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1. Introduction

Let I, denote the finite field of ¢ elements, where ¢ = p” is a power of the prime integer p. Let d be a
nonnegative integer. Consider the rational function field F,a(T). The Carlitz action for Fya is defined as

Cpa(T)(u) = Tu+ut", ueF,(T).
This defines an action by T', which may be extended F,a-linearly to an action by elements of Fa[T7,
according to

M=) aT" €FpulT],  Cou(M)(u)=Mxqu=">_ a;Cla(T)(u). (1)

The Carlitz M-torsion points Cya[M] are then the torsion [F a-modules within the algebraic closure Fa(T)
via this action. We note that this does depend upon the choice of d. Henceforth, for a polynomial M € F 4 [T7,
we let K a 5y denote the cyclotomic function field for F,« and M, which is obtained by adjoining to F, (T
the Carlitz M-torsion points C,a[M]. These function fields are called cyclotomic as they are derived from
an exponential function in positive characteristic and enjoy many of the same properties of the classical
cyclotomic extensions of Q [14, Chapter 12]. Carlitz modules are rank-1 Drinfeld modules, see [4], [5], [12].
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We suppose henceforth that M € Fy[T] and that M splits over F,a[T]. As in [16], one may determine
explicitly the holomorphic differentials for K4 5;. Here, we relate this situation to the original cyclotomic
function field K, s. We first prove the essential result:

Theorem 1.1. K py C Kya py-

This allows us to understand the differentials of Ky s in terms of those of K 4 5, by examining Galois
covers. Henceforth, we denote

qu,M = Gal(qu7M/quKq7M).

One then obtains naturally the following tower of fields:

The group H,a j; was studied by Chapman [3] when M € F,[T] is square-free, in order to give a normal
integral basis of the ring of integers of Ky s over Fy[T]. This cannot be done in the same fashion if M
contains a square P? of an irreducible polynomial P € F,[T], as under the wild ramification at P in K, »
the integer ring is no longer a free Fy[T] module. Here, we study H,a 5, more generally, as the genus is
invariant under constant extensions, so that identification of the space of differentials of K, s reduces to
identifying those differentials of K4 5, which are fixed by the action of Hya p;.

The Frobenius map on Fa/F, permutes the roots of M, and the group Ha 5, is nontrivial: Even in
the case where M = P is irreducible over Fy[T] and deg(M) = d, |Hya p| = (¢¢ — 1)1, The group
H ja ); may be described in a simple, explicit way in terms of the Carlitz action. The abelian Galois group
Gal(Kga pr/Fga(T)) is naturally a Gal(F,q/Fy)-module, and denoting Gal(F,q/F,) = (o), the group Hga 5y
may be described as

qu,M = (O’ - 1)Ga1(qu7M/qu(T)).

This is proven in Lemma 2.3. In general, the absolute Galois group 7= Gal(Fq /F,) acts on the cyclotomic
function fields, and this action may be precisely described using the group structure of Ha j;. This point
of view, where the arithmetic part of a Galois group is acting on the geometric part, is a unifying notion.
One may see, for example, the seminal article of Y. Thara [9].

We devote Section 2 to the description of Hya ps. In Section 3, we examine the tame structures arising
within this group and give an explicit Kummer generator of the tame part of Hga js. Section 4 describes the
wild component of Ha ps, including the higher ramification groups and different. Cyclotomic function fields
may also be viewed as towers of Kummer and Artin-Schreier extensions, whose form we give in Section 5.
Section 6 describes the Galois module structure of the differentials of K, ;. We concern ourselves with the
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group Hga j; as its invariants yield differentials on the constant extension F a Ky as of Kg s, and constant
extensions do not alter the genus, so that it suffices to give a description of the differentials of F K, s in
order to understand the Galois module structures for K, 7. The holomorphic differentials are comprised of
products of generators of the Carlitz torsion modules. In order to compute the Hga j/-invariant differentials,
we will employ modular invariant theory. For fixed ¢¢ and M, our constructions provide an algorithm for the
computation of invariants and holomorphic differentials for the function field K, s. As we show in Section 6,
the invariant ring for the algebra of Carlitz generators is not polynomial. This shows that a closed formula
for a basis for holomorphic differentials will be quite complicated in general, despite that it can be done
when M splits over Fy [16].

2. Preliminary results
2.1. Inclusions of cyclotomic function fields

We now give the proof of Theorem 1.1.

Proof of Theorem 1.1. For a global field K, let S(L/K) denote the collection of places of K which split
completely in L. By Bauer’s theorem [14, Theorem 11.5.1], we have for a global function field K and two
Galois extensions L and Lo of K that

LyC L1 S(L1/K)C S(L2/K).
Thus, the extension K s is contained in Ka 5 if, and only if, the places of Fy(7") which split in Ka 5
also split in K, ps. For a place p of Fy(T'), we let B denote a place of K, s above p, pya a place of Fa(T)

above p, and B,a a place of Ky above p. If p denotes a place of K = IF,(T") which splits completely in
Kga pr, then we have

(O, /Bys < 0p/p] = 1,

where Dqu . denotes the valuation ring for Pga in Kja py and Pya its maximal ideal, o, the valuation ring
for p in K and p its maximal ideal. In the analogous notation, we thus have

[D‘ﬁqd /‘:pqd : qud /pqd][opqd /pqd : Up/P] =1

In particular, it follows that

[qud/qu : Opqd/pqd] =1,

and that the place pya of Fya(T) is completely split in K a 5. Notice that p cannot be infinity, as infinity
is not split in cyclotomic extensions (the ramification index is the size of the constant field minus one [14,
Theorem 12.4.6]). It follows that the place p,a is associated with an irreducible polynomial P,a € F,a[T]. By
cyclotomic function field theory, for example, Proposition 12.5.2 of Villa-Salvador [14], the inertia degree of
pga is equal to the order of Pya modulo M. In fact, we may write
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in F,a[T], where P is associated with p in F4[7] and the polynomials P; are the (distinct) factors of P in
Fya(T). We also know that the finite places of F,a which divide M ramify in Ky s, and hence are not
completely split. Also, we know that Pja = P; for some i, but also that P« was an arbitrary choice of place,
which could be done as the extensions we consider are all Galois. Thus (P;, M) = 1 for all i = 1,... k,
from which it follows that (P, M) = 1. By cyclotomic function field theory, we also know that the order of
P modulo M in F,[T] is equal to the inertia degree of p in K, ps. For each i =1,...,k, let o5, ; denote the
order of P; modulo M in F«[T]. Thus

P"=1 mod M, i=1,...,k

We may then write P;"* —1 = FM for some F € F,a[T]. As the Galois action of F,a(T)/F,(T) is transitive,
it follows that for any j = 1,...,k, there exists o0 € Gal(F,a(T")/F,(T)) such that o(P;) = P;. It follows
that

Oh,i _ Nohi 1 Oh,i Ohyi 1\ _ _
P* —1=0(p)"™ —1=0(P"") - 1=0(F 1)=0(FM)=0(F)M,
where o(F') € F,a[T] by definition of the Galois action of F a(T")/F,(T). It follows by symmetry that the
order of each P; modulo M is the same. We therefore set oy, := oy, ; for i = 1,..., k. It follows from this that

k oh k k
Por — ( PZ> = HPiOh’ = H 1=1 mod M7

i=1 i=1

and hence the order op of P modulo M is at most op. As the polynomials P;, ¢ = 1,...,k are completely
split in Kga ps, it follows from the cyclotomic theory that o, = 1, and thus op < o, = 1. Thus, the place
p associated with P is completely split in K, ps. We have thus shown that if a place p of K = F,(T) splits
completely in K a 57, then it must also split completely in K, . Hence, by Bauer’s theorem, it follows that
Kq,M C quyM‘ a

Henceforth, as we frequently distinguish between F,[T] and F,[T], we denote A; := Fy[T] and Aq :=
F,a[T]. The following properties of Galois extensions may be easily deduced from the previous theorem (see
also [14, Chapter 12]).

Gal(Fya(T)/Fq(T)) = Gal(Fya /Fg).
+ Gal( qM/F (T)) = (A1/MAy)™.
Gal(Kga 1 /Fqa(T)) = (Aa/MAg)*.
Gal(Kya py [Fq(T)) = (Aa/MAg)* x Gal(Fa/F,).
We now fix a basis 1 = v1,...,v4 of Fga as a vector space over Fy, and we write
AgZ2 AL DAL B - DugAy.
As M € Ay by definition, we then have

Ad/MAd = Al/MAl @UzAl/MAl p--- EBUdAl/MAl.

Also, the group Gal(Ka 5r/Kq nr) fits in the short exact sequence
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1 — Gal(Kya p/Kqnm) = (Ag/MAg)* x Gal(Fpa /Fq) — (A1 /MA;)* — 1
For ease of notation, we define G ja ps := Gal(Kya pr/Fqa(T)). It is well-known that
Gy = (Aa/MAg)", (3)

where the Galois action is induced by the Carlitz action by elements of (F«[T]/M)*. The Galois inclusion
Fo(T) C Fpa(T) C Kya py gives rise to another short exact sequence:

1 — Gal(Ka py /Foa(T)) — Gal(K a p /Fo(T)) ——= Gal(Fa( (T)) =1

qu,M Gal q? /F

By standard arguments of group theory, the Galois group Gal(F,«/FF,) acts by conjugation on Ga »; in
terms of an inverse section of the map 7. We note that as the group G4 5s is abelian, this action is well
defined, i.e., independent of the choice of the section of 7.

2.2. The group G p as a Gal(F,a/F,)-module

We identify each divisor D € (Aq/M Aq)* with the element pp € G4 ps under the isomorphism (3). The
natural action of o € Gal(F,a/IF;) on pp is given by conjugation. As Such, we have

oppo " = Po(D)>
where o(D) simply denotes the image of D € Ay under the natural action of o in F,«. We have
pp(u) == D *xqu = u?” + bs_luqk1 + -+ Du,
so that
1

oppotu) =u? +o(bs_1)u?  +---4 o(D)u,

where x4 denotes the Carlitz action over F a(7T'). In what follows, we emphasise that G4 = Gal(Kg ar/
Fo(T")) is isomorphic to Gal(IFa Kg a1 /F,a(T)), as one may deduce from the tower of fields given in (2).

Lemma 2.3. The group Hya py = Gal(Kya pr/FgaK g ar) in the short exact sequence
I%qu,M—)qu,M%Gq,J\/f—)l (4)

satisfies for o € Gal(F,a/Fy)

d

FyiKgn = K, Pt
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is a subfield of K a j; which is invariant, albeit not pointwise, under the action of Gal(F,4/F,). Let o
be a generator of the cyclic group Gal(F«/F,). As both

-1
UquYMU

U(quKq,M) =K

q@, M and J(quvaM) = ququM,

we have that O'quJV[O'_l =Hya .

(2) We will prove first that (¢ —1)D € Hga p; for each element D € Gga 5. The group Gua s consists
of classes of invertible elements D € F,a[T] modulo M. Let o € Gal(FF,a/F;) be a generator of the
cyclic Galois group. As G, is the Galois group of a geometric extension, it follows that the group
Ggm = Gga pp/Hgya pp is pointwise o-invariant. Thus o(D)/D € Hya py-

Since the group Ga 5 is abelian, the map

@
G — Ggam
ar———= o(a)a"?

is a group homomorphism. The kernel of ® consists of elements D € Gua 5y = (Fpa[T]/M )* which are
left invariant under the action of o, hence it is isomorphic to G, »s. On the other hand, we have proven
that Im(®) C Hya py. Thus [Im(®)| = |Gya ar|/|Ggn1|. Since by definition |Gy ar| = |G ya arl/|Hga al,
we obtain [Im(®)| = |H,a 5|, and we arrive at

qu,M = (0' — 1)qu,Ma
concluding the proof. O

Remark 2.4. The group Ga 5 is naturally a Gal(FF,q /F,)-module. The group G as is the space of coinvari-
ants

Goa
quM = (quJy[)Gal(]qu/]Fq) - (O'—lqm.
q?,

2.5. Reduction to irreducible factors of M

We now reduce the computation of the structure of the group Hya 5s to the study of the corresponding
groups for the irreducible components of M. Let M € F4[T] be of degree k, with factorization in Fy[T

M = H M,
j=1

where the polynomials M; are irreducible, monic and of degree s;|d. In the finite field F ¢, the polynomials
M; € F,[T] factor into linear factors in F,q[T]. We write

T Sj
M = H H(T — pi,j)aj, Pij € qu.

j=1i=1

The field K s is the compositum of the fields Kq
This yields the following diagram:

125 €ach of which is, in turn, a subfield of qu M
’ J ’ J
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We have

Gal(K a ps /Fa(T)) = X;ZlGal(qu7M;_7~ /Fa(T))

and
H =X _H
at,M = Aj=1"qd M

The problem of determining the structure of the group Hga j; may therefore be reduced to determination
of each of the groups H g M- This means that we may assume M to be a power P of an irreducible
polynomial P € F,[T]. Thus, as a consequence of Lemma 2.3, we now study the group G, p, where P is
an irreducible polynomial in F,[T] of degree s|d. The splitting field of P is equal to F,-. By definition, we
have the following short exact sequence:

1 = Py pa = Gga pa — Gga p —+ 1, (5)
where
Py po ={D € Fya[T] mod P*,D =1 mod P}.

The field Kga po is the compositum of a generalised Artin-Schreier extension with the Kummer extension
Ko p/F,a(T). The subfield F a K, po has a similar decomposition, into a generalised Artin-Schreier exten-
sion with Galois group Z/q® 'Z with the Kummer extension F K, p/F,4(T). We have the following tower
of fields:

qu’P(x

P N

q?, P

Ky p FoaKy pe K 5k
K K'Gq,P
FoaKq,p Fqa Ky pa
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Lemma 2.6. Let 0 € Gal(Fa/F,), and for each i =1,...,a, let
GQa
Fi = KqA,P;)'

Then for eachi=1,...,a, the generator o of the Galois group Gal(F,a/IF,) satisfies

Proof. By construction, we have o(F (1)) = F,a(T) and 0(K,a pi) = Kya pi, for each i = 1,...,a. The
Galois group Gal(Ka pa /IF,a(T')) is congruent to the direct product of the cyclic group IE';d with the p-group
Gal(F,/F,a(T)). By definition, we have that F«(T) C 0(Fa) C Kya pa, whence o(Fy) corresponds to a
Galois group H which is isomorphic to a cyclic group of order ¢ — 1. As there is a unique such subgroup
in Gal(Ka pa/F,a(T)), it follows that o(Fy) = Fj,.

The result for F; for each i = 1,...,a — 1 follows by induction. O

We note that property (2) in Lemma 2.6 implies that (¢ — 1)Ga p corresponds to a subgroup of Hga p,
and by order comparisons, we obtain that the unique such submodule of Ga p is given by the image of the
map o — 1. For a realisation of a Kummer model of K, p, we refer to Section 3.

3. Tame structure

In order to understand Hg« p, we will describe the character group of G, p using the torsion of the
Carlitz module. For an introduction to Kummer theory of extensions the reader is referred to [8]. Let
P =T[;_,(T — p;) be the decomposition of the irreducible polynomial P € F¢[T] in Fa[T]. We know by
prime decomposition [14, Chapter 12] that

CpulP) = @Ol - pi]. (6)
i=1
The torsion modules Cya[T — p;| are defined as
CpalT — pi] = {2 €Fy(T) : 21+ (T — pi)z =0},
Let A; be a generator of Cya [T — p;] as an Ag-module. Then \; satisfies the equation

ML= (T = p). (7)

Lemma 3.1. Let o be a generator of the cyclic group Gal(F,a/Fy). Then

() = Coidiqr  f1<i<s
Co’,d>\1 Zfl =S,

where (y; is a (g% — 1)st root of unity, which depends on both o and i.
Proof. Consider the action of ¢ on (7). If ¢ < s, then
d__ d__
(M) = =0(T = pi) = (T —0(pi)) = =(T = oiy1) = N, 7 "

The result follows in this case. The proof for i = s is the same, except that o(ps) = p1. O
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On the other hand, the action of G« p on A; is given by multiplication by elements in ]F;d. Indeed, if
f €F,a[T] and (f, P) =1, then f(p;) # 0 foralli =1,...,s. By definition of the Carlitz action *4, and the
fact that \; is a (T' — p;)-torsion point it follows that

ophi = fxadi=f(pi) A (8)
We note that f(p;) € Fya, whence f(pi)qd*1 =1.

Definition. Let ( be a fixed choice of primitive (¢% — 1)st root of unity. We define the dual elements {o}} €
GZd p such that

. 1 ifk#¢
%(W)Z{C Fh—

Remark 3.2. As s | d we have that (¢° — 1) | (¢¢ — 1). The element

generates a cyclic subgroup of G4 p of order ¢° — 1.

Lemma 3.3. For each ig = 1,...,s, consider the polynomials
- P(x)
fio () := l—H(x—pi) =1- — € Fyalz].
i=1 T Pio
iig
Then

Ofy ¥d Aj = [ 1— H(Pj_Pi) “Aj-

i=1
iio
Proof. The proof follows immediately from (8). O

Lemma 3.4. For each ig = 1,...,s, consider the elements
Ziy = [ 1= 1 (pis = p2)

Then

1

ig—
Ziy =21 .
Furthermore, the elements Z;, are primitive (¢° — 1)st roots of unity.

Proof. The number of generators of a cyclic group of order ¢° — 1 is equal to ¢(¢° — 1), where ¢ denotes
the Euler totient function. Furthermore, it is well-known that s | ¢(¢* —1). We find, recall that p; = (; and
pi:Cle for1<i<s—1,
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S

ig—1 i—1
Zio 1- H( lq - Cf )
i

_ (1 ~TIe - d””“”))

1=2

ig—1

= (1 -l - cf“)) =71,

=2

which concludes the proof. O

Recall that each generator \; of Cpa[T — p;] satisfies (7). The elements \; define characters o} = x», by
Kummer theory, which are given by
o5,(0) = AT,
for each o € Gya p. In particular, we find that
o) 787 ti=j
o5, (op,) = A =4 !
i 1 if i # j.

We now write Z; = (f* for some o € N, (a,¢® — 1) = 1. The character group of G, p is non-canonically
isomorphic to Gya p. Moreover, letting n = ¢° — 1, the quotient map in (4) gives

qu7p — Z/TLZ — 1,
which by duality yields the injection of the cyclic group Z/nZ
1= Z/nZ = Gl p.

For each i = 1,...,s, let o; be chosen generators of the ith direct summand in the decomposition given in
(6) of the group G,a p, and consider a dual basis o} of G.a p such that

0;0; = 6ijp1= 0ijC1,
where d;; is Kronecker’s . An injection
vi{g) =Z/nZ — Guap

is described by giving the coordinates of the generator g, i.e.,

S

Wg) = [ (er) " )

i=1

Furthermore, the element ¢(g) has order n if, and only if, at least one of the integers b; is prime to n. Also,
the character ¢(g) given in (9) is associated (via the Kummer correspondence) to the element

s g1, . s
L= H /\i"s—’lbw7 which satisfies L9 ~1 = (—1)* H(T — pi). (10)

=1 i=1
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Lemma 3.5. For each i =1,...,s, the exponent b; in (10) may be explicitly and recursively determined.

Proof. For the Frobenius generator o of the cyclic group Gal(Fy-/F,) and L as defined in (10), the element
o(L) generates the Kummer extension and by the theory of Kummer extensions it has the form

o(L) = LFa® 71,

for some p € N such that (u,¢° —1) = 1 and some a € F,a(T'). This implies that

S S
b bi—1 _ bip, q°—1
T = [,
=2 =1

which in turn implies for each i = 2,...,s that

bi—1 = pub; mod ¢° —1
and also that

bs = uby mod ¢* — 1.
We let 1/ be the inverse of x modulo g% — 1. This yields

bip/ =by mod ¢® — 1
bop' = b3 mod ¢° — 1
...... (11)
bs_1p' =bs mod ¢°® —1
bep' = by mod ¢° — 1.

Therefore, b; = (1/)"~1b; for each i = 2,...,s. As by = (¢/)* by (11) implies that
(1)*=1 mod ¢° — 1.

We can thus select p/ = ¢ to obtain the appropriate value of u’ mod (¢° — 1). It may also be assumed
without loss that by = 1. O

We have thus proven the following result.

Proposition 3.6. The model of the function field Fya K, p is given by the Kummer extension:

S i

L7 = (—1)° H (T _ Ciffl)q . (12)

i=1

The Galois module structure for differentials of such extensions is known by the work of Boseck [1]. In
d

Kummer extensions of Fya(T") of the form 3™ = [],_,

(T — a;)%, a; € F,a the places T' — a; are ramified
with ramification index
¢ -1
e = ——
’ (qs - 1, bz) ’
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see [11]. Furthermore, by the theory of Carlitz torsion modules, we may also easily see that there is ramifi-
cation over all places corresponding to the linear factors T — p; of P in Ag4. It follows that (b;,¢° — 1) =1,
for each i = 1,...,s. As there is ramification of degree ¢ — 1 at infinity in K, p/F,(T"), we obtain

> bi=ldqt-+qh
v=1

We have the following tower of fields and ramified places over I a(T):

Kga v Bi1---Bigs—1 -+ Bsi---Bsgs1 Q1,... Q¢
¢d-1 q%-1 g?-1
=1 °—1 q—1
Foa Ky nr By By B, B g1
=
]F:;s q°—1 q°—1 qg—1
Foa(T) Py P Py
Remark 3.7.In the special case s = d, there is no ramification over Bi,...,Bs in the extension

qu7p/]qu q,P-
4. Wild structure

We now proceed to the case M = P®, where P € F,[T] is again an irreducible polynomial of degree s | d.
By previous arguments, it is easily seen that the abelian Galois group Gal(K,a po/Fq(T)) may be written
as the direct product

Gal(qu,pa/]Fq(T)) = qu’p X qu’Pa,
where
Py pa ={D € Fpua[T] mod P*, D=1 mod P}.

There is a very precise way to describe the group Py« pa, which is also used in the elementary proof of the
Kronecker-Weber theorem for rational function fields [13].

Proposition 4.1 (Proposition 5.1 [15]). Let r be a positive integer. The group Py pe is an abelian p-group.
Let vgr () denote the number of cyclic groups of order p™ in the decomposition of Pyr pe, where s = deg P.
Then

’I‘S(Ot* ’Vp%-l) o qrs

var () = plp—1) - P ip—1) ’

where [x]| denotes the ceiling function on Q, i.e., the minimum integer greater than or equal to x.

In particular, Proposition 4.1 holds for both P, pa and Pya po by setting 7 = 1 and r = d, respectively.
For the Kummer extensions P, p and Py p, we must realise the Galois group

G
Hps o = Gal (K130 [Fu K50 ).
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For this, we obtain the exact sequence

0= Hly o = Gal(K 257 [Fa(T)) = Gal(Fpa KS32 JFa(T)) = 0,

q¢,Pe
where the structure of the abelian p-group

Py po = Gal(Fpa Ko 52 /Fa(T))

is given by Proposition 4.1.
Corollary 4.2. H, po = (0 —1)Pya pa.

Proof. This follows in the same manner as Lemma 2.3, as O'(H[;d pa) = H;d po and (e —1)D € H{;d po for
every D € Pya po. O

In the extension Ky pa/F aKy pa, there is generally wild ramification: According to [14, Proposition
12.4.5], the place at infinity is ramified in the extension F ¢ Ky p with index ¢g—1 and in the extension K a pa
with ramification index ¢% — 1. Moreover, the ramification degree of P in the extension F Ky po /F,a(T) is
equal to ¢** —¢*(®~ 1 while the ramification degree of P in extension K i pa /F,a(T) is given by g?@ —g(@=1
[14, Proposition 12.3.14], whence the ramification in extension K a pa /Fa Ky pe is given by

¢ —¢
- — qs(a—l)

d(a—1)

We thus obtain the following diagram, where s = (¢ —

/
K pa P 001,15 --+,001,q—1 004,15+ -5 00s,g—1
d_q d_y
H € qq_l qQ—l

001 e 004
X /

00

The irreducible polynomial P factors in Fga as
Py = [[r-c ), (13)
i=1

where (; is a primitive (¢° — 1)st root of 1. We denote P, =T — (fi_l (i=1,...,s).
Lemma 4.3. The quotient Ay/P* is Gal(FF,a /IF,)-equivariantly isomorphic to the direct sum of vector spaces:
Ag/P* = (A1/P)".

The group of units (Aq/P%)* satisfies

(Ag/P*)" = (Aa/P)" ® (Aa/P)" .
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Proof. It is clear that the following sequence is exact:
0— P* /P — A /P* — A /P! > 1. (14)
Therefore, we can prove by induction that
(Ag/P*) = Ag/P@® P/P*® P?/P*®...© P*/P°.
On the other hand, the map

Ay/P — P'/pPiT!
f mod P+ f-P" mod P!

is a Gal(F 4 /F,)-equivariant isomorphism, since P* is a Gal(F,a/Fg)-invariant element. O
Let f € Ag/P*. Consider the class fo of f modulo P*~ 1 i.e.,
f mod P*= fo+ P> 1f, mod P?, f mod P*!=f, mod P* L
We consider now the multiplication

f9=(fo+ P f1)(go+ P 'gn)
= fogo + (fog1 + f190)P*~" mod P*,

where fo, go denote the classes of fo,go mod P. It is clear by induction that f is invertible if, and only if,
fo = f mod P is invertible. We define the following filtration:

N;:={D mod P*: D=1 mod P'}. (15)
The group N; is the wild part of (44/P%)*. We have the following short exact sequence
1= Nyyy — Ny — PP 1,

where the group structure on Ny is multiplicative while the structure on P*/P!*! is additive. The wild part
of Hya po consists of elements of the form o(D)D~! in Ny, where D € Nj. The filtration of Ny

NlDNQD"‘NiD"'
induces a filtration on Hga pa:
H'=Hyapa N"N1 D H*=Hyp pa NN2 D+ D H' = Hya pa NN; D -+

We observe that

Hi , )
il {o(D)D™' mod H*': D e H'},

and the latter group can be identified with the image of the operator (o — 1)(f) in the additive group
PPt = A, /P.
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Lemma 4.4. The space Aq/P = @®5_F. An element f € Aq/P is mapped to the coordinates
(F(O), F(CD, ..., f(CT ) € @®;_F,a. The action of the operator o — 1 on the coordinates (x1,...,xs) €
®i_1Fqa is given by:

o—1

q q
(x1,...,25) — (29 —z1,2] — 22, ..., 2L_| — x).
The kernel of 0 — 1 consists of elements (x1,...,z,) such that
qifl .
21 €EFpa iz =27 ,1=2,...,s.

Clearly this set has ¢? elements since all elements are determined by the value of x;. Therefore, the image

d(s—1)

of o — 1 has exactly ¢ elements.

Remark 4.5. Given an Hga pa-module M, the space of invariants MH is given by

a—1 «@
Mqu pa ((MH;"d Pa)qu)pa/quypa o

)H;dypa/Hgdypa

Since H* = H®/H®"! we can apply recursively the computation of Lemma 4.4 in order to compute
Hga po-invariants.

We now turn to ramification groups and the computation of the different. For each i € Z with ¢ > —1,
the éth ramification group of Blp is defined as

Gi(Blp) = {0 € Gya pa | vp(0o(x) —2) > i+ 1for all z € Oy},
where Oy denotes the valuation ring at 8. We denote G; = G;(B|p).

Proposition 4.6.

(1) The groups Ny defined in (15) have order ¢**“=*) for 1 < k < n and correspond to the upper ramifica-
tion filtration at Plp.
(2) We have
o Go =Gy pa,
o« Gi=Ny forall ¢V <i<qg® —1and 1 <k<a-1, and
e Gy =N, =1d for all i > ¢*>1),

Proof. (1) [10, Prop. 2.2].
(2) This follows by the relation between upper and lower ramification filtrations [15, IV. sec. 3]. O

By Proposition 4.6, the lower ramification filtration is given by

G0>G1:-":qu_1 =M
>qu =--- Zqud,l = No
> Gq2ds == Gqsd,l = N3
>
> qumfa) =...= qu(afl) = Ny_1

> {1}.
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The ramification filtration for the group H,a p» may be found by intersecting H ¢ po with Gj, so that

(qd _ 1)8—1qd(s—1)(a—1) ifi=0

HiZ:GiﬂHd ay Hi| = i
qd,P |Hil {qd(s—l)(a—z) ifi>1.

of qu,Pa/qu q,Po-

q,P%

We now determine the different Dg , 5 ,x
q¢, P>/ "q
Proposition 4.7.
S
_ A B
@quypa/]quKq,Pll - H H {'B H B )
where s = deg P, s | d,

do qd(afl)

{07 o— S S(x— q
A= (ag™ — (a+1)g"*™V) — (ag™ — (a + 1)¢* 1))W (16)
| giemd) (gi— go)
= pr ,
and
d—]. qd—l_l
B=(¢-2)—(¢g-2)L— = . 1
-2 - -9t = (T ")

Proof. As the extension K4 p/F,(T) is separable, we may employ [14, Theorem 5.7.15]: Among separable
extensions K C L C M of global fields, we have the functorial identity

QM/K = ©M/LC0nL/M(®L/K)7 (18)

where conp,/y; denotes the conorm map of the corresponding fields L, M, see [14, 5.3]. We consider the two
towers

Fy(T) C Kg,pa CFgaKypa C Ky pa and  Fy(T) CFua(T) C Kya po.
We may now proceed with computations within each of these towers.

(1) Fo(T) C Ky po. The different Dk ./, (1) is given by [14, prop. 12.7.1]

D, pe () = POV T o2,
Bpoo

where 8 is the unique place of K, p« above the place p of Fy(T) associated with P.
(2) FpaKgy pa/K, po is unramified at all places of K, pa, whence

Q]quKq,P“/Kq,PD‘ = (1)

3) F,a(T)/F,(T) is also unramified at all places of F,(T"), whence
q q q

OF, (1) /F,(r) = (1)
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(4) For the extension K a pa/F,a(T): As s|d and the polynomial P thus splits completely in F [T, we
denote each linear factor of P in Fya[T] by @;, so that P = [];_; p;. We obtain [14, Thm. 12.7.2]

aqdai(a+1)qd(afl)

@qu7PQ/qu(T) = H H m H %qd—2.

=1 Plp; Bpoo

By (18), we may therefore write DK i pa/F Ky po 88

—1 _m-—1
D Ky pa/FiaKqpe = fDqu Pa/]Fq(T)Con]quKq*P/qu,P"‘ (Q]quKq=PQ /]FQ(T)>

—1
= (Qqu,Pa /F ,4(T)CODF 4 (T)/K 4. po (Qqud(T)/qu(T)))

X COIl]qu Ky pa /quwp(,y (qud Ky pa /]Fq(T))

_m-—1
- qud,P" /]qu (T)Con]quKq,P“/qu,Pa (Q]quKq,PD‘ /]Fq(T))

_ —1
= Qquwpm JF,a(T)ONF 0 Ko pa /K ja pa @Jqu Kq pa/Kg pa

X CONK, pa/F aKq pa (QKQ,P" /]Fq(T)))

_ -1
- Dqu’pa /]qu (T)Con]quKq,P“/qu,pw (Coan,Pa /]quKq-,P"‘ (:DKQ-,PO‘ /]Fq(T)))

-1
= Dqu,Pa JF a(T)ONK g pa /K a pa (Dicy pa /F,(1))

—(ag?® —(a+1)g*>7 1)

[111% IR

=1Pp; Bpoo

aqsa_ a+1 qs(oefl) q—2
X CONK, pa /K 4 pa L (at1) B

Bpoo
—(agq® —(a+1)gH 1)
S
g I =
=1Pp; Bpoo

qda_qd(afl) q?-1

s qas —gla—1)s q—1
|1 T o [T =
=1 Pp; Bpoo

The result follows. O
5. Tower structures

We now examine cyclotomic function fields as composites of towers of Kummer and Artin-Schreier ex-
tensions. Let P € Fy[T] be irreducible, whence P possesses only simple roots. We assume once more that
deg P = s | d. We now give the recursive definition for the cyclotomic function field Kga (p_y)a-

Lemma 5.1. Let (T — p) € Aq be a factor of P, where p € Fgs = Ay/P. Then the field Kga (p_ )« may be
described recursively by a tower of composita of explicitly determined Kummer and Artin-Schreier extensions
over Fa(T).
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Proof. We first consider the case o = 2, i.e., the cyclotomic function field Kga (r_,)> generated over Fga(T)
by the torsion points of (7' — p)?. By definition of the Carlitz action x4, we have

(T = p) *au =" + (T = p)u
(T = p) sau=ut + (T = p)7" + (T = p)) u" + (T = p)*u.
We denote X = (T — p) x4 u. The equation
(T—p) kg X =X +(T—p)X =0

implies that either X = 0 or X4'~1 = —(T — p). Let X\ be a solution of the second equation, so that
AL = —(T — p). The general torsion point for (T — p)? over F « may then be described by the equation

wt + (T —p)u = A
We set u = U\, which yields
UT A" - NI = A,

whence we obtain

We have thus constructed the following tower of fields:

q%,(T—p)?

K
Fa(T)[A]
)

F a(1)[U]

d
(T —

QT I==(T—p))

/
(T)

The field Kga (p_ )2 is therefore the compositum of a Kummer extension and an Artin-Schreier extension,
where a root u of the torsion point equation (T — p)? 4 u is given by u = UX. One may now easily proceed
inductively: Let Uy := U be the element given in (19), and let uy = Us\. A solution of (T — p)? %4 uz = 0 is
then given by

F o

ul’ ¢ (T — p)uz = us.
We set Us = ug/\. This yields Ugd A’ — )\qd_l)\Ug = w9, which in turn implies that

Us
T—p

Ul Uy =—

(We note that ug/ A1 = Us.) In this way, we may build a tower of successive Artin-Schreier extensions.
We have thus obtained the extended diagram
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Kqa,(r—p)e (20)

F i (T)[Ua]
U,

d -
—Ua=——=1)

-
2

(

Kqa r-p)s

/

F 4 (T)[Us]
(U ~Us=—722;)

—p

Kqa (r—p)2

/

]F a(T)[U2]

(Uz UQ—*%,J

T)(A) == Kga,(1—)

Kk
F

\

q? (T)
This completes the proof. 0O
Within the diagram (20), we have described the Kummer model of the extension F,a K, pa /Fya(T). By

the arguments of §2 on Kummer covers, it thus remains to describe the Artin-Schreier-Witt model of the
extension

F*
K e [Fqa(T).
We may therefore prove the following corollary.

Corollary 5.2. Let P € F,[T] be irreducible of degree s | d. Then the field K ¥ PQ may be described recursively
by a tower of composita of explicitly determined Artin-Schreier eattenswns over Fa(T).

Proof. For each linear factor T' — p; of P, we consider the generating elements U J@, j=1,...,a, of the
fields Kga (7—_p,), €ach of which satisfies the equation

() —uf =,

By the Chinese remainder theorem once more, we obtain an equality with the compositum

dPO‘ HKd(Tp

As before, let o be a generator of the cyclic group Gal(F,q/FF,) such that o(p;) = piy1, for each i =

1,...,s—1,and o(ps) = p1. Foreach i = 1,...,s — 1, we have

U(Uéi)) = U2(i+1) — a;, a; € Fga
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We may normalise without loss the selection of elements UQ(i) so that
U<U2i)) = U2(i+1)~
Proceeding inductively, we thus obtain

o(UY) = Uity i=2...

. . . . Fr
By the correspondence of Artin-Schreier extensions to additive characters, we know that the field F K 4P
is given by an Artin-Schreier equation

d ° bi i
R I S
i:lU

—~

On the other hand, the field K, p> is invariant under the action of the generator o. It follows that there
exists an element ¢; € [F,a(T) such that

s b, s b,
0(2 ):Zm—i—cf—ci.
1

)
= U i=1
By uniqueness of partial fraction expansions, this yields that by = by = -+ = bs. In order to consider the
higher powers j = 3,..., a, one may then proceed inductively, or alternatively, via a standard Witt vector

construction [7]. O
6. Galois module structure

The space of holomorphic differentials H°(X,Qx) for the curve X corresponding to the cyclotomic
function field K a 5 if Fya is selected big enough so that M splits in Fya are known, see [16]. Our strategy
in computing holomorphic differentials H°(Y,Qy) for the curve Y corresponding to K, as, where M does
not split in I, is to consider the Galois cover X — Y with Galois group H = H, »; and reduce holomorphic
differentials of X to holomorphic differentials of Y. We will prove that we have the inclusions

HY(Y,Qy) C Ly(Q(D)) = H°(X,Qx)", (21)

where Ly (2(D)) is a space of non-holomorphic differentials allowing poles on a certain explicitly given
divisor D. Our proposed strategy is to approach the structure of Ly (€(D)) using the inclusions of eq. (21).
We have to compute the H-invariant differentials of H°(X, Qx) and then select the holomorphic ones among
them.

Let us start in a more general setting. Consider a Galois ramified cover w : X — Y of projective complete
nonsingular curves defined over the field k = F « with Galois group H, and let df be a differential on Y.
Let 7* denote the pullback and k(X),k(Y) be the functions fields of the curves X,Y. We will follow a
multiplicative notation for the divisors. A divisor D = H§:1 P/, where P; are prime divisors and a; € N
will be called integral. The divisor divx (7*(df)) of #*(df) in X is given by

divx (r*(df)) = n*divy (df) - Rx,v,

where Rx/y is the ramification divisor, see [6, IV.2]. This allows us to compute holomorphic differentials on
X via functions g € k(X) such that divx (g) - divx (7*df) is holomorphic [1, sec. 3]. H-invariant differentials
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on X correspond to meromorphic differentials Qy (D) of Y with a well-prescribed set of poles and pole
orders, where D is a divisor which can be explicitly prescribed.

We let Jx (resp. Jy) denote the collection of integral divisors of X (resp. Y). Let df be a differential of
Y, and let

S
Rx/y = H H Qi
1=1Qy,i—P;

be the ramification divisor of X/Y, where d; € Z is the exponent of the different.

Lemma 6.1. The space of H-invariant differentials in X is isomorphic to the vector space

Y <QY (H(Pl)L;g) = {g € k(Y) : divy(g) - ley(df)H( )P J € Ciy} (22)

i=1 i=1

— Ly(D) (23)

Proof. An H-invariant differential on X is given by hdf, where h, f € k(Y'). We observe that w = hdf is
holomorphic if, and only if, the divisor

divy (w) = divx (h)divx (7" (df)) € Tx

*

By taking the pushforward and using the fact that applying m.7* is equivalent to raising to the |H| power

we compute that

T (divx (w)) = divy (). divy (df)1H] -divy (m.(Rx/v)),

and w is holomorphic if and only if 7, (w) € Jy. An easy computation yields that

divy (m(Rx/v)) = [[(P)y
i=1

where §; is the differential exponent at P;, and therefore, the set of H-invariant differentials can be identified
with the space of functions given in eq. (22). O

Assume now that X and Y are the curves corresponding to the function fields Kga po and Fga Ky po,
respectively. We will take f = T and we will compute the ingredients of lemma (22).
We will compute the divisor in Y of dT'. We know that

divy (dT) HH&BZ [T @72 cong, (1) /m,. 50, pe (), (24)
i=1|P; Qlreo

where S = aq® — (a + 1)¢®~! [14, prop. 12.7.2]. Recall also the value of the different divisor we have
computed in Proposition 4.7 D = D , pa/FaKq pa

q¥(@=1 (¢?—¢%) q(qdflil)

q5—1

Okt o pofFariyre = [T ¥ I[ »

=1 P, Blpoo
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Remark 6.2. In the special case that s = d, ramification is tame in the extension K i po /F e K, pa, so that
D = 0 and the invariant elements thus satisfy Lx(Qx)? = Ly (Qx).

By the computation of the second author in [16, p. 46] A holomorphic differential on X is given by a
differential of the form

s «
w= ][] A5 Ni " ar, (25)
i=1k=2

where \; i, are generators of the Carlitz torsion modules C,a[PF] of the factors of M = [];_, P, and p;

satisfy certain inequalities, see [16, eq. (22)]. By the Chinese remainder theorem, the class of an element
D € F,a[T] modulo

o H P
i=1

determined by the classes D mod Pf*. Moreover, a class D mod P can be expressed as a P;-adic series
D mod P? =a;0+ a1 P+ aio2P? 4+ a1 P?" mod P,

where a; ; € Fya for all 1 <i < sand 0 < j < a— 1. The action of D on A;; is determined by its Pj-adic
decomposition. We also have for each £k =1,..., « that

a—1 a—1
(Z ai,ng) *d Aik = (Z ai,ePfPf’“> *d Aiya
£=0

£=0

a—1
= <Z (Zi’gpio‘_k—w) *d >\i,o¢ (26)
=0

i
L

aie (PP g M\ia)

~
Il
-~ O

Q
|

Qi o \ik—i

o~
I
o

where we define \; ,,, := 0 whenever m < 0.
The action described in (26) gives rise to a representation

p+ (Fua(T)/P*)* — GL(a, Fyu)

ap ai e Ao —2 Ao —1

0 a a1 -+ Qa2
a—1
aPt = |0 T . (27)
=0 : ..

: . aop ai

0 - .- 0 ao

Upper triangular matrices of the form (27) are known as Toeplitz matrices. In this way, we obtain a rep-
resentation of F;d inside the algebraic subgroup of upper triangular matrices T (F,4) given by the ideal of
relations
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I'=(Tiiyp —Tjjqpforalll <i<aand 0<j<n—1),
i.e., the algebraic group given by the affine coordinate ring
k[T, j,det(T; ;)1 /(Tij i > 4, 1)
and the corresponding finite group of Lie type defined by the fixed points of the d-th power of the Frobenius.
Definition. Let AT, denote the subgroup of T, (F,4) consisting of matrices given as in (27).

Remark 6.3. Let M € [F,[T] be arbitrary and nonzero. An element f is invariant under the action of Hga 5/
if, and only if,

|aD oo(xr) =g oop(x), for all D € Fa[T] /M.| (28)

We now recall a classical result of descent theory. From a cohomological point of view, there is a natural
action of Gal(F,«/F,) on the F a-vector space

V= HO(qu,M7 Qqu,M)'
Let us consider a basis {wy,...,wy} of V, where g denotes the genus of K4 ;. Define the map
Gal(F,a/F,) — GL(V)
o plo) v

For each basis element w;, 1 <17 < g we write

)
= Z p(a)u,iwu .
v=1

Then, since (w;*)7% = w72, we have

(T (e
1 ‘= E : 01 yzp 02)# vWp
v,u=1

so that the function p satisfies the cocycle condition p(c102) = p(01)?2p(02). The multidimensional Hilbert’s
90 theorem asserts that there is an element p € GL(V) such that p(c) = p~1p°. Moreover, the elements
w] = wip~ ! are Gal(F,q/F,)-invariant since

-1 o

)7 = @) (e = wip(o)(p™")7 = wip e (9717 = wip™ .

(wip

From now on {w; }i—1,...,4 denotes an Gal(FF,a /IF,)-invariant basis. An arbitrary element w € V' is written as
g
w = Z a;W;
i=1

and the action of op with respect to this basis is given by a representation

qu,M — GL(V)

UDI—>A(O'D) = AD
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The condition of (28) is now expressed as the matrix condition

q q
aq aq - ay aq
Ap | + | =A% ¢+ | € A} : | =A4p
q q
Clg CLg Qg agqg

d—1
Equivalently, the common eigenspace in V' of the eigenvalue 1 of all matrices of the form Af, -t gives the
space of Hga ps-invariant differentials. The space Ly (€2y (D)), see (23) consists of meromorphic differentials
with allowed poles at D, and it is only necessary to select the holomorphic differentials among these.

We now return to the case M = P and examine invariant rings. The group AT, is clearly abelian. The
action of (27) has an extension to the polynomial ring Fya[Aio,...,Aija—1]. Consider the vector space of
polynomials of multidegree, which we denote by mdeg, bounded by (o, ..., tta—1):

Wi =A{f €Fgaldo,..., Aa—1] : mdeg(f) < (po,-- - pa-1)} (= (ko,---,1a—1))-

The space W inherits a unique representation of the group (Fq(7)/P)*. Therefore, we obtain

H o
H°(Y,Qy) C Ly (Qy (D)) = W, e (29)
We thus consider the polynomial ring Fa[Xo,. .., Aa—1] equipped with the natural extension of the linear
action of (26) which is represented by the matrix in (27). The space of invariants Fa[Xo, ..., A1) Had pe s

a finitely generated ring.

Consider the subgroup H < GL(«,F«) which consists of unitriangular elements of the form (27), corre-
sponding to the wild component of the cover X — Y. Let us view the particular case of GL(3,F3), in order
to simplify the presentation. In this case, the subgroup H of Toeplitz matrices take the form

1 a b
c=(0 1 a], a,b € IFs.
0 0 1

Viewing this matrix as acting on the ring Fs[x, y, 2], we find o(z) = z, and
2 3

U(y3 —y:J:Q) =y3+a3x2 —yr’ —a =y3+ax2 —yx2 —az® = y3 —ny.

By modular representation theory [2, Corollary 3.1.6], a homogeneous system of parameters {f,g,h} for
Fs[z,y, ] satisfies

F3(f, 9, h] = Fs[z,y, 2"
if, and only if,
deg(f) deg(g) deg(h) = |H]|.
By definition, |H| = 9. Also by definition, we have
o(y) =y + ax,

so any invariant involving y must have degree at least g. The same is true for z as
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o(z) =z + ay + bx.

As the invariant for z is already of minimal degree (one), it follows that the remaining two invariants must
be of degree 3 | 9 if Fs[z,y, z]* is polynomial. Let us then examine the action of o on all homogeneous

terms of degree 3 in the variables x, y, and z:

Element  Constant T x? z3
z3 0 0 0 0
y3 0 0 0 a
23 ay® 0 0 b
:E2y 0 0 0 a
a:y2 0 0 2ay a?
z2z 0 0 ay b
xz? 0 a2y2 + 2ayz + 22 2aby + 2bz b2
y2z ay® + y%z 2a%y? + by? + 2ayz a®y + 2aby + a’z a’b
yz2 a?y® + 2ay?z + yz? a®y? + 2aby® + 2a%yz + 2byz + az? 2a%by + b2y + 2abz  ab?
TYz 0 ay® +yz a’y + by + az ab

The table of remainder coefficients via the H-action

Note that we are only considering the remainder coefficients, as the unitriangular action always returns an
expansion containing the original element (the left-hand column). Clearly f = z is the first invariant. The
invariant of minimal degree containing y is equal to the aforementioned y® — yx2. It remains then to find
the third invariant of degree 3, which must contain the variable z. Examination of the coefficients in 23, we
find that there are only two other terms with equal coefficients: 222 and z2. But if an invariant contains
these two terms, then as 22z has a coefficient of ay on 22, it follows that it must contain another term with
a coefficient equal to a multiply of ay on z2. This occurs in only one element: zy?. But the coefficient of
z3 on xy? is equal to a?, which matches no other terms of degree 3. Thus there is no invariant of degree
3 containing the element z. This argument may be easily generalised to our case of GL(a,Fya). We thus

obtain:

Theorem 6.4. Let H be the subgroup of upper unitriangular Toeplitz matrices in GL(a,Fga). The ring of
invariants Fga[Xo, . . ., Aa—1)H is not polynomial.

By Lemma 2.3, we have Hya poa = (0 —1)Gya _pa. When a = 3, for example, an element of Ha po takes
the form (up to the tame part, i.e., a diagonal multiple)

1 o(a) o(b) 1 a b\ ' 1 a? b? 1 a b\ "
<0 1 0((1)) . <0 1 a> = (O 1 aq> . (0 1 a)
0 0 1 0 0 1 0 0 1 0 0 1

1 a?—a a(aq—a)—i—bq—b
0 1 al —a . (30)
0 0 1

This may be easily generalised to arbitrary «:

Proposition 6.5. The upper diagonal entries of matrices for elements of Hya pa are IFga-multiples of Frobenius
differences v — x (x € Fya).

An explicit description of the holomorphic differentials of K, p~ requires computation of classical binomial
coefficients occurring in the Hja pa-action on the canonical basis consisting of elements of the form (25).
Although it would be desirable, no basis of cyclotomic holomorphic differentials is currently known which
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allows a description of this action in terms of the function field binomial coefficients [*] , appearing in the

qd
expansion of the additive Carlitz action (1)

deg(M)

Coe(M)(w) = 3 aimiau) = 3 [ﬂquq

=0

This fact is owed to linear dependence between terms: The Carlitz M-torsion module Ca[M] is too small as
an IF a-vector space of dimension equal deg(M), far from sufficient to match genus growth [14, Proposition
12.7.1]. We leave this as an open question for a future work.
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