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O Ramanujan sto trÐto shmeiwmat�rio tou ìrise tic timèc

tn :=
√

3q1/18
n

f (q1/3
n )f (q3

n)

f 2(qn)

ìpou
qn = exp(−π

√
n).

H sun�rthsh f orÐzetai wc

f (−q) :=
∞∏

n=1

(1− qn) = q−1/24η(τ)

ìpou q = exp(2πiτ), τ ∈ H kai η(τ) eÐnai h η-sun�rthsh tou
Dedekind QwrÐc kanèna epiplèon sqìlio sto pwc ta upolìgise
èdwse mia lÐsta poluwnÔmwn kai isqurÐstike ìti ta tn apoteloÔn
rÐzec tou.
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Oi pÐnakec tou Ramanujan

n pn(t)
11 t − 1
35 t2 + t − 1
59 t3 + 2t − 1
83 t3 + 2t2 + 2t − 1
107 t3 − 2t2 + 4t − 1
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Shrinvasa Ramanujan
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EÐqe dÐkio o Ramanujan?

Oi Bruce C. Berndt kai Heng Huat Chan èkanan qr sh
ad-hoc epiqeirhm�twn gia na deÐxoun ìti ta polu¸numa tou
pÐnaka pr�gmati mhdenÐzontai apì ta tn.
Oi mèjodoc pou qrhshmopoioÔn den mporeÐ na genikeuteÐ gia
k�je n.
R¸thsan loip¸n pwc mporoÔme na upologÐsoume ta
polu¸numa tn.
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Ti ja doÔme se aut  thn di�lexh:

Ti sqèsh èqoun oi timèc tn me thn kruptografÐa.

Elleiptikèc kampÔlec me migadikì pollaplasiasmì

Nìmoi antistrof c tou Shimura
Upologismìc twn tim¸n tn
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Orismìc Elleiptik¸n kampÔlwn

Orismìc

MÐa elleiptik  kampÔlh orismènh p�nw apì èna s¸ma k eÐnai mia
mh idiìmorfh probolik  kampÔlh gènouc 1 me èna rhtì shmeÐo
upèr to k .

An to s¸ma k èqei qarakthrisik  6= 2, 3 tìte mÐa elleiptik 
kampÔlh orÐzetai apì mÐa exÐswsh thc morf c

zy2 = x3 + axz2 + bz3, ìpou a, b ∈ k

Oi elleiptikèc kampÔlec apoktoÔn dom  abelian c om�dac me
b�sh ton kanìna: trÐa suneujeiak� shmeÐa èqoun �jroisma 0,
ìpou to 0 thc elleiptik c kampÔlhc eÐnai to shmeÐo me
probolikèc suntetagmènec (x : y : z) = (0 : 1 : 0).

Upologismìc twn Ramanujan tn analloi¸twn
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j-analloÐwtec elleiptik¸n kampÔlwn

Gia k�je elleiptik  kampÔlh orÐzetai h j-analloÐwtoc:

j := −1728
43a3

−16(4a3 + 27b2)
.

DÔo elleiptikèc kampÔlec me thn Ðdia j-analloÐwto gÐnontai
isìmorfec an jewr soume mÐa to polÔ bajmoÔ 2 algebrik 
epèktash tou s¸matoc orismoÔ.

DÔo elleiptikèc kampÔlec me diaforetikèc j-analloi¸touc
den mporeÐ na eÐnai potè na eÐnai isìmorfec.

An upojèsoume ìti to s¸ma eÐnai algebrik� kleistì tìte to
sÔnolo twn kl�sewn isodunamÐac elleiptik¸n kampÔlwn
dÐnetai apì to A1(k), mèsw thc j-analloi¸tou.

Upologismìc twn Ramanujan tn analloi¸twn
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Elleiptikèc kampÔlec orismènec p�nw apì to C

Oi elleiptikèc kampÔlec p�nw apì to C orÐzontai wc phlÐka
EΛ := C/Λ, ìpou to Λ eÐnai mÐa diakrit  upoom�da tou C
t�xhc 2.
DÔo elleiptikèc kampÔlec pou antistoiqoÔn se diaforetikèc
upoom�dec Λ1,Λ2 h opoÐec èqoun b�seic Λi =Z 〈1, τi〉 eÐnai
isìmorfec an kai mìno an ta Z-modules eÐnai isìmorfa.
Dhlad  o pÐnakac allag c b�shc eÐnai stoiqeÐo thc GL2(Z).

O q¸roc twn kl�sewn isodunamÐac elleiptik¸n kampÔlwn
sto C eÐnai isìmorfoc me to H/SL2(Z). kai h j eÐnai mia
SL2(Z)-analloÐwth sun�rthsh.

j : H → C.

Upologismìc twn Ramanujan tn analloi¸twn
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H j-sun�rthsh eÐnai periodik  kai sunep¸c dèqetai an�ptugma
Fourier to opoÐo upologÐzetai wc:

j(τ) =
1
q

+
∑
n≥0

c(n)qn,

ìpou c(n) ∈ Z.
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Elleiptikèc KampÔlec sto Fp.

'Estw m = #E(Fp). Thn posìthta t = p + 1−m thn
onom�zoume Ðqnoc tou Frobenious.
IsqÔei |t | ≤ 2

√
p   isodÔnama

p + 1− 2
√

p ≤ m ≤ p + 1 + 2
√

p (Hasse).
An j0 ∈ Fp tìte up�rqoun dÔo mh isìmorfec elleiptikèc
kampÔlec me j-analloÐwto j0 oi

E1 : y2 = x3 + ax + b, E2 : y2 = x3 + ac2x + bc3,

a = 3k , b = 2k , k = j0
1728−j0

.
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Elleiptikèc KampÔlec sto Fp.

#E1(Fp) = p + 1− t

#E2(Fp = p + 1 + t

Upologismìc twn Ramanujan tn analloi¸twn



Eisagwg 
Elleiptikèc KampÔlec

JewrÐa kl�sewn swm�twn
Shimura Reciprocity
KruptografÐa

JewrÐa kl�sewn swm�twn

Orismìc

'Estw K èna s¸ma arijm¸n. To s¸ma kl�sewn tou Hilbert gia to
K eÐnai h mègisth, adiakl�disth epèktash tou K .

To s¸ma kl�sewn tou Hilbert eÐnai èna mètro gia to an to K
eÐnai {apl� sunektikì}   ìqi.

Pr�gmati an X epif�neia Riemann kai X̃ to universal cover
tìte to Hilbert class field eÐnai to s¸ma sunart sewn thc
epif�neiac Riemann X̃/[π1(X ), π1(X )].
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Tetragwnik� migadik� s¸mata arijm¸n

'Estw K tetragwnikì migadikì s¸ma arijm¸n K = Q(
√
−n),

n jetikìc akèraioc, eleÔjeroc tetrag¸nou. 'Estw OK o
daktÔlioc twn akeraÐwn algebrik¸n tou K .

MporoÔme na broÔme mia elleiptik  kampÔlh E me
End(E) = OK kai K (j(E)) na eÐnai to s¸ma kl�sewn tou
Hilbert gia to K !!

Epiplèon mporoÔme na upologÐsoume thn dr�sh thc om�dac
kl�sewn Cl(OK ) = Gal(K (j(E))/K )

Upologismìc twn Ramanujan tn analloi¸twn
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Tetragwnikèc morfec

Tetragwnik  morf : ax2 + bxy + cy2. ∆ = b2 − 4ac.
Gauss Duo tetragwnikèc morfèc eÐnai isodÔnamec an kai
mìno an oi rÐzec touc pou an koun sto H eÐnai sthn Ðdia
troqi� thc SL2(Z).

H om�da Cl(OK ) = Gal(K (j(E))/K ) eÐnai isìmorfh me thn
om�da twn kl�sewn isodunamÐac tetragwnik¸n morf¸n.

Ta suzhg  tou

j(θ)[a,−b,c] = j(τ[a,b,c])

, τ[a,b,c]) eÐnai h rÐza sto H thc tetragwnik c morf c [a, b, c]
kai [a, b, c] diatrèqei tic kl�seic isodunamÐac tetragwnik¸n
morf¸n.

Upologismìc twn Ramanujan tn analloi¸twn
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Hilbert enantÐon Ramanujan

Upologismìc algebrik c exÐswshc gia to j(E):

f−107(x) = x3 + 129783279616 · 103x2 − .

−6764523159552 · 106x + 337618789203968 · 109

p−107(t) = t3 − 2t2 + 4t − 1

Upologismìc twn Ramanujan tn analloi¸twn
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Goro Shimura

Upologismìc twn Ramanujan tn analloi¸twn
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Modular sunart seic

'Estw N ∈ N kai èstw Γ(N) h om�da

Γ(N) :=

{
γ ∈ SL2(Z), γ ≡

(
1 0
0 1

)
mod N

}
.

To s¸ma twn modular functions epipèdou N apoteleÐtai apì tic
merìmorfec sunart seic g tou �nw hmiepipèdou H pou
paramènoun analloÐwtec k�tw apì thn dr�sh thc om�dac Γ(N),
dhlad  g(γτ) = g(τ) gia k�je τ ∈ H kai γ ∈ Γ(N). K�je
modular function eÐnai periodik  me perÐodo N kai sunep¸c
dèqetai an�ptugma Fourier thc morf c

g(q) =
∞∑

ν=−i

aνqν ,

ìpou q = exp(2πiτ/N). Periorizìmaste stic modular functions
ìpou ìloi oi suntelestèc eÐnai stoiqeÐa tou s¸matoc Q(ζN).Upologismìc twn Ramanujan tn analloi¸twn
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O nìmoc antistrof c tou Shimura

Je¸rhma (Gee-Shimura)

'Estw O = Z[θ] eÐnai o daktÔlioc twn akeraÐwn algebrik¸n tou
tetragwnikoÔ migadikoÔ s¸matoc arijm¸n K , kai x2 + Bx + C
eÐnai to el�qisto polu¸numo tou θ. JewroÔme èna fusikì arijmì
N > 1 kai x1, . . . , xr touc genn torec thc (O/NO)∗. 'Estw
αi + βiθ ∈ O eÐnai ènac antiprìswpoc thc kl�shc tou genn tora
xi . Gia k�je genn tora jewroÔme ton pÐnaka

Ai :=

(
αi − Bβi −Cβi

βi αi

)
.

An h f eÐnai mia modular function epipèdou N kai gia ìlouc touc
pÐnakec Ai isqÔei ìti

Upologismìc twn Ramanujan tn analloi¸twn
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f (θ) = f Ai (θ), kai Q(j) ⊂ Q(f )

tìte to f (θ) genn� to s¸ma kl�sewn tou Hilbert..

Pìrisma

Ta tn =
√

3η(3`0)η( 1
3 `0+

2
3 )

η2(`0)
. H sun�rthsh

τ 7→
η(3τ)η(1

3τ + 2
3)

η2(τ)
,

eÐnai modular b�rouc 72, isqÔoun oi proôpojèseic tou
jewr matoc Shimura-Gee kai ta tn gennoÔn to s¸ma kl�sewn
tou Hilbert.

Upologismìc twn Ramanujan tn analloi¸twn
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O nìmoc antistrof c tou Shimura mac epitrèpei na upologÐsoume
ta suzhg  tou tn me trìpo parìmoio twn swm�twn tou Hilbert.
Me thn bo jeia tou gp-pari upologÐzoume touc pÐnakec

Upologismìc twn Ramanujan tn analloi¸twn
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n pn(t)
107 x3 − 2x2 + 4x − 1
131 x5 + x4 − x3 − 3x2 + 5x − 1
155 x4 + 2x3 + 5x2 + 4x − 1
179 x5 − 2x4 + 5x3 − x2 + 6x − 1
203 x4 − 3x3 + 7x − 1
227 x5 − 5x4 + 9x3 − 9x2 + 9x − 1
251 x7 + 5x6 + 6x5 − 2x4 − 4x3 + 2x2 + 9x − 1
275 x4 − x3 + 6x2 − 11x + 1
299 x8 + x7 − x6 − 12x5 + 16x4 − 12x3 + 15x2 − 13x + 1
323 x4 − x3 + 4x2 + 13x − 1
347 x5 + 7x4 + 21x3 + 27x2 + 13x − 1
371 x8 + 9x6 − 10x5 + 14x4 + 8x3 − 23x2 + 18x − 1
395 x8 − x7 + 5x6 + 16x5 + 28x4 + 24x3 + 27x2 + 17x − 1
419 x9 − 6x8 + 12x7 − 7x6 + 12x5 − 8x4 + 31x3 + 10x2 + 20x − 1
443 x5 − 4x4 − 3x3 + 17x2 + 22x − 1
467 x7 + 6x6 + 7x5 − 3x4 + 3x3 − 23x2 + 26x − 1
491 x9 + x8 + 16x7 + 2x6 + 37x5 − 31x4 + 44x3 − 40x2 + 29x − 1
515 x6 + 8x5 + 32x4 + 60x3 + 68x2 + 28x − 1
539 x8 − 6x7 + 28x6 − 56x5 + 77x4 − 56x3 + 28x2 − 34x + 1
563 x9 + 4x8 + 6x7 − 11x6 + 44x5 − 76x4 + 91x3 − 64x2 + 38x − 1
587 x7 + x6 + 16x5 − 12x4 + 20x3 + 24x2 + 39x − 1
611 x10 − 8x9 + 35x8 − 62x7 − x6 + 116x5 − 65x4 − 100x3 + 125x2 − 46x + 1
635 x10 − 11x9 + 50x8 − 121x7 + 201x6 − 192x5 + 87x4 + 51x3 − 98x2 + 49x − 1
659 x11 − 7x10 + 7x9 + 27x8 + 19x7 − 43x6 − 5x5 + 91x4 + 157x3 + 97x2 + 49x − 1

Upologismìc twn Ramanujan tn analloi¸twn
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n pn(t)
683 x5 + 6x4 − 5x3 − 41x2 + 56x − 1
707 x6 + 4x5 + 30x4 + 72x3 + 108x2 + 58x − 1
731 x12 + 7x11 + 25x10 + 12x9 + 41x8 + 9x7+

+92x6 + 73x5 − 133x4 + 216x3 − 153x2 + 67x − 1
755 x12 − 2x11 + 18x10 + 50x9 + 82x8 + 182x7 + 360x6 + 522x5+

+598x4 + 486x3 + 262x2 + 66x − 1
779 x10 + 8x9 + 24x8 − 8x7 − 11x6 + 26x5 + 81x4 + 220x3 + 98x2 + 74x − 1
803 x10 + 3x9 + 26x8 + 11x7 − 65x6 + 16x5 + 7x4 − 83x3 + 150x2 − 83x + 1
827 x7 − 7x6 + 38x5 − 54x4 + 112x3 − 146x2 + 89x − 1
851 x10 − 7x9 − x8 + 86x7 + 69x6 − 201x5 − 219x4 + 94x3 + 103x2 − 95x + 1
875 x10 − 10x9 + 25x8 + 10x7 + 15x6 + 94x5 − 35x4 − 120x3 + 85x2 + 100x − 1
899 x14 + 16x13 + 97x12 + 308x11 + 666x10 + 1086x9+

+1490x8 + 1766x7 + 1800x6 + 1556x5 + 998x4 + 698x3 + 229x2 + 106x − 1
923 x10 − x9 + 30x8 − 81x7 − 29x6 + 56x5 + 211x4 − 27x3 − 110x2 − 115x + 1
947 x5 + 5x4 + 7x3 − 103x2 + 125x − 1
971 x15 − x14 + 21x13 + 133x12 + 264x11 + 310x10 + 216x9+

+62x8 − 100x7 − 300x6 + 152x5 + 338x4 + 79x3 − 285x2 + 135x − 1
995 x8 + 12x7 + 59x6 + 78x5 + 12x4 + 66x3 + 289x2 + 140x − 1

Upologismìc twn Ramanujan tn analloi¸twn



Eisagwg 
Elleiptikèc KampÔlec

JewrÐa kl�sewn swm�twn
Shimura Reciprocity
KruptografÐa

Efarmogèc sthn KruptografÐa

Sust mata dhmosÐou kleidioÔ basismèna ston diakritì
log�rijmo se elleiptikèc kampÔlec.

Ja prèpei na isqÔoun mia seir� apì apait seic gia na eÐnai
èna kruptosÔsthma asfalèc. ProspajoÔme na èqoume
elleiptikèc kampÔlec (orismènec p�nw apì èna peperasmèno
s¸ma) me t�xh pou na ikanopoieÐ mÐa seir� apì proôpojèseic.

Pwc ja kataskeu�soume tètoiec elleiptikèc kampÔlec?

Upologismìc twn Ramanujan tn analloi¸twn
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Elleiptikèc kampÔlec me migadikì pollaplasiasmì

ArkeÐ na prosdiorÐsoume to j .
To je¸rhma tou Hasse mac exasfalÐzei
Z = 4p − (p + 1−m)2 ≥ 0 ⇒ Z = Dv2.

H exÐswsh
4p = u2 + Dv2

gia k�poio u ∈ Z ikanopoieÐ thn

m = p + 1± u.

O arnhtikìc arijmìc −D lègetai CM diakrÐnousa gia ton
pr¸to p.

Upologismìc twn Ramanujan tn analloi¸twn
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Elleiptikèc kampÔlec me migadikì pollaplasiasmì

ArkeÐ na prosdiorÐsoume to j .
To je¸rhma tou Hasse mac exasfalÐzei
Z = 4p − (p + 1−m)2 ≥ 0 ⇒ Z = Dv2.

H exÐswsh
4p = u2 + Dv2

gia k�poio u ∈ Z ikanopoieÐ thn

m = p + 1± u.
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Dialègoume èna pr¸to p. Dialègoume thn mikrìterh D mazÐ
me u, v ∈ Z ¸ste na èqei lÔsh h 4p = u2 + Dv2.

An mÐa apì tic timèc p + 1− u,p + 1 + u eÐnai kat�llhlh
t�xh tìte proqwroÔme sthn kataskeu  thc elleiptik c
kampÔlhc. An ìqi dokim�zoume me �llo pr¸to.

An h tim  eÐnai kat�llhlh upologÐzoume to Hilbert
polu¸numo, kai upologÐzoume tic rÐzec tou modulo p. MÐa
apì autèc eÐnai h j-analloÐwth pou y�qnoume.

Upologismìc twn Ramanujan tn analloi¸twn
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AplopoÐhsh me tic tn Ramanujan timèc

AntÐ na upologÐsoume ta polu¸numo tou Hilbert
upologÐzoume ta polu¸numa pn(t). kai kataskeu�zoume me
diaforetikì trìpo to s¸ma Hilbert.
K�noume anagwg  modulo p kai upologÐzoume mia rÐza t0,n
twn pn mod p.
Up�rqei tÔpoc pou mac ekfr�zei ta j0 ∈ Fp sunart sei twn
tn,0.
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'Eqei to kinhtì sac mia Elleiptik  kampÔlh?

O algorÐjmoc kataskeu c elleptik¸n kampÔlwn pou
basÐzetai sthn kataskeu  tou poluwnÔmou Hilbert den
mporeÐ na efarmosteÐ se suskeuèc me periorismènec
upologistikèc dunatìthtec: kinht� thlèfwna, smart cards,
hand held devices.
O algìrijmoc pou basÐzetai stic Ramanujan timèc upertereÐ
kai sthn kataskeu  twn poluwnÔmwn pn all� kai sthn
posìthta mn mhc pou apaiteÐtai gia ton qeirismì kai thn
apojhkeus  touc sthn mn mh.

Upologismìc twn Ramanujan tn analloi¸twn
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