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Abstract. The deformation theory of curves is studied by using the canonical
ideal. The deformation problem of curves with automorphisms is reduced to
a deformation problem of linear representations.

1. Introduction

The deformation theory of curves with automorphisms is an important general-
ization of the classical deformation theory of curves. This theory is related to the
lifting problem of curves with automorphisms, since one can consider liftings from
characteristic p > 0 to characteristic zero in terms of a sequence of local Artin-rings.

J. Bertin and A. Mézard in [4], following Schlessinger’s [33] approach introduced
a deformation functor Dgl and studied it in terms of Grothendieck’s equivariant
cohomology theory [12]. In Schlessinger’s approach to deformation theory, we want
to know the tangent space to the deformation functor Dgl(k[ε]) and the possible
obstructions to lift a deformation over an Artin local ring Γ to a small extension
Γ′ → Γ. The reader who is not familiar with deformation theory is referred to
section 2.1 for terminology and references to the literature. The tangent space of the
global deformation functor Dgl(k[ε]) can be identified as Grothendieck’s equivariant
cohomology group H1(G,X,TX), which is known to be equal to the invariant
space H1(X,TX)G. Moreover, a local local-global theorem is known, which can be
expressed in terms of the short exact sequence:
(1)
0 // H1(X/G, πG∗ (TX)) // H1(G,X,TX) // H0(X/G,R1πG∗ (TX))

∼ =��

// 0

r⊕
i=1

H1
(
Gxi

, T̂X,xi

)
The lifting obstruction can be seen as an element in

H2(G,X,TX) ∼=
r⊕
i=1

H2
(
Gxi

, T̂X,xi

)
.

In the above equations x1, . . . , xr ∈ X are the ramified points, Gxi
are the corre-

sponding isotropy groups and T̂X,xi are the completed local tangent spaces, that
is T̂X,xi = k[[ti]]

d
dti

, where ti is a local uniformizer at xi. The space k[[ti]] ddti is
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2 A. KONTOGEORGIS AND A. TEREZAKIS

seen as Gxi
-module by the adjoint action, see [7, 2.1], [22, 1.5]. Bertin and Mézard

reduced the computation of obstruction to the infinitesimal lifting problem of rep-
resentations of the isotropy group Gxi to the difficult group Autk[[t]]. In this article
for a ring Γ, AutΓ[[t]] denotes the group of continous automorphisms of Γ[[t]].

This article aims to give a new approach to the deformation theory of curves with
automorphisms, which is not based on the deformation theory of representations on
the subtle object Autk[[t]], but on the deformation theory of the better understood
general linear group. In order to do so, we will restrict ourselves to curves that
satisfy the mild assumptions of Petri’s theorem
Theorem 1 (Petri’s theorem). For a non-singular non-hyperelliptic curve X of
genus g ≥ 3 defined over an algebraically closed field with sheaf of differentials ΩX
there is the following short exact sequence:

0 → IX → SymH0(X,ΩX) →
∞⊕
n=0

H0(X,Ω⊗nX ) → 0,

where IX is generated by elements of degree 2 and 3. Also if X is not a non-singular
quintic of genus 6 or X is not a trigonal curve, then IX is generated by elements
of degree 2.

For a proof of this theorem we refer to [11], [32]. The ideal IX is called the
canonical ideal and it is the homogeneous ideal of the embedded curve X → Pg−1.

For curves that satisfy the assumptions of Petri’s theorem and their canonical
ideal is generated by quadrics, we prove in section 3 the following relative version
of Petri’s theorem
Proposition 2. Let f1, . . . , fr ∈ S := SymH0(X,ΩX) = k[ω1, . . . , ωg] be qua-
dratic polynomials which generate the canonical ideal IX of a curve X defined over
an algebraic closed field k. Any deformation XA is given by quadratic polynomi-
als f̃1, . . . , f̃r ∈ SymH0(XA,ΩXA/A) = A[W1, . . . ,Wg], which reduce to f1, . . . , fr
modulo the maximal ideal mA of A.

This approach allows us to replace several of Grothendieck’s equivariant coho-
mology constructions in terms of linear algebra. Let us mention that in general,
it is not so easy to perform explicit computations with equivariant Grothendieck
cohomology groups and usually, spectral sequences or a complicated equivariant
Chech cohomology is used, see [3], [23, sec.3].

Let i : X → Pg−1 be the canonical embedding and let Mg(k)/〈Ig〉 be the space of
g×g matrices with coefficients in k, modulo the vector subspace of scalar multiples of
the identity matrix. In proposition 28 we prove that elements [f ] ∈ H1(X,TX)G =
Dglk[ε] correspond to cohomology classes in H1(G,Mg(k)/〈Ig〉).

Furthermore, in our setting, the obstruction to liftings is reduced to an obstruc-
tion to the lifting of the linear canonical representation
(2) ρ : G→ GL

(
H0(X,ΩX)

)
.

Also we will give a compatibility criterion involving the defining quadratic equations
of our canonically embedded curve, namely in section 4 we will prove the following:
Theorem 3. Consider an epimorphism Γ′ → Γ → 0 of local Artin rings. A
deformation x ∈ Dgl(Γ) can be lifted to a deformation x′ ∈ Dgl(Γ

′) if and only if
the representation ρΓ : G → GLg(Γ) lifts to a representation ρΓ′ : G → GLg(Γ

′)
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and moreover there is a lifting XΓ′ of the embedded deformation of XΓ which is
invariant under the lifted action of ρΓ′ .

Remark 4. The liftability of the representation ρ is a strong condition. In propo-
sition 31 we give an example of a representation ρ : G → GL2(k), for a field k of
positive characteristic p, which can not be lifted to a representation ρ̃ : G→ GL2(R)
for R =W (k)[ζph ], meaning that a lifting in some small extension R/mi+1

R → R/miR
is obstructed. Here R denotes the Witt ring of k with a primitive ph root of unity
added, which has characteristic zero. In our counterexample G = Cq⋊Cm, q = ph,
(m, p) = 1.

Remark 5. One can always pass from the local lifting problem of ρ : G→ AutΓ[[t]]
to a global lifting problem, by considering the Harbater-Katz-Gabber (HKG for
short) compactification X of the local action. Then one can consider the criterion
involving the linear representation ρ : G→ Gl(H0(X,ΩX)). Notice that in [27] the
canonical ideal for HGK-curves is explicitly described.

Remark 6. In 4.1 we will use the tools developed in this article to show that certain
automorphisms of the Hermitian curve do not lift, even in possible characteristic.
This is expected since the Hermitian curve is the unique curve with an extreme size
of its automorphism group, see [36].

Remark 7. The invariance of the canonical ideal IXΓ
under the action of G can

be checked using Gauss elimination and echelon normal forms, see [25, sec 2.2].

Remark 8. The canonical ideal IXΓ is determined by r quadratic polynomials
which form a Γ[G]-invariant Γ-submodule VΓ in the free Γ-module of symmetric
g× g matrices with entries in Γ. When we pass from a deformation x ∈ Dgl(Γ) to a
deformation x′ ∈ Dgl(Γ

′) we ask that the canonical ideal IXΓ′ is invariant under the
lifted action given by the representation ρG′ : G → GLg(Γ

′). In definition 11.1 we
introduce an action T (g) on the vector space of symmetric g × g matrices, and the
invariance of the canonical ideal is equivalent to the invariance under the T -action
of the Γ′-submodule VΓ′ generated by the quadratic polynomials generating the
ideal IX′ . Therefore, we can write one more representation
(3) ρ(1) : G→ GL

(
TorS1 (k, IX)

)
.

Set r =
(
g−2
2

)
. Liftings of the representations ρ, ρ(1) defined by eq. (2), (3) in

GLg(Γ) resp. GLr(Γ) will be denoted by ρΓ resp. ρ(1)Γ .
Notice that if the representation ρΓ lifts to a representation ρΓ′ and moreover

there is a lifting XΓ′ of the relative curve XΓ so that XΓ′ has an ideal IXΓ′ which
is ρΓ′ invariant, then the representation ρ

(1)
Γ also lifts to a representation ρ

(1)
Γ′ , see

also [25, prop. 5]

The deformation theory of linear representations ρ, ρ(1) gives rise to cocycles
Dσ, D(1)

σ−1 in H1(G,Mg(k)), H1(G,M(g−2
2 )(k)), while the deformation theory of

curves with automorphisms introduces a cocycle Bσ[f ] corresponding to [f ] ∈
H1(X,TX)G. We will introduce a compatibility condition in the section 4.2 among
these cocycles, using the isomorphism

ψ :Mg(k)/〈Ig〉
∼=−→ H0(X, i∗TPg−1) ↪→ HomS(IX , S/IX) = H0(X,NX/Pg−1)

B 7−→ ψB
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defined in proposition 25.

Proposition 9. The following compatibility condition is satisfied

(4) ψDσ − ψBσ [f ] = D
(1)
σ−1 .

The structure of the article is as follows. In section 2.2 we will present side by
side the deformation theory of linear representations ρ : G→ GL(V ) and the defor-
mation theory of representations of the form ρ : G → Autk[[t]]. The deformation
theory of linear representations is a better-understood object of study, see [29],
which played an important role in topology [20] and also in the proof of Fermat’s
last theorem, see [30]. The deformation theory of representations in Autk[[t]] comes
out from the study of local fields and it is related to the deformation problem of
curves with automorphisms after the local global theory of Bertin Mézard. There is
also an increased interest related to the study of Nottingham groups and Autk[[t]],
see [5], [9],[26].

It seems that the similarities between these two deformation problems are known
to the expert, see for example [31, prop. 3.13]. For the convenience of the reader
and in order to fix the notation, we also give a detailed explanation and comparison
of these two deformation problems.

In section 3 we revise the theory of relative canonical ideals and the work of
the first author together with H. Charalambous and K. Karagiannis [6] aiming at
the deformation problem of curves with automorphisms. More precisely a relative
version of Petri’s theorem is proved, which implies that the relative canonical ideal
is generated by quadratic polynomials.

In section 4 we study both the obstruction and the tangent space problem of
the deformation theory of curves with automorphisms using the relative canonical
ideal point of view. In this section theorem 3 is proved.
Aknowledgement Alexios Terezakis is financially supported by the Tsakyrakis
scholarship of the National and Kapodistrian University of Athens.

2. Deformation theory of curves with automorphisms

2.1. Global deformation functor. Let Λ be a complete local Noetherian ring
with residue field k, where k is an algebraically closed field of characteristic p ≥ 0.
Let C be the category of local Artin Λ-algebras with residue field k and homo-
morphisms the local Λ-algebra homomorphisms φ : Γ′ → Γ between them, that is
homomorphisms φ that statisfy φ−1(mΓ) = mΓ′ . The deformation functor of curves
with automorphisms is a functor Dgl from the category C to the category of sets

Dgl : C → Sets,Γ 7→

 Equivalence classes
of deformations of
couples (X,G) over Γ


defined as follows. For a subgroup G of the group Aut(X), a deformation of the
couple (X,G) over the local Artin ring Γ is a proper, smooth family of curves

XΓ → Spec(Γ)

parametrized by the base scheme Spec(Γ), together with a group homomorphism
G → AutΓ(XΓ), such that there is a G-equivariant isomorphism φ from the fibre
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over the closed point of Γ to the original curve X:
φ : XΓ ⊗Spec(Γ) Spec(k) → X.

Two deformations X1
Γ, X

2
Γ are considered to be equivalent if there is a G-equivariant

isomorphism ψ that reduces to the identity in the special fibre and making the
following diagram commutative:

X1
Γ

ψ / /

%%LL
LLL

LL
X2

Γ

yyrrr
rrr

r

SpecΓ

Given a small extension of Artin local rings
(5) 0 → E · k → Γ′ → Γ → 0

and an element x ∈ Dgl(Γ) we have that the set of lifts x′ ∈ Dgl(Γ
′) extending x is a

principal homogeneous space under the action of Dgl(k[ε]) and such an extension x′
exists if certain obstruction vanishes. It is well known, see section 2.2, that similar
behavior have the deformation functors of representations.

2.2. Lifting of representations. Let G : C → Groups be a group functor,
see [8, ch. 2]. In this article, we will be mainly interested in two group func-
tors. The first one, GLg, will be represented by the by the group scheme Gg =
Λ[x11, . . . , xgg, det(xij)

−1], that is GLg(Γ) = HomΛ(Gg,Γ). The second one is the
group functor from the category of rings to the category of groups N : Γ 7→
AutΓ[[t]].

We also assume that each group G (Γ) is embedded in the group of units of
some ring R(Γ) depending functorially on Γ. This condition is asked since our
argument requires us to be able to add certain group elements. We also assume
that the additive group of the ring R(Γ) has the structure of direct product ΓI ,
while R(Γ) = R(Λ)⊗ΛΓ. Notice, that I might be an infinite set, but since all rings
involved are Noetherian ΓI is flat, see [28, 4F].

A representation of the finite group G in G (Γ) is a group homomorphism
ρ : G→ G (Γ),

where Γ is a commutative ring.

Remark 10. Consider two setsX,Y acted on by the groupG. Then, every function
f : X → Y is acted on by G, by defining the function σf : X → Y , sending
x 7→ σfσ−1(x). This construction will be used throughout this article.

More precisely we will use the following actions

Definition 11. (1) Let Mg(Γ) denote the set of g× g matrices with entries in
ring Γ. An element A ∈ Mg(Γ) will be acted on by g ∈ G in terms of the
action

T (g)A = ρ(g−1)tAρ(g−1).

This is the natural action coming from the action of G on H0(X,ΩX/k) and
on the quadratic forms ωtAω. We raise the group element in −1 in order
to have a left action, that is T (gh)A = T (g)T (h)A. Notice also that T (g)
restricts to an action on the space Sg(Γ) of symmetric g× g matrices with
entries in Γ.
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(2) The adjoint action on elements A ∈ Mg(Γ), comes from the action to the
tangent space of the general linear group.

Ad(g)A = ρ(g)Aρ(g−1).

(3) Actions on elements which can be seen as functions between G-spaces as in
remark 10. This action will be denoted as f 7→σf .

Examples
1. Consider the groups GLg(Γ) consisted of all invertible g × g matrices with
coefficients in Γ. The group functor

Γ 7→ GLg(Γ) = Hom(R,Γ),

is representable by the affine Λ-algebra R = k[x11, . . . , xgg, det
(
(xij)

)−1
], see [37,

2.5]. In this case the ring R(Γ) is equal to End(Γg), while I = {i, j ∈ N : 1 ≤ i, j,≤
g}.

We can consider the subfunctor GLg,Ig consisted of all elements f ∈ GLg(Γ),
which reduce to the identity modulo the maximal ideal mΓ. The tangent space
TIgGLg of GLg at the identity element Ig, that is the space Hom(Speck[ε], SpecR)
or equivalently the set GLg,Ig (k[ε]) consisted of f ∈ Hom(R, k[ε]), so that f ≡
Ig mod〈ε〉. This set is a vector space according to the functorial construction given
in [30, p. b 272] and can be identified to the space of End(kg) = Mg(k), by
identifying

Hom(R, k[ε]) 3 f 7→ Ig + εM,M ∈Mg(k).

The later space is usually considered as the tangent space of the algebraic group
GLg(k) at the identity element or equivalently as the Lie algebra corresponding to
GLg(k).

The representation ρ : G → GLg(Γ) equips the space TIgGLg = Mg(k) with
the adjoint action, which is the action described in remark 10, when the endomor-
phism M is seen as an operator V → V , where V is a G-module in terms of the
representation ρ:

G×Mg(k) −→Mg(k)

(g,M) 7−→ Ad(g)(M) = gMg−1.

In order to make clear the relation with the local case below, where the main
object of study is the automorphism group of a completely local ring we might
consider the completion R̂I of the localization of R = k[x11, . . . , xgg, det

(
(xij)

)−1
]

at the identity element. We can now form the group AutR̂I of automorphisms of
the ring R̂I which reduce to the identity modulo mR̂I

. The later automorphism
group is huge but it certainly contains the group G acting on R̂I in terms of the
adjoint representation. We have that elements σ ∈ AutR̂I ⊗ k[ε] are of the form

σ(xij) = xij + εβ(xij), where β(xij) ∈ R̂I.

Moreover, the relation

σ(f · g) = fg + εβ(fg) = (f + εβ(f))(g + εβ(f)),

implies that the map β is a derivation and

β(fg) = fβ(g) + β(f)g.
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Therefore, β is a linear combination of ∂
∂xij

, with coefficients in R̂I, that is

β =
∑

0≦i,j≤g
ai,j

∂

∂xij
.

Remark 12. In the literature of Lie groups and algebras, the matrix notation
Mg(k) for the tangent space is frequently used for the Lie algebra-tangent space
at identity, instead of the later vector field-differential operator approach, while in
the next example, the differential operator notation for the tangent space is usually
used.

2. Consider now the group functor Γ 7→ N (Γ) = AutΓ[[t]]. An element σ ∈
AutΓ[[t]] is fully described by its action on t, which can be expressed as an element
in Γ[[t]]. When Γ is an Artin local algebra then an automorphism is given by

σ(t) =

∞∑
ν=0

aνt
ν , where ai ∈ Γ, a0 ∈ mΓ and a1 is a unit in Γ.

If a1 is not a unit in Γ or a0 6∈ mΓ, then σ is an endomorphism of Γ[[t]]. In this
way AutΓ[[t]] can be seen as the group of invertible elements in Γ[[t]] = EndΓ[[t]] =
R(Γ). In this case, the set I is equal to the set of natural numbers, where ΓI can
be identified as the set of coefficients of each powerseries.

Aut(k[ε][[t]]) =

{
t 7→ σ(t) =

∞∑
ν=1

ait
ν : ai = αi + εβi, αi, βi ∈ k, α1 6= 0

}
.

Exactly as we did in the general linear group case, let us consider the subfunctor
Γ 7→ NI(Γ), where NI(Γ) consists of all elements in AutΓ[[t]], which reduce to the
identity mod mΓ.

Such an element σ ∈ NI(k[ε]) transforms f ∈ k[[t]] to a formal powerseries of the
form

σ(f) = f + εFσ(f),

where Fσ(f) is fully determined by the value of σ(t). The multiplication condition
σ(f1f2) = σ(f1)σ(f2) implies that

Fσ(f1f2) = f1Fσ(f2) + Fσ(f1)f2,

that is Fσ is a k[[t]]-derivation, hence an element in k[[t]] ddt .
The local tangent space of Γ[[t]] is defined to be the space of differential operators

f(t) ddt , see [4], [7], [22]. The G action on the element d
dt is given by the adjoint

action, which is given as a composition of operators, and is again compatible with
the action given in remark 10:

Γ[[t]]
ρ(σ−1) // Γ[[t]]

d
dt // Γ[[t]]

ρ(σ) // Γ[[t]]

t � // ρ(σ−1)(t) � // dρ(σ−1)(t)
dt

� // ρ(σ)
(
dρ(σ−1)(t)

dt

)
So the G-action on the local tangent space k[[t]] ddt is given by

f(t)
d

dt
7−→ Ad(σ)

(
f(t)

d

dt

)
= ρ(σ)(f(t)) · ρ(σ)

(
dρ(σ−1)(t)

dt

)
d

dt
,
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see also [22, lemma 1.10], for a special case.

G (Γ) R(Γ) tangent space action
GLg(Γ) Endg(Γ) Endg(k) =Mg(k) M 7→ Ad(σ)(M)
AutΓ[[t]] End(Γ[[t]]) k[[t]] ddt f(t) ddt 7−→ Ad(σ)

(
f(t) ddt

)
Table 1. Comparing the two group functors

Motivated by the above two examples we can define

Definition 13. Let GI be the subfunctor of G , defined by
GI(Γ) = {f ∈ G (Γ) : f = I modmΓ}.

The tangent space to the functor G at the identity element is defined as GI(k[ε]),
see [30]. Notice, that GI(k[ε]) ∼= R(k), is k-vector space, acted on in terms of the
adjoint representation, given by

G× GI(Γ) −→ GI(Γ)

(σ, f) 7−→ ρ(σ) · f · ρ(σ)−1.

If R(Γ) can be interpreted as an endomorphism ring, then the above action can be
interpreted in terms of the action on functions as described in remark 10.

We will define the tangent space in our setting as T = R(k), which is equipped
with the adjoint action.

2.3. Deforming representations. We can now define the deformation functor
Fρ for any local Artin algebra Γ with maximal ideal mΓ in C to the category of
sets:

(6) Fρ : Γ ∈ Ob(C ) 7→


liftings of ρ : G→ G (k)
to ρΓ : G→ G (Γ) modulo
conjugation by an element
of ker(G (Γ) → G (k))


Let

(7) 0 // 〈E〉 = E · Γ′ = E · k
ϕ′

// Γ′
ϕ

// Γ //

i
{{

0

be a small extension in C , that is the kernel of the natural onto map φ is a principal
ideal, generated by E and E ·mΓ′ = 0. In the above diagram i : Γ → Γ′ is a section,
which is not necessarily a homomorphism. Since the kernel of φ is a principal ideal
E · Γ′ annihilated by mΓ′ it is naturally a k = Γ′/mΓ′ -vector space, which is one
dimensional.

Lemma 14. For a small extension as given in eq. (7) consider two liftings ρ1Γ′ , ρ2Γ′

of the representation ρΓ. The map
d : G −→ T := R(k)

σ 7−→ d(σ) =
ρ1Γ′(σ)ρ2Γ′(σ)−1 − IΓ′

E

is a cocycle.
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Proof. We begin by observing that φ
(
ρ1Γ′(σ)ρ2Γ′(σ)−1 − IΓ′

)
= 0, hence

ρ1Γ′(σ)ρ2Γ′(σ)−1 = IΓ′ + E · d(σ), where d(σ) ∈ T .

Also, we compute that

IΓ′ + E · d(στ) = ρ1Γ′(στ)ρ2Γ′(στ)−1

= ρ1Γ′(σ)ρ1Γ′(τ)ρ2Γ′(τ)−1ρ2Γ′(σ)−1

= ρ1Γ′(τ)
(
IΓ′ + Ed(σ)

)
ρ2Γ′τ)

)−1
= ρ1Γ′(τ)ρ2Γ′(τ)−1 + E · ρ1Γ′(τ)d(σ)ρ2Γ′(τ)−1

= IΓ′ + E · d(τ) + E · ρk(τ)d(σ)ρk(τ)−1,

since E annihilates mΓ′ , so the values of both ρ1Γ′(τ)) and ρ2Γ′(τ) when multiplied
by E are reduced modulo the maximal ideal mΓ′ . Therefore, we conclude that

d(στ) = d(τ) + ρk(τ)d(σ)ρk(τ)
−1 = d(τ) + Ad(τ)d(σ).

□

Similarly if ρ1Γ′ , ρ2Γ′ are equivalent extensions of ρΓ, that is

ρ1Γ′(σ) =
(
IΓ′ + EQ

)
ρ2Γ′(σ)

(
IΓ′ + EQ

)−1
,

then
d(σ) = Q−Ad(σ)Q,

that is d(σ) is a coboundary. This proves that the set of liftings ρΓ′ of a represen-
tation ρΓ′ is a principal homogeneous space, provided it is non-empty.

The obstruction to the lifting can be computed by considering a naive lift ρΓ′

of ρΓ (that is we don’t assume that ρΓ′ is a representation) and by considering the
element

φ(σ, τ) = ρΓ′(σ) ◦ ρΓ′(τ) ◦ ρΓ′(στ)−1, for σ, τ ∈ G

which defines a cohomology class as an element in H2(G,T ). Two naive liftings
ρ1Γ′ , ρ2Γ′ give rise to cohomologous elements φ1, φ2 if their difference ρ1Γ′ −ρ2Γ′ reduce
to zero in Γ′. If this class is zero, then the representation ρΓ can be lifted to Γ′.
Examples Notice that in the theory of deformations of representations of the
general linear group, this is a classical result, see [30, prop. 1], [29, p.30] while for
deformations of representations in AutΓ[[t]], this is in [7],[4].

The functors in these cases are given by

(8) F : Ob(C ) 3 Γ 7→


liftings of ρ : G→ GLn(k)
to ρΓ : G→ GLn(Γ) modulo
conjugation by an element
of ker(GLn(Γ) → GLn(k))


(9) DP : Ob(C ) 3 Γ 7→

 lifts G→ Aut(Γ[[t]]) of ρ mod-
ulo conjugation with an element
of ker(AutΓ[[t]] → Autk[[t]])


Let V be the n-dimensional vector space k, and let EndA(V ) be the Lie algebra

corresponding to the algebraic group GL(V ). The space EndA(V ) is equipped with
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the adjoint action of G given by:
EndA(V ) → EndA(V )

e 7→ (g · e)(v) = ρ(g)(e(ρ(g)−1)(v))

The tangent space of this deformation functor equals to
F (k[ε]) = H1(G,EndA(V )),

where the later cohomology group is the group cohomology group and EndA(V ) is
considered as a G-module with the adjoint action.

More precisely, if
0 → 〈E〉 → Γ′

ϕ−→ Γ → 0

is a small extension of local Artin algebras then we consider the diagram of small
extensions

GLn(Γ
′)

ϕ

��
G

ρΓ
//

ρ1
Γ′ ,ρ

2
Γ′

;;xxxxxxxxx
GLn(Γ)

where ρ1Γ′ , ρ2Γ′ are two liftings of ρΓ in Γ′.
We have the element

d(σ) :=
1

E

(
ρ1Γ′(σ)ρ2Γ′(σ)−1 − In

)
∈ H1(G,Endn(k)).

To a naive lift ρΓ′ of ρΓ we can attach the 2-cocycle α(σ, τ) = ρΓ′(σ)ρΓ′(τ)ρΓ′(στ)−1

defining a cohomology class in H2(G,Endn(k)).
The following proposition shows us that a lifting is not always possible.

Proposition 15. Let k be an algebraically closed field of positive characteristic
p > 0, end let R = W (k)[ζq] be the Witt ring of k with a primitive q = ph root
adjoined. Consider the group G = Cq ⋊Cm, where Cm and Cq are cyclic groups of
orders m and q respectively and (m, p) = 1. Assume that σ and τ are generators
for Cm and Cq respectively and moreover

στσ−1 = τa

for some integer a (which should satisfy am ≡ 1 modq.) There is a linear representa-
tion ρ : G→ GL2(k), which can not be lifted to a representation ρR : G→ GL2(R).

Proof. Consider the field Fp ⊂ k and let λ be a generator of the cyclic group F∗p.
The matrices

σ =

(
a 0
0 1

)
and τ =

(
1 1
0 1

)
satisfy

σp−1 = 1, τ q = 1, στσ−1 =

(
1 a
0 1

)
= σa

and generate a subgroup of GL2(k), isomorphic to Cq ⋊ Cm for m = p− 1, giving
a natural representation ρ : G→ GL2(F̄p) ⊂ GL2(k).

Suppose that there is a faithful representation ρ̃ : G→ GLn(R)m, which gives a
faithful representation of ρ̃ : G→ GLn(Quot(R)). Since ρ̃(τ) is of finite order after
a Quot(R) linear change of basis we might assume that ρ̃(τ) is diagonal with q-roots
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of unity in the diagonal (we have considered R = W (k)[ζ] so that the necessary
diagonal elements exist in Quot(R)). We have

ρ̃(τ) = diag(λ1, . . . , λn).

At least one of the diagonal elements say λ = λi0 in the above expression is a
primitive q-th root of unity. Let E be an eigenvector, that is

ρ̃(τ)E = λE.

The equality τσ = στa implies that σE is an eigenvector of the eigenvalue λa. This
means that n should be greater than the order of a modq since we have at least
as many different (and linearly independent) eigenvectors as the different values
λ, λa, λa

2

, . . ..
Since, for large prime (p > 3) we have 2 = n < p − 1 the representation ρ can

not be lifted to R. □

Remark 16. In [24] we give a necessary and sufficient condition for a modular
representation of a group Cph ⋊Cm in a field of characteristic p > 0 to be lifted to a
representation over a local principal ideal domain of characteristic zero containing
the ph roots of unity.

Local Actions By the local-global theorems of J.Bertin and A. Mézard [4] and
the formal patching theorems of D. Harbater, K. Stevenson [14], [15], the study
of the functor Dgl can be reduced to the study of the deformation functors DP

attached to each wild ramification point P of the cover X → X/G, as defined in
eq. (9). The theory of automorphisms of formal powerseries rings is not as well
understood as is the theory of automorphisms of finite dimensional vector spaces,
i.e. the theory of general linear groups.

As in the theory of liftings for the general linear group, we consider small exten-
sions

1 → 〈E〉 → Γ′
ϕ−→ Γ → 1

An automorphism ρΓ(σ) ∈ AutΓ[[t]] is completely described by a powerseries

ρΓ(σ)(t) = fσ =

∞∑
ν=1

aΓν (σ)t
ν ,

where aΓν (σ) ∈ Γ. Given a naive lift

ρΓ
′
(σ)(t) =

∞∑
ν=1

aΓ
′

ν (σ)tν ,

where aΓ′

ν (σ) ∈ Γ′ we can again form a two cocycle

α(σ, τ) = ρΓ
′
(σ) ◦ ρΓ

′
(τ) ◦ ρΓ

′
(στ)−1(t),

defining a cohomology class in H2(G,Tk[[t]]). The naive lift ρΓ′
(σ) is an element of

AutΓ′[[t]] if and only if α is cohomologous to zero.
Suppose now that ρΓ′

1 , ρ
Γ′

2 are two lifts in AutΓ′[[t]]. We can now define

d(σ) :=
1

t

(
ρΓ

′

1 (σ)ρΓ
′

2 (σ)−1 − Id
)
∈ H1(G,Tk[[t]]).
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3. Relative Petri’s theorem.

Recall that a functor F : C → Sets can be extended to a functor F̂ : Ĉ → Sets
by letting F̂ (R) = lim

←
F (R/mn+1

R ) for every R ∈ Ob(Ĉ ). An element û ∈ F̂ (R)

is called a formal element, and by definition it can be represented as a system of
elements {un ∈ F (R/mn+1

R )}n≥0, such that for each n ≥ 1, the map F (R/mn+1
R ) →

F (R/mnR) induced by R/mn+1
R → R/mnR sends un 7→ un−1. For R ∈ Ob(Ĉ ) and

a formal element û ∈ F̂ (R), the couple (R, û) is called a formal couple. It is
known that there is a 1-1 correspondence between F̂ (R) and the set of morphisms
of functors hR := HomĈ (R,−) → F , see [35, lemma 2.2.2.]. The formal element
û ∈ F̂ (R) will be called versal if the corresponding morphism hR → F is smooth.
For the definition of a smooth map between functors, see [35, def. 2.2.4]. The ring
R will be called versal deformation ring.

Schlessinger [33, 3.7] proved that the deformation functor D for curves without
automorphisms, admits a ring R as versal deformation ring. Schlessinger calls the
versal deformation ring the hull of the deformation functor. Indeed, since there
are no obstructions to liftings in small extensions for curves, see [33, rem. 2.10]
the hull R of Dgl is a powerseries ring over Λ, which can be taken as an algebraic
extension of W (k). Moreover R = Λ[[x1, . . . , x3g−3]], as we can see by applying
[3, cor. 3.3.5], when G is the trivial subgroup of the automorphism group. In this
case the quotient map f : X → Σ = X/{Id} = X is the identity. Indeed, for
the equivariant deformation functor, in the case of the trivial group, there are no
ramified points and the short exact sequence in eq. (1) reduces to an isomorphism of
the first two spaces. We have dimkH

1(X/G, πG∗ (TX)) = dimkH
1(X,TX) = 3g−3.

The deformation X → SpecfR can be extended to a deformation X → SpecR by
Grothendieck’s effectivity theorem, see [35, th. 2.5.13], [13].

The versal element û corresponds to a deformation X → SpecR, with generic
fibre Xη and special fibre X0. The couple (R, û) is called the versal [35, def.
2.2.6] element of the deformation functor D of curves (without automorphisms).
Moreover, the element u defines a map hR/Λ → D, which by definition of the hull
is smooth, so every deformation XA → SpecA defines a homomorphism R → A,
which allows us to see A as an R-algebra.

Indeed, for the Artin algebra A→ A/mA = k we consider the diagram

hR/Λ = HomĈ (R,A) → hR/Λ(k)×D(k) D(A)

This section aims to prove the following

Proposition 17. Let f1, . . . , fr ∈ k[ω1, . . . , ωg] be quadratic polynomials which
generate the canonical ideal of a curve X defined over an algebraic closed field k.
Any deformation XA is given by quadratic polynomials f̃1, . . . , f̃r ∈ A[W1, . . . ,Wg],
which reduce to f1, . . . , fr modulo the maximal ideal mA of A.

For n ≥ 1, we write Ω⊗nX /R for the sheaf of holomorphic polydifferentials on X .
By [17, lemma II.8.9] the R−modules H0(X ,Ω⊗nX /R) are free of rank dn,g for all
n ≥ 1, with dn,g given by eq. (10)

(10) dn,g =

{
g, if n = 1

(2n− 1)(g − 1), if n > 1.
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Indeed, by a standard argument using Nakayama’s lemma, see [17, lemma II.8.9],[21]
we have that the R-module H0(X ,Ω⊗nX /R) is free. Notice that in order to use
Nakayama’s lemma we need the deformation over R to have both a special and
generic fibre and this was the reason we needed to consider a deformation over the
spectrum of R instead of the formal spectrum.

Lemma 18. For every Artin algebra A the A-module H0(XA,Ω
⊗n
XA/A

) is free.

Proof. This follows since H0(X ,ΩX /R) is a free R-module and [17, prop. II.8.10],
which asserts that ΩXA/A

∼= g′∗(ΩX /R), where g′ is shown in the next commutative
diagram:

XA = X ×SpecR SpecA
g′ //

��

X

��
SpecA // SpecR

We have by definition of the pullback

(11) g′∗(ΩX /R)(XA) = (g′)−1ΩX /R(XA)⊗(g′)−1OX (XA) OXA
(XA)

and by definition of the fibre product we obtain OXA
= OX ⊗RA. Observe also that

since A is a local Artin algebra the schemes XA and X share the same underlying
topological space so

g′−1(ΩX /R(XA)) = ΩX /R(X )

and g′−1OX (XA) = OX (X ). So eq. (11) becomes

H0(XA,ΩXA/A) = ΩXA/A(XA) = g′∗(ΩX /R)(XA)) =

= ΩX /R(X )⊗OX (X ) ⊗OX (X )⊗Rgl
A

= H0(X ,ΩX /R)⊗R A.

So H0(XA,ΩXA/A) is a free A-module of the same rank as H0(X ,ΩX /R).
The proof for H0(XA,Ω

⊗n
XA/A

) follows in the same way. □

We select generators W1, . . . ,Wg for the symmetric algebra

Sym(H0(X ,ΩX /R)) = R[W1, . . . ,Wg].

Similarly, we write

Sym(H0(Xη,ΩXη/L)) = L[ω1, . . . , ωg] and Sym(H0(X0,ΩX0/k)) = k[w1, . . . , wg],

where
ωi =Wi ⊗R L wi =Wi ⊗R k for all 1 ≤ i ≤ g.

We have the following diagram relating special and generic fibres
(12)

Spec(k)×Spec(R) X = X0 X Xη = Spec(L)×Spec(R) X

Spec(k) Spec(R) Spec(L)

Our article is based on the following relative version of Petri’s theorem.
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Theorem 19. Diagram (12) induces a deformation-theoretic diagram of canonical
embeddings

(13) 0 // IXη

� � // SL := L[ω1, . . . , ωg]
ϕη // //

∞⊕
n=0

H0(Xη,Ω
⊗n
Xη/L

) // 0

0 // IX
� � //?�

⊗RL

OO

⊗RR/m

����

SR := R[W1, . . . ,Wg]
ϕ // //

?�

⊗RL

OO

⊗RR/m

����

∞⊕
n=0

H0(X ,Ω⊗nX /R)
//

?�

⊗RL

OO

⊗RR/m
����

0

0 // IX0

� � // Sk := k[w1, . . . , wg]
ϕ0 // //

∞⊕
n=0

H0(X0,Ω
⊗n
X0/k

) // 0

where IXη
= kerφη, IX = kerφ, IX0

= kerφ0, each row is exact and each square
is commutative. Moreover, the ideal IX can be generated by elements of degree 2
as an ideal of SR.

The commutativity of the above diagram was proved in [6] by H. Charalambous,
K. Karagiannis and the first author. For proving that IX is generated by elements
of degree 2 as in the special and generic fibers we argue as follows: Since L is a field
it follows by Petri’s Theorem, that there are elements f̃1, . . . , f̃r ∈ SL of degree 2
such that

IXη = 〈f̃1, . . . , f̃r〉.

Now we choose an element c ∈ R such that fi ..= cf̃i ∈ SR for all i and notice that
deg(fi) = deg(f̃i) = 2.
• Assume first that the element c ∈ R is invertible in R. Consider the ideal
I = 〈f1, . . . , fr〉 of SR. We will prove that I = IX . Consider the multiplicative
system R∗. We will prove first I ⊂ IX = kerφ. Indeed, using the commuting upper
square every element a =

∑r
ν=1 aifi ∈ I maps to

∑r
ν=1 aifi ⊗R 1 which in turn

maps to 0 by φη. The same element maps to φ(a) and φ(a) ⊗R 1 should be zero.
Since all modules H0(X ,Ω⊗nX /R) are free φ(a) = 0 and a ∈ IX .

Since the family X → SpecR is flat we have that IX ⊗R L = IXη
, that is we

apply the ⊗RL functor on the middle short exact sequence of eq. (13). The ideal
I = IXη

∩ SR = (IX ⊗R L) ∩ SR. By [2, prop. 3.11ii] this gives that

I = ∪s∈R∗(IX : s) ⊃ IX ,

so IX = I. In the above formula (IX : s) = {x ∈ SR : xs ∈ IX }.
• From now on we don’t assume that the element c is an invertible element of R.

Let ḡ be an element of degree 2 in IX0 , we will prove that we can select an
element g ∈ IX such that g ⊗ 1k = ḡ, so that g has degree 2.

Let us choose a lift g̃ ∈ SR of degree 2 by lifting each coefficient of g from k to R.
This element is not necessarily in IX . We have φ(g)⊗1k = φ0(g⊗1k) = φ0(ḡ) = 0.
Let ē1, . . . , ē3g−3 be generators of the free R-module H0(X ,Ω⊗2X /R) and choose
e1, . . . , e3g−3 ∈ SR such that φ(ei) = ēi. Let us write φ(g̃) =

∑3g−3
i=1 λiēi, with

λi ∈ R. Since φ0(ḡ) = 0 we have that all λi ∈ mR for all 1 ≤ i ≤ 3g − 3. This
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means that the element g = g̃−
∑3g−3
i=1 λiei ∈ SR reduces to ḡ modulo mR and also

φ(g) = φ(g̃)−
∑3g−3
i=1 λiēi = 0, so g ∈ IX .

Let ḡ1, . . . , ḡs ∈ IX0
be elements of degree 2 such that

IX0
= 〈ḡ1, . . . , ḡs〉

and, using the previous construction, we take gi lifts in IX ◁ SR, i.e. such that
gi ⊗ 1k = ḡi and also assume that the elements gi have also degree 2.

We will now prove that the elements g1 ⊗SR
1L, . . . , gs ⊗SR

1L ∈ SL generate
the ideal IXη . By the commutativity of the diagram in eq. (13) we have 〈g1 ⊗SR

1L, . . . , gs ⊗SR
1L〉 ⊂ IXη = kerφη. Observe that any linear relation

s∑
ν=1

(aνgν ⊗SR
1L) = 0, with aν ∈ L

gives rise to a relation for some c ∈ R
s∑

ν=1

c · aνgν = 0, c · aν ∈ SR,

which implies that c · aν ∈ mR.
We will prove that the elements gi ⊗SR

1L are linear independent.

Lemma 20. Let v̄1, . . . , v̄n ∈ km be linear independent elements and v1, . . . , vn be
lifts in Rm. Then

n∑
ν=1

aνvν = 0 aν ∈ R,

implies that a1 = · · · = an = 0.

Proof. We have n ≤ m. We write the elements v1, . . . , vn (resp. v̄1, . . . , v̄n) as
columns and in this way we obtain an m×n matrix J (resp. J̄). Since the elements
are linear independent in km there is an n × n minor matrix with an invertible
determinant. Without loss of generality, we assume that there is an n×n invertible
matrix Q̄ with coefficients in k such that Q̄ · J̄ t =

(
In Ā

)
, where Ā is an

(m− n)× n matrix. We now get lifts Q, J and A of Q̄, J̄ and Ā respectively, with
coefficients in R, i.e.

Q · J t ≡ ( In A )modmR.

The columns of J are lifts of the elements v̄1, . . . , v̄n. It follows that Q · J t =(
In A

)
+
(
C D

)
, where C,D are matrices with entries in mR. The determi-

nant of In+C is 1+m, for some element m ∈ mR, and this is an invertible element
in the local ring R. Similarly, the matrix Q is invertible. Therefore,

J t =
(
Q−1(In + C) Q−1(A+D)

)
has the first n× n block matrix invertible and the desired result follows.

□

Remark 21. It is clear that over a ring where 2 is invertible, there is an 1-1 corre-
spondence between symmetric g × g matrices and quadratic polynomials. Indeed,
a quadratic polynomial can be written as

f(w1, . . . , wg) =
∑

1≤i,j≤g

aijwiwj = wtAw,



16 A. KONTOGEORGIS AND A. TEREZAKIS

where A = (aij). Even if the matrix A is not symmetric, the matrix (A+At)/2 is
and generates the same quadratic polynomial

wtAw = wt
(
A+At

2

)
w.

Notice that the map

A 7→ A+At

2

is onto the space of symmetric matrices and has as kernel the space of antisymmetric
matrices.

A minimal set of quadratic generators is given by a set of polynomials f1, . . . , fr,
with fi = wtAiw, where the symmetric polynomials are linearly independent.

By the general theory of Betti tables we know that in the cases the canonical
ideal is generated by quadratic polynomials, the dimension of this set of matrices
equals

(
g−2
2

)
, see [10, prop. 9.5]. Therefore we begin on the special fibre with the

s =
(
g−2
2

)
generators ḡ1, . . . , ḡs elements. As we have proved in theorem 19 we can

lift them to elements g1, . . . , gs ∈ IX so that for J ..= 〈g1, . . . , gs〉 we have
(i) J ⊗R L = IXη .
(ii) J ⊗R k = IX0 .

In this way we obtain the linear independent elements g1 ⊗SR
1L, . . . , gs ⊗SR

1L
in IXη

. We have seen that the s =
(
g−2
2

)
linear independent quadratic elements

generate also IXη
.

By following Lemma 5 (ii) of [6] we have the next lemma.

Lemma 22. Let G be a set of polynomials in SR such that 〈G〉 ⊗R L = IXη
and

〈G〉 ⊗R k = IX0 . Then IX = 〈G〉.

Essential for the proof of lemma 22 was that the ring R has a generic fibre. The
deformation theory is concerned with deformations over local Artin algebras which
do not have generic fibres. But by tensoring with A in the middle sequence of eq.
(13) we have the following commutative diagram:

0 // IXA

� � //

⊗AA/mA

����

SA := A[W1, . . . ,Wg]
ϕ // //

⊗AA/mA

����

∞⊕
n=0

H0(XA,Ω
⊗n
XA/A

) //

⊗AA/mA

����

0

0 // IX0

� � // Sk := k[w1, . . . , wg]
ϕ0 // //

∞⊕
n=0

H0(X0,Ω
⊗n
X0/k

) // 0

Indeed, since H0(X ,Ω⊗nX /A) is free the left top arrow in the above diagram is
injective. Moreover the relative canonical ideal IXA

is still generated by quadratic
polynomials in SA.

3.1. Embedded deformations. Let Z be a scheme over k and let X be a closed
subscheme of Z. An embedded deformation X ′ → Speck[ε] of X over Speck[ε] is a
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closed subscheme X ′ ⊂ Z ′ = Z × Speck[ε] fitting in the diagram:

Z //

��

Z × Speck[ε]

��

X //
- 


<<yyyyyyyyy

""E
EE

EE
EE

EE
X ′

+ �

99ssssssssss

%%KK
KKK

KKK
KK

Speck // Speck[ε]

Let I be the ideal sheaf describing X as a closed subscheme of Z and
(14) NX/Z = HomZ(I ,OX) = HomX(I /I 2,OX),

be the normal sheaf. In particular, for an affine open set U of X we set B′ =
OZ′(U) = B ⊕ εB, where B = OZ(U) and we observe that describing the sheaf of
ideals I ′(U) ⊂ B′ is equivalent to giving an element

φU ∈ HomOZ(U)

(
I (U),OZ(U)/I (U)

)
,

see [18, prop. 2.3].
In this article, we will take Z = Pg−1 and consider the canonical embedding

f : X → Pg−1. We will denote by Nf the sheaf NX/Pg−1 . Let IX be the sheaf of
ideals of the curve X seen as a subscheme of Pg−1. Since the curve X satisfies the
conditions of Petri’s theorem, it is fully described by certain quadratic polynomials
f1 = Ã1, . . . , fr = Ãr which correspond to a set g× g matrices A1, . . . , Ar, see [25].
The elements f1, . . . , fr generate the ideal IX corresponding to the projective cone
C(X) of X, C(X) ⊂ Ag.

We have
H0(X,Nf ) = HomS(IX ,OX).

Assume that X is deformed to a curve XΓ → SpecΓ, where Γ is a local Artin al-
gebra, XΓ ⊂ Pg−1Γ = Pg−1×SpecΓ. Our initial curve X is described in terms of the
homogeneous canonical ideal IX , generated by the elements {wtA1w, . . . , w

tArw}.
For a local Artin algebra Γ let Sg(Γ) denote the space of symmetric g × g ma-
trices with coefficients in Γ. The deformations XΓ are expressed in terms of the
ideals IXΓ

, which by the relative Petri’s theorem are also generated by elements
wtAΓ

1w, . . . , w
tAΓ

rw, where AΓ
i is in Sg(Γ). This essentially fits with Schlessinger’s

observation in [34], where the deformations of the projective variety are related to
the deformations of the affine cone, notice that in our case all relative projective
curves are smooth and the assumptions of [34, th. 2] are satisfied. We can thus
replace the sheaf theoretic description of eq. (14) and work with the affine cone
instead.

Remark 23. A set of quadratic generators {wtA1w, . . . , w
tArw} is a minimal set

of generators if and only if the elements A1, . . . , Ar are linear independent in the
free Γ-module Sg(Γ) of rank (g + 1)g/2.

3.1.1. Embedded deformations and small extensions. Let

0 → 〈E〉 → Γ′
π−→ Γ → 0

be a small extension and a curve Pg−1Γ′ ⊃ XΓ′ → SpecΓ′ be a deformation of XΓ and
X. The curve XΓ′ is described in terms of quadratic polynomials wtAΓ′

i w, where
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AΓ′

i ∈ Sg(Γ
′), which reduce to AΓ

i modulo 〈E〉. This means that

(15) AΓ′

i ≡ AΓ
i mod ker(π) for all 1 ≤ i ≤ r

and if we select a naive lift i(AΓ
i ) of AΓ

i , then we can write

AΓ′

i = i(AΓ
i ) + E ·Bi, where Bi ∈ Sg(k).

The set of liftings of elements AΓ′

i of elements AΓ
i , for 1 ≤ i ≤ r is a prin-

cipal homogeneous space, under the action of H0(X,Nf ), since two such lift-
ings {A(1)

i (Γ′), 1 ≤ i ≤ r}, {A(2)
i (Γ′), 1 ≤ i ≤ r} differ by a set of matrices in

{Bi(Γ′) = A
(1)
i (Γ′)−A(2)

i (Γ′), 1 ≤ i ≤ r} with entries in 〈E〉 ∼= k, see also [18, thm.
6.2].

Define a map φ : 〈A1, . . . , Ar〉 → Sg(k) by φ(Ai) = Bi(Γ
′) and we also define

the corresponding map on polynomials φ̃(Ãi) = wtφ(Ai)w. we obtain a map φ̃ ∈
HomS(IX ,OX) = H0(X,Nf ), see also [18, th. 6.2], where S = Sk. Obstructions to
such liftings are known to reside in H1(X,NX/Pg−1 ⊗k kerπ), which we will prove
it is zero, see remark 24.

3.1.2. Embedded deformations and tangent spaces. Let us consider the k[ε]/k case.
Since i : X ↪→ Pg−1 is non-singular we have the following exact sequence

0 → TX → i∗TPg−1 → NX/Pg−1 → 0

which gives rise to

0 // H0(X,TX) // H0(X, i∗TPg−1) // H0(X,NX/Pg−1) =<BCF δ�������� // H1(X,TX) // H1(X, i∗TPg−1) // H1(X,NX/Pg−1) // 0

Remark 24. In the above diagram, the last entry in the bottom row is zero since it
corresponds to a second cohomology group on a curve. By Riemann-Roch theorem
we have that H0(X,TX) = 0 for g ≥ 2. Also, the relative Petri theorem implies
that the map δ is onto. We will give an alternative proof that δ is onto by proving
that H1(X, i∗TPg−1) = 0. This proves that H1(X,NX/Pg−1) = 0 as well, so there
is no obstruction in lifting the embedded deformations.

Each of the above spaces has a deformation theoretic interpretation, see [16,
p.96]:

• The space H0(X, i∗TPg−1) is the space of deformations of the map i : X ↪→
Pg−1, that is both X,Pg−1 are trivially deformed, see [35, p. 158, prop.
3.4.2.(ii)]

• The space H0(X,NX/Pg−1) is the space of embedded deformations, where
Pg−1 is trivially deformed see [18, p. 13, Th. 2.4)].

• The space H1(X,TX) is the space of all deformations of X.
The dimension of the space H1(X,TX) can be computed using Riemann-Roch
theorem on the dual space H0(X,Ω⊗2X ) and equals 3g − 3. In next section we will
give a linear algebra interpretation for the spaces H0(X,NX/Pg−1), H0(X, i∗TPg−1)
allowing us to compute its dimensions.
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3.2. Some matrix computations. We begin with the Euler exact sequence (see.
[17, II.8.13], [38, p. 581] and [19] MO)

0 → OPg−1 → OPg−1(1)⊕g → TPg−1 → 0.

We restrict this sequence to the curve X:
0 → OX → i∗OPg−1(1)⊕g = ω⊕gX → i∗TPg−1 → 0.

We now take the long exact sequence in cohomology
(16)

0 // k = H0(X, OX ) f1 // H0(X, i∗OPg−1 (1)⊕g) f2 // H0(X, i∗TPg−1 ) =<BCF f3�������// H1(X, OX ) f4 // H1(X, i∗OPg−1 (1)⊕g) f5 // H1(X, i∗TPg−1 ) // H2(X, OX ) = 0

The spaces involved above have the following dimensions:
• i∗OPg−1(1) = ΩX (canonical bundle)
• dimH0(X, i∗OPg−1(1)⊕g) = g · dimH0(X,ΩX) = g2

• dimH1(X,OX) = dimH1(X,ΩX) = g
• dimH1(X, i∗OPg−1(1)⊕g) = g · dimH0(X,OX) = g

We will return to the exact sequence given in eq. (16) and the above dimension
computations in the next section.

3.2.1. Study of H0(X,Nf ). By relative Petri theorem the elements φ(Ai) are qua-
dratic polynomials not in IX , that is elements in a vector space of dimension
(g + 1)g/2 −

(
g−2
2

)
= 3g − 3, where (g + 1)g/2 is the dimension of the symmetric

g× g matrices and
(
g−2
2

)
is the dimension of the space generated by the generators

of the canonical ideal, see [10, prop. 9.5].
The set of matrices {A1, . . . , Ar} can be assumed to be linear independent but

this does not mean that an arbitrary selection of quadratic elements ωtBiω ∈ OX
will lead to a homomorphism of rings. Indeed, the linear independent elements Ai
might satisfy some syzygies, see the following example, where the linear independent
elements

x2 =
(
x y

)t(1 0
0 0

)(
x
y

)
xy =

(
x y

)t( 0 1/2
1/2 0

)(
x
y

)
satisfy the syzygy

y · x2 − x · xy = 0.

Therefore, a map of modules φ, should be compatible with the syzygy and satisfy
the same syzygy. This is known as the fundamental Grothendieck flatness criterion,
see [34, 1.1] and also [1, lem. 5.1, p. 28].

Proposition 25. The map
ψ :Mg(k) −→ HomS(IX , S/IX) = H0(X,NX/Pg−1)

B 7−→ ψB : ωtAiω 7→ ωt(AiB +BtAi)ω modIX

identifies the vector space Mg(k)/〈Ig〉 to H0(X, i∗TPg−1) ⊂ H0(X,NX/Pg−1). The
map ψ is equivariant, where Mg(k) is equipped with the adjoint action

B 7→ ρ(g)Bρ(g−1) = Ad(g)B,

that is
gψB = ψAd(g)B .

https://mathoverflow.net/questions/5211/geometric-meaning-of-the-euler-sequence-on-mathbbpn-example-8-20-1-in-ch
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Proof. Recall that the space H0(X, i∗TPg−1) can be identified to the space of defor-
mations of the map f , where X, Pg−1 are both trivially deformed. By [34] a map
φ ∈ HomS(IX , S/IX) = HomS(IX ,OX) gives rise to a trivial deformation if there
is a map

wj 7→ wj + εδj(w),

where δj(w) =
∑g
ν=1 bj,νwν . The map can be defined in terms of the matrix

B = (bj,ν),
w 7→ w + εBw

so that for all Ãi, 1 ≤ i ≤ r

(17) ∇Ãi ·Bw = φ(Ãi) = φ(wtAiw) modIX .

But for Ãi = wtAiw we compute ∇Ãi = wtAi, therefore eq. (17) is transformed to
(18) wtAiBw = wtBiw modIX ,

for a symmetric g × g matrix Bi in Sg(k[ε]). Therefore, if 2 is invertible according
to remark 21 we replace the matrix AiB appearing in eq. (18) by the symmetric
matrix AiB +BtAi. Since we are interested in the projective algebraic set defined
by homogeneous polynomials the 1/2 factor of remark 21 can be omitted.

For everyB ∈Mg(k) we define the map ψB ∈ HomS(IX , S/IX) = HomS(IX ,OX)
given by

Ãi = ωtAiω 7→ ωt(AiB +BtAi)ω modIX ,

and we have just proved that the functions ψB are all elements in H0(X, i∗TPg−1).
The kernel of the map ψ : B 7→ ψB consists of all matrices B satisfying:

(19) AiB = −BtAi modIX for all 1 ≤ i ≤
(
g − 2

2

)
.

This kernel seems to depend on the selection of the elements Ai. This is not the
case. We will prove that the kernel consists of all multiples of the identity matrix.
Indeed,

dimH0(X, i∗TX) = g2 − kerψ.

We now rewrite the spaces in eq. (16) by their dimensions we get

(0) // (1)
f1 // (g2)

f2 // (g2 − kerψ) =<BCF f3�������� // (g) // (g) // (?) // (0)

So
• dimker f2 = dim Im f1 = 1
• dimker f3 = dim Im f2 = g2 − 1
• dim Im f3 = (g2 − dimkerψ)− (g2 − 1) = 1− dimkerψ

It is immediate that dimkerψ = 0 or 1. But obviously Ig ∈ kerψ, and hence
dimkerψ = 1.

Finally dim Im f3 = 0, i.e. f3 is the zero map and we get the small exact sequence,

0 // k = H0(X,OX) // H0(X, i∗OPg−1(1)⊕g) // H0(X, i∗TPg−1) // 0
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It follows that
dimH0(X, i∗TPg−1) = g2 − 1.

We have proved that ψ :Mg(k)/〈Ig〉 → H0(X, i∗TPg−1) is an isomorphism of vector
spaces. We will now prove it is equivariant.

Using remark 10 we have that the action of the group G on the function
ψB : Ai 7→ AiB +BtAi,

seen as an element in H0(X, i∗TPg−1) is given:

Ai 7→ T (σ−1)Ai
ψB7−→ T (σ)

(
ρ(σ)tAiρ(σ)B +Btρ(σ)tAiρ(σ)

)
=

(
Aiρ(σ)Bρ(σ

−1) + (ρ(σ)Bρ(σ−1))tAi
)

□

Corollary 26. The space H0(X, i∗TPg−1)G is generated by the elements B 6= {λIg :
λ ∈ k} such that

ρ(σ)Bρ(σ−1)B−1 = [ρ(σ), B] ∈ 〈A1, . . . , Ar〉 for all σ ∈ Aut(X).

Remark 27. This construction allows us to compute the space H1(X, i∗TPg−1).
Indeed, we know that f4 is isomorphism and hence f5 is the zero map, on the other
hand f5 is surjective, it follows that H1(X, i∗TPg−1) = 0. This provides us with
another proof of the exactness of the sequence

(20) 0 // H0(X, i∗TPg−1) // H0(X,NX/Pg−1)
δ // H1(X,TX) // 0

3.3. Invariant spaces. Let
0 → A→ B → C → 0

be a short exact sequence of G-modules. We have the following sequence of G-
invariant spaces

0 → AG → BG → CG
δG−→ H1(G,A) → · · ·

where the map δG is computed as follows: an element c is given as a class b modA
and it is invariant if and only if gb − b = ag ∈ A. The map G 3 g 7→ ag is the
cocycle defining δG(c) ∈ H1(G,A).

Using this construction on the short exact sequence of eq. (20) we arrive at

0 // H0(X, i∗TPg−1)G // H0(X,NX/Pg−1)G
δ // H1(X,TX)G =<BCF δG�������� // H1

(
G,H0(X, i∗TPg−1)

)
// · · ·

We will use eq. (20) in order to represent elements in H1(X,TX) as elements
[f ] ∈ H0(X,NX/Pg−1)/H0(X, i∗TPg−1) = H0(X,NX/Pg−1)/Imψ.

Proposition 28. Let [f ] ∈ H1(X,TX)G be a class of a map f : IX → S/IX
modulo Imψ. For each element σ ∈ G there is a matrix Bσ[f ], depending on f ,
which defines a class in Mg(k)/〈Ig〉 satisfying the cocycle condition in eq. (22),
such that

δG(f)(σ) : Ai 7→ Ai (Bσ[f ]) +
(
Btσ[f ]

)
Ai mod〈A1, . . . , Ag〉.
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Proof. Let [f ] ∈ H1(X,TX)G, where f : IX → S/IX that is f ∈ H0(X,NX/Pg−1).
The δG(f) is represented by an 1-cocycle given by δG(f)(σ) =σf − f . Using the
equivariant isomorphism of ψ :Mg(k)/〈Ig〉 → H0(X, i∗TPg−1) of proposition 25 we
arrive at the diagram:

G // H0(X, i∗TPg−1)
ψ−1

// Mg(k)/〈Ig〉

σ � // δG(f)(σ) // B[f ]σ := ψ−1(δG(f)(σ))

We will now compute

σf : Ai
T (σ−1)// T (σ−1)Ai

f // f(T (σ−1)Ai)
T (σ) // T (σ)f(T (σ−1)Ai).

We set

T (σ−1)(Ai) = ρ(σ)tAiρ(σ) =

r∑
ν=1

λi,ν(σ)Ai

so

δG(f)(σ)(Ai) =

r∑
ν=1

λi,ν(σ) · ρ(σ−1)tf(Aν)ρ(σ−1)− f(Ai)(21)

= AiBσ[f ] +Bσ[f ]
tAi modIX

for some matrix Bσ[f ] ∈Mg(k) such that for all σ, τ ∈ G we have

Bστ [f ] = Bσ[f ] + σBτ [f ]σ
−1 + λ(σ, τ)Ig(22)

= Bσ[f ] + Ad(σ)Bτ [f ] + λ(σ, τ)Ig.

In the above equation we have used the fact that σ 7→ Bσ[f ] is a 1-cocycle in the
quotient space Mg(k)/Ig, therefore the cocycle condition holds up to an element of
the form λ(σ, τ)Ig. □

Remark 29. Let

λ(σ, τ)Ig = Bστ [f ]−Bσ[f ]−Ad(σ)Bτ [f].

The map G×G → k, (σ, τ) 7→ λ(σ, τ) is a normalized 2-cocycle (see [40, p. 184]),
that is

0 = λ(σ, 1) = λ(1, σ) for all σ ∈ G

0 = Ad(σ1)λ(σ2, σ3)− λ(σ1σ2, σ3) + λ(σ1, σ2σ3)− λ(σ1, σ2) for all σ1, σ2, σ3 ∈ G

= λ(σ2, σ3)− λ(σ1σ2, σ3) + λ(σ1, σ2σ3)− λ(σ1, σ2) for all σ1, σ2, σ3 ∈ G

For the last equality notice that the Ad-action is trivial on scalar multiples of the
identity.

Proof. The first equation is clear. For the second one,

λ(σ1σ2, σ3)Ig = Bσ1σ2σ3
[f ]−Bσ1σ2

[f ]−Ad(σ1σ2)Bσ3
[f]

and
λ(σ1, σ2)Ig = Bσ1σ2

[f ]−Bσ1
[f ]−Ad(σ1)Bσ2

[f].
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Hence
λ(σ1σ2, σ3)Ig + λ(σ1, σ2)Ig =Bσ1σ2σ3

[f ]−Ad(σ1σ2)Bσ3
[f]− Bσ1

[f]−Ad(σ1)Bσ2
[f]

=Bσ1σ2σ3
[f ]−Bσ1

[f ]−Ad(σ1)Bσ2σ3
[f]+

+ Ad(σ1)Bσ2,σ3 [f]−Ad(σ1)Bσ2 [f]−Ad(σ1σ2)Bσ3 [f]

=λ(σ1, σ2σ3)Ig +Ad(σ1)
(
Bσ2,σ3 [f]− Bσ2 [f]−Ad(σ1)Bσ3 [f]

)
=Ad(σ1)λ(σ2, σ3)Ig + λ(σ1, σ2σ3)Ig.

□

Corollary 30. If f(ωtAiω) = ωtBiω, where Bi ∈ Mg(k) are the images of the
elements defining the canonical ideal in the small extension Γ′ → Γ, then the
symmetric matrices defining the canonical ideal IX(Γ′) are given by Ai + E · Bi.
Using proposition 28 we have

(σf − f)(Ai) =

r∑
ν=1

λi,ν(σ)T (σ)(Bν)−Bi(23)

=
(
AiBσ[f ] +Btσ[f ]Ai

)
mod〈A1, . . . , Ar〉

= ψBσ [f ]Ai.

Therefore, using also eq. (21)

(24)
r∑

ν=1

λi,ν(σ)(Bν)− T (σ−1)Bi = T (σ−1)ψBσ [f ](Ai).

4. On the deformation theory of curves with automorphisms

Let 1 → 〈E〉 → Γ′ → Γ → 0 be a small extension of Artin local algebras and
consider the diagram

XΓ

��

// XΓ′ //

��

X

��
Spec(Γ) // Spec(Γ′) // Spec(R)

Suppose that G acts on XΓ, that is every automorphism σ ∈ G satisfies σ(IXΓ
) =

IXΓ
. If the action of the group G is lifted to XΓ′ then we should have a lift of the rep-

resentations ρ, ρ(1) defined in eq. (2), (3) to Γ′ as well. The set of all such liftings is a
principal homogeneous space parametrized by the spacesH1(G,Mg(k)),H

1(G,Mr(k)),
provided that the corresponding lifting obstructions inH2(G,Mg(k)),H

2(G,Mr(k))
both vanish.

Assume that there is a lifting of the representation

(25) GLg(Γ
′)

mod⟨E⟩
��

G
ρΓ

//

ρΓ′
;;xxxxxxxxx

GLg(Γ)

This lift gives rise to a lifting of the corresponding automorphism group to the
curve XΓ′ if

ρΓ′(σ)IXΓ′ = IXΓ′ for all σ ∈ G,
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that is if the relative canonical ideal is invariant under the action of the lifted
representation ρΓ′ . In this case the free Γ′-modules VΓ′ , defined in remark 8, are
G-invariant and the T -action, as defined in definition 11.1 restricts to a lift of the
representation

(26) GLr(Γ
′)

mod⟨E⟩
��

G
ρ
(1)
Γ

//

ρ
(1)

Γ′
;;xxxxxxxxx

GLr(Γ)

In [25, sec. 2.2] we gave an efficient way to check this compatibility in terms of
linear algebra:

Consider an ordered basis Σ of the free Γ-module Sg(Γ) generated by the ma-
trices Σ(ij) = (σ(ij))ν,µ, 1 ≤ i ≤ j ≤ g ordered lexicographically, with elements

σ(ij)ν,µ =

{
δi,νδj,µ + δi,µδj,ν , if i 6= j

δi,νδi,µ if i = j.

For example, for g = 2 we have the elements

σ(11) =

(
1 0
0 0

)
σ(12) =

(
0 1
1 0

)
σ(22) =

(
0 0
0 1

)
.

For every symmetric matrix A, let F (A) be the column vector consisted of the
coordinates of A in the basis Σ. Consider the symmetric matrices AΓ′

1 , . . . , A
Γ′

r ,
which exist since at the level of curves there is no obstruction of the embedded
deformation. For each σ ∈ G the (g + 1)g/2× 2r matrix
(27)
FΓ′(σ) =

[
F
(
AΓ′

1

)
, . . . , F

(
AΓ′

r

)
, F

(
ρΓ′(σ)tAΓ′

1 ρΓ′(σ)
)
, . . . , F

(
ρΓ′(σ)tAΓ′

r ρΓ′(σ)
)]
.

The automorphism σ acting on the relative curve XΓ is lifted to an automorphism
σ of XΓ′ if and only if the matrix given in eq. (27) has rank r.

Proposition 31. The obstruction to lifting an automorphism of XΓ to XΓ′ has a
global obstruction given by vanishing the class of

A(σ, τ) = ρΓ′(σ)ρΓ′(τ)ρΓ′(στ)−1

in H2(G,Mg(k)) and a compatibility rank condition is given by requiring that the
rank of the matrix FΓ′(σ) equals r for all elements σ ∈ G.

4.1. An example. Let k be an algebraically closed field of positive characteristic
p > 0. Consider the Hermitian curve, defined over k, given by the equation

(28) H : yp − y =
1

xp+1
,

which has the group PGU(3, p2) as an automorphism group, [39, th. 7]. As an
Artin-Schreier extension of the projective line, this curve fits within the Bertin-
Mézard model of curves, and the deformation functor with respect to the subgroup
Z/pZ ∼= Gal(H/P1) = {y 7→ y + 1} has versal deformation ring W (k)[ζ][[x1]],
where ζ is a primitive p root of unity which resides in an algebraic extension of
Quot(W (k)) [4], [21]. Indeed, m = p+1 = 2p− (p− 1) = qp− l, so in the notation
of [4] q = 2 and l = p− 1.
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The reduction of the universal curve in the Bertin-Mezard model modulo mW (k)[ζ]

is given by the Artin-Schrein equation:

(29) Xp −X =
xp−1

(x2 + x1x)p

which has special fibre at the specialization x1 = 0 the original Hermitian curve
given in eq. (28).

The initial Hermitian curve admits the automorphism σ : y 7→ y, x 7→ ζp+1x,
where ζp+1 is a primitive p + 1 root of unity. We will use the tools developed in
this article in order to show that the automorphism σ does not lift even in positive
characteristic.

We set a(x) = x2+x1x and λ = ζ−1 ∈W (k)[ζ]. In [21] the first author together
with S. Karanikolopoulos proved that the free R-module H0(X ,ΩX /R) has basis

c =

{
WN,µ =

xNa(x)p−1−µXp−1−µ

a(x)p−1(λX + 1)p−1
dx :

⌊
µ`

p

⌋
≤ N ≤ µq − 2, 1 ≤ µ ≤ p− 1

}
.

From the form of the holomorphic differentials, it is clear that the representation
of 〈σ〉 on H0(H,ΩH/k) is diagonal since a(x) = x2 + x1x reduces to x2 for x1 = 0.
In our example, we have q = deg a(x) = 2 so in the special fibre we have

wN,µ = xN−2µXp−1−µdx

σ(wN,µ) = ζN−2µ+1
p+1 wN,µ

and

(30) σ(wN,µwN ′,µ′) = ζ
N+N ′−2(µ+µ′)+2
p+1 wN,µwN ′,µ′ .

Thus, the action of σ on holomorphic differentials on the special fibre is given by a
diagonal matrix.

To decide, using the tools developed in this article, whether the action lifts to
the Artin local ring k[ε], we have to see first whether the diagonal representation
can be lifted, that is whether we have the following commutative diagram:

GLg(k[ε])

��
〈σ〉

ρ
//

ρ̃
::uuuuuuuuu
GLg(k)

Since ρ(σ) = diag(δ1, . . . , δg) =: ∆ a possible lift will be given by ρ̃(σ) = ∆ + εB,
for some g × g matrix B with entries in k. The later element should have order
p+ 1, that is

Ig = (∆ + εB)p+1 = ∆p+1 + ε∆pB,

which in turn implies that ∆pB = 0 and since ∆ is invertible B = 0. This means
that the representation of the cyclic group generated by σ is trivially deformed to
a representation into GLg(k[ε]).

The next step is to investigate whether the canonical ideal is kept invariant
under the action of σ for x1 6= 0. The canonical ideal for Bertin-Mézard curves was
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recently studied by H. Haralampous K. Karagiannis and the first author, see [6].
Namely, using the notation of [6] we have

a(x)p−i = (x2 + x1x)
p−i =

2(p−1)∑
j=jmin

cj,p−ix
j

=

p−i∑
j=0

(
p− i

j

)
xp−i−j1 xj+p−i

so by setting J = j + p− i, p− i ≤ J ≤ 2(p− i) we have

cJ,p−i =

{(
p−i

J−(p−i)
)
x
2(p−i)−J
1 if J ≥ p− i

0 if J < p− i

This means that c2(p−i),p−i = 1, c2(p−i)−1,p−i = (p − i)x1 and for all other values
of J , the quantity cJ,p−i is either zero or a monomial in x1 of degree ≥ 2.

It is proved in [6] that the canonical ideal is generated by two sets of generators
G1 and G2 given by:

Gc
1 = {WN1,µ1

WN ′
1,µ

′
1
−WN2,µ2

WN ′
2,µ

′
2
∈ S : WN1,µ1

WN ′
1,µ

′
1
,WN2,µ2

WN ′
2,µ

′
2
∈ T2

and N1 +N ′1 = N2 +N ′2, µ1 + µ′1 = µ2 + µ′2}.

Gc
2 =

{
WN,µWN ′,µ′ −WN ′′,µ′′WN ′′′,µ′′′

+

p−1∑
i=1

(p−i)q∑
j=jmin(i)

λi−p
(
p

i

)
cj,p−iWNj ,µi

WN ′
j ,µ

′
i
∈ S :

N ′′ +N ′′′ = N +N ′ + p− 1, µ′′ + µ′′′ = µ+ µ′ + p,

Nj +N ′j = N +N ′ + j, µi + µ′i = µ+ µ′ + p− i

for 0 ≤ i ≤ p, jmin(i) ≤ j ≤ (p− i)q

}
.

The reduction modulo mW (k)[ζ], of the set Gc
1 is given by simply replacing each Wn,µ

by wN,µ and does not depend on x1. Therefore it does not give us any condition
to deform σ.

The reduction of the set Gc
2 modulo mW (k)[ζ] is given by

Gc
2 ⊗R k =

{
wN,µwN ′,µ′ − wN ′′,µ′′wN ′′′,µ′′′ −

(p−1)q∑
j=jmin(1)

cj,p−1wNj ,µj
wN ′

j ,µ
′
j
∈ S :

N ′′ +N ′′′ = N +N ′ + p− 1, µ′′ + µ′′′ = µ+ µ′ + p,

Nj +N ′j = N +N ′ + j, µi + µ′i = µ+ µ′ + p− i

for jmin(1) ≤ j ≤ (p− 1)q

}
.

If we further consider this set modulo 〈x21〉, that is if we consider the canonical
curve as a family over first-order infinitesimals then, only the terms c2(p−1),p−1 = 1,
c2(p−1)−1,p−1 = (p− 1)x1 survive.
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Using eq. (30) and the definition of Gc
2 we have that for

W = wN,µwN ′,µ′ − wN ′′,µ′′wN ′′′,µ′′′ − wN2(p−1),µp−1wN ′
2(p−1)

,µ′
p−1

σ(W ) = ζ
N+N ′−2(µ+µ′)+2
p+1 W

Set
W ′′ = wN2(p−1)−1,µp−1

wN ′
2(p−1)−1

,µ′
p−1

.

The automorphism lifts if and only if the element
W ′ =W + x1W

′′

we have
σ(W ′) = χ(σ)

(
W ′

)
.

But this is not possible since for

σ(W ′′) = ζ
N2(p−1)−1+N2(p−1)−1−2(µp−1+µ

′
p−1)+2

p+1 W ′′

and
N2(p−1)−1 +N2(p−1)−1 − 2(µp−1 + µ′p−1) + 2 = N +N ′ − 2(µ+ µ′) + 2− 1.

4.2. A tangent space condition. All lifts of XΓ to XΓ′ form a principal homoge-
neous space under the action of H0(X,NX/Pg−1). This paragraph aims to provide
the compatibility relation given in eq. (4) by selecting the deformations of the curve
and the representations.

Let {AΓ
1 , . . . , A

Γ
r } be a basis of the canonical Ideal IXΓ

, where XΓ is a canonical
curve. Assume also that the special fibre is acted on by the group G, and we
assume that the action of the group G is lifted to the relative curve XΓ. Since XΓ

is assumed to be acted on by G, we have the action

(31) T (σ−1)(AΓ
i ) = ρΓ(σ)

tAΓ
i ρΓ(σ) =

∑
j

λΓi,j(σ)Aj(Γ) for each i = 1, . . . , r,

where ρΓ is a lift of the representation ρ induced by the action ofG onH0(XΓ,ΩX/Γ)

and λΓi,j(σ) are the entries of the matrix of the lifted representation ρ(1)Γ induced by
the action of G on AΓ

1 , . . . , A
Γ
r . Notice that the matrix ρΓ(σ) ∈ GLg(Γ). We will

denote by AΓ′

1 , . . . , A
Γ′

r ∈ Sg(Γ
′) a set of liftings of the matrices AΓ

1 , . . . , A
Γ
r . Since

the couple (XΓ, G) is lifted to (XΓ′ , G), there is an action

T (σ−1)(AΓ′

i ) = ρΓ′(σ)tAΓ′

i ρΓ′(σ) =
∑
j

λΓ
′

i,j(σ)A
Γ′

j for each i = 1, . . . , r,

where λΓ′

ij (σ) ∈ Γ′. All other liftings extending XΓ form a principal homogeneous
space under the action of H0(X,NX/Pg−1) that is we can find matrices B1, . . . , Br ∈
Sg(k), such that the set

{AΓ′

1 + E ·B1, . . . , A
Γ′

r + E ·Br}
forms a basis for another lift IX1

Γ′
of the canonical ideal of IXΓ

. That is all lifts of the
canonical curve IXΓ

differ by an element f ∈ HomS(IX , S/IX) = H0(X,NX/Pg−1)
so that f(Ai) = Bi.

In the same manner, if ρΓ′ is a lift of the representation ρΓ every other lift is
given by

ρΓ′(σ) + E · τ(σ),
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where τ(σ) ∈Mg(k).
We have to find out when ρΓ′(σ) + E · τ(σ) is an automorphism of the relative

curve XΓ′ , i.e. when

(32) T (ρΓ′(σ−1)+E ·τ(σ−1))(AΓ′

i +E ·Bi) ∈ spanΓ′{AΓ′

1 +E ·B1, . . . , A
Γ′

r +E ·Br},

that is

(ρΓ′(σ) + E · τ(σ))t
(
AΓ′

i + E ·Bi
)
(ρΓ′(σ) + E · τ(σ)) =

r∑
j=1

λ̃Γ
′

ij (σ)
(
AΓ′

j + E ·Bj
)
,

(33)

for some λ̃Γ′

ij (σ) ∈ Γ′. Since

TΓ′(σ−1)AΓ′

i = ρΓ(σ)
tAΓ

i ρΓ(σ) mod〈E〉

we have that λ̃Γ′

ij (σ) = λΓi,j(σ) modE, therefore we can write

(34) λ̃Γ
′

ij (σ) = λΓ
′

ij (σ) + E · µij(σ),

for some µij(σ) ∈ k. We expand first the right-hand side of eq. (33) using eq. (34).
We have

r∑
j=1

λ̃Γ
′

ij (σ)
(
AΓ′

j + E ·Bj
)
=

r∑
j=1

(
λΓ

′

ij (σ) + E · µij(σ)
)(

AΓ′

j + E ·Bj
)

(35)

=

r∑
j=1

λΓ
′

ij (σ)A
Γ′

j + E
(
µij(σ)Aj + λij(σ)Bj

)
.(36)

Here we have used the fact that EmΓ = EmΓ′ so E · x = E · (x modmΓ′) for every
x ∈ Γ′.

We now expand the left-hand side of eq. (33).

(ρΓ′(σ) + E · τ(σ))t
(
AΓ′

i + E ·Bi
)
(ρΓ′(σ) + E · τ(σ)) = ρΓ′(σ)tAΓ′

i ρΓ′(σ)

+ E ·
(
ρ(σ)tBiρ(σ) + τ t(σ)Aiρ(σ) + ρ(σ)tAiτ(σ)

)
.

Set Dσ = τ(σ)ρ(σ)−1 = d(σ) according to the notation of lemma 14, we can write

τ(σ)tAiρ(σ) + ρ(σ)tAiτ(σ)

= ρ(σ)tρ(σ−1)tτ(σ)tAiρ(σ) + ρ(σ)tAiτ(σ)ρ(σ)
−1ρ(σ)

= ρ(σ)t(Dt
σAi)ρ(σ) + ρ(σ)t(AiDσ)ρ(σ)

= T (σ−1)ψDσ
(Ai).

(37)

while eq. (24) implies that

(38) ρ(σ)tBiρ(σ)−
r∑
j=1

λij(σ
−1)Bj = −T (σ−1)ψBσ [f ](Ai).

For the above computations recall that for a g×g matrix B, the map ψB is defined
by

ψB(Ai) = AiB +BtAi.
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Combining now eq. (37) and (38) we have that eq. (33) is equivalent to

T (σ−1)
(
ψDσ

(Ai)
)
− T (σ−1)ψBσ [f ](Ai) =

r∑
j=1

µij(σ)Aj

(
ψDσ (Ai)

)
− ψBσ [f ](Ai) =

r∑
j=1

T (σ)µij(σ)Aj .(39)

=

r∑
j=1

r∑
ν=1

µij(σ)λjν(σ
−1)Aν .

On the other hand the action T on A1, . . . , Ar is given in terms of the matrix
(λi,j) while the right-hand side of eq. (39)

(
µi,j(σ

−1)
)(
λij(σ)

)
corresponds to the

derivation D(1)(σ−1) of the ρ1-representation. Equation (4) is now proved.
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