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Kef�laio 1Eisagwg Me ton ìro migadik  analutik  gewmetr�a oi majhmatiko� anafèrontai sthn jew-r�a twn migadik¸n diaforis�mwn pollaplot twn pou oi allagè qart¸n e�nai ana-lutikè sunart sei.Genik� e�nai gnwst  o legìmenh GAGA arq :Oi kathgor�e twn migadik¸n analutik¸n pollaplot twn kai twn algebrik¸nsunìlwn orismènwn upèr tou s¸mato twn migadik¸n arijm¸n e�nai isodÔname[9℄ [11℄.To gegonì autì e�qe p�ra pollè euq�riste sunèpeie sthn algebrik  gew-metr�a ìpou k�poio mpore� na enall�sei ti mejìdou tou apì algebrikè seanalutikè. W èna par�deigma mporoÔme na anafèroume thn apìdeixh tou jew-r mato proparaskeu  tou Weierstrass to opo�o mpore� na antimetwpiste� methn bo jeia tou oloklhrwtikoÔ tÔpou tou Cauchy. 'Ena �llo par�deigma e�naih jewr�a uniformization twn epifanei¸n Riemann, ìpou e�nai gnwstì ìti k�jeepif�neia Riemann gènou g ≥ 0, mpore� na ekfraste� w phl�ko tou uperbolikoÔepipèdou modulo kat�llhlh diakrit  upoom�da th om�da automorfism¸n touepipèdou.Ston teleuta�o ai¸na e�qame poll� ofèlh apì to na jewr soume algebrik�sÔnola, dhlad  sÔnola pou or�zontai w o tìpo mhdenismoÔ enì sunìlou po-luwnÔmwn, ìqi mìno p�nw apì to s¸ma twn migadik¸n arijm¸n, all� p�nw apìopoiod pote s¸ma   daktÔlio. 'Etsi gia par�deigma h jewr�a algebrik¸n pol-laplot twn p�nw apì peperasmèna s¸mata apode�qthke na èqei efarmogè sthnjewr�a kwd�kwn kai sthn kruptograf�a, en¸ h je¸rhsh algebrik¸n sunìlwnp�nw apì s¸mata arijm¸n èdwse mia nèa ¸jhsh sth melèth diofantik¸n pro-blhm�twn me apokorÔfwma �sw thn apìdeixh tou teleuta�ou Jewr mato tou
Fermat apì ton A. Wiles   thn apìdeixh th eikas�a tou Mordel apì ton G.
Faltings.Sthn algebrik  gewmetr�a p�nw apì èna tuqa�o s¸ma mporoÔme na or�soumethn topolog�a tou Zariski h opo�a ìmw èqei polÔ meg�la anoiqt� sÔnola (k�jeanoiqtì e�nai puknì) kai poll� jewr mata pou ja jèlame na isqÔoun e�nai l�joìpw gia par�deigma to je¸rhma antistrìfou apeikon�sew.Mia lÔsh e�nai na or�soume ti etale perioqè, ìpou jewr mata ìpw autìth antistrìfou apeikon�sew isqÔoun di� th b�a [7℄. M�lista aut  h je¸rh-sh èdwse polloÔ karpoÔ ìpw h apìdeixh twn eikasi¸n tou A. Weil sqetik�2



me to �qno tou Frobenious kai thn eikas�a tou Riemann gia z ta sunart seialgebrik¸n pollaplot twn. Ep�sh, apode�xei pou bas�zontai se ergale�a thmigadik  an�lush den e�nai pia sthn diajes  ma.Mia �llh prosèggish gia thn algebrik  gewmetr�a twn swm�twn arijm¸nja  tan na e�qame m�a jewr�a analutik¸n sunart sewn p�nw apì pl rh topik�s¸mata.Sti arqè tou 20ou ai¸na o Hensel ìrise ta s¸mata twn p-adik¸n arijm¸nkai o Hasse pr¸to ta qrhshmopo�hse sthn ep�lush diofantik¸n problhm�twn.To p¸ ja kataskeu�soume to an�logo twn epifanei¸n Riemann kai to pw jaapode�xoume jewr mata uniformization gia autè den  tan kajìlou safè. 'Enaapì ta kuriìtera prob mata  tan to gegonì ìti oi topologiko� q¸roi pou prokÔ-ptoun e�nai totally disconnected opìte basik� jewr mata th migadik  an�lushìpw to je¸rhma tautìthta, fa�netai na mhn èqoun an�logo sta ultametrics¸mata.O J. Tate kat�fere na d¸sei m�a uniformization jewr�a gia ti elleiptikèkampÔle, jewr�a pou sthn sunèqeia gen�keuse o D. Mumford sthn per�ptwshtwn kampÔlwn gènou g ≥ 2. H basik  idèa p�sw apì thn �kampth analutik  gew-metr�a bas�zetai sthn kataskeu  enì sheaf sunart sewn p�nw sthn algebrik pollaplìthta. O Grothendieck sthn prosp�jeia tou na or�sei thn etale suno-molog�a, èdwse ènan pio genikì orismì topologikoÔ q¸rou, pou s mera fèrei toìnoma tou. Sthn pragmatikìthta exasjènhse ton orismì th topolog�a; èdei-xe ìti prokeimènou na or�soume sheaf qreiazìmaste mi� sullog  sunìlwn pouna ikanopoioÔn ligìtere apait sei apì to na apoteloÔn anoiqt� sÔnola miatopolog�a. Sthn per�ptwsh th �kampth gewmetr�a ta sÔnola aut� e�nai talegìmena epitrept� anoiqt� kai prìkeitai gia sÔnola pou ja antikatast soun thnènnoia tou anoiqtoÔ d�skou, oi de sunart sei pou ja topojet soume na or�zontaiupèr aut¸n ja apoteloÔn afinoeide� �lgebre.H jewr�a aut  pèrase se m�a nèa f�sh met� apì ti ergas�e tou V. Ber-
kovich pou kat�fere, me thn bo jeia teqnik¸n apì thn p-adik  sunarthsiak an�lush, na {sumplhr¸sei} ta ken� stou p-adikoÔ q¸rou, ¸ste na mporoÔmena efarmìsoume ti teqnikè th omotopik  jewr�a kai twn kaluptik¸n apei-kon�sewn. Ja èlege kane� diaisjhtik� ìti oi dÔo teqnikè pou qrhsimopoioÔmeston orismì twn pragmatik¸n arijm¸n apì tou rhtoÔ, dhlad  h pl rwsh kaioi tomè Dedekind sthn per�ptwsh th p-adik  an�lush odhgoÔn se diafore-tikoÔ q¸rou. H pr¸th odhge� sta s¸mata Qp pou e�nai pl rw mh sunektik�( totally disconected) en¸ h deÔterh stou q¸rou Berkovich pou e�nai topik�dromosunektiko�.Oi kampÔle tou Mumford apode�qthke ìti èqoun pollè efarmogè ìpwsthn jewr�a twn automorfism¸n algebrik¸n kampÔlwn kai ìti pollè endiafè-rouse kampÔle pou prokÔptoun apì arijmhtik� probl mata (Shimura curves)dèqontai uniformization kata Mumford.'Ena prìblhma pou antimetwp�zei o nèo majhmatikì pou jèlei na melet -sei ti parap�nw kataskeuè, e�nai ìti h up�rqousa bibliograf�a mpore� na ton{trom�xei} me to mègejì th kai ti apait sei th. Oi parak�tw shmei¸seièqoun san stìqo na eisag�goun ton anagn¸sth sthn jewr�a th uniformiza-
tion jewr�a twn kampÔlwn tou Mumford kai na ton bohj soun na apokt seik�poia dia�sjhsh sthn jewr�a aut . Ta kef�laia pou anafèrontai stou klasi-koÔ �kamptou q¸rou èqoun basiste� sto bibl�o twn S. Bosch, G. Guntzer, R.
Remmert [3℄ kai sti shmei¸sei tou Hans Schoutens [8℄. To kef�laio sqetik�me tou q¸rou Berkovich e�nai basismèno sto bibl�o tou [2℄ kai sthn didaktorik 3



diatrib  tou P.E. Bradley [4℄Oi shmei¸sei autè gr�fthkan me thn eukar�a th didaskal�a tou om¸numoumetaptuqiakoÔ maj mato sto Panepist mio Aiga�ou to earinì ex�mhno tou 2006.Euqarist�e: Ja  jela na euqarist sw ton D�skalo mou Gi�nnh Antw-ni�dh gia to èxtra proptuqiakì m�jhma topik¸n swm�twn pou d�daxe to qeimerinìex�mhno tou 1992. Oi mèjodoi th p-adik  an�lush  tan gia mèna, eke�nh thnepoq , èna entupwsiakì par�juro se ènan nèo kìsmo. Oi ìpoie gn¸sei mousthn �kampth gewmetr�a ofe�lontai se èna meg�lo bajmì sti suzht sei poue�qa me tou F. Kato kai G. Cornelissen kat� thn di�rkeia th ep�skeyh tousto institoÔto Max-Planck sthn Bìnnh to akadhmaðkì èto 1998-1999. Tèlojermè euqarist�e stou metaptuqiakoÔ foithtè Karanikolìpoulo Swt rh kaiDhmokl  GkountaroÔlh, pou qwr� to endiafèron tou to m�jhma autì den jae�qe potè didaqje�.
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Kef�laio 2Pl rh s¸mata w pro
ultrametric metrikè2.1 Apìlute timè se s¸mata arijm¸n.Orismì 2.1.1 M�a nìrma   apìluth tim  || · ||K se èna s¸ma K e�nai m�asun�rthsh

K → R+,
x 7→ ||x||Kètsi ¸ste1. ||x||K ≥ 0,2. x = 0⇔ ||x||K = 0,3. ||x+ y||K ≤ ||x||K + ||y||KAn epiplèon isqÔei ||x · y||K = ||x||K · ||y||K tìte h nìrma lègetai pollaplasia-stik . An isqÔoun oi pro�pojèsei 1,3, ektì apì thn deÔterh tìte èqoume m�ahminìrma.Orismì 2.1.2 M�a akolouj�a (an)n∈N ja lègetai akolouj�a Cauchy, an kaimìno angia k�je ǫ > 0, up�rqei n0 ∈ N, ¸ste n,m ≥ n0 ⇒ ||an − am||K < ǫ.Orismì 2.1.3 M�a akolouj�a (an)n∈N ja lègetai sugkl�nousa sto K anup�rqei ℓ ∈ K ¸stegia k�je ǫ > 0, up�rqei n0 ∈ N, ¸ste n ≥ n0 ⇒ ||an − ℓ||K < ǫ.'Opw kai sti akolouj�e sto s¸ma R, efodiasmèno me thn sunhjismènh metrik ,mporoÔme na apode�xoume ìti k�je sugkl�nousa akolouj�a e�nai Cauchy.To ant�strofo den sumba�nei p�nta, gia par�deigma sto s¸ma twn rht¸narijm¸n efodiasmèno me thn sunhjismènh metrik , h akolouj�a twn dekadik¸nproseggÔsewn tou √2 e�nai Cauchy qwr� na e�nai sugkl�nousa.5



Orismì 2.1.4 'Ena s¸ma K ja lègetai pl re w pro m�a nìrma an kai mìnoan k�je akolouj�a Cauchy e�nai sugkl�nousa.Parade�gmata: To R efodiasmèno me thn sunhjismènh nìrma e�nai pl re.To C efodiasmèno me thn sunhjismènh nìrma e�nai pl re. To Q efodiasmèno methn sunhjismènh metrik  den e�nai pl re.MporoÔme na apode�xoume ìti k�je s¸ma mpore� na jewrhje� w upìswmaenì pl rou s¸mato. H kataskeu  h opo�a èqei arketè teqnikè leptomè-reie g�netai w ex : JewroÔme to sÔnolo twn akolouji¸n Cauchy to opo�oto metatrèpoume se daktÔlio me pr�xei ti sunhjismène pr�xei prìsjesh kaipoll/smoÔ akolouji¸n. MporoÔme na apode�xoume ìti oi akolouj�e pou sugkl�-noun sto mhdèn apoteloÔn èna mègisto ide¸de tou parap�nw autoÔ daktul�ou,opìte or�zoume w pl rwsh tou K w pro thn metrik  || · || to s¸ma
K̃ :=

akolouj�e Cauchyakolouj�e pou sugkl�noun sto 0
.Gia ìle ti teqnikè leptomèreie th kataskeu  aut  parapèmpoume sti di-daktikè shmei¸sei tou proptuqiakoÔ maj mato [16℄.To s¸ma K mporoÔme na to jewr soume w upìswma tou K̃ me thn bo jeiatou monomorfismoÔ:

K →֒ K̃
x 7→ (an), an = x, stajer  akolouj�aOrismì 2.1.5 Ja lème ìti dÔo nìrme ||·||1,||·||2 sto s¸maK e�nai isodÔnamean kai mìno an up�rqoun jetiko� arijmo� c1, c2 ¸ste

c1||x||1 ≤ ||x||2 ≤ c2||x||2.E�nai safè ìti isodÔname metrikè ep�goun thn �dia topolog�a sto K.'Askhsh: Apode�xte ìti an oi metrikè || · ||1, || · ||2 e�nai isodÔname kai (an)e�nai akolouj�a stoiqe�wn tou K, tìte an ||·||1−→ ℓ an kai mìno an an ||·||2−→ ℓ.Parade�gmata: JewroÔme to s¸ma twn rht¸n arijm¸n Q. To s¸ma autìe�nai efodiasmèno me thn gnwst  nìrma || · || thn opo�a ja thn sumbol�zoume me
|| · ||∞. An pl r¸soume to Q me thn nìrma || · ||∞ tìte katal goume sto s¸matwn pragmatik¸n arijm¸n.MporoÔme ìmw na or�soume kai �lle nìrme sto s¸ma twn rht¸n arijm¸nti p-adikè. E�nai safè ìti k�je akèraio arijmì x mpore� na grafte� sthnmorf 

x = pvp(x)a, (a, p) = 1ìpou to vp(x) ∈ Z e�nai o mh arnhtikì arijmì pou ekfr�zei thn dÔnamh me thnopo�a br�sketai o pr¸to arijmì p sthn an�lush tou x se pr¸tou par�gonte.Or�zoume loipìn ìti
||x||p =

1

p

vp(x)

,kai èqoume m�a sun�rthsh apì to Z→ R.Thn sun�rthsh aut  mporoÔme na thn epekte�noume se m�a sun�rthsh
|| · ||p : Q→ R,6



or�zonta w
||a
b
||p =

||a||p
||b||p

.MporoÔme na doÔme ìti h parap�nw sun�rthsh or�zei ìntw mia nìrma sto Q.(�skhsh). E�nai shmantikì na parathr soume ìti ant� th trigwnik  anisìthtaisqÔei h pio isqur  anistìthta
||x+ y||p ≤ max{||x||p, ||y||p}.M�a metrik  pou ikanopoie� thn parap�nw anisìthta ja lègetai ultrametric.Parat rhsh: Oi apìlute timè || · ||∞, || · ||p e�nai mh isodÔname, ìpwkai oi || · ||p den e�nai isodÔnamh me thn || · ||q gia p 6= q. Pr�gmati h akolouj�a

pn èqei ìrio
lim pn =






+∞ sthn || · ||∞
1 sthn || · ||q, p 6= q
0 sthn || · ||p.Parat rhsh: Basikì rìlo sthn an�ptuxh th arijmhtik  algebrik  gew-metr�a èpaixan oi analog�e an�mesa sta algebrik� s¸mata arijm¸n kai staalgebrik� s¸mata sunart sewn mi� metablht . Ta pr¸ta or�zontai w alge-brikè, peperasmène epekt�sei tou Q en¸ ta deÔtera w algebrikè, pepera-smène epekt�sei tou s¸mato k(x). Ta s¸mata sunart sewn epiplèon sthnper�ptwsh pou to k e�nai to s¸ma C twn migadik¸n arijm¸n, e�nai se èna proèna antistoiq�a me ta s¸mata meromìrfwn sunart sewn apì sumpage� epif�neie

Riemann [17℄. H je¸rhsh aut  ma èdwse arket� gewmetrik� kai analutik� er-gale�a gia thn melèth tìso twn swm�twn sunart sewn ìso kai twn swm�twnarijm¸n.H analog�a aut  e�nai arket� bajei� kai sqedìn k�je je¸rhma pou afor� s¸-mata sunart sewn mpore� na metaferje� sthn per�ptwsh twn swm�twn arijm¸nkai antistrìfw. Sthn kateÔjhnsh aut  ax�zei na anafèroume ìti h upìjesh tou
Riemann sqetik� me ti r�ze th ζ-sun�rthsh tou Riemann èqei apodeiqje� [14℄gia s¸mata sunart sewn en¸ mia apìdeixh gia s¸mata arijm¸n den e�nai akìmadiajèsimh. E�nai qarakthristikì ìti arketè apì ti prosp�jeie gia thn apìdei-xh th eikas�a tou Riemann gia s¸mata arijm¸n k�noun qr sh th analog�aaut . [5℄To an�logo s¸ma tou Q sta s¸mata sunart sewn e�nai to s¸ma k(x) twnrht¸n sunart sewn. An k = C tìte to s¸ma C(x) apotele� to s¸ma twn me-rìmorfwn sunart sewn th aploÔsterh sumpagoÔ epif�neia Riemann, thprobolik  euje�a P1(C).A jewr soume èna peperasmèno shme�o sthn P1(C) to a ∈ C. K�je rht sun�rthsh f ∈ C(x) mpore� na grafte� w

f(x) = (x− a)va(f)p(x),ìpou va(f) ∈ Z, p(x) 6= 0, kai p(x) e�nai rht  sun�rthsh kal� orismènh sto a,dhlad  to a den apotele� pìlo th p. An to va(f) ≥ 0 tìte to va(f) onom�zetait�xh th r�za th f sto a en¸ an to va(f) < 0 tìte to va(f) onom�zetai t�xhtou pìlou th f sto a 'Estw 0 < c < 1. Tìte èqoume ìti
|| · ||a,c(f) = cva(f) : C(x)→ R+e�nai m�a metrik  sto C(x). 7



Ask sh: Apode�xte ton parap�nw isqurismì. Ti ja sumbe� an jewr soumeto s¸ma k(x) twn rht¸n sunart sewn uper�nw enì tuqa�ou s¸mato?'Askhsh: De�xte ìti gia 0 < c1, c2 < 1 oi metrikè || · ||c1,a, || · ||c2,a e�naiisodÔname, en¸ gia a 6= b oi metrikè || · ||c,a, || · ||c′,b den e�nai isodÔname.'Askhsh: 'Estw mia rht  sun�rthsh f/g, ìpou f(x), g(x) ∈ k(x) De�xteìti gia 0 < c < 1 h sun�rthsh
|| · ||∞,c : k(x)→ R+,pou or�zetai w
||f/g||∞,c = cdeg(f)−deg(g)e�nai m�a metrik . De�xte ìti diaforetik� c odhgoÔn se isodÔname metrikè.De�xte ìti kam�a metrik  || · ||∞,c den e�nai isodÔnamh me thn || · ||a,c′ .'Askhsh: De�xte ìti to sÔnolo twn kl�sewn isodunam�a metrik¸n sto k(x)e�nai se èna pro èna antistoiq�a me ta shme�a tou P1(k).Parat rhsh: IsqÔei ìti gia x ∈ Q
||x||∞ ·

∏

p

||x||p = 1.O tÔpo autì antistoiqe� ston gnwstì je¸rhma gia sumpage� epif�nei Rie-
mann: m�a merìmorfh sun�rthsh se sumpag  epif�neia Riemann èqei, metrh-mènh th pollaplìthta, tìse r�ze ìse kai pìlou.Parat rhsh: To legìmeno je¸rhma tou Ostrowski exasfal�zei ìti oi
|| · ||∞, || · ||p e�nai ìle oi dunatè m  isodÔname apìlute timè pou mporoÔ-me na èqoume sto s¸ma twn rht¸n arijm¸n.Ta s¸mata Q kai k(x) me ti parap�nw metrikè den e�nai pl rh. MporoÔmena sqhmatisoÔme ti plhr¸sei tou. H pl rwsh tou Q w pro thn sunhji-smènh metrik  odhge� sto s¸ma twn pragmatik¸n arijm¸n R, to opo�o den e�naialgebrik� kleistì. H algebrik  kleistìthta tou C e�nai to s¸ma twn migadik¸narijm¸n to opo�o e�nai algebrik� kleistì kai pl re.An jewr soume thn pl rwsh touQ w pro mia apì ti metrikè ||·||p sqhmat�-zoume to s¸ma twn p-adik¸n arijm¸n Qp to opo�o e�nai pl re all� ìqi algebrik�kleistì. H algebrik  kleistìthta tou e�nai algebrik� kleistì all� ìqi pl rese ant�jesh me prin. An sqhmat�soume thn pl rwsh th algebrik  kleistìth-ta tou Qp katal goume sto s¸ma Cp to opo�o e�nai kai algebrik� kleistì kaipl re.'Estw a ∈ k. An jewr soume thn pl rwsh tou k(x) w pro to || · ||asqhmat�zoume ton q¸ro twn tupik¸n dunamoseir¸n k〈x〉, pou perièqei tupik�ajro�smata th morf  ∑∞

i=0 ai(x − a)i.2.2 Kleistè Mp�leJewroÔme èna daktÔlio A, efodiasmèno me mi� apìluth tim  || · ||, kai èstw tosÔnolo twn diatetagmènwn n-�dwn An = {(a1, . . . , an), ai ∈ A}, efodiasmèno methn apìluth tim 
||(a1, . . . , ai)|| = max

i
||ai||A.Or�zoume thn kleist  mp�la me kèntro a kai akt�na ǫ ∈ R+

BAn(a, ǫ) = {x ∈ An : ||x− a|| ≤ ǫ}.8



Parat rhsh: M�a apì ti pollè idiaiterìthte twn ultrametric metrik¸n e�naiìti h kleist  mp�la BAn(a, ǫ) e�nai topologik� anoiqt . Pr�gmati, èstw y ∈ Anpou na an kei sto sÔnoro th BAn(a, ǫ), dhlad  ||y − a|| = ǫ. Ja de�xoume ìtiup�rqei anoiqt  mp�la kèntrou y pou na an kei exolokl rou sthn BAn(a, ǫ).JewroÔme to sÔnolo twn shme�wn b ∈ An, ¸ste ||y−b||A < ǫ/2. ParathroÔmeìti
||b− a|| = ||(y − b) + (a− y)|| ≤ max{||y − b||, ||a− y||} = max{ǫ/2, ǫ} = ǫ,dhlad  to zhtoÔmeno!'Ena apì ta poll� probl mata pou èqoun oi q¸roi An e�nai ìti apèqoun polÔapì to na e�nai sunektiko�.Orismì 2.2.1 'Ena topologikì q¸ro ja lègetai pl rw asunektikì (to-

tally disconnected) an kai mìno an oi sunektikè sunist¸se tou e�nai ta shme�a.Oi q¸roi An efodiasmènoi me thn topolog�a twn ultrametric apìlutwn tim¸ne�nai pl rw asunektiko� q¸roi.2.2.1 DaktÔlioi Ekt�mhshOrismì 2.2.2 Ja lème ìti m�a akera�a perioq  R e�nai daktÔlio ekt�mhshtou s¸mato K = Quot(R), an kai mìno an gia k�je x ∈ K isqÔei x ∈ R  
x−1 ∈ R.'Askhsh Apode�xte ìti k�je daktÔlio ekt�mhsh e�nai topikì dhlad  èqeimonadikì mègisto ide¸de.ParathroÔme ìti se èna pl re ultametric s¸ma h kleist  mp�la

R := BK(0, 1) = {x ∈ K : ||x||K ≤ 1}apotele� daktÔlio ekt�mhsh, kai ìti to mègisto ide¸de e�nai to
pR := {x ∈ K : ||x||K < 1}.

9



Kef�laio 3Afinoeide� 'Algebre3.1 EleÔjere 'Algebre TateOrismì 3.1.1 Ja lème ìti mia sun�rthsh f : X → K e�nai fragmènh, ìtanup�rqei M ∈ N, ¸ste
∀x ∈ X : ||f(x)|| ≤M.An sumbol�zoume me Func(X,K) to sÔnolo twn fragmènwn sunart sewn X →

K, tìte to Func(X,K) èqei thn dom  �lgebra. Epiplèon, mporoÔme na or�soumemia nìrma sto Func(X,K) w
|f | := sup

x∈X
||f(x)||K .'Estw ìti Rn sumbol�zei ton monadia�o polud�sko tou Kn. Ja sumbol�zoumeme S thn n-�da twn metablht¸n (S1, . . . , Sn).JewroÔme to tupikì �jroisma:

p :=
∑

ν∈Nn

aνS
n.To p den èqei ènnoia sun�rthsh an den melet soume thn sumperifor� th su-n�rthsh w pro thn sÔgklish. Parìla aut�, e�nai èna antike�meno to opo�omporoÔme na antimetwp�soume algebrik� qwr� prìblhma. To sÔnolo K[[S]] twntupik¸n ajroism�twn th parap�nw morf  apokt� me fusiologikì trìpo dom daktul�ou.Ja lème ìti h seir� p ∈ K[[S]] e�nai strictly sukl�nousa, an kai mìno an aν → 0ìtan |ν| → ∞. Aut  h paradoq  ma exasfal�zei ìti gia k�je x = (x1, . . . , xn)ston polud�sko Rn h dunamoseir�

||p(x)|| :=
∑

ν

anx
n,or�zei sun�rthsh: Rn → K.Orismì 3.1.2 H eleÔjerh Tate �lgebraK〈S〉 apotele�tai apì ti strictly sug-kl�nouse dunamoseirè me fusiologik� orismène pr�xei.10



Sthn �lgebra K〈S〉 mporoÔme na or�soume thn apìluth tim  (�skhsh: de�xteìti ìntw e�nai apìluth tim ) tou Gauss w:
|p|Gauss := max

ν∈Nn
{|aν |}.H apìluth tim  tou Gauss e�nai kal� orismènh afoÔ h akolouj�a twn ìrwn thdunamoseir� sugkl�nei sto 0 kai sunep¸ e�nai fragmènh.Ep�sh e�nai safè ìti

p(x) ≤ ||p||Gauss.Gia m�a dunamoseir� p ∈ K〈S〉 mporoÔme na k�noume to parak�tw tèqnasmakanonikopo�hsh: Up�rqei π ∈ K ¸ste ||p||Gauss = π. Sunep¸ an pollapla-si�soume k�je ìro th seir� p me π−1 èqoume ìti
||π−1p||Gauss = 1.Je¸rhma 3.1.3 (Maximum Modulus principle) Gia k�je p ∈ K〈S〉 up�r-qei x ∈ Rn ¸ste ||p||sup = ||p(x)||.Apìdeixh: Apì to tèqnasma kanonikopo�hsh mporoÔme na upojèsoume ìtito p èqei apìluth tim  1. A sumbol�zoume me R̄ = R/pR to s¸ma phl�kotou daktÔliou ekt�mhsh R pro to mègisto ide¸de tou. An p̄ sumbol�zei thnanagwg  tou p modulo pR, dhlad  thn eikìna tou p sto s¸ma phl�ko R̄, tìtee�nai safè ìti to p̄ ∈ R̄[S], dhlad  èna polu¸numo me suntelestè apì to s¸ma

R̄. Pr�gmati, afoÔ oi akolouj�a twn suntelest¸n th dunamoseir� te�nei sto
0, e�nai safè ìti gia meg�la n ∈ Nn h apolÔth tim  twn ||an||K < 1   isodÔnama
an ∈ pR.AfoÔ upojèsame ìti to s¸ma R̄ e�nai algebrik� kleistì (kai kat� sunèpeia�peiro) èqoume ìti up�rqei x̄ ∈ R̄n ¸ste p̄(x̄) 6= 0. An x ∈ Rn e�nai èna opoiod -pote lift tou x̄ ja prèpei p(x) = 1, dhlad  to zhtoÔmeno. �Je¸rhma 3.1.4 Se k�je Tate �lgebra K〈S〉 h apìluth tim  tou Gauss e�naipl rh kai pollaplasiastik  kai taut�zetai me thn apìluth tim  supremum.Apìdeixh: AfoÔ ||p(x)|| ≤ ||p||Gauss gia k�je x ∈ Rn me b�sh to prohgoÔmenoje¸rhma prokÔptei ìti oi supremum kai Gauss apìlute timè taut�zontai. �Sthn migadik  per�ptwsh isqÔei ìtiJe¸rhma 3.1.5 (Je¸rhma tautìthta) 'Estw f, g dÔo olìmorfe su-nart sei se èna sunektikì anoiqtì sÔnolo D kai a upojèsoume ìti f = g se m�ageitoni� tou z ∈ D. Tìte oi sunart sei f, g taut�zontai se olìklhro to D.Dustuq¸ sta ultrametric s¸mata den mporoÔme na or�soume analutikè su-nart sei me ton �dio trìpo ìpw kai sthn migadik  an�lush. An or�soume giapar�deigma w analutikè sunart sei, ti sunart sei f pou gia k�je shme�o
x tou ped�ou orismoÔ tou up�rqei geitoni� U ¸ste o periorismì th f |U naekfr�zetai me dunamoseir� tìte to je¸rhma tautìthta den mpore� na isqÔei. Toklasikì par�deigma e�nai h sun�rthsh:

f : K → K,x 7→
{

1 an |x| ≤ 1
0 an |x| > 1.11



H sun�rthsh, sÔmfwna me ton parap�nw orismì e�nai analutik , kai o periori-smì th sto B(0, 1) taut�zetai me thn tautotik  sun�rthsh x 7→ 1. Pr�gmati hsun�rthsh f èqei perioqè gia |x| 6= 1 sti opo�e o periorismì th e�nai duna-moseir�, en¸ gia ton kr�simo kÔklo |x| = 1 parathroÔme ìti an |x − y| < ǫ < 1,tìte
|y| = |y − x+ x| ≤ max{|y − x|, |x|} = 1,dhlad  B(x, ǫ) ⊂ B(0, 1), kai sunep¸ h f e�nai analutik  pantoÔ!Gia na antimetwp�soume to prìblhma h strathgik  ma e�nai na perior�soumeta epitrept� anoiqt� sÔnola. O periorismì pou ja k�noume ja e�nai sta pla�siam�a topolog�a tou Grothendieck mia kataskeu  pou ja exhg soume sthn sunè-qeia. Perior�zonta ta anoiqt� perior�zoume kai ta sÔnola pou e�nai omoiomorfik�metaxÔ tou dhlad  ti {kin sei} pou mpore� na k�nei èna sÔnolo paramènontaomoiomorfikì, kai sto gegonì autì ofe�letai kai to ìnoma th jewr�a {�kampthgewmetr�a} (rigid geometry).Je¸rhma 3.1.6 (Je¸rhma tautìthta, �kampth gewmetr�a) DÔostoiqe�a sto K〈S〉 ta opo�a pa�rnoun �die timè se k�je shme�o tou monadia�oupolud�skou taut�zontai w stoiqe�a tou K〈S〉.Apìdeixh: An dÔo stoiqe�a p, q ∈ K〈S〉 isqÔei p(x) = q(x) gia k�je x ∈ Rmtìte profan¸ |p− q|sup = 0. 'Omw h supremum apìluth tim  taut�zetai me thnapìluth tim  tou Gauss, opìte oi suntelestè th seir� p− q e�nai ìloi mhdèn,�ra p = q. �L mma 3.1.7 M�a strictly sugkl�nousa seir� sto K〈S〉 e�nai mon�da tou da-ktul�ou K〈S〉 an kai mìno an |a0| = |p| kai |an| < |p| gia k�je n ≥ 1.Apìdeixh: A upojèsoume ìti |p| = 1. Upojètoume ìti |a0| = 1, |an| < 1,�ra up�rqei èna π ∈ K ¸ste |π| < 1 kai q ∈ K〈S〉 ¸ste p = 1 − πq. H seir�

1 + πq + π2q2 + · · · , sugkl�nei kai e�nai to ant�strofo tou π.Antstrìfw, èstw ìti a0 = 1 kai ìti q e�nai to ant�strofo tou p. An |p| > 1tìte |q| < 1 afoÔ pq = 1. 'Omw o stajerì ìro tou q prèpei na e�nai 1, �ra deng�netai to q na èqei apìluth tim  Gauss mikrìterh th mon�da. 'Ara |p| = |q| = 1kai sunep¸ p, q ∈ R〈S〉. An R̄ = R/pR tìte h sun�rthsh anagwg  modulo tomègisto ide¸de tou R d�nei ìti to p−1 e�nai antistrèyimo polu¸numo sto R̄[S]�ra stajer�, �ra |an| < 1 gia ìla ta n ≥ 1. �Up�rqei kai èna tr�to upoy fio gia ton orismì apìluth tim :Orismì 3.1.8 A jewr soume ènaK-rhtì mègisto ide¸de touK〈S〉, dhlad èna ide¸de m ¸ste K〈S〉/m ∼= K. A sumbol�zoume me
πm : K〈S〉 → Kton kanonikì epimorfismì. Tìte mporoÔme na or�soume thn nìrma sto m tou p¸
|p|m := |πm(p)|.H kataskeu  aut  mpore� na g�nei gia k�je K-rhtì mègisto ide¸de tou K〈S〉kai sthn sunèqeia mporoÔme na jewr soume to supremum p�nw se ìle autèti timè ¸ste na or�soume thn K-rht  supremum apìluth tim  thn opo�a jasumbol�zoume (pro to parìn) me |p|ratsup.12



3.2 H algebrik  dom  tou daktul�ou K〈S〉Ja diatup¸soume to je¸rhma proparaskeu  tou Weierstrass to opo�o kai jaapotelèsei èna basikì ergale�o sthn melèth th dom  tou daktul�ou K〈S〉.Sthn per�ptwsh th migadik  analutik  gewmetr�a, h mèjodo apìdeixh pousunant�me sthn bibliograf�a [6, sel. 8℄ bas�zetai ston oloklhrwtikì tÔpo tou
Cauchy.Orismì 3.2.1 (Kanonikè Seirè) Ja lème m�a gn sia sugkl�nousa sei-r� p kanonik  sto Sm bajmoÔ d, an isqÔoun oi parak�tw sunj ke:
• |p| = |pd| > |pk| gia k�je k > d,
• pd e�nai m�a mon�da ston daktÔlio K〈S′〉,ìpou

p =
∑

k

pk(S
′)Skm,e�nai h an�lush th p w dunamoseir� sthn metablht  Sm me suntelestè pk stondaktÔlioK〈S′〉. (Me S′ ja sumbol�zoume to mplok twn metablht¸n (S1, . . . , Sm−1).)Orismì 3.2.2 'Ena monikì polu¸numo P sto Sm upèr to K〈S′〉 dhlad  ènapolu¸numo tou opo�ou o megistob�jmio suntelest  e�nai mon�da, kai to opo�oan anaptuqje� w polu¸numo sthn metablht  Sm èqei nìrma Gauss mon�da jalègetai èna polu¸numoWeierstrass. Ta polu¸numaWeierstrass apoteloÔn eidikèpeript¸sei kanonik¸n seir¸n.Je¸rhma 3.2.3 (Proparaskeu  tou Weierstrass) 'Estw p, q ∈ K〈S〉kai a upojèsoume ìti to p e�nai kanonikì sthn metablht  Sm bajmoÔ d, S =

(S1, . . . , Sm). Tìte up�rqei monadikì Q ∈ K〈S〉 kai r ∈ K〈S′〉[Sm] tètoio ¸ste:
q = pQ+ r,ìpou degSm

(r) < d, ìpou k�noume thn sÔmbash ìti to monadikì polu¸numo èqeibajmì −1. Epiplèon up�rqei monadik  mon�da u ∈ K〈S〉 kai monadikì polu¸numo
Weierstrass P sto Sm, ¸ste

p = uP.Apìdeixh: H pl rh apìdeixh d�netai sto [3, 5.2.1 J2,5.2.2 J1℄. Ja apode�-xoume mìno to pr¸to komm�ti. Qwr� periorismì th genikìthta mporoÔme naupojèsoume ìti |p| = 1 kai |q| = 1 k�nonta qr sh tou teqn�smato kanoniko-po�hsh. Gr�foume to p w
p =

∑

i

piS
i
m,ìpou pi ∈ K〈S′〉. Ex upojèsew to pd e�nai mon�da kai diair¸nta me thn mo-n�da aut  ìlou tou ìrou th dunamoseir� mporoÔme na upojèsoume ìti osuntelest  tou Sdm e�nai mon�da.AfoÔ |p| = 1 èqoume ìti p ∈ R〈S〉. Jètoume ǫ = supi>d |pi|, kai ex upojèsewèqoume ìti ǫ < 1. JewroÔme thn dunamoseir� modulo to ide¸de

Pǫ = {x ∈ R : |x| ≤ ǫ} = BR(0; ǫ).13



ParathroÔme ìti R〈S〉/PǫR〈S〉 ∼= R̄ǫ[S], ìpou R̄ǫ = R/Pǫ. Epiplèon, h kanoni-kìthta tou p epib�llei ìti h eikìna tou sto R̄ǫ[S] e�nai èna monikì polu¸numosto Sm bajmoÔ d. T¸ra ìmw mporoÔme na efarmìsoume ton eukle�dio algìrijmodia�resh gia na p�roume
q̄ = p̄Q̄0 + r̄0,ìpou degSm

r̄0 < d. A e�nai Q0, r0 oi anuy¸sei ston daktÔlio R〈S〉 twn Q̄0kai r̄0. ìpou degSm
(r0) < d. Jètoume q′1 = q −Q0p− r0, kai profan¸ |q′1| ≤ ǫ.'Ara mporoÔme na gr�youme q′1 = λ1q1, ìpou λ1 ∈ Pǫ kai q1 e�nai mia gn sia sug-kl�nousa dunamoseir� me nìrma 1. Epanalamb�noume thn prohgoÔmenh diadikas�ame q1 sthn jèsh tou q kai èqoume

q′2 = q1 − pQ1 − r1 ∈ Pǫ.Sunep¸, an jèsoume q′2 = λ2q2, λ2 ∈ Pǫ, me antikat�stash èqoume
q = (Q0 + λ1Q1)p+ (r0 + λ1r1) + λ1λ2q2.Suneq�zoume epagwgik� gia na katal xoume sto

Q = Q0 + λ1Q1 + λ1λ2Q2 + · · · ,

r = r0 + λ1r1 + λ1λ2r2 + · · ·ìpou λi ∈ Pǫ. Oi parap�nw dunamoseirè sugkl�noun, kai eidikìtera oi Q, r e�naign sia sugkl�nouse dunamoseirè me degSm
(r) < d. Epiplèon, to q − Qp − ran kei se ìso meg�lh dÔnamh tou ide¸dou Pǫ jèloume, opìte prepe� na e�naimhdèn. �To parap�nw je¸rhma to qrhsimopoioÔme se sundiasmì me to legìmeno tèqnasmaproparaskeu :Prìtash 3.2.4 'Estw p =

∑
ν aνS

ν ∈ K〈S〉 m�a mh mhdenik  gn sia sug-kl�nousa dunamoseir� sti metablhtè S = (S1, . . . , Sm). Tìte up�rqei èna Kautomorfismì algebr¸n σ : K〈S〉 → K〈S〉, ¸ste to σ(p) na g�nei kanonik  seir�sthn metablht  Sm gia k�poio bajmì d.Orismì 3.2.5 'Ena morfismì daktul�wn f : A→ B ja lègetai peperasmè-no an o B g�netai peperasmèno A-module mèsw autoÔ. H di�stash Krull enìdaktul�ou or�zetai w to mègisto Ôyo pr¸tou ide¸dou, en¸ Ôyo enì pr¸touide¸dou p or�zetai w to m ko th mègisth alus�da pr¸twn idewd¸n
p0  p1  · · ·  pl = p.Oi topiko� daktÔlioi th Noether èqoun p�nta peperasmènh di�stash Krull en¸oi diast�sei topik¸n daktul�wn ekt�mhsh e�nai 1, afoÔ k�je pr¸to ide¸de e�naimègisto. H di�stash Krull tou daktul�ou K〈S〉, ìpou S = (S1, . . . , Sm) e�nai mafoÔ h alus�da pr¸twn idewd¸n

0  (S1)  (S1, S2)  · · ·  (S1, . . . , Sm),de�qnei ìti h di�stash e�nai toul�qiston m, en¸ mpore� na apode�xei kane� ìti [3,7.1.1℄ k�je mègisto ide¸de par�getai apì m to pl jo stoiqe�a opìte to Ôyotou e�nai to polÔ m. Ja de�xoume sthn sunèqeia ìti k�je mègisto ide¸de sto14



K〈S〉 e�nai p�nta th morf  (S1−r1, . . . , Sm−rm) arke� toK na e�nai algebrik�kleistì.Sthn sunhjismènh jewr�a twn algebrik¸n pollaplot twn shmantikì rìlopa�zoun oi daktÔlioi phl�ka th poluwnumik  �lgebra K[x1, . . . , xn] w prok�poio ide¸de P . An�loga or�zoumeOrismì 3.2.6 M�a afinoeid  �lgebra e�nai to phl�ko mia eleÔjerh �lgebra
Tate w pro èna ide¸de th.Je¸rhma 3.2.7 (Kanonikopo�hsh th Noether) An A e�nai m�a afi-noeid  �lgebra tìte up�rqei m�a eleÔjerh Tate �lgebra K〈T 〉, kai èna pepera-smèno monomorfismì

φ : K〈T 〉 →֒ A.Epiplèon an T = (T1, . . . , Td), tìte h di�stash d = dimA, ìpou dimA e�nai hdi�stash Krull.Apìdeixh: ParathroÔme ìti arke� na apode�xoume to je¸rhma gia �lgebre poue�nai peperasmène p�nw apì apì thn eleÔjerh �lgebra Tate K〈S〉. Pr�gmati, exorismoÔ ìle oi afinoeide� �lgebre prokÔptoun w phl�ka eleÔjerwn algebr¸nmèsw enì epimorfismoÔ
K〈S〉 → A,kai sunep¸ e�nai peperasmèna parag¸mena K〈S〉-modules. Ja qrhsimopoi sou-me epagwg  ston arijmì m twn metablht¸n pou ja qrhsimopoi soume.An m = 0 tìte K〈S〉 e�nai to s¸ma K kai profan¸ to A g�netai m�a pepera-smèna parag¸menh K-�lgebra.A upojèsoume ìti èqoume apode�xei to je¸rhma gia ìle ti A-�lgebre poue�nai peperasmèna parag¸mena K〈S′〉- modules. JewroÔme ton morfismì
K〈S〉 φ→ A.An o φ e�nai monomorfismì to je¸rhma èqei apodeiqte�. An ìqi jewroÔme ènapr¸to stoiqe�o ston pur na th φ. Profan¸ to A g�netai mèsw tou

B :=
K〈S〉
p
→ A,mia peperasmèna parag¸menh B-�lgebra. 'Omw to tèqnasma kai to je¸rhmaproparaskeu  de�qnoun ìti to p mpore� na epileqje� na e�nai m�a kanonik  duna-moseir� kai sunep¸ mpore� na grafe� w ginìmeno m�a mon�da ep� enì monikoÔpoluwnÔmou sthn metablht  Sm me suntelestè apì to K〈S′〉. 'Ena standardtèqnasma {akera�wn algebrik¸n} apodeiknÔei ìti to B e�nai èna peperasmèna pa-ragìmeno K〈S′〉-module kai h apìdeixh telei¸nei me thn epagwgik  upìjesh.

�Je¸rhma 3.2.8 (B�sh tou Hilbert) K�je afinoeid  �lgebra e�nai, e�-nai daktÔlio th Noether.Apìdeixh: 'Estw A m�a afinoeid  �lgebra. Ja prèpei na apode�xoume ìtik�je ide¸de th A e�nai peperasmèna parag¸meno. Ja d¸soume m�a epagwgik 15



apìdeixh, k�nonta epagwg  sthn di�stash th A. An m = 0 tìte to A e�nai ènapeperasmèno K-module sunep¸ daktÔlio th Noether.A upojèsoume ìti m > 0. Ja apode�xoume pr¸ta to je¸rhma gia A = K〈S〉,
S = (S1, . . . , Sm). 'Estw P èna mh mhdenikì ide¸de tou A kai a e�nai 0 6= p ∈ A.Apì thn epagwgik  upìjesh o daktÔlio A/p e�nai daktÔlio th Noether, afoÔh di�stash tou A/p < m. Sunep¸ h eikìna tou a sto A/p e�nai peperasmènaparag¸menh, apì ti eikìne twn p2, . . . , ps ∈ A. Autì ìmw èqei w sunèpeia ìti
a = (p, p2, . . . , ps), dhlad  to zhtoÔmeno.Sthn genik  per�ptwsh, to je¸rhma kanonikopo�hsh th Noether exasfal�zeiìti to A e�nai peperasmènoK〈S〉-module upèr th �lgebraK〈S〉 pou apode�xameìti e�nai Noether, �ra kai to A e�nai daktÔlio th Noether.

�Pw ja kataskeu�soume mègista ide¸dh tou K〈S〉? 'Ena trìpo na to pe-tÔqoume e�nai na jewr soume èna shme�o x = (x1, . . . , xn) sto Rm kai na jew-r soume to ide¸de mx pou par�getai apì ta stoiqe�a Si − xi. Perissìterosugkekrimèna, h sun�rthsh
πx : K〈S〉 → K : Si 7→ xi,e�nai m�a sun�rthsh ep� me pur namx �ra tomx e�nai ènaK-rhtì mègisto ide¸de.To parak�tw l mma ma lèei ìti ìla ta K-rht� mègista ide¸dh e�nai aut  thmorf L mma 3.2.9 Up�rqei m�a èna pro èna antistoiq�a an�mesa sta K-rht� mè-gista ide¸dh tou K〈S〉, me S = (S1, . . . , Sn) kai sta shme�a tou Rm.Apìdeixh: 'Eqoume dei  dh pw mporoÔme na kataskeu�soume èna K-rhtì mè-gisto ide¸de tou K〈S〉 apì èna shme�o x = (x1, . . . , xn). Antistrìfw èstwìti m e�nai èna mègisto K-rhtì ide¸de tou K〈S〉. kai jewroÔme ton kanonikìepimorfismì
πm : K〈S〉 → K〈S〉/m ∼= K.Jètoume xmi = πm(Si). AfoÔ Si − xmi an kei ston pur na tou πm, den mpore�na e�nai mon�da. Sunep¸ to l mma 3.1.7 exasfal�zei ìti |xmi | ≤ 1. Me �llalìgia, xm := (xm1 , . . . , x

n
n) ∈ Rm. MporoÔme na epalhjeÔsoume ìti oi dÔo autèkataskeuè x 7→ mx kai m 7→ xm e�nai h m�a ant�strofh th �llh. �Apì to asjenè je¸rhma riz¸n tou Hilbert (Nullstellensatz!) k�je mègistoide¸de tou K〈S〉 e�nai K-rhtì (upì thn pro�pìjesh ìti to s¸ma K e�nai al-gebrik� kleistì) �ra up�rqei m�a èna pro èna antistoiq�a an�mesa se mègistaide¸dh tou K〈S〉 kai shme�a tou Rm.A epistèyoume sthn jewr�a th K-rht  apìluth tim  supremum, oi pa-rak�tw isìthte e�nai �mese:
|p|mx

= |πx(p)| = |p(x)|,opìte blèpoume ìti |p|ratsup = |p|.H teleuta�a nìrma èqei èna perissìtero eswterikì qarakt ra. Ant� na ana-ferìmaste se shme�a (ìpw sthn supremum apìluth tim )   se anaptÔgmatadunamoseir¸n (ìpw sthn apìluth tim  Gauss) k�noume qr sh twn meg�stwnidewd¸n tou K〈S〉. 16



3.3 F�smata Afinoeid¸n Algebr¸nOrismì 3.3.1 An A e�nai m�a afinoeid  �lgebra, tìte me Max(A) ja sum-bol�zoume to sÔnolo twn mègistwn idewd¸n th.ParathroÔme ìti an A = K〈S〉 S = (S1, . . . , Sm) e�nai m�a eleÔjerh �lgebra Tatetìte up�rqei m�a èna pro èna taÔtish tou Max(A) me ton monadia�o polud�sko
Rm. Gia m�a tuqa�a �lgebra Tate jewroÔme m�a par�stash th A = K〈S〉/a.H prohgoÔmenh tautopo�hsh ma d�nei ìti up�rqei m�a èna pro èna antistoiq�aan�mesa sta Max(A) kai sto sÔnolo

V (a) = {x ∈ Rm : p(x) = 0 ∀p ∈ a}.Fusik� aut  h antistoiq�a exart�tai apì thn par�stash th �lgebra A wphl�ko mia eleÔjerh �lgebra Tate, h opo�a den e�nai monadik .ParathroÔme ìti h antistoiq�a A 7→Max(A) e�nai sunarthsiak :L mma 3.3.2 An φ : A→ B e�nai èna omomorfismì apì K-afinoeide� �lge-bre, tìte up�rqei m�a sun�rthsh f# : Max(B)→Max(A).Apìdeixh: O fusiologikì upoy fio gia mia tètoia sun�rthsh ja  tan h su-n�rthsh f#(P ) = f−1(P ). En gènei bèbaia mia sun�rthsh metaxÔ daktul�wnantistrèfei pr¸ta se pr¸ta kai sunep¸ mègista se pr¸ta pou den e�nai kata-n�gkh mègista. Parìla aut� sthn per�ptwsh ma, gia èna stoiqe�o P ∈Max(B)èqoume
K ⊂ A/f−1(P )→ B/P = K,kai afoÔ h sÔnjesh prèpei na e�nai isomorfismì èqoume ìti to A/f−1(P ) prèpeina e�nai s¸ma, isodÔnama f#(P ) := f−1(P ) ∈Max(A). �Jèloume na doÔme thn �lgebra A w m�a �lgebra sunart sewn stoMax(A).Pr�gmati, sthn per�ptwsh pou toK e�nai algebrik� kleistì 1 mporoÔme na poÔmeìti k�je f ∈ A, or�zei m�a sun�rthsh

f : Max(A)→ K,P 7→ f(P ) = f mod P.E�nai swstì ìti dÔo stoiqe�a p, q ∈ A ep�goun thn �dia sun�rthsh sto Max(A)?H ap�nthsh e�nai ìqi! Gia par�deigma m�a sun�rthsh p ∈ A ep�gei thn mhdenik sun�rthsh stoMax(A) an kai mìno an h p an kei sthn tom  ìlwn twn meg�stwnidewd¸n tou A. Ja doÔme sthn sunèqeia ìti to je¸rhma riz¸n tou Hilbert
(Nullstellensatz) ma d�nei èna qarakthrismì th parap�nw tom .A upojèsoume pro stigm  ìti sto A h tom  ìlwn twn meg�stwn idewd¸n tou
A e�nai to mhdenikì stoiqe�o. Tìte hA e�nai m�a upo�lgebra th FuncK(Max(A))kai mporoÔme na thn efodi�soume me thn nìrma supremum.

|f |sup = sup
m∈Max(A)

|f mod m|.'Ena �llo upoy fio gia m�a nìrma sto A prokÔptei apì thn parat rhsh ìtita ide¸dh afinoeid¸n algebr¸n e�nai kleist� [3, 6.2.5 J1℄. Opìte gr�foume1An to K den e�nai algebrik� kleistì mporoÔme na antikatast soume to K me thn algebrik kleistìtht� tou. 17



A = K〈S〉/a kai jewroÔme ton kanonikì epimorfismì α : K〈S〉 → A. Or�zoumew nìrma
|f |a = inf

P∈a−1(f
|P |.Gia diaforetikè epilogè th par�stash tou A w phl�ko eleÔjerh Tate �l-gebra èqoume kai diaforetikè nìrme sto A. Eutuq¸ e�nai ìle isodÔname [3,6.1.1℄..Je¸rhma 3.3.3 (Nullstellensatz) 'Estw A mia afinoeid  �lgebra kai Pèna ide¸de tou A. To rizikì rad(P ) taut�zetai me thn tom  twn meg�stwnidewd¸n pou perièqoun to P .Apìdeixh: Profan¸ to parap�nw je¸rhma an�getai sto na apode�xoume ìtito rad(0) mia afinoeidoÔ �lgebra taut�zetai me thn tom  ìlwn twn meg�stwnidewd¸n th. A e�nai N h tom  ìlwn twn meg�stwn idewd¸n th A.Ja to apode�xoume me epagwg  sthn di�stash m th �lgebra A. An m =

0 tìte to je¸rhma kanonikopo�hsh th Noether ma d�nei ìti to A e�nai miapeperasmènh K-�lgebra sunep¸ èna daktÔlio tou Artin.To l mma tou Nakayama [1℄ ma exasfal�zei ìti
Nk  Nk−1,sthn per�ptwsh fusik� pou Nk−1 6= 0. All� h sunj kh tou Artin den epitrèpeina èqoume �peirh fj�nousa akolouj�a dun�mewn �ra gia k�poio k ja prèpei naisqÔei Nk = 0.Gia thn genik  per�ptwsh ja jewr soume pr¸ta thn per�ptwsh th eleÔjerh�lgebra Tate K〈S〉. 'Estw èna p ∈ N . H nìrma |p| = maxm |p mod m| = 0 kaisunep¸ p = 0. Fusik� h �lgebra ma den èqei mhdenodÔnama kai ètsi prokÔpteito zhtoÔmeno.Sthn genik  per�ptwsh èstw p ∈ N kai a upojèsoume ìti den e�nai mhde-nodÔnamo. Autì shma�nei ìti up�rqei èna pr¸to ide¸de P , ¸ste p 6∈ P . Anto P èqei Ôyo megalÔtero tou mhdenì tìte jewroÔme thn �lgebra A/P kaiefarmìzoume thn epagwgik  upìjesh. Opìte mporoÔme na upojèsoume ìti to Pe�nai èna el�qisto pr¸to ide¸de tou A.To je¸rhma kanonikopo�hsh th Noether ma exasfal�zei thn Ôparxh enìpeperasmènou monomorfismoÔ
φ : K〈S〉 →֒ A,ìpou S = (S1, . . . , Sm). O periorismì tou P sto K〈S〉 e�nai to mhdenikì ide¸deafoÔ toK〈S〉 e�nai akera�a perioq , mporoÔme na ergastoÔme ston daktÔlioA/P .opìte qwr� periorismì th genikìthta upojètoume ìti A e�nai akera�a perioq kai ìti to p e�nai èna mh mhdenikì stoiqe�o th tom  ìlwn twn meg�stwn idewd¸n.'Omw h φ e�nai peperasmènh �ra mporoÔme na broÔme qi ∈ K〈S〉 ¸ste

pd + φ(q1)p
d−1 + · · ·+ φ(qd) = 0.An d e�nai o el�qisto bajmì mia tètoia ex�swsh, tìte φ(qd) 6= 0 (afoÔ to

A e�nai aka�rea perioq ). 'Ara to φ(qd) an kei sthn tom  twn meg�stwn idewd¸ntou A, kai sunep¸ to qi an kei sthn tom  twn meg�stwn idewd¸n tou K〈S〉 kaisÔmfwna me ta parap�nw e�nai 0, �topo. �18



3.4 Afinoeide� pollaplot teOrismì 3.4.1 (Afinoeid  Pollaplìthta) Gia k�je afinoeid  �lge-bra ja lème to zeug�ri (Max(A), A) thn afinoeid  pollaplìthta pou antistoiqe�sto A, kai ja thn sumbol�zoume me Sp(A).Dhlad  ta mègista ide¸dh th �lgebra e�nai ta shme�a tou q¸rou kai h
A e�nai mia �lgebra sunart sewn ep� autoÔ tou q¸rou, ìpou to f ∈ A mad�nei thn sun�rthsh m 7→ f mod m. Upenjum�zoume ìti sthn per�ptwsh theleÔjerh �lgebra Tate, to na jewr soume èna stoiqe�o f =

∑
ν aνS

ν modulo
m = (S1 − r1, . . . , Sm − rm) e�nai to �dio me to na antikatast soume ti timè
Si = ri.Orismì 3.4.2 (Sunart sei metaxÔ Afinoeid¸n Poll/twn) M�asun�rthsh metaxÔ afinoeid¸n pollaplot twn e�nai èna zeug�ri (f, φ) ìpou h su-n�rthsh f : SpB → SpA ep�getai apì ton omomorfismì algebr¸n φ : A → B,dhlad  f(m) = φ−1(m).Ja doÔme sthn sunèqeia ìti h kathgor�a twn afinoeid¸n pollaplot twn èqeiin¸dh ginìmena. A xekin soume apì m�a eidik  per�ptwsh: O monadia�o polud�-sko Rn e�nai h afinoeid  pollaplìthta pou antistoiqe� sthn eleÔjerh �lgebra
Tate K〈S〉, S = (S1, . . . , Sn). A e�nai A m�a tuqa�a afinoeid  �lgebra. Tìteto sÔnolo

SpA×Rn,e�nai kai p�li m�a afinoeid  pollaplìthta pou antistoiqe� sthn afinoeid  �lgebra
A〈S〉. Dhlad  an A = K〈T 〉/I tìte h �lgebra A〈S〉 èqei thn parak�tw graf :

A〈S〉 =
K〈S, T 〉
IK〈S, T 〉 .Sthn genik  per�ptwsh a upojèsoume ìti èqoume ti sunart sei f : X =

SpA → Z = SpC kai g : Y = SpC → Z metaxÔ afinoeid¸n pollaplot twn.To in¸de ginìmeno X ×Z Y e�nai m�a afinoeid  pollaplìthta ¸ste to di�gram-ma na e�nai antimetajetikì
X ×Z Y
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kai opoiad pote �llh afinoeid  pollaplìthta Ω gia thn opo�a up�rqoun sunar-t sei pΩ, qΩ ¸ste to di�gramma
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na e�nai antimetajetikì sundèetai me me thn X×Z Y me thn bo jeia tou parak�twantimetajetikoÔ diagr�mmato:
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Se mia opoiad pote kathgor�a den up�rqoun katan�gkh in¸dh ginìmena. Sthnkathgor�a twn afinoeid¸n pollaplot twn up�rqoun in¸dh ginìmena. To ginìmeno
X ×Z Y e�nai to Sp(A⊗̂CB).Ja perigr�youme thn kataskeu  th �lgebra A⊗̂CB. JewroÔme ìti ìle oiafinoeide� �lgebre A,B,C e�nai efodiasmène me thn nìrma phl�ko pou ep�getaiapì ti anaparast�sei tou w phl�ka eleujèrwn algebr¸n. Sthn sunèqeiajewroÔme to sunhjismèno tanustikì ginìmeno A ⊗C B. Ja or�soume m�a nìrmasto A⊗C B w ex : To tuqa�o d ∈ A⊗C B gr�fetai

d =

d∑

i=1

ai ⊗ bi, (3.1)gia kat�llhla ai, bi. A e�nai δ = max{|ai| · |bi|} Fusik� h anapar�stash tou dsthn (3.1) den e�nai monadik . Jètoume loipìn |d| = inf δ, ìpou to δ diatrèqei ìleti dunatè anaparast�sei tou d. Mpore� na apodeiqte� ìti to | · | e�nai pr�gmatim�a nìrma sto A ⊗C B [3, 2.1.7℄. Tèlo A⊗̂CB sumbol�zei thn pl rwsh th
A⊗C B w pro thn nìrma | · |.Gia par�deigma an C = K tìte Sp(A⊗̂KB) = SpA×SpB e�nai to sunhjismènokartesianì ginìmeno. To prohgoÔmeno par�deigma  tan aut  th morf , Y =
Rn, X = Sp(A), kai X × Y = Sp(A〈S〉).3.5 Rhtè upoperioqè'EstwX = SpA m�a afinoeid  pollaplìthta. 'Ena uposÔnolo U ⊂ X ja lègetairht  upoperioq  an up�rqoun stoiqe�a p0, p1, . . . , pm ∈ A, ¸ste na par�goun tomonadia�o ide¸de kai epiplèon

U = {x ∈ X : |pi(x)| ≤ |p0(x)|, ∀i = 1, . . . ,m}.To je¸rhma mhdenismoÔ tou Hilbert exasfal�zei ìti to na par�goun ta pi tomonadia�o ide¸de e�nai to �dio me to na mhn èqoun koin  r�za sto X . To p0 denmpore� na èqei r�za sto U .Oi rhtè upoperioqè e�nai kai autè afinoeide� pollaplìthte. Pr�gmati,jewroÔme to
C = A〈p/p0〉 = A〈T 〉/(p1 − p0T1, . . . , pm − p0Tm),20



ìpou T = (T1, . . . , Tm) kai p = (p1, . . . , pm). To parak�tw di�gramma e�naiantimetajetikì:
SpC

θ //

��

U

��
X ×Rn π

// Xìpou π e�nai h probol  ston pr¸to par�gonta (pou ep�getai apì thn emfÔteush
A ⊂ A〈T 〉.), θ = π|SpC e�nai o periorismì th π kai ta k�jeta bèlh e�nai oiegkleismo�. Pr�gmati, arke� na apode�xoume ìti to π apeikon�zei to SpecC entìtou U . 'Estw (x, t) ∈ X×Rm èna shme�o sto SpecC. Autì shma�nei ìti to (x, t)ikanopoie� ti exis¸sei orismoÔ tou C, dhlad  pi(x) = tip0(x). AfoÔ ìmw
|ti| ≤ 1, èqoume ìti |pi(x)| ≤ |p0(x)|, dhlad  to x ∈ U .Sthn sunèqeia isqurizìmaste ìti to θ e�nai 1-1 kai ep�. Autì ìmw e�naisafè afoÔ ta ti e�nai monos manta orismèna apì to shme�o x ∈ U w to ph-l�ko pi(x)/p0(x). Katal goume ìti mporoÔme na doÔme to U w m�a afinoeid pollaplìthta.ParathroÔme ìti afou to p0 den mhden�zetai sto U , ja prèpei na e�nai m�amon�da sto C. MporoÔme na efarmìsoume thn arq  meg�stou sthn sun�rthsh
1/p0 gia na broÔme èna x0 ¸ste

∣∣∣∣
1

p0(x)

∣∣∣∣ ≤
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1

p0(x0)

∣∣∣∣ gia k�je x ∈ U.Jètonta δ = |p0(x)| èqoume ìti δ ≤ |p0(x)| gia ìla ta x ∈ U .MporoÔme na apode�xoume ti parak�tw idiìthte gia rhtè upoperioqè [3,7.2,73℄: H sun�rthsh A→ C e�nai 1-1 kai flat. Eidikìtera, autì shma�nei ìti anto X e�nai an�gwgo tìte kai to U e�nai an�gwgo. Epiplèon h tom  dÔo rht¸nupoperioq¸n e�nai p�nta rht  upoperioq . M�a rht  upoperioq  mia afinoeidoÔpollaplìthta pou e�nai rht  upoperioq  mia megalÔterh pollaplìthta e�nairht  upoperioq  kai sthn megalÔthrh pollaplìthta.Prìtash 3.5.1 (Sunèqeia) H ant�strofh eikìna mi� rht  perioq  mèswm�a sun�rthsh afinoeid¸n pollaplot twn e�nai rht  upoperioq . Akribèsteraan to U e�nai mia rht  upoperioq  tou X = SpA, me afinoeid  �lgebra C, kaian f : SpB → X e�nai m�a apeikìnish afinoeid¸n pollaplot twn, tìte f−1(U)isoÔte me to in¸de ginìmeno Y ×X U kai èqei afinoeid  �lgebra B⊗̂AC.Apìdeixh: H sqèsh th proeikìna me to in¸de ginìmeno e�nai sunhjismènhpraktik  sta sq mata. Gia m�a pl rh apìdeixh sthn per�ptwsh ma parapèmpoumesto [, 7.2.2,7.3℄. �Ja jewr soume sthn epìmenh prìtash ti afinoeide� pollaplìthte X methn topolog�a pou ep�gei h metrik . Akribèstera, mporoÔme na jewr soumeto X w to kleistì analutikì uposÔnolo tou V (a) ⊂ Rn, anaparist¸nta to
A ∼= K〈S〉/a. An jewr soume diaforetik  anapar�stash th �lgebra tìte oitopolog�e pou prokÔptoun e�nai oi �die. Aut  h monos manta orismènh topolo-g�a sto X ja lègetai h kanonik  topolog�a.Prìtash 3.5.2 A e�nai X m�a afeinoeid  pollaplìthta. M�a rht  upope-rioq  e�nai anoiqt  sthn kanonik  topolog�a tou X .Apìdeixh: [3, 7.2.5℄ �21



3.6 'Akampte analutikè pollaplìthteOi afinoeide� pollaplìthte ja e�nai ta topik� stoiqe�a ta opo�a ja {koll -soume} metaxÔ tou ¸ste na p�roume ti afinoeide� pollaplìthte. Ja prèpeina or�soume èna structure sheaf p�nw se autè. To prìblhma pou èqoume naantimetwp�soume e�nai ìti {paradosiak�} ta sheafs apaitoÔn m�a topolog�a gia naoristoÔn. Sthn per�ptws  ma h topolog�a th nìrma e�nai polÔ �sqhmh afoÔoi q¸roi ma g�nontai totally disconnected. H idèa e�nai na adunat soume thntopolog�a jewr¸nta w epitrept� anoiqt� mìno ti rhtè upoperioqè. 'Omw oirhtè upoperioqè den e�nai sqhmat�zoun topolog�a (giat�?)Thn lÔsh thn èdwse o Grothendieck o opo�o kat�fere na genikeÔsei thn èn-noia th topolog�a se m�a genikìterh ènnoia, aut  th Grothendieck topolog�a,h opo�a èqei ìla ta apara�thta sustatik� ¸ste na mporoÔme na or�soume sheaf.Istorik�, o Grothendieck, prospajoÔse na enisqÔsei thn topolog�a Zariski pro-keimènou na k�nei to je¸rhma antistrìfou sun�rthsh na isqÔei {dia th b�a}.Me autì ton trìpo proèkuye h topolog�a etale. Oi rhtè upoperioqè apoteloÔntopolog�a kat� Grothendieck opìte mporoÔme na proqwr soume ston orismì thpollaplìthta.A xekin soume apì ton orismì th topolog�a Grothendieck ìqi sthn apì-luth genikìtht� th. Gia ton genikì orismì parapèmpoume sto [7℄.Orismì 3.6.1 'Ena k�lumma enì sunìlou U e�nai m�a sullog  uposunìlwntou U twn opo�wn h ènwsh e�nai �sh me U . M�a topolog�a Grothendieck G sto Xapotele�tai apì1. 'Ena sÔsthma uposunìlwn S tou X pou onom�zontai epitrept� anoiqt�.2. Gia k�je U ∈ S, èna sÔsthma kalumm�twn Cov(U) tou U (ta opo�a taonom�zoume epitrept� kalÔmmata), ìpou k�je k�lluma èqei stoiqe�a sto S,¸ste oi parak�tw sunj ke na ikanopoioÔntai:(aþ) To kenì ∅ sÔnolo kai ìlo o q¸ro na e�nai stoiqe�a tou S.(bþ) An U, V ∈ S tìte kai U ∩ V ∈ S(gþ) Gia k�je U ∈ S èqoume {U} ∈ Cov(U).(dþ) Gia k�je U ∈ S an U ∈ Cov(U) kai gia k�je V ∈ U èqoume ènak�lluma VV ∈ Cov(V ) tìte h ènwsh tou ⋃
V ∈U VV e�nai èna stoiqe�otou Cov(U).(eþ) An U, V ∈ S me V ⊂ U kai U ∈ CovU tìte V ∩ U ∈ Cov(V ).'Ena sÔnolo efodiasmèno me m�a topolog�a tou Grothendieck ja lègetai G-topo-logikì q¸ro.M�a topolog�a e�nai m�a Grothendieck topolog�a ìpou ìla ta anoiqt� e�naiepitrept� kai ìla ta kallÔmata apì anoiqt� sÔnola e�nai epitrept�. 'Ole oiènnoie th topolog�a diathroÔntai kai sti topolog�e tou Grothendieck all�ektì apì sunj ke sta anoiqt� sÔnola, prèpei na b�loume sunj ke kai staepitrept� kallÔmata. Gia par�deigma:Orismì 3.6.2 M�a sun�rthsh f : X → Y metaxÔ dÔo G-topologik¸n q¸-rwn, ja lègetai G-suneq  an mìno an22



• H ant�strofh eikìna f−1(V ) enì epitreptoÔ anoiqtoÔ V ⊂ Y , e�nai epitre-ptì anoiqtì tou X .
• H ant�strofh eikìna f−1(V) enì epitreptoÔ kallÔmato V enì epitreptoÔanoiqtoÔ V e�nai èna epitreptì k�lluma tou epitreptoÔ anoiqtoÔ f−1(V ).Orismì 3.6.3 'Ena q¸ro ja lègetai hmisumpag  an kai mìno an k�je epi-treptì k�lluma èqei peperasmèno epitreptì upok�lluma.Orismì 3.6.4 (G-q¸ro daktul�wn.) 'Ena zeug�ri (X,OX) apoteloÔmenoapì ènan G-topologikì q¸ro maz� me èna sheaf OX apì K-�lgebre sto X jalègetai èna G q¸ro daktul�wn. Ja lègetai èna topik� G-q¸ro daktul�wn ankai mìno an gia k�je x ∈ X h kots�na (stalk) OX,x e�nai èna topikì daktÔlio.'Ena morfismì apì G q¸rou daktul�wn (X,OX) kai (Y,OY ) e�nai èna zeug�ri

(ψ, ψ∗), ìpou ψ : X → Y e�nai m�a suneq  apeikìnish, en¸ to ψ∗ e�nai m�asullog  apì omomorfismoÔ K-algebr¸n
ψ∗
Y : OY (V )→ OX(ψ−1(V )),gia k�je epitreptì anoiqtì V tou Y , ¸ste h oikogèneia aut  na e�nai sumbat me tou omomorfismoÔ periorismoÔ pou ep�gontai apì tou egkleismoÔW ⊂ V .Me �lla lìgia apaitoÔme to di�gramma
OY (V )

ψ∗

V //

restW,V

��

OX(ψ−1(V ))

restW,V

��
OY (W )

ψ∗

W // OX(ψ−1(W ))na e�nai antimetajetikì.Orismì 3.6.5 (Rigid analytic Variety.) 'Ena tuqa�o topik� G q¸rodaktul�wn (X,OX) upèr to K ja lègetai �kampth analutik  pollaplìthta an to
X epidèqetai èna epitreptì k�lluma U ¸ste k�je zeug�ri (U,OX |U ) me U ∈ Una e�nai m�a afinoeid  pollaplìthta. 'Ena tètoio k�lluma ja lègetai epitreptìafinoeidè k�lluma. M�a sun�rthsh f : X → Y metaxÔ �kamptwn analutik¸npollaplot twn e�nai èna morfismì apì topikoÔ G-q¸rou daktul�wn.Eidikìtera, oi afinoeide� pollaplìthte g�nontai �kampte afinoeide� pollaplì-thte.Parade�gmata: 'Akampte analutikè pollaplìthte mporoÔn na kollh-joÔn metaxÔ tou kai na d¸soun nèe. Gia par�deigma èqoume
• O afinikì q¸ro AnK o opo�o mpore� na tautiste� me to sÔnolo twn sh-me�wn tou kanonikoÔ afinikoÔ q¸rou Kn. Gia na d¸soume analutik  dom ston afinikì q¸ro AnK ergazìmaste w ex : Dialègoume èna sÔsthmasuntetagmènwn T = (T1, . . . , Tn) Apì thn pleur� th klasik  algebri-k  gewmetr�a o afinikì q¸ro e�nai to sÔnolo SpecK[T1, . . . , Tn]. HeleÔjerh �lgebra Tate e�nai to sÔnolo twn sugklinous¸n dunamoseir¸n∑

ν aνTν, kai to sÔnolo twn meg�stwn idewd¸n aut  th �lgebra e�naise èna pro èna antistoiq�a me thn mp�la B(0, 1).23



Dialègoume èna c ∈ K me |c| > 1 kai or�zoume ti �lgebre
Ai =

{
∑

ν

aν

(
T

ci

)ν
, lim aν = 0

}
.ParathroÔme ìti oi �lgebre autè or�zoun rhtè upoperioqè kai to sÔ-nolo twn meg�stwn idewd¸n e�nai se èna pro èna antistoiq�a me thn mp�la

B(0, |ci|). 'Eqoume dhlad  m�a akolouj�a apì mp�le pou kalÔptei ìlo tonq¸ro twn shme�wn tou AnK .Sthn gl¸ssa twn algebr¸n, èqoume thn akolouj�a
K〈T 〉 = A0 ⊃ A1 ⊃ A2 ⊃ · · · ⊃ K[T ].Fusik� ∩Ai = k[T ], dhlad  m�a gen�keush tou jewr mato tou Liouvillesqetik� me ti sunart sei pou e�nai olìmorfe se ìlo to AnK .ParathroÔme ìti èqoume m�a sun�rthsh Ai → Ai+1 pou or�zetai w
∑

ν

aν

(
T

ci

)ν

7→
∑

ν

aνc

(
T

ci+1

)ν

,kai e�nai kal� orismènh afoÔ lim aν = 0 ⇒ lim aνc = 0. H parap�nw su-n�rthsh ep�gei èna egkleismì SpAi → SpAi+1. H ènwsh ìlwn twn rht¸nupoperioq¸n Ai d�nei sto Ai thn dom  �kampth analutik  pollaplìthtathn opo�a ja thn sumbol�zoume me An,anK .
• Algebrikè Pollaplìthte. Me ton �dio trìpo pou d¸same analutik  dom ston afinikì q¸ro AnK mporoÔme na d¸soume se k�je algebrik  pollaplì-thta. Pr�gmati, èstw B m�a peperasmèna paragìmenh K-�lgebra h opo�aantistoiqe� se m�a afinik  algebrik  pollaplìthtaX = SpecB H B dèqetaipar�stash
B =

K[T1, . . . , Tn]

a
, gia kat�llhlo ide¸de a th �lgebra K[T1, . . . , Tn].An Ai e�nai h akolouj�a twn algebr¸n pou or�same sto prohgoÔmeno pa-r�deigma, tìte mporoÔme na or�soume thn akolouj�a

A0

aA0
← A1

aA1
← · · · ← B,h opo�a ep�gei tou egkleismoÔ

Sp
A0

aA0
→֒ Sp

A1

aA1
→֒ · · · →֒ SpB,H akolouj�a (

Sp Ai

aAi

)

i
apotele� èna epitreptì k�lluma tou X = SpB toopo�o ja to sumbol�zoume me Xan.

• Analutikopo�hsh. An to U e�nai èna anoiqtì Zariski tou SpecB tìte to
U ∩ Sp(Ai/aAi) e�nai epitrept� anoiqt� tou Xan, �ra kai to U e�nai epi-treptì anoiqtì. Dhlad  ta Zariski anoiqt� e�nai eptrept� anoiqt�. 'Omwk�je sq ma pou e�nai topik� peperasmènou K tÔpou, (dhlad  prokÔptei24



apì koll mata afinik¸n sqhm�twn pou e�nai f�smata peperasmèna para-gìmenwn K-algebr¸n, koll¸nta kat� m ko anoiqt¸n Zariski) mpore� nap�rei dom  �kampth analutik  pollaplìthta me b�sh to parap�nw pa-r�deigma. O sunartht  pou stèlnei sq mata X se �kampte analutikèpollaplìthte Xan lègetai analutikopo�hsh,San par�deigma m�a tètoia kataskeu  mporoÔme na anafèroume ton pro-bolikì q¸ro Pn,anK .3.7 H sun�rthsh th anagwg  tou TateA jewr soume mia K-afinoeid  �lgebra A. JewroÔme se aut n thn nìrma
|f |sup = max

x∈Max(A)
|f(x)|.Sqhmat�zoume ta parak�tw sÔnola

A◦ = {f ∈: |f |sup ≤ 1},

A◦◦ = {f ∈ A : |f |sup < 1}.ParathroÔme ìti to A◦ e�nai èna daktÔlio, kai to A◦◦ e�nai èna ide¸de tou.Sqhmat�zoume to phl�ko
Ā := A◦/A◦◦.K�je morfismì φ : B → A ep�gei mia sun�rthsh
φ◦ : B◦ → A◦,kai ènan omomorfismì k-algebr¸n
φ̄ : B̄ → Ā.Pr�gmati, an èqoume èna shme�o x ∈Max(A), ¸ste |φ(f)(x)| = |φ(f) mod x| =

ǫ, tìte |f(φ−1(x))| = |f mod φ−1(x)| = ǫ, afoÔ
B/φ−1(x) →֒ A/x.ParathroÔme ìti o parap�nw morfismì e�nai sunarthsiakì, dhlad  èqoumeèna sunartht  anagwg :

K − afinoeide� pollaplìthte→ k − afinik� algebrik� sÔnola,
Max(A) 7→Max(Ā), φ 7→ φ̄.'Estw x ∈Max(A). JewroÔme thn kanonik  probol 

σ : A→ A/x.Aut  ep�gei mèsw tou sunartht  anagwg , m�a sun�rthsh
σ̄ : Ā→ A/mx.25



Epeid  to A/x e�nai peperasmènh algebrik  epèktash tou K e�nai kai to A/xalgebrik  epèktash tou k = K̄. Opìte
ker σ̄ ∈Max(Ā).Me autì ton trìpo èqoume kataskeu�sei m�a sÔnarthsh (thn sun�rthsh anagw-g  tou Tate)

πA : Max(A)→Max(Ā), x 7→ x̄.H sun�rthsh πA e�nai sumbat  me tou morfismoÔ afinoeid¸n algebr¸n, dhlad to parak�tw di�gramma e�nai antimetajetikì:
Max(A)

φ
//

πA

��

Max(B)

πB

��
Max(Ā)

φ̄

// Max(B̄)IsqÔei to parak�twJe¸rhma 3.7.1 H sun�rthsh tou Tate πA : Max(A) → Max(Ā) e�nai ep�tou Max(Ā).Apìdeixh: [15℄,[3, 7.1.5℄ �Den e�nai bolikì ìti h sun�rthsh anagwg  tou Tate den e�nai ep� tou pl -re f�smato Spec(Ā). Sthn sunèqeia ja doÔme pw o Berckovitch èdwse m�akalÔterh sun�rthsh anagwg .Parade�gmata:1. JewroÔme to Max(K) = (pt,K) kai Max(K) = Max(k).2. JewroÔme to Max(K〈T 〉) = D kai D̄ = A1
k. 'Eqoume de�xei ìti to sÔnolotwn meg�stwn idewd¸n th �lgebra K〈T 〉 e�nai omoiomorfikì me ta shme�atou d�skou D := {|z| ≤ 1}. Ja de�xoume ìti to eswterikì tou d�skousurrikn¸netai sto 0 sthn anagwg  maz� me èna shme�o th perifèreia kaiapomènei mìno h perifèreia ektì apì èna shme�o.Pr�gmati èstw ma to ide¸de pou antistoiqe� sto shme�o a. 'Eqoume tonkanonikì epimorfismì

K〈T 〉 → K〈T 〉
(T − a)K〈T 〉 ,kai jewroÔme se ìla ta mèlh thn anagwg 

π̄ : K[T ] = K〈T 〉 → K[T ]

(T − a)K[T ]
.ParathroÔme ìti

(T − a)K〈T 〉 =
{
TK[T ] an |a| < 1,
(T − a)K[T ] an |a| = 1.Sunep¸ o pur na th sun�rthsh π̄ e�nai diaforetikì tou 0 mìno ìtan

|a| = 1 26



Sq ma 3.1: Anagwg  tou K〈T, π/T 〉.3. JewroÔme t¸ra thn �lgebra A = K〈T, T−1〉. To sÔnolo Max(A) e�naiomoiomorfikì me to sÔnolo {z ∈ K : |z| = 1}. ParathroÔme ìti
K〈T, T−1〉 = K〈x, y〉/(xy − 1) =

{
∞∑

n=−∞

anT
n : lim

|n|→∞
|an| = 0

}To sÔnolo X̄ = Max(k[t, t−1]) = A1
k\{0}.4. A jewr soume t¸ra to X = Max(K〈T, π/T 〉), ìpou |π| = r ∈ (0, 1) ∩

|K∗|. To X e�nai o q¸ro
{x ∈ K : r ≤ |x| ≤ 1} = Max

(
K〈x, y〉/(xy − π)

)
.H anagwg  X̄ e�nai h tom  dÔo eujei¸n. Pr�gmati, jewroÔme thn kanonik sun�rthsh

K〈x, y〉/(xy − π)→ K〈x, y〉/(xy − π)

(x − a, y − b)K〈x, y〉/(xy − π)
,ìpou |a| ≤ 1, |b| ≥ 1, ab = π. ParathroÔme ìti

(x− a, y − b)K〈x, y〉/(xy − π) =






xyk[x, y]/xy an r < |a| < 1
(x− a)yk[x, y]/xy an |a| = 1, |b| = r
a(y − b)k[xy]/xy an |b| = 1, |a| = rDhlad  h anagwg  e�nai to ginìmeno dÔo eujei¸n. To eswterikì r < |a| < 1katal gei sthn tom  twn dÔo eujei¸n, h eswterik  perifèreia |a| = rkatal gei sthn euje�a y = 0 kai h exwterik  perifèreia |a| = 1 katal geisthn euje�a x = 0.
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Kef�laio 4O q¸ro tou Berckovitch4.1 To f�sma tou Gelfand.'Estw A m�a �lgebra efodiasmènh me m�a metrik , upèr enì s¸mato ekt�mhsh
K, | · |.Orismì 4.1.1 Ja sumbol�zoume me M(A) to sÔnolo twn fragmènwn polla-plasiastik¸n hminorm¸n χ : A→ R≥0, me χ |K= | · |K kai ja to onom�zoume tof�sma tou Gelfand th �lgebra A.Upenjum�zoume ed¸ ìti m�a hminìrma e�nai m�a sun�rthsh χ : A→ R≥0 h opo�aikanopoie� ìle ti sunj ke th metrik  ektì apì thn sunj kh χ(x) = 0 ⇒
x = 0, kai

χ(λf) = |λ|Kχ(f) gia k�je λ ∈ K, f ∈ A.H hminìrma e�nai fragmènh ìtan up�rqei èna C > 0 ¸ste χ(f) ≤ C|f | gia k�je
f ∈ A. Pollaplasiastik , shma�nei ìti χ(fg) = χ(f)χ(g) gia k�je f, g ∈ A.L mma 4.1.2 Gia k�je mon�da f ∈ A∗ kai k�je χ ∈M(A) èqoume χ(f) = |f |.Apìdeixh: ParathroÔme ìti h anisìthta χ(fn) ≤ C|fn| ep�gei thn

χ(f) ≤ n
√
C|f |.AfoÔ sthn parap�nw sqèsh to n e�nai tuqa�o, èqoume ìti χ(f) ≤ |f |. 'Omw

f−1 ∈ A, �ra χ(f−1) ≤ |f−1|. H pollaplasiastik  idiìthta th f ep�gei ìti
χ(f) = |f |. �O q¸ro M(A) efodi�zetai me thn asjenèsterh topolog�a ¸ste oi sunart -sei

EAf : M(A)→ R≥0, χ 7→ χ(f),na e�nai suneqe�.Mèqri t¸ra to A  tan m�a �lgebra efodiasmènh me m�a metrik  upèr tou pl -rou s¸mato (K, | · |K). 'Ena fragmèno omomorfismì an�mesa sti �lgebreme nìrma φ : A → B ja lègetai epitreptì an kai mìno an h epagìmenh phliko-nìrma ston q¸ro A/ kerφ e�nai isodÔnamh me ton periorismì th nìrma tou Bsto φ(A). Me �lla lìgia zhtoÔme o algebrikì isomorfismì
A/ kerφ ∼= φ(B),na e�nai kai topologikì omoiomorfismì.28



Orismì 4.1.3 M�a antimetajetik  �lgebra Banach lègetai K-afinoeid  anup�rqoun r1, . . . , rn > 0 kai èna epitreptì epimorfismì
K

〈
T1

r1
, . . . ,

Tn
rn

〉
→ A.H K-afinoeid  �lgebra ja lègetai strict an kai mìno an mporoÔme na dialèxoume

r1 = · · · = rn = 1.Parat rhsh: O q¸ro K〈T1

r1
, . . . , Tn

rn
〉 e�nai h K-�lgebra twn dunamoseir¸n

f =
∑

m∈Nn amT
m gia ti opo�e isqÔei lim|m|→∞ |am|rm1

1 · · · rmm
n = 0, m =

(m1, . . . ,mn).Parat rhsh: Oi afinoeide� �lgebre e�nai Noether kai ìla ta ide¸dhtou e�nai kleist�, en¸ gia ti strict afinoeid  �lgebre up�rqei m�a kanonik apeikìnish Max(A) → M(A), h opo�a apeikon�zei to Max(A) omoiomorfik� seèna puknì uposÔnolo tou M(A).'Estw x ∈ M(A) kai | · |x h uponìrma pou tou antistoiqe�. H sun�rthsh
| · |x den e�nai profan¸ omomorfismì algebr¸n (qal�ei h prìsjesh), all� èqeinìhma na mil soume gia ton pur na th

px := ker | · |x = (| · |x)−1({0}),pou apotele� èna kleistì pr¸to ide¸de tou A.Pr�gmati, an f, g ∈ px tìte 0 ≤ |f + g|x ≤ |f |x + |g|x = 0, �ra f + g ∈ px.Ep�sh an f ∈ px kai g ∈ A, tìte h pollaplasiastik  idiìthta th | · |x epib�lleiìti fg ∈ px. Dhlad  to px e�nai ide¸de tou A.Gia na de�xoume ìti e�nai pr¸to parathroÔme ìti an fg ∈ px tìte |fg|x =
|f |x|g|x = 0, �ra |f |x = 0   |g|x = 0, afoÔ to R e�nai s¸ma.'Eqoume loipìn m�a suneq  sun�rthsh:

M(A)→ SpecA, x→ px.H epagìmenh nìrma sto A/px, d�nei m�a nìrma sto s¸ma F (x) := Quot(A/px).H pl rwsh H(x) =
︷ ︸︸ ︷
F (x) ja lègetai to analutikì s¸ma upolo�pwn.Gia f ∈ A jewroÔme to f(x) := χx(f) thn eikìna tou f mèsw th kanonik apeikìnish

χx : A→H(x).Me autì ton trìpo ja blèpoume ta stoiqe�a tou A w sunart sei sto M(A),ìpou oi timè tou gia diaforetik� shme�a an koun se diaforetik� sÔnola.Par�deigma: H genik  jewr�a tou Berkovitch den perior�zetai se �lgebreupèr pl rwn mh arqhm deiwn swm�twn. A upojèsoume ìti K = C. H C-�lgebra twn sugklinous¸n seir¸n ston monadia�o d�sko C〈z〉, efodiasmènh methn sup nìrma e�nai m�a �lgebra Banach. Me thn bo jeia tou je¸rhmato twn
Gelfand-Mazur {ektì apì to C den up�rqoun �lle migadikè �lgebre Banachme dia�resh} blèpoume ìti to M(C〈z〉) e�nai omoiomorfikì me to Max(C〈z〉).Par�deigma: 'Estw ìti to K e�nai algebrik� kleistì. A jewr soumeto SpK〈T 〉 = D(0, 1+) o kleistì monadia�o kÔklo. Ston q¸ro M(K〈T 〉)sunantoÔme ti parak�tw kathgor�e shme�wn:1. K�je x ∈ D(0, 1+) d�nei m�a pollaplasiastik  hminìrma:

χx : K〈T 〉 → R≥0, f 7→ |f(x)|K .29



2. K�je kuklikì d�sko D(x, r+) ⊂ D(0, 1+) me r ∈ |K∗| d�nei thn hminìrma
ηx,r : K〈T 〉 → R≥0, f 7→ |f |D(x,r+) := sup

ξ∈D(x,r+)

|f(ξ)|K .3. H �dia kataskeu  douleÔei akìma kai an r 6∈ |K∗|.4. A jewr soume tèlo mia oikogèneia D := {Da} mia fj�nousa (�peirh)akolouj�a kleist¸n kuklik¸n d�skwn sto D(0, 1+). Tìte jètoume
χ : K〈T 〉 → R≥0, f 7→ |f |D := inf

a
|f |Da

.An h tom  σ := ∩aDa 6= ∅ tìte to σ = {x} e�nai èna shme�o, opìte χ = χxdhlad  mia hminìrma th pr¸th morf ,   σ = D dhlad  h hminìrma e�naith deÔterh   tr�th morf . An ìmw σ = ∅, tìte èqoume m�a akìmamorf  shme�wn tou M(K〈T 〉).Ta shme�a th pr¸th morf  lègontai klasik� shme�a en¸ ìla ta �lla genericshme�a tou Berkovich.Ja apode�xoume ìti pl n twn parap�nw peript¸sewn den up�rqoun �llashme�a sto M(K〈T 〉). Gia dedomèno | · | ∈ M(K〈T 〉), jewroÔme to D :=
{D(x, |T − x|+) ⊂ D(0, 1+)}. To D e�nai m�a fj�nousa akolouj�a kuklik¸nd�skwn kai |T − x|D = |T − x| gia k�je x ∈ K. Oi pollaplasiastikè hminìrmesto K〈T 〉 prosdior�zontai monos manta apì ti timè tou sta polu¸numa T −x,opìte | · | = | · |D.Gia to s¸ma phl�kwn enì shme�ou x ∈M(K〈T 〉), èqoume1. An to x e�nai èna klasikì shme�o tìte H(x) = K.2. An to x e�nai tÔpou 2, tìte H(x) = K̄ kai |H(x)| = |K|.3. An to x e�nai tÔpou 3, tìte H(x) = K̄ kai |H(x)∗| e�nai h upoom�da tou

R≥0 pou par�getai apì to |K∗| kai apì to r.4. An to x e�nai èna shme�o tÔpou 4, tìte H(x) e�nai m�a epèktash tou K methn �dia hmiom�da ekt�mhsh me to K.L mma 4.1.4 H mh arqim deia mp�la
D(0, r+) := M(K〈T1

r1
, . . . ,

Tn
rn
〉)e�nai sumpag .Apìdeixh: Sthn �lgebra A = K〈T1

r1
, . . . , Tn

rn
〉 jewroÔme thn nìrma tou Gauss.H nìrma aut  ikanopoie� |fn| = |f |n, opìte o metasqhmatismì tou Gelfand

A→
∏

x∈M(a)

H(x), f 7→ (f(x))x∈M(A)e�nai isometrikì isomorfismì [2, 1.2.3,1.3.2℄ �Je¸rhma 4.1.5 O q¸ro M(A) e�nai mh kenì, Hausdorff, sumpag .30



Apìdeixh: A upojèsoume ìti to A e�nai gn sia afinoeidè. 'Eqoume ton eg-kleismì:
∅ 6= Max(A) ⊆M(A),afoÔ k�je mègisto ide¸de m tou A ma d�nei thn hminìrma:

χm : A→ R≥0, f 7→ |f +m|K̄ ,ìpou K̄ e�nai h algebrik  kleistìthta tou K = A/m.Sthn per�ptwsh pou h �lgebra A den e�nai gn sia afinoeid , èqoume
A = K〈r−1T 〉,ìpou r = (r1, . . . , rn) kai T = (T1, . . . , Tn). A e�nai ρ ∈ (K∗)n ¸ste k�jesuntetagmènh tou ρ na e�nai kat� apìluth tim  mikrìterh apì thn ant�stoiqhsuntetagmènh tou r. Tìte èqoume

∅ 6= D(0, |ρ|+K) ⊆ D(0, r+),mèsw th sun�rthsh egkleismoÔ:
χ 7→ χ|K〈r−1T 〉.An loipìn A = K〈r−1T 〉/a gia k�poio ide¸de a, tìte

M(A) = V (a) := {x ∈ D(0, r+)| ker | · |x ⊃ a},kai gia k�poio ρ ∈ (K∗)n me |ρ|K ≤ r isqÔei
∅ 6= V (aK〈|ρ|−1

K T 〉) = V (a) ∩D(0, |ρ|+K) ⊂M(A).A apode�xoume t¸ra ìti to M(A) e�nai Hausdorff. JewroÔme dÔo diaforetik�shme�a x 6= y sto M(A). Up�rqei f ∈ A ¸ste
|f(x)|H(x) < |f(y)|H(y).An dialèxoume èna pragmatikì arijmì r ¸ste
|f(x)|H(x) < r < |f(y)|H(y),tìte oi

U := {z ∈M(A) : |f(z)|H(z) < r} kai V := {z ∈M(A) : r < |f(z)|H(z)},e�nai dÔo xène anoiqtè perioqè twn x, y.Gia thn sump�geia parathroÔme ìti to A ∼= K〈r−1T 〉/a, opìte M(A) =
V (a) ⊂ D(0, r+) e�nai èna Zariski kleistì sthn sumpag  sfa�ra D(0, r+). 'Omwta Zariski kleist� e�nai kai kleist� se sumpag  q¸ro �ra sumpag . �Orismì 4.1.6 'Ena mh tetrimmèno kai fragmèno omomorfismì algebr¸n
χ : A → F se èna s¸ma ekt�mish F, onom�zetai èna qarakt ra tou A. DÔoqarakt re χ′ : A → F′ kai χ′′ : A → F′′ ja jewroÔntai isodÔnamoi (kai ja to31



sumbol�zoume me χ′ ∼ χ′′ an kai mìno an up�rqei èna qarakt ra χ : A → F,kai emfuteÔsei F→ F′ kai F→ F′′ ¸ste to di�gramma
F′

A //

77oooooooooooooo
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>>~~~~~~~~

  @
@@

@@
@@

@

F′′na e�nai antimetajetikì. Ja sumbol�zoume me X (A) to sÔnolo twn kl�sewnisodunam�a qarakt rwn.L mma 4.1.7 Up�rqei m�a èna pro èna kai ep� antistoiq�a an�mesa stou q¸-rou M(A) kai X (A).Apìdeixh: JewroÔme ti sunart sei
α : M(A)→ X (A), x 7→

(
χx : A→H(x), f 7→ f(x)

)
,Dhlad  sthn hminìrma x antistoiqoÔme ton qarakt ra χx. Ep�sh or�zoume thn

β : X →M(A), (χ : A→ F) 7→ (| · |χ : A→ R≥0, f 7→ |χ(f)|F).Ja apode�xoume ìti a ◦ β = Id. Pr�gmati, stèlnoume ton qarakt ra χ : A→ Fsto x ∈M(A)
x := | · |χ : A→ R≥0, f 7→ |χ(f)|F.Sthn sunèqeia stèlnoume to x, mèsw th α sto χx:

χx : A→H(x), f 7→ f(x).ParathroÔme ìti ker | · |χ = ker(χ). Pr�gmati, ex' orismoÔ gia f ∈ A èqoume
|f |χ = |χ(f)|F, kai h | · |F e�nai metrik . To χ paragontopoie�tai w ex :

χ : A→ A/ kerχ = A/ ker | · |χ = F (x)→ F,opìte to F (x) e�nai isìmorfo me èna upìswma tou F kai χ ∼ χx.Antistrìfw, ja apode�xoume ìti β ◦ α = Id. A e�nai x ∈ M(A). 'Eqoumeìti α(x) = χx ∈ X (A). Epiplèon:
|χx(f)|H(x) = |f(x)| = |f |xkai o isqurismì èqei apodeiqte�. �Diamèsou th amfimonos manth antistoiq�a twn sunìlwn M(A) kai X (A)mporoÔme na taut�soume ta parap�nw dÔo sÔnola. Epiplèon to sÔnolo X (A)efodi�zetai me topolog�a, thn topolog�a tou Gelfand, h opo�a e�nai h asjenèsterhtopolog�a ¸ste oi sun�rthsei χ 7→ χ(f) na e�nai suneqe�.
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4.2 Afinoeide� PerioqèGia gn sia afinoeide� �lgebre e�nai gnwstè oi afinoeide� perioqè touMax(A).'Etsi odhgoÔmaste ston parak�twOrismì 4.2.1 'Estw A mia gn sia afinoeid  K-�lgebra kai èstw X =
M(A). Mia gn sia afinoeid  perioq  tou X e�nai h kleistìthta mia afinoeidoÔperioq  tou Max(A) sto X . Mia afinoeid  perioq  tou X e�nai èna kleistìuposÔnolo V ⊆ X , ¸ste na up�rqei mia K-afinoeid  �lgebra AV kai fragmènoomomorfismì φ : A → AV ¸ste na isqÔei: gia k�je fragmèno omomorfismì
ψ : A → B apì K-afinoeide� �lgebre ¸ste ψ∗ : M(B) → V ⊆ M(A), up�rqeièna fragmèno omomorfismì AV → B, ¸ste to di�gramma

A

ψ
��?

??
??

??
?

φ
// AV

~~||
||

||
||

Bna e�nai antimetajetikì.O omomorfismì A → AV e�nai monos manta kajorismèno apì to V . Epiplèon
M(AV ) ∼= V . To AV e�nai mi� flat A-�lgebra.T¸ra ja eisag�goume to structure sheaf enì gn sia afinoeidoÔ q¸rou.'Estw G(X) to sÔnolo twn kleist¸n uposunìlwn tou X , ta opo�a e�nai pe-perasmènh ènwsh afinoeid¸n perioq¸n tou X . Ta stoiqe�a tou G(X) ja taonom�zoume eidik� uposÔnola tou X .'Estw V ∈ G(X) kai èstw V = {Vi}i∈I m�a peperasmènh k�luyh tou V apìafinoeide� perioqè tou X . H tom  dÔo afinoeid¸n perioq¸n e�nai p�li afinoeidèèqoume

AV := ker




∏

i∈I

AVi
→

∏

(i,j)∈I×I

AVi∩Vj



 .To AV e�nai kal� orismèno kai den exart�tai apì thn k�luyh V , kai mporoÔme naor�soume to structure sheaf ep� tou X w to (pre)sheaf

U 7→ Γ(U,OX) := lim
V ∈G(X),V⊆U

AV ,ìpou to U diatrèqei ta anoiqt� uposÔnola tou X .Orismì 4.2.2 To zeug�ri (X,OX) lègetai èna gn sia K-afinoeid  q¸ro.'Ena morfismì (M(A),OM(A)) → (M(B),OM(B)) apì gn sia K-afinoeide�q¸rou e�nai èna morfismì topik¸n ringed spaces o opo�o prokÔptei mèsw toumorfismoÔ φ : B → A. (oi hminìrme metatrèpontai mèsw th sun�rthsh
χ 7→ χ ◦ φ).H antistoiq�aA 7→ (M(A),OM(A) e�nai èna pistì contravariant sunartht apì thn kathgor�a twn gn sia K-afinoeid¸n algebr¸n sthn kathgor�a twn local
ringed q¸rwn. 33



4.2.1 H sun�rthsh anagwg 'Estw m�a antimetajetik  �lgebra Banach A, | · |. Ja sumbol�zoume me
ρ(f) := lim

n→∞

n
√
|fn|thn fasmatik  akt�na tou f ∈ A, h opo�a e�nai m�a fragmènh hminìrma ston A. Oq¸ro

A◦ := {f ∈ A : ρ(f) ≤ 1},e�nai èna daktÔlio kai to sÔnolo
t(A) := {f ∈ A : ρ(f) < 1}e�nai èna ide¸de tou. Sqhmat�zoume to phl�ko

Ā := A◦/t(A).K�je fragmèno omomorfismì φ : A→ B apì antimetajetikè �lgebre Banachep�gei èna omomorfismì daktul�wn φ◦ : A◦ → B◦. Pr�gmati, an f ∈ A me ρ(f) ≤
1 tìte |φ(fn)| ≤ C|fn| �ra lim n

√
φ(fn) ≤ lim n

√
C n

√
φ(fn), opìte ρ(φ(f)) ≤

ρ(f) dhlad  to zhtoÔmeno.Epiplèon, mporoÔme na jewr soume ton epagìmeno omomorfismì φ̄ : Ā→ B̄.A jewr soume èna shme�o x ∈ M(A) kai ton omomorfismì χx : A → H(x).JewroÔme ton epagìmeno morfismì:
χ̄x : Ā→H(x).'Omw to H(x) e�nai èna s¸ma �ra to ker(χ̄x) e�nai èna pr¸to ide¸de tou Ā.Jètoume

k(x̄) := Quot(Ā/ ker(χ̄x)),kai èqoume thn epèktash swm�twn k(x̄)→ H(x), kai thn sun�rthsh
π : M(A)→ SpecĀ, x 7→ ker(χ̄x),thn opo�a kai ja onom�zoume sun�rthsh anagwg ,   sun�rthsh Tate.Parathr sei:1. A upojèsoume ìti to A e�nai efodiasmèno me thn tetrimmènh nìrma, dhlad gia f ∈ A èqoume

|f | =
{

1 an f 6= 0
0 an f = 0

.Tìte A◦ = A kai t(A) = Nil(A). Se aut  thn per�ptwsh h sun�rthshanagwg  ìpw or�sthke se aut  thn par�grafo den taut�zetai me thnsun�rthsh anagwg  th paragr�fou 3.7.2. An h ekt�mhsh sto K den e�nai tetrimmènh kai to A e�nai m�a gn sia afi-noeid  K-�lgebra tìte h π|Max(A) taut�zetai me thn sun�rthsh Tate
Max(Z)→Max(Ā).3. Se k�je per�ptwsh to Ā e�nai m�a peperasmèna paragìmenh k-�lgebra qwr�
nilpotents. Pr�gmati, an ρ(f) ≤ 1 kai ρ(fn) < 1 tìte ρ(f) < 1, afoÔ h ρe�nai pollaplasiastik . 34



Orismì 4.2.3 'Ena mh kenì kleistì uposÔnolo Z enì afinoeidoÔ q¸rou
X = M(A) lègetai sÔnoro tou X , an k�je f ∈ A èqei to mègisto th sto Z.To l mma tou Zorn exasfal�zei thn Ôparxh elaq�stwn sunìrwn. An up�rqei ènael�qisto sÔnoro sto X autì ja lègetai sÔnoro Shilov kai ja to sumbol�zoume me
∂sh(X).Prìtash 4.2.4 'Estw A m�a gn sia afinoeid  K-�lgebra. Jètoume X =
M(A), X̄ = SpecĀ, X̄gen = { sÔnolo twn generic points twn anag ģwn para-gìntwn tou X̄}. IsqÔoun ta parak�tw:1. H sun�rthsh anagwg  π : X → X̄ e�nai ep�.2. Gia k�je x̄ ∈ X̄gen up�rqei akrib¸ èna x ∈ X ¸ste π(x) = x̄. Sthnper�ptwsh |A|sup = |K|, tìte h K̄(x̄)→H(x) e�nai isomorfismì.3. To X èqei èna sÔnoro Shilov: ∂sh(X) = π−1(X̄gen).Apìdeixh: E�nai gnwstì ìti [3, 6.2.3℄ ρ(f) = |f |sup.1. [3, 7.1.5℄2. A upojèsoume ìti to X̄ e�nai an�gwgo me generic shme�o to x̄. H metrik 

| · |sup e�nai èna stoiqe�o tou Max(A) kai o epagìmeno qarakt ra χsup :
A → H(| · |sup) e�nai 1-1, �ra kai to χ̄sup. e�nai 1-1 dhlad  èqei mhdenikìpur na kai antistoiqe� sto generic point th anagwg , dhlad  π(| · |sup) ∈
X̄gen.JewroÔme èna x ∈ π−1(x̄). Isqurizìmaste ìti |·|x = |·|sup. Sthn per�ptwsh
|f |sup = 0 èqoume ìti to f ∈ Nil(A) kai sunep¸ |f(x)| = |f |x = 0. An
|f |sup > 0 tìte up�rqei [3, 6.2.1℄ a ∈ K∗ kai n ≥ 1 ¸ste |f |nsup = |a|.Jètoume g := a−1fn kai èqoume |g|sup = 1. AfoÔ g ∈ A◦\t(A) èqoume
|g(x)| = 1. Sunep¸ |f |x = |f(x)| = |f |sup. Sunep¸ π−1(x̄) = {x}.Sthn per�ptwsh pou |A|sup = |K| tìte mporoÔme na upojèsoume ìti to Ae�nai an�gwgo. Tìte to Quot(A) e�nai puknì sto H(x). Sunep¸ k�jestoiqe�o tou H(x) èqei èna lift f/g ∈ Quot(A) me |f |sup = |g|sup. Apì thnupìjesh up�rqei a ∈ K me |f |sup = |g|sup = |a|. Sunep¸ to lift mpore� nagrafte� w phl�ko a−1f

a−1g
stoiqe�wn tou A◦\t(A). Sunep¸ K̄(x̄) ∼= H(x).A upojèsoume t¸ra ìti to Q̄ e�nai tuqa�o. Gia x ∈ X̄gen jewroÔme èna

f ∈ A◦ me f̄(x̄) 6= 0 kai ¸ste to f na mhden�zetai se ìle ti an�gwgesunist¸se tou X̄ sti opo�e den an kei to x̄. Jètoume B := A〈f−1〉 kaièqoume
M(B) = X(f−1) = {x ∈ X : |f(x)| = 1}1'Eqoume ìti π−1(x̄) ⊆ X(f−1). AfoÔ B̄ = Ā[f̄−1] kai |B|sup = |A|sup [3,7.2.6℄ prokÔptei to zhtoÔmeno.3. 'Estw f ∈ Acirc\t(A). Up�rqei m�a sunist¸sa tou X̄, p�nw sthn opo�a denmhden�zetai to f̄ , sunep¸ èna x̄ ∈ X̄gen me f̄(x̄) 6= 0̄. 'Estw x = π−1(x̄).Tìte èqoume |f(x)| = 1 = |f |sup. Dhlad  k�je f ∈ A pa�rnei to mègistoth k�pou p�nw ston peperasmèno q¸ro π−1(X̄gen). Up�rqei loipìn ènael�qisto sÔnoro pou e�nai sÔnoro Shilov.1O orismì autì e�nai fusiologikì afoÔ ìle oi hminìrme prèpei sta antistrèyima stoiqe�ana èqoun tim  1. 35



�Par�deigma: 'Estw K = Cp. Gia ton d�sko D = D(0, 1+) èqoume to sÔnoro
Shilov ∂sh(D) = {| · |sup} kai D̄ = A1

F̄p
.4.3 PollaplìthteSthn sunèqeia me ton ìro afinoeidè sÔnolo ja ennooÔme gn sia afinoeidè sÔ-nolo. An Y e�nai topologikì q¸ro kai X ⊂ Y me Int(X/Y ) ja sumbol�zoumeto topologikì eswterikì tou X sto Y dhlad  to eswterikì tou X efodiasmènome thn epagìmenh topolog�a apì to Y .Orismì 4.3.1 'Ena hmiafinoeid  q¸ro e�nai èna zeug�ri (

(U,O), φ
), ìpouto (U,O) e�nai èna topik� q¸ro daktul�wn (locally ringed space), dhlad  ènatopologikì q¸ro efodiasmèno me èna dr�gma daktul�wn ìpou oi kots�ne(stalks) e�nai topiko� daktÔlioi. Epiplèon h φ : U → X e�nai mia anoiqt  em-fÔteush se èna afinoeid  q¸ro. Oi morfismo� metaxÔ hmiafinoeid¸n q¸rwnor�zontai na e�nai (

(U,O), φ
)
→

(
(U ′,O′), φ′

)or�zontai w morfismo� θ : U → U ′ sthn kathgor�a twn topik¸n q¸rwn daktul�wnìpou gia opoiesd pote afinoeide� perioqè V ⊆ U kai V ′ ⊆ U ′ to θ ep�geimorfismì sthn kathgor�a twn afinoeid¸n perioq¸n kai θ(V ) ⊆ Int(V ′/U ′).Parat rhsh: H sun�rthsh V → V ′ ep�getai apì fragmènou omomorfi-smoÔ
A′
V ′ → O′(Int(V ′/U ′))→ O(θ−1(Int(V ′/U ′))→ AV .Orismì 4.3.2 A e�nai (X,OX) èna topikì q¸ro daktul�wn. 'Ena K-analutikì �tla sto X apotele�tai apì mia oikogèneia K-hmiafinoeid¸n q¸rwn

U = {((Ui,OX|Ui
), φi), i ∈ I} ta stoiqe�a th opo�a ta onom�zoume q�rte, ¸ste:1. H oikogèneia U na apotele� èna anoiqtì k�lumma tou X kai2. gia k�je i, j ∈ I h sun�rthsh (Ui∩Uj , φi)→ (Ui∩Uj , φj) na e�nai isomor-fismì hmiafinoeid¸n q¸rwn.'Ena hmiafinoeid  upìqwro (U, φ) tou X ja lègetai sumbatì me ton �tlanta

U an kai mìno an oi sunart sei (U ∩ Ui, φi) → (U ∩ Ui, φ) e�nai isomorfismo�hmiafinoeid¸n q¸rwn gia k�je i ∈ I. DÔo �tlante tou X ja lègontai sumbato�an ìloi oi q�rte tou enì �tlanta e�nai sumbato� me ton �llo �tlanta.'Askhsh: De�xte ìti h sumbatìthta or�zei mia sqèsh isodunam�a ston q¸rotwn atl�ntwn.Orismì 4.3.3 'Ena topikì q¸ro daktul�wn efodiasmèno me m�a kl�shisodunam�a K-analutik¸n qart¸n ja lègetai èna K-analutikì q¸ro. 'Enamorfismì apì K-analutikoÔ q¸rou X → Y e�nai èna morfismì f : X → Yìpou gia ton �tlanta {(Ui, φi)} tou X na up�rqoun {(Vj , ψj)} tou �tlanta tou
Y ¸ste h f na ep�gei sunart sei (Ui ∩ f−1(Vj), φ) → (Vj , ψj) pou na e�naimorfismo� hmiafinoeid¸n q¸rwn. Me ton parap�nw trìpo or�zetai h kathgor�atwn K-analutik¸n q¸rwn. 36



Orismì 4.3.4 'Ena parasumpag  K-analutikì q¸ro S, ston opo�o k�jeshme�o èqei m�a perioq  pou na e�nai isìmorfh me m�a afinoeid  perioq  enì oma-loÔ analutikoÔ q¸rou lègetai K-pollaplìthta. M�a Cp-pollaplìthta lègetai
p-adik  pollaplìthta.UpenÔmish: 'Ena topologikì q¸ro onom�zetai parasumpag  an k�je anoi-kt  k�luyh tou X èqei topik� peperasmènh upok�luyh. 'Ena n-di�stato K-analutikì q¸ro lègetai omalì an topik� up�rqei topik� étale morfismì sto
AnK .4.4 Drìmoi kai Monop�tiaJa de�xoume ìti o q¸ro A1 = M(K[X ]) e�nai dromosunektikì. Se ant�jesh methn klasik  jewr�a ta shme�a tou Berkovich èqoun akt�ne. Or�zoume thn akt�na
r(x) enì shme�ou x na e�nai

r(x) =






0 an to shme�o e�nai tÔpou 1
ǫ an to shme�o x = ηy,ǫe�nai tÔpou 2,3
inf r(Da) an to shme�o e�nai tÔpou 4.Gia ρ ≥ r(x) ja or�soume kai p�li kuklikoÔ d�skou:1. An èqoume ρ > r(x) tìte up�rqei akrib¸ èna kleistì d�sko D akt�na

ρ pou na perièqei to x. Jètoume loipìn D(x, ρ+) := D.2. An ρ = r(x) kai x = ηy,r(x), dhlad  tÔpou 2,3 tìte D(x, r(x)+) :=
D(y, r(x)+) dhlad  o kuklikì d�sko e�nai to �dio to shme�o.3. An ρ = r(x) kai to x e�nai tÔpou 1, 4, tìte D(x, r(x)+) = {x}.Apì tou kleistoÔ d�skou ja xanakataskeu�soume xan� shme�a: JewroÔme thnoikogèneia d�skwn

K = {D(x, ρ+)|x ∈ A1, ρ > ρ(x)}.Sthn sunèqeia jètoume
p : K → A1, D(x, ρ+) 7→






D(x, ρ+) sthn pr¸th per�ptwsh
ηy,r(x) sthn dèuterh per�ptwsh
x sthn tr�th per�ptwshGia dÔo shme�a x, y ∈ A1 ja sumbol�zoume me r(x, y) thn akt�na tou mikrìteroukuklikoÔ d�skou pou perilamb�nei ta x, y. JewroÔme ta

ℓ′x,y := {p(D,x+) : r(x) ≤ t ≤ r(x, y)},

ℓ′′x,y := {p(D, y+) : r(x) ≤ t ≤ r(x, y)}.Tìte to ℓx,y := ℓ′x,y ∩ ℓ′′x,y ⊆ A1, e�nai èna kleistì di�sthma omoiomorfikì me to
[0, 1] kai e�nai o drìmo apì to x sto y.To �dio apotèlesma isqÔei genikìtera: oi analutiko� q¸roi e�nai topik� dro-mosunektiko� [2, 3.2.1℄.Parat rhsh: H idèa th parap�nw kataskeu  bas�zetai sthn idèa p�swapì thn kataskeu  twn pragmatik¸n arijm¸n me tomè Dedekind. Pr�gmati wpragmatikì arijmì or�same ta arqik� tm mata, dhlad  ta sÔnola A ⊂ Q ¸ste
x ∈ A ⇒ y ∈ A∀y < x, dhlad  èna pragmatikì arijmì e�nai èna d�sko twnrht¸n arijm¸n me kèntro to −∞. 37



Prìtash 4.4.1 Oi pollaplìthte e�nai topik� sustellìmene.H kataskeu  tou Berkovich ma d�nei ìti ergale�a qreiazìmaste gia na èqoumejewr�a kaluptik¸n apeikon�sewn kai ton universal covering space. Ja periori-stoÔme sthn sunèqeia sthn monodi�stath per�ptwsh.4.5 Analutikè KampÔleOrismì 4.5.1 'Ena sunektikì, topik� surrikn¸simo, topik� sumpag ,
Hausdorff topologikì q¸ro X ja lègetai hmipolÔedro an kai mìno an1. H topolog�a tou X dèqetai m�a b�sh apì anoiqt� sÔnola ¸ste(aþ) Ū\U na e�nai peperasmèno.(bþ) Gia k�je x, y ∈ U , x 6= y up�rqei akrib¸ èna kleistì uposÔnolo

ℓx,y ⊆ U kai èna omoiomorfismì φ : [0, 1] → ℓx,y me φ(0) = x,
φ(1) = y.2. Sthn sumpagopo�hsh enì shme�ou X ∪ {∞} tou topik� sumpagoÔ q¸rou

X , to ∞ èqei arijm simh b�sh perioq¸n.'Ena hmipolÔedro ja lègetai apl� sunektikì an kai mìno an to 1bþ isqÔei kaigia U = X .
Sq ma 4.1: 'Ena apl� sunektikì hm�polÔedroA doÔme merikè parathr sei gia apl� sunektik� hmipolÔedra:1. Topik� sumpag , sunektik� uposÔnola hmipolÔedrou e�nai hmipolÔedra.2. Gia dÔo xèna uposÔnola Σ, T ⊂ X up�rqei akrib¸ èna kleistì uposÔnolo

ℓΣ,T ⊆ X kai èna omomorfismì φ : [0, 1] → ℓΣ,T me φ(0) ∈ Σ, φ(1) ∈ T ,kai ℓΣ,T ∩ Σ = {x} kai ℓΣ,T ∩ T = {y}. Epiplèon isqÔei ìti
ℓΣ,T \{x, y} =

= {z ∈ X : Σ, Tan koun se diaforetikè sunektikè sunist¸se tou X\{z}}.An Σ ⊆ X e�nai sunektikì kleistì, tìte h sun�rthsh retraction

τΣ : X → Σ, x 7→
{
x x ∈ ΣdeÔtero telikì shme�o tou ℓx,Σ x ∈ X\Σe�nai suneq . 38



Sq ma 4.2: 'Ena apl� sunektikì hmipolÔedro kai mia epilog  Σ, T .Ta apl� sunektik� hmipolÔedra X sumpagopoioÔntai me ton akìloujo trìpo:JewroÔme to sÔnolo:
X̂ :=

{
≤:
≤ e�nai mia merik  di�taxh sto X kai gia k�je x, y ∈ X,up�rqei monadikì sup(x, y) ¸ste x ≤ y ⇒ ∀z ∈ ℓx,y : x ≤ z ≤ y

}M�a emfÔteush X → X̂ èqoume w ex :
i : X → X̂, x 7→≤x, me y ≤x z ⇔ z ∈ ℓx,y.Me �lla lìgia sthn di�taxh≤x to y ≤x z an kai mìno an to to z e�nai an�mesa sto

x, y. Dhlad  metr�me {pìso makri� e�nai ta shme�a apì to x}. Sta telik� shme�ashme�a tou hmipolÔedrou pou antistoiqoÔn se hmieuje�e b�zoume ti epiplèondiat�xei pou odhgoÔn sthn sumpagopo�hsh, an�loga me to pìso makri� stihmieuje�e autè br�skontai ta shme�a.M�a b�sh gia thn topolog�a tou X̂ apoteloÔn ta sumpag  uposÔnola tou Xkai ta Ũ ⊂ X̄ ¸ste U sunektik  sunist¸sa enì shme�ou x ∈ X me ìqi sumpag kleistìthta kai Ũ e�nai h ènwsh twn U kai twn ≤∈ ∂X := X̂\X me ℓ≤x ∩U 6= ∅.Sta parap�nw
ℓ≤x := {y ∈ X : x ≤ y}.To ℓ≤y

x e�nai omoiomorfikì me to [0, 1]   èna shme�o (an x ∈ ∂X kai gia ≤∈ ∂Xèqoume ℓ≤x e�nai omoiomorfikì me to [0, 1).Orismì 4.5.2 1. 'Ena apl� sunektikì hmipolÔedroX ja lègetai eidikì angia k�je ≤∈ X̂ , up�rqei mia sun�rthsh Θ : X → [0, 1], h opo�a ep�gei giak�je x ∈ X mia emfÔteush ℓ≤x → [0, 1] h opo�a diathre� thn di�taxh.2. 'Ena hmipolÔedro lègetai eidikì an k�je apl� sunektikì upì-hmipolÔedroe�nai eidikì.Prìtash 4.5.3 Ta apl� sunektik� hmipolÔedra e�nai surrikn¸sima.Apìdeixh: [2, 4.1.6℄ �çrollary 4.5.4 To P1 e�nai apl� sunektikì.Apìdeixh: [2, 4.2.1℄. �39



4.6 Skeleto�'Estw X èna apl� sunektikì hmipolÔedro. Ja sumbol�zoume thn sunektik  j khenì kleistoÔ uposunìlou Σ ⊂ X me LX(Σ). Profan¸ isqÔei:
LX(Σ) = ∪x,y∈Σℓx,y.To ∆(X) := X ∩ L

X̂
(∂X) e�nai èna surrikn¸simo polÔedro kai up�rqei omoio-morfismì:

∂(∆(X))→ ∂X.Dhlad  to ∆(X) apotele�tai apì ta shme�a tou X pou den èqoun sunektik anoiqt  perioq  me èna mìno telikì shme�o. Sthn per�ptwsh pou to X èqei topolÔ èna telikì shme�o to ∆(X) e�nai kenì.
Sq ma 4.3: 'Ena hmipolÔedro me duo sunoriak� shme�a.Orismì 4.6.1 To sÔnolo ∆(X) ja lègetai o skeletì tou X .Diaisjhtik� ja lègame ìti ston skeletì exafan�zontai ìla ta peperasmèna mo-nop�tia sto X ta opo�a den odhgoÔn se telikì shme�o.Prìtash 4.6.2 • To ∆(X) e�nai èna kleistì uposÔnolo tou X , to opo�oe�nai kenì an kai mìno an to X e�nai èna apl� sunektikì sÔnolo me to polÔèna telikì shme�o.

• To ∆(X) e�nai èna polÔedro to opo�o den èqei shme�o to opo�o na èqei anoiqt geitoni� omoiomorfik  me to [0, 1). An toX e�nai sumpagè tìte kai to ∆(X)e�nai sumpagè.
• Oi sunektikè sunist¸se tou X\∆(X) e�nai apl� sunektik� hmipolÔedrame èna mìno telikì shme�o sto ∆(X).Gia èna eidikì hmipolÔedro X to ∆(X) e�nai mia deformation retract tou X .To X èqei èna universal covering space Ω→ X to opo�o e�nai èna apl� sunektikìhmipolÔedro kai isqÔei ìti

∆(Ω)/π1(X) ∼= ∆(X).Genik� gia propeperasmène om�de pou droÔn ep� tou Ω èqoume ìti [2, 4.1.6℄
∂Ω/G ∼= ∂(Ω/G).40



4.7 Analutiko� skeleto�.JewroÔme m�a mh idiìmorfh an�gwgh probolik  kampÔlh upèr to Cp. Up�rqeim�a gn sia afinoeid  k�luyh tou X , U , ¸ste XU = X̄ na e�nai hmieustaj .JewroÔme thn apeikìnish tou Tate πU : X → XU . W topologikì q¸ro to
Xan e�nai èna sunektikì eidikì hmipolÔedro, tou opo�ou o skeletì e�nai ènasunektikì, topik� peperasmèno gr�fhma [2, 4.3.1,4.32℄.MporoÔme na perigr�youme ti ant�strofe eikìne th sun�rthsh Tate:

π−1(x̄)






Shme�o an x̄ ∈ X̄genAnoiqtì kuklikì d�sko an x̄ ∈ X̄nsAnoiqtì daktÔlio an x ∈ X̄sing.Se k�je per�ptwsh h proeikìna e�nai èna eidikì apl� sunektikì hmipolÔedro.Sthn per�ptwsh tou shme�ou   tou kuklikoÔ d�skou o skeletì e�nai kenì. Sthnper�ptwsh tou anoiqtoÔ daktÔliou èqoume dÔo tèlh:
π̂−1
U (x̄) = π−1(x̄) ∩ {x1, x2}, ìpou x1, x2 ∈ ∂sh(X).Sthn per�ptwsh aut  to ∆(π−1

U (x̄) e�nai omoiomorfikì me to anoiqtì di�sthma
(0, 1). Gia thn kleistìthta th proeikìna sto X diakr�noume dÔo peript¸sei:1. To x̄ an kei se dÔo sunist¸se tou X̄ . Sthn per�ptwsh aut  èqoume

π−1
U (x̄)cl = π̂−1

U (x̄).2. To x̄ an kei se monadik  sunist¸sa tou X̄. Opìte èqoume
π−1
U (x̄)cl = π̂−1

U (x̄) = π̂−1
U (x̄)./Z2,ìpou h dr�sh tou Z2 taut�zei ta dÔo tèlh.MporoÔme na or�soume èna gr�fhma ∆U (X). O q¸ro twn koruf¸n ja e�nai to

∂sh(X) (dhlad  ant�strofe eikìne anag¸gwn sunistws¸n) kai oi pleurè jae�nai oi kleistìthte twn skelet¸n ∆(π−1
U (x̄)) sto X (pou e�nai omoiomorfik�me ta diast mata [0, 1]   me ta [0, 1)). Oi diaforetikè hmieustaje� anagwgèdiafèroun apì akolouj�e surr�knwsh pleur¸n.MporoÔme na doÔme ìti h analutik  anagwg  e�nai topologik� m�a Deforma-

tion retract th kampÔlh ma.Prìtash 4.7.1 A e�nai ∆(Xan) to mègisto upopolÔedro tou ∆an(X) qwr�telik� shme�a.Apìdeixh: [2, 4.3.2℄. �
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Kef�laio 5KampÔle tou Mumford.5.1 Oikogèneie apì kampÔle.Ja xekin soume thn melèth ma me èna par�degma. E�nai gnwstì ìti h ex�swsh
y2 = x3 + ax+ b,parist�nei m�a elleiptik  kampÔlh, arke� ∆ = −16(4a3 − 27b2) 6= 0. DÔo el-leiptikè kampÔle, orismène p�nw apì èna algebrik� kleistì s¸ma k, e�naiisìmorfe an kai mìno an èqoun thn �dia j anallo�wto, ìpou

j(a, b) = 1728
4a3

4a3 − 27b2
.ParathroÔme ìti h parap�nw sun�rthsh ma d�nei m�a èna pro èna apeikìnishtou sunìlou twn kl�sewn isodunam�a elleiptik¸n kampÔlwn me thn euje�a A1

k.Jèloume na doÔme pw metab�lletai h kl�sh isodunam�a th elleiptik  kam-pÔlh me metabol  twn suntelest¸n. A doÔme èna par�deigma m�a oikogèneiaelleiptik¸n kampÔlwn:
Ej0 : y2 + xy = x3 − x 36

j0 − 1728
− 1

j0 − 1728
.To j0 e�nai par�metro h opo�a metab�lletai. Mpore� kane� na upolog�sei ìti helleiptik  kampÔlh Ej0 èqei j-analo�wto j0. ParathroÔme ep�sh ìti o egklei-smì algebr¸n

k[j0]→
k[x, y, j0]〈

y2 + xy − x3 + x 36
j0−1728 + 1

j0−1728

〉ep�gei m�a sun�rthsh
Spec

k[x, y, j0]〈
y2 + xy − x3 + x 36

j0−1728 + 1
j0−1728

〉 → A1
k.ParathroÔme ìti mporoÔme na èqoume oikogèneie elleiptik¸n kampul¸n p�nwapì to SpecZ. Pr�gmati, arke� na jewr soume thn

y2 = x3 + 5x+ 1.42



H parap�nw ex�swsh or�zei to sq ma
Spec

Z[x, y]

〈y2 − x3 − 5x− 1〉
π−→ SpecZ.H �na th π p�nw apì to pr¸to idèwde pou par�gei o pr¸to p e�nai h elleiptik kampÔlh upèr tou peperasmènou s¸mato Fp.'Estw S èna sq ma. Mia kat�llhlh sun�rthsh π : M → SpecS ja lègetai m�aoikogèneia kampÔlwn upèr tou SpecS, an oi �ne th e�nai algebrikè kampÔle�diou gènou. Me ton ìro kat�llhlh ennooÔme proper,flat. Autè oi ènnoieqrei�zontai arket� stoiqe�a algebrik  gewmetr�a sqhm�twn gia na exhghje�akrib¸ h shmas�a tou. Diaisjhtik� ja lègame ìti exasfal�zoun mia {suneq metabol } sti �ne, dhlad  ìti oi �ne geitonik¸n shme�wn den diafèroun kat�polÔ. 'Isw h pio bat  eisagwg  sti leptomèreie th ènnoia twn oikogenei¸nkampul¸n e�nai ta kef�laia III,IV sto [13℄.Suneq�zonta na mil�me diaisjhtik� a upojèsoume ìti èqoume èna q¸roMgtwn kl�sewn isodunam�a twn kampÔlwn gènou g. Tìte k�je oikogèneia π :

M → SpecS mpore� na antimetwpiste� w m�a apeikìnish tou SpecS → Mg.Pr�gmati, gia k�je shme�o x0 ∈ SpecS mporoÔme na jewr soume thn �na π−1(x0)pou e�nai m�a kampÔlh gènou g, kai na ste�loume to x0 sthn kl�sh isodunam�ath kampÔlh π−1(x0), dhlad  x0 7→ [π−1(x0)] ∈ MgParathroÔme ìti o q¸ro twn elleiptik¸n kampÔlwn den e�nai sumpag .Pr�gmati, apì thn m�a mèsw th sun�rthsh j ton èqoume taut�sei me thn mhsumpag  afinik  euje�a, kai apì thn �llh mporoÔme na broÔme m�a oikogèneiaelleiptik¸n kampÔlwn pou na mhn e�nai ìle oi �ne th elleiptikè kampÔle......O D. Mumford èdwse mia ap�nthsh sto prìblhma th sumpagopo�hsh touq¸rou twn kl�sewn isodunam�a kampÔlwn gènou g. Pio sugkekrimèna episÔna-ye sti kl�sei isodunam�a twn omal¸n kampÔlwn ti kl�seie isodunam�a twnlegìmenwn eustaj¸n kampÔlwn, pou e�nai kampÔle me elegqìmene idiomorf�e.H meg�lh epituq�a tou Mumford  tan ìti kat�fere na d¸sei ston q¸roMg thndom  an�gwgh probolik  pollaplìthta.Perissìtero sugkekrimèna èqoume:Orismì 5.1.1 M�a eustaj  kampÔlh e�nai mia pl rh, sunektik  kampÔlhpou èqei mìno idiomorf�e tÔpou kìmbou kai k�je omal  rht  sunist¸sa tèmneiti �lle sunist¸se se toul�qiston tr�a to pl jo shme�a.Parat rhsh: M�a kampÔlh mpore� na èqei �peirou automorfismoÔ an kaimìno an èqei rhtè sunist¸se. H sunj kh twn tri¸n shme�wn exasfal�zei ìti ìtioi automorfismo� twn eustaj¸n kampÔlwn e�nai peperasmènoi afoÔ k�je Möbiusmetasqhmatismì pou stajeropoie� tr�a shme�a, e�nai o tautotikì.E�nai arket� suqnì to fainìmeno na èqoume omalè oikogèneie oi opo�e naèqoun èna shme�o me kak  �na, dhlad  èna shme�o pou h �na na èqei idiomorf�etÔpou ak�da   kampÔle me pollaplè sunist¸se. To je¸rhma th eustajoÔanagwg  ma lèei ìti mporoÔme na broÔme p�nta mia oikogèneia pou na èqei san�ne th kampÔle pou e�qame pio pr�n all� san {kakiè} �ne eustaje� kampÔle.Je¸rhma 5.1.2 (Eustaj  anagwg ) 'Estw B m�a omal  kampÔlh 0 ∈
B kai B∗ = B\{0}. A e�nai X → B∗ mia flat oikogèneia eustaj¸n kampÔlwngènou g ≥ 2. Tìte up�rqei èna diakladismèno k�lluma B′ → B, pl rw dia-kladismèno p�nw apì to 0 kai mia oikogèneia kampÔlwn X ′ → B′ apì eustaje�kampÔle pou na epekte�noun to in¸de ginìmeno X ×∗

B B
′.43



5.2 To uperbolikì ep�pedoSthn jewr�a twn epifanei¸n Riemann gènou g ≥ 2 to uperbolikì ep�pedo
H = {z ∈ C : Im(z) > 0}pa�zei èna polÔ shmantikì rìlo: E�nai gnwstì ìti k�je sumpag  epif�neia Rie-

mann prokÔptei w q¸ro phl�koX ∼= H/Γ, ìpou h Γ e�nai mia diakrit  upoom�dath om�da automorfism¸n tou uperbolikoÔ epipèdou. H kataskeu  aut  lègetai
uniformization.Ja de�xoume ìti oi kampÔle tou Mumford dèqontai mia parìmoia uniformi-
zation. Katarq� ja broÔme èna upokat�stato tou uperbolikoÔ epipèdou, todèntro twn Bruhat -Tits.JewroÔme èna s¸ma K efodiasmèno me m�a diakrit  ekt�mhsh. To s¸ma Kdhlad  e�nai èna s¸ma Qp (  h an�logh kataskeu  gia èna tuqa�o s¸ma arijm¸n)  m�a pl rwsh enì s¸mato sunart sewn me peperasmèno s¸ma stajer¸n. To
O ja sumbol�zei ton daktÔlio twn akera�wn tou s¸mato K. Ja sumbol�zoumeme π èna stoiqe�o tou O me ekt�mhsh 1.JewroÔme to sÔnolo twn modules me rank 2. H �dia kataskeu  douleÔei kaigia modules me megalÔterh rank all� odhgoÔmaste sthn jewr�a twn Bruhat-
Titis buildings.DÔo modules L,L′ me rank 2 ja lègontai omìjeta (kai ja ta sumbol�zoumeme L ∼ L′

L ∼ L′ ⇔ Λ = xΛ′ gia k�poio x ∈ K∗.H omojes�a e�nai m�a sqèsh isodunam�a kai apì ed¸ kai met� ja melet�me modulesmèqri omojes�a.To O e�nai perioq  kur�wn idewd¸n sunep¸ k�je module e�nai eleÔjero.Ep�sh, an L,L′ e�nai dÔo modules rank 2 tìte mporoÔme na broÔme m�a b�sh
{e0, e1}, ¸ste L = e0O⊕ e1O kai L′ = e0π

aO⊕ e1πbO. An anikatast soume taparap�nw modules apì omìjeta tou xL, yL, tìte to zeug�ri {a, b} all�zei sto
{a + c, b + c}, ìpou c = v(x/y). Dhlad  o akèraio arijmì exart�tai apì thnkl�sh omojes�a kai ja ton onom�zoume apìstash twn kl�sewn Λ,Λ′.A jewr soume to sÔnolo X twn kl�sewn omojes�a twn rank 2 modules Λ,ìpou sundèoume me mia akm  ti kl�sei pou apèqoun 1 metaxÔ tou, sqhmat�zoumeèna gr�fhma me korufè to sÔnolo X . To gr�fhma autì e�nai dèntro [10, II, J1,sel. 70℄ to opo�o onom�zetai to dèntro twn Bruhat-Tits.StajeropoioÔme èna module L me rank 2. K�je kl�sh isodunam�a Λ′ perièqeiènan antiprìswpo L′ ¸ste L′ ⊂ L kai L/L′ ∼= O/πnO. Pr�gmati, an L = e0O⊕
e1O, tìte o tuqa�o antiprìswpo L1 th kl�sh Λ′ gr�fetai w L1 = πae0O⊕
πbe1O. Pollaplasi�zonta me kat�lhlo πk mpor¸ na je¸rhsw to L2 ∼ L1 ¸ste
L2 = πa2e0O⊕πb2e1O kai a2, b2 ≥ 0, opìte to L2 ⊂ L. Pollaplasi�zoume to L2me π−min{a2,b2} gia na p�roume to L′ ¸ste L′ = e0O⊕e1πnO   L′ = e0π

nO⊕e1Oopìte se k�je per�ptwsh L/L′ = O/πnO. ParathroÔme ìti o arijmì autì ne�nai �so me thn apìstash twn kl�sewn twn L,L′.Orismì 5.2.1 P�nw sti hmieuje�e tou dèntrou twn Bruhat-Tits or�zoumethn sqèsh isodunam�a L1
∼= L2 an kai mìno an oi hmieuje�e diafèroun kat�peperasmèno tm ma. To sÔnolo twn kl�sewn isodunam�a twn hmieujei¸n ja toonom�zw sÔnolo tel¸n tou dèntrou   sÔnoro tou dèntrou.44



To sÔnolo tel¸n tou dèntrou e�nai se m�a 1-1 kai ep� antistoiq�a me ta stoiqe�ath euje�a P1(K).ParathroÔme ìti to uperbolikì ep�pedo g�netai omoiomorfikì me ton kleistìd�sko kai ìti to sÔnoro tou d�skou e�nai h probolik  euje�a P(R). M�a an�loghkat�stash up�rqei kai sto dèntro twn Bruhat-Tits ìpw fa�netai sto parak�twsq ma:

Sq ma 5.1: To dèntro twn Bruhat-Tits kai m�a hmieuje�a.5.3 UniformizationParathroÔme ìti h om�da PGL2(K) dra p�nw sto dèntro twn Bruhat-Tits dr¸n-ta me fusiologikì trìpo sta rank 2 O-modules kai �ra kai sti kl�sei iso-dunam�a pou aut� or�zoun. Ep�sh to PGL2(K) dr� me fusiologikì trìpo kaisto sÔnoro diamèsou twn metasqhmatism¸n tou Möbius

PGL2(K) ∋
(
a b
c d

)
: x 7→ ax+ b

cx+ d
.'Opw kai sthn jewr�a twn epifane�wn Riemann [12℄, [17℄ èqoume thn parak�twtaxinìmhsh twn stoiqe�wn th PGL2(K).Orismì 5.3.1 'Ena stoiqe�o th PGL2(K) ja lègetai

• Parabolikì, an èqei mìno m�a idiotim 
• Elleiptikì, an èqei duo diaforetikè idiotimè λ1, λ2, me |λ1| = |λ2|.
• Uperbolikì an èqei dÔo idiotimè λ1, λ2 me |λ1| 6= |λ2|.M�a upoom�da Γ tou PGL2(K) dra me fusiologikì trìpo sto dèntro twn

Bruhat-Tits. 'Ena shme�o P ∈ P1(K) ja lègetai oriakì shme�o th om�da Γ ankai mìno an up�rqei m�a akolouj�a an� dÔo diaforetik¸n stoiqe�wn gi ∈ Γ ¸ste
lim
i→∞

gi(P ) = P ′.45



To sÔnolo twn oriak¸n shme�wn th om�da Γ ja to sumbol�zoume me LΓ.Se ìti akolouje� jèloume na sqhmat�soume phl�ka me thn om�da Γ kai tophl�ko den mpore� na èqei kalè topologikè idiìthte an h om�da èqei shme�asuss¸reush. Jètoume ΩΓ = P1(K)\LΓ.Oi idiotimè enì uperbolikoÔ stoiqe�ou γ an koun sto K kai sunep¸ to γstajeropoie� dÔo shme�a sto sÔnoro P1(K), a ta onom�soume u, v. To γ drap�nw sthn euje�a tou dèntrou twn Bruhat-Tits pou aut� or�zoun san m�a tran-
slation. 'Ena uperbolikì stoiqe�o den èqei kanèna stajerì shme�o sto dèntro
Bruhat-Tits kai èqei �peirh t�xh. Ta elleiptik� stoiqe�a èqoun èqoun dÔo sta-jer� shme�a ta opo�a den e�nai apara�thta K-rht�. Ta parabolik� stoiqe�a e�naisuzug  me èna stoiqe�o th morf  (

1 1
0 1

), kai èqoun èna mìno stajerì stoi-qe�o sto P1(K). 'Ena parabolikì stoiqe�o èqei peperasmènh t�xh an kai mìno anh qarakthristik  tou K den e�nai 0.JewroÔme m�a diakrit  upoom�da Γ tou PGL2(K) pou ìla ta stoiqe�a thektì apì thn mon�da apì uperbolik� stoiqe�a. Tìte e�nai gnwstì je¸rhma pouofe�letai ston Ihara ìti h om�da aut  e�nai eleÔjerh. A e�nai n to pl jo twngennhtìrwn th. To basikì je¸rhma tou Mumford e�nai ìti to phl�ko
ΩΓ/Γèqei thn dom  kampÔlh gènou n. Akribèstera up�rqei algebrik  kampÔlh Qorismènh upèr to K th opo�a h analutikopo�hsh e�nai isìmorfh w analutikìq¸ro me ton ΩΓ/Γ. Ti kampÔle aut  th morf  ja ti onom�zoume kampÔletou Mumford.ParathroÔme ìti mporoÔme na or�soume to gr�fhma phl�ko TK/Γ, to opo�oen gènei den e�nai dèntro, dhlad  sqhmat�zei brìgqou.Orismì 5.3.2 A e�nai ∆ èna gr�fhma me sÔnolo koruf¸n vi kai sÔnoloakm¸n ei. To duðko gr�fhma ∆∗ e�nai èna gr�fhma pou èqei san korufè tiakmè tou ∆ kai san akmè ti korufè tou ∆. DÔo korufè e1, e2 tou ∆∗en¸nontai me m�a akm  v an kai mìno an oi akmè e1, e2 tou ∆ tèmnontai sthn v.

Sq ma 5.2: 'Ena gr�fhma kai to duðkì tou.K�je kampÔlh X orismènh p�nw apì to K mpore� na paqÔnei kai na d¸seim�a arijmhtik  epif�neia p�nw apì to X → SpecO th opo�a h genik  �na Xη :=
X×SpecOSpecK na e�nai h arqik  kampÔlhX . Fusik� h eidik  �na X0 = X×SpecO

SpecO/mO mpore� na èqei idiomorf�e.Orismì 5.3.3 Ja lème ìti m�a kampÔlh X → SpecO èqei K-split multi-

plicative anagwg , an ìle oi sunektikè sunist¸se th eidik  �na e�nai rhtè46



kampÔle oi opo�e tèmnontai se K-rht� shme�a an� dÔo kai trei rhtè kampÔleden mporoÔn na tmhjoÔn sto �dio shme�o.O Mumford kat�fere na qarakthr�sei ti kampÔle tou me b�sh thn anagwg sthn eidik  �na.Je¸rhma 5.3.4 H analutikopo�hsh m�a eustajoÔ kampÔlh X orismènhp�nw apì to K me mh idiìmorfh genik  �na pou èqei anagwg  K-split multiplica-

tive, e�nai kampÔlh tou Mumford. Antistrìfw, k�je kampÔlh tou Mumfordantistoiqe� se analutikopo�hsh m�a algebrik  kampÔlh me mh idiìmorfh geni-k  �na kai me K-split multiplicative anagwg .A e�nai T to dèntro twn Bruhat-Tits. MporoÔme na sqhmat�soume to gr�-fhma phl�ko TΓ := T /Γ. Autì pou e�nai polÔ endiafèron e�nai ìti to gr�fhma TΓe�nai to duðkì gr�fhma tou graf mato tom  th anagwg  th kampÔlh tou
Mumford.Par�deigma: KampÔle tou Subrao. JewroÔme ti kampÔle

(xp − x)(yp − y) = c, ìpou c ∈ OK . (5.1)An to c èqei apìluth tim  |c| < 1 tìte h anagwg  th parap�nw kampÔlhmhden�zetai sto mègisto ide¸de mOK
kai odhgoÔmaste se m�a idiìmorfh eidik �na, pou èqei w sunektikè sunist¸se ti euje�e xp − x = 0 ⇒ x ∈ Fp kai

yp − y = 0 ⇒ y = 0. SÔmfwna me to je¸rhma tou Mumford den èqoun ìle oikampÔle pou d�nontai apì thn (5.1) analutik  uniformization par� mìno autème |c| < 1.
Sq ma 5.3: To gr�fhma tom  th kampÔlh tou Subrao..5.4 KampÔle tou Mumford kai jewr�a tou

Berkovich.A xekin soume me thn idiìmorfh algebrik  kampÔlh xy = 0. H kampÔlh aut e�nai fusik� to ginìmeno twn euje�wn x = 0 kai y = 0 oi opo�e tèmnontai sto
0. MporoÔme na doÔme aut  thn kampÔlh w eidik  �na mia omal  oikogèneia?Aut  e�nai mia arket� sÔnjeth istor�a pou odhge� sthn Jewr�a paramorf¸sewn.H ap�nthsh e�nai jetik . Den èqoume par� na prosjèsoume èna mh mhdenikì ìro
z:

xy = z47



gia na odhghjoÔme se èna omalì uperboloeidè to opo�o d�nei m�a oikogèneiauperbol¸n gia k�je tim  tou z en¸ gia z = 0 odhge� sthn kampÔlh xy = 0.Ja d¸soume mia enallaktik  perigraf  twn kampÔlwn tou Mumford basismè-noi sthn didaktorik  diatrib  tou P.E. Bradley [4℄.Blèpoume to P1,an w èna analutikì hmipolÔedro. A e�nai Ω ⊂ P1,an ènasunektikì anoiqtì, gn sia analutikì uposÔnolo tou P1,an. To Ω e�nai apl� su-nektikì 1 kai up�rqei monadikì monop�ti pou na sundèei dÔo shme�a tou Ω. Togegonì autì èqei m�a austhr  apìdeixh. Diaisjhtik� (kai mporoÔme na qrh-simopoioÔme thn dia�sjhsh ma qwr� na q�soume plhrofor�a) èqoume taut�seithn probolik  euje�a P1(K) me to sÔnoro tou dèntrou twn Bruhat-Tits, ìpoutaut�same shme�a tou P1(K) me kl�sei isodunam�a hmieujei¸n. Parìlo pou to
∂Ω e�nai èna totally disconected uposÔnolo tou P1(K), ta endi�mesa monop�tiapou prosfèrei to dèntro Bruhat-Tits to èqoun k�nei dromosunektikì. Gia nasundèsoume dhlad  dÔo shme�a tou ∂Ω den èqoume par� na kinhjoÔme kat� m koth euje�a pou sundèei aut� ta dÔo telik� shme�a!A xekin soume me m�a eleÔjerh upoom�da Γ th PGL2(K). 2 JewroÔme tosÔnolo LΓ twn oriak¸n shme�wn th Γ, kai ΩΓ = P1,an\LΓ.H kampÔlh Mumford e�nai o analutikì q¸ro

Ω/Γ.To Ω e�nai o universal covering space th kampÔlh. H om�da Γ pa�zei ton rìloth jemeli¸dou om�da kai to gèno th kampÔlh Mumford taut�zetai me topl jo twn gennht¸rwn th om�da Γ.H anagwg  Tate e�nai aut  h deformation retract pou stèlnei to Ω stonskeletì ∆(Ω). To dèntro ∆(Ω) èqei san sÔnoro ∂∆(Ω) ta oriak� shme�a LΓ.To dèntro phl�ko ∆(Ω)/Γ e�nai to duðkì gr�fhma th eidik  �na. O skeletì
∆(Ω) e�nai to universal covering space tou parap�nw graf mato. H anagwg 
Tate e�nai aut  mia deformation retract th kampÔlh sto duðkì gr�fhma theidik  �na.

1H jewr�a e�nai arket� diaforetik  apì thn jewr�a twn epifane�wn Riemann ìpou to mona-dikì apl� sunektikì uposÔnolo tou P1

C
e�nai to ep�pedo.2O Bradley jèlei na melet sei Mumford Orbifolds kai gia autì jewre� thn poiì genik per�ptwsh m�a diakrit  upoom�da N
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