ON THE LIFTING PROBLEM OF REPRESENTATIONS OF A
METACYCLIC GROUP.

ARISTIDES KONTOGEORGIS AND ALEXIOS TEREZAKIS

ABSTRACT. We give a necessary and sufficient condition for a modular rep-
resentation of a group G = Cph x Cp, in a field of characteristic p > 0 to
be lifted to a representation over local principal ideal domain of characteristic
zero containing the p" roots of unity.

1. INTRODUCTION
The lifting problem for a representation
p: G — GL,(k),

where £ is a field of characteristic p > 0, is about finding a local ring R of char-
acteristic 0, with maximal ideal mpg such that R/mp = k, so that the following
diagram is commutative:

GLn(R)

|

G~ GL, (k)

Equivalently one asks if there is a free R-module V, which is also an R[G]-module
such that V®@prR/mp is the k[G]-module corresponding to our initial representation.
We know that projective k[G]-modules lift to characteristic zero, [16, chap. 15],
but for a general k[G]-module such a lifting is not always possible, for example,
see [10, prop. 15]. This article aims to study the lifting problem for the group
G = C,; x Cy,, where Cy is a cyclic group of order p" and C,, is a cyclic group of
order m, (p,m) = 1, and also gives a necessary and sufficient condition in order
to lift. We assume that the local ring R contains the ¢-th roots of unity and k
is algebraically closed, and we might need to consider a ramified extension of R,
in order to ensure that certain g-roots of unit are distant in the mg-topology, see
remark 36. An example of such a ring R is the ring of Witt vectors W (k)[(,] with
the g-roots of unity adjoined to it.

We notice that a decomposable R[G]-module V' gives rise to a decomposable
R-module modulo mp and also an indecomposable R[G]-module can break in the
reduction modulo mp into a direct sum of indecomposable k[G]-summands. We
also give a classification of k[C; x C),]-modules in terms of Jordan decomposition
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2 A. KONTOGEORGIS AND A. TEREZAKIS

and give the relation with the more usual uniserial description in terms of their
socle [1].

Our interest to this problem comes from the problem of lifting local actions. The
local lifting problem considers the following question: Does there exist an extension
A/W (k), and a representation

p: G = Aut(A[[T])),

such that if ¢ is the reduction of T', then the action of G on A[[T]] reduces to the
action of G on k[[t]]?

If the answer to the above question is positive, then we say that the G-action
lifts to characteristic zero. A group G for which every local G-action on k[[¢]] lifts to
characteristic zero is called a local Oort group for k. Notice that cyclic groups are
always local Oort groups. This result was known as the “Oort conjecture”, which
was recently proved by F. Pop [15] using the work of A. Obus and S. Wewers [14].

There are a lot of obstructions that prevent a local action from lifting to char-
acteristic zero. Probably the most important of these obstructions is the KGB-
obstruction [4]. It is believed that this is the only obstruction for the local lifting
problem, see [11], [12]. In [10, Thm. 3] the authors have given a criterion for the
local lifting, which involves the lifting of a linear representation of the same group.
The case G = C; x C,,, and especially the case of dihedral groups D, = Cy x Cy,
is a problem of current interest in the theory of local liftings, see [12], [6], [18]. For
more details on the local lifting problem we refer to [3], [4], [5], [11].

Keep also in mind that the Cy x Cy, groups were important to the study of
group actions on holomorphic differentials of curves defined over fields of positive
characteristic p, where the group involved has cyclic p-Sylow subgroup, see [2].

Let us now describe the method of proof. For understanding the splitting of
indecomposable R[G]-modules modulo mg, we develop a version of Jordan normal
form in lemma 17 for endomorphisms T : V — V of order p”, where V is a free
module of rank d. We give a way to select this basis, by selecting an initial suitable
element £ € V, see lemma 16. The normal form (as given in eq. (11)) of the
element T of order g, determines the decomposition of the reduction. We show
that for every indecomposable summand V; of V', we can select E as an eigenvalue
of the generator o of C), and then by forcing the relation I'T" = T°T" to hold, we
see how the action of o can be extended recursively to an action of ¢ on V;, this
is done in lemma 25. Proving that this construction gives rise to a well-defined
action is a technical computation and is done in lemmata 27, 28, 29, 33, 34.

The important thing here, is that the definition of the action of o on E is the
“initial condition” of a dynamical system that determines the action of C,, on the
indecomposable summand V;. The R[C;xC,,] indecomposable module V; can break
into a direct sum Vg (€., kK, )-modules 1 < v < s (for a precise definition of them
see definition 9, notice that x; denotes the dimension). The action of o on each
Va(€y, ky) can be uniquely determined by the action of o on an initial basis element
as shown in section 3, again by a “dynamical system” approach, where we need s
initial conditions, one for each V,(e,, k,). The lifting condition essentially means
that the indecomposable summands V,, (¢, k) of the special fibre, should be able
to be rearranged in a suitable way, so that they can be obtained as reductions of
indecomposable R[C,, x Cy,]-modules. The precise expression of our lifting criterion
is given in the following theorem:
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Theorem 1. Consider a k[G]-module M which is decomposed as a direct sum
M =V,(e1,k1) ® - D Vales, ks)-

The module lifts to an R[G]-module if and only if the set {1,...,s} can be written
as a disjoint union of sets I,, 1 <v <t so that
a. Zuel,, kuy < q, foralll <v <t
b. > er, ip = amodm for all 1 <v <t, where a € {0,1}.
¢. For each v, 1 < v <t there is an enumeration o : {1,...,#I,} — I, C
{1, .., s}, such that

o (2) o(s—1)
. .

€r(2) = 60(1)a,€6(1) y€a(3) = 617(2)0/i <3 €o(s) = 60(5_1)C¥K

In the above proposition, each set I, corresponds to a collection of modules

Val(€us k), p € I, which come as the reduction of an indecomposable R[Cy x Cp,]-
module V,, of V.
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2. NOTATION

Let 7 be a generator of the cyclic group C; and o be a generator of the cyclic
group C,,,. The group G is given in terms of generators and relations as follows:

1

G={o7|tT"=1,0m=1,010 1 =7 for some a« € N,1 < a < p" — 1, (a,p) = 1).

The integer « satisfies the following congruence:
(1) a™ =1 modg

. —_ m .
as one sees by computing 7 = ¢"™70”™ = 7% . Also the integer « can be seen as

an element in the finite field F,, and it is a (p — 1)-th root of unity, not necessarily
primitive. In particular the following holds:

Lemma 2. Let (,, € k be a fived primitive m-th root of unity. There is a natural
number ag, 0 < agp < m — 1 such that o = (20.

Proof. The integer « if we see it as an element in k is an element in the finite field
F, C k, therefore a?~! = 1 as an element in F,,. Let ord,(a) be the order of a in F},.
By eq. (1) we have that ord,(a) | p—1 and ord,(«) | m, that is ord,(a) | (p—1,m).

The primitive m-th root of unity (,, generates a finite field F,((,,) = Fpr for
some integer v, which has cyclic multiplicative group F,»\{0} containing both the
cyclic groups () and (a). Since for every divisor § of the order of a cyclic group
C' there is a unique subgroup C’ < C of order ¢ we have that a € ((,,), and the
result follows. O
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Definition 3. For each p' | ¢ we define ordpia to be the smallest natural number
o such that a® = 1 modp*.

It is clear that for v € N
a” = 1modp’ = o = 1 modp’ for all j < i.

Therefore
ordy;a | ordyia for j <.

On the other hand @ € N and a?~! = 1 modp so ordpa | p— 1. Also since

otro~t = 7" we have that o™ = 1 modp”", therefore ord,a | ordyia | ordyner | m,
for 1 <i<h.
Lemma 4. The center Centg (1) = (7,0 %"). Moreover
|Cente(7)| _m
ph ord,n (a)
Proof. The result follows by observing (70?7 (7o)t = 7% for all 1 < v < ¢,
1<t<m. [l

Remark 5. If ord,a = m then ord,ic = m for all 1 <i < h.

Lemma 6. If the group G = Cy x C,, is a subgroup of Aut(k[[t]]), then all orders
ordyia =m/m’, for all 1 <i < h.

Proof. We will use the notation of the book of J.P.Serre on local fields [17]. By
[13, Th.1.1b] we have that the first gap 7o in the lower ramification filtration of the
cyclic group C, satisfies (m,ig) = m/.

The ramification relation [17, prop. 9 p. 69]
by (1) = 05 (%) = 03, (o7 ") = Oo(0)" s (T),

implies that 6p(0)® = a € N. From (m,ip) = m’ and the fact that ordfy(c) = m
we obtain

m .
= ordfy(0)* = ord,(«).

;=

Thus
m m
— = ordyalordyaford,na = —.
m m
Hence all orders ord,ia = m/m’. (]

Remark 7. If the KGB-obstruction vanishes and o # 1, then by [11][prop. 5.9]
i9 = —1 modm and ord,:a = m for all 1 <14 < h.

3. INDECOMPOSABLE Cy x C),, MODULES, MODULAR REPRESENTATION THEORY

In this section we will describe the indecomposable C; x C,,-modules. We will
give two methods in studying them. The first one is needed since it is in accordance
with the method we will give in order to describe indecomposable R[C, x Cy,]-
modules. The second one, using the structure of the socle, is the standard method
of describing k[Cy x C),]-modules in modular representation theory.
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3.1. Linear algebra method. The indecomposable modules for the group C,
are determined by the Jordan normal forms of the generator 7 of the cyclic group
Cq. So for each 1 < K < p" there is exactly one C, indecomposable module of
dimension s denoted by J,. Therefore, we have the following decomposition of an
indecomposable C; x C,,-module M considered as a C;-module.

(2) M=J,® & Jg,.
Lemma 8. In the indecomposable module J,;, for every element E such that
(1 —1d.)" 'E#0

the elements B ={E,(t —1d,)E,..., (T —1d,)* L E} form a basis of J,. such that
the matriz of T with respect to this basis is given by

0 -+ v o 0
1

(3) T=1Ide+ | o
: " 1 0o
o --- 0 1 0

In the above notation 1d, denotes the k X k identity matriz.

Proof. Since the set B has k-elements it is enough to prove that it consists of linear
independent elements. Indeed, consider a linear relation

MNE+M(T—Td)E+ -+ A1 (1 —1d,)" ' E = 0.

By applying (7 — Id,)*~! we obtain \g(7 — Id,)* ' E = 0, which gives us Ao = 0.
We then apply (7 — Id, )2 to the linear relation and by the same argument we
obtain A\; = 0 and we continue this way proving that \y = --- = A,_1 = 0. The
matrix form of 7 with respect to this basis is immediate. O

Equation (2) is a decomposition of an indecomposable Cy x Cp,-module in terms
of indecomposable Cy-modules. If we prove that o acts on each Cg-indecomposable
summand J,;, of eq. (2), then this implies that there is only one indecomposable C,
summand in the decomposition, that is 7 = 1. Since the field k is algebraically closed
and (m,p) = 1 we know that there is a basis of M consisting of eigenvectors of .
Set kK = k1 and E = E;. There is an eigenvector F of o, which is not in the kernel of
(1 —1Id,)""!. Then the elements of the set B = {E, (1 —1d,)E, ..., (t —1d,)* 'E}
are linearly independent and form a direct C; summand of M isomorphic to J,.

We will now show that this module is an k[C, x C,,]-module. For this, we have
to show that the generator o of C), acts on the basis B. Observe that for every
0<i<k—1<ph

ot =17t =(r*=-1)"1o.
This means that the action of 0 on F determines the action of o on all other basis

elements e, := (1 —1)""le, 1 <v < k.
Let us compute:

oeip1 =o(r —1)le= (14 —1)'Ce
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On the basis {eq, ..., e, } the matrix 7 is given by eq. (3) hence using the binomial
formula we compute

T N L
G G4 o G () 1
Thus 7 — 1 is a nilpotent matrix A = (a;;) of the form:

(Z) if j=4— p for some p,1 < p <k

A;, =
Y {0 ifj>i
The f-th power A* = (agf)) of A is then computed by (keep in mind that a;; = 0
for i < j)
¢
az('j) = Z Qiv1 Qo wo Qug,vg " Aoy, j
i<v < <vgo1<j

This means that we need i—j > ¢ in order to have a;; # 0. Moreover for ¢ = j+/
(which is the first non zero diagonal below the main diagonal) we have

¢
« ¢
Qi il = Qg it 10541342 Qi f—1,i46 = 1) = a.

Therefore, the matrix of A¢ is of the following form:

k—¢ ¢
—_—~ —
0 -+ --- 0 0 0
0 0 0 0
(5) af 0

x af

: . -0 :
« - % a0 -0

Definition 9. We will denote by V(A k) the indecomposable k-dimensional G-
module given by the basis elements {(7 — 1)”e,v = 0,...,k — 1}, where ge = (\e.

This definition is close to the notation used in [9].
Lemma 10. The action of o on the basis element e; of Vo (A k) is given by:
) K
(6) oe; =T e + Z ayey,
v=1i+1

for some coefficients a; € k. In particular the matriz of o with respect to the basis
€1,...,6ex is lower triangular.
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Proof. Recall that e; = (7 — 1)*~te;. Therefore
oe;i =o(t—1)"ley = (7% = 1) loe; = (T — 1) ey,
The result follows by eq. (5) U

We have constructed a set of indecomposable modules V, (A, k). Apparently
Va(A, k) can not be isomorphic to Vo (N, k') if k # K/, since they have different
dimensions.

Assume now that k = k’. Can the modules V, (X, k) and V, (X, k) be isomorphic
for A # \'?

The eigenvalues of the prime to p generator o on V, (A, k) are

A A ~14A
oaalh, a0

Similarly the eigenvalues for o when acting on V,, (N, k) are

PSS Y —1 N
o als ..., (.

m m

If the two sets of eigenvalues are different then the modules can not be isomorphic.
But even if A # X modm the two sets of eigenvalues can still be equal. Even in
this case the modules can not be isomorphic.

Lemma 11. The modules V,, (A1, k) and Vo(Aa, k) are isomorphic if and only if
A1 = A2 modm.

Proof. Indeed, the module V, (A1, k) has an element e so that the vectors
(7) e,(T—1)e, (1 —1)%e,...,(r—1)"te

form a basis of V,, (A1, k), so that oe = (e, Let ¢ : Vo(Aa, k) — Vo(A1, k) be an

m
isomorphism. Let ¢/ € V, (A2, %) be an eigenvalue of o with oe’ = (}2¢’ so that

e, (r—1)e,...,(r — 1)F te/ form a basis of Vi, (A2, k). Set Vo (A1,K5) > E = ¢(e).
We now express F in the basis of V,, (A1, k):

k—1
E = Zfl,(r —1)%,
v=0

for some &, € k. Observe that £y # 0. Indeed, since ¢ is an equivariant isomor-
phism, the elements E, (7 — 1)E, ..., (7 — 1)*~! should be a basis of V, (A1, k) and
if & =0, then (r — 1)*1E = 0.

Using eq. (6) we see that o with respect to the basis given in eq. (7) admits the
matrix form:

0 aCﬁ,‘f 0o --- 0
0 e e 0 AT
Therefore,
K—1

(8) o(B) =) &a ¢ (r—1)"

v=0
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and on the other hand o(E) = ()2 E, since ¢ is an equivariant isomorphism, there-
fore
Kk—1
A2
(9) o(B) =) (&i(r—1)e
v=0
By comparing the coefficients of the basis element e in expresions (8), (9) we arrive
at
A A
50( o sz) =0,
and since £y # 0 we have that Ay = A\s modm as desired.
O

3.2. The uniserial description. We will now give an alternative description of
the indecomposable Cy x C,,-modules, which is used in [2].

It is known that Aut(C,) = F} x Q, for some abelian p-group (). The repre-
sentation 9 : Cp,, — Aut(C,) given by the action of C,, on Cy is known to factor
through a character x : Cp, — F5. The order of x divides p—1 and x*~" = x~ =1
is the trivial one dimensional character.

For all i € Z, x* defines a simple k[C,,]-module of k dimension one, which we
will denote by S,:. For 0 < £ < m—1 denote by Sy the simple module where o acts
as ¢f,. Both S, Sy can be seen as k[Cy x C,,]-modules using inflation. Finally for
0 </¢<m—1 we define x*(¢) € {0,1,...,m — 1} such that Syi(ey = Se @ Syi-

There are ¢ -m isomorphism classes of indecomposable k[C, x C,]-modules and
are all uniserial. An indecomposable k[C; x C,,]-module U is unique determined
by its socle, which is the kernel of the action of 7 — 1 on U, and its k-dimension.
For 0 <{¢{<m-—1and 1l < p <gq,let Uy, be the indecomposable k[C; x Cy,]
module with socle S, and k-dimension p. Then Uy, is uniserial and its ;4 ascending
composition factors are the first p composition factors of the sequence

Sty Sx=1(0)s Sx=2(0)1 - - - » Sy~ =2 () S, Sx=1(0)s Sx=2(8)s - - - » Oy~ (>=2) (8-
Lemma 12. There is the following relation between the two different notations for
indecomposable modules:

Va()‘v K) = U()\Jrao(nfl))modm,n%
recall that o = (0. In particular, for the case of dihedral groups D, we have the
relation
Voz(>\, "3) = U)\+n—lm0d2,l~c~
Proof. Indeed, in the V,, (A, k) notation we describe the action of o on the generator

e, by assuming that ce = ()e. We can then describe the action on every basis
element e; = (7 — 1)"~le, using the group relations

i—le _ (Ta _ 1)1’—10_6 _ C)\ (Ta _ 1)1‘—16

oe;=0o(r—1)
We will use eq. (10) and in particular
oe, = a" 1),

In the U, , notation, p is the action on the one-dimensional socle which is the
T-invariant element e, = (7 — 1)*"le, i.e. o(e,) = ¢¥. Putting all this together we
have

uw=A+ (k—1)ag modm.
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In the case of dihedral group D4, m = 2 and a = —1%, i.e. a9 = 1, we have
Va(>\; H) = U)\—&-K—lmon,n- O

Remark 13. The condition ord,: o = m for all 1 <14 < h, is equivalent to requiring
that ; : Cp, — Aut(Cp) is faithful for all i.

4. LIFTING OF REPRESENTATIONS

Proposition 14. Let G = C; x C,. Assume that for all 1 <i < h, ordy,io = m.
If the k|G)-module V lifts to an R[G]-module V, where K = Quot(R) is a field of
characterstic zero, then

m | (dim(V @ K) —dimV @ K)9).
Let T : V. — V be a lift of the generator T of Cq and S : V. — V is a lift of the
generator o of Cy, satisfying
S =1,T9=1,8TS~ ! =T
If V(Cg‘i"”") is the eigenspace of the eigenvalue Cg‘i"‘ of T acting on V', then
dim V(¢F) = dim V(¢2F) = dim V/(¢™F) = - = dim V(2™ "),

Proof. Consider a lifting V' of V. The generator 7 of the cyclic part Cj; has eigen-
values A1, ..., \s which are p"-roots of unity. Let {, be a primitive g-root of unity.
Consider any eigenvalue A # 1. It is of the form A = (7 for some k € N,q{ x. If £
is an eigenvector of T corresponding to A, that is TE = (7 E then

TS'E=S'T"E=("S'E

and we have a series of eigenvectors £, S™'E, S™2FE, --- with corresponding eigen-
2 o—
values (g, (g%, (7% -0, (g 1, where 0 = ord, (4, . Indeed, the integer o satisfies

the relation
q

(¢,%)

Using lemma 6 we obtain o = m. Therefore the eigenvalues A # 1 form orbits of
size m, while the eigenspace of the eigenvalue 1 is just the invariant space V& and
the result follows. O

ko’ = k modg = a° = 1 mod

5. INDECOMPOSABLE Cq X Cy, MODULES, INTEGRAL REPRESENTATION THEORY

From now on V' is a free R-module, where R is an integral local principal ideal
domain with maximal ideal mg, R has characteristic zero and R contains all ¢g-th
roots of unity. Let K = Quot(R).

The indecomposable modules for a cyclic group both in the ordinary and in the
modular case are described by writing down the Jordan normal form of a generator
of the cyclic group. Since in integral representation theory there are infinitely many
non-isomorphic indecomposable C;-modules for ¢ = p, h > 3, one is not expecting
to have a theory of Jordan normal forms even if one works over complete local
principal ideal domains [7], [8].

Lemma 15. Let T be an element of order ¢ = p" in End(V). The minimal
polynomial of T has simple eigenvalues and T is diagonalizable when seen as an

element in End(V @ K).
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Proof. Since T? = Idy, the minimal polynomial of T' divides x? — 1, which has
simple roots over a field of characteristic zero. This ensures that T' € End(V ® K)
is diagonalizable. O

Lemma 16. Let f(x) = (x — \1)(z — A2) - - - (x — A\g) be the minimal polynomial of
T on V. There is an element E € V', such that

E (T — MIdy)E, (T — XoIdy (T — MIdV)E, ..., (T — Ag—11dy) - - - (T — M Idy)E
are linear independent elements in V ® K.

Proof. Consider the endomorphisms for i =1,...,d

d
I = [[(T - Addy).
v=1

v#£i

In the above product notice that T' — A\;Idy, T' — A;Idy are commuting endomor-
phisms. Since the minimal polynomial of T" has degree d all R-modules Kerll; are
proper subsets of V. Since V can not be a finite union of proper submodules
there is an element E€ V such that E ¢ Ker(Il;) for all 1 < ¢ < d. Consider a
relation

d Iz

(10) > (@ = Auldy)E,

where HSZO(T — M Idy)E = E. We fist apply the operator HiZQ(T — A JIdy) to
eq. (10) and we obtain

0="ILE,

and by the selection of E we have that v = 0. We now apply Hg:g(T - AJddy)
to eq. (10). We obtain that

d

0= J[(T = \Idv)(T - MIdy) = I E,
v=3

and by the selection of E we have that v; = 0. We now apply Hg:4(T - A JIdy)
to eq. (10) and we obtain

d
0= Y2 H(T — )\,,Idv)(T — )\QIdv)(T — AlIdv)E = ’72H3E

v=4

and by the selection of E we obtain 3 = 0. Continuing this way we finally arrive
atvo=m=--="7%-1=0. O

Lemma 17. Let V be a free R-module of rank d acted on by an automorphism
T :V — V of order p". Assume that the minimal polynomial of T is of degree d
and has roots Ai,...,Aq. Then T = (t;;) can be written as a matriz with respect to
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the basis as follows:

A0 0
aq )\2
(]‘1) 0 as /\3
. - 0
0 0 Aq—1 )\d
i.e.
Ai ifi=y
(12) tij = aj ifi:j+1
0 otherwise

Proof. By lemma 16 the elements
E (T — MIdy)E, (T — XoIdy ) (T — MUdV)E, ..., (T — Ag—11dy) - - - (T — M 1dy)E

form a free submodule of V' of rank d. The theory of submodules of principal ideal
domains, there is a basis E1, Fo, ..., Ey of the free module V' such that

(13) E, =E,
a1E2 = (T — AlIdv)Eh
ClQEg = (T — )\Qldv)Eg,

ag—1Eq = (T — Mg—11ldy)Eq_;.

Let us consider the module V; = (Ey,...,Eq) C V. By construction, the map
T restricts to an automorphism V; — V; that has the desired matrix form with
respect to the basis E1,..., E;. We then consider the free module V/V; and we
repeat the procedure for the minimal polynomial of T', which again acts on V/Vj.
The desired result follows. O

Remark 18. The element T as defined in eq. (11) has order equal to the higher
order of the eigenvalues \1,..., Ay involved. Indeed, since we have assumed that
the eigenvalues are different the matrix is diagonalizable in Quot(R) and has order
equal to the maximal order of the eigenvalues involved. In particular it has order ¢
if there is at least one A; that is a primitive g-root of unity. The statement about
the order of T is not necessarily true if some of the eigenvalues are the same. For

1
instance the matrix (1 (1)) has infinite order over a field of characteristic zero.

Remark 19. The number of indecomposable R[T]-summands of V is given by
#{i:a; =0} + 1.

A lift of a sum of indecomposable kCy-modules J,., @ --- & J,;, can form an
indecomposable RC,-module. For example, the indecomposable module where the
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generator 1" of Cy has the form

M 0 o o0
ai  As :
T= 0 a9 )\3
: . . . 0
0 0 Aq—1 >\d
where a1 =+ =ax,—1 =1, Gy EMR, Ary41,- -5 Qrotrr—1 = 1, Qrptn, € MR, €tC

reduces to a decomposable direct sum of Jordan normal forms of sizes k1, ko, . . ..
Remark 20. It is an interesting question to classify these matrices up to conju-
gation with a matrix in GL4(R). It seems that the valuation of elements a; should

also play a role.

Definition 21. Let h;(x1,...,x;) be the complete symmetric polynomial of degree
i in the variables 1, ...,z;. For instance

3.2 2 2 2.3, .2 2.3
hs(x1, T2, x3) = o] + 2722 + T7T3 + 125 + 12203 + 2125 + T5 + X503 + Toxs + 5.
Set

L("£7j7 V) = hﬁ()‘j7)\j+la .. 'a)‘j+l/)

A(l ) ) Qi1 Qi if >0
7770 ifj<0

Lemma 22. The matriz T = (tg?)) is given by the following formula:

A ifi=j
89 =S AGyi—j—1) Lla—(i—j).jii—j) ifj<i
0 ifj>i

Proof. For j > i the proof is trivial. When j < i and a = 1 it is immediate, since
L(x,-,-) =0, for every « < 0. Assume this holds for « = n. Set a =n+ 1, we
consider first the case j + 1 < ¢, using eq. (12)

Y Zt by = ME™ + agtl™ = N AG, = — 1)L — (i — §), i — j)+

+%AU+1J—j—%M —(i—j-1,j+Li-j—-1)=

= A(j,i -7 — 1) ()\jhnf(ifj ( e A ) + Ay, (i— j)+1()\j+17 .. -7)\1’)) =
= A0 —§ — Dhpi—jy+1(Aj, .-, N) =
:A(],Z—]—1)L(7’L—(Z—j)+1,l,l—j)
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If 5+ 1 = ¢ then we compute

ty =t 0 = Mt + et
k=1
= NjAG i = j = DL(n— (i = j).5.i = 3) + ;AP 4,
= NAG0)L(n —1,5,1) + ;A7) o4y
= A(J,0) (Ajhn-1(Aj, Ajs1) + ha(Aj41)
= A4, 0)hn(Aj, Aj41)
= A(jyi—j—1)L(n— (i —j) + 14,0 — 5).
O

Remark 23. The space of homogeneous polynomials of degree ¢ in n-variables has
dimension (";i‘fc) Since all g-roots of unity are reduced to 1 modulo mp the quan-
tity L(ac— (i —3),4,i—j) is reduced to the number of terms in ho_;—j(Aj, ..., Ai),
which is equal to dimension of homogeneous polynomials of degree ¢ = « — (i — j)
inn = (i—j)+ 1 variables, that is
n—1+c «
La—(i—3),7,i—J) = =(. ) modmg.
@ Gi=di=i= (" 1) = (2 ) modmn

This computation is compatible with the computation of 7 given in eq. (4).

Recall that we have defined in proposition 14 the element S : V' — V to be a lift
of the element o generating C,,.

Lemma 24. There is an eigenvector E of the lift S, which is a generator of the
S

cyclic group Cy,, so that E is not an element in U Ker(Il; ® K).
i=1

Proof. The eigenvectors F1,...,Ey of S form a basis of the space V ® K. By
multiplying by certain elements in R, if necessary, we can assume that all E; are in
V and their reductions F; ® R/mpg, 1 < i < d give rise to a basis of eigenvectors of
a generator of the cyclic group Cy, acting on V ® R/mpg. If every eigenvector E; is
an element of some Ker(Il,) for 1 < i < d, then their reductions will be elements
in Ker(T — 1)4~!, a contradiction since the later kernel has dimension < d. g

Lemma 25. Let V be a free Cq x Cy,-module, which is indecomposable as a Cq-
module. Consider the basis given in lemma 17. Then the value of S(E1) determines
S(E;) for2<i<d.

Proof. Let S:V — V be a generator of the cyclic group C,,. We will use the
notation of lemma 16. We use lemma 24 in order to select a suitable eigenvector
of Fy of S and then form the basis E1, Fa,...,E4 as given in eq. (13). We can
compute the action of S on all basis elements F; by

(14) S(ai,lEi) = S(T - )\iflIdv)Eifl = (Ta - )\iflIdv)S(Eifl).

This means that one can define recursively the action of S on all elements F;.
Indeed, assume that

d
S(Ezel) = Z 'Yu,iflEu-
v=1
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‘We now have

12214

d
(T* = Xialdy)E, = Yt E, — X\ 1B,
pn=1

d
=(\S = N)E, A+ Y tOE,.
p=v+1

‘We combine all the above to

d
ai—1S(Ei)=Z’Yu,i—1()\ff— i-1)E, +Z’7uz 1 Z t(a)EM
v=1

p=v+1
d
(15) => AwiE
v=1

for a selection of elements 7, ; € R, which can be explicitly computed by collecting
the coefficients of the basis elements F1q, ..., Fy.

Observe that the quantity on the right hand side of eq. (15) must be divisible
by a;_1. Indeed, let v be the valuation of the local principal ideal domain R. Set

€0 = 1I<mgd{ (’Yv i)}

If eg < v(a;—1), then we divide eq. (15) by 7°, where 7 is the local uniformizer of
R, that is mp = mR. We then consider the divided equation modulo mp to obtain
a linear dependence relation among the elements F; ® k, which is a contradiction.
Therefore eg > v(a;—1) and we obtain an equation

Ei: “E, —Z%Z

|
For example S(F;) = ¢, F1. We compute that
alS(EQ) = (Ta — AlId)S(El)
and
0 =) ff‘%
S(EQ) = Cp,El + Cm Z N
d
Af AL, p—2)La— (p—1),1,p—1
:(1a )C€E1+mz (Lp=2)Lla—=(p=1),1p )Eu
1 ;) ai
AT — a1ag - ay_1hg_ AL, Ao, A
:( - )<€E1+C Z 142- p—1 (21(1 2 ,u,)E,u.
p=2 !
Proposition 26. Assume that no element ay,...,aq—1 given in eq. (11) is zero.

Given o € N,a > 1 and an element Ey, which is not an element in U?:l Ker(IL; ®
K). If there is a matriz T’ = (7; ;), such that TTT™1 =T and TE, = (5, E, then
this matriz T' is unique.
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Proof. We will use the idea leading to equation (14) replacing S with I'. We will
compute recursively and uniquely the entries v, ;, arriving at the explicit formula
of eq. (21).

Observe that trivially 7,1 = 0 for all ¥ < 1 since we only allow 1 < v < d. We
compute

(16)

ﬁ'lh = Vui— 1( - z 1 +Z'7uz lt(a)

p—1

= Ypi—1 (A — Aim1) + Z%ﬂ‘—lA(VaM —v=1)L(a—(p—v),v,p—v)
v=1
p—1

= Yu,i— 1()\ _/\z 1 +Zr>/uz 1ayay 41 * au—lhoz—u—&-l/()\l/aAu-i-lv'--aAM)-
v=1

Define

=1
J
@ = [ a
r=1

for ¢ < j. If i > j then both of the above quantities are defined to be equal to 1.
Observe that for p =1 eq. (16) becomes

1
(17) Y, = 771,1'—1()\'11 —Xi—1)

i—1

and we arrive at (assuming that I'(Ey) = (5, E1)

i—1
G o 3y G
(18) = IO =) = =

a1a2 - Qi1 - T Qi1

S = Al

For p1 > 2 we have 7,1 = 0, since by assumption I'E; = (f, E1. Therefore eq. (16)
gives us

j—2 1 1
N e altth A A
Vi = Z BT Z Viszyie1—rs | a—ptps(Apzs - s Aw)

k1=0 [a’]z 1—k1 po=1

pn—1 7—2 [)\a o A$]l:—1
(19) = Z [a]z;lh@—lrf‘lw ()\Mza RN} )\M) Z %7”271'—1—51'
},L2:1 51:0 [ ]’L‘*l*l{l

We will now prove eq. (19) by induction on ¢, using equation (16). For i =2, > 2

1
T2 = *'Yu 1()‘ , )‘1 + — Z 7#27 1h0¢*N+M2<)‘M2’ .- ")‘M>
#2 1

1

;l[a]f_lha—ﬂ+1(Al’ e ALY
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Assume now that eq. (19) holds for computing 7, ;—1. We will treat the v, ; case.
Using eq. (16)

(A% = A1) 1= 1
Vi = Vyi—1 + Z 7#27i—1[a]u2 hoa—ptps (/\#27 ceey )‘u)
ai—1 Gi-1 =
-1 i—3 i—2
(A% = Xic1) K _ A — A )i72
= E . - Z [amz 1ha7u+u2 ()\H27 LR )‘M) Z %7;42,1’727&1
di-1 fa—1 r1=0 lali=5_ .,
p—1
+ a1 Z 7H27i—1[a‘]ﬁ;1ha—u+uz ()‘sz ) Au)
‘ po=1
p—1 1—3 [)\a _ )\ ]i*l
— T]i—1—
= [G]ZQ lhaf,qulm ()\#27 ey )\,u) Z £ i—1 : - ’7#2,1'727:11
pa=1 =0 laliTa g,
1 p—1
+ o Z ’Yuzﬂ'—l[a]ﬁz_lh(x—u-&-uz()‘uza ) /\u)
il p2=1
pn—1 1—2 [}\a _ )\ }i*l
— XT)g—
- [a]ﬁg 1ha—u+uz (/\uz’ ) )‘u) Z %’Yﬂmi—l—m
po=1 r1—1 [a]iflfm
p—1 1
+ [a]ﬁglhafu+u2(>‘uzv SRR )‘M)T’Yuz,ifl
pa=1 7—1
pn—1 i—2 [)\a Y }z’—l
— X g —
= [a]ﬁz 1h0¢—/t+ﬂ2 (Auw ce )‘u) Z %'ﬂtz,i—l—nl
po=1 k1=0 ;=i

and equation (19) is now proved.

We proceed recursively applying eq. (19) to each of the summands ¥, i—1—x,
if pgo > 1and 4 — 1 — Ky > 1. If po =1, then v, ;—1-, is computed by eq. (17)
and if 1o > 1 and ¢ — 1 — k1 < 1 then 7y,, i—1—x, = 0. We can classify all iterations
needed by the set ¥, of sequences (us, fts—1, - .., i3, p2) such that

(20) L= prg < prs—1 <o < pg < pg < pp=pua.
For example for u = 5 the set of such sequences is given by

Eu = {(1)5 (17 2)7 (15 3)7 (17 2, 3)7 (17 4)a (17 2, 4)a (17 3, 4)a (1, 2,3, 4)}
corresponding to the tree of iterations given in figure 1. The length of the sequence
(tsy fes—1, - -, fi2) is given in eq. (20) is s — 1. In each iteration in the sum of eq.
(19) the ¢ changes to i — 1 — k thus we have the following sequence of indices
il =7 — iQ = ’L.—].—Iil — i3 = ’i—2—(l€1+l€2) — e — is = i—(S—l)—(/€1+' . '+I{S,1)
For the sequence i1, 19, ..., we might have iy = 1 for ¢ < s — 1. But in this case,

we will arrive at the element v,, ;, = Yu,,1 = 0 since p; > 1. This means that we
will have to consider only selections k1, ..., ks_1 such that is_; > 1. Therefore we
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=25
p2 =1 2 =2 2 =3 p2 =4
bs =1 TN
u3 =1 pz=2
‘1
pa = p3 =1 H3 =2 3 =3
I
pg =1 /\

FIGURE 1. Iteration tree for u =5

arrive at the following expression for p > 2

Vi = Y, lali a2t [all HHha ot N+ M)
(Bsseenpb2)EX, v=2
s—1 )\a _ ]i,,fl

.
Z H 122% [ }va_zl,,ﬂﬂ i

1=11>i9>-->ig>1v=1 Ty41

(19)
= Z H h(y—u,,,l-‘,-uu()\'uy,...7)\“‘"71)
(Bsyeespb2) €Sy V=2
y ook ]:[ 1t 3
Zy+1+1 is—1
i=i1>i9>>i,2>1 [a [ [a]l

(21)

= Z Hha—,uu—l-i-#u (/\#u’ ) )‘#V—l) [[C;]]z 1 CG Z H o

(Hsseeespt2) €Sy v=2 i=1i1>09> >, >1v=1

where i,41 +1 = 1 that is 9,494 = 0.  Since v, ; are uniquelly determined the
uniquenss of I" follows. O

We will now prove that the matrix I' of lemma 26 exists by cheking that I'T" =
T°T. Set (au,:) =TT, (by,:) =T°T. For i < d we have

= Z Vuwtvi = Yusitii + Vpir1tivt,i

16)
(_ Tu, i+ ’YM, + Z Yo, zt(a)

p—1

= ’}/MviA;o,: + Z ryV 1t(a Z tu V’YV i = ’i'
v=1

z,,—l
lu+1+1
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For 1 = d we have:

d
Qpd = E Vuwtv,d = Vu,dtd,d = Vu,dAd

v=1

while, recall lemma 22,

d p—1
bu,a = Z tELa,l)/’YV,d = Z tﬁ)ﬁu,d + Aﬁ'}ﬂu,d'
v=1 v=1

This gives us the relation

p—1
(22) Ad = A Va = Y70
v=1
For pn =1 using eq. (18) we have
Y1,dAd = 11,40 = AT — A ]f = 0.

This relation is satisfied if A{ is one of {A1,..., A\g}. Without loss of generality we
assume that

(23) Ao — )\1'_;,_1 1fm’(z
¢ >\i7m+1 if m | )

We have the following conditions:

(Ad = A)v2.a = t(2?£1)’71,d

2

3 A — A\ )yga =t L)
(Aa 3)V3.d =131 V1.d t 132724
4

(Aa = A)vaa = tﬁ)’h,d + tz(fz)’h,d + tz(f?,)’Y?u,d

T T E
Il

p=d—=1 (Aa—Ag_1)Vd-1,4= t((ioi)l,ﬁl,d + t((ia—)1,2’72,d tot tfioi)l,d—Q'Yd—Ld'

All these equations are true provided that

(24) ’)/17(1, . 7'Yd—2,d = 0
Finally, for u = d, we have

d—1
(25) (Aa = Ad)yd.a = Z t((ﬁ,)%,d,

v=1

which is true provided that (Ag—A§)va,d = t((i?()iflryd_Ld' In lemma 29 we will prove
that eq. (24) holds and eq. (25) will be proved in lemma 34.
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Lemma 27. For n > 2 the vertical sum S, of the products of every line of the
following array

Y
1 1 (x1 —x2) (21 —x3) (1 — 2p)
2 (z—x1) 1 (1 — x3) (1 — 2p)
3 (z—x1) (2—1z2) 1 :

n—1|(z—xz1) (z2—1z2) (z — Zp_2) 1 (21 —xn)
n | (z—x1) (2—x2) (z—2p—2) (2—xp_1) 1

is given by
Sp = H (1 —x) || (z—2u) = (2 —x2) - (2 — zp).
y=1v=y+1 p=1

In particular when z = x,, the sum is zero.

Proof. We will prove the lemma by induction. For n = 2 we have Sy = (21 — x2) +
(z—x1) = z—x9. Assume that the equality holds for n. The sum S,, ;1 corresponds
to the array:

)

1 1 (r1 —x2) (21 — x3) e (r1 —xn) (1 — Tny1)

2 (z —x1) 1 (1 — x3) e (r1 —xp) (1 — Tpy1)

3 (z—z1) (2—22) 1 : :
n—1|(z=z1) - (2—2ns) 1 (01— 22) (21— 2nsr)

n (z—x1) (2—1z2) (z —xp-1) 1 (1 — Tpt1)
n+1l|(z—xz1) (2—1z2) (z—2p_1) (2—2p) 1

We have by definition S,+1 = Sp (21 — 2pt1) + (2 — 21)(2 — 22) - - (2 — @), which
by induction gives
Spt1 = (2 —x2) (2 = zn) (@1 — Tnt1) + (2 —21)(2 — 22) -~ (2 — zn)
=(z—29) (z—ap)(T1 —Tpy1 +2—21)

and gives the desired result. O

Lemma 28. Consider A <1 < L < B. The quantity
Yo Pa=Add Do = Al
1<y<L
is equal to
[)\a - )\x]lL - P\b - )\z]lL

) VRS U Lut R 5 VAP W £
[ }A [ b }L‘Fl (>\a_>\b)

Proof. We write

D D [/ P D W
1<y<L
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= [/\a - /\1]54_1 : [)‘b - /\x}f-i-l ’ Z [)‘a - )\w]?_l ’ [/\b - )\x]gf-&-l
I<Sy<L

The last sum can be read as the vertical sum S of the products of every line in the
following array:

y
l L (= A1) (Mo — Aig2) e (Ap = Az—1) (A — AL)

L+ 1|(Aa—N) 1 (Ao — Aiy2) N (Ao = Ar—1) (A — L)
I4+2|(Aa — X)) (Aa — Nit1) 1 : :

Lo20w - M) A1) o 1 (u=A) (= Ar)

LU0 =N —Nx1) o Qa=Ara) 1 (w—Ap)
L (>\a - >\l)()\a - )\l+1) o (>\a - >\L72) ()\a - )\Lfl) 1

If I = b, then lemma 27 implies that S = [\, — )‘W]lirl' Furthermore, if L = a then
S =0.

The quantity S cannot be directly computed using lemma 27, if [ # b. We
proceed by forming the array:

y

b T Ow—et) o w—n) T w— )
I= 1= Ny) - L e—n) - : (o — Az)

e =X) o Qa—Amn)) 1T (A= M) (Vo — Aig2) e (Mo —A—1) (A — AL)
L+1Aa =) o (o= A-1)[(Ma = A) 1 M =Ag2) 0 = Arm) (e —Ar)
I+210a=X) - e =X D)a = X)) O — Nit1) 1 : :
Lo20u—2) o Cum A~ A= A) e IR VIR T R )
L—1(Aa —Np) e Mo = X-)|(Ma = A)Aa = Ng1) - (Aa—Ar—2) 1 (A —Az)

L ida=2) - Qa=2-)Qa = 2)Qa—Xg1) - Aa—Ar2)Aa—Az1) 1

The value of this array is computed using lemma 27 to be equal to [Ag — Az]§,,. We
observe that the sum of the products of the top left array can be computed using
lemma 27, while the sum of the products of the lower right array is S.

Mo = Aalb ™ S+ Pa = Aaliid - o = el = Ao — Aalfiy
we arrive at
[)‘a - )‘m]éils = [)‘a - )‘w];—ll ([)‘a - )‘I]ZL - [>‘b - )‘x]lL)

or equivalently
(Ao — M) =S =a = AJF — o — Na)F

Lemma 29. For all1 < p <d—2 we have v,,q4 = 0.

Proof. Let 1 = pp > pa > -+ > ps = 1 € ¥, be a selection of iterations and
d=1 >iy> - >1i3 > 1>1is:1 = 0 be the sequence of i’s. Using eq. (23) we
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see that the quantity [Af — )\x]ﬁ:: 41 7 0 if and only if one of the following two
inequalities hold:

(26) either ipt1 >y — mf(py)
(27) or iy <t +2—mf(u),
where
1 ifm|z
J@) = {O ifmitx

We will denote the above two inequalities by (26),,(27), when applied for the
integer v. Assume that for all 1 < v < s one of the two inequalities (26),,(27),
hold, that is [\ — )\m];:ZJjH # 0. Inequality (26)s can not hold for v = s since it
gives us 0 = 4541 > 1 = s, we have m {1 = .

We will keep the sequence fi : g > po > -+ - > ps fixed and we will sum over all
possible selections of sequences of i1 > ---i; > i5,41 = 0, that is we will show that
the sum

(28) Tui= Z H[)\ij Ly A
i=i1>ip> >0, >1 v=1
is zero, which will show that v, 4 = 0 using eq. (21).
Observe now that if (27), holds and m { p,, p,—1, then (27),-1 also holds.
Indeed the combination of (27), and (26),_1 gives the impossible inequality

(27), . (26)]_/—1
Lo +2 > 4, > 1.

Assume now that m | v and (27), holds, then (27),_; also holds. Indeed the
combination of (27), and (26),_; gives us

@7, (26),_1
Uy +2—m > i, > py—1 —mf(gy—1)-

If m t py—1, then the above inequality is impossible since it implies that
MV+2_m>,U/1171 > -

If m | py—1, then the inequality is also impossible since it implies that p, + 2 >
iy_1 so if we write p,_1 = k'm and p, = km, k, k' € N, ¥ > k, we arrive at
2 > (k' — k)m > m. This proves the following

Lemma 30. The inequality (26),_1 might be correct only in cases where m | p,—1,
mA .

Assume that for all v inequality (27) holds. Then for v = 1 it gives us (recall
that up < d—2)

(29) p+2<d=1i <p +2-—mf(u)=p+2—mf(u),

which is impossible. Therefore either there are v such that none of the two inequal-
ities (26),, (27), hold (in this case the contribution to the sum is zero) or there are
cases where (26) holds.

The summands appearing in eq. (28) can be non-zero, for example the sequence
w1 =m > o =1 with io =2 < 43 = d, s = 2 give the contribution

X, = AT, = Al = DS = DG — A = O = Al - Al
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while for i35 = 1 < i; = d it gives the contribution
jo—1 d—1 0 d-1 d-1

[)‘32 - )‘1]112 [)‘31 - )‘w]z‘2+1 = [)‘(11 - /\w]l[)‘% - )‘I]Q = [)‘1 - /\I]Q :
It is clear that these non-zero contributions cancel out when added.
Lemma 31. Assume that m | piy,—1 and m{ py,, where (27),, and (26),,—1 hold.
Then, we can eliminate p,,—1 and i,, from both selections of the sequence of p’s
and i’s, i.e. we can form the sequence of length s — 1
Ps—1 = s < flg—2 = ps—1 < " < flyg—1 = Py < fyg—2 = Prg—2 < -+ < [l = 1.
and the corresponding sequence of equal length

gs—l = Z‘s < gs—Z = Z‘s—l <0< El/o = iug—i—l < g1/()71 - /L'l/()fl < < g1 = il = d;

so that

S

@ 1, —1 o @ i, —1
Pao= D, TIG - Al =60 >0 T W -Adi
11> >0 V=1 1> >0 u#yuzol—l
where (%) is a non zero element.
Proof. (of lemma 31) We are in the case m | y,,—1 and m { u,,, where (27),, and
(26),,—1 hold,

(26),,_1 (20,
(30) Poo—1 — M <y, <y, +2,

or equivalently
Ho ::,uuo—l_m+1 Siuo S,ul/o +1
For 4,,41 the inequality (26),, iyy+1 > fiv, —mf (1, ) can not hold, since it implies

) 27y .
Togtl <tyy < Moy +2<ipgy1 +2.

Observe that also
iuo+1 +1 S iyo S 751/071 - L
Set | = max{po, tyy+1 + 1} and L = min{y,, + 1,4,y—1 — 1}. Then y = i,,, satisfies
I<y<L.
By lemma 28 the quantity
-1 tg_1—1
Z [)‘uuo-‘rl - )‘x]?VOHJrl ’ P‘Ho - )‘x]yill
I<y<L
equals to

ivg-1—1 g1 = Aall = o — Aal
A\ B /\z l._l N — /\m vog—1—1 . Hug Ho
[ Hug+1 ]zu0+1+1 [ Ko ]L+1 (/\MVO'H — )‘Mo)

(31)
Tyq—1—1 _ Tyq—1—1
[)‘Muo-i-l - )‘1]1'[;,0+1+1 : P‘Mo - )‘I]Lg-ll - [)‘Muo-‘rl - /\$]é,,01+1+1 : [)‘Mo - /\I]l o
(Mg t1 = Auo) '

Case Al [l = g > iyy41 + 1. Then [A,, — /\x]lL =0.
Case A2 [ =1i,,41+ 1> po. We set z :=4,,41, which is bounded by eq. (27),,11
that is

Case A2 (27)u0+1
o <z < 4+ L
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Notice that in this case m { pyo+1. If m | piy,+1, then since we have assumed that
inequality (27),,+1 holds we have
(Case A2) (27)vg+1
Hoo—1—m=po—1 < dyoqp1 < fyyp1 +2—m,

which implies that p,,—1 < fyy+1 + 2, a contradiction. Thus for [ = 2z + 1 we

compute
2 : a tug+1—1 L _
[)\#uo+1 B Am]iuo+2+1 ’ [A“O - )\z]l -
po<z<pyg4+1t+1
_ z—1 L _
- E [)‘uyo+1+1 - AI]iVU+2+1 : [)‘uo - >‘€L’]z+1 -
Ho<z<pyp4+1+1

vo+1+1 vot+1+1

_ (*) ) [A/"u0+1+1 - An?]ﬁ()(ﬂr - P‘lto - )‘m]lljo(J+ -0
/\Mu0+1+1 - )‘/J«o-‘rl

Case B1 L = ju,, + 1 <'iy,—1 — 1. In this case [\, 11— X/ = 0.

Case B2 L =4,,_1 — 1 < i, + 1. In this case eq. (31) is reduced to

iyg—1—1
P‘uuo+1 - )‘w}i,,g+i+1

(/\/LVO-H - Auo)
This means that we have erased the p,,—1 from the product and we have

Yo II —xdiia=0 >0 IT P =i

i1 >, v=1 >e>i, | =L

where (%) is a non zero element. This procedure gives us that the original quantity

a 7l o _ yiwe-1-1
[)\Huo Ax]iu0+1+1 [Al"yo—l )\z]iuo +1
after summing over i,, becomes the quantity
X, = Ao = 8, — Al
g Tliyg+1+1 Hug—1 Elig+1 0

that is we have eliminated the p,,—1 and ¢, from both selections of the sequence
of p’s and i’s, i.e. we have the sequence of length s — 1

Ps—1 = s < flg—2 = ps—1 < - - < fyg—1 = fyy < Hyg—2 = Ppg—2 < -+ < 1 = 1.
and the corresponding sequence of equal length
o1 =g < lgoo = Gg—1 < v <y = Gygt1 < b1 = lyg_1 <+ <11 =iy =d,

O

Remark 32. One should be careful here since i,,—1 = iyy—1 > iy, > Gy = lvg+1,
SO @y,—1 > %y, + 1. This means that the new sequence of is_1 > --- > iy satisfies a
stronger inequality in the 1 position, unless vy —1 = d in the computation of 4 4.

Consider the set s,s — 1,...,19 such that m 1 p, for s > v > vy and assume
that m | py,—1 and (27),, and (26),,-1 hold. We apply lemma 31 and we obtain
a new sequence of u’s with ,,—1 removed, provided that vy —1 > 1. We continue
this way and in the sequence of p’s we eliminate all possible inequalities like (30)
obtaining a series of p which involves only inequalities of type (27). But this is not
possible if p < d — 2, according to equation (29). This proves that all v, q = 0 for
1 <pu <d-2, and completes the proof of lemma 29. (]
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Lemma 33. If uo # d — 1, then the contribution of the corresponding summand
Lpi to vq,q is zero.

Proof. We are in the case 4 = d = 7. We begin the procedure of eliminating all
sequences of inequalities of the form (23),,, (22),,-1, where m | vy —1, m { v, using
lemma 31. For v = 1 inequality (27); can not hold since it implies the impossible
inequality d = i1 < d + 2 — m. Therefore, (26); holds, that is i > d — m. On the
other hand we can assume that (27)2 holds by the elimination process, so we have
(26)1 . (27)
d—m < iy < pa+2.
Following the analysis of the proof of lemma 29 we see that the contribution to vg,4
is non zero if case B2 holds, that is (9 = 2 in this case) d —1 = iy,—1 — 1 < po + 1,
obtaining that uo, =d — 1. (]

Lemma 34. Equation (25) holds, that is

d—1
(A = AD)Vaa = D t5Na =t a1
v=1
Proof. We will use the procedure of the proof of lemma 31. We recall that for
each fixed sequence of us > -+ > u; we summed over all possible sequences i; >
- > igy1 = 0. In the final step the inequality (30) appears, for vy = 2, and
o =2 =d—1and v9 —1=1and p,,—1 = p = d, that is:
(26),  (27),
0=tiygm1—m < Gy, < My, +2=d+1
As in the proof of lemma 31 we sum over y = i,, and the result is either zero in case
B1 or in the B2 case, where p,, = o =d—1and po = ptyy—1 —m+1=d—m+1,
the contribution is computed to be equal to
tyg—1—1 _
[ g,,0+1 - I]iug+1+1 _ [)‘3 _Ax]zdy,-{—ll
(/\uu0+1 - >‘/Io) Ad — /\g
The last f,,—1 = p1 = d is eliminated in the above expression. This means that
for a fixed sequence p1 > ... > pg the contribution of the inner sum in eq. (28) is
given by

1 u »
Ad— A§ . ) Z _ H[/\lozu - )‘x];:+11+1'
d—1=ig>iz>-->i,>1v=2
Observe that py = d does not appear in this expression and this expression corre-
sponds to the sequence fiy = o =d—1> jig = 3 > --- > jis—1 = is = 1. Notice,
also that the problem described in remark 32 does not appear here, since we erased
i1 which is not between some i’s but the first one. Therefore, we can relate it to
a similar expression that contributes to v4—1 4. Conversely every contribution of
Yd-1,d gives rise to a contribution in vg 4, by multiplying by Ag — A§. The desired
result follows by the expression of 7, 4 given in eq. (21). O

We have shown so far how to construct matrices I', T" so that
(32) T =1,TTT ! =T,

We will now prove that I' has order m. By equation (32) I'* should satisfy the
equation
reTrkF = 70"
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Using proposition 26 asserting the uniqueness of such I'* with o replaced by a* we
have that the matrix multiplication of the entries of I' giving rise to (7/5’“2) =T*
coincide to the values by the recursive method of proposition 26 applied for IV = T'*,
o =a* and I"E; = (¢ F,. In particular for k = m, we have o' = 1 modp" for all
1 < v < h, that is the matrix I'* should be recursively constructed using proposition
26 for the relation I'"*TT"™ =T, I'""E; = E1, leading to the conclusion I'* = Id.
Notice that the first eigenvalue of I' is a primitive root of unity, therefore I' has
order exactly m.

By lemma 10 the action of ¢ in the special fibre is given by a lower triangular
matrix. Therefore, we must have

(33) Vu,i € mp for v < i.

Proposition 35. If

(34) v(Ai —Aj) >v(ay) foralll <i,j<dandl<v<d-—1,

then the matriz (7y,,;) has entries in the ring R and is lower triangular modulo mpg.

Proof. Assume that the condition of eq. (34) holds. In equation (21) we compute
the fraction

]! [ah%l ifi>p
(35) T =11 if i = p

[a™" ifi<p

The number of (A} — A;) factors in the numerator is equal to (recall that is41 = 0)

S
S (i —1—ip —1+1)=i—s,
v=1
and i > p > s, 80 i — s > 0. Therefore, for the upper part of the matrix ¢ > p we
have i — s factors of the form (A — A;) in the numerator and ¢ — p factors a, in
the denominator. Their difference is equal to (i —s) — (i —p) = p—s > 0. By
assumption the matrix reduces to an upper triangular matrix modulo mg. ([l

Remark 36. The condition given in equation (34) can be satisfied in the following
way: It is clear that A; — A\; € mg. Even in the case vmy (A — ;) = 1 we can
consider a ramified extension R’ of the ring R with ramification index e, in order to
make the valuation vy, (A; — Aj) = e and then there is space to select v, (a;) <
UmR/ (>\Z - A])

Proposition 37. We have that
(36) Vi = Canéifl modmp

Let A ={ay,...,aq-1} € R be the set of elements below the diagonal in eq. (11).
If a; € mpg, then
Vi € Mg for p # 4,

that is E; is an eigenvector for the reduced action of I' modulo mp. If ay,, ..., ax,
are the elements of the set A which are in mp, then the reduced matriz of I' has
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the form:
I'n 0 0
0 Iy
0
0 0o I,
where T'1,Ta, ..., Tpqq for 1 < v < r+1 are (ky — kp—1) X (Ky — Ky—1) lower

triangular matrices (we set kg = 0, kpy1 = d).

Proof. Consider the matrix I':

Y11
Ve1,1 e Ve1,k1
7K1+1,K1+1
Vi Vra,k1+1 U Yko,ke
1<i<kr<m<d Yiyi
K1 <1< ko< 1 <d Ver+1,6n+1
Yd,k+1 cr Ydd

We have that u = i and the only element in ¥,, which does not have any factor of
the form (A — A;) is the sequence

l=ps=ps—1 =1 <ps1 < - <pp=m—-1<wpu=p

For this sequence eq. (21) becomes

Yii = H ha_l()\/'h/’ )\NV—I)C’:’L mOdmR7
v=2

which gives the desired result since ho—1(Au,, Ap,_,) = (§) = a modmpg.

For proving that all entries v,,; € mpg for k, < i < K11 < p < d, that is for
all entries below the central blocks, we observe that from equation (21) combined
with eq. (35) that 7, ; is divisible by [a]* ™" = aiai41 - G, 11 - au_1 € Mp.

O

Recall that by lemma 2 there is an 1 < ag < m such that o = (2.

Proposition 38. The indecomposable module V- modulo mg breaks into a direct
sum of r + 1 indecomposable k[Cy x C,] modules V,,, 1 <v <r+1. EachV, is
isomorphic to Vo (€ + agky—1, Ky — Kp—1)-

Proof. By eq. (36) the first eigenvalue of the reduced matrix block T, is
CE afv-1 = <€+("€u—1)a0.

Since that first eigenvalue together with the size of the block determine the last
eigenvalue, that is the action of C), on the socle the reduced block is uniquely
determined up to isomorphism. [
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This way we arrive at a new obstruction. Assume that the indecomposable
representation given by the matrix 7" as in lemma 17 reduces modulo mp to a sum
of Jordan blocks. Then the o action on the leading elements of each Jordan block
in the special fibre should be described by the corresponding action of ¢ on the
leading eigenvector E of V. The corresponding actions on the special fibre should
be compatible.

This observation is formally given in theorem 1, which we now prove. Recall
that the k[G]-module M is decomposed as a direct sum

M =Va(er, k1) @ @ Vales, Ks).-

Each set I,, 1 < v < t corresponds to an indecomposable R[G]-module, which
decomposes to the indecomposables Vi, (€., k), v € I, of the special fiber. Inde-
composable summands have different roots of unity in R, therefore ) per, ki < 4,
this is condition (1.a.). The second condition (1.b.) comes from proposition 14.
If 1 is one of the possible eigenvalues of the lift T', then Zuelu ky, = 1 modm. If
all eigenvalues of the lift T are different than one, then ) per, ki = 0 modm. If
#1, = q, then there is one zero eigenvalue and the sum equals 1 modm.

It is clear by eq. (36) that condition (1.c.) is a necessary condition. On the other
hand if (1.c.) is satisfied we can write (after a permutation if necessary) the set
{1,...,s8}, s = ij:l #I, as a disjoint union

{17...7.9}211U]2U"'U]t

where each set I,,, 1 < v <t contains the indecomposable representations V, (e, k)
that will form the reduction of an indecomposable representation of R[G]. Assume

that the representations indexed by the set [; have dimensions {fﬁ(11>,...,l~€£-11)},
where r1 = #1I, the represetnations indexed by I have dimensions {h:(12>, ey Hg)},
where 79 = #I5 and finally the representations indexed by I; have dimensions

{/i(lt>., cee f{,si)}, where 7, = #1;. We define
- SoR,
j=1
ro
by =by+ Y K
j=1

3
by = by +by+ Yk,

j=1

Tt—1

big =by 4+ +b_o+ Z k';t*l),
j=1
The matrix given in eq. (11), where
0 ifie{bla"wbsfl}
ai=14m ifie{xm +r 6 4 RS F R RS Iiiz)A}
1 otherwise
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lifts the 7 generator, and by (15) there is a well defined extended action of the o
as well.
Example: Consider the group ¢ =52, m =4,a =7,
G=Cxp2xCy={o,7lot =7 =1,0m07 1 =17).
Observe that ords7 = ords27 = 4.
e The module V, (e, 25) is projective and is known to lift in characteristic
zero. This fits well with theorem 1, since 4 | 25 —1 =4 -6.
e The modules V,, (¢, k) do not lift in characteristic zero if 4 { k or 4 { kK —
1. Therefore only V,,(¢,1), V,(¢,4), Vi(e,5), Vio(e,8), Va(e,9), Vi(e, 12),
V. (e,13), V,(€,16), Vo (e,17), Vi, (€,20), Vi (€,21), V4 (e, 24), V, (e, 25) lift.
e The module V,(1,2) ® V,(3,2) lift to characteristic zero, where the matrix
of T with respect to a basis E1, F5, E3, F, is given by

¢ 0 0 0
|1 Cg 0 0
T= 0 = Cg 0
0 0 1 ¢

and S(El) = Cqu.

e The module V,,(1,2) ® V,,(1,2) does not lift in characteristic zero. There is
no way to permute the direct summands so that the eigenvalues of a lift S
of o are given by (5, aCs,, a5, a3CS,. Notice that a = 2 = (.

e The module V, (e1,21) & V,, (22! - €1, 23) does not lift in characteristic zero.
The sum 21 + 23 is divisible by 4, €5 = 22'¢; is compatible, but 21 + 23 =
44 > 25 so the representation of 7" in the supposed indecomposable module
formed by their sum can not have different eigenvalues which should be
25-th roots of unity.
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