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1. BreÐte poièc apì tic parak�tw sunart seic orÐzoun metrikèc sto sÔnolo
R. d1(x, y) = |x−y|2, d2(x, y) = |x2−y2|, d3(x, y) = |x−y|3, d4(x, y) =
|x3 − y3|.

2. JewroÔme touc pragmatikoÔc 1 < p, q < +∞ pou ikanopoioÔn thn sqèsh
1
p + 1

q = 1. ApodeÐxte ìti h sun�rthsh f : R+ → R+ orismènh wc

f(x) = xp−1 eÐnai 1− 1 kai epÐ. DeÐxte ìti h antÐstrofh sun�rthsh thc
f eÐnai h g : R+ → R+ orismènh wc g(x) = xq−1.

3. OrÐzoume E1 =
∫ a
0 x

p−1dx kai E2 =
∫ b
0 x

q−1dx. UpologÐste ta E1, E2.
ApodeÐxte ìti E1 + E2 ≥ ab k�nontac qr sh thc grafik c par�stashc
thc f . DeÐxte ìti

ab ≤ ap

p
+
bq

q
.

4. DeÐxte thn anisìthta Hölder: An p, q eÐnai ìpwc sthn �skhsh 1 kai
x1, . . . , xk, y1, . . . , yk eÐnai pragmatikoÐ arijmoÐ tìte isqÔei

k∑
i=1

|xiyi| ≤

(
k∑

i=1

|xi|p
)1/p( k∑

i=1

|yi|q
)1/q

.

5. DeÐxte ìti o q¸roc Rk efodiasmènoc me thn sun�rthsh

r(x, y) =

(
k∑

i=1

|xi − yi|p
)1/p

gia k�je 1 < p < +∞ eÐnai metrikìc q¸roc.

6. JewroÔme to sÔnolo C[0, 2] efodiasmèno me thn ρ1 metrik . Poi� eÐnai
h sqèsh tou uposunìlou C[0, 1] efodiasmènou me thn ρ1 metrik  kai tou
periorismoÔ thc metrik c tou C[0, 2] ston C[0, 1] (sqetik  metrik ).

7. JewroÔme to sÔnolo Q twn rht¸n arijm¸n. 'Estw p ènac pr¸toc arij-
mìc. DeÐxte ìti k�je rhtìc arijmìc x mporeÐ na grafeÐ wc x = pk a

b ,
ìpou k ∈ Z kai a, b ∈ Z, ta a, b den diairoÔntai me p. OrÐzoume v(x) = k.
DeÐxte ìti h sun�rthsh ρ(x, y) = 1

pv(x−y) eÐnai mÐa metrik  sto Q.
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