THE CANONICAL IDEAL AND THE DEFORMATION THEORY
OF CURVES WITH AUTOMORPHISMS

ARISTIDES KONTOGEORGIS AND ALEXIOS TEREZAKIS

ABSTRACT. The deformation theory of curves is studied by using the canonical
ideal. The deformation problem of curves with automorphisms is reduced to
a deformation problem of linear representations.

1. INTRODUCTION

The deformation theory of curves with automorphisms is an important general-
ization of the classical deformation theory of curves. This theory is related to the
lifting problem of curves with automorphisms, since one can consider liftings from
characteristic p > 0 to characteristic zero in terms of a sequence of local Artin-rings.

J. Bertin and A. Mézard in [4], following Schlessinger’s [33] approach introduced
a deformation functor Dg and studied it in terms of Grothendieck’s equivariant
cohomology theory [[12]. In Schlessinger’s approach to deformation theory, we want
to know the tangent space to the deformation functor Dgi(k[e]) and the possible
obstructions to lift a deformation over an Artin local ring I' to a small extension
I — T'. _The reader who is not familiar with deformation theory is referred to
section R.1| for terminology and references to the literature. The tangent space of the
global deformation functor Dg(k[€]) can be identified as Grothendieck’s equivariant
cohomology group H'(G, X, Jx), which is known to be equal to the invariant
space H'(X, Ix)%. Moreover, a local local-global theorem is known, which can be
expressed in terms of the short exact sequence:

1)
0— HY(X/G, 7% (Ix)) —= H'(G, X, Ix) —= H°(X/G,R' 7% (Tx)) —=0

IR
262 H! (wa «7Xx)

The lifting obstruction can be seen as an element in
H(G, X, 7x) = P H* (GI é}m) .
i=1

In the above equations z1,...,x, € X are the ramified points, G, are the corre-
sponding isotropy groups and Jx 5, are the completed local tangent spaces, that
is Ixp = k:[[ti]]%i, where t; is a local uniformizer at x;. The space k[[tz]]d% is
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2 A. KONTOGEORGIS AND A. TEREZAKIS

seen as G,-module by the adjoint action, see [, 2.1], [22, 1.5]. Bertin and Mézard
reduced the computation of obstruction to the infinitesimal lifting problem of rep-
resentations of the isotropy group G, to the difficult group Autk[[t]]. In this article
for a ring T, AutT'[[¢]] denotes the group of continous automorphisms of T'[[¢]].

This article aims to give a new approach to the deformation theory of curves with
automorphisms, which is not based on the deformation theory of representations on
the subtle object Autk[[t]], but on the deformation theory of the better understood
general linear group. In order to do so, we will restrict ourselves to curves that
satisfy the mild assumptions of Petri’s theorem

Theorem 1 (Petri’s theorem). For a non-singular non-hyperelliptic curve X of
genus g > 3 defined over an algebraically closed field with sheaf of differentials Qx
there is the following short exact sequence:

o]
0— Ix = SymH (X, Qx) — @ H(X, Q") — 0,
n=0
where I'x is generated by elements of degree 2 and 3. Also if X is not a non-singular
quintic of genus 6 or X is mot a trigonal curve, then Ix is generated by elements
of degree 2.

For a proof of this theorem we refer to [L1], [32]. The ideal Ix is called the
canonical ideal and it is the homogeneous ideal of the embedded curve X — P9~1,

For curves that satisfy the assumptions of Petri’s theorem and their canonical
ideal is generated by quadrics, we prove in section B the following relative version
of Petri’s theorem

Proposition 2. Let fi,...,f, € S := SymH%(X,Qx) = klwi,...,w,] be qua-
dratic polynomials which generate the canonical ideal Ix of a curve X defined over
an algebraic closed field k. Any deformation 24 is given by quadratic polynomi-
als fi,..., fr € SymHO(%A,Q%A/A) = A[Wh,..., W,], which reduce to fi,..., fr
modulo the maximal ideal my of A.

This approach allows us to replace several of Grothendieck’s equivariant coho-
mology constructions in terms of linear algebra. Let us mention that in general,
it is not so easy to perform explicit computations with equivariant Grothendieck
cohomology groups and usually, spectral sequences or a complicated equivariant
Chech cohomology is used, see [B], [23, sec.3].

Let i : X — P9~ be the canonical embedding and let M, (k)/(I,) be the space of
g% g matrices with coeflicients in &k, modulo the vector subspace of scalar multiples of
the identity matrix. In proposition P§ we prove that elements [f] € H*(X, Ix)¢ =
Dyk[e] correspond to cohomology classes in H' (G, My(k)/(L,)).

Furthermore, in our setting, the obstruction to liftings is reduced to an obstruc-
tion to the lifting of the linear canonical representation

(2) p:G— GL(H(X,Qx)).
Also we will give a compatibility criterion involving the defining quadratic equations

of our canonically embedded curve, namely in section W we will prove the following;:

Theorem 3. Consider an epimorphism I' — T' — 0 of local Artin rings. A
deformation © € Dg(I') can be lifted to a deformation «' € Dg(I”) if and only if
the representation pr : G — GL4(T') lifts to a representation pr/ : G — GLg4(I")
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and moreover there is a lifting Xv/ of the embedded deformation of Xr which is
invariant under the lifted action of pr:.

Remark 4. The liftability of the representation p is a strong condition. In propo-
sition Bl we give an example of a representation p : G — GLa(k), for a field k of
positive characteristic p, which can not be lifted to a representation g : G — GLa(R)
for R = W (k)[(,], meaning that a lifting in some small extension R/m’y™" — R/mi,
is obstructed. Here R denotes the Witt ring of k with a primitive p root of unity
added, which has characteristic zero. In our counterexample G = Cy x C,,, ¢ = p,
(m,p) = 1.

Remark 5. One can always pass from the local lifting problem of p : G — AutI'[[¢]]
to a global lifting problem, by considering the Harbater-Katz-Gabber (HKG for
short) compactification X of the local action. Then one can consider the criterion
involving the linear representation p : G — GI(H®(X,{x)). Notice that in [27] the
canonical ideal for HGK-curves is explicitly described.

Remark 6. In @ we will use the tools developed in this article to show that certain
automorphisms of the Hermitian curve do not lift, even in possible characteristic.
This is expected since the Hermitian curve is the unique curve with an extreme size
of its automorphism group, see [36].

Remark 7. The invariance of the canonical ideal Ix,. under the action of G can
be checked using Gauss elimination and echelon normal forms, see [25, sec 2.2].

Remark 8. The canonical ideal Iy, is determined by 7 quadratic polynomials
which form a I'|G]-invariant I'-submodule Vi in the free I'-module of symmetric
g % g matrices with entries in I'.. When we pass from a deformation z € Dg(T') to a
deformation z” € Dgi(I'") we ask that the canonical ideal Iy, is invariant under the
lifted action given by the representation pgr : G — GL4(IV). In definition @.1 we
introduce an action T'(g) on the vector space of symmetric g X g matrices, and the
invariance of the canonical ideal is equivalent to the invariance under the T-action
of the IV-submodule Vi generated by the quadratic polynomials generating the
ideal Ix,. Therefore, we can write one more representation

(3) pV G — GL(Tory (k, Ix)).

Set 7 = (Y,?). Liftings of the representations p, p(!) defined by eq. (E), (E) in
GLg4(T') resp. GL,(I") will be denoted by pr resp. p%l).

Notice that if the representation pr lifts to a representation prs and moreover
there is a lifting X of the relative curve Xt so that X has an ideal I X, Which
is pr/_invariant, then the representation pfﬂl) also lifts to a representation ,o(Fl,)7 see
also [25, prop. 5]

The deformation theory of linear representations p, p!) gives rise to cocycles
D,, D[(,_l,)1 in HY (G, M,(k)), H'(G, M(Q,Q)(k)), while the deformation theory of
2
curves with automorphisms introduces a cocycle B,[f] corresponding to [f] €
HY (X, 7x)¢. We will introduce a compatibility condition in the sectiong@ among

these cocycles, using the isomorphism

P Mq(k)/<]lg> = HO<X> i* Fpo—1) — Homg(Ix, S/Ix) = HO(X, «/Vx/u»g—l)
B'—)’l/)B
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defined in proposition @
Proposition 9. The following compatibility condition is satisfied

(4) Yp, — ¥, = Dfﬁp

The structure of the article is as follows. In section @ we will present side by
side the deformation theory of linear representations p : G — GL(V') and the defor-
mation theory of representations of the form p : G — Autkl[t]]. The deformation
theory of linear representations is a better-understood object of study, see [29],
which played an important role in topology [20] and also in the proof of Fermat’s
last theorem, see [30]. The deformation theory of representations in Autk[[t]] comes
out from the study of local fields and it is related to the deformation problem of
curves with automorphisms after the local global theory of Bertin Mézard. There is
also an increased interest related to the study of Nottingham groups and Autk[[t]],
see [B], [4],[26].

It seems that the similarities between these two deformation problems are known
to the expert, see for example [31, prop. 3.13]. For the convenience of the reader
and in order to fix the notation, we also give a detailed explanation and comparison
of these two deformation problems.

In section B we revise the theory of relative canonical ideals and the work of
the first author together with H. Charalambous and K. Karagiannis [(] aiming at
the deformation problem of curves with automorphisms. More precisely a relative
version of Petri’s theorem is proved, which implies that the relative canonical ideal
is generated by quadratic polynomials.

In section Y we study both the obstruction and the tangent space problem of
the deformation theory of curves with automorphisms using the relative canonical
ideal point of view. In this section theorem P is proved.

Aknowledgement Alexios Terezakis is financially supported by the Tsakyrakis
scholarship of the National and Kapodistrian University of Athens.

2. DEFORMATION THEORY OF CURVES WITH AUTOMORPHISMS

2.1. Global deformation functor. Let A be a complete local Noetherian ring
with residue field k, where k is an algebraically closed field of characteristic p > 0.
Let ¥ be the category of local Artin A-algebras with residue field k£ and homo-
morphisms the local A-algebra homomorphisms ¢ : IV — I" between them, that is
homomorphisms ¢ that statisfy ¢~!(mr) = mp,. The deformation functor of curves
with automorphisms is a functor Dy from the category € to the category of sets

Equivalence classes
Dy : € — Sets, ' — of deformations of
couples (X,G) over T’

defined as follows. For a subgroup G of the group Aut(X), a deformation of the
couple (X, G) over the local Artin ring T is a proper, smooth family of curves

Xr — Spec(T')

parametrized by the base scheme Spec(T’), together with a group homomorphism
G — Autp(Xr), such that there is a G-equivariant isomorphism ¢ from the fibre
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over the closed point of I' to the original curve X:
¢: Xr ®Spec(I) Spec(k) — X.

Two deformations X}, X2 are considered to be equivalent if there is a G-equivariant
isomorphism v that reduces to the identity in the special fibre and making the
following diagram commutative:

~

Specl’

X X7

Given a small extension of Artin local rings
(5) 0—-EFE - k—->TI"-T-=0

and an element « € Dg (I") we have that the set of lifts 2’ € Dg (I") extending x is a
principal homogeneous space under the action of Dy (k[e]) and such an extension z’
exists if certain obstruction vanishes. It is well known, see section R.2, that similar
behavior have the deformation functors of representations.

2.2. Lifting of representations. Let 4 : ¥ — Groups be a group functor,
see [8, ch. 2]. In this article, we will be mainly interested in two group func-
tors. The first one, GL4, will be represented by the by the group scheme G, =
Alz11, ..., 244, det(z;;) 7, that is GLy(I') = Homa(G,,T). The second one is the
group functor from the category of rings to the category of groups A4 : T' —
AutT[[t]].

We also assume that each group ¥4(I') is embedded in the group of units of
some ring Z(I') depending functorially on I". This condition is asked since our
argument requires us to be able to add certain group elements. We also assume
that the additive group of the ring %Z(T') has the structure of direct product ',
while Z(I") = Z(A) @ T'. Notice, that I might be an infinite set, but since all rings
involved are Noetherian I'! is flat, see 28, 4F).

A representation of the finite group G in 4(I") is a group homomorphism

p:G -9,
where I' is a commutative ring.

Remark 10. Consider two sets X, Y acted on by the group G. Then, every function
f X — Y is acted on by G, by defining the function “f : X — Y, sending
x — ofo~Y(x). This construction will be used throughout this article.

More precisely we will use the following actions

Definition 11. (1) Let My(I') denote the set of g x g matrices with entries in
ring I'. An element A € My(T') will be acted on by g € G in terms of the
action

T(g9)A=p(g~") Ap(g™).
This is the natural action coming from the action of G on H°(X, Qx/1) and
on the quadratic forms w®Aw. We raise the group element in —1 in order
to have a left action, that is T(gh)A = T(g)T (h)A. Notice also that T'(g)
restricts to an action on the space . (I") of symmetric g X g matrices with
entries in T'.
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(2) The adjoint action on elements A € M, (I'), comes from the action to the
tangent space of the general linear group.

Ad(g)A = p(g)Ap(g™).

(3) Actions on elements which can be seen as functions between G-spaces as in
remark @ This action will be denoted as f —7f.

Examples
1. Consider the groups GL,4(I') consisted of all invertible g x g matrices with
coefficients in I'. The group functor

I' = GL,y(T") = Hom(R,T),

is representable by the affine A-algebra R = k[z11,...,244,det ((:cij))fl], see [B17,
2.5]. In this case the ring Z () is equal to End(I'?), while I = {{,j e N: 1 <4, j, <
g}-

We can consider the subfunctor GL,y, consisted of all elements f € GL4(T'),
which reduce to the identity modulo the maximal ideal mp. The tangent space
T1,GLy of GL, at the identity element I, that is the space Hom(Speck[e], SpecR)
or equivalently the set GLg 1, (k[e]) consisted of f € Hom(R,k[e]), so that f =
I, mod(e). This set is a vector space according to the functorial construction given
in [B0, p. b 272] and can be identified to the space of End(k?) = M,y(k), by
identifying

Hom(R, kle]) 2 f+— Iy + eM, M € My(k).

The later space is usually considered as the tangent space of the algebraic group
GL,4 (k) at the identity element or equivalently as the Lie algebra corresponding to

GL, (k).
The representation p : G — GL4(I") equips the space Iy GL, = M, (k) with
the adjoint action, which is the action described in remark [L(, when the endomor-

phism M is seen as an operator V' — V', where V is a G-module in terms of the
representation p:

G x My(k) — My (k)
(9, M) — Ad(g)(M) = gMg™".

In order to make clear the relation with the local case below, where the main

object of study is the automorphism group of a completely local ring we might
consider the completion Ry of the localization of R = k[z11,. .., Tgq,det ((l‘ij))_l]
at the identity element. We can now form the group AutR; of automorphisms of

the ring Ry which reduce to the identity modulo mp . The later automorphism

group is huge but it certainly contains the group G acting on Ry in terms of the
adjoint representation. We have that elements o € AutRy ® k[e] are of the form

o(2i;) = x5 + €B(xi;), where B(z;;) € Ry
Moreover, the relation

o(f-g9)=rfg+eB(fg) = (f+eB(f))(g+eB(f)),

implies that the map [ is a derivation and

B(fg) = 1B(g) + B(f)g-



DEFORMATIONS WITH AUTOMORPHISMS 7

Therefore, 5 is a linear combination of %, with coefficients in Ry, that is
¥

0
B = Z aLjaTij.

0<4,j<g

Remark 12. In the literature of Lie groups and algebras, the matrix notation
M, (k) for the tangent space is frequently used for the Lie algebra-tangent space
at identity, instead of the later vector field-differential operator approach, while in
the next example, the differential operator notation for the tangent space is usually
used.

2. Consider now the group functor I' — A(I') = Autl'[[t]]. An element o €
AutT'[[t]] is fully described by its action on ¢, which can be expressed as an element
in T'[[t]]. When T is an Artin local algebra then an automorphism is given by

(o)

o(t) = Za,,t”, where a; € I',ag € mr and aq is a unit in T".

v=0
If a; is not a unit in T’ or ag & mr, then o is an endomorphism of I'[[t]]. In this
way AutI'[[t]] can be seen as the group of invertible elements in I'[[t]] = EndI'[[t]] =
Z(T). In this case, the set I is equal to the set of natural numbers, where I'! can
be identified as the set of coefficients of each powerseries.

Aut(k[€][[t]]) = {t —o(t) = Zait” ta; =o; +€fi, o, B € k,ar # O} .
v=1

Exactly as we did in the general linear group case, let us consider the subfunctor
' — M(T), where A{(T') consists of all elements in AutI'[[t]], which reduce to the
identity mod mr.

Such an element o € A (k[e]) transforms f € k[[t]] to a formal powerseries of the
form

o(f) = f+eFs(f),
where F,(f) is fully determined by the value of o(t). The multiplication condition
o(f1f2) = o(f1)o(f2) implies that

Fs(fife) = fiFs(f2) + Fo(f1) fo,

that is I, is a k[[t]]-derivation, hence an element in k[[t]]%.

The local tangent space of I'[[t]] is defined to be the space of differential operators
f(t)4, see 4], [7, [22]. The G action on the element 2 is given by the adjoint
action, which is given as a composition of operators, and is again compatible with

the action given in remark [L(:

ple™)

L[[¢]] D) —— (1] —22— (]

o1 o1
¢ p(a'_l)(t) } dp( - )(t) | p(U) (d/’( - )(ﬂ)

So the G-action on the local tangent space k[[t] 4 is given by

0.71
(65— Ad(0) (f(t)jt) = () (f(1)) - plo) (W) 4,
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see also [22, lemma 1.10], for a special case.

| 9() Z(T) tangent space action |
GLy(T')  Endy(I') Endg(k) = My(k) M — Ad(o)(M)
Autl'[[#]]  End(I'[[#]]) kllt]) 4 F(t) g — Ad(o) (1) )

TABLE 1. Comparing the two group functors

Motivated by the above two examples we can define
Definition 13. Let ¢ be the subfunctor of ¢, defined by
GI)={fe¥9): f =Imodmr}.
The tangent space to the functor ¢ at the identity element is defined as 4 (kle]),

see [B0]. Notice, that 4 (kle]) = Z(k), is k-vector space, acted on in terms of the
adjoint representation, given by

G x %(I‘) — %(I‘)
(0, f) 7 pla) - f-plo)~".
If Z(T") can be interpreted as an endomorphism ring, then the above action can be
interpreted in terms of the action on functions as described in remark [L(.

We will define the tangent space in our setting as .7 = Z(k), which is equipped
with the adjoint action.

2.3. Deforming representations. We can now define the deformation functor
F, for any local Artin algebra I' with maximal ideal mp in % to the category of
sets:

liftings of p: G — 4 (k)

to pr : G = ¢4(T") modulo

(6) F,:T"€ Ob(%) — conjugation by an element
of ker(4(T") — ¥4 (k))
Let
S
(7) 0 ~(E)=E-T"=E -k " I 5 r 0

be a small extension in €, that is the kernel of the natural onto map ¢ is a principal
ideal, generated by E and E-mp/ = 0. In the above diagram i : ' — I" is a section,
which is not necessarily a homomorphism. Since the kernel of ¢ is a principal ideal
E - T annihilated by mp it is naturally a k = I'"/mp/-vector space, which is one
dimensional.

Lemma 14. For a small extension as given in eq. (H) consider two liftings pt,, p,
of the representation pr. The map
d:G— T :=%(k)

PR (0)p(o) " ~ I
E

or—d(o)

is a cocycle.
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Proof. We begin by observing that ¢ (piv(c)pf, (o)~! — Irv) = 0, hence
pr (0)p2 (o) =T + E - d(o), where d(o) € 7.

Also, we compute that

It + E - d(or) = pk (o7)pd (07)

(
= pro(0)pr (T)pt (7)™~ P (0)
= b () (Irv + Ed(0)) ptr))~
= pr (T)pie (7)™ + E - ppo (1)d(0) i (1)
=T+ E-d(7) + E - pi(7)d(0)pr(T) ",

since F annihilates mr/, so the values of both pi. (7)) and p#, (7) when multiplied
by E are reduced modulo the maximal ideal my/. Therefore, we conclude that

d(o7) = d(7) + pr()d(0)pr(7) ™" = d(r) + Ad(7)d(0).

—1

1

Similarly if pi., p%, are equivalent extensions of pr, that is

-1
pro(0) = (Ir + EQ) pt (o) (I + EQ)
then
d(o) = @ — Ad(0)Q,
that is d(o) is a coboundary. This proves that the set of liftings pr+ of a represen-
tation pr/ is a principal homogeneous space, provided it is non-empty.
The obstruction to the lifting can be computed by considering a naive lift pr

of pr (that is we don’t assume that prs is a representation) and by considering the
element
¢(0,7) = pri(a) o pro(7) 0 pro(o7)™h,  foro,7 € G

which defines a cohomology class as an element in H?(G,.7). Two naive liftings
pL, p2, give rise to cohomologous elements ¢!, ¢? if their difference pi, — p2, reduce
to zero in I, If this class is zero, then the representation pr can be lifted to I".
Examples Notice that in the theory of deformations of representations of the
general linear group, this is a classical result, see [30, prop. 1], [29, p.30] while for
deformations of representations in AutI'[[¢]], this is in [[7],[4].

The functors in these cases are given by

liftings of p: G — GL,, (k)
to pr : G — GL, (") modulo
conjugation by an element

of ker(GL,(T') — GL,(k))

8) F:Ob(%)>T —

lifts G — Aut(T[[t]) of p mod-
(9) Dp:0Ob(¥€)>T — ulo conjugation with an element
of ker(AutT'[[t]] — Autk[[¢]])

Let V be the n-dimensional vector space k, and let End4 (V') be the Lie algebra
corresponding to the algebraic group GL(V'). The space End 4 (V) is equipped with



10 A. KONTOGEORGIS AND A. TEREZAKIS

the adjoint action of G given by:
End4 (V) — Enda(V)
e (g-€)(v) = plg)(e(p(g)~")(v))
The tangent space of this deformation functor equals to
F(kle]) = H'(G,Enda(V)),

where the later cohomology group is the group cohomology group and End4 (V) is
considered as a G-module with the adjoint action.
More precisely, if

0= (B) T 5T -0

is a small extension of local Artin algebras then we consider the diagram of small
extensions

GL, ()
Pllﬂl xP12~/
&
G > GL,(T)

where pl.,, p?, are two liftings of pr in I".
We have the element
1
T E
To a naive lift pr/ of pr we can attach the 2-cocycle a(o, 7) = pr/ (o) pr/ (7)pr (o7)~
defining a cohomology class in H?(G,End,, (k)).
The following proposition shows us that a lifting is not always possible.

d(0) = = (ph(0)pf(0) " — 1) € H'(G, End, (k).

1

Proposition 15. Let k be an algebraically closed field of positive characteristic
p >0, end let R = W(k)[(,] be the Witt ring of k with a primitive ¢ = p" root
adjoined. Consider the group G = Cy x Cy,, where Cy, and Cy are cyclic groups of
orders m and q respectively and (m,p) = 1. Assume that o and T are generators
for Cy, and Cy respectively and moreover
oot = 1¢

for some integer a (which should satisfy a™ = 1 modq.) There is a linear representa-
tion p : G — GLa(k), which can not be lifted to a representation pr : G — GLa(R).

Proof. Consider the field F,, C k and let A be a generator of the cyclic group Fj.

The matrices
_f(a O dr— 11
7=\o 1) ™M 770 1

—1 —1 1 a a
o7 =1,71"=1,070 <0 1>0
and generate a subgroup of GLy(k), isomorphic to Cy x Cy, for m = p — 1, giving
a natural representation p : G — GLa(F,) C GLa(k).
Suppose that there is a faithful representation p : G — GL,(R)m, which gives a
faithful representation of p : G — GL, (Quot(R)). Since () is of finite order after
a Quot(R) linear change of basis we might assume that p(7) is diagonal with g-roots

satisfy
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of unity in the diagonal (we have considered R = W (k)[(] so that the necessary
diagonal elements exist in Quot(R)). We have

p(7) = diag(Ay, ..., An).

At least one of the diagonal elements say A = \;, in the above expression is a
primitive g-th root of unity. Let E be an eigenvector, that is

5(T)E = \E.

The equality 7o = o7 implies that o F is an eigenvector of the eigenvalue A®. This
means that n should be greater than the order of a modq since we have at least
as many different (and linearly independent) eigenvectors as the different values
PV LID T

Since, for large prime (p > 3) we have 2 = n < p — 1 the representation p can
not be lifted to R. O

Remark 16. In [24] we give a necessary and sufficient condition for a modular
representation of a group Cpn x Cy, in a field of characteristic p > 0 to be lifted to a
representation over a local principal ideal domain of characteristic zero containing
the p" roots of unity.

Local Actions By the local-global theorems of J.Bertin and A. Mézard [4] and
the formal patching theorems of D. Harbater, K. Stevenson [14], [15], the study
of the functor Dy can be reduced to the study of the deformation functors Dp
attached to each wild ramification point P of the cover X — X/G, as defined in
eq. (E) The theory of automorphisms of formal powerseries rings is not as well
understood as is the theory of automorphisms of finite dimensional vector spaces,
i.e. the theory of general linear groups.

As in the theory of liftings for the general linear group, we consider small exten-
sions

15 (E) T 5T 51

An automorphism p''(¢) € AutT'[[t]] is completely described by a powerseries
Pro)t) = fo =) ay(o)t”,
v=1

where al (o) € T'. Given a naive lift

o0
Pl ()t =D ay (o)t
v=1
where !’ (¢) € I we can again form a two cocycle

alo,7) = p" (0) 0 p (1) 0 p (7)),

defining a cohomology class in H?(G, Zyy)- The naive lift P (o) is an element of
AutI[[t]] if and only if « is cohomologous to zero.
Suppose now that p!’, pb" are two lifts in AutI”[[¢]]. We can now define

(o) = 5 (' 0k () ~ 1) € H'(G, Fig).
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3. RELATIVE PETRI’S THEOREM.

Recall that a functor F : ¥ — Sets can be extended to a functor £ : 4 — Sets
by letting F(R) = liin F(R/m's™) for every R € Ob(%). An element @ € F(R)
is called a formal element, and by definition it can be represented as a system of
elements {u, € F(R/m};"")},>0, such that for each n > 1, the map F(R/m}p"") —
F(R/m%) induced by R/m’st" — R/m% sends u, ~ u,_ 1. For R € Ob(%) and
a formal element & € F(R), the couple (R, @) is called a formal couple. Tt is
known that there is a 1-1 correspondence between F (R) and the set of morphisms
of functors hp := Homy (R, —) — F, see [35, lemma 2.2.2.]. The formal element
ieF (R) will be called versal if the corresponding morphism hr — F' is smooth.
For the definition of a smooth map between functors, see [35, def. 2.2.4]. The ring
R will be called versal deformation ring.

Schlessinger [B3, 3.7] proved that the deformation functor D for curves without
automorphisms, admits a ring R as versal deformation ring. Schlessinger calls the
versal deformation ring the hull of the deformation functor. Indeed, since there
are no obstructions to liftings in small extensions for curves, see [33, rem. 2.10]
the hull R of Dy is a powerseries ring over A, which can be taken as an algebraic
extension of W(k). Moreover R = Af[x1,...,234—3]], as we can see by applying
B, cor. 3.3.5], when G is the trivial subgroup of the automorphism group. In this
case the quotient map f : X — ¥ = X/{Id} = X is the identity. Indeed, for
the equivariant deformation functor, in the case of the trivial group, there are no
ramified points and the short exact sequence in eq. ([l) reduces to an isomorphism of
the first two spaces. We have dimy, H!(X/G,7¢(Jx)) = dimy HY (X, Ix) = 3g—3.
The deformation Z — Specf R can be extended to a deformation 2~ — SpecR by
Grothendieck’s effectivity theorem, see [35, th. 2.5.13], [L3].

The versal element @ corresponds to a deformation 2~ — SpecR, with_generic
fibre 2, and special fibre 2. The couple (R, %) is called the versal [35, def.
2.2.6] element of the deformation functor D of curves (without automorphisms).
Moreover, the element v defines a map hr,y — D, which by definition of the hull
is smooth, so every deformation X4 — SpecA defines a homomorphism R — A,
which allows us to see A as an R-algebra.

Indeed, for the Artin algebra A — A/m4 = k we consider the diagram

hr/n = Homz(R, A) = hg/a(k) X pry D(A)
This section aims to prove the following

Proposition 17. Let fi,...,fr € klwi,...,w,y] be quadratic polynomials which
generate the canonical ideal of a curve X defined over an algebraic closed field k.
Any deformation Z4 is given by quadratic polynomials f1, ..., f, € AWn, ..., W],
which reduce to f1,..., fr modulo the maximal ideal m4 of A.

For n > 1, we write Q‘?gl/  for the sheaf of holomorphic polydifferentials on 2"

By [17, lemma I1.8.9] the R—modules HO(%,Q?%"/R) are free of rank d,, , for all

n > 1, with d,, 4 given by eq. (@)

g, ifn=1
10 d, . =
(10) 9 {(an)(gl), if n > 1.
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Indeed, by a standard argument using Nakayama’s lemma, see [[17, lemma I1.8.9],[21]
we have that the R-module HO(%,Q%/R) is free. Notice that in order to use
Nakayama’s lemma we need the deformation over R to have both a special and
generic fibre and this was the reason we needed to consider a deformation over the
spectrum of R instead of the formal spectrum.

Lemma 18. For every Artin algebra A the A-module H°(X 4, Q?}Z/A) is free.

Proof. This follows since H°(2",Q4 /) is a free R-module and [17, prop. IL8.10],
which asserts that Qx, /4 = ¢ (R4 /r), where g is shown in the next commutative
diagram:

Xa = Z Xgpecr SpecA - .7

| |

SpecA SpecR
We have by definition of the pullback
(11) 9" Qa/r)(Xa) = (¢) ' Q2 /r(Xa) ®g)-164 (x4) Ox4(Xa)

and by definition of the fibre product we obtain Ox, = 04 @rA. Observe also that
since A is a local Artin algebra the schemes X 4 and 2" share the same underlying
topological space so

9 Qe r(Xa) = Qo r(Z)
and ¢'"109 (Xa) = O9 (Z). So eq. (@) becomes
H(X4,Qx,/4) = Qx4 /a(Xa) = ¢ (2 /r)(Xa)) =
= Q%/R(%) Q0 () ROy (L) ®R,, A
= H(2,Q49/r) ®r A.
So H%(Xa,x,/4) is a free A-module of the same rank as H°(2", Qg /).
The proof for H(X 4, Q?}Z / ) follows in the same way. O
We select generators Wy, ..., W, for the symmetric algebra
SyIIl(.IVT[O(Jmf7 Q%/R)) = _R[V[/vl7 ey Wg]
Similarly, we write
Sym(Ho(%], Qa,/1)) = Llw1, ..., w,] and Sym(H®( 2y, Qo i) = klwi, ..., wyl,
where
w; =W; ®r L w; =W; ®rkforalll <i<g.

We have the following diagram relating special and generic fibres

(12)
Spec(k) Xspec(r) 2 = Zo X Ay = Spec(L) Xgpec(r) £

l | l

Spec(k) ——  Spec(R) +——— Spec(L)

Our article is based on the following relative version of Petri’s theorem.



14 A. KONTOGEORGIS AND A. TEREZAKIS

Theorem 19. Diagram ) induces a deformation-theoretic diagram of canonical
embeddings

by n
(13) 0 Iy, © St = L[w17~--,wg]4n»@Ho (Zy Q% /L) =0

®rL ®rL JA@)RL

oo
0—— Iy S = RW1,...,W,] —2= @D H (2,95, ,) —0

X /R
QrR/m QrR/m i@RR/m
0 I,C Sp o= kfws, ..., w @HO (20,957 ) —=0

where Lo, = ker ¢y, Io- = ker ¢, Ig;, = ker ¢, each row is exact and each square
is commutative. Moreover, the ideal 19 can be generated by elements of degree 2
as an ideal of Sg.

The commutativity of the above diagram was proved in [§] by H. Charalambous,
K. Karagiannis and the first author. For proving that I4 is generated by elements
of degree 2 as in the special and generic fibers we argue as follows: Since L is a field
it follows by Petri’s Theorem, that there are elements fi,..., f. € Sp, of degree 2
such that

I%n = <fla .- -v.fr>'

Now we choose an element ¢ € R such that f; :==c f; € Sg for all i and notice that
deg(f;) = deg(f;) = 2.

e Assume first that the element ¢ € R is invertible in R. Consider the ideal
I={f1,...,[fr) of Sg. We will prove that I = Iy . Consider the multiplicative
system R*. We will prove first I C I = ker¢. Indeed, using the commuting upper
square every element a = > _ a;f; € I maps to Y., _; a;f; ®z 1 which in turn
maps to 0 by ¢,. The same element maps to ¢(a) and ¢(a) ®r 1 should be zero.
Since all modules H°(2, Q%”/R) are free ¢p(a) =0 and a € I .

Since the family 2~ — SpecR is flat we have that Io ®gr L = 4 , that is we
apply the @ gL functor on the middle short exact sequence of eq. (@) The ideal
I=1I9,NSgr= 2 ®rL)NSg. By [2, prop. 3.11ii] this gives that

IZUSeR*(Igg':S) D1y,

so I = I. In the above formula (Ig :s) ={z € Sp:xs € Iy}.
e From now on we don’t assume that the element c is an invertible element of R.
Let g be an element of degree 2 in Ig;, we will prove that we can select an
element g € 14 such that g ® 1 = g, so that g has degree 2.
Let us choose a lift g € Sg of degree 2 by lifting each coefficient of g from k to R.
This element is not necessarily in Ig-. We have ¢(g9) @ 1 = ¢o(g®1x) = ¢o(g) =0
Let e1,...,e34—3 be generators of the free R-module H(Z, Q%Q/R) and choose

e1,...,e35-3 € Sg such that ¢(e;) = €. Let us write ¢(3) = S.097° \ié;, with
Ai € R. Since ¢o(g) = 0 we have that all \; € mp for all 1 < ¢ < 3g—3. This
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means that the element g = g — Zfi;g Aie; € Sg reduces to g modulo mp and also

0(9) = 6(9) = 332, Mies = 0, 50 g € Ly
Let g1,...,3s € L2, be elements of degree 2 such that

Ic%fo = <g15 s 7§S>
and, using the previous construction, we take g; lifts in I <1 Sg, i.e. such that
g; @ 1), = g; and also assume that the elements g; have also degree 2.

We will now prove that the elements g1 ®s, 1r,...,9s @gs 11, € S generate
the ideal I, . By the commutativity of the diagram in eq. @) we have (g1 ®s,
1r,...,9s ®sp 1) C Io, = ker ¢,. Observe that any linear relation

S
Z(al,g,, ®sp 1) =0, with a, € L
v=1

gives rise to a relation for some c € R
S
Zc'augl/:oa C'aVGSRv
v=1

which implies that ¢-a, € mg.
We will prove that the elements g; ®gs, 17, are linear independent.

Lemma 20. Let v1,...,0, € kK™ be linear independent elements and vy, ...,v, be
lifts in R™. Then

n
Z a,v, =0 a, € R,
v=1

implies that ay = --- = a, = 0.

Proof. We have n < m. We write the elements vy,...,v, (resp. ¥1,...,0,) as
columns and in this way we obtain an m x n matrix J (resp. J). Since the elements
are linear independent in £™ there is an n X n minor matrix with an invertible
determinant. Without loss of generality, we assume that there is an n x n invertible
matrix  with coefficients in k such that Q - J* = ( I, ‘ A ), where A is an
(m — n) x n matrix. We now get lifts Q,.J and A of Q,.J and A respectively, with
coefficients in R, i.e.
Q-J' = (1, | A )modmp.

The columns of J are lifts of the elements v1,...,7,. It follows that Q - J* =
( L, ‘ A ) + ( C ‘ D ), where C, D are matrices with entries in mg. The determi-
nant of I,, + C'is 1+ m, for some element m € mpg, and this is an invertible element
in the local ring R. Similarly, the matrix @ is invertible. Therefore,

J'=(Q'I,.+C)| Q" (A+ D))
has the first n x n block matrix invertible and the desired result follows.

O

Remark 21. It is clear that over a ring where 2 is invertible, there is an 1-1 corre-
spondence between symmetric g X g matrices and quadratic polynomials. Indeed,
a quadratic polynomial can be written as

flw,...,wg) = Z a;jwiw; = w' Aw,
1<4,j<g
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where A = (a;;). Even if the matrix A is not symmetric, the matrix (A + A")/2 is
and generates the same quadratic polynomial

A+At)
2 w

wt Aw = w' (

Notice that the map
A+ A

A

is onto the space of symmetric matrices and has as kernel the space of antisymmetric
matrices.

A minimal set of quadratic generators is given by a set of polynomials f1,..., f,
with f; = w!A;w, where the symmetric polynomials are linearly independent.

By the general theory of Betti tables we know that in the cases the canonical
ideal is generated by quadratic polynomials, the dimension of this set of matrices
equals (gEQ), see [L0, prop. 9.5]. Therefore we begin on the special fibre with the
s = (9 ;2) generators gi, ..., gs elements. As we have proved in theorem E we can
lift them to elements g1, ..., gs € I so that for J:= (g1,...,gs) we have

(Z) J®RL=I‘%@I.

(16) J@prk=1g,.
In this way we obtain the linear independent elements ¢1 ®g, 1r,...,9s ®sp 1L
in Ix,. We have seen that the s = (g ;2) linear independent quadratic elements

generate also I, .
By following Lemma 5 (ii) of [§] we have the next lemma.

Lemma 22. Let G be a set of polynomials in Sg such that (G) @r L = 14, and
<G> Rr k= Iggfo, Then I = <G>

Essential for the proof of lemma @ was that the ring R has a generic fibre. The
deformation theory is concerned with deformations over local Artin algebras which
do not have generic fibres. But by tensoring with A in the middle sequence of eq.
(IL3) we have the following commutative diagram:

O*)IXAC—>SA = A[Wl"‘”Wg]i»@HO(XA’Q@” )*>0

Xa/A
n=0
®ad/ma ®aA/ma i@AA/mA
¢ (o)
0 T2, € Sk = k[wl,...,wg]40»@110(%,9%%)4)0
n=0

Indeed, since HY(2 ,Q%”/ 4) is free the left top arrow in the above diagram is
injective. Moreover the relative canonical ideal Ix, is still generated by quadratic
polynomials in S 4.

3.1. Embedded deformations. Let Z be a scheme over k£ and let X be a closed
subscheme of Z. An embedded deformation X’ — Speck[e] of X over Speck|e] is a



DEFORMATIONS WITH AUTOMORPHISMS 17

closed subscheme X’ C Z' = Z x Speck[e] fitting in the diagram:

Z Z x Speck]e]
Speck Speck|e]

Let . be the ideal sheaf describing X as a closed subscheme of Z and
(14) e/Vx/ZZ%Omz(f,ﬁx)Z%Omx(f/fQ,ﬁx),
be the normal sheaf. In particular, for an affine open set U of X we set B’ =

Oz (U) = B ® eB, where B = 07(U) and we observe that describing the sheaf of
ideals #'(U) C A’ is equivalent to giving an element

¢v € Home, ) (S (U), 62(U)/ 7 (U)),

see [18, prop. 2.3].

In this article, we will take Z = PY9~! and consider the canonical embedding
f: X — P91 We will denote by Ny the sheaf Nxps-1. Let Fx be the sheaf of
ideals of the curve X seen as a subscheme of P97, Since the curve X satisfies the
conditions of Petri’s theorem, it is fully described by certain quadratic polynomials
fi=Ay,..., fr = A, which correspond to a set g x ¢ matrices Aq, ..., A,, see [25].

The elements f1,..., f, generate the ideal I'x corresponding to the projective cone
C(X) of X, C(X) C A9.
We have

H°(X,Ny) = Homg(Ix, Ox).

Assume that X is deformed to a curve Xt — SpecI’, where T is a local Artin al-
gebra, Xr C IP’ffl =P9~! x SpecI'. Our initial curve X is described in terms of the
homogeneous canonical ideal Ix, generated by the elements {w!Ajw, ..., wtA,w}.
For a local Artin algebra I' let (") denote the space of symmetric g X g ma-
trices with coefficients in I'. The deformations X are expressed in terms of the
ideals Ix., which by the relative Petri’s theorem are also generated by elements
wtATw, ..., w' ALw, where Al is in .7, (I"). This essentially fits with Schlessinger’s
observation in [34], where the deformations of the projective variety are related to
the deformations of the affine cone, notice that in our case all relative projective
curves are smooth and the assumptions of [34, th. 2] are satisfied. We can thus
replace the sheaf theoretic description of eq. ([l4) and work with the affine cone
instead.

Remark 23. A set of quadratic generators {w!Ajw,...,w!A,w} is a minimal set
of generators if and only if the elements Aq,..., A, are linear independent in the
free I'-module . (I") of rank (g + 1)g/2.

3.1.1. Embedded deformations and small extensions. Let

T

0= (E)y =T —T =0

be a small extension and a curve ]P’il,_l D Xt — Specl” be a deformation of Xr and
X. The curve Xy is described in terms of quadratic polynomials thiF/w, where
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A" € .7, ("), which reduce to AT modulo (E). This means that
(15) A = Al mod ker(r) forall 1 < i < r
and if we select a naive lift i(AL) of AL, then we can write
AV = i(AY) + E- B, where B; € .7, (k).

The set of liftings of elements AL of elements AT, for 1 < i < r is a prin-
cipal homogeneous space, under the action of H°(X, Ny), since two such lift-
ings {Agl)(l'"),l <i<r} {A§2)(F’),1 < i < r} differ by a set of matrices in
{B;(T") = Az(l)(l'") —Az(?) (I'),1 < i < r} with entries in (E) = k, see also [1§, thm.
6.2].

Define a map ¢ : (A1,...,4,) = F(k) by ¢(4;) = B;(I") and we also define
the corresponding map on polynomials ¢(A;) = w'¢(A;)w. we obtain a map ¢ €
Homg(Ix, Ox) = H°(X, Ny), see also [18, th. 6.2], where S = Sj,. Obstructions to

such liftings are known to reside in H'(X, Nxpo—1 @y ker ), which we will prove
it is zero, see remark P4.

3.1.2. Embedded deformations and tangent spaces. Let us consider the k[e]/k case.
Since i : X < P97 is non-singular we have the following exact sequence

0— Ix =i " Tpo—1 = Nxpo—1 — 0
which gives rise to

0— HO(X, Ix) — H(X,i* Tpg—1) — HO(X, g/VX/ngl))

1
L) Hl(X, gx) HHl(X,i*%g—l) *>H1(X7,/Vx/pg—1) —0

Remark 24. In the above diagram, the last entry in the bottom row is zero since it
corresponds to a second cohomology group on a curve. By Riemann-Roch theorem
we have that HY(X, Zx) = 0 for g > 2. Also, the relative Petri theorem implies
that the map 9 is onto. We will give an alternative proof that § is onto by proving
that H'(X,i*Jps—1) = 0. This proves that H'(X, Ay ps—1) = 0 as well, so there
is no obstruction in lifting the embedded deformations.

Each of the above spaces has a deformation theoretic interpretation, see [16,
p.96]:

e The space H(X,i* Zpy—1) is the space of deformations of the map i : X —
P9~1  that is both X,P9~! are trivially deformed, see [35, p. 158, prop.
3.4.2.(ii)]

e The space H(X, A /ps—1) is the space of embedded deformations, where
P9~1 is trivially deformed see [18, p. 13, Th. 2.4)].

e The space H'(X, Jx) is the space of all deformations of X.

The dimension of the space H'(X,Zx) can be computed using Riemann-Roch
theorem on the dual space HY(X, 9?22) and equals 3¢ — 3. In next section we will
give a linear algebra interpretation for the spaces H%(X, Ax/po—1), H*(X,i* Tpo—1)
allowing us to compute its dimensions.
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3.2. Some matrix computations. We begin with the Euler exact sequence (see.
[17, 11.8.13], [B8, p. 581] and [19] MO)

0— ﬁpg—l — ﬁpg—l(l)@g — %g—l — 0.
We restrict this sequence to the curve X:
0= Ox — i Ope—1(1)% =P = i* Fpo1 — 0.

We now take the long exact sequence in cohomology
(16)

00— k=HYX,0x) —fi—> HO(X,i" Opg_1 (1)®9) —f2> HO(X, 7;*9]},9_1))

fé
41()(, Ox) —fa—> H (X, i*Opg_1 (1)P9) —f5—> HY(X,i* Fpg_1) ———> H*(X,0x) =0

The spaces involved above have the following dimensions:

1*Opg-1(1) = Qx (canonical bundle)

dim H(X,i* Ops-1(1)®9) = g - dim HY(X,Qx) = ¢*

dim HY(X,0x) = dim HY(X,Qx) =g

dim HY(X,i*Ops—1(1)%9) = g - dim HY(X,0x) =g

We will return to the exact sequence given in eq. ([Lf) and the above dimension
computations in the next section.

3.2.1. Study of H°(X, N¢). By relative Petri theorem the elements ¢(A;) are qua-
dratic polynomials not in Ix, that is elements in a vector space of dimension
(9+1)g/2 - (qu) = 3g — 3, where (g + 1)g/2 is the dimension of the symmetric
g X g matrices and (g ;2) is the dimension of the space generated by the generators
of the canonical ideal, see [L0, prop. 9.5].

The set of matrices {41,...,A,} can be assumed to be linear independent but
this does not mean that an arbitrary selection of quadratic elements w!B;w € Ox
will lead to a homomorphism of rings. Indeed, the linear independent elements A;
might satisfy some syzygies, see the following example, where the linear independent
elements

pee (G e ()0

satisfy the syzygy

y-2?—z-zy=0.
Therefore, a map of modules ¢, should be compatible with the syzygy and satisfy
the same syzygy. This is known as the fundamental Grothendieck flatness criterion,
see [B4, 1.1] and also [1, lem. 5.1, p. 28].

Proposition 25. The map
¥+ My (k) — Homs(Ix, S/Ix) = H*(X, Nx/ps1)
Br— p: w'Aw — W'(A;B + B'A;)w modlx
identifies the vector space My(k)/(Ig) to H(X,i* Tpo—1) C HO(X, Nx po-1). The
map ¢ s equivariant, where My (k) is equipped with the adjoint action
B+ p(g)Bp(g~") = Ad(9)B,
that is
99 = Yad(g)B-
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Proof. Recall that the space H°(X,i* Zp,-1) can be identified to the space of defor-
mations of the map f, where X, P9~1 are both trivially deformed. By [34] a map
¢ € Homg(Ix,S/Ix) = Homg(Ix, Ox) gives rise to a trivial deformation if there
is a map

W — Wy —+ 65j(11)),
where 6;(w) = >9_, bj,w,. The map can be defined in terms of the matrix
B = (bj,l/)a

w — w + eBw
so that for all /L-, 1<i<r

(17) VA; - Bw = ¢(4;) = ¢p(w' A;w) modIx.
But for A; = w! A;w we compute VA; = wtA;, therefore eq. (@) is transformed to
(18) w'A; Bw = w' Bjw modIx,

for a symmetric g x g matrix B; in % (k[e]). Therefore, if 2 is invertible according
to remark RIf we replace the matrix A;B appearing in eq. ([L§) by the symmetric
matrix A; B + BtA;. Since we are interested in the projective algebraic set defined
by homogeneous polynomials the 1/2 factor of remark PRI can be omitted.

For every B € M, (k) we define the map ¢ p € Homg(Ix,S/Ix) = Homg(Ix, Ox)
given by

A = wtAjw — w'(A;B + B'A;))w modly,

and we have just proved that the functions 1 p are all elements in H°(X,i* Jps-1).
The kernel of the map ¢ : B + 1 p consists of all matrices B satisfying:

(19) A;B=—B'A, modlx forall1 <i < (g ; 2).

This kernel seems to depend on the selection of the elements A;. This is not the
case. We will prove that the kernel consists of all multiples of the identity matrix.
Indeed,

dim H°(X,i* Ix) = g* — ker .

We now rewrite the spaces in eq. (E) by their dimensions we get

(0) (1) (9%)

f3

/ (9) (9) (?) (0)

e dimker fo =dimIm f; =1
o dimker f3 =dimIm fo = g% — 1
e dimIm f3 = (g2 — dimker¢)) — (92 — 1) = 1 — dim ker ¢/
It is immediate that dimker+ = 0 or 1. But obviously I, € ker ), and hence

dimker 1 = 1.

fi f2

(97 — ker)) )

So

Finally dimIm f3 = 0, i.e. f3 is the zero map and we get the small exact sequence,

0 ——=k=HYX,0x) — H°(X,i"Ops—1(1)%) ——= H*(X,i* Tpg-1) —=0
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It follows that
dim HY(X,i* Tpe-1) = g* — 1.
We have proved that ¢ : My(k)/(I,) — H°(X,i* Zps—1) is an isomorphism of vector
spaces. We will now prove it is equivariant.
Using remark [LJ we have that the action of the group G on the function

wB : Az — AZB + BtAi7
seen as an element in H°(X,i* Jps-1) is given:
A T(o™)A; 5 T(0) (p(0) Aip(0) B + B'pl0)! Aip(o))
— (Ap(0)Bp(o™") + (plo) Bolo))! A
U

Corollary 26. The space HO(X,i* Jpy-1)C is generated by the elements B # { Al :
X € k} such that

p(0)Bp(c ™ )B™' = [p(0), B] € (A4, ..., A,) for all ¢ € Aut(X).

Remark 27. This construction allows us to compute the space H!(X,i* Zpo-1).
Indeed, we know that fy is isomorphism and hence f5 is the zero map, on the other
hand f5 is surjective, it follows that H(X,i*Zps-1) = 0. This provides us with
another proof of the exactness of the sequence

(20) 0 —— HO(X,i* Fpy-1) —> HO(X, Nx/po1) ——> H'(X, Tx) — 0

3.3. Invariant spaces. Let
0+A—-B—-C—=0

be a short exact sequence of G-modules. We have the following sequence of G-
invariant spaces

0— AS - BC — 0% 2% g1 (G, A) — -

where the map d¢ is computed as follows: an element c¢ is given as a class b modA
and it is invariant if and only if gb — b = a4, € A. The map G > g — a4 is the
cocycle defining dg(c) € HY(G, A).

Using this construction on the short exact sequence of eq. (@) we arrive at

0 —= H%(X,i* Tpo-1)¢ —= HO(X, JVX/Pg,l)G 2 H'(X, %()G>

i oG
H! (G, HO(X7Z'*%Q71))

We will use eq. (@) in order to represent elements in H'(X, 7x) as elements
[f] € HO(X, Axpa-1)/HO(X,i* Tpo—1) = HO(X, Nx/pa-1) /Tt

Proposition 28. Let [f] € H' (X, 7x)¢ be a class of a map f : Ix — S/Ix
modulo Tmyp. For each element o € G there is a matriz B,[f], depending on_f,
which defines a class in My(k)/(Iy) satisfying the cocycle condition in eq. (@3
such that

)

06(f)(0) : Ai = Ay (Bs[f]) + (Bglf]) Ai mod(Ay, ..., Ag).
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Proof. Let [f] € HY(X, Ix)%, where f:Ix — S/Ix that is f € HO(X, Ax/po-1).
The 0 (f) is represented by an 1-cocycle given by dg(f)(o) =7 f — f. Using the
equivariant isomorphism of ¥ : M, (k)/(I,) — H®(X,i* Zps-1) of proposition R we
arrive at the diagram:

1l171

G — HO(X,i* T ) M, (k)/ (1)

o ——dc(f)(0) —= Blflo == v (6a(f)(0))

We will now compute

o A, T2 P01y A s F(T(0Y) As) 2O (o) F(T (o) ).
We set
T(o~")(Ai) = p(0) Aip(o) = > Niw(0) A
SO ~
(21) Sa(£)(@)(Ai) =Y Niw(0) - plo™) F(Ay)plo™") = f(Ay)

= AiBU [f] + B(7 [f]tAz mod]X
for some matrix By [f] € My(k) such that for all 0,7 € G we have
(22) Bor[f] = Bo[f] + 0B:[flo™" + Ao, )],
= Ba[ﬂ + Ad(U)BT [f] + )‘(Ua T)HQ'

In the above equation we have used the fact that o — B,[f] is a 1-cocycle in the
quotient space Mg (k)/I,, therefore the cocycle condition holds up to an element of
the form A(o, 7)I,. O
Remark 29. Let

Ao, 7)ly = Bor[f] = Bo[f] — Ad(o)B-[f].

The map G x G — k, (0,7) — A(0,7) is a normalized 2-cocycle (see [40, p. 184]),
that is

0=M\o,1)=A(1,0) foralloc € G
0= Ad(O’l))\(Uz,Ug) - )\(0'102,03) + )\(0'170'20'3) - )\(0'1,02) for all 01,09,03 € G

= )\(0'2,0'3) — )\((710'2,(73) + )\(0'1,0'203) — )\(0’1,0’2) for all 01,092,038 € G
For the last equality notice that the Ad-action is trivial on scalar multiples of the

identity.
Proof. The first equation is clear. For the second one,
A(0'10'27 03)Hg = 3010203 [f] - B0102 [f] - Ad(glo-Q)BUs [f]

and
/\(01702)Hg = BUIUQ [f] - BUl [f] - Ad(al)Bﬂz [f]
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Hence
X102, 03)lg + AN(o1,02)ly =B, 0y05[f] — Ad(0102)Be, [f] — Bo, [f] — Ad(01)Bo, [f]
=Bo, 0205 f] = Bo, [f] — Ad(01)Bo,o, [f]+
+ Ad(01)Bo,,04[f] — Ad(01)Bo, [f] — Ad(0102)Be, [f]
=\(01,0203)ly + Ad(01) (Boy,o,[f] — Bo, [f] — Ad(01)Be,[f])
=Ad(o1)A(02,03)l; + A(o1,0203) L.
O
Corollary 30. If f(w'A;w) = w'B;w, where B; € My(k) are the images of the
elements defining the canonical ideal in the small extension IY — T', then the

symmetric matrices_defining the canonical ideal Ix (I") are given by A; + E - B;.
Using proposition we have

(23) (Of = )(A) = Z Niv(0)T(0)(B,) — B;
= (AiB,[f] + BLf]A;) mod(Ai,..., A,)
=¥, 1A

Therefore, using also eq. @)

(24) D Xin(0)(By) = T(07")Bi = T(0™ " )ibp, 11 (Ay)-

4. ON THE DEFORMATION THEORY OF CURVES WITH AUTOMORPHISMS

Let 1 — (E) - IY - T — 0 be a small extension of Artin local algebras and
consider the diagram

Xr X Z

.

Spec(I") —— Spec(I”) —— Spec(R)

Suppose that G acts on Xr, that is every automorphism o € G satisfies o(Ix;.) =
Ix,. . If the action of the group G is lifted to Xt/ then we should have a lift of the rep-
resentations p, p!) defined in eq. (2), (E) to IV as well. The set of all such liftings is a
principal homogeneous space parametrized by the spaces H' (G, M, (k)), H* (G, M,(k)),
provided that the corresponding lifting obstructions in H?(G, M,(k)), H*(G, M, (k))
both vanish.

Assume that there is a lifting of the representation

(25) GL4(I)
o l mod(E)
G~ GL,(T)

This lift gives rise to a lifting of the corresponding automorphism group to the
curve Xy if
pr(o)Ix,, = Ix,, foralloeG,
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that is if the relative canonical ideal is invariant under the action of the lifted
representation pr.. In this case the free I'"-modules Vi, defined in remark §, are
G-invariant and the T-action, as defined in definition [L1].1 restricts to a lift of the
representation

(26) GL,(I")
p(ll)
r i mod(E)
G —— GL,(T")
o

In [25, sec. 2.2] we gave an efficient way to check this compatibility in terms of
linear algebra:

Consider an ordered basis ¥ of the free I-module .7, (I") generated by the ma-
trices 3(ij) = (0(44))v,u, 1 <4 < j < g ordered lexicographically, with elements
{(si,yéj,# 40565y, fi ]

0(1))p.y =
(@7)v.n 8i 1 0i if i = j.

For example, for g = 2 we have the elements

0(11):((1) 8) 0(12):((1) é) 0(22):(8 ?)

For every symmetric matrix A, let F(A) be the column vector consisted of the
coordinates of A in the basis 3. Consider the symmetric matrices A{/, e ,AEI,
which exist since at the level of curves there is no obstruction of the embedded
deformation. For each o € G the (g + 1)g/2 x 2r matrix

(27)

Fro(o) = [F (A7) .. P (AD)  F (oo (0) AT pro(@)) o F (pro(0) AT pro (o) ) |

The automorphism ¢ acting on the relative curve Xp is lifted to an automorphism
o of Xy if and only if the matrix given in eq. (R7) has rank r.

Proposition 31. The obstruction to lifting an automorphism of Xr to Xr: has a
global obstruction given by vanishing the class of

A(o,7) = pro(o)pr (1)pr:(o7) ™!
in H?(G,M,(k)) and a compatibility rank condition is given by requiring that the
rank of the matriz Fr (o) equals r for all elements o € G.

4.1. An example. Let k be an algebraically closed field of positive characteristic
p > 0. Consider the Hermitian curve, defined over k, given by the equation

(28) H:y—y=——

which has the group PGU(3,p?) as an automorphism group, [39, th. 7]. As an
Artin-Schreier extension of the projective line, this curve fits within the Bertin-
Mézard model of curves, and the deformation functor with respect to the subgroup
Z/pZ = Gal(H/P') = {y ~ y + 1} has versal deformation ring W (k)[¢][[x1],
where ( is a primitive p root of unity which resides in an algebraic extension of
Quot(W(k)) [4], 1]. Indeed, m =p+1=2p— (p—1) = gp—, so in the notation
of [l g=2andl=p—1.
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The reduction of the universal curve in the Bertin-Mezard model modulo myy 1)(¢]
is given by the Artin-Schrein equation:

P!

29 XPoX =
( ) (x2 +.’£1£C)p

which has special fibre at the specialization x; = 0 the original Hermitian curve
given in eq. (R§).

The initial Hermitian curve admits the automorphism o : y — y,z — (py17,
where (41 is a primitive p + 1 root of unity. We will use the tools developed in
this article in order to show that the automorphism o does not lift even in positive
characteristic.

We set a(z) = 2?2 +z12 and A = (—1 € W(k)[¢]. In [21] the first author together
with S. Karanikolopoulos proved that the free R-module H°(.2",Q /r) has basis

oNa(x)p-i-rXPlok 1l
- - dv: || <N<pg—2,1<p<p-1}.
o= = s e [ sy s asus

From the form of the holomorphic differentials, it is clear that the representation
of (o) on HY(H,Qy ) is diagonal since a(z) = 2? + z1 reduces to 2% for 1 = 0.
In our example, we have ¢ = dega(x) = 2 so in the special fibre we have

WN,, = AL €kt

N—2p+1
o(wn,,) = Cerl o WN,p

and

(30) o(WN pWN ) = C;,\EIN/_Q(HWIHQWN,MWN',u’-
Thus, the action of ¢ on holomorphic differentials on the special fibre is given by a
diagonal matrix.

To decide, using the tools developed in this article, whether the action lifts to
the Artin local ring k[e], we have to see first whether the diagonal representation
can be lifted, that is whether we have the following commutative diagram:

GLg (K[e])

/
(0) > GLy (k)
Since p(o) = diag(dr,...,04) =: A a possible lift will be given by (o) = A + €B,
for some g X g matrix B with entries in k. The later element should have order

p+ 1, that is
I, = (A+eB)PT = APT 4+ AP,

which in turn implies that A?B = 0 and since A is invertible B = 0. This means
that the representation of the cyclic group generated by o is trivially deformed to
a representation into GLg(k[e]).

The next step is to investigate whether the canonical ideal is kept invariant
under the action of ¢ for x; # 0. The canonical ideal for Bertin-Mézard curves was
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recently studied by H. Haralampous K. Karagiannis and the first author, see [f].
Namely, using the notation of [§] we have

2(p—1)
a(@) ™ = (@ F o) = Y e
J=Jmin
= N Kt x
J

§=0
so by setting J=j+p—i,p—i < J <2(p—1) we have
_i 2p—i)—J . .
Clp_i= (J—p(pz—i))xl(p Y if J2p—i
P70 if J<p—i
This means that cy,—i) p—i = 1, Ca(p—i)—1,p—i = (p — 7)1 and for all other values
of J, the quantity cj,—; is either zero or a monomial in z; of degree > 2.

It is proved in [(] that the canonical ideal is generated by two sets of generators
G, and G, given by:

c __ . 2
GY = {WN1,M1WN{,M’1_WN27M2WN§7MQ €s: WN1,M1WN/,M/1’WN27H2WN§7N,2 €T

1

and Ny + N = No+ Nb,  jg + py = pa + ph}

Gg = {WNvﬁLWvaﬂl — WN”,;L”WN”',LL”'

p—l (p=)g D
S (Mo it 5
1=1 j=jmin (%)
N”—i—N/”:N—I—NI—i-p—l, MH+MW=M+M'+P7
Nj+Nj=N+N+j, pitui=pt+p+p—i

The reduction modulo myy (1)(¢], of the set G is given by simply replacing each W,
by wy,, and does not depend on ;. Therefore it does not give us any condition
to deform o.

The reduction of the set G§ modulo myy ()¢ is given by

(p—1)q
G ®rk = {wN,uwN’,u’ — WN" " WN = Z Cjp—1WN;,u; WNY !, € S
j:jmin(l)
N//+N///:N+N/+p_1’ M//+M///:M+ul+p’
Nj+Nj=N+N+j, pi+pi=p+p +p—i

fOI‘ jmin(l) S .7 S (p - I)Q}

If we further consider this set modulo (x?), that is if we consider the canonical
curve as a family over first-order infinitesimals then, only the terms cy(,—1) -1 = 1,
Ca(p—1)—1,p—1 = (p — 1)z1 survive.
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Using eq. (@) and the definition of G§ we have that for

W = WN pyWN' = Ny WN o — WNa(p—1)stip—1 WNS o,y

o) = Gy H sy

Set
" _
W - wNQ(p71)717I‘LP—1wNé(p_l)_lﬂu’;)71.

The automorphism lifts if and only if the element
W' =W +z,W”

we have

But this is not possible since for

Nop—1y—1+Nop_1y—1—2(p—1+p._1)+2
"y 2(p—1)—1 2(p—1)—1 P p—1 "
o(W") = Cpt1 W

and
Nop—1)—1 + Nogp—1)—1 = 2(ptp—1 + 1) +2 =N+ N"=2(u+p') +2 - 1.

4.2. A tangent space condition. All lifts of X to Xy form a principal homoge-
neous space under the action of H(X, Ay /ps—1). This paragraph aims to provide
the compatibility relation given in eq. (E) by selecting the deformations of the curve
and the representations.

Let {A},... AL} be a basis of the canonical Ideal Ix,., where Xt is a canonical
curve. Assume also that the special fibre is acted on by the group G, and we
assume that the action of the group G is lifted to the relative curve Xr. Since Xp
is assumed to be acted on by G, we have the action

(31)  T(o=)(AD) = pr(0)' AL pr(o Z AL ) for eachi=1,...,r,

where pr is a lift of the representation p induced by the action of G on H°(Xr, Qx/r)
and )\E j (o) are the entries of the matrix of the lifted representation pl(}) induced by
the action of G on AY,..., AL. Notice that the matrix pr(o) € GL,4(T'). We will
denote by AT ... A" € .7, (I") a set of liftings of the matrices AL, ..., AL. Since
the couple (X1, G) is lifted to (Xp/, G), there is an action

T(e")(A]) = pr(0) AT pro(o) Z)\ )AL for each i = 1,...,7,

where )\fj/(o) € I, All other liftings extending Xr form a principal homogeneous
space under the action of HY(X, Nxps—1) that is we can find matrices By, ..., B, €
Z4(k), such that the set

{AV +E-B,,..., AU + E-B,}
forms a basis for another lift I X1, of the canonical ideal of I'x.. That is all lifts of the
canonical curve Ix,. differ by an element f € Homg(Ix,S/Ix) = H*(X, Ax/po—1)
so that f(A;) = B;.
In the same manner, if prs is a lift of the representation pr every other lift is
given by
pri(o) + E-7(0),
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where 7(0) € My(k).
We have to find out when pr/(o) + E - 7(0) is an automorphism of the relative
curve Xrv, i.e. when

(32) T(pr (e~ )+E-7(c ")) (A +E-B;) € spanp, {AY +E-By,..., AU +E.B,},
that is
(33)

(pro(0) + B (o) (AT + B B;) (prv(0) + B - 7(0)) = Y AL (0) (AT + B B;)
j=1

for some 5\5(0) e I'. Since

Too (o AT = pp(0)* A% pr (o) mod(E)
we have that ;\Z (o) = /\Ej(o) modFE, therefore we can write
(34) AL (0) = M (o) + E - i (o),

for some p;;(0) € k. We expand first the right-hand side of eq. (@) using eq. (@)
We have

T

(35) iﬂfj’ (o) (A? +E- Bj) =y (Ag (0)+ E- Mj(g)) (Ay L. Bj)
j=1

j=1
(36) = NS (0)A] + E(uij(0)A; + Mij(0) By).
J=1

Here Yve have used the fact that Emr = Emps so E -2 = E - (x modmy~) for every
’ EV\l;e .now expand the left-hand side of eq. (@)
(pr(0) + B 7(0))" (AT + E - By) (pro(0) + E - 7(0)) = pro(0) AL pr (0)

B (pl0) Biplo) + T(0) Aiplo) + plo) Air(@)) .
Set D, = 7(0)p(c)~! = d(o) according to the notation of lemma @, we can write
7(0)" Aip(a) + p(o)' AiT(0)

= p(0)'p(o™")'7(0)" Aip(a) + p(0)' AiT(0)p(0) ™" p(0)

= p(0)' (D5 Ai)p(0) + p(0)' (Ai Do )p(o)

=T(0" )b, (A).
while eq. (@) implies that

(37)

(38) p(0)'Bip(c) — Z)\ij(o’*l)Bj = —T(c" g, 1)(4).

For the above computations recall that for a g X g matrix B, the map g is defined
by
Yp(A;) = A;B + B'A;.
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Combining now eq. (@) and (@) we have that eq. (@) is equivalent to

T(U_l)(’(/}Da(Ai)) ( )’(/}B f] Z:u’lj
(39) (¥p, (Ai) =¥, 11)(A ZT )i (0)A;.

= Z Z 15 (o) X (07 A,

j=1lv=1

On the other hand the action 7" on Aj...., A, is given in terms of the matrix
(As,;) while the right-hand side of eq. (@) (1i,;(071)) (Aij(0)) corresponds to the
derivation DM (5~1) of the p;-representation. Equation (@) is now proved.
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