 N elvar Eva TPOC
éva. Efvou

U(Xli) = ’U(}/li)7

77(Xli) = QS(}/ll)v

omou ¢ 1 éva mpog éva xou ent ouvdptnon, T — T™. Kau éyouue

v(n(X)) = v(n(UXy,)) = o(LY;) = Y (Y,

oo elvan Eéva. Tuveyilovtag, elvou

’U(}/ll) - Zv(Xli) = U(X)v

670U gpyOUacTE GE avtideon ue TV apywi pog unddeon,.

X2 Xs
¥ n
X1 Xa
Y: Y1
Y: Oﬁ Y R T

Yyhuo 4.2:

4.2 To Jewpnua tou Minkowski

O oxondg authc tne mapaypdpou eivan vo anodeiEouye to Yedpnua tou Minkow-
ski. Auto éyel vo xdver pe Ty Umopdn evoc un undevixol onuelou evée mAéypatoc,
péoo ot éva xatdhhnio clvoho X. Apxel o dyxoc tou X vo elvon apxetd peydhog,
oyxeTxd ge autéy Tne Vepehdddne nepoyfic Tou TAéypatoc. Alvoupe d0o oplopolc
xan énettal ouveyilouye pe Ty anddelln tou Yewpruatog tou Minkowski.
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Opwopwoc 4.5 Eva vrootvolo X tou R™, ovoudletar kuptd, av yia x,y € X,
dla Ta onueia mov aviikovy atny evdeia mov ta evavel, va aviikouy kai avtd péoa
oo X. Anladn), éva ovvodo X ovoudletar kuptd, av ya x,y € X, to onueio
Az + (1 —=Ny,0 <A <1, va avijker oto X.

Opiowoe 4.6 Eva X C R™ ovoudletar ovupetpixs av x € X énerardn —x € X.

Oevpnua 4.5 (To Jedpnua tov Minkowski). Eotw L mAéyua didotaong n,
ouv R", pe Oepehicdon mepoyny T. ‘Eoww enions X éva gpayuévo, kuptd kai
ouppetpikd vrootvolo tov R™. Av v(X) > 2™ (T), tére to X mepiéyer éva un
undevikd onueio tov L.

AndoeiEn. Oa Yewpricoupe 10 dinAdolo Théypa 2L xou 217 1 Yeuehdone teptoyy
Tou, pe 6yxo 2"v(T). 'Eotw o tépoc T™ = R"™/2L. Elvor hotndy

o(T") =v(2T) = 2"v(T).

O quowxde oyopoppiopde 1 @ R™ — T™ bev elvan duvatdv va dtatneel tov 6yxo
oL X, agol and v unédeon elvor peyarbtepog and tov dyxo v(IT™). 'Eyouue
enlone 6w n(X) C T™, dpo Ya efvon

v((X)) < v(T™) = 27u(T < v(X)).

Tougwva pe to Yedpnua 4.4, o n|x dev elvan éva tpog éva. Enopévwe undpyouv
x1,22 € X Ue T # T2, TETOA OOTE

n(x1) = n(xse) & 21 — 29 € 2L.

‘Exoupe 6Tt agol to X elvar ouupetpind 2 € X = —x2 € X xou and xuptdtnTa

1 1 1
51‘1 + 5(*352) ceX & 5(351 7352) c X.

AN agol brw delZape tpw x1 — 22 € 2L Yo éyoupe 6L (21 — x2) € L. Téhog
apol x1 # xo Yo €youue 6Tl %(:cl —x9) #0.

Ac Solye pla epapuoyr Tou Yewpruatog tou Minkowski, oty Yewpla aptiudy.

Oewpnua 4.6 (To Jeddpnua twv 6o tetpaydvwy.) Av éxouvue évav mpdto
aptfud p = 4k + 1, téte avtds o mpdtog 1w0ovtar pe to dporopa 6o teTpaywrwy
axépaiwy aprudy.

Anddaén. T'vwpiloupe 6t n t8En tne G = (Zy, ), elvor p— 1 = 4k. Enopévwg 9o
nepLéyel olyovpa éva otouyelo u T8ENne 4 xou olyoupa To uévo otouyelo TdEne 2 elvan
70 -1. Enopévec (—1)2 = 1 mod p xou u* = 1 mod p. Apa u* = (—1)? mod p &
u? = (—1) mod p. Eotw L C Z? va evor To théyua tou R?, 10 onolo anoteleiton
and 6 o ta Levyn (a,b),a,b € Z, tétow dote b = ua mod p. Auth elvon pa
unoopdda Tou Z? ye delxtn p. Enopévoc n depehaddne oudda tou L da éyel byxo
p. And o Yedpnua tou Minkowski, av ndpoupe onotovdrinote x0xAo e *EVipo
™Y opy A Ty 0€bvey xou oxtiva 7, 0 onoloc éyel empdvela Tr? > 4p, Yo nepLéye
évo un undevixd onpeto tou L. H 1A tou 72 yio va toyler autéd, da mpémer va
ebvar fom ue 2. "Exouye howndy, du Yo undpyet éva onyeio (a,b) € L yia o onoio

3p

0%a2+b2§7’2:?<2p.

Mafpvoupe to a®+b% mod p = a®+u?a® mod p = a® —a? = 0 mod p mov onuaive.

61 t0 a? + b? elvor ToAamAEoo Tou p, 0AAS olyoupa PeEYIADTEPO TOU UNBEY Xou
WixpbTepo, bnwe detfope oy, Tou 2p. Enopévec a? + b? = p, 1o onolo Atay xou
0 {nrodyevo.



KE®AAAIO 4. TAETMATA 42

4.3 O yopoc L*

Ye authy v Tapdypapo Yo LAHCOUUE Yiol YEWUETPIXEC amelxovioel ahyePpt-
%Wy apiudy. o avantilouvpe plo yédodo dmou Va euputedoouye éva GoUa
aptdudy K, ot évay TparyaTind SLavuoUaTixd yweo, Ue SidoTtaon 600< o Padudc
tou K. Autéd da yivel pe tétolov tpomo thote ta eddn tou K vo aneixovilo-
VIO OE TAEYUATO JEGO GTOV BLAVUGHATIXG Ytpo. O ypeetaotolue T Bordeid Twv
povouop@lopcy and 1o K oo C, xou Yo npénel va dtaywplcouye autol mou GTéA-
vouv 10 K oo R, ané touc undhotnove. ‘Eotw howndv K = Q(6),0 € B, ooua
oprduody Badpol n xa o1, ..., 0y 0L povouopgopol ané 1o K — C. Av éyoupe
6t 0;(K) C R, 10 onolo cupPaiver uévo 6tav 10 0;(0) € R Yo Aéue 61 o o; ebvon
TEAYHATIXOS, OANGS 6Tt elvar yryadixde. ‘Onwe mdvta to pryadixd culuyée da to
ouuBolilouvye pe undpa xou optlouye

gi(a) = o4(a).

Agol o wyadixd ouluyéc ebvan évac avtopoppiopds tou C, Yo éyouue 6L 0
o, Vo elvan évoc yovopopglopde and 1o K oto € xou Ya ebvan (6o pe xdmowo o;.
Onéte ov piyodixol povopopgiouol eivor oe ouluyr Lebyn. Emouévwe n = s + 2t,
610U s elvor 10 TARUOC TWV TEAYHATIXGY LOVOUORPLOU®Y Xt 2t T0 TARY0C Ty
piyodix@y. Amé €66 xan tépa autde Yo elvon 0 TpéTog ue Tov onolo Vo aprduolue
Toug povouoppiopole and o K oto C. Eivan

01y -+, 0s; 0-5-‘1-15684-1’ ey 0’S+tﬂas+t'

Mpogavee T o1, ..., 05 ebvar Tporypoatixol xat oL undéloinot elvor oL wryadixol. Ei-
waote twpa ot Yéon va oplooupe Tov ywpo L.

Opiowodce 4.7 Opilovue
L =R® x CY,

T0 OUVodo GAwv Twy s + t-ddwy
T = (L1, ey X3 Tst1y ooy Tott)s

émov x1, ..., Ts € R ka1 Ts41, ..., 511 € C. O ydpog L Aowmdv efvar évag Sravu-
opatikés xwpos mdvw amd to R, sidotaong s + 2t = n.

OpiZoupe tnv vépua evic otowyelov z € L va elvon 7
N(z) = 1.2 |Tsr1]? | Tsre] .
"Exoupe 800 npogavelc BLOTNTEC AUTHC TN VOPUIC.
1. N(z) € R yw xdde z,
2. N(zy) = N(z)N(y).
Opiloupe tnv anewévion o : K — L5 pe
o(a) = (o1(a), ...,05(a);0s+1(a), ...,054¢(a)),a € K.

Mpogavae Yo oy et
ola+b)=oc(a)+o(b)
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o(ab) = o(a)o(b),
v xdde a,b € K. Ondte o o eivan opoyopgioudc daxturiov. Emmiéov da éyoupe
N(o(a)) = N(a), agol €youpe opiocet

N(a) = g1(a)...05(a)os4+1(a)Tst1(a)...051+(a)Tst(a).
Ac Solype éva mopdderypa.
Mopdderypa 4.1 Eotw K = Q(A) pe o 6 va ixavonorel to 63 —2 = 0. Ta

ovluyry atoeta tov O efvar 0,wh,w?0, e w uta xubixA pila tng povddag. O
uovopopprouol o; : K — C efvair o1

a1(0) = 0,02(0) = wh, 72(0) = w?0.

Enopévag o€ avtniy tny nepintwon Oa eivar s = 1,t = 1. Eva ovtoiyelo © € K e
x=q+70+50% qr s €Q, da araxovilerar orov LY otupwrva e

o(z) = (g + 10 + 562, ¢ + rwh + sw?6?)

Oevpnua 4.7 Av ay,...,a, elvar pia Bdon ya to K ndvew and to Q, tdte ta
o(ay),....,o(an) elvar ypaupixd ave€dptnta tdvw and o R.

Anééaén. Eyouue

uek=1,...,s j=1,...,t xa z,(cl), y,gl), z,il) € R. Téte Ya elvor

l l . (1 l l
olon) = (@}, 2yt iz + 20,

xan apxel vo del€oupe 61 1 Blaxpivouca

D00 ) )
D=
N ORORURN NG
va elvou BLdipopr Tou Pndevoc. OETouye :
:cgl)...:ci ygl) + iz%l) ygl) — izgl)
E =

x§”>...x§”> y§”) + izln) y§”> — izgn)

o1(aq)... os(aq) osy1(0q) Fsy1(aq) ...
o1(ap) ... as(an)o‘;l(an) Tst1(am) ...

Téte and tov oploud e Saxplvoucac xou to Yewpnua 1.6, éyouvue E # 0. Téhog
amé WLOTNTEC DLaxplvoucwy, Yo TdpouuE OTL TEAXE efvar

E = (-2i)'D,

enouévwe D # 0.

IMépropa 4.1 Q-ypaupixd ave&dptnta otoeia tov K, aneixovilovtar péow tov
o o€ R-ypaupuxd aveEdptnza ocoryeia tov L5E.

Iépiopa 4.2 Av G pia nenepaouéva napayduevn vrooudda tov (K, +) e Bdon
akepaibntag {ai, ...,am}, téte N ewkdva ng G oto L, efvar éva mAéyua e
yevvitopes o(ay), ..., 0(a)m.



Kepdiowo 5

Oudoa xhdoewy xow apldog
XAACEWV.

e autd T0 xePdAono Yo ueAeTioOUUE TNV class group evog o@uaToc aptdumy.
Aut elvar T0 TNAXO TNC OUABUC TWV HAACUATIXDY WEWDDY TROC THY UTOOUAdY
TWV XOPIWY XAACUATIXOV Wewd®Y. Class number Ya xahodue v té&n avtrc ne
ouddag. Ouolaotixd 1 ouddo auTY) UeTEdEL TdGA LOEWMDT uropel var uny ebvor x0pLa,
onAady) o mowov Badud n napayovronoinot eivan wovaduer. Iho cuyxexpyéva,
Omwe Vot SOVUE o TOPUXATW, 1) AVAAUCT TwV aTolyelwy evdc D elvon povadixr o
7 class number elvor {on pe 1. AN ac ta Solue Gha aUTA TO AVOIAUTIXA.

5.1 H opdda xAdoewyv

Opwopwoc 5.1 Eotw K odua apifudy ka1 ® o daxtidiog twr akepaiov tou.
Oa oupforifovue pe F tnr opdda twy kAaouatikdy 10€mddy tov, ue mpdén tov
rolarmAaotaoud. ‘Eotw emiong P n oudda twv klpiwy kAaopatikdy 10€wmddv.
Optlovue oav class group tou ® va eivar n oudoda tnAiko

H=F/P.
H ©dén avtiis tng opddas Ja ovuPoriletar pe h = h(D).

Ou doouye Tov oploud Tre class group yernowonoldvtac Alyo dlagopeTixol
6pouc. Oa Aéue 6Tt 500 xAacuaTixd WeMdN elvon Loodivaya, ov ot To d0o oTéN-
VOUV TNV Exéva Toug oto (Blo otowyelo tne F/P. Av lownév 0o xhaopatixd
1WBewdT a,b elvon toodlvopa Yo €youge a ~ b xor Yo cugBoiilovye v xhdom
tooduvapioc tou a, ye [a]. H H elvor 1o olvoro Ghwv autdv Twv XAAoEWY Loodu-
voplac. Av éyouue a xhaopotixd Wemdec Yo elvor b = ca,c € D xou b Beddec.
Eitvow b = (¢) a. And tnv otiypr 1dpa mov 1o (¢) € P, Ya éyoupe 6T to a xon b
elvon 1ood0vopa. Me Alya Adyla, omoladrnote xAdor iooduvaploc, Yo meptéyet éva
LOEWOEL.

‘Eotww 6t éyouue 500 1o0d0voua Wewdn ¢, n. Tdote Yo elvon r = ey ye ¢ éva
x0pLo xhaouoTixd WEMdES, é0tw ¢ = dte,d € D, e éva x0plo Wendec. Enopévoc
Vo ebvon ¢ (d) = pe. Avtiotpoga, av unodéoouue 6T €xyouue 10 = pe pe 0, e x0pLa
WBeWdY, toTE MROPavde Vo elvan ¢ ~ 1. Autd pog emiTpénel va tepLypdpoupE TNV
H wc e€nc: naipvoupe Ao tar LOeddN F xon 0pl{ouUE TNV OY€on ~ UE L ~ B, AV

44



KE®AAAIO 5. OMAAA KAAYEQN KAI APIOMOY KAAYEQN. 45

xou povo av 10 = pe. Téte n H du elvon 10 0Uvoro Twv xhdoewy woduvayiog [t],
we mpdEn ouddoc n omolo oplletan and v [r][y] = [ry]. Autde ebvan xan 0 Adyog
nou 1 ‘H ovopdletar class group.

Oewpnue 5.1 H mapayovtoroinon otov © elvar povadikri, av kar pévo av n
tdén s H etvar ion ue 1.

Anddeln. ‘Onwe éyouue ROn Sellet, n mopayovionoinon elvon yovadixh av xat
uovo av xdde 1deddec tou D, elvan xVplo, dnAadY av xdde xhaopotixd 1BeWdeC
elvar x0pto. Anhadh F = P, nou onualvel 6t h = [H| = 1.

A6 €86 xou népa Yo avehwdolue oto va delfouye 6Tt 1 T8EN TNC opddag xAd-
cewy, elvon menepaopévn. Xe autd Ga poc Bondroet To Yedpnuo tou Minkowski.

5.2 'Eva devpnua Onoeing

Adppa 5.1 Av M éva mAéyua otov L, pe Sdotaon s+ 2t, depehicddn meproxn
Sykov V', kai cq, ..., Cst va €tvar etikol mpayuatikol apiuol ue yivéuevo

4
C1...Cs4t > (;)t‘/,

Tdte vndpyer éva un pndevikd otoelo péoa oto M

= (1, ., Tstt),
T€TO10 HOTE
|x1] < e1,y sy |2s| < 3
|-Ts+1|2 < Cs41y ey |:Es-|-t|2 < Cstt-

Andbeaén. 'Eotww X 10 clvoho twv onuelwv tou L yiu ta onola toylel to
ouunépacya tou Yewpnuatoc. ‘Eyouue

v(X):/ dxl.../ dxs x/ +Z%<Cs+1dy1d2’1
Yy

- 2
—C1 —Cs 1

x/ +zt2 < Cs41dyrdzy
Y

2
t

=201 - 209...2C,TCs 1. TCs 4y = 25T C1...Cous.

To X elvar éva obvolo amd ypaupuixd Turdota xon xuxAxole dloxous, dniadn do
elvon parypévo, cUUPETEXS xat xVpTo. Ondte and to Yedpnua tou Minkowski Yo
THPOLYE TO ATOTEAEGUA, POV TEETEL VoL Loy VEL

Y
v(X) = 257y coqs > 25TV & cpcayy > <;> V.

ARppa 5.2 Eoww L éva mAéyua tov R", didotaong n. H Bdon tov efvar n
{e1,...,en}. Ymobérovue 61 e; = (aii,...,an;). Tdre 0 dykos tng Jepeliddong
repoyns T tov L, elvar

v(T) = |detaj|.
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Andbeaén. Eiva v(T) = [ dxy...dx,. Opillouye véec petaBhntéc we elhc: x; =
> aiy;. H ToxeBov optlovoa e ahhayric peteBintdv oty tepintwot poc,
elvan deta;; xou Eépoupe étL to T elvon bha tor onuelar Y byy; we 0 < b; < 1. Apa
T o EYOUNE

v(T):/ |deta;;|dy...dyn
T

1 1
= |detaij|/ dyl/ dy, = |detaij|.
0 0

Oedenua 5.2 Eotw éva odua apdudy K, pe falud n = s + 2t ka1 daxtidio
axepaiowr ®. Eotw emiong éva un undevikd 10ecddes a tov D. Tdte o 6ykos uag
depehicddous meproyis tov o(a) otov L, efvar

v(T) =27"N(a)VIA],
ue A Ty duakpivovoa tov K.

Andoeitn. 'Eotww ulo axépara Bdon tou a va elvon 1 aq, ..., an. Axoloudodvtog
Topa oV cLUBOAIGUS TNE anddelEng Tou Vewpriuatoc 4.7, wla Bdon axepoudtntag
v 0 o(a) oo L** elvan 1

(zgl), ...,zgl),ygl), 251)7 ...,ygl), zgl))

(z&"), ...,xg"),ygn), zgn), ...,ygn), zgn))

Enopéveg and to Mupa 5.2, 9o éyouye yioo Tt Yepehinddn teptoyr tou o(a)
o(T) = DI,

6mou D 1 opllovca tou Yewpruatoc 4.7. Buvey(louge xou €YOLUE GTO VOU HOG
mévta TRy amédeln tou Jewpratoc 4.7, Ya éyovue D = (=2i)'E & |D| =
27 E|. Agob E? = Alay,...,a,] xau N(a) = |W|1/2. Me ouvduaoud
AUTOV TWV OYECEWY VoL EYOVUE

D = o(T) = 27"N(a)/]A].

Yuvdudlouye to Muya 5.1 xou to Yedpnua 5.2, yio va anodelouye 10 e€ng
Yedonua :

Oewpnuae 5.3 Av évovue éva un undevikd 16eddes a, tov D, tére avtd o

10ecd0es Ua mepiéyer évav axépaio apidud o e

Nl < (2) Mo viEl

AndoeiEn. 'Eotw éva tuyalo € > 0, xau emAéyouye npaypotixovs Yetxols apud-
HOUC €1, ..., Cst YLOL TOUC oTtoloug Yo €youue

9 t
C1...Cs4¢t = <;) N(u) |A| + €.
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Ané 1o Myupa 5.1 xou to Jedpnuo 5.2, undpyet évo un pndevixd otoryelo o € a
TETOLO WOTE

o1 ()] < ety |05(Q)] < €5, |T511(Q)[2 < Cottyoony |Tspt(@)]? < Cont
oM amhactdlouUe TP AUTES TS UVIOMOELS XL TOlPVOUUE

2\ !
IN(a)] < €1...C5C541---Cs41 = <;> N(a)v/|A] +e.

Eépoupe 6Tt évar TAéYpa elvor BlaxpLtd, ondte 10 Givoro A, autdy TV o, elvan
nenepaopévo. Enlone Ac # 0 étol dote A = N Ae # 0. Av dlahé€oupe o € A Y

V@< (2) NV

IMopiopa 5.1 KdOe un undevikd 10ecddes a, tov D efvar i0odUvaio pe éva 10edddeg
Tov omofov N vépua etvar < (2/7)1/|A].

Arédetn. H xh\dor 1oV xhaouomixdy WBexdny mou elvar t1oodivopa ye o a~! Ja
TepLEyeL €val WEWBES ¢, TéTolo WOoTe ac ~ . Me ypron touv Yewpruatoc 5.3, Yo
€youle OTL yla Evay axépoto v € ¢ Ja toyVel bt

e (2) MoV

Ané v otyur mou éyoue ¢y Yo ebvan (7) = ¢b, yia xdmoo Weddeg b. Malpvo-
VTOC TIC VOpUeS Vo EYOVUE

N(e)N(b) = N(cb) = N(()) = [N(7)]:

Enopévec

N(B)N(¢) < (2/m)'N(0)V/]A] & N(b) < (2/m)"V/]A].

1 1

Ioyuplbpaote téhoc, 6Tt b ~ a. Autd elvar aAndéc, yiotl a™ ~ ¢ xon b~ ¢,
H enduevn epopuoy vholoyilet v class group tou Q(v/—5).

Mopddetypa 5.1 Eotw K = Q(v=5), ne ® = Z[V/—=5] o onofog dev efvar
IIMA, dpa h > 1. Or povopopgiopof o; : Q(/=5) — C, eivar o1 01,09 e
01 # 09 KA1 1 = 03. Apat = 1. Zépovue emions and mponyoluern dovked uag,
ot A = —20, dpa efvai

2
;\/ 20 < 2.85.

Omndre ka1 oVugpwra pe to tapandvew Jedpnua, Ja éxoupe étl kdOe 10erdeg Tov D
Oa efvar 1006Vvapo pe éva 16edddeg vopuas 1 1 2. Ta 10€cd0n pe vopua 1 efvar 6Aog
o0 daxtiAiog akepaiwy D. Eva 10eddes tddpa a, to omolo éxer vépua 2, 1kavomorel
™y a|2, 6nkadn to a eilvar tapdyorvtas tov (2). Exouue der duwg ot

(2) = (2,1 +V=5)",

émov <2, 1+ \/75> efval éva mpdto 10€dd0es e vépua 2. Apa 6Aa ta 16€cddn tou
D efvar wodtvapa pe tov D A pe to0 1dedsdes (2,1 ++/=5). Apa h =2.
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5.3 H class group €xe. nencpacuevn TaA<n.

Oedenue 5.4 H oudda kAdoecwy €vé§ oduatos apiiudy elvar nenepaopévn a-
Behaviy oudoa.

Arndden. Eotww K odua apiudyv pe daxpivouco A xou Bodud n = s + 2t.
Fvowpllouye 6t n 'H elvan afehav, dpar uével va Set&ouue OTL elval TETERUGUEVT.
Auté Yo oylet, av xon uévo av o opriudc TV *AJCEWY LoOBUVIULINS TWY XAo-
ouaTix®y Wewday, elvar tenepaouévosc. Eotw [¢] uio tétoia xhdon wooduvaylog,
n onola Va meptéyel éva 1Bewdec a. Anéd to ndpopa 5.1, Ya éyouue dTL 0 a elvan
1wodlivago ue éva 1deddec b, o omolo éyet vopua N(b) < (2/7)1\/]A]. Zépoupe
OTL HOVO TETEPAGPEVA TO TAUOC LOEDDT, UTOPOVUY VA EYOUV GUYXEXPLUEVT VOOU,
o6 1o Yewdpnua 3.7.3. Enoyévee, undpyouv nenepacUévee EmMAOYEC Yiol TO LOE-
ddec b, Téhog, agol ebvan [¢] = [a] = [b], o éyovue xau nenepaouéves xAAGELS
woduvoplac [¢], Tou onuaiver 6Tt 1 opdda xhdoewy H elvar TENEPUOUEVNS TAENC.

IMeétaom 5.1 Eow K odua apifudy, pe class number h. Eotw eniong éva
10€cd0€s a tov D. Tére Ja efvar:

1. a" efvar kUp10 16ecddeg.

2. Ay q mpdtog ws mpog to h xar a? eivar kUpio 10€ddes, téte kat to a Ja efvai
kUp10.

Anéden. Eyoupe [a]" = [D], yia xdde [a] € H, yioti n [D] ebvor 0 TauToTING
otowyeio e H. Oa v [a”] = [a]" = [D], Snhadh o a” xu D, eivor 10odOvaya,
onéte 0 al elvan xOpro Weddec. Auté debyver to 1. Tou Yewpruatoc. T 1o 2.
gyoupe: €otw v,u € Z. Téte agol (¢, h) = 1 Ya ebvor uh + vg = 1. "Eyouye xou
6t [al] = [D], emopévorc Y eivor

[a] = [a]*" 7 = ([a)")*([a])" = [D]"[D]" = [D],

OnAadh to WeDdeC a elvar xptLo.



Kegpdiowo 6

Nopocg avdiuong

6.1 Avdiuvuon evog npwytou cTolyeiou

Av éyoupe évav p npdto oT0 Z, dev elvon amapaltnTto 4Tl X0t 0 WOEMdES (p)
Yo elvar TewTo 0Tov daxTOMo axepalwy D evoc owuatog apuduody K. Eivoaw moAd
ONUAVTIXG VO UTopoUPE Vo Bploxoude Toug tpdToug tapdyovies tou (p). T tny
neplntwon 6mou o D mopdyetal and éva uévo otolyelo, dnhady| yia ToeddELYHA To
TETPAY WVIXE GOUOTA, EYOUPE TO ENOPEVO Vepnua mou ogeilouye otov Dedekind.

Oevpnua 6.1 Eotw K éva odua apifudv faduob n ka1 ® = 7Z[6], o onolog
mapdyetar ané to 0 € D. FEotw 6t éyovue évav pnté mpdto aptud p xar to
eddyroto molvavupo f tov 8 oto Q, éxer avdlvon o€ avdywya mdvew and to Ly,

f= A

Téte av f; éva omorodnimote and avtd ta moAvdvupua modp, o 16eddes p; = (p) +
(f:(0)) Oa evar mpdito 16edddes ka1 n avddvon tou (p) o€ mpdTa 1dedddn ooy D
etvai

(p) = p1"-pi

Anddaén. 'Eow 0; va elvon plo pila tou fi oto Zpl0;] = Zy[t]/ (fi). Yrdpyel
puowde opopoplopdie v;i(p(0)) : Z[0] — Zy(0;), 6mou eivon

vi(p(0)) = p(0s).

H ewéva tou v; elvan 10 Zp(6;), 10 onolo elvon odpa, EToUéVLS o nuphvas kerv;
elvar tpddto Weddec tou Z[f] = D. Ipogavie Ya éyouue

{p) + (fi(9)) € kervi.
Av g(0) € kerv;, t61e g(0;) = 0, dpa § = fih,h € Z,[t]. To onolo ye ) celpd
Tou onuaivel 6tL 10 g — fih € Z[t], éxel ouvtereotéc mou doupolvTon and To p.
Enopévwe da éyouye

9(0) = g(0) — f:(0)h(0) + fi(0)h(0)
€ (p) + (f:(0)) -
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Enopévoce elvan
kervi = (p) + (fi(0)) .

‘Eoww p; = (p)+ (fi(0)), 161€ yia x&de f; 10 Beddec p; elvar TpddhTo xou IxavoToLel
0 (p) C p; xou p;| (p). T bha o Wewdn a, by, by, éxoupe (a + b1)(a + by) C

’

a+ b1bs. Enaywyixd
pit - © (p) + (f1() . fr(0))
C (p) +(f(8)) = (D).

Apo (p) |pT*...pSr, xan €TOL 0L OVOL TEMTOL TOPAYOVTES Tou WeMdouc (p) elvon Ta
P1, ..y Pr. ‘Etou Yo éyoupe

(p) = p’fl...pfr,o <k <e,1<i<r.
IMafpvouye tdpa T vopua Tou p; xan efvan
N(pi) = [9/pil

o elva
D/pi = L[6)/pi = Lp[0:] < N(p:) = |Z,[0:]] = p*,

6mou d; = Jf;. Ernlone n véppa tou (p) elvon
N(p) =12/ {p) | =p".
E€iodvoupe Tic 800 autéc vopueg xau talpvouue
N((p)) = N(plfl)“.N(pfr) &pt = pd1k1+...+dr1w

S n=dk + ..+ drkr,

xan €M OTwe elnope mo mdvew 0 < ki < e;, Vétouue k; = e; xou malpvouye To
Untoluevo.

Mopddetypa 6.1 Eotw du éyovpe Q(v/—1) drov efvar ® = Z[0] pe to 0 va
éxer eldyroro modvdvupo t2 + 1. Ag molue éu 0élovue va mapayovtomorjoouje
70 18ecddes (2). Ilpddta mapayovtomooUpe to eddyioto moAvdvupuo mod2. Efvai
+1=0+1)({t+1)=({t+1)% Apa to (2) = p? pep = (2) + (f1(01)) =
(2) + (V-1+41) = (1+/=1), yazi &povpe 6u1 2 = (1+/—=1)(1 — /-1).

Cevixotepa tdpa ag Yewpricouue Ty nepintworn 6mou YENOUUE VO THPAYOVTIOTOL-
Hoouye 0 p € Z, otov Z[/—1]. 'Eyouue tpeic nepintdoeic:

1. t2 + 1 va ebvor avdywyo tohudvupo modulo p,
2. t24+1=(t+1)(t —1) mod p, pye I> = —1 mod p, | # —I,
3. 24+ 1=(t+1)*mod 2, p=2.

Y10 1 Ya éyouye 1o Weddec p va elvor TpHT0, eVH 070 2 Yo elvor (p) = p1p2, P1 #
p2. Téhoc 510 3, (p) = p?, p1 TP®TO LBEMDES.
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6.2 Avdluvorn oe enextdoelg Galois

Ye authy Ty Toedypapo Yo Bolue Twe avahbovTal To TeoTa WBeddn Tou K, ot
enextdoeic Galois. Tt va yiver autd, Yo npénel apyixd Vo ELGAYOUUE TOV 6pO TNC
drohddwone. ‘Eotw K éva oodya aptducdv xou L pla tenepaouévn enéxtocy| Tou.
O ypdgouye amd eded xou mépa ue D, D, Touc BaxTOAOUS axepalwy Twv K
xou L avtiotoiya. ‘Eotw éva p, npdTo Bemdec 1ov Dg. To pD 161, Yo elvon
18ewdec Tou Dy, omdTe Yo avolDETOL OE TEMTA LWBEWDN

pDL = BB

To B;, elvor mpddta 18e@dN tou D, xou meptéyouy 0 p. Ot axéparol aptipol e;,
Touc onoloug Touc GUPPBOALOUUE X eg3,|p, OVOUdLovTaL SelxTeC BLaXAEOWOTC TOL
p oto B,. Kdde B; diver pla enéxtaon swuatoc Dk /p C D /B, pe Ladud f;
J,)p TOL TOV Ovopdlouye Badud adpdvelac Tou p oTo Bi.

Oevpnua 6.2 Eotw K C L ka1 p npddto oto K. Av e;, f; énws ta oploaje
mpw, tote Ja elvar

Zeifi = [L : K]
i=1

Anddaén. Bréne Jewpnua 21 [3].

Ou Népe 6Tt éva Weddec p tou K Swonchadileton, av xdmotoc and touc deixtee
dlaxAddwone e; elvon peyahbtepog and 1. OL neplocdtepes enextdoelc Tou o yag
anaoyolfoouy elvar Galois enextdoelc, ondte xar Yo €youye ta axdrovia.

Oedpnua 6.3 Eotw K C L Galois enéktaon ka1 p npdto 16eddeg tov K.

1. Hopdda Galois Gal(L/K), éxer petaPatikri dSpdon ota mpdta otoieia tov
L nov mepiéyour to p, dnladri av B, B’ npdta 16ecdn tov L mov mepiéyouvy
0 p, tdre Ja vndpyer évag o € Gal(L/K), térowg dote o(B) = B'.

2. Ta mpdta 10ec36n B; tov L mou mepiéyovr to p, éxovr dla to 610 e kai To
1610 f, éror To Decdpnua 6.3 yivetar

efg=|L:K].

ArnddeiEn. To 2 eivon ouvénewa tou 1. T to 1 tdpa, Eyouue: éotw dtL o(B) # B/,
yia bhoug touc 0 € Gal(L/K). Téte cbugwva pe 1o xwvélixo Yedpnuo Yo undpyel
ulot Aoon vy o oboTtnua

z = 0 mod B’

x =1 mod o(B),

v 6houg toug 0. 'Eotww a € D n Aon tou cuothpoatos. Oa elvon N(a) €
Dr NYB', agol and 1o cbotnua éyovpe 6Tt a € B’ = p. Enlone e o ¢
o(B) & o (a) ¢ B. Mnopolue ThPa Vo EXPPAGOUPE TNV VOPUL TOL v Ga
Yv6peEvo Ghwv Twv ot (o). Kavéva ané autd to otouyela dev avixel 610 B, dpa
N(a) ¢ B. Auté buwc elvon drtomo, agol npwv deilope bt N(ar) € p C B. 'Etot
o(B) =B, v xdnow o.

Av éyoupe enéxtaon Galois L/ K, o Myue 6Tt 10 1deddec p tou K, dronchodi-
Cetan av e > 1 xon elvon adiohddwto av e = 1. Av e = 1 xou emniéov éyoupe 6t
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f =1, t6te Yo Mépe 6TL To WBeWdeEC P, Baomdtan mAKewe oto L. Tédte 10 pD 1 Ya
elvar 10 ywépevo [L : K] ne@dtewv WBewmdohv.

Alvouye toug oplopols 800 ouddwy, tTne ouddac dloxhddwone (decomposition
group) ot tne opddac adpdvelg (inertia group), evéc Weddouc B.

Ogiopoéeg 6.1
1. Opdéba drakAddwong etvar n oudda Dy = {0 € Gal(L/K) : 0(B) = B}.

2. Oudda adpdveas etvar n oudda Iy = {c € Gal(L/K) : o(a) = a mod
B, ya kdle a € D }.

Hoapotnpolpe 6t woyler Iy C Dy, Auté vyl 1o o(B) = B unopel va
exgpootel oav o(a) = 0mod B, av xat yévo av a = 0 mod B, nov onuaivet
ot a € B. Av ndpouye éva otolyelo o € Dayg, autd Yo endyel auTOUOPPLOUS
g oto D1/, o onoloc elvar 0 TawtoTiNGe 610 Dk /p. TuuPorilovye ye Gy
opdda Galois tne eméxtaonc D /p C D /B. Apa cOUQLVA YE To ToPATAVE
g € G. Enopévec o0 o — G endyel ogopopgioud Dy — G. O nuphvac autol tou
opouop@Leuol eivor axplBag 1 ouddo adpdvelas I, Luvodiloupe oty axdioudn
TEOTUGT.

MMpértaon 6.1 Fotw Dy, I, G, énws ta oploaue mpv. Oa elvar
1. O opouoppionds Dy — G efvar end. Ernopévas Dy /I = G.
2. |Ig| = eq|p, ka1 |Dog| = es|p foap-

Anddaén. Bréne Jewpnua 28 [3].
H endpevn npdtacy Yo poc Bondroel 6o av éva TpodTo Weddes elvor adLoxAd-
dwTo, 1| dlaomdton TANpwe oe uia eméxtaoy Galois.

IMeétasr 6.2 Eotw enéktaon Galois K C L, pe L = K(a), a € Dy, ka1 f(x)
70 €Ad)10T0 TOAUGYULO Tou o Tidvew amd to K, tétow dote f(x) € Dklx]. Av o
p efvar mpdito oto D katr to f(x) avaldetar mArjpws modp, téte éyouue:

1. Top eivar abrakAddwro oto L.

2. Av f(z) = fi(z)...fg(x) mod p, drov ta fi(z) elvar avdywya modp téte to
B; =pD1 + fi(a)D elvar mpdto 16ecddeg tov Dy, pe B; # Bj, i # j, kai
p® 1 = B1...B,. EmnAéov dAa ta f;(x), éxovv tov id1o Baud, o omoiog eivar
o BaOuds adpdveas f.

3. To p deorndrar mAripws oto L, av kat pudévo av n f(x) = 0 mod p éyer Adon
0t0 D .

ArnddeiEn. Bhéne mpdtaon 5.11 [4].

6.3 To copa xAdoewv tou Hilbert
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Ewodyouye ula mohd onuovtin évvola yia TNV BOVAEL UaC, dUTH TOL GOUATOC
xhdoewyv tou Hilbert. A¢ dcddoouue 800 opiopole, oL onolol elvon amapaltnToL Yia
VoL T0 0plGouyE.

Opiowode 6.2 Mia enéktaon K C L eivar afehiavr), av eivar enéktaon Galois
kar n opdda G = Gal(L/K) elvar afeliavn.

Ogowdc 6.3 Mia enéktaon K C L ovoudletar aduaxdddwn (unrumified), av
kdOe mpdito aroieio tov K efvar adiakAddwto otn L.

Oedpnpa 6.4 Av éyouvue éva odua apidudr K, téte vndpye pila menepaopévn
enéktaon Galois L, yia tnv omofa Oa efvai:

1. H L efvar adraxAddwtn afehiavn enéxraon tov K.
2. KdUe adiakAddwtn afehavr) enéktaon touv K, Ppioketar péoa otnr L.

‘Eva tétow odua L, Aéyetar odpa kAdoewy tov Hilbert, yia to K. Efvar n péyotn
aPehiavn) enéxraon ya to K ka1 mpopavds eivar kair povadikn.

ArnddeiEn. Bréne Yedpnua 5.7 [6].

Avupa 6.1 FEotww enéctaon Galois K C L, kar p éva mpddto 18ecides tov D,
adukAddwto oto L. Av to B elvar npdto tov Dy ka1 to omolo va mepiéyel to
10€d0€S P, ToTe Undpyel éva povadiko atoiyeio o € G, tétolo dote yia kdle o € D,
va efvai,

o(a) = V¥ mod B,

émou N(p) = |Dk/p|, n vdpua tou 1decddoug p.

Anddatn. Botww Dy, Is, G, bnwc 1o oploade otny Tponyolevn mopdyedo.
‘Eyouue hotnéy delfer 61t Dy /I = G. Eniong agot to deddec p elvar adanhd-
dwto 610 L, obugwva pe Ty mpétaon 6.1 Yo éyovyue 6t [In| = ew), = 1. Etol
Tehxd Vo éyouye 6Tt 0 0 > & opilel toopopgions Dy = G. H enéxtaon Galois
D /p C D/B, éxet oudda v G 1 onola cav oudda Galois, éyel yewwhtopa Tov
autopoppioud Frobenius x — x7, 6mov ¢ eivar 1 D /p|. Enopévec, Jo undpyet
gvac povadixdc o € Dy, o omoloc anewxoviler oto otoiyelo tou Frobenius. “E-
YOULUE eT{one and Tov oplopd e voppac evic Wewdoue, 6Tl | D /p| = N(p) = g,
dpa etvan
o(a) = aV® mod B,

yio xdde o € Dp,.

Opiopwoc 6.4 To povadixd otoeio o tou mponyoUievou Arjjipatos, kaAeital ou-
Boko tou Artin ka1 Oa to oupfodilouvpe and €6cd kai mépa L/TK) ‘Exel 1§ akd-
Aovleg 1b10TnTes.

IIéeropa 6.1FEotw K C L enéktaon Galois, p éva adrakAddwto mpddto 10€kdeg
ov K. Av éxouue éva B, nov va mepiéyel to p, Oa elvar:

1. Av o € G=Gal(L/K) téte

(st = ()~
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2. H tdén tov ((L/K)/B) efvar o Paduds adpdveaas f = fo)p-
3. To p dweondrar TAjpws oo L, av ka1 uévo av (L/K)/B) =1

Arnddeln. To 1 elvan mpogavéc xou Byalvel dueca and v povadixoétnTo Tou
obuBohou Artin, xou To yeyovoc 6t 1 G elvon ofehavy. To 2 tdpa. 'Eyouue
6T 0 P elvon adlorddwTo, enouévee drwe éyouue Lavamel, Oa eivon Dy = G.
No Yupndolye 6t 1 G eivan 1 oudda Galois tne D /p C D /B, n onola eivor
enéxtaon Bodyuol f. Apa xan 1 téEn tne G da ebvar f. Téhog, o obpBoro Artin,
omelxovileton OE YEVVATOPX, ETOUEVKC 1 TAEN Tou Yo Tpémet va ebvan f. To 3 elvon
TeTppévo. Aol To 1Beddec p daomdton TApwe 6tay e = f = 1 xou €36 €youpe
unoYéoet 6Tt e = 1, olupuva xou Ue o 2, naipvouue 1o {ntoluevo.

IMagatrienor: To cbuBoho Artin elvon (Bio yior Gha Tor TEdTA LOEDDT P U6VO
av 1 enéxtoon eivon offelavy. Enopévwe, Yo e&optdtar povo amd 1o 18e@dec p.
Mrnopolue Aotndv va 10 YpdQOUYE Gav L/TK .

"‘Eotw 1 opddo 1wV XMooty Wewdny F tou D k. Eépouue 6Tl xdlde a € F
€yEL avdhuoT o TEWMTA,

a= Hp:i, r; € Z.
i=1
To cOufBoro Artin Ya ebvon :
(L/K) B H (L/K)”
a 1\ P .

Enopévwe to olufoho Artin endyer opopopgioud, tov onolo ovopdlouye Artin
ATELXOVLOT:

(H5) . cas

Na onueidoouye 6Tt auTOC 0 OUOUOPQPLOUAS EYEL VOTUI, UGVO YLal ADLOXAGDWTES
ENEXTAOELC.

Oedpnpa 6.5 Eotw L to ogdua kAdoewv touv Hilbert evds oduatos aprdudyr,
K. Téte o opopoppiouds Artin
L/K
(/—) : F — Gal(L/K),
efvar ent kai éyel mupnva TNy opdda twy KUplwy kKAaouatikay 1dewddy P. Eroué-
vws, olupova ue to Jepeliddes Jedpnua twy wopoppioudy, da éovue:
H = Gal(L/K).

IMépropa 6.2 Ay éxouue éva odua apidudy K, tdéte vndpyer pia éva mnpog éva
avniotoiyia petabl twr adakdddwtwr afeliavdy emextdocwy tou K, kar twy
vroopuddwr H tng ouddas kAdoecwr 10ewbddv H. AnAadn av pia enéktaon M,

avuiorowel o€ pla vrooudda H C H, n Artin aneixévion Oa endyer 10opoppiopnd

H/H = Gal(M/K).
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IMTépropa 6.3 Eotw L 10 odpa kAdoewv tov Hilbert, evés oduatos apifudv K.
Eoww eniong éva mpdto 10eideg tov K, p. Tdre to p Ja daondrar mArjpws oo L,
av kai uévo av €tvai KUp1o 10€dOe.

Arnddeln. Eépoupe RON and to mépiopa 6.1, 611 T0 p SraomdTon TAREWS, AV XoL
wévo av ((L/K)/p) = 1. Agol o Artin endyet tov wopoppioud H = Gal(L/K)
o éyouvue ((L/K)/p) =1, av xou uévo av EYOUHE TNV TETELUUEVT XAAOT LBEMIOV.
Anhadn 6ho to xhaoPatind Wewd elvan xVpLa, XETL TOL PUOE XaIGTA ok TO P
%VpLo WEeDDEC.



Kepdiowo 7

EAkeintixeg KaunOiec.

H Jewpla Toov eAAentixedy xounOAwy, elvo auth 1 onola Yo Yoc anacy oot
omé €3¢ o wépa. Apyixd Yo dooupe xdmota Bacixd oTouyelor Yior Ti EAAELTTIXES
xaUmOAEC xou €melta Yoo SOUUE XAMOLEC EQUPUOYES TOUC GTNY XpUTToYpaplor Xa
TOV TPOTO UE TOV OTol0 GUVBEETOL UE OAX TA TPONYOUUEVA TIOU €YOUME TEL. O
Eexwhooupe, ytillovtac olyd olyd Tov oplond wag eEARELTTIXAC XouTOANG, Ywpeic
va efgaoTte Wialtepa auaTnEoL.

7.1 Ocewpld TWV EANELTTIXOV XAUTVAWY

T elhermuxéc xounAeg tic opllouye Tdvw and éva odua K. Autd unopel yia
napddeypo va etvar o R, C, Fp, Q. Tuvidwc ta R, C yenowonoiodvta yua
YEWUETEXE TpolARuata, To Q yio BlogavTixd TpolARUaTa, EVE OTNY TEpinTWoN
e xpuntoypapiag BAETOUVUE TIC EANELTTINEC XAUTOAES, TAVL omd METMECUCUEVA
cwyota Fp.

Opiopbe 7.1 Oa opilovpue ue V(f) evds molvwvduov f(z,y) € Klz,y|, to oU-
volo twv onueiwy undeviopol tov. Oa to kalolue alyefpikd avrvolo tou f oto
K. Efvai dnAadn

V(f)={(z,y) € K*: f(z,y) =0} .

Opiopwoc 7.2 Opilovue yévos g yag emedveias, tov apiud twy «Tpundrs Tns.

T ouvéyea, divoupe plo meptypagh yia Tov tpoBokxd ywpo P (K) tou K.
Oa elvan T0 clvoro
{(SC(), 7:Cn> € Kn+1} ’

WE TOUAdYLoTOV %dmolo and ta x; # 0 xou EQodLaoPéVo PE TNV o)éan tooduvopulog
~, GLUPWVA PE TNV oTtola

(:C()v "'7':61) ~ (yOa ey yn)kv

av undpyet éva A € K* tétolo dote ; = Ay; ya xdde i. Anhady, yia napddelypa,
1 npoPohx eudela PL(K) etvor

PY(K) = {(z,y) € K>\ (0,0)} / ~,

56
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OTIOU €Y OUUE
(z,y) ~ (@', y") av (z,y) = Ma",¢/).

Eivor dnhadn 1o clvoro twv gudetdv tou K2 mou mepvdve ané o onueto (0,0),
EQOBIAOUEVES QUOLXA UE TNV oyéon tooduvauiog ~. H euldela duwe z = 0, dev
umopel v ypoptel ot Yopph y = Ax. Zépouue 6Tl xadde 0 A avgdvel, 1660 1)
evdeio auth Yo Thnodler Ty @ = 0. Enopévewc da éyoupe 6t PH(K) = K U {oo}
ue A € K dtav éyw evldela y = Az xou yio Ty evdela 2 = 0 Yo €youpe A = 0o
Enlonc Ya €youpe 1o npoBoAixé eninedo,

P*(K) = {(,,2)\ (0,0,0)} / ~,

ue (z,y,2) ~ (2',y,2") av (z,y,2) = Ma',y,2"). To P*(K) 9a eivon, T0 5Ovo-
Ao Ty evdedv Tou Tepvdve and to onuelo (0,0,0), ye v oyéon wwoduvapiog
Tou Eyoupe opioel meonyoudévee. O eudelec mou avixouv oto eninedo z = 0
avTioToy o0y o daviopata e wopgrc (z,y,0), dnhadh anoteholv éva PH(K).
Enopévwe Va elvon

P*(K)= K?UPY(K) = K*UK U {cc}.

O tp1ddeg mou anotehody autd ta onpela, ovoudlovtol TEoBoNXES GUVTETAYUEVES
xou ouuBohilovton ye (z 1y : 2).

Oplowode 7.3 Oa kadolje opoyevés moluvdvupo, éva moAvdvuuo f to omolo elva
dOpotoua povwviuwy tou 1drov Baduol.

T napdderyua o f(z,y,2) = xy?23 + 22y + 23y2? ebvon éva opoyevéc mo-
Audvupo.  Av éyoupe éva opoyevée moluwvupo f, xou (z 1yt z) = (2 1y -
Z) e (x:y:z) = Moy, 2), 6t fla,y,2) = 0 & f(o/,y,2") = 0 xu
fla,y,2) = Xf (2’ y',2) pe d = deg f, A #0.

IIéeropa 7.1 Opoyerny nodvdvuua oe mpoPolikd ydpo, opilovy akyeBpikd ov-
vola:
V(f)={(z:y:2)€P?®: f(z:y:2)=0}.

Ogowdc 7.4 Eotw | € Kz, y, z] opoyevés molvdvupo. To V%f ﬁa KaAeftal

opaAd oo (g : Yo : 20) av ka1 uévo av f(xo,yozo) = 0 a1 ( 6£, gi, 32) #(0,0,0).

Ogowdc 7.5 Mia eAdeintikr) kaumiAn opiouévn oto K, efvar to otvolo V(f)
evis f opoyevols modvwripou PBaluov deg f = 3, téroio dote o V(f) va elvar
TarTol ouaAd.

Oplowde 7.6 Mia eldeintikn kaumiAn Oa kaAetzar un 1616puopgn (non-singular),
av ya kavéva onpeio tng dev 10y vel
of of of
=, =, %-)=(0,0,0).
(81' oy 82) ( )
Opiowée 7.7 Eoww K éva odua ka1 K n alyefpixi kleiotétned tov. Mia
eAdeintikn) kaumidn ndvo and o K opiletar va efvai to odvolo twr AVoewy oto
mpoPoliké eninedo P2(K), tng opoyevols ekfowons tov Weierstrass,
E:Y’Z+a1 XYZ+a3sYZ? = X3+ ax X?Z +au X Z? + agZ>.

€ a1,a2,a3,a4,06 € K. H e&lowon avtn ovopdletar paxpd e€iowon tov Weier-
strass.
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Optowée 7.8 Fotw odua K ya to omofo va éyovue K € K C K. 'E-
va onueto (X,Y,Z) s E Oa kahefear K-pnté onuelo s E, av (X,Y,Z) =
a(X,Y,Z), a € K, (X,Y,Z) € K3\(0,0,0). Ta K-pntd onpeia tg kapumiAng
E 9a ta ouuPorilovue E(K), ya evkolia kai Oa ta ovoudlovue pntd onuela tng
KauTUATS.

H »opmOAn €yet éva uévo onuelo ue tnv Z-cUVIETAYPEVY TOU Va efval undév.
Eivau 70 (0,1,0). Oa 10 ovoudlouye onuelo oto drewpo xou Yo 1o cuuBohilovye
pe O. Tevixd Yo ypnowonotolue v agxy poper tne e&lowone Weierstrass 1
omola efvan

E:Y? 4+ XY +asY = X2+ a2 X?+ as X + as.

Ta pntd onueia e xapmdAne otny agvxr tepittwon eivor oL Aol tne oto K2
xat To onpelo oto drelpo O. BOa dwoouye Twpa xdnolec otadepés, Tic onoleg Yo
XENOWOTOLACOUPE TN cuVEYELa. ‘Eyouye:

by = a% + 4as, by = aras + 2a4, bg = a% + 4ag,

2 2 2
bs = ajac + 4azas — arazay + azaz — aj,

cy = b3 — 24by, cg = —bs + 36baby — 216bs.
Opiopoc 7.9 Opilovue dakpivovoa A, yuag eAarntikris kaunidns E, va efvai:
A = —bbg — 8b3 — 273 + bab,bg.

Ye mepintddoeis dmov n yapaktnplotiki tov oduatos K eivai char(K) # 2,3 tdte
éyouue

A= (c}—ck)/1728.
Mia kdumvAn Oa eivar un 1616popgn, av kai pévo av n draxpivovod tng efvar didpopn
Tov unoév. Av topa efvar A # 0 opilovue tny j-avaddolwtn g kaumiAng va

efvai
3

. Cy

H j-avarlolwtn éyel dueon oyéon yue TNy looudoppia 800 EAAELTTIXWY XouT0-

Aov. I ouyxexpiuéva, av éyouue eMetntixée xauniiec E xou E’, optopéveg

Tavw and évo alyeBoixd xAeloTd odua, ToTE Yo elvor IGOUOPPES, AV XoL UOVO oV

oL j-avahholwtéc Toug elvan {oec. Ou Aéue 6Tt ov E xou E' opiopévee pe v e&i-

owor Tou Weierstrass elvon 1oouoppeg mévw and 1o K, av xa udévo av umdpyouy
otadepéc 1, s,t € K xou u € K* tétolec dote oL yetaBAntéc

X =u’X"+r, YV =Y +su’X' +1t

va yetatpénouy v E oty E'. Elpoaote étool mhéov, va oplooupe tov véuo
ouddag ot plo ehhetmtx| xonOAn. Av yivel 1 ahhayr uetoBAntody
b b
X=X -2 v=y -Zx_-2)_-58
12 2 12 2
otnv eZlowon tou Weierstrass, t6te Yo mdpoupe v €€Xc LobUop@n eEANELTTLXN
XU mOAN:
E:Y*=X*+aX+b, a,be K. (7.1)
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‘Eotw enlone P,Q 80o Swupopetind pntd onuela e E. H eudelo mou evddvet
ouTd To 800 onueia, a@ol téuvel plo xUBL xaumOAn, Yo mpénel vo TV TEUVEL
xaL o dhho éva onuelo, éotw R. Ialpvouue t0 oupuetond onueio tou R otov
d€ova v x. To onuelo mou Ya Bpolue elvar to ddpolopa Twv onuelwy Twv P
xor Q. Amodewvletar, 6ti 1 medEN auty, opllel mpooletiny| aflehiavry oudda e
otouyela to pNnTd onuela TN E xou oudétepo otolyelo, To onuelo oto dnewo O.
(Twot Aemtopépelec oTn Sour| OUddas Xal 0TO VOUO OUABAS TwV PNTMY ONUEIDY HLag
eEMETTIXAC XoUTOANG, BAéne [8]). To enduevo Mupa eqapudleton yia ENAELTTIXES
AUUTOAEC TAVW ATO GWUATH UE OTOLUBATOTE YALAXTNELITLXY,

Adppe 7.1 Eotw n eAantikr) kaumidn pe e€lowon
E:Y?+a XY +a3Y = X2+ a2 X? + as X + ag,
kai éotw Py = (21,y1) ka1 Pa = (x2,y2) 000 onuela tng xaurnidns. Tdte

-P = (5017 —Y1 — mxr1 — 03)-

Oérouue
Y2 — U1 Y12 — Y21
A= " p="——"-, 11 F22
T2 —T1 T2 —T1
ka1 eniong
B 322 + 2a9x1 + ag — a1y _ —3 + agr1 + 2a6 — azyr

)

2y1 + a1x1 + as 2y1 + a1x1 + a3

av ¥y # x9 ka1 Py # —Py. Av etvat P3 = (z3,y3) = PL + P» # O tdte o1
ovrtetaypéves tov P3 Oa divovtar and

3 =M+ a1\ —ay — 1 — 2,
ys = —(A+a1)rz — p— as.

AN plo évvola mou Yo pag ypelaoTel elval oUTH TNG ATEXOVIONG HEGK TOU M
nolamAactocpol. Auth nalpvel éva onpelo P xaw to otélvel oto onuelo P+ P+
.+ P, m gopéc. Auth n amewxdvion elvor ouctaoTtixd 1 Bdom Yo Ty Xpurtoypapio
ME EANELTTIXEC XAUTUAEC.

7.2 EMNewmntixég xaunOAeg TAVEL ANO TENEQACUE-
Vo COUATA.

Ané eded xau oo e€r¢ Ya douledouue Tdvw and menepacuéva oouota Fqg, exel
ONAadn Tou €youde TiC eQapuoYEC oty xpuntoypagio. Kdt ntou Yu yoc anacyo-
Moel apxetd, ebvon n edpeon e TéEne twv pntodv onuelwy e E(F,). Eotw
eMetmTx) XoaunOAT E opiopévn méve and éva oopa Fq. Opilouue tov evbopop-
poué tou Frobenius va eivon 1 e€rig anewxdvion

E(Fq) - E(Fp)
p:q (vy) — (z999)
@) — O

To endyevo Yewpnua mou anodelydnxe and tov Hasse, divel éva gpdypa tng
wEne e E.
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Oedpnua 7.1 Eotw E(F,). Tére da elvar
[E(Fq)l —q—1] <24

ArnddeiEn. Baéne [8] 1 xepdhato 5, ecdpnua 1.1 [2].
‘Eotww E(F,) pe ¢ nepitté aptdud. H elherntins; xounOin téte da elvon

Y2 =X34+aX +0.

Autéd mou Béhoupe v Ty |E(Fy)| ovowotxd elvon ta onuela yio ta onola To
X3 4+ aX + b ebvar tetpaywvixéd uréromo modulo g. ‘Eotw to odufolo tou
Legendre, ye
(X3 +aX + b)
q

[No xéde = mou tou dlvouue G pog Bivel 1, avdloyo pe To av €youue 1\ Oyt
TETPAY WYX udAoino. Enopévewe av ndpoupe to dpotoua

X3 X
TS
7 q
Va éyouvpe ot |E(F,)| av ABouue unddn xau 1o dnepo onpelo, oolta pe

|E(F,) =1+Z(1+(W)) :1+q+2(w).

q
Av cuvdudooupe to anotéheopa awtd xou to Vedpnua 7.1, téte Yo mdpouye To
eZhc mopioya:

IMépiopa 7.2

Z(X3+aX+b)

4 q

<244

H <d&n howndv piog eMerntinnic xoumnding Ya ebvor {on e
[E([E)| = 1+q—t,

6mou 0 t autd, ovoudletan {yvoc tou Frobenius. O unoloyiopéc tou [yvoug
tou Frobenius efvor apxetd dboxoroc. Elvor xdtt mou Yo pog anaoyolrfiocel ot
oLVEYELL, POl TO Vo EECOUUE OTNY XpUTTOYpopla TNV TAEN TNG OUADUC TWV PNTAOV
onuelwy ploc xounding, eivan e€arpetiniic onuooioc. To t wavonoel Ty enduevn
eZlowon, 1 onola elvor 1 Baoixr 16€a YLt Tov ady6prduo tou Schoof, nou Yo dolue
apY6TERA X0 0 0ToloC UTOAOYILEL o3¢ autd to t. Elvan howmdv yua éva onueio
P(z,y) tne xoundne

¢*(P) = [t]o(P) + [q]P = [0] <=

(@, y7) — [t)(29,y) + [g)(z,y) = O.

No onuewdoouye enione 6Tt UTdEYOLY XATOLL EBY) EAAELTTIXWY XAUTOAWY, 6-
TOU TPETEL VoL AMOPEVYETAL 1) XPUTTOYPAPNOY agol elvar eUGAwTESC oe emtdéaeLs,
xdmotec and i onoleg Yo dolue apydtepa. Av éyouue t = 1 Yo Aépe 6L n E elvan
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avepoy, agol Ya eivan |E(F,)| = g. Evad, dtav éyoupe ty mepintwon émou 1
Yoo Tneto T, p Banpel o tyvog ¢, Tote Yo xaholye Ty E supersingular. Anodet-
xvoetaw 6Tl 6t plat B O efvan supersingular av éyoupe p =2 i p = 3 xou j(E) =0
fovp > 5xut=0. Euel do acyorndoldue ye oduota yopaxTneloTxnisc 2, 1
ueyahbTepNC TOU 3.

‘Eotw hownéy K =F, pe ¢ = p™ xou p > 3. 'Eyovpe myv E(K) ue

E:Y?=X3+aX +b.

O éyouue 61t A = —16(4a® + 27b?%), eved> 1) j-avodholwtn j(E) = 71728%"3. O
TOToL YL Tov Vouo ouddac Yo eivor —Pp = (21, —y1) ot av elvor 1 # T TOTE

\ = Y2~
Ty — a1
Av ebvon z1 = x2 o €youye
327 +a
2y
'Etol av 9élouye va Bpolue to onuelo P3 = P; + P5 Yo mpénet va xdvouye yprion
TV TOMWV

Py = (z3,y3) = (\* — 21 — 22, (21 — 23)A — y1).
Av 16pa Eyouue coUATa PE YopoxTnELoTiX 2, Snhadh ¢ = 2™, n > 1 Yo eivon
12
J(F) = %= H eheintied xapnOin t6te Ja éyet elowon
E:Y?+ XY = X?+ axX? + ag.
Oa €youpe TP
—P = (21,21 + 1)

oL AV T F To

\ = Y1+ Y2 _ Y1T2 + Y221
x1 + 3o’ 1+ X2
EVW OV T = T9
2
T
A= 1+y1’ =23
T1

‘Etol howndy yia 1o (23,y3) = P3 = Py + Py Yo ebvan
T3 :)\2+)\+a2+$1 + X2,
ys = (A +1)zz + p.

7.3 IloAvovupoa dLalpeong.

Ta toAucdvuya Swatpeang Ya ta cuvavticouue otov akydptduo tou Schoof, 6ou
Yo Bpolue v TdEn wac elewmtinic xauniine. Ed¢ da ta oploouye xon Do
OVOUPEPOVUE UATOLEC BACIXEC TOUC LOLOTNTEC.

Adupa 7.2 Eotw E eldemtikn kauniAn, opiouévn ndvw ané to odua K kai
m € Z4. Yrdpyouvr ToAVGYUUa Py, O, wim, € K[z, y] Tétowa dote yia P = (z,y)
onuelo tng kaumAng pe [m|P # O, éxovue

~ On(y)  wm(z,y)
m|P = (wm(z, MERTS y)B)
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To ToAUGVLUO Py, ovoudleton TOMUWYUUO dualpeone Tne xaunvine E. Alvouye
Tov ovadpoutxd TOno mou Vo YENOLUOTOOUUE YL TNV EVEEGT] TOLU TOAUWVOUOU
dlalpeonc.

o = 0,91 =1,
Y2 =2y + a1x + as,
P3 = 3zt + bgl‘g + 3b4$2 + 3bgx + bg,
Yy = (22° + bax® + 5byx® + 10062 + 10bgz? + (bobs — babg)x + babs — b2 )iba,
Yomi1 = 7/)m+2"/)73n - 7/}m717/}§n+1a m > 2,

_ (wm+21/}72n—1 - "/)mewzn-i-l)"/)m

2m — )
P2

Or unoroyiopol tou ToAvwVOPoU Sliipeonc Va yivovton tévta modulo TV xaunoAn

o, ool wAdue Yo onpeio tdvew oe avthv. To todudvuua 0, Xt wy,, optlovto
GUVAPTACEL TOU Pp,. Elvon dnAadt,

O = -T'(/Jr?n = Ym—1Vm+1,

dywm = 7/’m+27/172nfl - 7/}m727/172n+1'

H an6deién tou Mppatoc 7.2, €pyeton amd autolg TOUS 0pLGUOUC, TOV VOUO 0Uddag
X0l QUOLXTL UPXETEC TPAEELC.

m > 2.

Ogtowde 7.10 Ay éyovpe K nerepaouévo odua, téte to E(K) efvar éva torsion
group 6nAadn kdOe onueio P tng E éyer nenepaouévn tdén. Av éyovue apiud
m € Z4, téte to 0vrolo twy m-torsion onuelwy tng E, to onoio Ja ovuBodilovue
e E[m], efvar To

Elm|={P € E(K): [m|P=0}.

Eivar to ovvolo twv onuetwy s E, tdéng m.

Oedpnpa 7.2 Eotw éva onueio P € E(K) \ {0} kmu m > 1. Tére P € E[m]
av ka1 uévo av Y, (P) = 0.

Op(Couye 0 TOALGVLPO

UV, M TEQITTOC
fm = wm

E, m ApTLOC

IMapatneolye 6Tt auTd Tar TOALGVLUA, BEV EYoLY Xad6hoU UESH TOUC TOV 6PO ¥,
Onhady) e€optdvton pévo amd to . O tOnor 6mou Yo YENOLOTOLOVUE Yiol Val
nadpvoupe to f, elvow:

om0, fr=1, fo=1, fs =1, fs= "2,
o
Fomp1 = fn;+2f%*F2fmf1ff,’l+1, m TEPLTTOC
" F= frqafms *fmf1fgl+1, m dpTLoC

Jom = (fm+2f72n—1 - fm72f72n+1)fm

6mou Y2 = F(X), n eklowon e eMentixhc xounoine. (T mo avoutixolc
TOmoue ZexwploTd Yo cwpaTa YopaxtneloTixic 800 xau YeyallTepnS Tou Tpla
BAéne xepdhato 3 [5].)
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7.4 To mpofAnua Tou dtaxpLTtol Aoydeltduou oTig
EANELTTIXES HAUTOAES

‘Eotw plo eletntid xaunOhn E médvew and éva nenepacuévo owua Fy, xa P
éva onpeto tne. To mpdBAnua Tou Sraxpltol hoydprduou Yo EAAELTTIXEC XaUTOES
(TAAEK), eivan 6t av €xoupe éva onuelo @ € (P), va Bpedel axéponoc aptdudc
m, TETOLOC WOTE

Q = [m]P.

Auté nou ogeldlel évac xpUTTOYREPOC Vo XAveL, Elvar Vo XaTapEREL VoL BpeEL o
TAANAec eAelnTixéc xaumiiee, dote to IIAAEK, va elvon utohoylotxd adivato
vor Audel yio autéc. Méypl otyunc, teeic eivon ot cuvinxec mou emBdAieTon Vo
mhnpel plo eAAetTer xomOAY yio va etvan ovdextixn oe emdécelc. Oo Tic avope-
POUUE ATAGC, Ywelc var TiC avaAUGOUE xou Vo dolue Tic Yedbdouc entdeone mou
xenowonowvvon. (T Aemtopépeiec avapopd xepdiato 5 [5]).

1. H npdn enideon ogelheton otoug Pohlig-Hellman, ot onolol napatrpencay
ot 1o HAA oe pa opddo G, umopel va avaydel oe ITAA vnoouddwy avtic
e G, ot onoleg €youv TEEN Suvdueic TEDOTOY aptdudy xat N TEAXY Moo va
épel pe plo epapuoyn oto xwélixo Yedenua. H Mion yua vo amoglyoupe
authy v enldeon, elvar va emthéEovye tétolo EANELTTIXT XOUTUAY], WOTE T
T4EN TNe va Exel Evay peydho tpcdto dlanpétn. O dpoc yeydhog eivon BéBona
OYETIXOC, Aol ExEL VoL XEVEL UE TNV UToAOYLoTIXA oy twy H/T.

2. Mo xoumOAn Yo mpénel var unv elvon avedUokn, dnhadn vo uny €yet tyvog (oo
pe 1. Téte Yo éyovpe t = 1 xou 1 t8€n g Yo ebvon (on pe v 6&N tou
owupatoc Fg. Autd xdvel tic xoaunUiec Wlaitepec xou ET6L TO EVAAWTEC GE
emtdéoelc.

3. Téhog, mpémer va weavoroteltar 1 cuvidixn MOV n onolo mhpe t0 6voud
e and touc Menezes, Okamoto, Vanstone. Ed¢ amontolue n wixpdtepn
A tou [ Yo TV omola va toyVet ¢ = 1 mod n, va elvon apxeTd YEYIAT.
Me autév tov tpomo eEonpolUe TS XOUUTUAEC OL OTOIEC EYOUV (VoS UNdEV
xa BVo mdvw and 1o [Fp, xadde xon tic supersingular xoundiec, émou 7
Yoeaxtneto Ty dionpel To {yvoc.

Na dotye xon nwg egoppoletar 1o IIAAEK, oe éva xpuntochotnua dnuosciou
xhewdov, yia napddeypa oto El Gamal. ©a unodécoupe 61t 0 B 0éhel va otellet
éva povnuo P oty A. Anuoocionowoly éva mpdto p xan plor EAAETTIX XoTOAn
E(F,). Enionc emhéyeton xou éva onuelo @ € E(F,), 10 onolo elvon xou autd
onuoolo. Emiéyouv avtiotoyo axépalouc n xol m, TOU Tol XedToOY HUCTIXA XAl
unohoyilouv ta nQ xaw mQ), to ool xowvornoolvtan. O B emihéyel évav tuyaio,
puoTd axépato T xou utoloyilel 1o Ledyoc (r@Q, P+ r(m@)). H A hayBdver
autd xou urohoy(ler to mrQ, to onolo VYa eivon ico pe 1o rmQ. Téloc xdver anhd
ulo apadpeon xon malpver To wovnua P, ota yépla TNnC.

P+ rm@Q —rmQ = P.

7.5 TaEn opddag eAANELTTIXNE HUUTOANG

Oo UEAETACOUUE XATOLEC TEYVIXEC, TOU YENOWOTOLOUVTAL YLoL TOV UTOAOYLOUO
NC TAENS TS OPABOC TWV PNTOY ONUEWY oG EAAEITTIXAC XUUTUANG, Ve and
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€Vol TETERACUEVO adUa. AuTh 1 Sodixacia elvor TOND oNUAVTIX OTIC EQUPUOYES
GTNY XEUTTOYpaplaL.
Ipoxewévou va napdryoupe eEAAELTTIXES XUUTUAES UE SEBOUEVT TEEN UnopoluE:

1. Mopdyouue tuyaiec xounOiec xou etd unoroyiloupe Tic Tdlewc opddwy,
uéypt vor Bpolue TNV XaTaAANAGTERT.

2. Topdyouye xaunOAes, e TEOXAVOPIGUEVT TAEY OUABIC, XoL EVOC ATOBOTIXOS
TeéTOC Elval xdvovTag Yphon tne Yewplag Tou pryadixol toAAamAaGacRol.

Ac uno¥éoouye twe éyoupe wio xoumOn UE Hop®T
Y? = X% +aX +0,

xan Oélouye va umoloylooupe ta pNTd onuela TNC, TAVL Amd COUATI YoRUXTNPEL-
ot p. Autd mou €youde va xAVouUE, elval VoL UTOAOY{GOUUE TO

p—1 3
x> +ar+b
o1 s 5 (Zartey,

=0 p
6Tov (5) elvor t0 oOYBolo tou Legendre. Autéc o tpdmoc elvan apxetd ypriyopoc
yior uxpéc TWéC ToU p, ouyxexpLuéva yia p < 10000, ahhd yia yeydheg Tiuég elvan
adlvatov va yivouv oL utoloylopol Tou AT ToUVTAL.

H pédodoc auvthv tny otiypr tou Yewpelton mo avdextiny oe emdéoel, elvou
TpWTa Vo ETLAEEOUPE €V UEYHAO TETMEPUOUEVO COUA XU ETELTA Vol JLHAEEOLUE
Tuyalec EAAELTTIXEC XAUTOAEC TR amd AUTS, TV OTOlWY oL OUDEC TWV ENTHOV
ONUEIWY VoL IXOVOTIOLOUY T GUVUTXES TIOU OPICUUE TEONYOUREVKS Yiol TNV TAEN
ouddag. H dadixacto guoixd, npobrodétel va unopolue va Bpoldue ty T8N e
eMetmTxAC xoumiAng. Ou teptypdouue TNV endUEVN TaPEdYEAPo TOV oAYOeL)-
no tou Schoof, o omolog xdver axpyBdc autAv TNV dovkeid, dniadh utoloyilel
XUTEAANAES TAEELS OUSBWY.

‘AN uédodo, v omolo Yo BoUE e cpXETEC AETTOUERELES, ElVaL QUTH TOUL
piyodixol ntoAlamhaciaopod. Ebd xdvovtag yerion authic tng Yewplag, twv el-
AELTTIX@Y XOPUTOAWY UE ULyadind TOANATAAGLIGUS, Yol TopdyOUUE XOUTOAES TTOU
ot drardéTouy ulo xUXAX uTooudda pe TEEN Evay Yeydho Tpoto. Ot utoloyiopol
Tou amortolvTa 06), elvan apXETA AydTeEpoL amd Tic UTdloites pedddouc.

7.6 'Eleyyoc tng td&ng opddog

"Eva xowvé yopoxtneiotixd yia apxetols akydprduoug, eivon 6t eupaviouy ooy
OmOTENEGUA OpXETEC TWES M, Yiot TNV TAEN ouddoac. e auThY TNV Topdypapo,
Yot BoUPE TWe UTOPOUPE VoL XAVOUUE TNV 6woTH ETAOYR TNS TAENC Tou Yy voulE.
Ané 1o Yedpnua 7.1 éyouue 6Tl Y pla ehhetntn| xounUAn E, mdvew ond éva
oW Ye g ototyela xon €N ouddag m, Yo ixavonolel tTny

lg+1—m| <24

Apywd howndy, malpvouye and tov alyépuduo ty mdavr Ty tne téEnc oud-
doc, m. H mpdn xan mpogavric Soxiacia mou meénel va tepdoel To m elvon xa
olugpwva Ye to Yewpenua 7.1,

g+1-2/7<m<q+1+2,q.
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Aol dolpe 6t oy ler autd, émerta Yo SrohéZovye Tuyalo éva onuelo P névw oty
eMhettin) xounOAn xon Yo eAéyEouue v cuvirn

[m]P = 0.

Puowd av auth dev woyleL, To m mou €youue PBpet Bev elvon To cwotd. Kdvouue
auTh) TNV Otadxacio yior apxeTd onuela e xoumOANC xan €Tol Bploxouue TEAXS
T0 M. XTC EQUPUOYES TNG XpuTToYpeapiag T, To TEdyuata elvor Alyo o amAd.
O Téc oL omoleq pog EVBIAPEROLY YLOL TNV ACPEAEL TOU XPUTTOGUGTAUATOC, Elval
oL m = Sr, 6TOU 5 €Vog UxPdS axépanoc apldude xou r évac tpdtoc. Autd dev
éyeL Wialtepn umoloyioTiny) duoxoiia va eheyydel, agol umopolue yeryopa vo
AEVOUUE DLUPEDELC Yol TECT TP®ToL dptduol, Yo va dolue av dvToc To m ExEL
aUTAY TN Lop@h. Av ot cuvéyeta dolue 6t elvan [m]P = O, téte Yo xdvouye
xau tov éheyyo [s|P = O. Av woylel, tetdue 10 onuelo autd xau emAéyouue Eva
GAho tuyaio mdAL, av xou N mdavotnTa vo cUPBEl autd elvon TORD uLxe).

Ac Sdooupe tdhpa évay alybprdpo Tou Tapdyel EANELTTIXES XUUTONES, XATIA-
ANAeC Yo xpunToYpopiaL.
Input: 'Eva pyeydho nenepaouéva coya Fy xon évay uixpd detind axépoto s.
Output: Mio elhentins) xounOin ndve and 1o Fy, e |[E(F,)| = rs, ye r évay
UEYAAO TR®OTO.

1. Awele pia tuyalo E.
2. Bpec m = |E(F),].
3. 'EXey&e tic ouvidixec MOV xan avewpohioc.

4. Hapayovionolnce 10 m, Yéco Ge Aoy Ypdvo. Av anotdyelc niyove 6o
Brua 1.
5. Av m = rs dwoe v E, ol thyawve oto Briua 1.
‘Onwe ebxola xataraBatvel xavele, 1 duoxohio b €yxelton 6To va Bpodue Ty
T4EN e elhermuixic xoumOine. ‘Evoc and touc mo anoterecpatinolc ahydpd-

HOUC TOU UTdpYoUY auTH TNV otiyuy, elvar autde mou Va meptypddoupe auécwe
xa Tov ogethoupe 6Tov Schoof.

7.7 O alydprduoc Tou Schoof.

Treviuuilouue dTL Yol GOUATO UE YAROXTNELOTIXT 2, EVOLAPEPOUATTE HOVO Yid
un LOLOUOPYPES XOUTOAES UE HOPQT
Y24+ XY = X2+ axX? + ag.
[Mo odpata pe yapaxtnetotixy) teplttd apldud ot xoumOAec Tou Yo acyorndolue

elvau
Y?=X%+aX +b,a,b€eF,.

H 8¢ tou adydprduou tou Schoof, otnpiletar oo Yedpnua tou Hasse 7.1.
Etvor va Bpotue twwéc ¢ mod I, 6mou [ npwtol aprduol ye I < lpae, UE TO lngz VO
elval 0 UxpdTEPOS TRATOC Yia Tov omolo

II t1>4va

2<I<lmax
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Téhoc pe éva xwvélixo Yewpnuo urohoyilouue Ty Yovadxr Twr Tou ¢ xaL QuoLXd
™y t8EN g eEAAemTXhC xaunmUANC.  Ag¢ Bolpe Aowmdv Alyo mo ovoluTixd Ta
Tapamdve. Apywd mopatneolue 6Tl 1 ebpeon tou ¢ mod 2 elvor eUXOAN xou YL
T 000 MEQIMTOOEL CWUATWY PE YapaxTNeioTixy Teptttd 1 80o. ‘Otav €youue
yoeaxtnelo T meplttd, Yo elvar m = g+ 1 —tmod2 & m = t mod 2 xau
amodewxvietar 61 m = 1 mod 2 av xou wévo av o X3 + aX + b elvar avdywyo
navw and o Fy. T yapoxtnolotins 2 tdea, and TNy oy Tou 1 XaumiAn yog
oev elvor 1BL6uopen, ebvar t = 1 mod 2. Ondte oLGLIGTING, EYOUUE VO XEVOUUE UE
nptdToug [ > 2. Ou ypelaoToluE Tov evbogop@ioud ¢ tou Frobenius, o onolog

E(Fq) - E(Fp)
p:q (v,y) — (z9,99)
O — O

Avutéc Yo iwavonotel v e&lowon
¢*(P) = [t]o(P) + [d]P = O.
Ocewpolpe thpa TNV e&lowon auty yia onuela Tou avixouy oto
Ell* ={P e E(Fy), [|[P=0, P +# O}.

YupPoiilouye enlone ¢ = t mod !, ¢ = ¢ mod ! va elvar oL uixpdtepot Yetixol
AVTLTPOOWTOL TN ¥Adone tooduvapiac. Autd mou xdver o Schoof eivor to e€xc.
Bploxel éva onpelo P(z,y) € E(F,). Autd Yo wavonowel Ty

@, y7) + @z, y) = [m (2%, 7).

Hafpvoupe éhat ta 7 and 10 {0, ..., I — 1}, ta Bdlovue otny e&lowon xa toexdgou-
pe molo Yo v wxavornotel. Eneita emthéyouue dhho T xon xdvoupe o (Bto. Autd
ta 7 mou Ya Bpolye, Yo anoteAéoouy To cloTNUd Yog, To omolo dnwe elnaue Vo
Aulel pe xwélixo Vedpnua xou Yo poc dwoet Ty Ador tou t tou {ntdue xou ou-
VETOC TNV t8EN e ouddag. O akyderduog BéBota anoutel xdnoec mpdlelc. O
XETOOTOLAGOUUE TOUE TUTOUS YLl TNV TpdoeoT onueiwy and tnv mopdypapo 7.2
xo vt Tt [k] P amd to Mupa 7.2 tne mapaypdgou 7.3. Tpdta unoloyilovye tic
ouvteTaypéves xou oto 000 PéAN. Autéc Ya Yo elvon ToAuwVLULXES EELCOOELS TWV
x,y xou Yo mepLéyouy xar T Tohuwvupa dalpeonc. Emedr doukebouye modulo
TNV XU TOAN pag, o geyorltepog Padudc mou Yo éyouv ot Gpot ue y, Yo elvon €va.
Prdvoupe €tol oe pla eglowon g wopehc y = a(x)/b(z) xau v avuxadictobue
oty eZlowon e xauniing. 1o téhog howndy, Ya elvon hx (x) = 0. Mla napoth-
enomn 1 onota Yo Bondioer apxetd otic Tpdiei, etvon Tt agol ta onueta P € E[l],
UTOpOUUE Vol XEVOUPE TIC TiC ToAUwYLUIXES TpdEelc modulo f;. T v edpeon
Topa Prog ANone e hix (z) = 0, Tpénel vo Bpolue Tov PEYLOTO XOWV6 DLonpéTn TV
hx(x) xou fi. Av ged(hx(x), f1) = 1, téte dev urdpyet Aoomn xou doxtudlouye
Y endUEVY TR ToU T. AV 0 UEYLOTOC X0WGC Blanpétng elval SLdpopoc Tou éva,
téte Yo undipyeL éva onuelo oo E[l]* tétowo dote

2

(@, y7) + [a)(z,y) = £[r](2%,y9).

Agol 7 Bwdixacia eNéyyer T Twwéc £7, apxel o éheyyoc va yiver uévo yio
7 € {0,...,(1=1)/2}. To enbuevo Brpa eivon va xdvoupe v B drodixascio
XOL YLOL TNV Y-CUVTETAYUEVY, PE ToV (Blo Tpdmo. Télog, auth 1 dovleld Vo yiver x



KE®AAAIO 7. EAAEINTIKEY KAMIITAEY. 67

SAAec Qopéc yiar var xaToAAEOUPE GE éva oUoTnua and tooduvapiec modulo mpd-
ot aprdyuol, xor Abvovtde to Ue xwélxo Yewpnuo Bploxouye Ty Tiur) Tou fyvoug
tou Frobenius ¢, mou onuaivel 6Tt €youpe TV TEEN TS ENRELTTIXAC XAUTOANG,
m=q+1-—t.

Yy enduevn nopdypago, Yo neptypddoupe o dAAN pédodo mapaywyhc xa-
UTOA®Y, ALTAY TOU Uy odixol TOANATAACLACHOU.

7.8 H Jswpla touv Miyadixo IToAhanAaciacuov.

Opiopwoe 7.11 Eotw du éyouvue 6Uo elantikés kaunides Ep, Es. OAes o1
aneikovioes
¢ : El - E27

mou 0TéAvouy to tavtotikd otoleio ths By oto tavtotikd tng Es, Ja kalodvtar
1woyéveies. H ameixérion nov otélver kdle otoiyeio tng £y oto undevikd tng By
efvar ka1 auty pia woyévea kai kalettar n 100y€vela Tov HndeVEs.

Opiowoc 7.12 OAes o1 1w00yéveles and uia eAdartikry kauriAn E otov eavtd
s, pall pe tny woyévaa tov undevds, oxnuatilovr daxtidio. Avtds elvar o
daxtlios twy evdopoppioudy ns E, ka1 Oa tov ouuPodilovpe End(E).

Opiowoe 7.13 Eoww K upia enéktaon tov Q. Mia order R touv K, efvar évag
unodaktUAiog tov K, memepaouéva mapayduevos oav Z-module ka1 o omolog va
1kavomolel

R®Q=K.

Moapddewywa 7.11Na tapdderyua, av éyovpe K = Q(v/'—d), ka1 D o daxtiliog
TV akepaiwy Tov, Tote yia kdOe k € Z o daxtidios Z + kB efvar uia order tou

Q(V=a).

H Soph mou pog evdiagépet tou End(E), eivar auth e order evég TeTporywvL-
%00 piyadxol oouatog aprduwy. Téte o End(E) elvou auotnped ueyohdtepog and
10 Z xon o authAv TV nepintwon Yo Aéue 6Tl 1 eAhetmTixy) xomOAn €YEL Py odixo
TOAATAAGLAGUO.

Mio edhewmtind) xoaunOAn E, elvon teouopn pe 1o C modulo L, énou L éva
héypa. Kdde mhéypa tou C mopdyeton and ta davdopata (wy,ws). Avo o-
uodeta mAéypoata A, Az, dnhady 80o mAéyyata yia To omolo UTdpyEl Utyadixde
z Tétol0¢ Wote Aj = zAg, BlVOUV LGOUOEPES EAAELTTINEC XAUUTONES Xl UTOPOVUE
va Yewpricoupe mAéypoto Tou vo mopdyovtar and o {1,7}, pe 7 € H, émou H
ouUBoAMLeL o utepBoiixd eninedo:

H={z e C:Im(z) > 0}.

Hopatnpolye 6t yior vor mapdyouy dVo Bdoewc {1,711}, {1,702} 10 Bio mAéyua,
TpENEL xa opxel va SLapépouy xoTd avTioTeédilo 2 X 2-nlvaxa ue oTouyelo and To
Z, dnhadh ye ototyelo tng SLa(Z). Anhadh 10 6UVOAO TV TAEYRETWY ToU Sivouy
Un Lo6Uop@ec eEANETTIXES XauTUAES TowTCETOL YE TOV YWPO

Y :=H/SLy(Z).
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H ouvdptnor j elvon pla avaholwTog Tou YOPou TwV EAAELTTIXWY XAUTOAWY Yol
umopolUe Vo Bolue OtL opllel Yepduop@n cuvdptno

Y —-C

TOL VoL OTEAVEL TNV Xhdom tou z mod SL2(Z) otov j(z). Anodewvieto, 6Tt 1 j
ouvdptnon endyel wla pryodixr avolutixy cuvdptnon j : H — C, 1 ornola elvan
avahholwtn x&tw and ta otouyela tne SLa(Z), dnhadn

jlvz) = j(2), v xdde v € SLy(Z). (7.2)

11
IMapatneobue 611 10 oToLyeio ( 0 1 > otélvet 0 H 3 2 — 2z 41 € H, ouvenig

1 e&lowon (7.2) diver étL 1 j-ouvdptnon elvar TepLodLXA xan SéyeTon ulo avdiuon
Fourier

ﬂ®:1+Z}WMT
q v=0

6mou g = e*™%. OL ouvteheoTéc ¢(n) UTOPOLY VoL UTOAOYLETOVY X0l YLo TopGDELY ol
€youue 6TL

1
i(q) = . + 744 + 19688 + 2149376042 + 8642999704 + 20245856256¢" (7.3)

+3332026406004° +4252023300096¢° + 44656994071935¢" +401490886656000¢°
+31764402297844204¢° + 22567393309593600¢° + 1462119114995192944*
+874313719685775360¢™% + 4872010111798142520¢*>

‘Eotw End(E), o 3oxtOMOC TV EVE0UOpQIoU®Y Wiag eARetttixic xaunoing E, un
Widpoppne. Tote o daxtOhog autde Va eivan (coc pe to Z, 1 ye yia order evdc
TeTpay WVXoL Uyadixol oopatoc aptdudy. Av woylel To teheutaio, 6ToU EYOUUE
nepintwon pryadol tolaniaocwopol, Yo eivon End(E) 2 Z + Z,.

IMoeddewypa 7.2 Eotw odua K xapaktnplotikris S1apopeTikig tov 2, kai ag
Jewprjoovue tny eldarntikn kaunvAn opiouérvn oto K pe e€lowon

E:y?=a3%—2.

Ye kdUe eldarntikn kaunvAn to Z eivar vmodaktidiog Tov dakTUAioU TwY €vO0LL0p-
Qroudy agol to tuxaio m € Z, opiler tov evoouopPIoLs

m] : E— B,
P—mP=P+...+P
EmnAéov n E emodéyetar kar tov €vdouop@iopo
[i] = (2,9) = (=, 1Y),
dmov i efvar pia mpwtapxikn téraptn pila tng povddas. Eivar cagés dt [i] o

[i] = [—1], ouvends to [i] dev elvar evdopoppiopds tov Z, kar n péyiotn tdén
Z[i] C End(E), dpa End(E) = Z]i].
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To Baowd Yedpnuo TwV EAREITTIXOV XAUTOAWY elvol

Oedpnua 7.3 Eotw 7 € H va elvai évag uiyadikds alyefpikds apiduds Baduov
2. Tére av Oéoovue B, = Z_;%, éxouue 0Tl n eldantikn kauriAn B, éxer pyadixo
mod/oud, ka1 dt1 To j(T) elvar axépaiog adyefpikds. Emmdéov to odua K(j(1))

efvar to Hilbert class field tov oduatos K.

IMapddewypa 7.3Eivar yvwotd du vndpyovy 9 uévo uiyadikd tetpaywvikd odd-
paza aprdudv pe class number 1, ta

Q(v—43), Q(vV—-67), Q(v—163).

To napandve frav plo ewoacia Tou Gauss xou anodelytnxe oané tov Heegner.
To Jedpnua 7.3 yac eCacpoiilet 61t

1 —163
() oz

; . . ;o _ 14+/-163 1
Mpdrypatt av avixatacticouue otov Tono (7.3) Ty Th 7 = —5—= € 0ouluEe

?\p 100

%1 realprecision = 105 significant digits (100 digits displayed)
? t=(1+sqrt(-163))/2

%2 = 1/2 + 6.38357266740185233085547600489044617369118
18901506294256063014919243630864451196297797117419337

65936*1

?x=2*%PixIx*t

%3 = -40.109169991132519755350083622904140053900534812
24587344061070154047010878924830850858787688518964943 +
3.1415926535897932384626433832795028841971693993751058
20974944592307816406286208998628034825342117068*1I

77 y=exp(x)

%4 = -3.808980937007652338226231516478005437619629319
380597300879006360910620456366645711876492304809962556 E-18 +
4.9823194709407332451152918416189002713812702505761935765
50495294464796671295458176238078356187261087 E-123*I

2% THIXT A

AnhodA n Th g = e —3.8089 * 107! T1nv cuvéyela tapatnpolye OTL
YL UXQEC TWES 1) OLVELOQOPd oTo avdmtuype Fourier otov tono (7.3) elvan and
10 1/q. Troloyiloupe xot ndAt 6Tt

7 1/y

%5 = -262537412640768743.9999999999992500725971981856
888793538563373369908627075374103782106479101186073129 -rare se fnm
3.434108189257855572773640382466514643819410392802921
231010082353528515643600406171384239278930629331 E-88*I

1O napaxdte mpdieic éyvay 6To Tpdypauua gp-pari
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Anhadn (xon yvwpilovtac 6t to j(7) ebvon évac axépanog olyeBpxde oto Q,
OnhadH évag axépanog) €Youue OTL 1 TEAYHOTLXr T Tou j(T) elvou

J(7) —262537412640768744.

Magathenon: O aptdudc 1/g mou ypnowonoliooue yio va urtohoyilovyue uio
TpooéyyLon Tou (), elvon uTEPBaTixdc ool PTopolue Vo uToloyicoupe 6Tt

TV 163

Z_—e¢ ,
q

xan to Yedpnuo Gel’fond-Schneider Aéel 1L ™ elvan unepBatindc av o a ahyelot-

%6¢ Bardpod touldyiotov 2. To j(7) elvon oxéponog, ydpn OTNY CUVELGPOEE TwWY

UTOAOLTIWY dmelpwY Tpocdetalwy tou avantiypoatog Fourier.

IMagatrienorn: ‘Eva dilo Véua mou meEnel var Yoc anaoyolfoel 0w, ivor 6Tl
YL VOl XAVOUUE OMOTEAEGHOTIXG TIPJEEC PE TNV oUVAPTNOY J, Vo TRETEL Vo unto-
POUPE Vo XAVOUUE TPAEELS XN THC UTODOTOAAC UE UEYAAN oxplfBeia. Autd elvon
€val EUTOBL0 GTNY LAOTONoY TV alyoplluwy auThC TNg Hop@ric O CUGTAUNTA UE
uxet, umoroyioTien oy l, 6w hand held devices, smart cards xwvntd Tnhegwva.

IMapddewypa 7.4A¢ kdvouue tdpa éva mapdderyua o€ éva tetpaywvikd puyadixd
odua aprfudv mov va éxer class number peyaditepo tng povdodas. To odua
Q(vV—15) , o onoio éxer baktiAo akapéwy D = Z[HT‘/TK’] O ap10uds kAdoewy
efvar 100§ e 2, 6TwS UmopoUe va VTOAOYIOOUUE e To X€pt 1) L€ TO gp-pari.

? gfbclassno(-15)
%6 = 2

Kdvovrtag ypron tov véuov avddvong, mapatnpolie 6t to odua

H = Q(v/5,V/-3),

dev dakladiletar movlevd mdvw and to K, dpa eivar to Hilbert class field touv K.
To Hilbert class field etvai to K (j(D)), drote o Q(§(D)) efvar pua tetpaymvikn
enéxtaon tov Q mov mepiéyetar oto H, alld bev efvar to K. Yuvernds, to Q(j(D))

etvar to Q(v/5), 1§ o Q(/=3).
Oo YpeldoTOVUE TO TOPAXATW

Adppa 7.3 Eotw a éva khaouatikd 16eddes tov D kar éotw E pia eldentikn
KaumwUAn nov va avtiotoiyel oto a. Téte wyvel o

a’ =1 oy CU(D) < j(a) € R,

ArnddeiEn. Baéne doxnon 2.9 [10].

Me Béon 1o nponyoluevo Muya éyoupe 61t Q(4(D)) = Q(V5). Eva 1deddec
Tou Bev elvar x0plo oTov D ebvar To a = 27 + aZ.

Ac vnoYéocoupe bt

j(®)=A+BV5

T67E
j(a):A_B\/ga
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OTOTE €Y OVUE

Y rohoyilouye 6T
(D) = j(Z+aZ) = j(—e V17 = j(—5.19748331238-10~%) = —191657.832863.

Enionc uroloyilouye 61l
1
jla) =7(2Z+aZ) = j <Z + 5az) = j(e~VI™/2))

=~ j(2.27979896315 - 10™37) = 632.83286254

Kdvovtag yerion twv mapandve €youue
A = —95512.5000002 xar B = —42997.5000001,

GUVETIWC

+5

1 1+/5
§(D) = ~52512 — 85995——— € Z V5

2

Zépoupe 6TL B0 eadeimTinée xaumiiec By, Ea oplouévec mavew and éva oopo K
Tou elval LobUopgeg Exouy TNy Bla j-avahhoiwto. Avtiotpdpng, av 600 ehAel-
TTUXES xoUTOAES EYouy TNV (Bia j-avahholwTo, TéTe elvan LobUoppes, dhAd 0 LoOo-
Hopptopoe opiletan mdvew amd pia teTpaywvx eV YEVEL enéxtaon Tov K. Anhadh
av 1o K ebvor éva un ahyelpixd xAewotd owpa €youde 600 To TOAY eAAELTTLIXEC
xaumOAec ye TNy Bla j-avarholwTo.

‘Eotw p évac Tpwtoc Tou Z, 0 onolog avolleto Thipne otny enéxtacr K/Q,
nhadh pD g = P1 Py, Oewpolye 1o modudvupo Hilbert, Hp(x) € Z[z]. Toupwva
e ToV VU0 avdhuong, to tohuwvuuo Hp(z) avahbetar mA¥pws modulo p, av xou
Hovo av o WeddN P; avolbwvton TAfipwe oty enéxtacn H/K. Autd duwc
onuoabver ot elvan xOpua agol to H elvon to oduo Hilbert. Apa P = a;Dk xou
enlone a1 = a@z. Apa 1o {yvoc Tou Frobenious elvou (0o pe a1 + da = tr(a;) xou n
vopua elvol ajas = p.

‘Exoupe 800 wiaitepeg Tég Tou 7, v j = 0 % v j = 1728. H poper mou
oL €y ouV oL XUUTUAES HOC, Yid TLC OLdQOpES TWEC Tou j, Yo elvou:

1. Avj=0,t6te Y2 = X3 -1
2. Av j = 1728, t6te Y2 = X3 — X

3. Av j # 0,1728 t61e Yétoupe ¢ = jffﬁ %ot oL 800 EANELMTIXES XOUTOAES
wac ebvor Y2 = X3 — 3cX + 2¢ xa Y? = X3 — 3ca®X + 2ca®, 6mov 10 a
dev elvon teTpdywvo oTo K.

Oewpnua 7.4 Ay 0 K elvar to nenepaouévo ovua Fp, ka1 jo € Fp, j #
0,1728 mod p, tdte 01 HVo eAdantikés kaunUAes Eq, Ey mou éyovr j-avvaloiwto
jo Oa éxovv tdéerg

|Eil=p+1—t, [E2|=p+1+t.

Anddbaén: Biéne Mupo VIII.3, [5].
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Oedpnua 7.5 Eotw T dnws opiotnke mpw kar pe dwakpivovoa —D. Aniadn
—D eivar n Sakpivovoa tns TEwTAPXIKIIS TETPAYWVIKAS Hoppns Q(x,y), n onola
éxer to T oav pita tns Q(z,1) = 0. Eotw hp o aprduds kddoewv tng order
pe dakpivovoa —D. Tdte to j(1) elvar axépaios alyeBpikds kar to eAdyioto
TOAUDYUHO Tov Sivetal and

Hp(z) = [ [z = j(a)),

émou to v Bratpéyer dAovg Tous uryadikols aprduovs téroovs dote, to (a, 1) va
etvar pia pila piag ex twv hp to TARY0S arnyuévomy mpwtapxikdy Loppdy diakpl-
vovoag —D.

IMagatrienor: O unoroyloude tou tohuwvupou Hilbert ue Bdon 1o napandve
Vedpnua anowtel tpdlelc xwvnthc UTOBLUoTOMC Ue PEYEAN axp{Beta xaL eV YEVEL OL
ouvTeAeoTEC Tou Tohuwvlpou Hilbert elvon ndpa mohl peydio.

7.9 H pédodog %xATAOKEUNEC EANELRTIXWDV HAUUTO-
Awv

Hopatnpolye 611 10 Yedpnua touv Hasse eZacpahiler 61 n toodtnta dp — (p+1—
m)? etvor Vet dpar unopolue va Ypddoupe

4p = u® + Dv?, (7.4)
YOl XATOLOV AXEPOLO U TTOU LXAVOTOLEL
m=p+1=+u.

Kévovtag obxpior ye 1o Yewpnua 7.4, mapatneolue TL oV XATAOXEVACOUUE WUlot
EMETTLI XOUTOAT HE PLYODIXG TOANATAAGLAOUS OTOL TO TAEYUA XATAGHEVHC VAL
ebvon 0 BaxtOhoc axepaiwv ohyePexdv Q(v/—D), téte 1 avaywyh tne modulo p
Yo ddoeL 800 eMhetmuxéc xounies e tééelc m = p + 1 £ u. Emniéov n Ao
e (7.4), xotaoxevdlel Touc Yewhtopee a; = £ (u + /—Dv)/2 twv WBewddv P;
Tou D g TNC TEONYOVUEVNSC ToPAYAPOU.

H vlonoinon tou aiyoplduou éxel we elhc

1. Eexwdye pe éva UEYENo Tp®To.

2. Awhéyouye Ty pxpdtepn Slaxplvouca xon axépolous U, v MOTE Vo EYEL AUOT)
n (7.4).

3. 'EXeyyouye av xdnow and g p+ 1 £ u elvon cavomomntixr T8En eAelntixic
xauUmOANG, av Oyt enavokauBdvouue Ty dtadxasia and to oTddlo emAoYTC
TEOTOU.

4. Av vou, unohoyilouye 10 mohudvuuo Hilbert xon pia giCa tou modulo p,
€0tw jo. H plla awth elvar 0 j-avalholwtoc mou Pdyvoupe.

5. Kataoxeudloupe tic d0o ehhewntixéc xoumiles Ye j-avollolwto (on ye jo
%ol BLAEYOUUE oUTH TOU VoL €YEL TNV emduunTy| T8,

Ac Bolue pepnd Topadelypota XaTooXEURS EANELTTIXWY XOUTOAWY, HE Uty adixd
TOAATAAGLAGUO.
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IMapddewypa 7.5 Eotw du éyovue D = 7. Oélovue évav apidud p, tétowov
dote n 4p = u? + Dv? va éxer pia Adon. Bpiokouue éu ya

p = 781221660082682887337352611537,

éxouvpe Avon (u, v), ondre Ja mpooraliioouue va Bpolue pia eAdentikn kaumidn
ndvew and to Fy,, pe tdén oudoag fon pe

m=p—1+u="781221660082681210712714541668

=s5-r=4-195305415020670302678178635417,

dmou r efvar évag mpditog aprduds. I'vwpilovue ér n class number tov Q(v/—7)
efval ion pe éva, emopévas o falids tov moAvwriuov Hilbert efval ka1 avtds ioog
ue éva. Erearta vrodoyiloupe to nodvdvuuo Hilbert, to omolo efvai

Hp(xz) = x + 3375,

kai mpopavd§ éyel uia pila modp. Apa (yrdue pla eldemtikny kapunidn pe j-
avaAdoiwzo, lon pe

J(E) = —3375 = 781221660082682887337352608162 mod p.
‘Exouue 0vo kaunides Ey, Ey ue tny iha j, o1 onoies efvar
By Y? = X3 + 3844106581135923325515205253294.X

+777088212145737475235038576554

Kai tny
By Y? = X? 4 586337137088968521507562977329X

+470612877688284093511930750213.

H E5 efvai avt) ) ornola éxer tdén m.

IMapdderypa 7.6 A dodue kar éva napdderyua dmov n class group eivar ueya-
AUtepn tou éva. Eotw D = 292. Yrmoloyilovue tnv class group tov Q(v/—292)
ka1 tny Ppiokovue ion pe 4. Onwg ka1 0To mponyoluevo napdderyua, Ppdyrvoupe
va Bpolue ya mow p éyer Abon n 4p = u? + Dy? ka1 efvar yia

p = 471064017714648581743716115253.
Bpiokouue tnr tdén opddag tng eAeintiknig kaumUAng fon ue
m = 471064017714647630725498582802.
To noAvdvupuo Hilbert Oa éyer Balud 4, ka1 vroloyiletar va elvar
Hp(z) = z* — 206287709860428304608000°

—936936225119290387594970661120000002>
+45521551386379385269629968384000000000x
—380259461042512404779990642688000000000000,
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T0 omoio éyer 4 piles modp. Avtés o1 piles eivar o1 4 j-avalloiwtes Twr eAdanti-
kv kaumlAwy pe tdén m ndvw and to . Mia téroia avadoiwtog eivar n

J = 95298163105585542899076823435,
and tny onofa maiprovue TS NG EAAEITTIKES KapTUAEG:
By Y? = X? 4 469268436428246725781035134277X

+155824285047281623272784 717767

Kai
By :Y? = X? 4 354618739573347813123389093324 X

+314551778593054362590879954574.

H E5 efvar mdhi n kaunUAn mov éyer tdén m, emouérvws elvar autni mov Ja xpn-
oponomjoovpe. Puoikd kai and tig vrdloines piles tov Hp(x), o1 omoles efvar o1
J-avaldoiwte§ dAAwy eAreimTikdy kKaumuddy, pumopolie va ndpovpe KauUTUAeS e
wdén m.



Kegpdiowo 8

TetpaywVixec LOpYEC

Eugaviletor Aowndv n avdyxn yio T HEAETN TWV TETPAYOVIXOY Hop@dy. o
v oxp(PBeto Gor JEAETHOOUUE TIC UXEPULEC TETPAY WVIXEC HOPYEC BUO UETABANTOY

f(z,y) = ax® + by + cy?, a,b,c € 7Z.

Avth n dewpla mpwta avantOydnxe and tov Lagrange o omoloc ewofyoye Tic
évvolec tne Suaxplvoucac, tne woduvaulag xar e avnypévne popprc (reduced
form). Xe ouvBuaopd pe v évvowr Tou Gauss Tng yviowc tooduvoplac, oho-
xhnpddvovta ta Bacxd otouyelo Tou yYeetalOUacTE Yo TRV PEAETN TS Baoxnc
Vewplog TV TETPAYWVIXOY Yop@®y. Zexwdue divovtoac depixols Baoxols opl-
ouoUC.

Ogopde 8.1 Mia popen ax’+baxy+cy?, kalefrar tpwtapyixn, av o1 CUVTEA€OTES
a,b, c etvar tpdrtor peta&d toug.

H perétn yag Yo neplopiotel uovo otic npwtapyixés uoppéc. Na onueldcouye,
OTL x&le TETEAYWVIXT UopPT| elvan TO axépono TOMMATAGGLO XATOLIE TEWTALYLXNS.

Opiowoc 8.2 Oa Aéjue bt évag axépaiog aprduds m aneixoviletar and pia popen,
av n etiowon

m = f(z,y)
éxer axépaia Aon (x,y). Av o1 x ka1 y efvar kar avtof Tpditor peta&d tous, Téte
Ja Aéue dt1 o m areikoviletar yvrjowa ané v f(z,y).

Ogowdc 8.3 Avo poppés f(x,y) xar g(x,y) Oa Aéyovtar 1w0odvaues av vrdp-
XOUVY aképaiol p, q,r, s T€TOI01 HOTE

f(z,y) = g(pr + qy,rz + sy) ka1 ps —pr = 1

HMapatneolpe 6t 1 optlovoa

P-4
r s ’
onAadt o mhvoxag f Z} Vo avixer oty opdda GL(2,7Z). Zoupuvo Aotméy ue

TOUS OploPole Tou €yel Bdaoel o Gauss, Yo €youue o e&ne

75
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Opiopwoc 8.4 Mia wobduvauia Oa kadefrar yvriowa 10odvvapia, av ps — qr = 1,

dnAadn o mivakag [f ﬂ € SL(2,Z). Mia wodvvauia 9a kaletar un yrijowa
1wodvvauia av ps — qr = —1.

Adppa 8.1 Mia popen f(x,y) araxovila yviiowe évav axépaio apidud m, av
kar uévo av n f(x,y) etvar yviioa 1wodlvaun pe t poper ma? + by + cy? ya
kdnolous aképaiovs b, c.

Anddaén. 'Eyovye 6t f(x,y) = m ye (p,q) = 1. Mropolye enopévme vo Bpolue
r,s € (Z), tétolouc wote ps — qr = 1 xou téte Yo elvon

fpz+ry, qz+sy) = f(p, )2 +(f(p, )+ £ (r, @))zy+f(r, s)y* = ma®+bzy+cy’.

T 0 avtlotpogo mapatnpolue 6Tt 1 ma? + bay + cy? anewoviler yvhowr o m
nadpvovtac (z,y) = (1,0).
Alvoupe oty GUVEYELX TOV OpLoUS NS dlaxpivoucac.

Ogopdg 8.5 Awkpivovoa Aomdv D tng poperis ax? + by + cy?, optlovpe tny
noodtnta D = b2 — 4ac.

T va Solpe Twe auth 1 ToooTRTa EXEL Vo XAVEL UE TNV EVVoLa TG Looduvaulag,
¢ utodécoupe 6t oL §00 teTpaywvixéc poppéc f(x,y), g(z,y) éxouy Suaxpivovoeg
D, D’ avtiotowya. Enlone f(x,y) = g(pz + qy + rx + sy), p,q,7,s € Z. Téte da
etvor D = (ps — qr)?D’, emopévec ot 3o popwéc o éyouy Tic diec doxplvoucec
u6vo av ps — qr = £1, dnhadr npéner va elvor 1GOBUVES.

To mpdonuo tdea Tne daxplvoucas plac pop@ric etvar ToAd onuavTixd yia T
OUUTIERLPOPS TN Hophic. Av éyoupe Tt popgy f(z,y) = ax? + bry + cy?, toTe
tloodUVaua Yo Eyoupe

daf(x,y) = 4a*x? + dabry + 4acy® + b*y* — b*y* = (2ax + by)? — y*(b* — 4ac)

< daf(x,y) = (2ax + by)* — Dy*.

Av éyoupe D > 0, 161 1 TETRpoYWVIXY Uac Hop@n amewxoviler xou JeTixols xou
apvnuxole aptduols xan TNV xoAoluE anpocdloplotn, eved av D < 0 tdte da
€Y OUUE OMELXOVIO 1) WOVO VeTiX®Y, 1) ubvo apvntixdy aptduy, tpdyua to onolo
eZopTdrtar and T0 TPAGNUO TOL a. e auTAV TNV Tepintwon 1 Yoper Yo ovoudleto
Yetxd oplouévy, 1 apvnTixd optopévn avtiotowya. Euele Ya aoyohndolue udvo
pe tic Yetixd opouévec TeTpaywvixéc popéc. H Buaxplvouca éyel axdua éva
onuavTind yopoxtnelotid. Agol éyouue D = b? — dac <= D = b*mod4,
OLVETWS 0 cuvteheaThc b Vo elvon dptiog av o uévo av D = 0 mod 4, 1} Yo elvon
TEELTTOC av o uévo av D = 1 mod 4.

ARppa 8.2 Eoww d6t1 éyovpe D = 0,1 mod 4 kar m évag neprrtds axépaiog
yia tov omoio wyvel étt (D,m) = 1. Tdére o m Oa areikovilerar yviowe and
uia mpwtapxikn popen owaxpivovoas D, av kar uévo av n D elvar tetpaywvid
unéloiro modm.

Anéddaén. Tw v opdf gopd, ac vnodéooupe 6t n f(z,y) anewovilel yviol
0 m. Térte, énwe yvwpilovye and to mponyolueva da ebvor f(x,y) = ma? +
bry + cy?, onbéte D = b* — 4dme dnhadh D = b* mod m. T 7o aviiotpogo,
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vrovétoupe 61t D = b? mod m. Agol o m elvon epittéc, TéTE Tor D xow b efvon
xa oL 800 dpTiol, B xau ot dVo meptttol. 'Etol, xa cOuguva HE TV TEoNYOUUEVT
napatipnon evor D = 0,1 mod 4, enopévee Yo ebvor D = b* mod 4m. Autéd
TPoPavAS onuaivel 4Tt i xdmoto ¢ Yo elvor D = b% — 4dme. To omolo ye 1 oelpd
ToL, onuaivel 6T 1) wopph ma? +bxy+cy? ue doxplvouca D, o anewovilel yvhoio
o m. [ty ohoxhipwon tne anddeling vo ONUELDCOUPE OTL 0L GUVTEAEGTEC Elvar
TpAOTOL UETAEY TOUL, and TN oTLyur Tou ot m xat D elvar oyetixd tpdtol. Anhadn
€Y OUUE VA XAVOUUE UE TEWTALY XY LOPPT.

Ipoyweolue tpa ot Batdnwon evog topiouatog, 0 onolo elval dUeco Gu-
UTépaopo ToU MuPaTog Tou YO anodelEaye.

ITépropa 8.1 Eoww n € Z kat p mepirtds npadtos, o onolog o€ diaipel to n. Téte
Oa eivar (—n/p) = 1, av ka1 pdvo av o p aneikoviletar and pia mpwtapxikn Loper),
duakpivovoas D = —4n.

AmndoeiEn. To népioya elvor dUEGO GUUTERAGUO OTG TO TEONYOVUEVO AR dpoU
T0 —4n elvon teTpaywVXd LTAoto modp av xou pévo av (—4n/p) = (—n/p) =
1.

To epotnua mou Ya yoc anacyohrioet, Yo etvar va Bpolue mpwtouc dlanpéteg
e popghc 2 +ny? pe (z,y) = 1. Me 1o nopoandve téplopa, dwouue plo tpmTn o-
TEVTNOT 6TO EPWTNUA AUTE, 0pol YENOUUE TPGTOUE oL xavorotoly (—n/p) =1,
onAady) TewToug Tou anewovilovtol and mpwTapyLxés Yop@éc Saxpivoucag —4n.
To mpéBAnua nou napovoldletol elvan TL €xouUe TOANES Lop@éc pe TNV (Bia Sropl-
vouoa. Enouévwe o npoonadrcoupe vo anodellouye dti xdde woper .ooduvayel
ot plor GARN.

MéypL topa WAOUOUUE YEVIXA YO TETPAYWVIXES HOPQES, OANG amd €0 o
népa Yo aoyohniolue uévo ye tic YeTind oploUEVES, oL OTOLEC EYOUY Xou LOLaTERO
evdiagpépov. Tho ouyxexpiuéva ac dolue Tic avnypéves wopwéc (reduced forms).

Oplowdsg 8.6 Mia rpwrapyixry, Oetikd opiojévn tetpaywvirry popgn ax?+bry—+
cy?, fa kalefrar avnypévn av

bl <a <e, karb> 01 allidg

bj=ana=c.

Oedpnpa 8.1 Kdde npwtapyikn, Octikd opiopévn popeni, elvar yviioa 1006U-
vapn pe pla avnyuévn popgn.

Metd tny SLatiTwor auTol Tou Yewphuatos, UTopoUUE Vo X3VoUUE cagr Slo-
YWetold PETAED TWV EVOLOY NS tooduvapiog xou Tne yvhoiac woduvaulios. Ta
Tapddetypa o dovue Ty epintwon 3z2 £ 2xy + 5y? dnou oL Blo uoppéc elvau ebvar
Lo0BUVAUES, ahAd apoU elvar ot oL B0O AVIYUEVES, TO TEONYOVUEVO VEDENUA o<
AéeL OTL Bev elvan yviiota toodlvapec. Eve av éyouye 222 £ 2xy + 3y?, BAénouye
6t ubvo 1 222+ 2zy + 3y? etvan avnypévn, agol a = [b|. "Apa o1 dlo autéc poppéc
elvon xa YVAoLAL LGOBUVOES.

Ipoywpolue tdpa ot wla teheutaio nagatripnon 1 onolo Yo xAeloet To Tépaoud
poc oty Yewplo TV TETPAYOVXGOY Hop@dv. Ac unoléoouue 6Tl €youue pla
avnyuévn popgh ax? + bry + cy? ue doxplvouoa D < 0. Téte Ja ebvan b? <
a?,a < ¢, enouévac

—D=dac—b*>4a’>-a*>=3d> = a < \/— /3.
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Av howndy éyoupe @ildper to D téte |b] < a xon n oxéon mou oM XaTahAEaE
woc AeL 6TL €y ouUE Temepaopévec emhoYEC yia ta a, b. Enione agol D = b? —4ac
0 (6o Vo toydel xou v 0 ¢. ‘Etol éyouye nenepacuévo mARoC avnypévey
noppayv ue dodeloa doxplvouca D. Mlugpwva ye to Yewpnua 8.1, Yo éyouue
X0l TETEPUCUEVO TANDOC XAACEWY YVAGLWV LoodUVoL)Y. AuTtdy Tov apldud, Ty
HNICEWY TWV TEOTAPYIXWY VETIXA OpLOUEVDY Uopp®y, dlaxplvousac D Yo tov
ouuBohilouye pe h(D). O omolog clugpwva e to Yewdpnua 8.1, elvon to mhidoc
TWV OVNYUEVLY Uopp@Y. XuvodilovTog, UmopoUUE VoL BLITUTOCOUUE TO THROXATL
Yedpnua.

Oevpnua 8.2 Eotw dt1 éovue emdééer D < 0. O apidudés h(D) twv kAdoewy
100duvauias twy Tpwtapxikdy, Uetikd opropuévwr popedy, hakpivovoas D, elvar
Temepaouéros kat wovtal ne to mANPos twr avnyuévar uopedy dakpivovoas D.



BiBAoypopio

8]
[9]

[10]

Tan Stewart David Tall, Algebraic Number Theory, Chapman and hall
Math series.

Joseph H. Silverman, The Arithmetic of Elliptic Curves, Graduate Texts
in Mathematics Springer-Verlag, (1991).

Daniel Marcus, Number Fields, Springer, (1977).
David Cox, Primes of the Form z? + ny?, John Wiley and Sons, (1989).

F.Blake G.Seroussi N.P.Smart, Elliptic Curves in Cryptography, Cambrid-
ge University Press, (1999).

G.Shimura Introduction to the Arithmetic Theory of Automorphic Fu-
nctions, Princeton, NJ: Princeton University Press, (1971).

Serge Lang, Algebraic Number Theory, Graduate Texts in Mathematics,
Springer-Verlag, (1970).

LAvtwwddne, EAdarntikés Kauntdes (To Jeddpnua tov Mordell), (1999).

K. Advxne - T.TUvtlAe, Aoxrjoas Oecwpilas Apifudv, Exdbcec Zhtn,
(1989).

Joseph H. Silverman, Advanced Topics in the Arithmetic of Elliptic Cu-
rves, Graduate Texts in Mathematics, Springer.

K. Adxne Oewpia Aptdudv, Exdboeic Zhtn, (1988).

Thomas W. Hungerford, Algebra, Graduate Texts in Mathematics,
Springer-Verlag, (1989).

J. Fraleigh, Eioaywyn otnv AlyeBpa, llav/xéc Exdooec Keritne, (1996).

X.Tewpyavtde, EAAaimtikés Kapunivdeg kar Epappoyés otny Kpuntoypagta,
wuytaxd epyoaota, (2003).

79



