Askăseic Grammikăc ’Algebrac, Ful. 6 ParĹdosh: 12/11/2001

(1) ’Estw ϕ h apeikìnish apì ton R^{2,2} ston R^{2,2} h opoÐa ston pÐnaka ( a b c d )

antistoiqeÐ ton pÐnaka ( a − d −b − c b + c d − a ) . DeÐxte ìti eÐnai grammikă apeikìn-

ish. GrĹyte mÐa bĹsh tou R^{2,2} kai upologÐste ton pÐnaka thc parapĹnw sunĹrthshc wc proc aută thn bĹsh. BreÐte bĹseic tou kerϕ, im(ϕ), im(ϕ) ∩ ker(ϕ). (2) ApodeÐxte ìti to sÔnolo {1 + x, x + x^2, ..., x^{n−1} + x^n} eÐnai mÐa bĹsh tou dianusmatikoÔ qÿrou E_n twn poluwnÔmwn me pragmatikoÔc suntelestèc me bajmì mikrìtero tou n. ’Estw ϕ h grammikă apeikìnish apì ton E_2 ston E_3 pou kajorÐzetai apì thn sqèsh

ϕ(P ) = xP + x^2P^′, ìpou P^′ parĹgwgoc tou P KajorÐste ton pÐnaka thc ϕ wc proc tic bĹseic {1, x, x^2} kai {1, x, x^2, x^3} kai ton pÐnaka wc proc tic bĹseic {1+x, x+x^2, x^2} kai {1+x, x+x^2, x^2 +x^3, x^3}.

(3) JewroÔme duo pÐnakec A ∈ R^{n,p} kai B ∈ R^{p,q} touc opoÐouc grĹfoume sthn morfă A = ( A_{11} A_{12} A_{21} A_{22} ) kai B = ( B_{11} B_{12} B_{21} B_{22} )

ìpou A_{11} ∈ R^{n1 ,p1} , A_{12} ∈ R^{n2 ,p2} , A_{21} ∈ R^{n2 ,p1} , A_{22} ∈ R^{n2 ,p2} me n_1 +n_2 = n kai p_1 + p_2 = p kai B_{11} ∈ R^{p1 ,q1} , A_{12} ∈ R^{p1 ,q2} , A_{21} ∈ R^{p2 ,q1} , A_{22} ∈ R^{p2 ,q2} me q_1 + q_2 = q. ApodeÐxte ìti AB = ( A_{11}B_{11} + A_{12}B_{21} A_{11}B_{12} + A_{12}B_{22} A_{21}B_{11} + A_{22}B_{12} A_{21}B_{12} + A_{22}B_{22} )

ParĹdeigma: An o J eÐnai o tetragwnikìc pÐnakac 2n × 2n J = ( O −I_n I_n O )

ìpou ta O, I_n eÐnai oi tetragwnikoÐ pÐnakec n × n, upologÐste ton J^2. (4) JewroÔme ton pÐnaka

A = 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 DeÐxte ìti o pÐnakac I_4 − A, ìpou o I_4 eÐnai o tautotikìc 4 × 4 pÐnakac, dèqetai antÐstrofo pÐnaka thc morfăc I − cA.

(5) ’Estw A, B pÐnakec n × n. DeÐxte ìti an A antistrèyimoc kai AB = 0 tìte B = 0 kai an B antistrèyimoc kai AB = 0 tìte A = 0. Ex autoÔ sumperĹnete ìti an AB = 0 ă A = 0 ă B = 0 ă A, B mh antistrèyimoi. ’Estw A tètoioc ÿste A^2 = A. DeÐxte ìti an o A eÐnai antistrèyimoc tìte o A eÐnai o tautotikìc.

(6) ’Enac pÐnakac ja lègetai summetrikìc an A^t = A. DeÐxte ìti oi sumetrikoÐ n × n apoteloÔn upìqwro tou sunìlou twn n × n pinĹkwn. BreÐte mÐa bĹsh tou qwrou twn summetrikÿn pinĹkwn kai upologÐste thn diĹstash tou.