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AN OBSTRUCTION TO THE LOCAL LIFTING PROBLEM

ARISTIDES KONTOGEORGIS AND ALEXIOS TEREZAKIS

ABSTRACT. We are investigating the lifting problem for local actions in-
volving semidirect products of a cyclic p-group with a cyclic group prime
to p, where p represents the characteristic of the special fiber. We es-
tablish a criterion based on the Harbater-Katz-Gabber compactification
of local actions, enabling us to determine whether a given local action
can be lifted or not. Specifically, in the case of the dihedral group, we
present an example of a local dihedral action that cannot be lifted. This
instance provides a more potent obstruction than the KGB obstruction.

Nous étudions le probléme de relevement des actions locales des pro-
duits semi-directs d’un groupe cyclique p par un groupe cyclique d’ordre
premier avec p, ou p est la caractéristique de la fibre spéciale. Nous
obtenons un critere basé sur la compactification des actions locales de
Harbater-Katz-Gabber, qui nous permet de décider si une action locale
peut étre relevée ou non. En particulier, dans le cas du groupe diédral,
nous donnons un exemple d’action locale diédrale qui ne peut pas étre
relevée, offrant ainsi une obstruction plus forte que 'obstruction KGB.

1. INTRODUCTION

Let G be a finite group, k an algebraically closed field of characteristic
p > 0 and consider the homomorphism

p: G = Aut(k[[t]]),

which will be called a local G-action. Let W (k) denote the ring of Witt
vectors of k. The local lifting problem addresses the question: Does there
exist an extension A /W (k), that is A is an integrally closed domain contained
in a field extension of Frac(W (k)), and a representation

p: G = Aut(A[[T])),

such that if ¢ is the reduction of T', then the action of G on A[[T]] reduces to
the action of G on k[[t]]? If the answer to the above question is affirmative,
then we say that the G-action lifts to characteristic zero. A group G for
which every local G-action on k[[t]] lifts to characteristic zero is called a
local Oort group for k.
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Following an examination of specific obstructions, such as the Bertin ob-
struction, the KGB obstruction, and the Hurwitz tree obstruction, it has
been established that the potential candidates for local Oort groups in char-
acteristic p are limited to the following:

(1) Cyclic groups;
(2) Dihedral groups D, of order 2ph:
(3) The alternating group Aj.

The Oort conjecture states that every cyclic group C; of order g = plis a
local Oort group. This conjecture was recently proven by F. Pop [26] using
the work of A. Obus and S. Wewers [24]. A. Obus proved that Ay is a local
Oort group in [21] and this was also known to F. Pop as well as I. Bouw
and S. Wewers [5]. Dihedral groups D, are known to be local Oort by the
work of I. Bouw and S. Wewers for p odd [5] and by the work of G. Pagot
[25]. Several cases of dihedral groups D, for small p have been studied
by A. Obus [22] and H. Dang, S. Das, K. Karagiannis, A. Obus, V. Thatte
[10], while the D, was studied by B. Weaver [33]. For further details on the
lifting problem, refer to [7], [8], [9], [20].

Perhaps the most significant of the currently known obstructions is the
KGB obstruction [8]. It was conjectured that if the p-Sylow subgroup of
G is cyclic, then this is the sole obstruction for the local lifting problem,
see [20], [22]. In particular, the KGB obstruction for the dihedral group D,
is known to vanish, and the so called “generalized Oort conjecture” asserts
that the local action of D, always lifts for g-odd.

In this article, we will provide a new obstruction for the lifting problem
of a Cy x Cp,-action and in particular for the group D,. We would like to
emphasize that in contrast to the KGB obstruction, which vanishes for the
dihedral groups of order 2p”, our obstruction does not. Using this criterion
we provide in section [5.1] a counterexample to the generalized Oort conjec-
ture, by proving the HKG-cover corresponding to Dis5, with a selection of
lower jumps 9, 189, 4689 does not lift.

We use the Harbater-Katz-Gabber compactification (referred to as HKG)
as a means to construct complete curves from local actions. This approach
equips us with a diverse set of tools stemming from the theory of complete
curves, thereby allowing us to convert the local action and its deformations
into representations of linear groups that act on the differentials of the HKG-
curve. The foundational tools for this purpose are detailed in our article [16],
where we have compiled various insights into the interrelation between lifting
local actions, lifting curves, and lifting linear representations.

To elaborate further, let us delve into the specifics. Consider a local
action p : G — Aut k[[t]], where the group G is Cy; x Cp,. The Harbater-
Katz-Gabber compactification theorem asserts that there is a Galois cover
X — P! ramified wildly and completely only at one point P of X with Galois
group G = Gal(X/P!) and tamely on a different point P’ with ramification
group C,,, so that the action of G on the completed local ring O'x p coincides
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with the original action of G on k[[t]]. Notably, it is established that the local
action lifts if and only if the corresponding HKG-cover undergoes lifting as
well.

In particular, we have proved that in order to lift a subgroup G C Aut(X),
the representation p : G — GL H°(X, Qx) should be lifted to characteristic
zero and also the lifting should be compatible with the deformation of the
curve. More precisely, in [I6] we have proved the following relative version
of Petri’s theorem.

Proposition 1. Let fi,...,f, € S := Sym H(X,Qx) = klwi,...,w,] be
quadratic polynomials which generate the canonical ideal Ix of a curve X
defined over an algebraic closed field k. Any deformation 24 is given by
quadratic polynomials f1,..., fr € SymHO(%A,Q%A/A) = AWh,..., W],
which reduce to fi1,..., fr modulo the maximal ideal my of A.

Additionally, we have provided the following liftability criterion:

Theorem 2. Consider an epimorphism R — k — 0 of local Artin rings.
Let X be a curve which is is canonically embedded in Pi_l and the canon-
ical ideal is generated by quadratic polynomials; and acted on by the group
G. The curve X — Spec(k) can be lifted to a family & — Spec(R) €
D¢ (R) along with the G-action, if and only if the representation py, : G —
GL4(k) = GL(H®(X,Qx)) lifts to a representation pg : G — GL4(R) =
GL(H(2,Q4 r)) and moreover the lift of the canonical ideal is left in-
variant by the action of pr(QG).

In section B we prove that the canonical ideal of the HKG-cover is gener-
ated by quadratic polynomials, therefore theorem [2] can be applied. In order
to decide whether a linear representation of G = C; x Cy, can be lifted, we
will use the following criterion for the lifting of the linear representation,
based on the decomposition of a k[G]-module into indecomposable sum-
mands. We begin by describing the indecomposable k[G]-modules for the
group G' = Cy x Cpy:

Proposition 3. Suppose that the group G = Cy; x C,, is represented in
terms of generators o,T and relations as follows:

G={o7|r"=1,0"=1,010" " = 7%,

for some a € N,1 < a < p" —1,(a,p) = 1. Every indecomposable k|G-
module has dimension 1 < k < q and is of the form V,(\, k), where the
underlying space of Vo (A, k) has the set of elements {(t—1)"e,v =0,...,k—
1} as a basis for some e € V(A k), and the action of o on e is given by
oe = (e, for a fized primitive m-th root of unity.

Proof. A proof can be found in [I7, sec. 3]. Notice also that (7 — 1)"e =
0. U

Notice that in section Bl we will give an alternative description of the in-
decomposable k[G]-modules, namely the Uy, notation, which is compatible
with the results of [3].
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Remark 4. In the article [17] of the authors, the V, (A, k) notation is used.
In this article we will need the Galois module structure of the space of
homolomorphic differentials of a curve and we will employ the results of [3],
where the Uy, notation is used. These modules will be defined in section [3],
notice that V(A &) = Urtag(k—1)) mod m,x; Where a = (19, see lemma [I4l
Theorem 5. Consider a k[G]-module M which is decomposed as a direct
sum

M =V, (e1,k1) ® - D Vy(es, Ks).

The module lifts to an R[G]-module if and only if the set {1,...,s} can be

written as a disjoint union of sets I,, 1 < v <t so that
a. Zuel,, ku < g, foralll <v <t
b. > er, i =amodm for all 1 <v <t, where a € {0,1}.
c. For each v, 1 < v <t there is an enumeration o : {1,...,#I,} —
I, C{1,.., s}, such that

Ro _ Ro _ Ro(s—
€5(2) = Ea(1)¥ 7MW, E5(3) = Ex(2) D), Eq(s) = Eg(s—1)Q TV,

Condition [b], with a = 1 happens only if the lifted Cy-action in the generic
fibre has an eigenvalue equal to 1 for the generator T of C.

Proof. See [17]. O

The idea of the above theorem is that indecomposable k[G]-modules in
the decomposition of H(X,Qy) of the special fibre, should be combined
together in order to give indecomposable modules in the decomposition of
holomorphic differentials of the relative curve. Keep in mind that the lifting
of the cyclic group acting on a curve of characteristic zero in the generic
fibre, has the additional property that every eigenvalue of a generator of Cj,
is different than one, see proposition [I31

Notice that when m = 2, that is for the case of dihedral groups D, of order
2¢, there is no need to pair two indecomposable k[D,]-modules together in
order to lift them into an indecomposable R[D,|-module. The sets I, can
be singletons and the conditions of theorem [ are trivially satisfied. For
example, condition does not give any information since every integer is
either odd or even. This means that the linear representations always lift.

In our geometric setting on the other hand, we know that in the generic
fibre cyclic actions do not have identity eigenvalues, see proposition I3l This
means that we have to consider lifts that satisfy with @ = 0. Therefore,
indecomposable modules for G = C; x Cy = D, of odd dimension d; should
find another indecomposable module of odd dimension ds in order to lift to
an R[G]-indecomposable module of even dimension d; + d2. Moreover, this
dimension should satisfy di 4+ do < ¢g. If we also take care of the condition
Blica we arrive at the following

Criterion 6. If the HKG-curve acted on by D, lifts in characteristic zero,
then all indecomposable summands V,,(e,d), where ¢ € {0,1} and 1 < d < ¢
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with d odd have a pair V,(¢',d’), with ¢/ € {0,1} — {e} and d’ odd and
d+ d < q. Notice that since, d,d are both odd we have

T
Va(Ea d) - Us—l—d—l mod 2,d — Ue,dy Va(g 7d) = Uz—:’—l—d’—l mod 2,d" = Us’,d’-

The indecomposable modules given above will be called complementary. We
will apply this criterion for complementary modules in the U, g-notation.

In order to apply this idea we need a detailed study of the direct k[G]-
summands of H°(X,Qx), for G = C,; x Cy,. This is considered in section
B, where we employ the joint work of the first author with F. Bleher and
T. Chinburg [3], in order to compute the decomposition of H°(X, Q) into
indecomposable kG-modules, in terms of the ramification filtration of the
local action. Then the lifting criterion of theorem [l is applied. Our method
gives rise to an algorithm which takes as input a group C; x Cy,, with a
given sequence of lower jumps and decides whether the representation can
be lifted or not. This algorithm is implemented in sage 9.8 [30] and our code
is freely available [31].

In section Bl we give an example of a Cqo5 x Cy HKG-curve which does
not lift and then we restrict ourselves to the case of dihedral groups. The
possible ramification filtrations for local actions of the group C; x C,, were
computed in the work of A. Obus and R. Pries in [23]. We focus on the case
of dihedral groups D, with lower jumps

p+1’

For the value wg = 9 we will show that the local action of the dihedral group
D195 does not lift, providing a counterexample to the conjecture that the
KGB-obstruction is the only obstruction to the local lifting problem.
Acknowledgements. We would like to thank A. Obus for his remarks and
comments on an earlier version of this article.

(1) bg:wo Oﬁegh—l.

2. NOTATION

In this article we will study metacyclic groups G = Cy x C,y,, where ¢ = pl

is a power of the characteristic and m € N, (m,p) = 1. Let 7 be a generator
of the cyclic group C; and o be a generator of the cyclic group Cp,.
The group G is given in terms of generators and relations as follows:

(2) G={o7|r"=1,0"=1,010" " = 7%,

for some a € N,1 < o < p" —1,(a,p) = 1. The integer « satisfies the
following congruence:

3) a™ =1mod ¢

m

as one sees by computing 7 = ¢"'70”™ = 7% . Also the integer o can be
seen as an element in the finite field F),, and it is a (p — 1)-th root of unity,
not necessarily primitive. In particular the following holds:

m
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Lemma 7. Let (,, be a fized primitive m-th root of unity. There is a natural
number ag, 0 < ap < m — 1 such that o = (5°.

Proof. The integer «, if we see it as an element in the field k of characteristic
p > 0, is an element in the finite field IF, C k, therefore aP™l =1 as an
element in [F,. Let ord,(a) be the order of a in F. By eq. [l we have that
ord,(a) | p—1 and ord,(c) | m, that is ord,(a) | (p — 1,m).

The primitive m-th root of unity (,, generates a finite field F,(¢p,) = Fpv
for some integer v, which has cyclic multiplicative group F,+\{0} containing
both the cyclic groups ((,,) and (a). Since for every divisor ¢ of the order
of a cyclic group C there is a unique subgroup C’ < C of order § we have
that « € ((), and the result follows. O

Remark 8. It is known [20, prop. 5.9] that for the case of Cy; x Cp, the
KGB-obstruction vanishes if and only if the first lower jump h satisfies h =
—1 mod m. For this to happen, the conjugation action of C,, on C; has
to be faithful, see [20, prop. 5.9]. Also notice that by [23, th. 1.1], that
if wg,u1,...,up—1 is the sequence of upper ramification jumps for the Cj,
subgroup, then the condition h = —1 mod m implies that all upper jumps
u; are congruent to —1 modulo m, that is u; = —1 mod m.

3. HKG-COVERS AND THEIR CANONICAL IDEAL

Lemma 9. Consider the Harbater-Katz-Gabber curve corresponding to the
local group action of Cy x C,y,, where ¢ = p" is a power of the characteristic
p. If one of the following conditions holds:

e h>3o0rh=2,p>3
e h =1 and the first jump ig in the ramification filtration for the cyclic
group satisfies ig =1 and g > 201—31 +1,

then the curve X has canonical ideal generated by quadratic polynomials.

Remark 10. Notice that in [I8] the canonical ideal for HKG-covers is ex-
plicitly described.

Remark 11. Notice, that the missing cases in the above lemma which
satisfy the KGB obstruction, are all either cyclic, D3 or Dg, which are all
known local Oort groups.

Proof. Using Petri’s theorem [28] we will need to prove that the curve X
has genus g > 6 provided that p or h are as in the statement of lemma [O
We will also prove that the curve X is not hyperelliptic nor trigonal.

Remark 12. Let us first recall that a cyclic group of order ¢ = p” for h > 2
cannot act on the rational curve, see [32, thm 1]. Also let us recall that a
cyclic group of order p can act on a rational curve and in this case the first
and only break in the ramification filtration is ¢g = 1. This latter case is
excluded.
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Consider first the case p" = p and ig # 1. In this case we compute the
genus g of the HKG-curve X using Riemann-Hurwitz formula:

20=2-2mqg+q(m—1)+qgm —1+ip(qg — 1),

where the contribution g(m — 1) is from the g-points above the unique tame
ramified point, while gm—1+1iy(g—1) is the contribution of the wild ramified
point. This implies that
29 = (io — 1)(¢ — 1),

therefore if 49 > 2, it suffices to have ¢ = p* > 13 and more generally it is
enough to have q > 2.0131 + 1 in order to ensure that g > 6.

For the case h > 2, we can write a stronger inequality based on Riemann-
Hurwitz theorem as (recall that ig = i1 mod p so ig — i1 > p)

(4) 29 > (io — (" = 1) + (io — i) ("' = 1) = p" —p,
which implies that g > 6 for p > 3 or h > 3.

In order to prove that the curve is not hyperelliptic we observe that the
automorphism group of a hyperelliptic curve contains a normal subgroup
generated by the hyperelliptic involution j, so that X — X/(j) = P It
is known that the automorphism group of a hyperelliptic curve fits in the
short exact sequence

(5) 1— {j) > Aut(X) - H — 1,

where H is a subgroup of PGL(2, k), see [6]. If m is odd then the hyperelliptic
involution is not an element in Cy,. If m is even, let ¢ be a generator of the
cyclic group of order m and 7 a generator of the group Cj;. The involution
0™/2 again can’t be the hyperelliptic involution. Indeed, the hyperelliptic
involution is central, while the conjugation action of o on 7 is faithful that
is 0™/270=™/2 2 7. In this case G = Cyq x C,y, is a subgroup of H which
should act on the rational function field. By the classification of such groups
in [32] Th. 1] this is not possible, for m > 2, while the case m = 2, i.e. the
case of the dihedral group D, can also be ruled out using Remark Thus
X can’t be hyperelliptic.

We will prove now that the curve is not trigonal. Using Clifford’s theorem
we can show [I, B-3 p.137] that a non-hyperelliptic curve of genus g >
5 cannot have two distinct g3. Notice that we have already required the
stronger condition g > 6. So if there is a g, then this is unique. Moreover,
the g% gives rise to a map 7 : X — P! and every automorphism of the curve
X fixes this map. Therefore, we obtain a morphism ¢ : Cy x Cy, — PGLy(k)
and we arrive at the short exact sequence

1 —=ker¢p = CyxCp, = H — 1,
for some finite subgroup H of PGL(2,k). If ker¢p = {1}, then we have the

tower of curves X — P! = P! where 7’ is a Galois cover with group
Cy » Cy,. This implies that X is a rational curve contradicting Remark
If ker¢ is a cyclic group of order 3, then we have that 3 | m and the tower




8 A. KONTOGEORGIS AND A. TEREZAKIS

X 5 P! I Pl where 7 is a cyclic Galois cover of order 3 and 7’ is a
Galois cover with group Cy x Cy,/3. As before this contradicts Remark
and is not possible. O

4. INVARIANT SUBSPACES OF VECTOR SPACES

The g x g symmetric matrices Ay, ..., A, defining the quadratic canonical
ideal of the curve X, define a vector subspace of the vector space V of
g X g symmetric matrices. By the Oort conjecture, we know that there is
a lifted relative curve X and by proposition [ to the lift of X correspond
symmetric matrices Ay, ..., A, with entries in a local principal ideal domain
R, which reduce to the initial matrices Ay,..., A,. Moreover, by theorem
the submodule V' = (A;,..., A,) is left invariant under the action of a
lifting p of the representation p : Cy — GLg(k).

Proposition 13. Let § be the genus of the quotient curve X/H for a sub-
group H of the automorphism group of a curve X in characteristic zero. We
have

7 ifd=1
dim H(X, Q) = { 3 1 )
Proof. See [11], eq. 2.2.3,2.2.4 p. 254]. O

Therefore, a generator of H = C; acting on H 0(X,Qx) has no identity
eigenvalues, Thus m should divide g. This means that we have to consider
liftings of indecomposable summands of the C,-module H°(X,Qy), which
satisfy condition with @ = 0. We now assume that condition of
theorem [ can be fulfilled, so there is a lifting of the representation

GL(R)

/ l mod mpg

Cy % Cppy —2 GL, (k)

The canonical ideal of the special fibre X corresponds to a vector space
VCckN, N = g(g—;l), of dimension r = (952), see [16l, remark 8]. This space

is acted on by G' = C; x (), in terms of the action given by

PP ()(e) = p(7)tep(y), for v € G and e € V.

We select a lifting of this curve together with the action of the cyclic group
action Cy; = (1) which exists by the statement of the Oort conjecture for
cyclic groups. We therefore arrive at a free submodule V C RY. If moreover
€1,...,er is a basis of V' then there are elements F1, ..., E,., which are g x g
matrices with entries in R so that E; = e; mod mp and forming a free
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submodule of the module of symmetric g X g matrices with entries in R,
together with an action of C, given by

SOV (E;) = p(r9) Eip(r). for all 1 < j < q.

If we can show for every E € V we have 5¢(07)(E) € V, then the curve can
be lifted together with the G action.

One might try to deform the matrices E1, ..., E, to matrices E1, ..., E,
so that F; = e; mod mp so that the free R-module (Ey, ..., E,), equipped
with the (1) action is G-invariant. It seems that this is not always possible.

For instance, we can take as
V =Va(1,2) C Va(L,2) P Val(3,2) = W.

as in the example [I7, p. 777]. The G-module W lifts in characteristic zero
by theorem 2] while there is no way to modify the basis of V' in order to
obtain a G-module V of rank 2 as the original module.

Writing a sufficient condition on whether the module (eq,...,e,) can
be lifted requires the knowledge of G-module structure of (ey,...,e,) =
Tor! (k, Ix), see eq.(3) in [16]. This G-module structure is still unkwown.

5. GALOIS MODULE STRUCTURE OF HOLOMORPHIC DIFFERENTIALS,
SPECIAL FIBRE

Consider the group Cy x Cp,. Let 7 be a generator of C, and o a generator
of Cy,. Tt is known that Aut(C,) = F, x Q, for some abelian group Q. The
representation ¢ : Cp, — Aut(C,) given by the action of C,, on Cy is known
to factor through a character x : Cp, — F;. The order of x divides p — 1
and xP~! = y~ (=1 is the trivial one-dimensional character. In our setting,
using the definition of G given in eq. (2)) and lemma [l we have that the
character x is defined by

(6) X(o)=a=¢(P el,.

For all i € Z, x* defines a simple k[C,,]-module of k dimension one, which
we will denote by Sxi. For 0 </ < m—1 denote by Sy the simple module on
which o acts as ¢’,. Both S.i, Se can be seen as k[Cy x Cp,]-modules using
inflation. Finally, for 0 < ¢ < m — 1 we define x*(¢) € {0,1,...,m — 1} such
that Syi(p) = Sy @ Sy Using eq. (@) we arrive at

(7) Syi(e) = Setiao-

There are g-m isomorphism classes of indecomposable k[Cy x Cy,]-modules
and are all uniserial, i.e. the set of submodules are totally ordered by inclu-
sion. An indecomposable k[C; x Cy,]-module U is uniquely determined by
its socle, which is the kernel of the action of 7—1 on U, and its k-dimension.
For0 </ <m-1land1 < p<gq,let Uy, be the indecomposable k[Cy x C,,]-
module with socle S; and k-dimension y. Then Uy, is uniserial, [3, rem. 3.4]
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and its p ascending composition factors are the first y composition factors
of the sequence
Sty Sy=1(0) Sx=2(8)s - - - S~ -2()> 50, Sx=1(0), Sx=2(0) - - -+ Sy~ (0-2) ()
Lemma 14. There is the following relation between indecomposable mod-
ules:
Va()‘a "i) = U()\—l—ao(n—l) mod m,k)
In particular, for the case of dihedral groups D, we have the relation, ag = 1,
Va()‘7 K’) = U()\—l—n—l mod 2,x)

Proof. Indeed, in the V,,(\, k) notation we describe the action of o on the
generator e, by assuming that oe = ¢)e. We can then describe the action
on every basis element e; = (7 — 1)* e, using the group relations

oe; =o(t— 1) le= (1 - 1) loe = (™ — 1) e

This allows us to prove, see [I7, lemma 10] that

K
oe; = o/_lg),‘@ei + E a,e,
v=1+1

for some elements a, € k and in particular

o€, = a”_lg,),‘le,ﬁ.
Recall that the number oo = ¢ for some natural number ag, 0 < ap < m—1,
see also [I7, lemma 2]. In the U, , notation, u is the action on the one-

dimensional socle which is the 7-invariant element e, = (7 — 1)""le, i.e.
o(ex) = (. Putting all this together we have

=X+ (k—1)ag mod m.

In the case of dihedral group D;, m = 2 and o = —1%°, i.e. ap = 1, we have
Va()\a "i) - U)\—i—li—l mod 2,k (]

Assume that X — P! is an HKG-cover with Galois group Cy x Cy,. The
subgroup I generated by the Sylow p-subgroups of the inertia groups of all
closed points of X is equal to Cj, and the notation of section 4 in [3] is
simplified.

Definition 15. In [3] for each 0 < j < ¢ — 1 the divisor

Dj = Z dy,jy,

yelP!

is defined, where the integers d,, ; are given as follows. Let x be a point of
X above y and consider the i-th ramification group I, ; at =. The order of
the inertia group at z is assumed to be p™® and i(z) = h —n(z) is defined.
In this article we will have HKG-covers, where n(z) = h, so i(x) = 0. We
will use this in order to simplify the notation in what follows.
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Let bg,b1,...,b,_1 be the jumps in the numbering of the lower ramifica-
tion filtration subgroups of I,,. We define

h
1
dy;j = o th_l(p —1+(p—1—a)b-1)
=1

for all 7 > 0 with p-adic expansion

Jj=aij+a;p+---+ ah,jph_1~

In particular D,_1 = 0. Observe that d,; # 0 only for wildly ramified
branch points.

Remark 16. For a divisor D on a curve Y define Qy (D) = Qy ® Oy (D).
In particular for Y = P!, and for D = Dj = dp., jPx, where D; is a divisor
supported at the infinity point P,, we have

HO(P, Qpi (D)) = {f(z)dx : 0 < deg f(z) < dp._; — 2}.

For the sake of simplicity, we will denote dp__ j by dj. The space HO(P!, Qp1 (D))
has a basis given by B = {dz, zdx, ... ,xdi_zdaz}. Therefore, the number n;

of simple modules appearing in the decomposition Qp1(D;) isomorphic to

Sy for 0 < £ < m, is equal to the number of monomials £ with

v={—1modm,0<v<d;—2.
If dj <1 then B =0 and n;; =0 for all 0 < ¢ < m. If d; > 1, then we

know that in the d; — 1 elements of the basis B, the first m Ldjn:l

J elements

contribute to every representative modulo m. Thus, we have at least {%

elements in isomorphic to Sy for every 0 < £ < m. We will now count the
rest elements, of the form {z”dz}, where

di —1 _
m{j nggdj—2anduzﬁ—1modm,
m

where ¢ — 1 is the unique integer in {0,1,...,m — 1} equivalent to ¢ — 1
modulo m. We observe that the number y;(¢) of such elements v is given by

1 ifl—1<d;—2-—m|%2
yi(0) = Y ]
0 otherwise

Therefore

[ 4y ifd; >0

nje =

o if d; < 1

For example if dj = 9 and m = 3, then a basis for H(P!, Qp1(9Px)) is
given by {dz, zdx, z?dz, ... 2"dr}. This basis has 8 elements, and each triple
{dx, zdx, 2%dx}, {x3dx, x*dz, x%dz} contributes one to each class Sp, S1, Sa,

while there are two remaining basis elements {2°dz, 2”dz}, which contribute
one to Si,S>. Notice that |5 =2 and y(¢) =1 for £ =1,2.



12 A. KONTOGEORGIS AND A. TEREZAKIS

In particular if m = 2, then n;, = 0 if d; <1 and for d; > 2 we have
dj—1

5 if dj =1 mod 2
(8) nje= %—1 if ¢ =0 and d; = 0 mod 2
% if {=1and d; =0 mod 2

Lemma 17. Let m = 2 and assume that dj_1 = d; + 1. Then if d; > 2

1 ifdji-1=1mod2 and{=0
ordj—1 =0mod 2 and { =1
0 ifdji-1=1mod2and/l=1
ordj—1 =0mod 2 and £ =0

Mj—1,0 = Nje =

Ifdj <1, then

ne om0 fdj=0o0r(dj=1andl=0)
S b ifdj=1and (=1

Proof. Assume that d; > 2. We distinguish the following two cases, and we
use eq. (8]) in each case

e d;j_1 is odd and d; is even. Then, if £ =0

di-1—1 d;
nj_l,g—njj:]T—?]—Fl:l
while Nj_10—Nje = 0if £ =1.
e d;_1 is even and d; is odd. Then, if £ =0
dj—1

nj—1e = e = —5— — 1= =5

while nj_1,—nj,=1if £ = 0.
Ifnow d; =0and dj_1 =1, thenn;_1,—n;,=0. If dj =1 and d;_; = 2
then njy =0 while n;_1,=0if /=0and n;_;,=1if £ = 1. O

Theorem 18. Let M = H°(X,Qx), and let T be the generator of C,. For
all 0 < j < q we define MU) to be the kernel of the action of (t — 1)7. For
0<a<m-—1and1<b<q=7p" let n(a,b) be the number of indecom-
posable direct k[Cy x Cp,]-module summands of M that are isomorphic to
Uap. Let ni(a,b) be the number of indecomposable direct k[C,,]-summands

of M©® /MO with socle Sy~6-1)(q) and dimension 1. Let no(a,b) be the
number of indecomposable direct k[Cy,]-module summands of M®+D /M (®)
with socle Sx—b(a), where we set na(a,b) =0 if b=q. hen,
e n(a,b) =ni(a,b) —na(a,b).
e The numbers ny(a,b),na(a,b) can be computed using the isomor-
phism
M(j+1)/M(j) ~ SX*j Rk HO(Y, Qy(Dj)),
where Y = X/Cy and D; are the divisors on'Y , given in definition [13.



AN OBSTRUCTION TO THE LOCAL LIFTING PROBLEM 13

Proof. This theorem is proved in [3], see remark 4.4. O
Corollary 19. Using the notation of theorem [18, we set

h
1 _
(9) d; = ﬁth p—1+p—1—ay)b_1)
=1

The numbers n(a,b), ni(a,b) and ns(a,b) defined in theorem [I8 are given
by

n(a,b) = ni(a,b) —na(a,b) = np_1,4 — Np.q-
Proof. We treat the nj(a,b) case and the na(a,b) follows similarly. By the-
orem [I8 we have that

MO /MO =8 oy @ HYP, Qpi (Dy)).

The number of indecomposable k[C,,]-summands of M®) /AM(®=1 isomor-
phic to Sxf(b—l)(a) = Su—(b-1)ap €quals to the number of indecomposable
k[C,n]-summands of HO(P!, Qp1(Dy)) isomorphic to S,, which is computed
in remark O

In [23, Th. 1.1] A. Obus and R. Pries described the upper jumps in the
ramification filtration of Oph X C),-covers.

Theorem 20. Let G = Cyn % Cpy, where p f m. Let m’ = |Centg(o)|/p",
where (1) = Cph. A sequence uy < -+ < u, of rational numbers occurs as
the set of positive breaks in the upper numbering of the ramification filtration
of a G-Galois extension of k((t)) if and only if:

(1) u; € N for 1 <i < h.

(2) ged(m,muy) =m'.

(8) ptmuy and for 1 <i < h, either u; = pu;—1 or both u; > pu;—1 and

p 1 mu;.
(4) mu; = mu; mod m for 1 <i<mn.

We will now describe the lower by, ...,b,_1 and upper wy,...,wy_1 for
the case of a cyclic group action. Notice that in our setting Centg(7) =
(), therefore m’ = 1. Also the set of upper jumps of C,u is given by

wy = muy, ..., wp = muy,w; € N, see [23, lemma 3.5].
The theorem of Hasse-Arf [29] p. 77] applied for cyclic groups, implies
that there are strictly positive integers ¢q,t1,...,tn_1 such that
s—1
b8:ZL,,p”, for0<s<h-—1.
v=0

Also, the upper jumps for the C, extension are given by
(10) wog =1y — l,wi =19+t —1,...,wp =120+ +---+up — 1.

Assume that for all 0 < v < h — 1 we have w, = pw,_1. Equation (I0])
implies that

il = (p - 1)7,00, i2 = (p - 1)pw07 Z'3 = (p - 1)p2w0, e, Up—1 = (p — 1)ph_2w0‘
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Therefore,
¢

be+1= iyp

v=0

=1+wo+ (p—Lwy-p+ (p—L)pwo-p*-+ (p — Dp" " wp - p*

/-1 20
pt—1
= 1+uo +p(p — Duo (Zzﬂ”) =1+ wo+p(p— Duo g
v=0
20 p25+1 +1

P
=1+ wp + pw =1+wy———
0 p0p+1 0 p+1

where we have used that wg = by = 79 — 1.

)

5.1. Examples. Consider the curve with lower jumps 1,21,521 and higher
jumps 1, 5,25, acted on by C95 x Cy. According to eq. (B), the only possible
values for « are 1,57,68,124. The value a = 1 gives rise to a cyclic group
G, while the value o = 124 has order 2 modulo 125. The values 57,68 have
order 4 modulo 125. The cyclic group F; is generated by the primitive root
2 of order 4. We have that 57 = 2 mod 5, while 68 = 3 = 23 mod 5. We have
thus two choices for the (4, namely 2 mod 5 as well as (§ = 2% = 3 mod 5. In
remark [I6 we have considered the m-th root of unity such that o(z) = ¢z,
where z is the generating variable for the function field of the curve Xa,

On the other hand the curve X ") is a Cp x Gy, cover of P! with cyclic
Galois group generated by 7 = 7 mod (Tphﬂ) and
oot =7
According to [27, lemma 1.4.1] it has the following model:
e =u,y’ —y = f(2).

and if the action of o on z is given by o(z) = {,z, then a = ¢’ mod m,
where j = deg(f) and equals to the first upper jump ug for C.

Assume that a = (!, that is ug = 1 mod m. We will now use theorem
in order to show that this action does not lift. Using corollary [19] together
with remark [I6] we have that H°(X,{Qx) is decomposed into the following
indecomposable modules, each one appearing with multiplicity one:

Uoss, Usiar, U7, Uis, Uo29, Usss, Uzar, Uraz, Uoss, Us s,
U265, Ui, Uo7, Usss, Uago, Uigs, Uoior, Usior, U3, Uriig.
For all U, ,; listed above we have [ # 0 mod 4 so the module Uj ,; can not be
lifted by itself. We will now examine possible matchings of modules. Recall
that we are looking for sets Uy, «,, Uiy kos -+ -5 Ul i, SO that k1 +---+rp < ph.
Trying to satisfy only the dimension criterion we see that only possible
matchings are {U17119,U075}, {U27113,U3711}, {U37107,U2717} etc. We thus

have the following vertical matchings for the modules:
Uos | U1 | Usar | Uiosz | Uo2o | Usss | Usar | Urar | Uoss | Usso

Ui119 | U2113 | U107 | Uojion | Ures | Uage | Usgs | Uorr | Urrn | Uags
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Observe that the sum of all dimensions vertically are 124 = 5% — 1. The
pair {Ups,U1119} does not satisfy criterion of theorem [Bl Indeed, for
It =0,k =5 and Iy = 1,k = 119 we have a = C4_1 and l; + k1(—1) =
3 # 1y = 1 mod 4 and also ly + ko(—1) = 2 # [; = 0 mod 4. Therefore, the
action cannot be lifted.

Remark 21. Note that the only possible choice for a other than ¢, Lig
a = (4. According to [27, lemma 1.4.1], this forces the first lower jump to
be congruent to —1 modulo 4. Equivalently, as noted in remark 8 the KGB
obstruction vanishes. At the same time, the criterion €1 of theorem [l is
satisfied for all pairs, and therefore the representation can be lifted.

The above example has non-vanishing KGB obstruction, see remark 8] so
our criterion does not give something new here. The case of dihedral groups,
in which the KGB-obstruction is always vanishing, is more difficult to find
an example that does not lift.

Let us now consider the case of dihedral groups D195 = C1o5 X Co, that is
m = 2 and assume that the lower jumps are 1,21,521 and higher jumps are
1,5,25. The set of indecomposable modules is given by the following table:

Uos | Urr | Uoar | U2z | Uoo | Urss | Uoar | Urar | Uonss | Urse

U119 | Uoas | Urpor | Uoao1 | Ures | Uosy | Uiss | Uozr | Ui | Uoss
which is exactly the set of indecomposable groups U; ,, for Cia5 x Cy but
[ is reduced modulo 2. Now o = —1, that is ag = 1 and for all vertical pairs
of modules Uy, x,, U, s, we have that Iy + r1 = lp, that is criterion €1 of
theorem [l is satisfied. This indicates that, in this liftable case, our criterion
is consistent with the vanishing of the KGB-obstruction.

Let us now give an example of dihedral group which does not lift. The
HKG-cover with lower jumps 9,9 -21 = 189,9 - 521 = 4689 has genus 11656
and the following modules appear in its decomposition, each one appearing
with multiplicity one:

Uo,1,U1,1,Uo0,2,U1,2,U1,3,Uo,4,U1,4,Uo,5,U1,6, Uo7, U1,7, Uo,s, U1,8,Uo,9, U1,9, Uo,11, U1,11, Uo 12,
Ui,12,Uo0,13,U1,13,Uo,14, U1,15, Uo,16, Uo,17, U1,17, Uo,18, U1,18, Uo,19, U1,19, Uo,21, U1,21, Uo,22, U122,
Uo,23,U1,23, U1,24, Uo,25, U1,26, Uo,27, U1,27, Uo 28, U1,28, Uo,29, U1,29, Uo,31, U1,31, Uo, 32, U132, Uo,33,
Uo,34,U1,34,U1,35,Uo,36, Uo,37, U1,37, Uo,38, U1,38, Uo,39, U1,39, Uo,41, U1,41, Uo a2, U1 42, Uo,43, U1 43,
U1,44,Uo,45, Uo,46, U1,46, U1,47, Uo,48, U1,48, Uo,49, U1,49, Uo 51, U1,51, Uo,52, U1,52, Uo 53, Uo,54, Ut 54,
Ui,55,Uo,56, Uo,57, U1,57, Uo,58, U1,58, Uo,59, U159, Uo,61, U1,61, Uo,62, U1,62, Uo,63, U1,63, U1,64, Uo,65,
Uo,66, U1,66,U1,67, Uo,68, U1,68, Uo,69, U1,69, Uo,71, U1,71, Uo,72, U1,72, Uo,73, U1,73, Uo,74, U1,75, Uo,76,,
Uo,77,U1,77, Uo,78,U1,78, Uo,79, U1,79, Uo,81, U1 81, Uo,82, U1,82, Uo,83, U1,83, U1,84, Uo,s5, U186, Uo,s7,
Ui,87,Uo,88, U1,88, Uo,89, U1,89, Uo,91, U1,91, Uo,92, U1,92, Uo,93, U1,93, Uo,04, U1,95, Uo,96, U1,96, Uo,07,
Uo, 98, U1,98, Uo,99, U1,99, Uo,101, U1,101, Uo,102, U1,102, U1,103, Uo,104, U1,104, Uo,105, U1,106 Uo,107,
Ui,107,Uo,108, U1,108, Uo,109, U1,109, Uo,111, U1,111, Uo,112, U1,112, Uo,113, U1,113, Uo,114, U1 ,115, Uo, 116,
Ui,116,Uo,117, Uo,118, U1,118, Uo,119, U1,119, Uo,121, U1,121, Uo,122, U1,122, Uo,123, U1,123, U1,124.

The above formulas were computed using Sage 9.8 [30]. In order to be
completely sure that the computations are correct we will compute the values
we need by hand also. We have

dj = {% (5°(4+ (4 — a1)9) +5(4 + (4 — a2)189) + (4+ (4 — a3)4689))J

1
= {ﬁ (23560 — 225a1 — 945as — 4689a3)J
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j p—adic dj nj,o nj,l ’I’Lj_L(] — nj,o nj_l,l — ’I’Lj71
0 | 0,00 | |%30]=188] 93 | 94 — —
1| 1,0,0 | [%E35]=18| 92 | 93 1 1
2 | 2,00 |[BE]=184| 91 | 92 1 1
3] 3,00 |28 =183]| 91 |91 0 1
4 | 4,0,0 | %50 =181] 90 | 90 1 1
5| 0,1,0 | [282] =180 89 | 90 1 0
6 | 1,1,0 | |23 =179 | 89 | 89 0 1
120 | 0,44 | |12 =8 | 3 | 4

121 1,44 | |2]=6 | 2 | 3 1 1
122 2,4,4 158 =4 1] 2 1 1
123 | 3,4,4 32]=2 | 0 | 1 1 1
124 | 4,4,4 32| =0 | 0 | O 0 1

Notice that Uy, 123, Up,123 can be paired with Uy o, Uy 1, and then for Uy 121,
Ui,121 there is only one U 3 to be paired with. The lift is not possible.

(1]

(11]

(12]
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