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where k is a field of characteristic p > 0, is about finding a local ring R of character-
istic 0, with maximal ideal mg such that R/mpg = k, so that the following diagram is
commutative:

GLn(R)

A

G > GLy(k)

Equivalently one asks if there is a free R-module V', which is also an R[G]-module such
that V ®g R/mp is the k[G]-module corresponding to our initial representation. We
know that projective k[G]-modules lift to characteristic zero, [16, chap. 15], but for a
general k[G]-module such a lifting is not always possible, for example, see [10, prop. 15].
This article aims to study the lifting problem for the group G = C; x C,,, where C,
is a cyclic group of order p" and C,, is a cyclic group of order m, (p,m) = 1, and also
gives a necessary and sufficient condition in order to lift. We assume that the local ring
R contains the ¢-th roots of unity and k is algebraically closed, and we might need to
consider a ramified extension of R, in order to ensure that certain g-roots of unit are
distant in the mp-topology, see Remark 36. An example of such a ring R is the ring of
Witt vectors W (k)[(,] with the g-roots of unity adjoined to it.

We notice that a decomposable R[G]-module V' gives rise to a decomposable R-module
modulo mp and also an indecomposable R[G]-module can break in the reduction modulo
mp into a direct sum of indecomposable k[G]-summands. We also give a classification
of k[Cy x Cp,]-modules in terms of Jordan decomposition and give the relation with the
more usual uniserial description in terms of their socle [1].

Our interest to this problem comes from the problem of lifting local actions. The local
lifting problem considers the following question: Does there exist an extension A/W (k),
and a representation

p: G — Aut(A[[T])),

such that if ¢ is the reduction of T, then the action of G on A[[T]] reduces to the action
of G on K[[t]]?

If the answer to the above question is positive, then we say that the G-action lifts to
characteristic zero. A group G for which every local G-action on k[[¢]] lifts to character-
istic zero is called a local Oort group for k. Notice that cyclic groups are always local
Oort groups. This result was known as the “Oort conjecture”, which was recently proved
by F. Pop [15] using the work of A. Obus and S. Wewers [14].

There are a lot of obstructions that prevent a local action from lifting to characteristic
zero. Probably the most important of these obstructions is the KGB-obstruction [4]. It
is believed that this is the only obstruction for the local lifting problem, see [11], [12]. In
[10, Thm. 3] the authors have given a criterion for the local lifting, which involves the
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lifting of a linear representation of the same group. The case G' = Cyq x Cp, and especially
the case of dihedral groups D, = Cj; x Cs, is a problem of current interest in the theory
of local liftings, see [12], [6], [18]. For more details on the local lifting problem we refer
to [3], [4], [5], [11].

Keep also in mind that the C; x C,, groups were important to the study of group
actions on holomorphic differentials of curves defined over fields of positive characteristic
p, where the group involved has cyclic p-Sylow subgroup, see [2].

Let us now describe the method of proof. For understanding the splitting of inde-
composable R[G]-modules modulo mp, we develop a version of Jordan normal form in
Lemma 17 for endomorphisms 7 : V' — V of order p”, where V is a free module of rank
d. We give a way to select this basis, by selecting an initial suitable element E € V', see
Lemma 16. The normal form (as given in eq. (11)) of the element T of order ¢, determines
the decomposition of the reduction. We show that for every indecomposable summand
Vi of V|, we can select E as an eigenvalue of the generator ¢ of C,, and then by forcing
the relation I'T’ = T°T" to hold, we see how the action of o can be extended recursively
to an action of ¢ on V;, this is done in Lemma 25. Proving that this construction gives
rise to a well-defined action is a technical computation and is done in Lemmata 27, 28,
29, 33, 34.

The important thing here, is that the definition of the action of o on E is the “initial
condition” of a dynamical system that determines the action of C,, on the indecompos-
able summand V;. The R[Cq x Cp,] indecomposable module V; can break into a direct
sum V,,(e,, K, )-modules 1 < v < s (for a precise definition of them see Definition 9, no-
tice that x; denotes the dimension). The action of o on each V,,(€,, k,) can be uniquely
determined by the action of ¢ on an initial basis element as shown in section 3, again
by a “dynamical system” approach, where we need s initial conditions, one for each
Vo (v, k). The lifting condition essentially means that the indecomposable summands
Va (€, k) of the special fiber, should be able to be rearranged in a suitable way, so that
they can be obtained as reductions of indecomposable R[Cy x C,]-modules. The precise
expression of our lifting criterion is given in the following theorem:

Theorem 1. Consider a k[G]-module M which is decomposed as a direct sum
M = Vy(e1,51) @ - @ Vi(es, Ks)-

The module lifts to an R[G]-module if and only if the set {1,...,s} can be written as a
disjoint union of sets I,, 1 <v <t so that

a. Zuelu Ky <gq, foralll <v <t.

b. > er, kp = amodm for all1 <v <t, where a € {0,1}.

c. Foreachv, 1 <wv <t there is an enumeration o : {1,...,#I,} — I, C {1,.., s}, such
that

Ko — Ko — KRo(s—
€o(2) = €a(1)X 7D, €5(3) = €5(2) 7P oL €q(s) = Eq(s—1) TCTD.
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In the above proposition, each set I,, corresponds to a collection of modules V;, (e, k,.),
w € I, which come as the reduction of an indecomposable R[C, x C),]-module V,, of V.
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2. Notation

Let 7 be a generator of the cyclic group C; and o be a generator of the cyclic group
Cin- The group G is given in terms of generators and relations as follows:

1

G=(o7|r"=1,0"=1,010 ' =7 for some a € N,1 < a < p" — 1, (a,p) = 1).

The integer « satisfies the following congruence:
o™ =1 modg (1)

as one sees by computing 7 = ¢"™70~™ = 7" . Also the integer a can be seen as an
element in the finite field F,,, and it is a (p—1)-th root of unity, not necessarily primitive.
In particular the following holds:

Lemma 2. Let (,, € k be a fized primitive m-th root of unity. There is a natural number
ag, 0 <ap <m —1 such that o = (2°.

Proof. The integer « if we see it as an element in k is an element in the finite field
F, C k, therefore a?~! =1 as an element in F,. Let ord,(a) be the order of o in F;. By
eq. (1) we have that ord,(a) | p — 1 and ord,(c) | m, that is ord,(a) | (p — 1,m).

The primitive m-th root of unity (., generates a finite field F,((,,) = Fpv for some
integer v, which has cyclic multiplicative group F,. \{0} containing both the cyclic groups
(¢m) and (). Since for every divisor ¢ of the order of a cyclic group C there is a unique
subgroup C’ < C of order ¢ we have that a € (), and the result follows. O
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Definition 3. For each p’ | ¢ we define ordyia to be the smallest natural number o such
that a® = 1 modp’.

It is clear that for v € N
a” =1 modp’ = o =1 modp’ for all j < i.
Therefore

ord,;a | ord,ia for j <.

On the other hand o € N and o?~! = 1 modp so ord,a | p— 1. Also since olro~! = ro’

we have that o™ = 1 modp”", therefore ord,« | ordyia | ordyna [ m, for 1 <i < h.

Lemma 4. The center Cent(7) = (7,0 %" ). Moreover
|Cente (7)] _m
ph ord, ()

Proof. The result follows by observing (r/c®)r(77o%)"t = 7@ forall 1 < v < ¢, 1 <
t<m. 0O

Remark 5. If ord,oc = m then ord,:a = m for all 1 <i < h.

Lemma 6. If the group G = CyxCy, is a subgroup of Aut(k[[t]]), then all orders ord,ia =
m/m’, for all 1 < i <h.

Proof. We will use the notation of the book of J.P. Serre on local fields [17]. By [13,
Th.1.1b] we have that the first gap ip in the lower ramification filtration of the cyclic

group C, satisfies (m,ip) = m/'.

The ramification relation [17, prop. 9 p. 69]
by, (1) = 05, (7%) = 0iy (070 ") = 09(0) 04, (7),

implies that fy(0)® = a € N. From (m,ig) = m’ and the fact that ordfy(c) = m we
obtain

m -
I~ ordfy (o) = ord,(a).
G =or o(o) ord,(«a)

- =
Thus

m m
— = ordyalord,iajordpa = —.
m m

Hence all orders ord,;oc = m/m’. O
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Remark 7. If the KGB-obstruction vanishes and « # 1, then by [11][prop. 5.9] iy =
—1 modm and ord,icc =m for all 1 < i < h.

3. Indecomposable C; x C,,, modules, modular representation theory

In this section we will describe the indecomposable C; x C,,-modules. We will give
two methods in studying them. The first one is needed since it is in accordance with the
method we will give in order to describe indecomposable R[Cy x Cyy,]-modules. The second
one, using the structure of the socle, is the standard method of describing k[Cy x Chy,]-
modules in modular representation theory.

3.1. Linear algebra method

The indecomposable modules for the group C, are determined by the Jordan normal
forms of the generator 7 of the cyclic group C,. So for each 1 <k < p" there is exactly
one C, indecomposable module of dimension x denoted by J.. Therefore, we have the
following decomposition of an indecomposable Cy x Cp,-module M considered as a Cy-
module.

M=J, @& Jg,. (2)
Lemma 8. In the indecomposable module J,;, for every element E such that
(r1—1d,)" 'E#0

the elements B = {E, (1 —1d,)E, ..., (T —1d,)*"YE} form a basis of J,. such that the
matriz of T with respect to this basis is given by

0 -+ v oo 0
1 :
: . 1 0 :
0o --- 0 1 0

In the above notation Id, denotes the k X k identity matriz.

Proof. Since the set B has k-elements it is enough to prove that it consists of linear
independent elements. Indeed, consider a linear relation

MNE+ M7 —T1d)E+ -+ e1(7 —1d)"'E = 0.

By applying (7 —1d,)*~! we obtain A\o(7 —1d, )" ' E = 0, which gives us A\g = 0. We then
apply (7 — Id,)"~2 to the linear relation and by the same argument we obtain A\; = 0
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and we continue this way proving that Ay = --- = Ax_1 = 0. The matrix form of 7 with
respect to this basis is immediate. O

Equation (2) is a decomposition of an indecomposable Cy x Cy,-module in terms of in-
decomposable C;-modules. If we prove that o acts on each C;-indecomposable summand
Ji. of eq. (2), then this implies that there is only one indecomposable C; summand in the
decomposition, that is » = 1. Since the field k is algebraically closed and (m,p) = 1 we
know that there is a basis of M consisting of eigenvectors of 0. Set kK = k1 and E = Ej.
There is an eigenvector E of o, which is not in the kernel of (7 — Id,)®~!. Then the
elements of the set B = {E, (1 —1d,)E, ..., (r —1d,)* ! E} are linearly independent and
form a direct C; summand of M isomorphic to J,.

We will now show that this module is an k[Cy X C,]-module. For this, we have to show
that the generator o of C,, acts on the basis B. Observe that for every 0 < i < k—1 < pP

ot = 1) = (7% = 1) o
This means that the action of ¢ on E determines the action of o on all other basis
elements e, := (1 —1)""te, 1 < v < k.
Let us compute:

oeir1 =o(T — l)ie =(r% - 1)iC,),‘Le

On the basis {ej,...,e.} the matrix 7 is given by eq. (3) hence using the binomial
formula we compute

: ; E?; 1 0
@) G2 o Q) () 1
Thus 7¢ — 1 is a nilpotent matrix A = (a;;) of the form:

(Z‘) if j =i— p for some p,1 < pu <k
P
Yo >

The (-th power A’ = (az(-f)) of A is then computed by (keep in mind that a;; = 0 for
i <)

© _ § '
A" = Qi Qv v Qug,vg ** Aoy g, j
<y < <vyp_1<]J
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This means that we need i — j > ¢ in order to have a,; # 0. Moreover for i = j+ ¢ (which
is the first non zero diagonal below the main diagonal) we have

¢
@ ‘
Aiite = Qiit1Qi41,i42 " Qitl—1,i+0 = 1) = Q.

Therefore, the matrix of A¢ is of the following form:

k—1¢

—_—~ —

0 -+ -+ 0 0 --- 0

0 0 0 0

a’ 0 (5)
x ol

: . .0 :

* - x ot 0 -0

Definition 9. We will denote by V, (A, k) the indecomposable x-dimensional G-module
given by the basis elements {(7 — 1)”e,v = 0,...,x — 1}, where oe = () e.

This definition is close to the notation used in [9].

Lemma 10. The action of o on the basis element e; of Vo (A, k) is given by:
oe; = aiflgf‘nei + Z aye,, (6)
v=i+1

for some coefficients a; € k. In particular the matriz of o with respect to the basis
€1,.-.,€ex 18 lower triangular.

Proof. Recall that e; = (1 — 1)*~te;. Therefore
oe; =o(r —1)7te; = (1% = 1) lge; = QO (1% — 1) ey
The result follows by eq. (5) O

We have constructed a set of indecomposable modules V, (A, k). Apparently V, (A, &)
can not be isomorphic to V, (N, k') if k # &/, since they have different dimensions.

Assume now that k = /. Can the modules V, (), k) and V,, (N, ) be isomorphic for
A#£N?

The eigenvalues of the prime to p generator o on V, (A, k) are

A A Z10A
hsalh,...,a” 1§m.
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Similarly the eigenvalues for o when acting on V,, (VN k) are

7 !’ _1 !’
Chalpy ...

If the two sets of eigenvalues are different then the modules can not be isomorphic. But
even if A # X modm the two sets of eigenvalues can still be equal. Even in this case the
modules can not be isomorphic.

Lemma 11. The modules Vo (A\1,k) and Vo (A2, k) are isomorphic if and only if \y =
Ao modm.

Proof. Indeed, the module V, (A1, k) has an element e so that the vectors
e, (T —1)e, (1 —1)%e,....(1—1)"te (7)

form a basis of V4 (A1, k), so that oe = (Me. Let ¢ : Vo(Aa,5) — Va(Ai, k) be an
isomorphism. Let ¢/ € V,()\a, k) be an eigenvalue of o with g’ = ()2¢’ so that €, (7 —
e',...,(r — 1)" e form a basis of V,(A2,k). Set Vo(A1,5) > E = ¢(e/). We now
express E in the basis of V,, (A1, k):

k—1
E=) &(r—1)",
v=0

for some &, € k. Observe that £ # 0. Indeed, since ¢ is an equivariant isomorphism, the
elements E, (1t — 1)E,..., (7 — 1)*~! should be a basis of V,(\1, &) and if & = 0, then
(r—1)1E=0.

Using eq. (6) we see that o with respect to the basis given in eq. (7) admits the matrix

form:
0 ag 0 - 0
0 o0 Oéﬁ_lc%l
Therefore,
r—1
o(E) =) &a"¢(r—1)"e (8)
v=0

and on the other hand o(E) = ()2 F, since ¢ is an equivariant isomorphism, therefore
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k—1
o(BE)=> (&t —1)e (9)
v=0

By comparing the coefficients of the basis element e in expressions (8), (9) we arrive at

50( r);zl - 7)\n2) =0,

and since £y # 0 we have that Ay = Ay modm as desired. O
3.2. The uniserial description

We will now give an alternative description of the indecomposable Cy x C,,-modules,
which is used in [2].

It is known that Aut(C,) = F, x @, for some abelian p-group Q. The representation
¢ @ Cn — Aut(Cy) given by the action of Cp, on Cy is known to factor through a
character x : Cp, — F. The order of x divides p — 1 and P~ = x~(=1 ig the trivial
one dimensional character.

For all i € Z, x* defines a simple k[C,,]-module of k¥ dimension one, which we will
denote by S,i. For 0 < £ < m — 1 denote by Sy the simple module where o acts as ¢t
Both va‘,, Sy can be seen as k[Cq X Cp]-modules using inflation. Finally for 0 < ¢ <m—1
we define x*(¢) € {0,1,...,m — 1} such that Sy = Sy @ Syi.

There are g - m isomorphism classes of indecomposable k[Cy x Cp,]-modules and are
all uniserial. An indecomposable k[Cy x C),]-module U is unique determined by its socle,
which is the kernel of the action of 7 — 1 on U, and its k-dimension. For 0 </ <m —1
and 1 < p < ¢, let Uy, be the indecomposable k[Cy x Cy,] module with socle S, and
k-dimension p. Then Uy, is uniserial and its p ascending composition factors are the
first p composition factors of the sequence

S, Sx=1(0)s Sx=2(£)s - - - » Sy~ w=2)(£), 505 Sx=1(£)s Sx=2(£)5 - - - 1 Oy~ >=2)(¢)-

Lemma 12. There is the following relation between the two different notations for inde-
composable modules:

Va (A, £) = Uirtag(r—1))modm, k) s
recall that o = (3°. In particular, for the case of dihedral groups D4 we have the relation
VoA ) = Unr—1mod2,x-
Proof. Indeed, in the V,, (), k) notation we describe the action of o on the generator e,

by assuming that oe = ()\e. We can then describe the action on every basis element
e; = (1 — 1)""Le, using the group relations
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oe; =o(T — 1)i_1e =(r% - l)i_lae = C,’)L(T"‘ — 1)i_1e
We will use eq. (10) and in particular
oe, = a" 1.

In the U, . notation, u is the action on the one-dimensional socle which is the T-invariant
element e, = (1 — 1)*"Le, i.e. o(e,) = ¢¥. Putting all this together we have

=X+ (k- 1)ap modm.

In the case of dihedral group Dy, m =2 and a = —1%, i.e. ag = 1, we have Vo, (\, k) =

U)\+n—1mod2,n- O

Remark 13. The condition ordyia = m for all 1 < ¢ < h, is equivalent to requiring that
i : Cpy = Aut(Clyi) is faithful for all i.

4. Lifting of representations

Proposition 14. Let G = C, x C,,. Assume that for all 1 < i < h, ordyia = m. If the
k[G]-module V lifts to an R[G]-module V, where K = Quot(R) is a field of characteristic
zero, then

m | (dim(V ®g K) — dim(V ®p K)%) .

Let T :V =V be a lift of the generator T of Cq and S : V — V is a lift of the generator
o of Cp, satisfying

S™=1,T9=1,STS ' =17,

If V(C:g‘i”’) is the eigenspace of the eigenvalue ng‘i“ of T acting on V', then

1

dim V(Cci;) = dim V(C;m) = dim V(C;”Z)“) — ... = dim V(Cgm* "),

Proof. Consider a lifting V of V. The generator 7 of the cyclic part C, has eigenvalues
A1, ..., As which are p"-roots of unity. Let (q be a primitive g-root of unity. Consider any
eigenvalue \ # 1. It is of the form A\ = (i for some x € N, ¢ { s. If E is an eigenvector of
T corresponding to A, that is TE = (fF then

TST'E=S"'T"E=(*S'E

and we have a series of eigenvectors E,S™'E,S™2E, --- with corresponding eigenvalues

K R&

71 Ca ,C(’;’“z S (jg'o‘%l, where 0 = ord,(4,x)a. Indeed, the integer o satisfies the relation
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_q
(¢,%)

Using Lemma 6 we obtain o = m. Therefore the eigenvalues A # 1 form orbits of size m,

ko’ = k modg = a° = 1 mod

while the eigenspace of the eigenvalue 1 is just the invariant space V% and the result
follows. O

5. Indecomposable Cy; x C},, modules, integral representation theory

From now on V is a free R-module, where R is an integral local principal ideal domain
with maximal ideal mp, R has characteristic zero and R contains all ¢g-th roots of unity.
Let K = Quot(R).

The indecomposable modules for a cyclic group both in the ordinary and in the
modular case are described by writing down the Jordan normal form of a generator of
the cyclic group. Since in integral representation theory there are infinitely many non-
isomorphic indecomposable C,-modules for g = p, h > 3, one is not expecting to have
a theory of Jordan normal forms even if one works over complete local principal ideal
domains [7], [8].

Lemma 15. Let T' be an element of order ¢ = p" in End(V). The minimal polynomial of T
has simple eigenvalues and T is diagonalizable when seen as an element in End(V ® K).

Proof. Since T9 = Idy, the minimal polynomial of T" divides x? — 1, which has simple
roots over a field of characteristic zero. This ensures that 7' € End(V ® K) is diagonal-

izable. O

Lemma 16. Let f(x) = (x — M) (z — Aa2) -+ (x — \g) be the minimal polynomial of T on
V. There is an element E € V, such that

E, (T — MIdy)E, (T = AIdy (T — MIAV)E, ..., (T = Ag_1Idy) - - (T — \Idy)E

are linear independent elements in V ® K.

Proof. Consider the endomorphisms for i =1,...,d
d
= [[ (@ - M\1dy).
v=1
v#i

In the above product notice that T'— A\;Idy, T'— A;Idy are commuting endomorphisms.
Since the minimal polynomial of T" has degree d all R-modules Kerll; are proper subsets
of V. Since V' can not be a finite union of proper submodules there is an element E€ V
such that E ¢ Ker(II;) for all 1 < ¢ < d. Consider a relation
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d Iz

> v [T - A1dv)E, (10)

where HSZO(T—AyIdV)E = E. We first apply the operator Hi=2(T— AuIdy) to eq. (10)
and we obtain

0=yILE,

and by the selection of E we have that v9 = 0. We now apply HiZS(T — A JIdy) to
eq. (10). We obtain that

d

0= [J(T = \NIdv (T = Mldy) = nILE,
v=3

and by the selection of E we have that v; = 0. We now apply Hi=4(T — A JIdy) to
eq. (10) and we obtain

d
0= [J(T = \Idy )(T = Aoldy )(T = MiIdy) E = 115 E
v=4
and by the selection of F we obtain 3 = 0. Continuing this way we finally arrive at

Y=1="=%-1=0. 0

Lemma 17. Let V' be a free R-module of rank d acted on by an automorphism T :V — V
of order p. Assume that the minimal polynomial of T is of degree d and has roots

A, ..y Ag. Then T = (t;5) can be written as a matriz with respect to the basis as follows:
MO e e 0
ar A2 :
0 az A3 . (11)
e T .0
0 R 0 Aq—1 )\d
i.€e.
Aidifi=
tij=qa; ifi=j+1 (12)
0 otherwise

Proof. By Lemma 16 the elements

E, (T — MIdy)E, (T — AIdy )(T — MIdy)E, ..., (T = Ag_1Idy) - - (T — \1dy)E
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form a free submodule of V' of rank d. The theory of submodules of principal ideal
domains, there is a basis E1, Fs, ..., E4 of the free module V' such that

E, =E, (13)
a1E2 = (T - /\1Idv)E'17
a2E3 = (T — )\QIdv)EQ,

ag-1Eq = (T — Ag—11dy ) Eq_1.

Let us consider the module Vi = (E1,..., Eq) C V. By construction, the map T restricts
to an automorphism V; — V; that has the desired matrix form with respect to the basis
Eq,...,E;. We then consider the free module V/V; and we repeat the procedure for the
minimal polynomial of T', which again acts on V/V;. The desired result follows. O

Remark 18. The element 7" as defined in eq. (11) has order equal to the higher order of
the eigenvalues A1, ..., A\q involved. Indeed, since we have assumed that the eigenvalues
are different the matrix is diagonalizable in Quot(R) and has order equal to the maximal
order of the eigenvalues involved. In particular it has order g if there is at least one \;
that is a primitive g-root of unity. The statement about the order of T is not necessarily

true if some of the eigenvalues are the same. For instance the matrix <} (1)> has infinite

order over a field of characteristic zero.

Remark 19. The number of indecomposable R[T]-summands of V is given by #{i : a; =
0} +1.

A lift of a sum of indecomposable kCy;-modules J,,, @ - -- @ J,,, can form an indecom-
posable RC;,-module. For example, the indecomposable module where the generator 7'
of Cy4 has the form

A 0 e e 0
ar A2 :
T=10 a A
: .. . . 0
0 0 aq—1 )\d
where a1 = -+ = ax,—1 = 1, g, € MR, Gry41y-- s Qrotri—1 = 1, Quytr, € Mg, etc

reduces to a decomposable direct sum of Jordan normal forms of sizes k1, ko, .. ..

Remark 20. It is an interesting question to classify these matrices up to conjugation with
a matrix in GLg(R). It seems that the valuation of elements a; should also play a role.
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Definition 21. Let h;(z1,...,z;) be the complete symmetric polynomial of degree i in
the variables x1,...,z;. For instance

ha(zy, T2, 03) = o3 + 2300 + 2323 + 105 + 210003 + 2125 + T3 + 2503 + To23 4 T
Set
L(k, J,v) = his(Njs Aj1s o5 Ajo)

Al ) a;iaip1--aiyy  ifj>0
,]) =
0 if j <0

Lemma 22. The matriz T = (tg;‘)) is given by the following formula:

A ifi=j
H9) = QAGi—j—1)-Lla—(i—j),ji—j) ifj<i
0 ifj>i

Proof. For j > i the proof is trivial. When j < ¢ and a = 1 it is immediate, since
L(z,-,-) =0, for every x < 0. Assume this holds for & = n. Set & = n + 1, we consider
first the case j + 1 < 7, using eq. (12)

£ =S = Mt agtt™, ) = NAG — §— DI~ (- ), 40— §)+

k=1
+ajAj+L1i—j—2)Ln—(i—j—1),j+Li—j—1)=
:A(]al_]_l) ()‘ hn (i— j)( o )‘)+hn (i— j)+1(/\j+1a-~-a)\i)) =
=A(j,i—j— l)hn—(i—j)+1()‘jv c ) =

:A(j,i—j—1)L(n—(i—j)+1,i,i—j).

If 7+ 1 =i then we compute

VAR Zt(")t Ky = Mt +agt™
k=1

= NjA(j i — = DL(n— (i — §), ji — ) + ;A o4y
= \jA(5,0)L(n —1,5,1) + ajA§T17j+1

= A(j,0) Njha—1(Aj, Ajs1) + B (A1)

= A(J,0)hn(Nj, Ajt1)

= A(j,i—j—1)L(n—(i—j)+1,4,5—j). O
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Remark 23. The space of homogeneous polynomials of degree ¢ in n-variables has di-
n—1-+c

o1 ) Since all g-roots of unity are reduced to 1 modulo mg the quantity

mension (
L(a—(i—j),j,i—j) is reduced to the number of terms in hq_¢;—j(}\j, ..., Ai), which is
equal to dimension of homogeneous polynomials of degree c = a—(i—j)inn = (i—j)+1

variables, that is

L(a—(i—3),j,i—j) = (”_1“) = ( “ ) modmp.

n—1 1 — ]
This computation is compatible with the computation of 7 given in eq. (4).

Recall that we have defined in Proposition 14 the element S : V' — V to be a lift of
the element o generating C,,.

Lemma 24. There is an eigenvector E of the lift S, which is a generator of the cyclic
S

group Cy,, so that E is not an element in U Ker(II; ® K).
i=1

Proof. The eigenvectors Fn, ..., E4 of S form a basis of the space V ® K. By multiplying
by certain elements in R, if necessary, we can assume that all E; are in V and their
reductions F; ® R/mp, 1 < ¢ < d give rise to a basis of eigenvectors of a generator
of the cyclic group C,, acting on V ® R/mp. If every eigenvector E; is an element of
some Ker(II,) for 1 < i < d, then their reductions will be elements in Ker(T — 1)4~! a
contradiction since the later kernel has dimension < d. O

Lemma 25. Let V' be a free Cy x Cy,-module, which is indecomposable as a Cy-module.
Consider the basis given in Lemma 17. Then the value of S(F1) determines S(E;) for
2<i<d.

Proof. Let S:V — V be a generator of the cyclic group C,,. We will use the notation
of Lemma 16. We use Lemma 24 in order to select a suitable eigenvector of F; of S and
then form the basis Fy, Es, ..., E4 as given in eq. (13). We can compute the action of S
on all basis elements F; by

S’(ai,lEi) = S(T - )\iflldv)Eifl = (Ta - AiflldV)S(Eifl) (14)

This means that one can define recursively the action of S on all elements F;. Indeed,
assume that

d
S(Ei—1> == Z 'Yu,i—lEu-
v=1

We now have
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d
(T _)\z 1IdV Z - z 1Eu

=(\* = N_1)E, + Z B,
p=v+1

We combine all the above to

a;— IS Z'yyz 1 - z 1 E +Z'}/Vl 1 Z t(a)E

p=v+1
d
= Z’N}/V,iEl/v (15)
v=1

for a selection of elements 4, ; € R, which can be explicitly computed by collecting the
coefficients of the basis elements F1, ..., Ey.

Observe that the quantity on the right hand side of eq. (15) must be divisible by a;_1.
Indeed, let v be the valuation of the local principal ideal domain R. Set

eg = min {v(Y,.;)}-

0 1§u§d{ (Fw,i)}

If eg < v(a;—1), then we divide eq. (15) by 7, where 7 is the local uniformizer of R,
that is mg = mR. We then consider the divided equation modulo mg to obtain a linear
dependence relation among the elements E; ® k, which is a contradiction. Therefore
eo > v(a;—1) and we obtain an equation

For example S(E1) = (5, E1. We compute that
(lls(Eg) = (Ta - Alld)S(El)
and

d 4(a)
Mg — t
( )C;LEl + Cm Z e 1

"
a
pn=2 1

d
AL — A a1ag - ay—1ha_(—1y (A1, Agy ooy A
:(1a1 1)CZE1+C;1§: 142 pn—1"Na—(pu 1)(1 2 #)E#.

a
p=2 1
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Proposition 26. Assume that no element ay,...,aq—1 given in eq. (11) is zero. Given
a € N,a > 1 and an element E7, which is not an element in U?:l Ker(II; ® K). If there
is a matriz T' = (v; ;), such that TTT=1 = T and TE; = (S, F1, then this matriz T is
unique.

Proof. We will use the idea leading to equation (14) replacing S with I". We will compute
recursively and uniquely the entries v, ;, arriving at the explicit formula of eq. (21).
Observe that trivially v, ; = 0 for all v < 1 since we only allow 1 < v < d. We

compute
’~Y = Yy, i— 1( —Xic1 +Z'YV1 1tﬂ; (16)
pn—1
= it (N = M)+ Y i1 A — v = DL — (1= v), v~ v)
v=1
pn—1
= 'Y,u,ifl()\z - )\ifl) + Z Vv, i—1ApQpy41 * * * a,uflhaf;hLl/()\ua )\u+1> ceey >\,u)
v=1
Define
) J
[)‘Zé - )\z]z = ()‘Zt - )‘x)
[af] = ]] aa

for i+ < j. If i > j then both of the above quantities are defined to be equal to 1.
Observe that for ;4 =1 eq. (16) becomes

1

ai—1

M, = Y1i-1(AY = A1) (17)

and we arrive at (assuming that I'(Ey) = (5, E1)

i—1
G G -1
=" A=) = —— DY = AV 18
1= ey TLOE =) = oo - ) (18)
For p > 2 we have v, 1 = 0, since by assumption I'Ey = ¢, E1. Therefore eq. (16) gives
us

j—2 1 1
_y AL alt > h A A
Tpi = Z o1 Z%Lzl — a—ptpz (Apgs -+ A)

k1=0 [}z 1—kK1 po=1
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— u 1 - [)\/o; - Al’];:;l{l
Z ha— s ()\uza ceey )‘;L) Z o1 Ype,i—l—kg- (19)

S laiti,

We will now prove eq. (19) by induction on ¢, using equation (16). For i =2,y > 2

1

T2 = af’Y;LJO‘ - A1) + — Z Yz 1| P pitpin Apas -+ -5 M)
! H2 1
1 1
= a—l[ah Pa—pr1 (At Ap)v

Assume now that eq. (19) holds for computing 7, ;—1. We will treat the v, ; case. Using
eq. (16)

(AY = Xi—q1)
Vi = Ha%%m’f Z Vo, i— 1 hafuﬂta ()‘uw SR /\u)
i—1 H2 1
(/\g — /\1_1) pol =1 — P‘;D: - Ax]z::%fm
= Z [a]m Po—pitpnApzs -+ 5 A) Z s Ype,i—2—k1
@i-1 po2=1 k1=0 [a]i—Q—Nl
ha—u-&-uz ()‘#23 ceey )‘u)
Mz 1
pn—1 -3 [AQ_A ]'—1
_ Tli—1—
= [a]ﬁg 1h047/1«+li2( PRI 7 Z %’7@2,1‘72751
po=1 1=0 [a}i727n1
a Z Vpzyi— 1 2 ha—%ﬁ'uz ()‘Mz’ ) /\M)
i—1 =1
- i—2 i—1
A% — A\ )i
Z M 1ha P2 (>‘,u27 ) )‘,u) Z Hi_ilwf)’ug,iflfm
pa=1 f1=1 lali=1_x,
p—1 1
+ Z M 1ha u+u2()‘u2a--->/\u)_—7uz7i—l
pa=1 a;—1
p—1 i—2 a ]z 1
- Z [ally ot iz - -+ T Vs i— 1y
pa=1 N1:0 ]1 1—k1

and equation (19) is now proved.

We proceed recursively applying eq. (19) to each of the summands v,,, ;—1—x, if p2 > 1
and ¢ —1—#kq > 1. If po =1, then v, ;—1-_x, is computed by eq. (17) and if yo > 1 and
1 —1— k1 <1 then v, ;—1-«, = 0. We can classify all iterations needed by the set X,

of sequences (fs, fhs—1, - - -, 13, 42) such that
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n=>5
e =1 po =2 o =3 o =4
| /\
pa =1 ps =1 pg=2
I
g =1 ps =1 M3 =2 M3z =3
| /\
Ha =1 pa =1 Ha =2
I
ps =1
Fig. 1. Iteration tree for u = 5.
1=ps < prg—1 < - < g < g < p=p. (20)

For example for i = 5 the set of such sequences is given by

2 =1(1),(1,2),(1,3),(1,2,3),(1,4),(1,2,4),(1,3,4),(1,2,3,4)}
corresponding to the tree of iterations given in Fig. 1. The length of the sequence

(Lhsy fhs—1, - - -, 2) is given in eq. (20) is s — 1. In each iteration in the sum of eq. (19) the
i changes to ¢ — 1 — k thus we have the following sequence of indices

11=1—>lya=1—1—K1 — i3 Zi—2—(K1+K2) — e = g :Z.—(S—l)—(lﬁl—i—"'—f—/is_l)

For the sequence i1, 19,..., we might have i, = 1 for ¢ < s — 1. But in this case, we
will arrive at the element v, ;, = v,,,1 = 0 since p; > 1. This means that we will have
to consider only selections k1,...,ks—1 such that is_; > 1. Therefore we arrive at the

following expression for p > 2

Vi = Z [a]ﬁgl[a]ﬁiil ’ [a’ ﬁz -t H ho— Po— 1+Hu()‘ltua BERE) /\#u—l)
(Hsyewspi2) EXy v=2

11,—1

Z H la ]%—zly+1+1 "Vis

=11 >i> >0, >1v=1 Gyl

19 Z H oyt Mg+ A )

(:U's-,--w/l?)ez# v=2

s— 1 € o G —
Z M ! zu—l Crm [)\1_)\@]1‘ !

=11 >12>->is>1
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= Z Hho&—uufl-ﬁ-uu O‘uua e 7A/‘/V—1) [[a]]l 1 Cm Z H Z;11+1

(Ksyemmspp2) €3, V=2 =11 >ip> - >is>1v=1

(21)

where 7541 + 1 = 1 that is 4,41 = 0. Since 7,,; are uniquely determined the uniqueness
of I follows. 0O

We will now prove that the matrix I' of Lemma 26 exists by checking that I'T" = T°T".
Set (ay,;) =TT, (by:) =T°T. For i < d we have

Au; = Z%,utu,i = Yuyitii T Vpir1tit1,

"

) A+ i (A +Z%z(‘”
p—1 Iz

= Vi + D Wwatfi = Dt = b
v=1 v=1

For i = d we have:

Qpud = Z Vuptv,d = Vu,dtd,d = Yu,dNd

v=1
while, recall Lemma 22,
d pn—1
bua = D _tvwa =Y t%d + AiVua-
v=1 v=1
This gives us the relation
(Ad = AL)Vpd = Z ) Va (22)

For p = 1 using eq. (18) we have
TMara = 11,07 = AT = A = 0.

This relation is satisfied if Ay is one of {1, ..., Ag}. Without loss of generality we assume
that

(3

/\i—m-',-l if m | )
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We have the following conditions:

p=2 (Ad = X320 = 53714
p=3 (Aa = A3)¥3,0 = tgfl)%,d + té(,lz)w,d
u=4 (Ad = Af) Va0 = té(L(,ll)’Yl,d + th)%,d + tz(fg)’md

(@)

p=d—1 (Ad = AG_1)Va-1a = tEloi)l,ﬂLd ity 1 p72a 0t tgioi)l,d—Q’yd*Ld'

All these equations are true provided that

Yi,ds---sVd—2,d = 0. (24)
Finally, for y = d, we have
d—1
A= 2A)Vda =Dt v, (25)
v=1

which is true provided that (Agq — A§)Va,a = t((;;_l’)/d—l,d- In Lemma 29 we will prove
that eq. (24) holds and eq. (25) will be proved in Lemma 34.

Lemma 27. For n > 2 the vertical sum S,, of the products of every line of the following

array
Y
1 1 (r1 —x2) (21 —x3) (1 — xp)
2 (z—x1) 1 (1 — x3) (1 — xp)
3 (z—x1) (2—x2) 1
n—1|(z—z1) (z—x2) (z — xp—2) 1 (1 — xp)
n (z—z1) (2—x2) (z —xp—2) (z—xp_1) 1
is given by
n n y—1
Sn:Z H (ml—gcl,)H(z—x“):(z—xg)--(z—mn).
y=1lv=y+1 p=1

In particular when z = x,, the sum is zero.



A. Kontogeorgis, A. Terezakis / Journal of Algebra 659 (2024) 745779 767

Proof. We will prove the lemma by induction. For n = 2 we have Sy = (21 — 22) 4+ (2 —
Z1) = z — x9. Assume that the equality holds for n. The sum S, 11 corresponds to the

array:

Y
1 1 (r1 —x2) (x1 — x3) e (r1 —2n) (21— Tpy1)
2 (z — 1) 1 (1 — x3) (x1 —xpn) (21— Tpy1)
3 (z—m1) (2—z2) 1

n—11|(z—a) (z —xp_2) 1 (1 —zp) (21— Tny1)
n | (z—z1) (2—229) (z —xp_1) 1 (1 — Tpt1)

n+1|(z—x1) (2—a9) (z—xp_1) (2—zy) 1

We have by definition S,,+1 = Sp(x1 — Tpnt1) + (2 — 1) (2 — 22) - - - (2 — x,), which by
induction gives

Snp1 = (2 —w2) -+ (2 = xp) (21 — Tng1) + (2 —21) (2 —22) -+ (2 — )
=(z—23) (2 —xp)(T1 — Tpy1 + 2 — 21)
and gives the desired result. O

Lemma 28. Consider A <1 < L < B. The quantity

> Pa = A e = Al
1<y<L

s equal to

[)\a - )\xbL - P\b - )\m]lL
(>‘a - )‘b) .

P‘a - )‘x]lA_l : [/\b - )‘x]f-H :
Proof. We write

D Do =i Do = Al

I<y<L

= [)‘a - )‘T/]ZXI : [)‘b - )‘z]f+1 ’ Z [)‘a - )‘z]?il ’ [)‘b - )‘1’]5+1
I<Sy<L

The last sum can be read as the vertical sum S of the products of every line in the
following array:
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Yy

l 1 (Ao = N1) (Ao — Nig2) e (M —Ar—1) (A —Ar)
I+1 | (Aa—N) 1 (Ao — Aig2) e (M —Az—1) (A —Ar)
l+2 ()‘a _/\l) (>\a _)\l+1) 1 ; :
L2 Oa=A) Cu—Ag) oo L =) ()
Lo1](Ou=N) (ha—As1) . (A — Az_s) 1 o — Az)

L Aa— A1) (Aa—Nig1) X (Aa —Ar—2) (Aa—Ar-1) 1

If | = b, then Lemma 27 implies that S = [Aq — Az]{,,. Furthermore, if L = a then
S =0.

The quantity S cannot be directly computed using Lemma 27, if [ # b. We proceed
by forming the array:

Y

b T v o) - Do —N) - I O VD
l—.l a = \p) 1 ()\b;)\z) ()\b;)\L)

l (Aa — o) (Ao — Xi-1) 1 (Mo — Aig1) (A — Aig2) e (Mo — A1) (A — Ar)
L+1 | (Aa— ) Aa=X-1) | (A = N0) 1 (Ao — Nig2) e (A = An—1) (A — Ar)
I42 1 Oa=X) - Oa=21) | Qe =X) Oa = Mis1) 1 : :
o2 umd) o Gum ) | G- M) e A L e =) (e - )
L—-1] A=) Mo —X=1) | (A = A) (A — Nig1) (Aa — AL—2) 1 (M —AL)

L (Aa_)\b) (/\a_)\lfl) ()\a_)\l) (/\a_/\lJrl) ()\a_)\L72)()\(1_)\L—1) 1

The value of this array is computed using Lemma 27 to be equal to [\, — )\w]bL "+ 1- We ob-
serve that the sum of the products of the top left array can be computed using Lemma 27,
while the sum of the products of the lower right array is S.

[)‘a - /\r}ifl S+ [/\a - Ar]élll : [)‘b - /\r}lL = P‘a - )‘fc]£+1
we arrive at
Mo = Ay ™'8 = o = Aaly 3y (Do = Aald = [N = AoE)
or equivalently
(/\a - >\b) S = [)‘a - >‘ﬂc]lL - [/\b - )‘z]lL ]
Lemma 29. For all 1 < u < d —2 we have y,,q = 0.
Proof. Let py = pu > pg > -+ > pus =1 € ¥, be a selection of iterations and d = i; >

ig > -+ > 15 > 1 > is41 = 0 be the sequence of i’s. Using eq. (23) we see that the

iy —1

quantity [\ — Az]i" " # 0 if and only if one of the following two inequalities hold:
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either iptr1 >y — mf(py) (26)
or by <ply +2— mf(uu)a (27)

where

)1 iftm |
f(x)_{O ifmitax

We will denote the above two inequalities by (26),, (27), when applied for the integer
v. Assume that for all 1 < v < s one of the two inequalities (26),, (27), hold, that is
[AG, — )\I]Z;lﬂ # 0. Inequality (26)s can not hold for v = s since it gives us 0 = 4541 >
1 = s, we have m {1 = ps.

We will keep the sequence i : p3 > po > --- > pg fixed and we will sum over all
possible selections of sequences of i1 > ---i; > i541 = 0, that is we will show that the
sum

S
Tpii= j{: II[AgV-AIE;;j+1 (28)
=11 >i2>>is>1v=1

is zero, which will show that v, 4 = 0 using eq. (21).
Observe now that if (27), holds and m 1 p,, pt,—1, then (27),_; also holds. Indeed the
combination of (27), and (26),_1 gives the impossible inequality

(@7, (26,
1% +2 > 1y > Hy—1-

Assume now that m | v and (27), holds, then (27),_; also holds. Indeed the combination
of (27), and (26),_; gives us

(27,  (26),_,
y+2—m > 4, > g1 —mf(u,_1).

If m { p,—1, then the above inequality is impossible since it implies that

P +2—=m > py1 > .
If m | gy, —1, then the inequality is also impossible since it implies that p, +2 > p,—1 so
if we write p,—1 = k'm and p, = km, k, k' € N, k' > k, we arrive at 2 > (k' — k)m > m.
This proves the following

Lemma 30. The inequality (26),_1 might be correct only in cases where m | p,—1, m1 w,.

Assume that for all v inequality (27) holds. Then for v = 1 it gives us (recall that
p<d—2)
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p4+2<d=iy < +2—mf(u)=p+2—mfu), (29)

which is impossible. Therefore either there are v such that none of the two inequalities
(26),, (27), hold (in this case the contribution to the sum is zero) or there are cases
where (26) holds.

The summands appearing in eq. (28) can be non-zero, for example the sequence p; =
m > py =1 with is = 2 < i1 = d, s = 2 give the contribution

o = A2 AL = At = D = A = At = (e = A)[u = A5
while for io = 1 < iy = d it gives the contribution
s = A2 AT = A = D = A D = Al = = A

It is clear that these non-zero contributions cancel out when added.

Lemma 31. Assume that m | py,—1 and m 1 p,,, where (27),, and (26),,—1 hold. Then,
we can eliminate (1,,—1 and i,, from both selections of the sequence of u’s and i’s, i.e.
we can form the sequence of length s — 1

Phs—1 = phs < flg—2 = ps—1 < -+ < fhyg—1 = fuy < Hyg—2 = fyg—2 < - < i1 = i1,
and the corresponding sequence of equal length
fso1 = s <lgn =ls 1 < <y = lpgi1 < dg1 = tpy1 <+ < iy =141 =d,
so that
SN | TR S H Al
Q1> >0, v=1 R A
where () is a non zero element.

Proof (of Lemma 31). We are in the case m | py,,—1 and m t p,,, where (27),, and
(26),,—1 hold,

(20,0 @D,
Hog—1 —Mm < iy < fyy + 2, (30)

or equivalently
Ho = Uyg—1 —m+1 Siz/(] < g +1

For i,,+1 the inequality (26),, tvy+1 > fv, — M f(tty,) can not hold, since it implies
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(2744
gl <lyy < flyy +2 <lygg1 + 2.

Observe that also
tyg41 + 1 S iy <iyg—1 — L
Set I = max{pg,iy,+1 + 1} and L = min{u,, + 1,4,,—1 — 1}. Then y = i,, satisfies
<y <L

By Lemma 28 the quantity

—1 iy —1—1
Z Mivg+1 = Aali g1 o = Aalyfr
I<y<L

equals to

i =1 P41 — Aalf = Ao — M)l
Mgt = el Dy — Al e -
[ fuo+1 ]l,,0+1+1 [ Iz ]L-‘rl ()‘Huo+1 - )\HO)

iyg_1—1 _ fyg_1—1
[)‘llqurl - )‘w]zﬁoﬂ-s-l : [)‘,U«o - )\:r]LJOrll - [)‘MVOH - )‘J/’]éuol_,.l-&-l : [)‘P«o - )‘I]l o
(At +1 = Auo) '

(31)
Case A]_ l = o 2 il’0+1 —+ 1. Then [)\#0 — )\m]lL = O

Case A2 =i,,4+1+ 1> pg. We set z := iy,41, which is bounded by eq. (27),,+1 that is

Case A2 (27)u0+1
o <z < g1+ 1

Notice that in this case m 1 pyo+1. If m | py41, then since we have assumed that
inequality (27),,+1 holds we have

(Case A2) (27)y0+1
Poo—1 —m=po—1 < iy < pgp1 +2-—m,

which implies that p,,—1 < ftyy+1 + 2, a contradiction. Thus for [ = z + 1 we compute

i1
Z P‘zuﬁl - Am];,,gi;-i-l ’ P‘/Lo - )‘r]lL =

po<z<pyo+1+1
_ z—1 L _
- § [)‘HV0+1+1 - )‘I]in+2+1 . P‘Ho - )‘I]erl -
po<z<pyy+1+1

vo+1+1 vo+1+1
[)\/»LV0+1+1 - )\az:]fto(ﬂrl - [)\ILO - )\CD]ZDO+1 -0

:(*)

>‘/tuo+1 +1 = >‘#0+1
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Case B1 L = p,,, + 1 <4,,_1 — 1. In this case [)‘uwﬂrl — )\I]ZL =0.

Case B2 L =i,,_1 — 1 < u,, + 1. In this case eq. (31) is reduced to

iyg—1—1
[)‘uy0+1 - )‘m]iyz+i+1

Mg +1 = Auo)

This means that we have erased the p,,_; from the product and we have

S S
i1 i—1
Z Hp‘ﬁu - Am];‘;+1+1 = (%) Z H P‘ZLV - )‘fc];zﬂ-ﬂa
i1 > >is v=1 P> >, D;é/y:l .
o—

where () is a non zero element. This procedure gives us that the original quantity

Ty —1 Tyq—1—1
[/\/C;uo - )‘-’E]izg+1+1 ’ [Azuo—l - )‘m]i:2+11

after summing over i,, becomes the quantity

a ivg—1—1 _ ya iyg—1—1
[ Huvg - x]ir/o+l+1 - [ ﬁug—l - ‘T]zyo—ﬁ-l ’
that is we have eliminated the p,,—; and i,, from both selections of the sequence of p’s
and ¢’s, i.e. we have the sequence of length s — 1

Ps—1 = s < flg—2 = flg—1 < -+ < ﬂll[)*l = Uy, < ﬁz/gf2 = Pyy—2 < - < 1 = 1,
and the corresponding sequence of equal length
Es—l :is <gs—2 :is—l < <Euo :iuo+l <Eu0—1 :iyo—l <L <gl :il :d; (]

Remark 32. One should be careful here since i,, 1 = i,,_1 > Gy, > Gy, = Gygi1, SO
51,0,1 > fl,o + 1. This means that the new sequence of Gs_1 > -+ > 41 satisfies a stronger
inequality in the vy position, unless vy — 1 = d in the computation of v, 4.

Consider the set s,s — 1,...,1v9 such that m { u, for s > v > vy and assume that
m | fy,—1 and (27),, and (26),,—1 hold. We apply Lemma 31 and we obtain a new
sequence of s with p,,—1 removed, provided that 1o —1 > 1. We continue this way and
in the sequence of p’s we eliminate all possible inequalities like (30) obtaining a series
of p which involves only inequalities of type (27). But this is not possible if u < d — 2,
according to equation (29). This proves that all 7, 4 = 0 for 1 < p < d—2, and completes
the proof of Lemma 29. O

Lemma 33. If o # d — 1, then the contribution of the corresponding summand L'y ; to
Yd,d S zero.
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Proof. We are in the case u = d = i. We begin the procedure of eliminating all sequences
of inequalities of the form (23),,, (22),,-1, where m | vp — 1, m { vy, using Lemma 31.
For v = 1 inequality (27); can not hold since it implies the impossible inequality d =
i1 < d+ 2 — m. Therefore, (26); holds, that is i > d — m. On the other hand we can
assume that (27)3 holds by the elimination process, so we have

(26),  (27)
d—m <'iy < po+2.

Following the analysis of the proof of Lemma 29 we see that the contribution to 74,4
is non zero if case B2 holds, that is (1p = 2 in this case) d — 1 = iy,—1 — 1 < pg + 1,
obtaining that yo =d—-1. O

Lemma 34. Equation (25) holds, that is

d—1
A=A vaa = Dt =t Ya-1.a.

v=1

Proof. We will use the procedure of the proof of Lemma 31. We recall that for each fixed
sequence of pg > -+ > pp we summed over all possible sequences 41 > -+ > 4541 =
In the final step the inequality (30) appears, for vy = 2, and p,, = po = d — 1 and
vp—1=1and py,—1 = 1 =d, that is:

(26),  (27),
0=thg—1—m < Gy, < fyy +2=d+1.

As in the proof of Lemma 31 we sum over y = 7, and the result is either zero in case B1
or in the B2 case, where p,, = pto =d —1and po = pryy—1 —m+1=d—m+1, the
contribution is computed to be equal to

« fpg—1—1 a _
[ Hug+1 - )‘I]iug+1+1 _ [)‘d - )\z]i_h
(/\MV0+1 - /\Mo) Ad — /\g

The last p1,,—1 = p1 = d is eliminated in the above expression. This means that for a
fixed sequence pq > ... > us the contribution of the inner sum in eq. (28) is given by

S

1 iy —
v RN DI | (G At

d g 1=iy>ig>->ig>1v=2

Observe that p; = d does not appear in this expression and this expression corresponds
to the sequence iy = o =d—1> fig = ug > --- > lis—1 = jis = 1. Notice, also that the
problem described in Remark 32 does not appear here, since we erased i; which is not
between some ¢’s but the first one. Therefore, we can relate it to a similar expression that
contributes to y4—1,4. Conversely every contribution of v4_1 4 gives rise to a contribution
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in 74,4, by multiplying by Aq — A§. The desired result follows by the expression of v, 4
given in eq. (21). O

We have shown so far how to construct matrices I',T" so that
T4 =1TTr ' =T1°. (32)
We will now prove that T' has order m. By equation (32) I'* should satisfy the equation
ATk = 70

Using Proposition 26 asserting the uniqueness of such I'* with « replaced by o* we have

that the matrix multiplication of the entries of I' giving rise to (vﬁkz) ) = I'* coincide to

the values by the recursive method of Proposition 26 applied for IV = I'*, o/ = o and
I"E, = (FF,. In particular for k = m, we have ™ = 1 modp” for all 1 < v < h, that
is the matrix I'* should be recursively constructed using Proposition 26 for the relation
rm1r™ =T, I'"™E, = Ei, leading to the conclusion I = Id. Notice that the first
eigenvalue of I' is a primitive root of unity, therefore I" has order exactly m.

By Lemma 10 the action of ¢ in the special fiber is given by a lower triangular matrix.
Therefore, we must have

Yv,i € mp for v <. (33)
Proposition 35. If
v(Ai —Aj) >v(ay) foralll1 <i,j<dandl <v<d-1, (34)
then the matriz (vy,,;) has entries in the ring R and is lower triangular modulo mpg.

Proof. Assume that the condition of eq. (34) holds. In equation (21) we compute the
fraction

Lo ifi>p
— =11 ifi=p (35)
[ ifi<p

The number of (A} — A;) factors in the numerator is equal to (recall that is41 = 0)

S

D iy —1—ip—141)=i—s,

v=1

and i > pu > s, s0 i —s > 0. Therefore, for the upper part of the matrix i > u we
have ¢ — s factors of the form (A — A;) in the numerator and i — p factors a, in the
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denominator. Their difference is equal to (i — s) — (i — 1) = u — s > 0. By assumption
the matrix reduces to an upper triangular matrix modulo mp. O

Remark 36. The condition given in equation (34) can be satisfied in the following way: It
is clear that A\; — \; € mg. Even in the case Ump (N — )\j) = 1 we can consider a ramified
extension R’ of the ring R with ramification index e, in order to make the valuation
Vmp, (A — Aj) = e and then there is space to select vy, (@;) < Vmp, (A — Aj).

Proposition 37. We have that
Yii = ¢5,0 " modmp (36)

Let A = {ay,...,a4-1} € R be the set of elements below the diagonal in eq. (11). If
a; € mp, then

Vuyi € MR for p # i,

that is E; is an eigenvector for the reduced action of I' modulo mp. If ay,,...,ax, are

r

the elements of the set A which are in mp, then the reduced matrixz of T' has the form:

ry 0 -+ 0
0 I, :
. 0
0 --- 0 T,
where T'1,Ta, ..., Tppq for 1 <v <r+1 are (k, — Ky—1) X (ky — Kp—1) lower triangular
matrices (we set kg =0, Kr41 = d).
Proof. Consider the matrix I':
Y11
Vk1,1 o Ve
Vr1+1,k1+1
Yiyi Veo,k1+1 o Vka, ko
1<i<kr<m<d Vi
k1 <i<ka<p<d Ver+1,0r+1
Vd,k,+1 “ Yd,d

We have that 1 = ¢ and the only element in ¥, which does not have any factor of the
form (A§ — A;) is the sequence
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Il=ps=ps1—1<ps1 < <pe=pmp—1<p=pn

For this sequence eq. (21) becomes

’yi’i = H ho‘_l(AHV’)\HV—l)C’fﬂ mOdmRa
v=2

which gives the desired result since ha—1(Au,, Au,_,) = (§) = a modmp.

For proving that all entries v, ; € mg for kK, <14 < k41 < pu < d, that is for all entries
below the central blocks, we observe that from equation (21) combined with eq. (35) that
Yu,i is divisible by [a]ﬁh1 = 0041 Qpyq1 - Au_1 € MR, O

Recall that by Lemma 2 there is an 1 < ag < m such that a = ¢2°.

Proposition 38. The indecomposable module V' modulo mpg breaks into a direct sum of
r + 1 indecomposable k[Cy x Cy,] modules V,,, 1 <v < r 4 1. Each V,, is isomorphic to
Vo€ + aoky—1,ky — Fy—1).

Proof. By eq. (36) the first eigenvalue of the reduced matrix block T, is

C,,fnaﬁu—l _ C;j—(ma)ao’

Since that first eigenvalue together with the size of the block determine the last eigen-
value, that is the action of C),, on the socle the reduced block is uniquely determined up
to isomorphism. O

This way we arrive at a new obstruction. Assume that the indecomposable represen-
tation given by the matrix T as in Lemma 17 reduces modulo mg to a sum of Jordan
blocks. Then the o action on the leading elements of each Jordan block in the special
fiber should be described by the corresponding action of o on the leading eigenvector E
of V. The corresponding actions on the special fiber should be compatible.

This observation is formally given in Theorem 1, which we now prove. Recall that the
k[G]-module M is decomposed as a direct sum

M = Va(er, k1) @ -+ - @ Vales, ks)-

Each set I,, 1 < v <t corresponds to an indecomposable R[G]-module, which decom-
poses to the indecomposables V,(€,,k,), v € I, of the special fiber. Indecomposable
summands have different roots of unity in R, therefore ) uel, k, < g, this is condition
(L.a.). The second condition (1.b.) comes from Proposition 14. If 1 is one of the possi-
ble eigenvalues of the lift 7', then >_ ; x, = 1 modm. If all eigenvalues of the lift 7'
are different than one, then Euely K, = 0modm. If #I, = ¢, then there is one zero
eigenvalue and the sum equals 1 modm.
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It is clear by eq. (36) that condition (1.c.) is a necessary condition. On the other hand
if (1.c.) is satisfied we can write (after a permutation if necessary) the set {1,...,s},
5= Zty:l #1I, as a disjoint union

{1,...,8}:I1UIQU"‘UIt

where each set [,,, 1 < v <t contains the indecomposable representations V, (e, k) that
will form the reduction of an indecomposable representation of R[G]. Assume that the

representations indexed by the set I; have dimensions {mgl), ey ﬁ%)}, where 1 = #14,
the representations indexed by I have dimensions {/152), ceey mﬁ)}, where 1o = #15 and
finally the representations indexed by I; have dimensions {ngt), ceey mﬁ.? }, where 1y = #1;.
We define

T1
b= kY,
j=1
T2
by =bi+ Y k7,
j=1

bs=bi+by+ > kY,

J=1

Tt—1
bi_1=by+ -+ b2+ Z k?j(-t_l).

Jj=1

The matrix given in eq. (11), where

0 ifZ'E{b17...7bS,1}
a; =<7 ifie {/1(1"),#;&”) + ng),ng") + /{éy) + ngy),...,ﬁ;(lu) + /{éy) + ot Hfﬂle

1 otherwise
lifts the 7 generator, and by (15) there is a well defined extended action of the o as well.
Example. Consider the group ¢ =52, m =4, =7,
G=CsxCy= (0,70 =7 = 1,010 =17).
Observe that ords7 = ords27 = 4.

o The module V,(¢,25) is projective and is known to lift in characteristic zero. This fits
well with Theorem 1, since 4|25 —1=4-6.
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o The modules V,, (¢, k) do not lift in characteristic zero if 4 1 x or 4 f K—1. Therefore only
Val(e, 1), Vo(e,4), Val(e, 5), Va(e,8), Val(e,9), Va(e, 12), Vu(e, 13), Vi (e, 16), Vu(e, 17),
Va(e,20), Vy(€,21), Vi (€, 24), Vi (e, 25) lift.

o The module V,(1,2) ® V,,(3,2) lift to characteristic zero, where the matrix of T with
respect to a basis E1, Fs, E3, Ey is given by

G 0 0 0
|t ¢Z 0 0
0 7 ¢ 0
o0 1 ¢

and S(El) = C’mEl
o The module V,(1,2) ® V,(1,2) does not lift in characteristic zero. There is no way
to permute the direct summands so that the eigenvalues of a lift S of o are given by

€ als,, a?Cs,, a3Ce,. Notice that a = 2 = (..

o The module V,(e1,21) & V, (22! - €1,23) does not lift in characteristic zero. The sum
21 + 23 is divisible by 4, eo = 22'¢; is compatible, but 21 4+ 23 = 44 > 25 so the
representation of 7' in the supposed indecomposable module formed by their sum can
not have different eigenvalues which should be 25-th roots of unity.
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No data was used for the research described in the article.
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