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OrismoÐ

X eÐnai mÐa algebrik  kampÔlh (mh idiìmorfh, probolik )

orismènh upèr tou algebrik� kleistoÔ s¸matoc k . H
qarakthristik  tou s¸matoc k eÐnai p ≥ 0. H algebrik 

kampÔlh èqei gènoc g ≥ 2.

An p = 0 tìte isqÔei to je¸rhma tou Hurwitz

|Aut(X )| ≤ 84(g − 1).

An p > 0 to parap�nw apotèlesma den eÐnai swstì.

Genik� èqoume to fr�gma

|Aut(X )| ≤ f (g)

ìpou to f eÐnai èna polu¸numo bajmoÔ 4 sto g .
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MorfismoÐ kampul¸n

K�je morfismìc metaxÔ algebrik¸n kampÔlwn f : X → Y ,

ep�gei omomorfismì sta s¸mata sunart sewn

k(Y )→ k(Y ).

K�je omorfismìc swm�twn k(Y ), k(X ) ep�gei rht 

sun�rthsh apì tic kampÔlec X → Y .

M  idiìmorfh ⇒ normal ⇒ rhtèc sunart seic orÐzontai

pantoÔ.

AutomorfismoÐ kampÔlhc ⇔ automorfismoÐ tou s¸matoc

k(X ).
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S¸mata

ArkeÐ na doulèyoume sta s¸mata sunart sewn

G ⊂ Aut(X ) dÐnei diakladismèno k�lumma X → X/G .

isodÔnama k(X )/k(X )G eÐnai mÐa diakladismènh epèktash

Galois

ShmeÐa thc kampÔlhc ⇔ Jèseic tou s¸matoc sunart sewn.
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Topik  melèth

P ∈ X G (P) = {σ ∈ G : σ(P) = P}
An p = 0 tìte G (P) eÐnai kuklik 

An p > 0, tìte èqoume thn parak�tw an�lush thc G (P) :

G (P) ≥ G1(P) ≥ G2(P) ≥ · · · ≥ Gi (P) ≥ · · · ≥ Gn(P) ≥ {1}.

ìpou G1(P) eÐnai mÐa p-om�da. G (P)/G1(P) kuklik  om�da

t�xhc n, (n, p) = 1. Gia i ≥ 1 isqÔei

Gi (P)/Gi+1(P) ∼= Z/pZ× · · · × Z/pZ.
Op
∼= k[[t]] eÐnai o plhrwmènoc topikìc daktÔlioc

Gi (P) = {σ ∈ G : σ(t)− t ∈ t i+1k[[t]]}.

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Topik  melèth

P ∈ X G (P) = {σ ∈ G : σ(P) = P}
An p = 0 tìte G (P) eÐnai kuklik 

An p > 0, tìte èqoume thn parak�tw an�lush thc G (P) :

G (P) ≥ G1(P) ≥ G2(P) ≥ · · · ≥ Gi (P) ≥ · · · ≥ Gn(P) ≥ {1}.

ìpou G1(P) eÐnai mÐa p-om�da. G (P)/G1(P) kuklik  om�da

t�xhc n, (n, p) = 1. Gia i ≥ 1 isqÔei

Gi (P)/Gi+1(P) ∼= Z/pZ× · · · × Z/pZ.
Op
∼= k[[t]] eÐnai o plhrwmènoc topikìc daktÔlioc

Gi (P) = {σ ∈ G : σ(t)− t ∈ t i+1k[[t]]}.

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Topik  melèth

P ∈ X G (P) = {σ ∈ G : σ(P) = P}
An p = 0 tìte G (P) eÐnai kuklik 

An p > 0, tìte èqoume thn parak�tw an�lush thc G (P) :

G (P) ≥ G1(P) ≥ G2(P) ≥ · · · ≥ Gi (P) ≥ · · · ≥ Gn(P) ≥ {1}.

ìpou G1(P) eÐnai mÐa p-om�da. G (P)/G1(P) kuklik  om�da

t�xhc n, (n, p) = 1. Gia i ≥ 1 isqÔei

Gi (P)/Gi+1(P) ∼= Z/pZ× · · · × Z/pZ.
Op
∼= k[[t]] eÐnai o plhrwmènoc topikìc daktÔlioc

Gi (P) = {σ ∈ G : σ(t)− t ∈ t i+1k[[t]]}.

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Topik  melèth

P ∈ X G (P) = {σ ∈ G : σ(P) = P}
An p = 0 tìte G (P) eÐnai kuklik 

An p > 0, tìte èqoume thn parak�tw an�lush thc G (P) :

G (P) ≥ G1(P) ≥ G2(P) ≥ · · · ≥ Gi (P) ≥ · · · ≥ Gn(P) ≥ {1}.

ìpou G1(P) eÐnai mÐa p-om�da. G (P)/G1(P) kuklik  om�da

t�xhc n, (n, p) = 1. Gia i ≥ 1 isqÔei

Gi (P)/Gi+1(P) ∼= Z/pZ× · · · × Z/pZ.
Op
∼= k[[t]] eÐnai o plhrwmènoc topikìc daktÔlioc

Gi (P) = {σ ∈ G : σ(t)− t ∈ t i+1k[[t]]}.

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Topik  melèth

P ∈ X G (P) = {σ ∈ G : σ(P) = P}
An p = 0 tìte G (P) eÐnai kuklik 

An p > 0, tìte èqoume thn parak�tw an�lush thc G (P) :

G (P) ≥ G1(P) ≥ G2(P) ≥ · · · ≥ Gi (P) ≥ · · · ≥ Gn(P) ≥ {1}.

ìpou G1(P) eÐnai mÐa p-om�da. G (P)/G1(P) kuklik  om�da

t�xhc n, (n, p) = 1. Gia i ≥ 1 isqÔei

Gi (P)/Gi+1(P) ∼= Z/pZ× · · · × Z/pZ.
Op
∼= k[[t]] eÐnai o plhrwmènoc topikìc daktÔlioc

Gi (P) = {σ ∈ G : σ(t)− t ∈ t i+1k[[t]]}.

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Riemann-Hurwitz

JewroÔme to diakladismèno k�lumma:

X → X/G = Y .

2gX − 2 = (2gY − 2)|G |+
∑
P

∞∑
ν=0

(|Gi (P)| − 1)

An p - |G | tìte o parap�nw tÔpoc me an�lush peript¸sewn

dÐnei

|G | ≤ 84(gX − 1).

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Riemann-Hurwitz

JewroÔme to diakladismèno k�lumma:

X → X/G = Y .

2gX − 2 = (2gY − 2)|G |+
∑
P

∞∑
ν=0

(|Gi (P)| − 1)

An p - |G | tìte o parap�nw tÔpoc me an�lush peript¸sewn

dÐnei

|G | ≤ 84(gX − 1).

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Riemann-Hurwitz

JewroÔme to diakladismèno k�lumma:

X → X/G = Y .

2gX − 2 = (2gY − 2)|G |+
∑
P

∞∑
ν=0

(|Gi (P)| − 1)

An p - |G | tìte o parap�nw tÔpoc me an�lush peript¸sewn

dÐnei

|G | ≤ 84(gX − 1).

p-kalÔmmata Algebrik¸n kampul¸n



AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

TopologÐa

An k = C tìte algebrik  kampÔlh upèr to k eÐnai epif�neia

Riemann. K�je diakladismèno k�lumma X → Y dÐnei èna

topologikì k�lumma an afairèsoume ta shmeÐa diakl�dwshc.

To P1(C)\{P} eÐnai apl� sunektikì kai den èqei adiakl�dista

kalÔmmata. Den up�rqei k�lumma tou X → P1(C)
diakladismèno se èna mìno shmeÐo.
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KampÔlec Artin-Schreier

Sthn qarakthristik  p > 0 h kampÔlh

yp − y = f (x) ∈ k[x ],

apoteleÐ èna diakladismèno k�lumma tou P1(F̄p) diakladismèno

p�nw apì èna mìno shmeÐo.
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'Estw f ∈ k(X ). JewroÔme ton divisor (f ) = (f )0 − (f )∞.
Par�deigma: Sto k(P1) = k(x) èqoume(

x2

(x − 1)(x − 2)

)
0

= 2Px=0,

(
x2

(x − 1)(x − 2)

)
∞

= Px=1 + Px=2.

Gia P ∈ X , sqhmatÐzoume thn hmiom�da:

{n ∈ N : ¸ste na up�rqei f ∈ k(X ) me (f )∞ = nP},

thn opoÐa thn onom�zoume hmiom�da tou Weierstrass.
GnwrÐzoume ìti gia dedomèno P k�je n ≥ 2g − 2 an kei sthn

hmiom�da tou Weierstrass kai apì touc 2g arijmoÔc akrib¸c oi

g an koun sth hmiom�da tou Weierstrass.
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L(iP) := {f ∈ k(X )∗ : div(f ) + iP ≥ 0} ∪ {0}.

JewroÔme thn akoloujÐa dianusmatik¸n q¸rwn

k = L(0) = L(P) = · · · = L((i−1)P) < L(iP) ≤ · · · ≤ L((2g−1)P).

Jètoume `(D) = dimk L(D).
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Topik  Melèth

L mma

An g ≥ 2 kai p 6= 2, 3 tìte up�rqei toul�qiston ènac

polikìc arijmìc m ≤ 2g − 1 pou na mhn diaireÐtai apì thn

qarakthristik  p.

Apìdeixh.

#{0 ≤ i ≤ 2g − 1 ¸ste p | i} =
⌊

2g−1
p

⌋
+ 1. AfoÔ p ≥ 5

èqoume⌊
2g − 1

p

⌋
+ 1 ≤

⌊
2g − 1

5

⌋
+ 1 ≤ g −

⌈
3g + 1

5

⌉
< g ;

�ra up�rqoun polikoÐ arijmoÐ sto di�sthma 0 ≤ i ≤ 2g − 1
me p | i .
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L mma

'Estw 1 ≤ m ≤ 2g − 1 o mikrìteroc polikìc arijmìc ¸ste

(m, p) = 1. Up�rqei mÐa pist  anapar�stash

ρ : G1(P)→ GL
(
L(mP)

)

Apìdeixh.

O q¸roc L(mP) diathreÐtai apì touc automorfismoÔc tou

G1(P). An f eÐnai mÐa sun�rthsh ¸ste (f ) = mP tìte gr�fetai

sthn morf  f = u/tm, ìpou u eÐnai mÐa mon�da ston OP . AfoÔ

(m, p) = 1, to l mma tou Hensel èqei wc sunèpeia ìti to u eÐnai

mÐa m dÔnamh opìte all�zoume to t kai upojètoume ìti

f = 1/tm. 'Estw σ ∈ G1(P) pou na dra tetrimmèna sto L(mP).
Tìte σ(1/tm) = 1/tm kai σ(t) = ζt, ìpou ζ eÐnai mÐa m rÐza thc

mon�dac. (p,m) = 1⇒ ζ = 1.
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H G1(P) ulopoieÐtai wc peperasmènh algebrik  om�da thc

GL`(mP)(k).

To flag twn dianusmatik¸n q¸rwn L(iP) gia i ≤ m
diathreÐtai �ra oi pÐnakec anapar�stashc eÐnai �nw

trigwnikoÐ   me �lla lìgia h G1(P) eÐnai upoom�da thc

Borel om�dac tou flag.
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UpologismoÐ.

Upojètoume ìti m = m0 > m1 > · · · > mr = 0, eÐnai oi
polikoÐ arijmoÐ ≤ m. MÐa b�sh tou L(mP) dÐnetai apì ta{

1,
ui

tmi
,

1

tm
: ìpou 1 < i < r , p | mi kai ui eÐnai mon�dec

}

σ
1

tm
=

1

tm
+

r∑
i=1

ci (σ)
ui

tmi
,

kai apeikonÐzei to t sto

σ(t) =
ζt

(1 +
∑r

i=1 ci (σ)ui tm−mi )1/m ,

ζ eÐnai mÐa m rÐza thc mon�dac.
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σ(t) = ζt
(
1 +

∑
ν≥1

aν(σ)tν
)
.

σ(t) = t
(
1 +

∑
ν≥1

aν(σ)tν
)
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Prìtash

To P eÐnai èna �gria diakladismèno shmeÐo thc X kai jètoume

ρ : G1(P)→ GL`(mP)(k)

na eÐnai h antÐstoiqh pist  anapar�stash. An

Gi (P) > Gi+1(P) tìte i = m−mk , gia k�poio polikì arijmì mk .

Apìdeixh.

σ(t)− t = − 1

m

r∑
i=1

ci (σ)ui t
m−mi+1 + · · · ,

sunep¸c vP

(
σ(t)− t

)
= m −mk + 1, ìpou

k = min{i : ci (σ) 6= 0}. Upojètoume ìti σ ∈ Gi (P) all�

σ 6∈ Gi+1(P), sunep¸c vP(σ(t)− t) = i + 1 kai autì eÐnai Ðso me

k�poio m −mk + 1.
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Pìrisma

Kanèna p dhma i sthn ramification filtration den eÐnai diairetì

me p, dhlad  an Gi (P) < Gi+1(P) tìte p - i .

Pìrisma

IsqÔei `(mP) ≤
⌊

g
p−1

⌋
+ 2.

Genik� mÐa ektÐmhsh mac dÐnei to je¸rhma tou Clifford:
`(kP) gia k < 2g − 2

`(kP) ≤ k

2
+ 1 ≤

⌊
2g − 1

2

⌋
+ 1 = g .
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To parap�nw fr�gma eÐnai to kalÔtero dunatì. H

kampÔlh pou dÐnetai apì thn

(y5 − y)x2(x − 1)(x − 2)(x − 4) = 1

èqei gènoc 14 kai
⌊

g
p−1

⌋
+ 2 = 5.H akoloujÐa twn gaps

sthn monadik  jèsh upèr tou diakladizomènou shmeÐou

Px=0 eÐnai h 1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 18. Oi
polikoÐ arijmoÐ mh diairetoÐ me 5 eÐnai oi 0, 5, 10, 15, 17
dhlad  m = 17, kai `(17Q) = 5.
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Magma V2.13-6 Mon May 7 2007 22:16:03 on linux [Seed = 1011155094]
Type ? for help. Type <Ctrl>-D to quit.
> p:=5;
> R<x> := FunctionField(GF(p^4));
> P<y> := PolynomialRing(R);
> F<a>:= FunctionField(y^p-y -

(x^2*(x-1)*(x-2)*(x-4))^-1);
> g:=Genus(F);g;
14
> 1.0*(g)/(p-1)+2;
5.50000000000000000000000000000
> z:=Poles(F!1/x)[1];
> S:=GapNumbers(z);S;
[ 1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 18 ]
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AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Fermat curves xn + y n + 1 = 0

Upojètoume ìti n − 1 = ph. Anapar�stash thc

ρ : G0(P)→ GL
(
L(nP)

)
ìpou

σ 7→

 1 0 0
α χ 0
γ β ψ

 .

ParathroÔme ìti

k = L(0P) = L(P) = · · · = L((n−2)P) < L((n−1)P) < L(nP) ≤ · · ·

G0(P) > G1(P) > G2(P) = · · · = Gn(P) > Gn+1(P) = {1},

me phd mata sthn filtration sta 0, 1, n.
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G0(P)→ GL
(
L(mP)

)
,
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σ 7→
(

1 0
α χ

)
.

G0(P) > G1(P) = G2(P) = · · · = Gm(P) > {1}.
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AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

An�mesa stic �gria diakladizìmenec kampÔlec oi

aploÔsterec eÐnai Ðswc autèc pou ikanopoioÔn

G2(P) = {1}. Sthn perÐptwsh aut  h om�da

G1(P) = Z/pZ× · · · × Z/pZ. Oi kampÔlec autèc sthn
bibliografÐa anafèrontai wc asjen¸c diakladismènec kai

poll� probl mata, pou den mporoÔn na lujoÔn sthn

genik  perÐptwsh, gia autèc tic kampÔlec eÐnai lumèna.

Apì thn pleur� thc jewrÐac anaparast�sewn oi

aploÔsterec anaparast�seic eÐnai oi disdi�statec.

ρ : G1(P)→ GL2(k).

Mia tètoia (pist ) anapar�stash odhgeÐ kai p�li se

stoiqei¸dh abelian  om�da, all� o conductor aut  thn

for� eÐnai megalÔteroc thc mon�dac.
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AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Gr�foume G1(P) ∼=
⊕r

ν=1 Z/pZ. 'Estw f ¸ste 〈1, f 〉 b�sh
tou L(mP). Ja gr�youme mia algebrik  exÐswsh gia to

k�lumma X → X/G1(P). JewroÔme thn dr�sh tou G1(P)
sto f : ∏

σ∈G1(P)

σ(f ) =
∏

σ∈G1(P)

(f + c1(σ)) .

'Estw

∆(w1, . . . ,ws) = det


w1 · · · ws ,
wp

1 · · · wp
s

...
...

wps−1

1 · · · wps−1

s


h Moore determinant.
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AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

'Ena prosjetikì polu¸numo me rÐzec ta c1(σ), ìpou σ
diatrèqei ta G1(P). Mpor¸ na to gr�yw wc

F (Y ) =
∆(σ1, . . . , σs ,Y )

∆(σ1, . . . , σs)
.

'Eqoume thn genikeumènh Artin-Schreier exÐswsh:

F (Y ) =
∏

σ∈G1(P)

σf = NG1(P)(f ).
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AutomorfismoÐ Algebrik¸n KampÔlwn
Hmiom�dec tou Weierstrass

MÐa pist  anapar�stash
Disdi�statec Anaparast�seic

Probl mata

Galois module structure tou q¸rou H0(X ,Ω⊗n
X ).

Dom  twn hmiom�dwn tou Weierstrass.

JewrÐa paramorf¸sewn kampÔlwn me automorfismoÔc.
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JewrÐa Paramorf¸sewn

'Estw A ènac topikìc daktÔlioc me mègisto ide¸dec mA,

¸ste A/mA = k . MÐa paramìrfwsh tou zeugarioÔ (G ,A)
eÐnai mÐa proper, smooth oikogèneia kampÔlwn

X → Spec(A), mazÐ me èna omomorfismì G → AutA(X )
¸ste na up�rqei G -equivariant isomorfismìc φ apì thn

eidik  Ðna Xs sthn X ,

φ : X ⊗SpecA Spec(k)→ X .

DÔo paramorf¸seic jewroÔntai isodÔnamec an up�rqei

ènac G -equivariant A-isomorfismìc pou na an�getai sthn

tautotik  apeikìnish modulo mA.
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Sunartht c Paramìrfwshc

JewroÔme thn kathgorÐa twn topik¸n algebr¸n Artin upèr

to k . OrÐzoume ton kajolikì sunartht  paramìrfwshc:

Dgl : C → Sets,A 7→


Kl�seic isodunamÐac

paramorf¸sewn

zeugari¸n (X ,G ) upèr to A
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Local-Global Principle

Oi J. Bertin and A. Mézard apèdeixan ìti h melèth tou

parap�nw sunartht  paramìrfwshc mporeÐ na anaqjeÐ

sto topikì prìblhma paramìrfwshc entopismènou sta

shmeÐa P pou diakladÐzontai �gria.

DG(P) : C → Sets,

A 7→


Lifts G (P)→ AutA[[t]] thc fusik c
anapar�stashc ρ : G (P)→ Autk[[t]] modulo
suzugÐa me èna stoiqeÐo tou ker(AutA[[t]]→ Autk[[t]])
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sto topikì prìblhma paramìrfwshc entopismènou sta

shmeÐa P pou diakladÐzontai �gria.

DG(P) : C → Sets,

A 7→


Lifts G (P)→ AutA[[t]] thc fusik c
anapar�stashc ρ : G (P)→ Autk[[t]] modulo
suzugÐa me èna stoiqeÐo tou ker(AutA[[t]]→ Autk[[t]])
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Anagwg  se paramorf¸seic GL(n, k)

H teqnik  pou anaptÔxame mac dÐnei ìti mporoÔme na

antikatast soume ton sunartht  paramìrfwshc DG(P) me

èna an�logo sunartht  gia anaparast�seic sthn genik 

grammik  om�da.

O teleutaÐoc sunartht c eÐnai representable.

Oi tÔpoi orÐzousac Moore mac epitrèpoun na k�noume

pr�xeic.
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'Enac representable sunartht c

JewroÔme ton sunartht  apì thn kathgorÐa C twn topik¸n
algebr¸n Artin sthn kathgorÐa twn sunìlwn

F : A ∈ Ob(C) 7→


liftings thc ρ : H → Ln(k)
se ρA : H → Ln(A) modulo
suzugÐa me stoiqeÐo

tou ker(Ln(A)→ Ln(k))
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Kai h anapar�stash

H k[H, n] eÐnai h antimetajetik  k-�lgebra pou par�getai

apì ta X g
ij gia g ∈ H, 1 ≤ j ≤ i ≤ n, ¸ste

X e
ij =

{
1 an i = j

0 an i 6= j

X gh
ij =

n∑
l=1

X g
il X h

lj gia g , h ∈ H kai 1 ≤ i , j ≤ n.

X g
ii = 1, gia k�je i = 1, ..., n, kai gia k�je g ∈ H

kai

X g
ij = 0 gia i < j kai gia g ∈ H.

IsqÔei

Homk−Alg(k[H, n],A) ∼= Hom(H, Ln(A)),
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Kai èna prìblhma

Dustuq¸c sthn suzugÐa (kl�seic isodun�mwn

anaparast�sewn) sthn qarakthristik  p > 0 ta

pr�gmata eÐnai dÔskola kai h jewrÐa douleÔei mìno an

n = 2.
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Probl mata

Galois module structure tou q¸rou H0(X ,Ω⊗n
X ).

Dom  twn hmiom�dwn tou Weierstrass.

JewrÐa paramorf¸sewn kampÔlwn me automorfismoÔc.
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