Askăseic Grammikăc ’Algebrac, Ful. 4 ParĹdosh: 29/10/2001 (1) ’Estw E_n = {P ∈ C [x] : P = 0 ă deg P ≤ n}. ’Estw A stoiqeÐo bajmoÔ p tou C -dianusmatikoÔ qÿrou E_n. JewroÔme to sÔnolo F twn stoiqeÐwn tou E_n pou diairoÔntai me to A kai G = {P ∈ E_n : P = 0 ă deg P < p}. Na deÐxete ìti oi F, G eÐnai sumplhrwmatikoÐ upìqwroi tou E_n. Poièc eÐnai oi diastĹseic autÿn twn upoqÿrwn?

(2) Mèsa ston qÿro R^4 jewroÔme ta dianÔsmata a = (1, 1, 1, 0), b = (0, 1, 1, 0), c = (0, 0, −1, 1), d = (0, −1, 0, −1). EÐnai ta a, b, c, d gram. anexĹrthta? Apì autĹ brèste to mègisto sÔnolo grammikĹ anexartătwn dianusmĹtwn kai sumplhrÿste to se mÐa bĹsh tou R^4 , qrhsimopoiìntac ta dianÔsmata thc kanonikăc bĹshc e_1, e_2, e_3, e_4.

(3) JewroÔme ton dianusmatikì qÿro E_n thc prÿthc Ĺskhshc. DeÐxte ìti an P poluÿnumo bajmoÔ n, tìte oi prÿtec n parĹgwgoi P, P^′, ..., P^{(n)} eÐnai bĹsh tou E_n. An a ∈ C , na upologÐsete thn grafă tou poluwnÔmou Q(x) = P (x + a) wc proc thn parapĹnw bĹsh.

(4) OnomĹzoume poluÿnuma tou Tchebychev ta poluÿnuma T_n, n ∈ N tètoia ÿste ∀x ∈ [−1, 1], T_n(x) = cos(nArccosx). ApodeÐxte thn epagwgikă sqèsh

T_{n+1}(x) = 2xT_n(x) − T_{n−1}(x) SumperĹnete ìti ta T_n eÐnai poluÿnuma bajmoÔ n. Na deÐxetete ìti to sÔnolo {T_0, ..., T_n} eÐnai mÐa bĹsh tou dianusmatikoÔ qÿrou twn poluwnÔmwn R[x] me bajmì to polÔ n.

(5) ExetĹste poièc apì tic parakĹtw sunartăseic apì ton dianusmatikì qÿro E ston dianusmatikì qÿro F eÐnai grammikèc kai sthn sunèqeia upologÐsete gia autèc ton purăna kai thn eikìna touc. (aþ) E = F = R^2 . • T (x, y) = (2x + 3y, x) • T (x, y) = (y, x + y + 1) (bþ) ’Estw F((a, b), R) o qÿroc twn pragmatikÿn sunartăsewn apì to (a, b) sto R.

• E = F = F((a, b), R), T (f)(x) = (x^2 + 1)f(x). • E = F = F((a, b), R), T (f) = |f|. (6) JewroÔme ton qÿro twn suneqÿn sunartăsewn epÐ tou R. Shmeiÿnoume me T thn apeikìnish h opoÐa se kĹje sunĹrthsh f tou E stèlnei thn sunĹrthsh F = T (f), orismènh apì thn sqèsh ∀x ∈ R, F (x) = ∫_x 0 f(t)e^{−t2} dt Na deÐxete ìti h T eÐnai grammikă sunĹrthsh. EÐnai 1-1? EÐnai epÐ?

(7) ’Estw f, g grammikèc sunartăseic E → E tètoiec ÿste g ∘ f = 0_E , f + g eÐnai 1-1 kai epÐ. Na deÐxete ìti rank(f) + rank(g) = n (8) ’Estw E, F, G treÐc dianusmatikoÐ qÿroi kai f : E → F , ϕ : E → G, me ker ϕ ⊂ ker f. Na deÐxete ìti upĹrqei grammikă sunĹrthsh h : G → F , tètoia ÿste f = h ∘ ϕ.