Askăseic Elleiptikÿn KampÔlwn

2 FullĹdio ParĹdosh Paraskeuă 26 MartÐou 1. JewroÔme èna omogenèc poluÿnumo f(x, y, z) ∈ k[x, y, z], bajmoÔ n.

ApodeÐxte ìti ∇f(x_0, y_0, z_0) = nf(x, y, z). DeÐxte ìti sthn perÐptwsh omogenÿn poluwnÔmwn, to na elègxoume an èna shmeÐo (x_0 : y_0 : z_0) ∈ P^1(k), eÐnai h ìqi idiìmorfo arkeÐ na kutĹxoume mìno tic merikèc paragÿgouc tou.

2. Jewrăste thn elliptikă kampÔlh sthn {makrĹ} morfă tou Weierstrass, E : y^2z + a_1xyz + a_3yz^2 = x^3 + a_2x^2z + a_4xz^2 + a_6z^3.

Diatupÿste ton orÐsmo thc qarakthristikăc enìc sÿmatoc. ApodeÐxte ìti an h qarakthristikă tou sÿmatoc K eÐnai diaforetikă tou 2, 3, tìte o metasqhmatismìc

x = x^′ − b_2/12, y = y^′ − a_1 2 ( x^′ − b_2/12 ) − a_3/2, ìpou b_2 = a^2_1 + 4a_2, fèrnei thn elleiptikă kampÔlh sthn morfă E : y^2 = x^3 + ax + b, gia kĹpoia katĹllhla a, b.

3. ’Estw P, Q diaforetikĹ rhtĹ shmeÐa thc E me suntetagmènec (x_1, y_1) kai (x_2, y_2) antÐstoiqa. ApodeÐxte ìti to shmeÐo P + Q an P ≠ ±Q èqei suntetagmènec (x_3, y_3) pou dÐnontai apì ton tÔpo: x_3 = λ^2 − x_1 − x_2, y_3 = −λx_3 − ν, ìpou λ = (y_1 − y_2)/(x_1 − x_2) kai ν = y_1 − λx_1.

4. Na qrhsimopoiăsete èna prìgramma ìpwc to Maple, Mathematica prokeimènou na sqediĹsete tic grafikèc parastĹseic twn kampÔlwn:

y^2 = x^3 − 1, , y^2 = x^3 + 1, y^2 = x^3 − 3x + 3 y^2 = x^3 − 4x, , y^2 = x^3 − x, y^2 = x^3.

5. Jewrăste thn elleiptikă kampÔlh pou orÐzetai apì thn

y^2z = x^3 + axz^2 + bz^3,

san uposÔnolo tou P^1(F_p ), ìpou p prÿtoc arijmìc kai F_p eÐnai to sÿma me p stoiqeÐa. ApodeÐxte ìti h elleiptikă kampÔlh èqei peperasmèna to plăjoc stoiqeÐa. Jewrăste to sÔmbolo tou Legendre (^·_p , kai apìdeixte ìti to plăjoc twn shmeÐwn thc elleiptikăc kampÔlhc dÐnetai apì ton tÔpo #E(F_p ) = 1 + q + ∑ x∈F_p ( x^3 + ax + b p ) .