Askăseic Grammikăc ’Algebrac, Ful. 5 ParĹdosh: 5/11/2001 (1) JewroÔme touc dian. qÿrouc E = R^4 kai F = R^3 kai thn sunĹrthsh f : E → F h opoÐa stèlnei to (x, y, z, t) tou E sto (x + y, y − z, x + z) tou F . Na deiqteÐ ìti eÐnai grammikă. Dÿste mia bĹsh tou purăna kai thc eikìnac. PoiĹ eÐnai h tĹxh thc sunĹrthshc?

(2) ’Estw E = R[x] o qÿroc twn poluwnÔmwn me pragmatikoÔc suntelestèc kai h apeikìnish f : P → P^′ tou E sto E. Na deiqteÐ ìti h f eÐnai grammikă kai na upologÐsete ton purăna kai thn eikìna thc.

(3) JewroÔme to eujă Ĺjroisma E = F ⊕ G dÔo dianusmatikÿn qÿrwn kai p : E → E thn sunĹrthsh pou orÐzetai sto tuqaÐo x = y + z, y ∈ F, z ∈ G wc p(x) = y (probolă ston prÿto qÿro). ApodeÐxte ìti h p eÐnai grammikă sunĹrthsh tètoia ÿste p^2 = p. KajorÐste touc kerp kai imp. Jewrăste bĹseic {y_1, ..., y_n} tou F kai {z_1, ..., z_m}. GrĹyte mia bĹsh tou F ⊕ G kai ekfrĹste thn p wc proc thn bĹsh aută.

(4) Jewrăste p mÐa grammikă sunĹrthsh E → E, tètoia ÿste p^2 = p. Na deÐxetai ìti o purănac kai h eikìna thc p eÐnai sumplhrwmatikoÐ upìqwroi tou E.

(5) EpalhjeÔste ìti to sÔnolo twn 2 × 2 pinĹkwn me suntelestèc apì to R thc

morfăc ( a b b c ) eÐnai upìqwroc tou dian. qÿrou twn 2 × 2 pinĹkwn. BreÐte

mÐa bĹsh tou.

(6) Jewrăste touc 2 × 2 pÐnakec A = ( 1 0 0 0 ) , B = ( 0 1 1 0 )

Na upologistoÔn oi pÐnakec AB, BA, A^2, B^2, A^2 − B^2, (A + B)(A − B). (7) JewroÔme touc pÐnakec A = 1 1 0 0 1 1 1 0 −1 , B = 1 −1 1 −1 1 −1 1 −1 1 C = 1 0 0 0 1 0 0 0 0 UpologÐste touc AB, BA. Na brejeÐ mh mhdenikìc pÐnakac D tètoioc ÿste DC = CD = 0. (8) ’Estw ϕ h grammikă apeikìnish apì ton R^3 ston R^4 orismènh apì ton pÐnaka

A = 1 2 3 2 4 6 −1 4 1 2 −8 −2

ìtan ston R^3 kai ston R^4 jewrăsoume tic kanonikèc bĹseic. Brèste bĹseic tou purăna kai thc eikìnac. Jewrăste ton anĹstrofo tou pÐnaka A. Autìc orÐzei grammikă apeikìnish ϕ^′ apì ton R^4 ston R^3 . Brèste bĹsh tou purăna kai thc eikìnac thc ϕ^′.