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IIpoioyog

H Tpappikn AlyeBpa aroterel, poli pe tmv Avdivon, to Bgpéiio tov podn-
HOTIKOV GTOLOMV. ZTIG oVl Xeipug ONUELDCELS LEAETMVTAL Ol BACIKEG EVVOLEC TNG
I'poppiknc AryeBpag, ot onoieg eivar amapaitnTeg Yo TI¢ 6GToLdEG ot Madnuott-
k. [TapdAinio vrapyovv ToAAEG epapproyéc e I pappikne AlhyeBpac. H emidvon
HaOnpotTiK®OV TpofAnuatov pe T fondeto vroloylotdv 0dNnYEL, KOTO KOVOVA, GTNV
EMIALOTM YPOUUK®OV GLOTNUATOV. ALTa Ta BEHOTO ATOTEAODV TO GVTIIKEIHLEVO TNG
ApOuntikng Ipappixkng AryeBpag, evog kAddov tng AptOuntikng Avaivong, Kat
dev Ba pag amacyoAncovy €00 ToPA LOVO EVKOLPLAKAL.

Avtikeipevo g I'poppikng AAyeBpag amoteAody Ol YPAUULKOL ¥ ®POL Kot, TPO
TOVTOG, Ol YPOUUUIKES ATEIKOVITELG HETAED YPOUUUIKDV Y DPOV.

Ovo1aoTiKéEG S10p0pEC LETAED TOV d1aPOp®Y KAAd®V TV MaONUaTIKOV €V LTAP-
youv. Ta gtoaywyika podnquata yopilovtol cuvnbwg ce dv0 uéPn: Tov ATELPOCTIKO
Aoyiopod kar ) Ipappikn AlyeBpa. O dtaympiopog eival Texvntog Kal €YEL EKTOL-
devtiko yapoktpa. H Bacikn dtapopd petatd I'poppikne Alyefpoag kot Aneipo-
oT1Ko0 Aoyiopol cuvictatal 6to 0Tt ot I'pappikn AlyeBpa dev yivetatl ¥ pnon e
£VVO10G TOL 0piov, EVM VTN aKPLP®S 1 £vvola Toilel TOV TPOTAY®VIGTIKO pOLO GTOV
Amnelpootikd Aoyiopo.

€ o Tpoywpnuéva podnuata ot Bacikéc Evvoreg tng I'poppikng AdyeBpag kot
TOL ATELPOGTIKOV AOYIGHOU, ONAAON O YPUUULKOL YDPOL KOl O YPUUUIKES OTELKO-
vioelg ag’ evog Katl ta Opla 0’ ETEPOL, CLVATAVTMOVTAL, Tailovy Eep’ EELY TPOTAP-
YIKO pOLO oTn Zvvaptnolokn Avaivon, aArd epeavilovial akoun kat otnv Aplo-
untikn Fpoppikn AAyeBpa K.AT.

Mia TpdTN HOPPT TOV CNUEIOGEMV QLTOV YpapTtnke T0 1984, yia Tovg Tpwtoe-
Telc portnTég Tov Tunpatog Mabnuotikov tov Iavemiotnuiov Kpnng. 'Extote ot
ONUELDGELS Y PNOILOTOINOINKAY, KOTA KO1PpOVE, Urd O1APOPOLS CLVUIEAPOVS T, LLa-
OnNpata Tovg, Kupimg oto Iavemotmnuo Kpntne. Xtnv napodco popen ot GNUELD-
GELC YPAPTNKAV Y10, TOVE TPOTOETELC POLTNTEG TOL Tunpatog Modnuatikov Kot Xta-

TioTikng tov [avemiotnuiov Konpov.



Ot onueiwoeilg tpoékvyay ard T d10ackaric TOL Elcay®YLKoL padnpatog I'pop-
HKNG AAYyeBpac Kot YpapTnKay Yo £VOV CLYKEKPIUEVO GKOTO, Y1d VO, SLELKOADVOLV
TOVG TPMTOETELC POLTNTEG TNV KOTOVONGOT TV TAE0V Bacik®v ototyeimv tng I pap-
ukng AlyeBpac. Asv ntav grhodoio pag va ddoovpe £vo TANpeg cOyYpoppoa I'pop-
kN ArlyeBpag kat d0ev cupne plAafape ToALA, Wlaitepa onuavIikd, Oépata I'pap-
pikng Ahyefpac.

Ot onuelwoeilg meptrapPdvouy evvéa KEPAAULo. XTO TPOTO, TPOKAUTAPKTIKNG (V-
cEMG, KEPAAOLO g1Gdyovpe GUUBOAMGUO, KLPLOE Y10 GOVOAD KOl ATEIKOVIGELS, KO-
0c kol TNV évvola TOL COUATOG, M omoia Toilel onuUavIikd pOAO GTN GLVEYELN.
To devTEPO KAl TO TPITO KEPAAOLO APLEPDVOVTUL GTOVS YPUUUIKOVS X DPOLS KOL TLC
YPOUUIKEG amelkovioelg HETALD TV, aVTiGTOlX A, TO PUCIKO AVTIKEILEVO UEAETNG
¢ Ipoppiknc AlyeBpac. X210 1€T0.pT0 KEQEALNLO diVOULHE d1APOPES 1OLOTNTEG TLVA-
K®V, TOL GCNUOVTIKOTEPOL 16m¢ epyareiov g I pappikng ALyeBpac, Kol 6To TEUTTO
KEPOAOLO HEAETANE TIC OYECELS HETASD YPUUUIKDOV OTEIKOVIGEMY Kol TvaKwv. To
€KTO KEPAANLO QPOPA TA YPUUULKE CLCTAUATA, ONAAON TN HEAETN YPOUUK®V “eC1-
COCEMV" OE YPUUUIKOVS X MPOLS TETEPUCUEVNS O1oTOCNG. XTO £BOOHO KEQALULO
eloayetal £va aGALo xpNGLHO epyareio, N opilovca, Kol LEAETOVTAL dLAPOPES 1010-
MTéG T™G. To 07000 KEPALULO GPLEPDVETUL GE YPUUULKODG YDPOLG UE ECMTEPLKO
YIVOUEVO, KoL, TEAOG, TO £VATO KOl TEAELTOLO GTIC 1OLOTIUEG KOL TO 1010010VOCHOTO

YPOUUIKADV OTEIKOVICEWDV KOl TIVAKOV.

YentéuPprog 2001
I'. Axpifng
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1. Tlpokatopktikd: XOVOLO, ATELKOVIGELS, ZONATO

YT0 TPOKUTAPKTIKNG PLOEMS 0LTO KEQAAUL0 Ba g1caydyovue cupfoilopd kot Ho
avaeepBole oe pepikég BepeMmoctg £vvoleg Tmv oYy poveV MadNUATIKOV: cuYKE-
Kppéva, Ba Bounbovue opiopéva chvora kot Bo opicovpEe TIG EVVOLEG TNG ATELKOVL-
o1NG, TNG OHADOS Kl TOL GOUATOS. Ot YPUUUIKOL Y ®dPOL, TOv anoTEAOVY TN Bdon oTn
perétn e Fpoppikng AlyeBpag, opilovtor pe m Bondbeia coudtov. To chpoata
oL TOILoLVY CNUAVTIKO POAO GTIC EQUPUOYES ELVOL 0VO, TO CAOUN TOV TPOYUATIKOV
apfuov R kot 1o copa tov pryadikov aptuoy C pe tig suvnbeig npdtelg tpdobeon

KOl TOAALATAQGLOCHO.

1.1. Xdvora

Avth 1 evotnTa avaeépeTal o€ pio £vvola, 1 onoia tailel ToAd onHavTiKod pOLO
ot0 Oy pova Mobnpotikd, tnv £évvola Tov cuvorov. Edd Ba eicaydyovus amimg
ovpuPoiionod xatl Bo opicovue oplopéveg Baocikég £vvoleg, ol omoieg oyetilovtal pe
GOVOAQ.

"Evog aniog xat akpifnc tpdmog e1caymyng Tov 0pov abvolo (set) ota Madnuoti-
K@ 0gv glval SvaTLY MG YVOSTOC. 'Evag axpifng opiopog, pe ta onuepiva dedopéva,
€lval oKOTHOG HOVO O £VO TPOY®PMUEVO GTAOL0 TOV HoONHATIK®OV ctovddv. o
™ Ipoppikn AlyeBpo kot T1g €QapUoYEG TNG APKOLV, ELTLYMG, HLEPIKH Tapadely-
Hato GLVOAMV, pe TN Ponbela TV 0ToiMV HTOPOLV VO GYMUOTIETOOV VEQL GOVOAU.
Ta menepacpéva cOvora, dNAodn Ta cOVOAN pe Temepacuévo TAN00C oTolyEiwy,
umopotyv Bewpntikd vo 50000V avaypheoviag Ta aTotyeio Tovg. ZupPoiilovue mo-
padeiypotog yapwv pe {1, ..., x,}, Yo KATOloV UGIKO 0plOud 1, T0 GHVOLO LE GTOL-
YEWO 1, ..., T,, TO OTTOLO OEV E1VOL KOT avayKnV dtopopetikd petald tovg. To mo
anAO uUn TEMEPATUEVO GOVOAO €1val TO GOVOAO T®V QLUGIK®OV 0PLOU®V, TO 0OTO10 GULL-

BoAilovpe pe N,

N:={1,2,...}.
1



2 1. TIPOKATAPKTIKA: SYNOAA, ATIEIKONIZEIZ, SQMATA
AvVo@EPOVLE AKOUT TO GOVOAO TOV QLGIK®V 0p1OpdV poll pe to undév Ny,
Np == {0,1,2,...},
TO GOUVOAO TOV OKEPUL®V aplOU®V Z,
Z = {0,+1,£2,...},
K01 TO GUVOAO T®V pNTOV aptiudv Q,
Q:= {S : p,q oxképawor, q# 0}

To cbvoro TV TpaypatiKdVv aptBpumv cupporiletal pe R, 10 GOVOLO TOV PUIYAIIKOV
apOuov pe C.

2vufoiiguot:

‘Ecto X éva odvoro. To x € X onuaivel 011 to x g€ivar ototyeio tov X. 'Eotw P
pia 1616t tar 1ot I € X P(x) onpaivel 0Tt vhpy el £vo 6ToyELO & TOL GLVOLOL X
10 omoio €yel v 1d10tNTa P. Avtictowya Vo € X P(x) onuaivel 6011 kabe otoryeio
TOL GLVOAOL X, cuVET®MG OAO. Ta aTolyela Tov X, £xovv tnv O1OTNTO. P. Ta cvpfo-
Ao 3 xar V Aéyovtol mooodeixteg, to 3 vrapllarxds mocodeiktng Kot 10 YV xafolikog
TOGOJEIKTNG.

Av xaBe otoryeio evdg cuvorov Y elval xal otoryeio Tov cuvorov X, 10TE T0 Y
Aéyetal vmoavvoio Tov X, cvpufoAiiocpdc Y C X. Av 1o Y gival vmoshvoro Tov X,
Y C X, ko, eni mAéov, vmdpyel kamoto ctoryeio Tov X mov dev avnkel oto Y, 10TE
10 Y Aéyetan pvijaio vmoabvolo tov X, cupPfoioudg Y S X,

Awaypoon Tov aveotépo cLUPOLOV INAOVEL GpVNGT, TapAdElYIATOS APV TO b &
X onuoivel 6t 1o 5 dev eivatl ototyeio Tov X.

‘Eotw I £€va cOvolo (6Ovoro detkTt®dV), Kat yio Kébe i € [ éva cbvoro X;. Tote
opilovpe v évawan Tov cuVOL®VY X;, i € I, ®G TO GOVOLO e GTOLYELD OAD TO. GTOLY ELDL
OA®V TV X;, OnAadn o eENG
UX,={x:3Jjel zeX;}
i€l
KOl TNV Toun TV GUVOA®V X;, i € I, ®G T0 GOVOAO UE OTOLYELD TA KOLVO GTOlYELN
oLV TV X;, ONAadN ©¢ eENG
NX,:={z:Vjel zeX;}

el



1.1. ZYNOAA 3

Ytv nepintwon mov to I givar menegpacuévo, I = {1,2,... n}, xpnoipuonolovps

EMIGNG TOLVG GLUPOALGHOVC

XiuXoUu--ruUX, = U X, = U X;,

i=1 icl
Kot

i=1 el

"Ecto tdpa 000 cvvora X, Y. H diapopd tov cuvorov Y and to cbvoro X opiletal

g
X\Y ={zeX 2 gV},

anoteAeital ONAadn and 6da to otoryeia Tov X Ta omoia dev eivat ototyeia Tov Y.
To cOvoro

X xY ={(r,y):zxe X, yeY},

TOV orateTayuévay Levymv AEyetar kaptealavo yvouevo tov X eni Y. H yopoktnpiotikn
151010 TOV dratetaypuévov (evymv eivatl 6t o (2, y) Kot (', y') elvar toTe Kot povo
10T€ 100, AV 1oYVEL GLYYPOVOS = = =’ kot y = . (Axkpipng opiouog pe tn Pondeia
ouvorov (z,y) = {z,{x,y}}.) Avéroya opiletal Kot TO KOPTESLOVO YIVOUEVO TMOV
ocuvorov X, Xo, ..., X,

Xy x Xgx - x X i={(x1,29,...,2,) s x; € Xj,i=1,...,n},

®G TO GOVOAO TOV SLOTETAYUEVOV VOAO®VY. TNV €101KN Tepintoon X; = Xy = -+ =
X, = X, 6tav dniadn O6Aa ta cOvoro eival ica peta&d TV, ypagovue eniong X"
aviiyto X x X x --- x X.

INUeldVOLHE OTL €va GUVOLO TTEPLYPAPETOUL TATPMOS OO TO GTOLYELON TO OTOLd
nePLEYEL, aAAG aKOUN KAl Eva povoabvolo, dNhadn €vo GOVOLO TOL TEPLEYEL £VO.
povo ototyeio, 0ev tavtileTal pe T0 GTOLY L0 TO OMOio MEPLEYEL PEP’ €1melv o 0 KoL
10 {0} eivat StopopeTikd TpaypaTa.

Télog, 10 kEVO oVLVOAO, ONAAOT TO GOVOAD TOL eV €Y el GTOLYElD, TO GUUPOAL-
Covpe pe 0.



4 1. IPOKATAPKTIKA: YYNOAA, AIIEIKONIZEIZ, SOQMATA
1.2. Ancwkovioelg

Mia dAAn Baocikn €vvolo tov Mobnupatikov, n évvola g aneikdviong, eivat
TO OVTIKEIUEVO OLTNC TNG evotnTag. Oa elcaydyovpe amekovioelg kot 0o dovue
OPLOUEVES ELOIKOTEPEG MEPIMTOGELS UTEIKOVIGEMV.

‘Ecto X kot Y obvvora. Mia mtpodiaypaen f, n oroia aviicTolyilel o€ kabe otot-
xelo x Tov X axpificoc éva toryeio tov Y, 10 omoio kat cupforilovpe pe f(x), Aéyetar

aneiovian (map) and 1o X 6to Y. Xaptv cuvtopiog ypaeovpe
f:X—Y,

Mia aneikovion and 1o X oto Y givatl Loy, yio va akptforoyodpe, Eéva vTocHvo-
Lo tov X x Y, 10 omoio yio ka0 x € X mepi€yet éva {ebyog pe TpdTo GTolyElo TO T,
Kot dev meptEy el {evyn e TO 1010 TPADTO GTOLYELO KO d10POPETIKA dEVTEPU OTOLYELOL.
To f(x) Aéyetan eikdva Tov = pécw g f. To X Aéyetan medio opiouod kol 1o Y
TEOLO TV TNG ATELKOVIONG f.
‘Eoto f : X — Y plo aneikdvion kar M, N vrocOvora tov X, Y, avtictorya.

To cOvoro
f(M):={yeY :JreMy= f(z)},

T0 omoio gival LoKA LVTocoOvoLo Tov Y, Kaieital emxdva Tov M pécm g f, Kal To
6OVOAO 1

[ (N)={reX: fz)e N},
Aéyetar avtiotpopn eicova tov N p€cm g f, Kot elval Tpoeavmdg bTocHVOALO Tov X.

INo arewkovicelg pe 1010itEpa GNUAVTIKEG 1O1OTNTES Y PNGILOTOLOVUE E101KOVG
opovs. 'Ecto f : X — Y pilo anewodvion. H f Aéyetar épeon (ameixovion eni,
surjection), av 1 elk6va tov X pécm g f eival to Y, dniadn f(X) = Y, ondte yia
k@00e y € Y vnapyetx € X to omoion f aneikovilel 6To y, ONANON E1VOL TETOLO DOTE
y = f().

H f Aéyetan évean (éva mpog éva, injection), av and z,x’ € X ko f(x) = f(a')
Emetol x = 2/, pe Ao Aoyla ov = kot '’ glval da@opeTikd aTotyeio Tov X, TOTE KOl
t0 f(z) kau f(2') elvar Stapopetikd oTotygia Tov Y.

H f Aéyetar aupiuovoanuavey (aupican, bijection), av eivol cuyypoveog £vecm Kat

£peom, OnAadn £va Tpog £va Kot ETL.



1.2. AITEIKONIZEIX 5

Av n anewdvion f : X — Y eivar opeipovoonuavn, tote yo k6be y € Y
T0 GOVOAO }1 ({y}), dnAadn n avtictpoen ekdva Tov GuvoroL {y}, £xel akpLPog
éva ototyeio, To omoio cupPolriovpe pe 1 (y). Kot avtdv tov 1pomo opiletor pia
amelKoOVIoN
1y — X,
y— [ (),
N omoia xaAeitat avriatpopn g f.

-1
Hapatipnon 1.1 'Ecto f: X — Y pla anewdvion kar y € Y. To cbvoro f ({y})
éxel évvola yia ke f xat givar vroohvoro tov X. To f~1(y) opiletor péovo av n
f elvar apeipovoonuavn, kol eivar otoryeio tov X. Xaptv cuviopiag yYpagovue
-1 -1
nolrég popés f (y) aviiywe f ({y}).
‘Eocto f: X — Yxaig:Y — Z. H anewkdvion

gof : X — Z,

r— g(f(7)),

Aéyetar avvlean tov f xal g. [lapatnpfote 611 yio va opiletal n cbvBeon go f {ntdpe
70 TES10 OPLOUOV TNG g VO, E1val TO TESLO TIHAV TNG f. ENUELOVOLUE aKOUo OTL TEDLO

0opLopoL NG g o f elval To medio oplopoL NG f, Ve TESIO TIHDV TNG €ival TO Tedio
TILOV TNG ¢.
Hapaodeiyuaza 1.1

1. H anewédvion idy,
dy : X — X,
T — x,
Aéyetan tavtotiky anelkdviomn tov X, M Tavtotyta 6to X.
2. Tnvanewovion f : [0,2] — R, f(x) := 1, av z pntodg, kot f(z) := 0, av xz appnToc,
O€V HTOPOVLLE VO TNV TALPAGTIGOVUE YPUPLKAL.
3. H mpodiaypaopn
[0,1] — [-1,1],
T — £4/7,
dev glvat amelkovion, ylati, dedopévov evog © # 0, to ++/x dev opiletal povoonua-
vTa.



6 1. TPOKATAPKTIKA: XYNOAA, ATIEIKONIZEIZ, ZOMATA

Avtifeta, 1 Tpodiaypaen
[0,1] — [0, 1],

T — /T,
elval amelkdVio™, Kot HAALoTO €1val 1 AVTIGTPOPT TNG UTEIKOVIGEMG
[0,1] — [0, 1],

T —s 22

Ocswpovpe pia aneikdévion f: X — Y kot €vo vmosvvoro M tov X. H aneikod-

vion
g: M—Y,
z— f(a),

Aéyetar mepropiouos g f oto M kot cvpPoriletar pe f |y . Ot ameikovicelg f
KOt g OL0@EPOuVV HOVO MG TPOS TO TENIO OPIGHOY TV, EKEl TOL opilovTal Kat ot 30O
AopBavouv Tig 1d1eg TIHEG.

Eotwg: M — Y, M C X, xat f : X — Y 800 aneikovicelg. Av yio k@0e
r € M woybet f(z) = g(z), 16te N f Aéyetar enétaon ™G g.

1.3. Xopata
O 6pog gaoua €xel BepeMmdoOn onpocio Yo Tov opiopd evog YPOUUUIKOD Y ®dPOv.
IIpwv opicovpe 10 cOU, ELGAYOLUE TNV £VVOLL TNG OUAIAC.

Opioudg 1.1 Mia oudoa (group) eivar éva (evyog (G, +) amoteAodpevo amd Eva Un Kevo

oOvoAro G kot pio TpdEn - oto G, dNAadN pia anekdvion
G x G — G,
(a,b) — a - b,
pe TG €ENg 1016 TEG (ag1dpata opddag):
(Oy) (a-b)-c=a-(b-c)yxtbe a,b,c € G (TPOGETULPLGTIKOG VOLOG).

(O2) Yrapyet éva otoryeio e € G (ovoétepo otoryeio tov GG), TE£T010 M®OTE
(Ogq) €-a=ay0xbbe a € G,
(Og) yi0. k60e a € G vrapyet a’ € G (avtioTpopo TOL a), TETOLO0 MGTE VA LoYLEL

a-a=e.



1.3. ZOMATA 7

Mia opdda (G, -) Aéyetar afiedavyy (Tpog TV Tov dtdonpov Noppnyov padnua-
Tikov Niels Henrik Abel), av yio ké0e a,b € G 1oybdet

a-b=>b-a (aviipetabetikdg vopoq).

Av ce pio opdda (G, -) n mpaén - eival Tpoeavig 1 dvev onpaciog, TOTE YPAPOLUE
amiovotepa G avti yia (G, -), Kot ab avti ylo a - b.

®a dovpEe TOPU PEPIKEC ATTAEG 101OTNTEG OHAdM®VY. XvYKEKPLUEVA, Ba dovue 6TL
av 1o a’ €lval avTiGTPOoPo ToL a, TOTE Kal TO a ELVOL OVTIGTPOPO TOL d’, OTL TO AVTi-
oTpoPo €vog otolyeiov opileTal LOVOSHUAVTO, OTL LTAPYEL AKPLPMOG £va OLIETEPO
otolyelo, Kot 6Tt Yo TO OLOETEPO GTOLYELO EKTOG TOVL ea = a LOYVEL KUl ae = a Yl
K@0e otolyeio a TNG opadac.

Aqppo 1.1 Eotw G pia opdoa. Tote iayvovy:

1. Avd' € G eivar avtiaTpogo atoiyeio Tov a, T0TE 1oYVel Kat aa’ = e.

2. T'ta éva ovoétepo atoiyeio e € G 1ayvel ae = a yia kale a € G.

3. Yrapyer axpifag éva ovoétepo atoryeio e € G.

4. Ia kdbe a € G vrapyer axpifac éva avtiotpopo atoryeio a' € G, 10 omoio avufoli-

Covue pe a™t.

Amooerln.
1. 'Eoto d” évo avtiotpo®o tov a’ (to omoio vrdpyet oOppova pe tnv (Og)). Tote
Quotkd Oo woyvel a’ad’ = e, xal emopévmg

aa' = e(ad’) = (a"a’)(ad") = a"(d'(aa"))

:a///<(a/a/>a/) :a//(ea/) :a//a/:e’

OTOL M TPAOTN KOl M| TPOoTEAELTALN 1GOTNTA 1o VOLY AOY® TNG (O2,), M 0eVTEPN KO
N televtaio Aoym g a’a’ = e, n Tpitn kar N tétaptn Ady® ¢ (O1), Ko, TEAOG, M
TEUTTN AOY® TOL YEYOVHTOC OTL d'a = e.

2. 'Exovpe

ae = a(d'a) = (aad')a = ea = a,
OTOL 1 TPMTY LOOTNTO, IGYVEL AOY® TOL YEYOVOTOC OTL d'a = e, 1 debTEPN AOY® TNG

(01), n tpitn xar n Tétaptn AOY® tov 1. T0 omoio OIS amodei&ape, Katl, TEAOC, N
televtaio Adym ¢ (Os,).
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3. 'Ectw ¢, ¢’ € G 600 ovdétepa atoryeia. Tote Eyovpue

e =e =ce=ce,

OToL N TPOTN 16OTNTO 1Y OEL EMELON TO e €ival ovdETEPO GToLyElo, M| debTEPN TTpO-
KUTITEL { PNCILOTOLDVTIAS TO YEYOVOS OTL TO € €lval, COUPMVO LE TNV TPATN GYECT,
aVTIGTPOPO TOL €' Kal PTOPOVUE VO X PNOILOTOLNGOVHE TO 1. TOoL amodei&ope Tpon-
YOLUEVMOC, KOL 1] TEAELTALO LGOTNTO LOYVEL ETELON TO € elval 0LOETEPO GTOLYELO.

4. 'Eoto d',d” € G avtiotpoga tov a. Tote Oo Eyovpe
a// — alle — a//<aa/) — (CL”CL)CL, — €CL/ — a/’

OTOL M TPAOTN 1GOTNTA 1Y VEL AOY® TOVL 2. TOL AnodEIEUUE TPONYOLUEV®GS, 1| debTEPN
MOY® TG aad’ = e, n Tpitn AOY® ™G (O1), N mpoterevtaia Aoy® g a’a = e, Kat,
Té€A0C, M TeAevTaio AOY® ™G (Oy,). O

21 ovvéyeta Ba dobpe 6Tt 10 (O3) GTOV 0PIGUO piag OpddaS E1VOL IGOSVVUUO E
TO YEYOVOC OTL €E1CMCELG HAC GLYKEKPIULEVNC LOPONC £xOLV TAvVTa pio Abon. AKOun

Ba dovpE OTL aLTEG OL AOGELS E1VaL HOVAOTKEC.

Afppa 1.2 Eoto G éva un kevé abvoio, G # 0, kar - pia npdén ato G. Téte 1o (G, -)

givar opdoa, av kar uovo av iayvel to (01) kai yia kale a,b € G o1 e€iocaelg
(1.1) ra="b, ay=0>,

Erovv Abaeis v,y € G. Eni mAéov ae avth TV mEPITTWAN 01 ADGEIS X,y EIVAl LLOVOTHUAVTA,
OPIGUEVES.
Amndoerln. Oo vrobécovpe kat’ apynv 6t to (G, ) eivar opdda Kot Ba arodeifovpe
ot ot e€odoeig (1.1) éxovv pio akpifodc Aon. Ipayuatikd, pe x := ba™! kot y =
a~tb &xovpe

ra = (ba )a = b(a"'a) = be = b,
Ko

ay = a(a"'b) = (aa )b =eb = b,
emopévag kabe pia and t1g e€lo®oelg pog £y el TovAdyloToV pia Avom. 'Ecto tdhpa
kot 2’y € G Moelg, onadn 2’a = b, ay’ = b. Oo anodeifovpe 611 x = 2’ KAl
y = vy Ilpaypatikd €yovue

v =a'e=2"(aat) = ('a)a” =ba"t =2,
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Ko
y=ey =(ata)y =aHay) =a b=y
IIpoymwpodue tpa 610 aviicTpoo: Bo vtobécove 0Tt o1 e§iomoelc (1.1) €yovv
Mooelg yua k60e a,b € G kot Oa anodeiovpe 611 10 (G, -) eivor opdda. ‘Ectw a éva
otolyeio Tov G. Todte, cOhpupmvo pe TNV LTOOEGN HOG, LTAPYEL £VO GTOLYELO € TOV
G 1€1010 OGTE ea = a (N Mon g e§icwong xa = a). Eni mAéov, yia kébe b € G

vrnapyely € G této10 ®ote ay = b. 'Eto1 cuunepaivouvpe 611
eb = e(ay) = (ea)y = ay = b,

omoTE TO € £1val 0VOETEPO oToLYEl0, ONAaON oyveL N (Og,). Eniong, agov 1 eEicwaon
xa = e £Yel Mo, €0T® d, VTAPYEL TO AVTIGTPOPO GTOLYELO TOL a, Yo Kabe a € G.

Yuvendg oyt kot M (Og). ZuVvorlkd avto pog Aéet 6tL to (G, ) eivat opdda. O

Aivovpe tdpo oplopéva mapadeiypato opddwv. Ot anodeifelc eival amAéc Kot

0PN VOVTOL WG OLOKTGELG.

Tapaoeiyuaza 1.2

1. To (Z,+), 6nov 10 + cvuPoiriler v mpocheon, eivar afeiiavny opdda. Ovdé-
TEPO OTOLYELO €lval TO UNdév, “aviioTpo@og” tov akepaiov n gival o —n. Eniong
10 (Q,+), (R, +) eivar aferiavég opddec, evod to (N, +) dev eivar opdda, apov dev
wkavorotel v (0,).

2. Boto Q" :=Q\ {0}, R":=R\ {0},Qt :=={z€Q:2>0},Rt :={z € R:2 > 0}.
Ta evyn (Q*, ), (QF, ), (R*,-), kot (RT, ) pe tov cuvhn morlaniactacud eivol
afeitavég opddec.

Ta Cebyn (Z7,-), (N, ), ue Z* :=7Z\ {0}, dev eivar opddeg.

[Tpoympodue Tdpa GTOV 0PLOUS TOL FAOUATOS. XTOV OPLOUO TOL COUATOG Y PELNLO-
paote 000 TpaEelg (eved otny opdada apkovoe pia), kot Tpia afldpata, To 000 TPpATH
avaeépovial 6 kabe pia TpdEn EexmpPloTd, EVM TO TPLTO KOl GTIC dVO TPAEELC.
Opioudg 1.2 'Eva acdua (field) eivar pia tprada (K, +, -) arotedAodpevn and £€vo GOVOAO
K kot 000 mpa&elg + kat - oto K, dnAadn dvo aneikovicelg

4 KxK—K,
(a,b) — a + 0,
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Kol
K x K — K,

(a,b) —> a-b,
HeE T1g €ENG 1010t TEG (AEIOUOTA COUATOG):
(21) To (K, +) eivor afeiiavn opdda.
(To ovdétepo otoryeio To cupuPoirilovpe pe 0, To avticTpoPo £vOg oTol)ElOL @ €
K g mpog v npd&n + pe —a, xat Bo 1o arokarovpe 6T cuvEyELla avtifeto Tov a.)
(X5) To (K, ), pe K* := K\ {0}, eivar aferiiavn opdda.
(To ovdétepo arotyeio To cvpPorilovpe pe 1, To AVIIGTPOPO EVOC GTOLYELOL a €
K o¢ mpog tnv mpa&n - pe a L)
(Z3) T a, b, ¢ € K{ntovue va 1ydovv
a(b+ ¢) = (ab) + (ac)
Ko
(a+b)c = (ac) + (be)
(emueploTiKoi vouotr).
ZNUELOVOLUE OTL, OTMC OLATIOTAOVEL KAVELG OUESMC, AV LOYVEL EVaC OO TOVE ETL-
HEPLGTIKOVG VOHOULGS, TOTE oY VEL KO O AALOC.

INa va arlovotevcovpe 10 cLUPBOAIGHO amoPebyovTag TIg TOAAEG TapevOETELC,
GUUPOVOVUE OTL 0 TOAALATAAGLOOUOG GLUVOEEL 1Y LPOTEPO 0td TNV TpoOcheon. 'Etot

Ol EMUEPLOTIKOL VOUOL YPAPOVTUL GTT LOPOPN|
a(b+c¢) =ab+ac, (a+b)c=ac+ be.
Eniong ypaoovpe a — b avti yia a + (—b), ko § avti yio abt.

Oau dobpe TOPA HEPIKEC UMAEG 101OTNTEG COUATOV. ZvykeKpipuéva Bo dodue 6TL
TO YIVOUEVO 000 OTOlYElMV £VOC GOUATOG UNdEVILETAL, AV KOl HOVO OV TOVAUYLOTOV

£VaG amod TOvg TOPayovTeS elvatl undév, kot akoun ott a(—b) = (—a)b = —ab.

Anppo 1.3 I'ia tov noAlanaciacuo oe éva amua K 1aydovy:
1. Ta kale a € K épovue 0-a = a -0 = 0, oniaon to yivouevo tov undevog ue kdbe
aToLYElo EIVAL UNOEY.

2. Ava,b € Kkat ab = 0, tot¢ eite a = 0 gite b = 0.
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3. Iaa,b € Kioyber a(—b) = (—a)b = —(ab).
Amooeiln.
1. Kot apynv éxovue

0-a=(0+0)-a=0-a+0-aq,
kot pe Baon to Aqppa 1.2 coprepaivoope 6t 0-a = 0. To a - 0 = 0 amodeikvoeToL
avaroya (Emetotl OP®G Kot amd To NON 0modely 0y, emeldn n opdoda eival afeiiavn).)
2. Av vrnoBécovpe 6t a # 0 kar b # 0, 101e cOHEOVA pe T0 (o) GUUTEPAiVOLUE OTL
Ba 1oy beL kot ab # 0, dromo.
3. 'Eyovpue
ab+a(=b) =a(b+ (=b)) =a(b—b) =a-0=0,
Kot ovpnepaivovpe 6t a(—b) = —(ab). Avtictorya
ab+ (—a)b=(a+ (—a))b=0-b=0,

emopévas (—a)b = —(ab). O
Hapaodeiyuata 1.3
Ta (Q,+,), (R,+,-) kot (C, +, ) pe 116 ovvnbeig mpaeig npdocbeomn Kot Torramia-
oloopo givar copata. To (Z, +, ) dev eival copa, apov to (Z*,-) dev gival opada.

1.4. Aoknosig

1.1. ITpocdiopicte 10 chvoro pe cTolyeia Tig Aboeig tng eEicwong 22 — 5z + 6 = 0.
1.2. 'Ecto X éva ocvvoro. ITpocdiopicte to kaptectovd yivopevo X x (.

1.3. Tati dev vapy el To “cOVOAD” OA®OV T®V GLVOL®V; [AV cupfoAiicovpe avTd TO
“oOvoAro” pe X, xat pue Y 10 umooLVOAD TOv, TO 0Tolo aroteAeitol 0d OAM TO. GOVOAL
TOL JEV TEPLEYOLV TOV £QVTO TOVG OC GTOLYELO, deilTE OTL 1o VEL GLYY POV Y € Y
kot Y € Y]

1.4. Ocwpovpe ™ gvvdptyan, SNAAdN ATEIKOVIOT HE TPOYHATIKEG TIHEG, [ @ R —
R, z +— 22. IToto eivar to medio opiopol g, T0 TESi0 TIHADY TG, Kal Tola 1 E1KOVOL

™m¢, ONAadn n ekdéva tov R pécw g f;

1.5. Eoto Q" := Q\ {0}, R* := R\ {0}, Q" :={z € Q:2 > 0}, R" := {z €
R : z > 0}. Anodeifte 611 ta Lebyn (QF, ), (QT, ), (R*, ), ka1 (RT, ) pe tov cuvion
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noAlanhactacpud eival afeiavég opadeg, evo ta fedvyn (Z%,-), (N, ), ue Z* := Z\{0},
dev elval opddec.

1.6. Amodei&te 6tL 0 (Q, +, +), (R, +, ) xa (C, +, -) pe tig cuvnbeig npaeig npdcbe-
oM Kol TOAAATAOGLACUO E1VOL COUOTA, EVD TO (Z, +, -) dEV €lval GO,

1.7. 'Ecto (K, +, ) éva odpa. Anodei&te 6TL 1o cOvoro K mepiéy et tovhdyiotov 600

GTOlYELD.



2. TI'pappikoi Xopou

Ye avto 1o kepdhato Ba eloayayovpe pia Bacikn €vvolo g I'pappikng Alye-
Bpac, Tnv £évvotla Tov ypauuixod ywpov, o dovue HePIKES ATAEG LOLOTNTEC YPOUUIKDV
YOp®V, Ba eloaydyovpe opitopéveg BepeAlddelg £VVOleg o€ YPUUULKODS X MPOVGS, TIG
EVVOLEC TNC YPOUUIKNG eEGpTNoNG, TG Paong Katl Tn¢ dtdoTaong, Kaddg Kat TNy £v-
VO10. TOV LTTOYMPOL EVOG YPUUULIKOD X OPOL KAl TOL aBPOIGUATOC YPUAUULKDV Y DPOV.
Oa yvopioovue eniong opiopéveg Pactkéc 101OTNTES YPUUUIKOV Y OP®V Kol Oo d0-
GOVLUE PEPIKA TOPASETYUOTO Y PUUUIKDV Y DPWOV.

Ot ypoppikot yopot woilovv kabopiotikd poro yevikdtepa ota MaOnuatika, n

yPNOM TOLG eV mepropiletal Katd kavéva tpomo poévo ot Ipappikn AlyeBpa.

2.1. H évvoua tov ypoppikov yopov

Ye avth TNV evoTNTo B0 0piGOLUE TNV £VVOLL TOL YPUUULKOD Y HPOL KOl TOL LTO-
YDOPOL VOGS YPOUULKOD Y ®dPOv, Bo S0OIE OPIGUEVA TOPASETYUOTO Y PAUULKDV Y DPOV
Kot Oa yvopicovpe pepkéc Paotkéc 1O10TNTEG YPOUUULIKDOV Y OPOV.

Opiouog 2.1 'Eoto K éva copa. 'Evac K—ypauuixog ywpog, | ypouuixog ywpog navw
oto K, givar pia tpiada (X, +, ) arotelovpevn and Eva cbvoro X, pia Tpaén + oto
X (mpocbeon)
+ X x X —X,
(z,y) — z+y,

Kot pia Tpdln - (roAlanioclacpudsg pe otoryeio tov K)
K x X — X,
(N z)— Az,
pe T1g €ENG 1016TNTEG (AEIOUATA YPOUUUIKOD Y DPOL):
(T'X1) To (X,+) eivar aferiiavn opdda.

(To ovdétepo ororyeio 0 Aéyetar unoevikd divoca.)
13
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(I'X2) Twz,ye X koA pue Kioydovv

(a) Atp)-z=2)+(p-z)
(b) A(x+y)=A-2)+(A-y)
(©) (Ap) -z =X (u- )
(d) 1.2 =ug.

ZUVOVOLUO [LE TO YPUUULKO Y DPO Y PNGIULOTOLELTAL KOL O OPOC O1AVOGUATIKOS Y DPOS
(linear space, vector space). Epiotodpe TNV Tpocoy 1 Tov avayvmdoTtn TN X p1oT TOV
1iov cupPfdrov, tov 0, TOGO Yo TO OLIETEPO GTOLYELO TOL GONATOS K, 660 KOt Yo
TO UNOEVIKO 01AVLG A TOL X, KaBMS Kot Tov GLUPOLOL + Y10 TNV TPdcOeGT TOGO GTO
K 6c0 kat otov X. H epneipio €xet ogi&el 6Tt pikpn povo e£aoknon opkel yio va
amokAeicel kaBe GOYYLOM TOL EVIEYOUEVMG TPOKAAEL AVTOC O GUUPOACUOG GTOVG

un €E01KEIMUEVOLE OVOY VDO TEG.

Av ol mphEelg + kat - gival Tpoeaveig N Avev onuociag, TOTE GLYVA YPAPOVLLE
X avtiyuw (X, +,-). Eriongavtiyia A -z, pe A € K,z € X, cuvnbog yphoovpe Ax.

Mo va amopevyovpe TI¢ TOAAEG TAPEVOEGELS, CULE®VOLUE OTL O TOAAATANGLO-
ouoO¢ evég otoryeiov tov K pe éva otoryeio tov X ouvvoéel woyvpdtepa and v
npocbeon oto X, ONAUON TPAOTA YivOVTOL TETOLOL TOALATAACLIAGHOL KOl £TOVTAL Ol
TPocHEGELS GTOLYELMV TOL YPUUUIKOD XDPOV, TO AT + y onpoivel (Ax) + y.

ZT1G EQUPUOYEC O YPUUULKOL Y dpot opilovtatl oy eddv ThvTo £1TE TAVO GTO GO
TOV TPAYUOTIKOV 0ptOpdv R gite 610 copa tov pryadikov aptbudv C. T'a 1o Aoyo
aLTOV KoL ETELON TO OMOTEAEGHATO UTOPOLY TOAD EVKOAN VO YEVIKELOOUV, GE ALTEC
TIG oNUeELDTELS Ba acyoAnbodue HOVO Pe TPAYHOTIKOVS Y PUUULKODS Y DPOoLS (ONANOT
tétolovg wote K = R) gite pe pryadikovg ypoppikods xopovg (K = C). Otav ot
ovvéyeta Oa LUAGLE Y10 YPOUULKOVG Y DPOLVG, B evvooDuE TPOyHATIKOOS Y PUUUIKODG
LDPOVLE: GTNV TEPIMTTOGT TOL Y PTNCIULOTOLOVUE ULYOOTKOVS Y PUUULIKOVS Y Dpovg Ba TO
tovilovpe ®OTE Vo KaBioTOTOL COPEC.

Hapatnpnon 2.1 Ta otoryeio evOg YPOUUIKOD Y®DPOL AEYOVTOL dlavbauata Y| anueia

TOL YpauptKoL ympov. EE opiopol, Aomdv, Eva dtdvocspa eivol Eva 6TolyEL0 EVOC

VLG UATIKOD Y MPOL.
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Tapaoeiyuaza 2.1

1. 'Ecto n évac ouoikog aptfuog. To kKAaso1ko Tapadetypa yio EVoV YPOUUIKS y®PO
eival o yopog R" twv dateTayUévoV VOAO®OV TPAYUOTIKOV aplOu®dy, GTOV 0Toio M

TpOcHecn KoL O TOAAUTANGLOCUOC [LE TPAYUOTIKOVS aplOpove opilovtal og €ENg

(1, oy xn) + (Y1, Yn) = (X1 F Y1y T+ Yn)

Kot
Mzy,.oymy) = (A, .., Ay).

Ynuetdvovpe 0Tl ta ototyeia Tov R” Ba to ypapovpe €1t ®G YPUUUES E1TE ®G

GTNAEC, avOAOYO LE TO TL KAOE POopd 01eVKOALDVEL TO GLUPBOALGUO.

2. 'Eocto a kot b 600 mpaypatikol aptbuoi t€totor mote a < b. XvpPoiilovue pe
C'a, b] to chvoro TOV cLVEXDV GLVAPTNCE®V, Tov opilovTul 6To dacTnua [a, b] kot
naipvovv mpaypatikég Tipég, Cla,b] == {z : [a,b)] — R / = ocvveync}. (To C o¢
aVTOV TO GUUPBOALGUO TPOEPYETUL OO TOV UVTIGTOLY O Ay YALKO Opo “continuous” Tov
onuoivel “ocoveyng”.) Me tig mpagetg

z,y € Cla,b] (x+y)(s) :=xz(s) +y(s), s € la,bl,

AeR z € Cla,b] (Ax)(s) := Ax(s), s € [a, ],

o Cla, b] elvar ypappikog yopoc. 'Etot pio cuveyng cuvaptnon o éva dtdotnpa [a, b]
elvatl kat dtavuopa, ®g 6TolyElo Tov Ypoppkoo ydpov Cla, b]! Aniadn, dtovocuoto

dev givat poévo avtd mov pabaivovpe otn devtepoPabuia ekmaidevon.

210 emdpevo Anfpupo 0o dovue 6TL TO YIVOUEVO €VOC TPAYUATIKOD 0ptOpod pe €va
dtbvucua undeviletal, av Kot HOvVo av o Tpayratikdg aplOpdg N to dtdvocsua (1 ap-

0otepa) eivar undév. Emiong Oa dovpe 611 10 (—1)x givar avtifeto ToL .

Anppa 2.1 Eoto (X, +, ) évag mpayuatikdog ypauuikog yawpog. Tote iayvovy:
1. To yvouevo evog mpayuatikot aptOuod ue Eva S1avoaua. ivai To UNOEVIKO JLAVOaLd, GV
KAl [Lovo av eite 0 apiOuog eivar unoév eite 1o O1avoaua. EIVal TO UNOEVIKO, ONAGON

VeeX 0-z=0

(1)
YAeR X-0=0
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Kal, avtiaTpopa,

(i) VAeR, ze€X, =0 = A=0mn2=0).

2. To yvouevo tov apifuod —1 ue éva oravvaua x givar to avtibeto tov x, dniaon to —x,

Vee X (—1)z=-—uz.

Amooeily.
1. 1) 'Eoto x € X. Tote 0o éxovpe a9’ evoc0-z=(04+0)- 2 =0-2+ 0 -z, dnladn
O-z2=0-2+0-=,
KoL aQ’ €TEPOV
0-2=04+0-2.

A6 T1g 800 OVTEG GYEGELG TPOKLTTEL, CUPP®VA fe To Afppa 1.2, 0z = 0, emeldn 1o
(X, +) elvar opdda.

Axp1Bag avaroya Exovpe A-0=A-(0+0)=A-0+A-0xot A-0=0+ -0, kot
odnyovpacte 610 cuunépacpa A - 0 = 0.
(i1) AvtioTpogo tdpa, vrobétovtag 6Tt A # O xat A -z = 0, éyovpe x = 1 -2 =
A Nz=X"tAz)=1"1-0=0.
2. Topa €xovpe

4+ (—lzx=1-z2+(-lzx=(1+(-1)z=1-1)z=0-2=0,

omote, cLUE®VO. pe To Afqppo 1.2, woyvel (—1)z = —x. O

H enépevn Bacikn évvotla mov BEAOLIE VA 1GAYAYOVIE ELVOL OVTT) TOL VTTOYWDPOD.
Opiouog 2.2 'Eoto (X, +, +) évag ypappkdg x®pog Kat Y éva un Kevo LITOGHVOLO TOL
X, Y C X. ToY Aéyetar vmoymwpog tov X, av 16(O0OLV:
(YX1) ToY eival kAelotd ¢ mpog v npdcbecn, oniadn av tpocshiécouvpe VO

oTolyEla Tov Taipvovue Eavd otolyeio Tov,
Ve,yeY xz+4+yeY.
(YX2) ToVY eival kAe10TO G TPOS TOV TOAAUTAUCIAGHO E TPAYUATIKOVS aplO-

povg, dNA0ON, vV TOAAUTAACIAGOVUE VAV TPAYHATIKO aplOud pe éva ototyeio Tov
Y, maipvovue Eava otolyElo Tov Y,

VAeR VzeY MeY.
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duoikd, av o YPoRUIKOS Y HOpog Exel oplobel Thvo o Eva coua K, t1ote T0 pOLO

TOV TPAYLATIKOV 0pLOUdV 6TOV TPOonYOoLREVO 0plopd mailovy Ta otoryeia tov K.

Afppa 2.2 Eoto (X, +,-) évag ypapuixos yopos kar'Y évag vroywpog tov X. Tote o
(Y, +, ), ue mpaceig tovg mepropiapuods twv npatewv atov X ae atoiyeio tov Y, eival ypap-

KOG Y (pog.

Anooeiln. To a&lopa (I'X2) 1oyvel tpopavag otov Y, apol 1oyvel otov X. O avti-
HETUOETIKOC KUl O TPOGETAULPLOTIKOS VOUOS 16 bovV GToV Y, apod 1oyvovy otov X.
AoV 10 Y gival un kevo, €xet éva ototyeio y € Y. Emopévmg 1o undevikd dibdvoopa,
0 =0-y, avikel Aoy tov (YX2) oto Y. 'Ecto topa y € Y. TTai Aoym tov (YX2)
Eyxovpe —y = (—1)y € Y. Enpetdvovpe 6Tt 6 LT TNV 0TOIEEN Y PTCILOTOL|CUNE
o Aqppe 2.1, O

Aivovpe topa opiopéva tapadeiypoto vroxopwv. Ot arodei&elg eival eOKoAEG
KOl TOPOUAEITOVTOL. ZUVIGTATAL GTOVG POLTNTEG VA GKEPTOVV Tl TOPLGTAVEL O LTO-
LOPOG GTO OEVTEPO TUPASELY A, KA1 VAL ODCOLY GUYKEKPIUEVA TOPUOETYHATA YL TNV

TpiTN MEPINTOOT, OTUV O YPUUUIKOS XDOPOC eivatl pep’ simeiv o R?.

Tapaoeiyuaza 2.2
1. 'Ecto X évag ypappkdc xmpog kat 0 to undevikd didvuopa tov X. To Y = {0}

elval 0 undevikog LLOYWPOS Tov X.

2. 'Eoto A € R évog otabepdc mpaypatikdg aptdudc. To cdvoro {(z,y) € R? : y =
Az} elvat évag vmdympog Tov R

3. 'Eocto Y7, Y5 dvo vndywpot tov X. H toun tovg Vi N Y; glvar eniong vndywpog tov

X, evo avtifeto 1 évoon toug Y U Y, dev givat yevikd vtdywpog tov X.

Evkola pnopet kaveic va dMoEL TAPASELYLOTO VTOGLUVOLDV YPUUULKAOV Y DPOV T
omoia £xovv TV 1016t Ta (YX1) adrd Oyt v (YX2), | avticoTpo®a, CLVETHS eV
eival voywpot evog yodpov X, BA. Acknon 2.2.

2.2. I'poppuxn e&aptnon, pacn, ordctacn

YKOTmOG HOG GE QLT TNV EVOTNTO €LVOL 1 E1GAY®YN TOL OPOL dLdaTacy, EVOG LE-

TPOL Y1 TO “UEYEBOC” evOC Ypuppikov yopov. Ilpv propécovpe va elcaydyovpe
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avtn TNV évvola, Ba piAncovpe yio ypaupkn eEaptnon N ave&aptnoia dtavocud-
TV, 8o yvopioovpe ddpopeg GuvONKeG Yo 0LTEG, Kal Ba elcaydyovpe TNV évvold
™G Baomng evog YPAUULKOD X OPOVL.

Opiouog 2.2 'Ecto X €vog YpappKkos Y Opos, Ty, ..., Lm € X KoL Ay, ..., A\, € R Mia
EKQPACT TNG HOPPTG

)\11‘1 + -+ )\mxm (: Z )\zxz)
=1

AEYETAL YPOUUIKOS TOVOVATUOC TOV OLUVUCUATOV T, . . ., Tpp-

Opiouog 2.3 'Eoto X €vog YpoppiKos xopog Kol Ty, . .., Ty € X.

1. Ta dwavdopata zy, . . ., x, AEyovtal ypauuird eEaptnuéva, oV VITAPYEL U1 TETPLUUE-
VOG YPOUUKOG GUVOLAGHOC TOVE TOL €ivol UNOEV, ONANST AV LTTAPYOLY TPUYUOTIKOT

aptOpol Aq, ..., A\, €K TOV OTOLOV TOLAAYLOTOV £VOG 0EV €ival Undév, TETO10L MOTE

va 16y 0EL

/\1$1++/\m$m20

ii. Ta dwavoopota 1, . .., T, AEyovial ypauuikd aveldptnta, ov OV elval yPOUULKE
eEaptnuéva, dniadn av n16oTTe A2y + - - - + Ay = 0 1oY0EL HOVO YIOL Ay = -+ - =
)\m - 07 f]

Mo+ F A, =0 = A =---=), =0
Ailvovpe Topa £vay EDKOAO LEV Y PNOLUO O Y APUKTNPLOUS YPUUUIKNC EAPTNOTG.

Ipétaon 2.1 Ta dwaviouata v, . . . , Ty, Evar ypappikd e€aptnuéva, av Kal fLovo av TovAd-

XIGTOV €Va, ATO AVTA UTOPEL VA, YPAPEL G YPOUUIKOS TOVODATUOS TV DO AOITLIV.

Amnoderén. Ynobétovpue Kat’ apyny OTL Td 1, . . . , T, lvor ypoppika egoptnuéva. To-
1€ O vITapyEL UN UNSEVIKO GTOLYELO (A1, ..., A\pn) € R™ 1é€1010 DoTE

Enopévogunapyetj € {1,...,m} tétoro dote A; # 0. I'pdeovpe v (2.1) otn popen

m
)\jl‘j = — E )\Zl’z
i=1

i#]
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Kot toAramdactafovpe avtt| T oyéon pe 1/A; vy va odnynBovpe otnyv

i=1
i#J

GTNV OToia PUGLKE TO T; EKPPALETUL WG YPUUUIKOS GLVILAGHOG TV LTOAOITAV dla-
VUGUATOV.
AvticTtpoga thpa, av vrobécovpe 0Tt yia karoto j € {1,...,m}, 10 x; yphoetal

WG YPUUUIKOC GLVOLUCUOS TOV LTOAOITOV JLUVLCUATOV, Ba EYOVUE

m
.fL'j = — E iy,
i=1

i#]

omote pE ) := 1 AapPavovpe tn oyéon

pay =+ s A i T = 0,

cOpemva pe TNV onoia, Aoym tov Ot 1 # 0, ta 21, . . ., 2, Elvan ypoppkd eEaptnpué-
va. O
Ilpocoyn! Av kbmola S1avOCUATA T, . . . , T,y ELVOL YPAUUIKA eEopTnHEVA, OVTO OV

onNuoivel kot avayknyv 6tt kabéva and avtd prmopel va ypagpei o¢ YPOUUIKOS GLV-
Svacpdg Tov vroroinwyv. Ttov R?, mopadeiypotog yapiy, To SLuVOGHOTA 21, T, T3 [IE
r1 = (1,0),29 = (2,0) kot 3 = (0,1) elvar ypappkd e€aptnpéva, 10 3 OUOS deV

unopel va ypogel og yPAPUIKOS GLVOLACUOS TOV T1 KOl To.

Hapadeiyuata 2.3

1. To dtavdopata z, y, 2z + y OTOLOVONTOTE TPAYUATIKOV YPUUULIKOD y®dpov X givat
YPOUULKE €EAPTNHEVA, ALPOV

20+ y+ (—1)(2x +y) =0.

2. Idwitepo poio otn cvvéyeta Ba taifovv ta dtavicuata tov R"™, ta omoia £xovv
OAEC TIG GLVIOTMGEG TOVG 10EG UE TO UNOEV, TANV HiOG 1 OO0 LoOVTAL UE TN HOVEADAL.
INoj e {1,...,n}, coppoiriCovpe pe e; o ddvucpo Tov R™ Tov oroiov N cvvicTdOcO
ot Béom j elvar povada kat OLeg ot vmorowmeg eivar undév, e; = (0,...,0,1,0,...,0)

Kol M povaoda eival otn Béon j.
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Ta dtavbopata eq, . .., e, € R" etvat ypappikd aveldptnta. [Ipayuatikd n oyxéon
Aer+ -+ e, =0
YPAPETAL IGOSVVALL GTN LOPOT
(A,...,\) =0€ R,

N omoia PLOIKE pag divel ApUEGOE Ay = --- = A, = 0.

INa va ypayovpe T1G CLVICTOCEG EVOG d10VOGHATOG €; KOPWOTEPQ, ELGOYOYOVLE
éva cOUPoAro To omoio eival ¥pNGLHO YEVIKOTEPA 0T0. MaONUaTIKG Kol AEyETal gvu-
foso tov Kronecker | 6éAta tov Kronecker. I'ta 600 TuyOVTEG AKEPALOVS ¢ KA j TO 0;;

Lo0VTOL [LE TN HOVAdW OV i = j KOl e UNOEV OL0POPETIKA, ONANOT

1, av 1=,
(5,~j =
0, av i#j.

Me avtov 10 oupfoioud propovpe va ypayovpe to didvoopa e; € R™ otn popen
€; = (§1j7 Ce ,5n]’).

3. T'a évav puoikd aptbuod n, cupforilovpe pe P, 10 GOHVOAO T®V TOALVOVOU®OV Hiog
petapAntmg Babpov to mold n,

P, :={p : R — R / p nrolvdvopo Baduov 1o ToAd n}.

Amo 10 Bepeiiddeg Bempnua g AlyeBpag yvopilovpue 6Tt £va molvmvouo Baduov
n €yet akpiPog n pileg, ol omoieg eivatl yevikd piyodikéc Katr otnv opibunon Aappd-
VOULE LT OYLV KOl TNV TOAALATAOTNTA TV PLLOV.

Qa dovpe TOPA OTL TA TOAVAOVVUO P, ps(t) = ti,i = 0,...,m, pe¢ m < n, gival
ypoupkd avefdptnta otov P,. Ipaypatikd, kat apyfv AOym tov 0Tt m < n £YOVUE
pi € Ppi =0,...,m. Av tdpo vroBécovpe 6Tt £vag Ypappikdg GLVOLOGHOS ¢ TOV P;,
q = A\p1+- -+ AnPm, Elvor pndév, ¢ = 0, TOTE GUUTEPUIVOLHE OTL A\ = - -- = \,,, = 0.
[Ma vo 1o dovpe avtd, vrobétovpe TPog To Tapov 6Tl KAmolo A; €ivatl d1dpopo Tov
unodevog, ondte 10 q Ba £y el, GOHPVa pe To Bepeiiddeg Bedpnpa g AlyeBpag, To
oAV m pilec, dromo apod ¢ = 0, dnAadn ¢(t) = 0 yia kGOe t € R, ondte 10 q €xel
arelpeg pileg.
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Opiouoc 2.4 ' Ectom X évag ypopptkog yopos. Aépe 01t ta S10vOGUATA X1, . . ., Ty € X

Tapayovy 10 yOPO < Ty, ..., Ty > UE
m
<Xy Ty >={rzeX x= Z)‘ixi’ Ai € R},
i=1

0 omoiog BEPata aroterel vIOYWPO TOL X.
®a dodpE TOPO VOV AKOUN Y PNOLULO YAPUKTNPLOUS YPUUUIKNG aveSapTnGilog.

IIpotaocn 2.2 Eotw X évag ypoauuiKog ywpog Kal Ty, . . . , Ty, otavvauata tov X. Tote ta

axoiovba eival 1coovvaua:

1. Taxy,...,x, eval ypouuikd avedptnTa.
1. KdOe x €< xq,...,T, > UTOPEL VO YPAPEL KATA EVAV KL LOVO TPOTO O YPOLUUIKOS
TUVOVATUOS TV T1, . . ., Ty

Amnoderiln. YmobBétovpe xat’ apynv 0Tt 16y 0el To 1. Kot Bo amodeifovpe OTL 1Y LEL

Kol To ii. Av dgv oybel 10 ii., TOTE KATO0 * €< T1,..., T, > 0o propel va ypoeel
K0T dVO TOLAGYLGTOV TPOTOVE MC YPUUULKOC GUVOLAUGUOS TOV T, . . . , Ly, OTOTE O
gyovpe

(2.2) T = i i = iﬂﬂi
i=1 i=1

ne (A1, ..o Am) # (p1y -+, fim)- ATd ™ (2.2) Spog Emeton

Z()\i — pi)w; =0,
i=1
KoL AOY® TNG YPOUUIKNG aveEopTnoiag TOV Ty, . . . , T, 00N YOOUAGTE GTO CUUTEPAGHLO

XNi—p; =0,0=0,...,m, ONAadN (A1, ..., ) = (1, ..., i), GTOTO. ETOPEVOG TO 1.
Loy VEL.

Avtiotpoga Tdpa vrobEéTovpe 6TL Loy VEL TO 11. Kal Oa arodeifovpe OTL 16 1EL KoL
10 1. Kat’” apynv BEPara £xovpe

O-21+---+0-2,, =0.

Av vroBéoovpe mpog 1o Tapdy OTL TA T, - . ., Ty ELVAL YPOUUIKA EEAPTNHEVA, OTTOTE

Oa vrapyet (A, ..., \pn) # 0 € R™ tét010 ®oTe

)\11'1+"'+)\m$m:()7
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ONAodn TOo UNOEVIKO O1AVLCHO UTOopEl VO YPOoPEL KATA dVO TPOTOVE MG YPUUUIKOS
GLVOLUGUOG TOV 1, . . . , Ty, TO OTOLO E1VOL GOUE®VO, LE TO 1. ATOTO. Apa 1oYVEL KOl

T0l. O

[dwaitepn onpacia Egovv YpoupKd aveEapTnTa S0 VOGHOTO TO OTO10 TOPAYOLY
évav ypopupkd yopo. Kabe této10 chvoro dtavuopdtov anoteAel pio fdan Tov ym-

pov.

Opiouog 2.5 'Eva cOvoro {z1, ...,z } S10vusHaTOV VOGS YpapiKoD xdpov X AéyeTat

Pdan tov, av 1o LOLV:

(B1) X =<z1,...,Tp >
Kot
(B2) (B2) tazy,...,x, eival ypoppikd aveEdptnta.

®u ddcovue TOPU OPLOUEVA TOPUOELYUATA BACEDV YPUUUIKOV Y OpV. O xpn-

GLUOTONGOVE TO GLUPBOALOUO TTov elcaydyape ota [Tapadeiypata 2.3.

Hapaoeiyuata 2.4
1. To cOvolro {ey,...,e,} anoterel Baomn tov R". [Ipaypatikd Exovpe 1oM d€t OTL Ta
€1, ..., e, elvar ypoppikd aveEaptnrta. Eniong, ke a = (aq,...,a,) € R" ypaoeta,

OT®G O10MIGTAOVEL KAVELS OUECWMS, GTN LOPPN
a = ae; + -+ ae,.

21ov R" v pyovv moALég Bacelg. AvTi Tov avaeEpeTal £0M £y el 101aiTe PN oNUOCie

Kot KaAeitotl kavoviky Paomn tov R™.

2. To cOvolro {po, ..., pn} amoterel Baon tov P,. [Ipaypatikd, tn ypoppkn aveéop-
TNOLO TOV Py, - . ., Pr TNV ExOVHE NON deilet, Kot eml TAEOV KAOE TOALDOVLEO p abdpov

To oAV n, p € P,
p(t) = Zaiti
=0
YPAUPETAL OTN HOPPT)

p= Z aip;-
i=0
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Alvoupe 611 GUVEYELN OPLOUEVOLC Y APAKTNPLOUOVE Y10 VO 0TOTEAEL £VOL GOVOLO

Baomn evog ydpov.

Ipotaon 2.3 Eotw X évag un unoevikog ypauuirog ywpog, X # {0}, xat x1, ..., x,
oavvouata tov X. Tote ta axoiovla givar 1godbvaua:

1. {x1,..., 2} eivar fdon Tov X.

. Ta xq,...,x, wapdyovy tov X, evm, av apaipécovue Eva and avtd, 0G0 ATOUEVODY OEV

rapdyovy tov X, onlaon < xi,..., T, >= X ka yplaxdle j € {1,...,m} oyder
<T1ye 3 Tj—1, T4, -+, Ty >7’é X.

. Ta xq,...,x,, eval ypouuirxd aveCaptnta Kal av cOUTEPIAGLOVUE aE AVTA €V 0010~
onmote arlo atoryeio o0 X TPOKOTTOVY YpauiKd eCaptnuéva o1aviouata, oniaon yia
omolodnmote vLoatvoro {yy, . . ., Yn } T00 X T0 0TOI0 Eivar Yviaio vrepaivolo Tov {xy, . . .,
T by TO YL, -« -, Y EIVAL PpopyiKd eCapTnuéva.

w. Tazxy,...,x, napdyovy tov X, kat kale v € X umopei va ypapei Katd évay uovo Tpomo

¢ YPOUUIKOS TOVOVAGUOS TV X1,y . . ., Typ.

Arooeiln. Oo amodeiovpe O6TL 10 1i. €meTal and 10 1., TO iii. €METAL ATO TO ii., TO 1V.
EMETAL OO TO 1il., Kl TO 1. €METAL AmO TO 1V. ALTO ATOJEIKVVEL TNV 1GOSLVUULN TOV
B&Alovpe, Yiati akoAoVODOVTOG KUKALKT TPOY L0 LTOPOVUE OO OTOLOONTTOTE ATO ALTA
va 0dnynbode ce onolodNToTE AALO.

YrnoOétovpe kot apynyv 0Tl 16y VEL TO 1. kKot Oa arodeiovpe 6TL 1IoYVEL KAl TO ii.
YrnoOétovpe mpog 1o TapoOV OTL TO ii. eV 16 VEL Kol OKOTOG Hag eivat va odnynbovue

o¢ Gromo. Duoikd, av dev 1oy veL 1o ii., O vtapyet j € {1,...,m} té1010 OoTE
L1y 3 L1, Tjtly e e ey Ty = X.

Topo t0 z; wg otoryeio Tov X Oa ypheetar g YPappLKos GLVOLAGHOG TOV T, . . .,

Tj—1,Tj+1y- -3 LT, 81]7\,(18ﬁ

m

=1

i#]
Avto dpmg onpaivel 6Tt To dSAVOGUATA T, - . . , Ty ELVAL YPORPIKE ECOpTNHEVO, AP
10 {x1,..., 2y} eV elvar Baomn tov X, T0 omoio avtikeltal 6o i. Tov vobécape 0Tt

1oy VEL, Kot £Ta1 00MyNONKape og dTomo.
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Yno0étovpe Tpa OTL 160 TO 1i. Kot O amodeiEovpe 0Tl 1oy el Ko TO iii. I[Tphd-
t0. B amodeifovpe OTL Ta X1, . .., T,y €LVOL YPORHIKA aveEdptnta. Av m = 1, avtd

glvat Tpoeavég, apov, Adym tov 60Tt X # {0}, Oa &yovue z; # 0. 'Eoto Aondv 611

m > 2. AV Ta T, ..., T, €lvol Ypappikd eEaptnuéva, 0o vapyel, COUEOVA LE TNV
[poétaon 2.1, éva j € {1,...,m} 11010 OCTE TO x; VO EIVOL YPOUIKOS GUVOLAGHOG
TOV L1, ..., Tj-1,Tj41,- - -, Tm, OTOTE Oa loyLE KO
< Tl s T, Tl e ooy Ty =< Ly e e oy Ty > = X,
artomo.
‘Eoto topay; & {z1,...,zn}. Enedn tazy, ..., z, mapbyovv tov X, Oa vrapyovv
TpoyuaTiKol aptOpol Aq, ..., A, T€TO101 OCTE
m
Yj = E il
i=1
Emopévag ta dtovoopota i, ..., Ty, y; elvar ypappikd eEoptnuévo, onoTe Kal ta

Yl - -+ Yn ELVOL YPOPUIKE EEQPTNREV, QPO {1, ..., T, Y} C {y1, ..., Un}-

211 ovvéyela vrobétovpe O6TL toydel To iil. kal Oo amodeifovpe OTL LoYVEL Kat
10 1iv. 'Ect® Y 0 y®pog ToV 0MoloV Tapayovy T0 X1, ..., Ty, ¥ =< T, ..., Ty > .
[Ipota 0o arodeifovpe 0t X = Y. [Ipopavag ioyber Y C X. ' va odnynBodue
GTO CLUTEPAGHA LG apKEL GLUVETMS va, amodeifovpe 6t X C Y. 'Eotm Aowmov = €
X, 2#0.Avz € {xy,...,2,} 1616 o 1oybet puoikd ko x € Y. Avae & {z1,..., 2},

TOTE TA OLLVOGUATA T1, - . . , Ty, T O €lvarl ypappikd eEaptnuéva, Bo toyvel OnAadn

(2.3) At > Nwi =0, (A A, A) #0.

i=1
Av topa A =0, t6te N (2.3) divel
ZAzxzzoa (>\17"'J)\m>7é07
i=1

ONAadn OTL T X1, . . ., T,y ELVAL YpOoppIka eCoptnuéva, dtorno. Eropévog A # 0, xat
ocOpewva pe ™ (2.3) Ba 1oy det

onhodn x € Y. Apa X =Y.
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Eni mAéov, ovppmva pe tnv Ipotaon 2.2, kabs = € X ypdoeetal katd Evav To
TOAD TPOTO G YPUUUIKOG GLVOLUGUOG TOV OLAVUGUATOV T, . . . , Ty, APOL ALTA E1VOL
YPOUULKE aveEdptnta. AALGL, a@ol TO T, . . ., T, Tapdyovy tov X, k00e z € X ypd-
QETAL OC YPUUUIKOS GLVOLACUOS TOVG. ZVUTEPACHATIKGA, KaOe = € X ypapeTal KoTd
Evav axpipmg TPOTO G YPUUUIKOS GLVOLOGHOG TOV OLOVUGHATOV X1, . . ., Ty

Téhog, obppmva pe tnv Ipdtaon 2.2, 1o 1. €metor amd To 1v., KOl KOT oUTOV TOV
TPOTO OLOKANPOVETAL O KOKAOG. [

Q¢ pia amAn cvvETmELn TOL TpoNyovuEvou Aempnuatoc, Bo dodue tdpa 6TL And
€va GUVOAO OLOVUGHATMOV TOL TTAPAYOLY EVOV YDOPO UTOPOVHE Vi EMAEEOVUE OpPL-

cuéva mov arotelovv Bhcn tov.

Mopwopa 2.1 Eotw X évag un undevikog ypouuiog ywpog, X # {0}, kat z1,..., x,

€ X dwavbouara mov mapayovy to ywpo X. Tote vrdpyer éva vmoabvolo {iy, ..., i,} 00
{1,...,m} téroio are to abvolro {x;,, ...,z } va eivar faon tov X.
Anooerln. Av ta xq,...,x, € X elvol ypoappikd aveEaptnta, tOTe 10 {1, ..., Ty}

anoteAel Bdomn Tov X.

Avto xy, ...,z € X elval Ypoppika eEaptnuéva, T0te TOLAAYLoTOV €va €€ av-
TOV YPAPETAL OC YPUUULIKOS CLVOLACUOS TOV LITOAOITOV. X®Pig TEPLOPIOUS TNG YE-
VIKOTNTOG LTOPOLUE Vo 0eyBodpE OTL TO )y, E1VOL YPOUUIKOG GUVOLOGUOC TOV T1, . . .,
Tom—1, YIOTL QUTO EMTLYYXAVETOL TAVTA PE ALy TG apibunong. Tote ta zy, ..., Ty 1
Oa mapdyovv puokd tov X, < x4, ..., T, 1 >= X. EmavalapBdavoope topa tnv 1d10
dtadikacia. Avto propel va eravainedei to Todld m — 1 eopég, yiati vrobécape 6Tt
0 X eivotl pun pnodevikog ypoppKog ympog, ondte 6€ KATo1o 6TAdto Ba odnynbovue
GE YPUUUIKA aveEApTNTO d1OVOGHATO T4, - . . , T;, TO OTOl0 eMmPpOcheta Ba mapdyovv

tov X, omdte 10 6VVOAO {Z4,, . - ., x;, } Oa glvar Baon tov X. O

H Baocikn évvola mov BELovpe va E16a YA YOVUE GTN GLUVEYELD E1VAL OVTT TNG OLd-
otaong €vOg YPOUULKOD y®MPov, N omoia aroteiel Eva UETPO Tov “peyéBouvg” evog
yopov. H dibotaon eival to tAnbog tov crotyeiov piog Bdong tov ydpov, yio va
unopei Oumg vo opiebei mpémet vo anodeifovpe mpmta 0TL dAEC o1 Bhoelc evdg Ypap-

H1KOU Y ®dpov £xovv To 1610 TANB0G GTolY ElWV.
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®u tpoympnoovue ce tTpia Ppata. Ta Tpmdta d¥0 Oo pog SOGoLVY TPOKATAPKTIKA
amoteAéopata, Ta onoia €v cvveyeia Ba pog odnynoovy ebkola oto enOLUNTO amo-
TéAlecua OTL TPAYHATL OAEG Ol BACELS EVOC YPAUUIKOD Y MPOL £Y 0LV TO 1010 TAN00C
GTOlLYEL®V.

LOUEOVO LE TO TPMTO TPOKATUPKTIKO UTOTEALEGHA, EEKIVOVTOG and pia faon Kat
avTIKa01oTOVTAC £VO GTOLXELO TNG HE VOV YPUUULKO GUVOLAGHO TOV CTOLYEI®MV TG
Baong otov omoiov To apylkd oTolyelo TNG PAONG CLVEIGPEPEL OLCLACTIKA, e EV-
Vol Tov yivetal cagng otd Afpupa Tov akoAovdel, 0dnyovpacte TOAL GE BAom Tov
LDPOL HAG. XTO deDTEPO TPOKATAPKTIKO OTOTELECHA OO dOVUE OTL UTOPOVUE VO ALVTL-
KOTOOTNOOLUE TEPLGGOTEPO. OTOLYELD H10G PAoNC ne KaTAAANAO GALQ GTOY L0 KOt
va avandpovpe Baom. Avtd T0 TEAELTALO UTOTEAEGHA ATOTEAEL TO OLCLAGTIKO PB1)-
Ho oTNV TPOoTAOeld Hog, GAUEST) CLVETELL TOVL E1VAL LETA TO YEYOVOS OTL Ol BAcElg

£y ovv 1o 1d10 TANnBog crotyeimv.

Anppa 2.3 Eoto X évag ypaupixog ycopog kai {xy, . .., Ty} pio faon tov X. Eotw y €
X,

Av \j # 0 oty mapdataon (2.4), yia karoio j € {1,...,m}, 1te ka1 o gvvoio Tov TpPo-
Kbmter ano ) fdon aviikabioTdvTag To x; e T0 Y, ONAAON TO {x1, . . ., Tj_1, Y, Tjt1, - - - s Tm |,

anotelet Eava faan Tov X.

Amnooderln. Xwpic PAAPN TG yevikdTNTAC popolpe va, ogyBovue 0t j = 1, yiati avtd
EMTLYYAVETOL TAVTA PLE OAAAYT TNG apiBunong. Agyopoaocte Aowmov 0Tt Ay # 0, xat
0élovpe va arodei&ovpe 6Tt T0 GOVOLO {y, T2, ..., 2, } anoterel Baon tov X. Kat’
apynv n (2.4) diver topa

(2.5) T = iy + Z(_ﬁ)l’z

‘Ecto x € X. Téte uoikd to = ypleeTtol ®g YPapplKdS cuVOLACUOS TOV T, . . .,

Tm,

(2.0) T =Ty + - T
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Xpnowonotdvtag tnv (2.5) otnv (2.6) AauPdavovue

M1 - Ai

2.7 = i )T,
2.7) W ;(u i)

KOl GUUTEPOIVOVUE OTL TO OLAVOGUATO Y, T, - - . , Ly TAPAYOLV TOV X, < Y, X3, . . .,
Ty >= X.

Amopével topa vo anodeiovpe T YPUUUIKT aveEAPTNOLL TOV Y, T, - . . , Ty EOTO
0Tl
(2.8) ay + asxs + - + Ty, = 0.

Xpnowonoiwdvtag tnv (2.4) otnv (2.8) AauPdavovpe

(29) Oé)\ll‘l + Z(O&)\Z + Oéi)l‘i =0.

=2
AOY® ™G YPUUUIKNG aveEapTNolaC TOV 1, ..., Ty, N (2.9) diver aX; = 0 xar a)\; +
a; = 0,1 = 2,...,m. AauBdévovtag v’ Oy tnv vdbeon pog A\ # 0, Guumepaivov-
pne opécwc 6t o = 0,5 = 0,7 = 2,...,m, ONAAON TA Y, Ta, ..., Ty ELVOL TPAYUATL
YPOUKE aveEaptnta. O

AxolovBei to de0TEPO KOl OLGLACTIKO TPOKATUPKTIKS UTOTELETLAL.

Ocopnpo 2.1 Eotw {z1, ..., x,} pia fdon evog ypouuxod ywpov X, kat yi, ..., Ym €
X ypourd aveCaptnra oavoouata. Tote woyber m < n, Kal VLAPYOLY ji, ..., Jjm €
{1,...,n} térora wate avurabiotdvrag oty faon to x;j, e 10 Yy, Kai 00t kal’ e€ng, Ka
T0 T, HE TO Yy, TpoxvTTeL CaVd pia faon Tov X. AALdlovTag katdiinia tyy apiOunon, av
yperdletal, étar ate j1 = 1,..., jm = m, naipvooue ™ Paon {yi, - . Ym, Tmaty - - Tn}

To0 X.

Arnoderin. H anddeiEn 0a dobel emaymyikd wg npog m. ' m = 1 10 anotéiecua
anodeiyOnke oto Afupa 2.3. YroBétovpe otn cuvéyela 0Tt TO ATOTEAECUO, 1GYVEL
v m — 1 kot Oa anodeifovpe Ot 1oy deL kot Yo m. Ta dStavOouata vy, . . ., Ym_1 ELVOL
YPOUUKE aveEAPTNTA, COUPOVO HE TNV LTOOEST, Kl pe KOTOAANAN apibuncon tov
OLOVUGUATOV T, . .., Ty TO GOVOAO {Y1, ..\ Ym—1, T, - - -, Tn} ATOTEAEL PO TOL X,
Kol eUGIKA 1oydverm — 1 < n.

Av tdpa ioyve m — 1 = n, t6t€ T0 6OVOLO {Y1,. .., Ym_1} Oa NTav Baon tov X,

Kot, coppova pe v [potaon 2.3 iil., Ta StavOCUATA Y1, . . . , Ym 00 NTOV YPAUULKA
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eCaptnuéva. Avtd Spmc avtikettol oty vToOBecn Hog, Apa E1val ATOTO, OTOTE M —
1 < n, ovvenwdgm < n.

AQOoU TOPA < Y1,y .oy Y1y Ty - -+ 5 Ty >= X, VTAPYOLY TPAYUOTIKOL 0pLOpOl Ay,
.oy Ap TETOLO1L OOTE

(2.10) Yn =M1+ -+ A 1Yme1 + AT + -+ + ATy
> (2.10) dev propei va toydet Ay, = -+ = A, = 0, 0000 TA Y1, - - ., Ypy ELVOL YPAUULKA
avegaptnta. Me KataAAnAn apibunon tov z,,, . . . , £, LTOPOVUE VO, ETITOYOVUE N, F

0. Zopoova pe to Anppo 2.3 umopodie TdOPO VO, AVTIKOTOGTGOVUE TO Xy HLE TO Uiy
KOLTO {Y1, -+, Yms Tmt1, - - -, Tn} VO OATOTELEL fAOT TOL X, YEYOVOS TOL OAOKAN POVEL
v anddelen. O

Eipoocte tdpa £totpor va amodeiovpe 6T1 dVo Pacelg evog YPOUULKOD YDPOV

£y ovv 1o 1d10 TANnBog GTotyelmv.

Hopwopa 2.2 Eotw {x1,...,2,} kat {y1,...,Ym} 000 Pdaeig evog ypauuikod ywpov X.

Tote 1oyder m = n.

Andoerén. Aeob 10 odvoro {x1,...,x,} €ivar Baon tov X KAl T Y1, ..., Yn € X
elvatl ypappikd avegaptnta, copeova pe to @copnua 2.1 6o 1oyder m < n. Axpiog

avtictolya 0o toyvel kot n < m, ondte m =n. O

2oppova pe 1o Oeopnua 2.1 xar to [Mopiopa 2.2, eivar tpoeavég 0Tt, av 6e Evav
Ypappko xopo X vrapyet pio paon {xy,...,z,}, téte OAeg 01 Phoelg tov X Eyovv
n otolyela, kot otov X dev vrhpyovv n + 1 ypappkd avefaptnrto dtovocpata. Me
Baomn avtd To OTOTEAEGHATO HTOPOVE TMPW VO, ELGAYAYOVIE TNV £VVOLd TNE O1ACTO-
oMNG.
Opiouog 2.6 'Ecto X €vag ypoppikog yopog. Tote 1o dim X,
0, av X ={0}
n, avundpyetl pia Bdon tov X pe n otoryeia,

dim X := <
00, av vyl kabe m € Nondpyovv m

YPappLKE aveEaptnta dtovicuate Tov X,
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Aéyetar owaataay (dimension) TOv YPOUKOD y®pov X. TNV TEPITTOCT TOL N 010~
GTOOT EVOG YPUUULKOD Y DPOL €ival UNOEV I £vag QLOTKOS aplOpog, AEpe 6TL 0 Y MPOC

elvol memepaouévng d10.6TAONG, OLOPOPETIKA O YDOPOG AEYETAL ATELPOOIATTATOG.

Onwg eidope ota [Mapadeiypota 2.4, yio n € N, 10 6Ovoro {ey, ..., e,} anoteAel
Baon tov R". Eropévmg n dtdotaon tov R” eival n, dim R" = n.

Apeon ovvénelo Tov Oempnuatog 2.1 eivatl kot To ETOUEVO ATOTEAEGA.

Ozopnpa 2.2 Eotw X évag ypauiikos ympog Tenepacuévyg olaataans. Av yi, ..., Ym €
X elvar ypauuirkd aveldptyta oraviauata, tote vrdpyel faan tov X n omoia mepLéyel ta.

Yiy ooy Ym- O

H e0xoAn anddel&n tov emMopéEVOL anoTEAEGUATOC APNVETOL O KN oM, BA. TNV

Aocknon 2.7.

ANppa 2.4 Eotw X évag ypouuixog ywpog oraataang n. Tote iaybovy:
L. Avys, ..., yn € X eivar ypaupird avelaptnra dwaviouata, tote {y, ..., yn} eivar fdon
o0 X.
2. Eotw Y évag vmoywpog tov X. Torte:
1. dimY < dim X.
. AvdimY =dim X, téte Y = X. O

Ilpogoyn! Xe mepintmomn anelpodldoToTov ydpov X, 1o il. 6To deOTEPO UEPOG TOV
Anppatog 2.4 dev 1oybet. Aniadn vrdpyovv yviclol LTOY®POl Y tov X TéTO101
owote dimY = dim X = oo.

2.3. ABporopo kot €00 GOporopa YPORIIKOV Y OPOV

Ye autn TNV evotNnTa Ba gloaydyovpe TIg £VVOLEG Tov alpoiouatos Kot Tov evbéog
aBpoicuatog, Kal 0o dovue oplopéveg oyéoelg HeTabd TOV O100TAGEMY TOV AVTIGTOL-

YOV YPOUUUIKAOV Y DPOV.

Opiouog 2.7 Eoto X &vac ypappikog ympog, kat Y, Z vnoywpotr tov X. O yopog Y+ 27,
Y+Z:={zeX :z=y+zpeyeY xu z € 7},

Aéyetar dfpoioua tov Y xkar Z. OY + Z gival Tpoeavdg LTOY®POog Tov X.
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Ilpocoyn! To 68poiopa 000 YPAUUIKOV X DPOV OEV TPETEL VAL GUYYEETAL LE TNV EVOCT
YUZ. ToY UZ dev elval yevikd ypopupikds ympog, PA. Acknon 2.3.

‘Ocov agopd ™ 0106TAGT TOL 0OPOIGUATOS YPUUUKDV Y OPOV, £XOVUE TO €ENC

OTOTELECOL:

Ipotaon 2.4 Eotw X évag ypopiikog ympog TEnePacéVNS O1aoTacns, KalY, Z vroympot

tov X. Tote 1oyvet

dim (Y +27) =dimY +dim Z — dim (Y N Z).

Amnéoerén. 'Eoto 6t ta odvora Y kot Z €yovv un undevikn toun, Y N Z # {0},

Kol €670 {z1,...,2,} pwo fon tov Y N Z. Lopeova pe to Oedpnpo 2.1 veapyovv
Y, Y €Y KO 21,...,2, € Z T€T010 O@CTE TO. GOVOAD {1, ..., Tp, Y1, ..., Ye} KOL
{z1,...,&n, 21, ..., Zm} VO amOTEAOVY BACELS TOV Y KO Z, AVIIGTOLYO.

Apxel Topa va arodeifovpe 0Tl T0 GOVOAO
{T1, o Ty Yty e Yty 215 ey Zim )
anoteAel Bhon tov Y + Z, yiati 16te Oa £y 0ovpe TPOPAVAOS
dm(Y +Z)=n+l+m=L+n)+(m+n)—n=dmY +dimZ —dim (Y N 7).
[Mpodta Ba anodeifovpe 611
Y + 7 C< iy s Ty Yty oo Yty 21y e e ey 2 >

‘Eocto Lowndv évax € Y + Z. Tote 10 x B yphoetar otn popon x =y + 2, uey € Y

Kl 2 € Z, OmOTE OV
y =M1+ A A, g A ey
Kot
z=MNxy 4+ N, + iz 4+ 2,
Ba &yovpe
=AM+ ANz + o (A + X))@+ payn + o Yo + izt 2

EMOUEVOC T € Ty, ., Tpy Y1y oo Yy, Z1y e v oy B >
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Mével TOpa Vo, ATOOEIEOVUE OTLTOL L1, . .y Ty, YLy - - - s Yy 215« + + 5 Zm ELVOL Y POULKEL

ave&aptnrta. 'Ectom Loimdv ot

My 4+ AT+ payn + A Yo + 2+ Zm = 0.
®¢tovrog
2.11) Y= Mxr+ e A+ s £+ e

1N TPONYOVUEVT] CYECT Hag OIVEL

(2.12) y=—(phzr 4+ iy 2m)

Ot (2.11) xon (2.12) divouv y € Y xau y € Z, avtictolya, onote uoilkd y € Y N Z.
2UVETADS LTLAPYOLY TPAYUATIKOL 0ptBpol Aj, ..., A T€TO101 OOTE

(2.13) y= N1+ + N,

AOY® TG YPOUMKNC aveEapTNoiag TOV T, ..., Ty, Y1, - - -, Yo, TO Y YPOPETAL, COUPO-
va pe v Ipdtaon 2.2., katd povadikd TpdTo O¢ YPUUUIKOS GUVOLOCUOS TOVS, KOl

emopévag ot (2.11) ko (2.13) divouv

(2.14) N=AN, i=1,....n, xor pu;=0, i=1,... (.

AvticTtolyo, AOY® ™G YPOUMKNG aveEaptnoiag TOV X1, ..., Ty, 21, - - ., Zm, OO TIG
(2.12) xar (2.13) AapuPavovue

(2.15) N==X, ===, =0.

O1 (2.14) ko (2.15) pog divouv TN YPOUUKY aveEapTNoie TOV T, ..., Ty, Y1, - - -, Yo,
ZlyeeeyZm-

Xmv nepintoon Y N Z = {0} n anddeién eivat avaroyn. O

Opiouog 2.8 'BEoto X évag ypopupikdg ympog, xat Y, Z vrdywpot Tov X. Av 1 Toun
tov Y kot Z gival pndevikn, Y N Z = {0}, 161te 10 dBpoiopa tov Y kot Z Aéyetar
evlv dbporaua kol copPoriletor pe Y @ 7.

21M cvvéyela Ba dovue Evav YopaKTNPIGHO Y10 va eival éva aBpoicua gvhv. Xv-
yxekpipéva 0a anodeiovpe 611 Eva GBpoilcpa eivar vBY, av kot pdévo av kabe ctot-
y€lo Tov aBpoicUATOC YPAPETUL KAUTH HOVAIIKO TPOTO MG (OPOLCHO CTOLYEI®V TOV

LDPWOV TOL TPOGHETOLLE.
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Ipotaon 2.5 Eotw X évag ypopuikog ywpog kar 'Y, Z vrnoywpor tov X. Tote ta axoiovla.
elval 1aoovvaua:

LX=Ya&Z

1. lia kdOe x € X vmdpyer axpifas évay € Y kar axpifag éva z € Z tétoia wote

r=y+z.

Arooeiln. YnoBétovpe kat apynv 0Tl 1oy del To 1. Katl Bo amodeifovpe 6T 1oy vEL Kat
10 il. YroOétovpe dniadn 6t Y NZ = {0}. 'Eoto Lowwov z € X. H vmapén y € Y kot
2 € Z T€T010V OCTE * = Y + 2z £énetal and Tov oplopd tov abpoicpatog. Yrobétovpe
TOpa OTL LTLApPYoLY Kat y' € Y kot 2/ € Z tétowa dote x = ¢y + 2'. Tote puoika Oa

Exovpe y + z =y + 2/, emopévac
(2.16) y—1y =2 —z

210 0p1oTEPO HEAOG NG (2.16) £y ovue Tpoeavdg £va oTolyelo Tov Y kot 6to 0€E10
NG HEAOG £Va GTOLYELO TOL Z, GLVETMG KOl GTA OVO PEAT TNG EYOLUE £VO GTOLYELO
™G TouNg Tov Y kol Z, Y N Z. Exe1on n ev AOy® toun meptéy el LOVo To UndeVIKO
dtdvuopa, copnepaivoope 0TLy —y = 2/ — 2 = 0, ondte y = ¢y xoL z = 2/, yeyovog
TOL ATOJEIKVVEL TO 1.

Avtiotpoga Tdpa vTobEToLvE OTL LoYVEL TO 1i. Kal Ba amodeifovpe 6Tt 1oy vEL Kat
10 1. Av 10 daBpoicpa dev fTav evdY, N Toun TV Y kot Z 0o tepreiye Eva un undevikod
otowyelo z,x € Y NZ. Tote 6pwg 0 = 04 0 ka1 0 = x — x, To omoio avrikeital 610 ii.,

apa givar dromo. Enopévag Y N Z = {0}, ondte to GBpoiopa givar evhd. O

H an6dei&n tov emopévovu anotelécuatoc Emetal apécomg cuvovalovtag tig Ipo-
thoelg 2.4 xat 2.5, kot y1outd TopareineTal.

IIpotaon 2.6 Eatw X évag ypappixoc ywpog menepacuévns olaatdoes Kat Y, Z vmoyw-
pot tov X. Tote ta axdlovla givar icoobvaua:

LX=Ya®Z

. X =Y+ ZkadimX =dimY + dim Z.

. Y NZ ={0} kardim X =dimY +dimZ. O

®au dovue TOpa OTL av X ival Evag YPOUUIKOS YDPOG TETEPUGUEVNC dLUGTACNG

Kol Y évag uvmdywpdg tov, ToTE LTAPYEL LIOYXWPOS Z Tov X TETO10C OGTE TO X Vi
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vphostal oc gL aOpotopa tov Y kat Z. Iapte oc X tov R? kot £vav katdAinio Y

Y10 va TeloTelTe OTL 0 Z dev opileTal HOVOGTLAVTA.

IIpotaon 2.7 Eotw Y évag vmdywpog evog ypauutkcod ywpov X TEREPAGUEVNE O14TTATHC.

Tote vrapyer vdywpos Z tov X térotog wote X =Y & Z.

Amnooeiln. 'Eoto {xy, ...,z } pla fdon tov Y. Zopewva pe to O@cdpnpua 2.1, vndpyovv
ity - - -, Tp TETOWL ®GTE TO GOVOAO {1, ..., x,} va anotekel faon Tov X. EmAéyo-

VT0G Z =< Tpmits- - - Ly > OLOTIGTOVOLUE APECHOC OTL LIGYVEL TO UMOTEAEGHA. [

2.4. Aoknoeig

2.1. 'Ecto X évog YpappiKog xOpoC KAl Ty, . .., T, Yty - - -, Yn € X. ATOOEIETE OTL:
(o) Av éva and ta x1, . . ., T, Elval uNoEV, TOTE TO OLUVOCUATO T, - . . , T,y ELVOL YPOAU-

Hika eEaptnuéva.

(B) Av 6o and ta 1, . . ., T, €lvor 1010, TOTE TO OLUVOGUATA X1, . . . , Ty, ELVOL YPOUULKA
eaptnuéva.
() Av ta zq,..., T, elvol ypaputkd eEaptnUEVO, TOTE KO TO X1, .., Loy Y1, -« -5 Yn

elvatl ypappikd eEaptnuéva.

2.2. 'Eoto A\, A\ kot Ay TPEIC Un undevikoi mpaypotikoi aptbpoi, A # Ao Ztov R?,
Bewpovpe to ovvora X; = {(x,y) : = > 0,y = \a} xar Xy := {(z,y) : x € R,
y=MxnN y = lx} Anodeifte 611 100 X; ko1 Xy tkavomotobv ta (YX1) kot (YX2),
avtiotorya, BA. Tov Optopd 2.2, ailé dev eival vrdympot Tov R

2.3. 'Ecto X; kot X5 vndympot evog ypapputkod ympov X. Av n évocn tovg, X U X,

eival voywpog tov X, anodeifte Ot eite X C X, elte Xy C X

2.4. 'Eoto X évag ypappkos x®pog Kot {xy, ..., } pia faon tov. Av éva dtdvocpa
Y OVNKEL GTO YMPO TOL TOUPAYETAL OO TOL X1, ..., Lypp_1, Y E< T1,..., Tm1 >, ATO-
deifte OTL 0 YOPOG TOL TAPAYOLV TO. 1, . .., Tpy_1, Y ELVOL YVNGLOG LTOYWOPOG TOL X,
ONAad LTOYWPOS KAl YVIGLO VTOGVVOAO TOV X, < T, ..., Ty 1,y >F X.

2.5. Anodei&te 611 10 ovvoro {(1,3), (5,7)} amoterel Béon tov R?, evd ta Stavicpo-
ta (1,3),(5,7),(2,3) eivar ypoppikd eEaptnuéva.

2.6. Amodei&te 0TI 0L GLVAPTNGELS 7, Y, z(S) := s,y(s) := €°, elval YpappKa aveEap-
mteg otov C1, 2].
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2.7. 'Ecto X évog ypapuikog xopog dibotaong n, dim X = n. Tote toybovv:
1. Avyy, ...y, € X glvon n ypappikd avedptnta dtovocuoto tov X, T16TE T0 GLVOLO
{1, -, yn} €lvar Baon tov X.
2. 'Eoto Y évac vndywpog tov X. Torte:

() H d1dotaomn tov Y dev vepPaiver n didotacm tov X.

(B) Av ot X kot Y €yxovv tnv idwa dibotact, dimY = dim X, 161t Tavtilovra,
Y =X.

2.8. Anodei&te 10 Oehpnua 2.2.
2.9. Anodei&te v [Ipotaon 2.6.



3. D'poppikég Aneikovioels

‘Evag and toug onpavtikdtepovg AOYOLS, Y10 TOVG OTOLOVE Ol YPUUULKOL X MpOt
elval ypNoipot, eival to yeyovog 0Tt HeTaEd TOVg UTOPOLV VO 0ptHovV YPauUIKEG
aneikovicelg. H perétn tov ypoppuikdv aneikovicewy eival ToAd To e0KOAN oo
EKELVN UN YPOUUIKOV OTEIKOVICE®Y, KOl, CLUVETMG, N Bewpio Tovg €ival TOAD Lo
TAOVG10 KOl OAOKAN POUEVT. & 0LTO TO KEPOANLO B0 E1GAYAYOLIE TNV EVVOL TN
YPOUUIKNG amelkovicews Kal 0o yvopicovue opitouéveg 1O1OTNTEC YPOUUUIK®DY ATEL-

KOVICE®V.

3.1. H évvoua g Ypoppikig omELKOVIGE®S

Ye autn TV evotnto Bo yvopicovpe v £vvolo TG YPOUUIKNG ATEIKOVIGEMGS,
Oa dodpE OTL M dAGTACT TNG EIKOVOC YPOUUUIKOV OTEIKOVIGE®MY deV LILEPPaivel T
d14GTao™ TOv TESIOL OPIGHOL TV, KUODG KAl OTL Uid YPAUUIKT OTEKOVIGT HETUED
YDPOV TETMEPUCUEVNC OLACTACTG TEPLYPAPETAL TANPWOS ATO TIG TIHEC TNG OTO GTOL-
yelo pag Phoemg tov mediov oplopov TNG.
Opiouoc 3.1 'Ecto X, Y 600 mpaypatikol ypoppikol yopot. Mio aneikdévion L
X — Y Aéyetar ypaupixy, ov yuo xa0e z,y € X xar A € R toyvovv

L(x+y)=Lx+ Ly
L(Az) = ALz.

O1 8v0 cuvOnkeg atov Optopod 3.1 umopovv va YpaeovV 1GOodVVOLN GTN LOPON
L(Ax +y) = ALz + Ly.

ZNUELOVOLUE EMIGNG OTL Y10, YPOUUUIKES ATEIKOVIOELS Ypapovpe cuVROwg L avti yio
L(x).

Hapatnpnan 3.1 Zrov Opiopd 3.1 gival onuavtikd va 1oyvovy Kot ot 000 cuvOnkeg
nov B€cape, Yo va givol pio ametkovien YPoUULKn.
35
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Dep’ ewnely, opuécng dSlamotdvel Koveic 6t n anetkovion L : R? — R? L(x) :=
Lrywrs #0ka L(z) == 0y zp = 0, x = (z1,22), tkavorotet 1 devtepn oyxéon,
omiadn L(Ax) = AL(z) yuo A € R, aAdé Oyt TNV TpdTN, Apov, Tapudeiylatog apty,
vz = (1,2) kot y = (2,1) éyovpe L(z +y) = (3,3) xau L(z) + L(y) = (4.5,3).

Mo va dooovpe topa Eva Tapddetypa P yPoUUIKNG ATEIKOVIGTC TOL IKAVOTOLET
™V TpdT cvvOnkn otov Opiopd 3.1, Bewpodpe v anewxdvion L : C — C,
L(z) := a — ib, 6mov a kot b €ivol TO TPOYUOTIKO KOl TO QAVIOCTIKO HEPOS TOVL Z,

avtictovya. [paypatikd, yio z,y € C, z = a + b Kar y = ¢ + id, £yovpe
Lx+y)=La+c+i(b+d) =a+c—i(b+d) = (a —ib) + (¢ — id) = L(z) + L(y),

evo, .., L(ix) = L(—b+ ia) = —b —ia kot iL(z) = i(a —1b) = b + ia, dniadn
L(ix) # iL(x), yio x # 0.

Y10 Anfppa mov akoAovdel divovpe pepikéc PuotKEC LOLOTNTES YPUUUIKDOV ATEL-
KOVIioE®V, Ol OTO1EG E1VOL AUEGT ATOPPOLE, TOL OPLGHOD TMV Kol Y1aLTd 1) AmdOdEIEN
Oa 000el cvvorntikd. Tovilovpe dtaitepa T onUAvVTIKY 1610TNTo 6TL 1 dLAoTACT
NG €1KOVOC HLOG YPOUUIKNG amelkdViong dev unopel va vrepPaivel tn 6100TO.GN TOL
nediov OPIGHOY TNG. TN GuVEYELD HaAloTo Bo dovue pio akpiféctepn oyxéomn mov
GLVOEEL OVTEG TIC OLACTACELS, TOV AEYOUEVO TUIO TWV O1AaTdaemY, £va, and T Bact-

Kkotepa anoterécuata tng Ipappikng AlyeBpac.

Afppa 3.1 Eotw X, Y obo npayuatixotl ypauuiroi ywopoirkar L : X — Y uia ypopuixy
aneixovion. Tote 1ayvovy:

1. L0 =0 ka1 yra kdbe v,y € X L(x —y) = Lz — Ly.

. Eotw xy,...,x, € X. Av ta x1,...,x, evar ypouuikd eEaptnuéva, T0TE KAl T
Lxy, ..., Lz, eivar ypouuirxa eCaptyuéva. Av ta Lz, ..., Lx, eival ypauuirad aveldptnta,
TOTE KAl TO, X1, . . . , Ty, EIVAL YpOpUIKG aVECAPTHTA.

~ ~ ~ -1 -
iil. Av X ka1 Y eivar vrnoywpor twv X kar'Y, avtiotorya, tote kai o1 L(X) kar L (Y') eivau

vroywpol twv Y kar X, avtiotoiya.
iv. dim L(X) < dim X.

Amooeiln.

1. Kat’ apynv, tpoeavog,

LO=L(0-0)=0-L0=0.
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(Zto LEAM VTN NG 16OTNTOG 6T oTtola ep@ovifeTal 000 PopéC To 0, TNV TPOTN
@oph lval 0 TPAYUATIKOG aplOUOg UNdEV Kot TN debTEPN TO UNOEVIKS OLAVLGHAL.)

Eniong, ywoz,y € X éyovpe
L(z —y) = L(x + (-1)y) = Lz + (—1)Ly = Lz — Ly.

ii. ' Eoto 6Tt Mz +- - -+ Az, = 0. Tote, mpopavag, L(Ajzy+- -+ A\x,) = L0 = 0, dpa
MLxi+---+ N\, Lx, =0, eTOUEVOS AV TA Z1, . . . , T, ELVAL YPAPUIKAE EEQPTNUEVA, TOTE
Kot ta Lxq, ..., Lz, eivor ypoappikd eEoptnuéva. To vmdrotno HEPog Tov 1GYYLPIGUOV
€lvatl AoY1Ka 1GodOVApO HE TO ON amodelyDéy.

iii. TIpogavog 0 € X, emopévog 0 = L0 € L(X). ‘Eoto tdpa v,y € L(X). Tote Ba
vrapyovy z, 2’ € X tétown dhote Lo = y kor Lo’ = /. Tovendcy + v = La + La' =
L(z+2') € L(X), apob mpopavac 2+ 2’ € X. Eni mAéov, yio A € Rxoly € Y éyovpe
Ay = ALz = L(\z) € L(X), eneidn \z € X.

To 6110 _Ll (f/) etval voywpog tov X apnvetal g doknon, PA. Aocknon 3.1.

iv. To amotéleopa eivarl aueon cvvénela Tov ii. Kat iil. Tlpaypatikd, kot apynyv,
obpeva pe 1o ii.,, o L(X) eival ypappuikog yopoc. Xtig nepintocelc X = {0} 1

dim X = oo dev vrapyetl k4t mpog anddeiEn. ‘Eotw, Aownov, {yi,...,yn} pia Baon
tov L(X). 'Ecto z1,...,x, € X tét010 ®0Te Lr; = 343, @ = 1,..., m. ZOUQ®VO. LE TO
ii., T0 21, . .., T, VAL YPOUUIKE aveEApTNTO, OTOTE

dimL(X)=m<dimX. O

Aivovpe TOpa LEPIKA TOPASELYUOTO YPUUUIKAOV OTELKOVIGEMV.

Hapaodeiyuaza 3.1

1. 'Ecto X évag ypappiKos xOpog Kat A £Vog TPoyHatikog aptOpoc. Ot amelkovicelg

(1) 0: X — {0},
idX X — X,
(i)
T —x,
X — X,
(111)
T — Ar,

elval ypoppKéG.
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‘Ecto 29 € X, x9 # 0. H angikdvion

X — X,
T — X,
dev elvOL YPOUULKT.
2.’Bcwwa;; €R, i=1,...,m, j=1,...,n. Harnewkoévion L : R" — R™,

n n
Ly = L(xy,...,2,) := <Z A1jLgs e ’Zamjxj)’
j=1 J=1

OTOV Z1, . . ., T, EIVOL Ol GLVIGTAOGES TOL &, = = (x1,. .., T,), elvatl ypappuikn. Tétolag
HOPONG YPOUUKEC aTEIKOVIGELS B0 LEAETHOOVUE AETTOUEPMC GTU EMOUEVA KEPQ-
Aoa.

210 akOAovBo arotéAecpa Ba dovpe 6T av X eivat Evag YpoUpKOg ydPOG TeEmE-
PAGUEVNC OLAGTOONC, TOTE LTLAPYEL aKPLPOG pia Ypapuutkn oretkovion L : X — Y,
N omoia aneikovilel Ta oTtotyeia piag dobeiong Paong tov X ce mpokaboplopéva

otoryeia tov Y. Eniong Oa yvopicovpe optopévec 1610TNTEG TETOLOV OTEIKOVIGEMV.

Ipotaon 3.1 Eotw X kar Y dbo ypapuirxoi yopor, {xy,...,x,} pia faon tov X kai
Y1, Yn € Y. TOte vRapyel axpifg pio ypouuixny aneixovion L : X — Y tétota
wote Lr; =vy;, i=1,...,n. Enioncn emxova L(X) tov X péow e L mapdyetar ané ta
OLOVOTUATA Y1y - - Yn, L(X) =< y1,...,yn > . Axoun n L eivar évean (dnlaon éva mpog

&va,), akpifac Tote, av Ta Y1, . . . , Y EVal ypouuikad aveEdptnTa.
? Y

Arooerén. Kot apynv Oa arodeifovpe 0Tt vapyel To mToAD pia T€T010 ATEIKOVION.
‘Eocto Lowndv z € X. Tote vnbpyovv mpaypotikol aptbuoi Aq, ..., A, T€T0101 O®OTE
r = Mx1+ - + A\x,. Emopévog o éyovue Lr = A Lxy + -+ A\, Lz, | Lz =
AMy1 + -+ AYn. ZOVETOG Yo kabe x € X 1o Lx € Y gival HOVOGHUAVTO OPLOUEVO,
omoTE PLOIKE dEV UTOPOVV VA LTLAPYOLY OVO JLOPOPETIKEC UMELKOVIGELS LE AVTEC TLC
10O0TNTEG.

®au arodeifovpe topa dapén ptag tétotac aneikoévione. oz € X, x = Az +
4+ Ay, opilovpe

Lx =My + -+ A\n.

H aneikovion avtn eivol Tpoeovmde YPOUUIKT Kol tKovorolel Tig oyéoelg Lx; =

Yi, 1=1,...,n.
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"EGto thpaY =< yi,...,yn > . [Ipogavig L(X) C Y, apod kabe z € X yphoetat
OTN HOPON = = A&+ - -+ A2y, OOTE L = M L1+ -+ AN, Lz, = My1+- -+ An-
EE aAhov, av y € }7, TOTE Y = A\y1 + -+ + A\, OMOTE Yy = ALy + -+ + N\, Lz, M
y=L(\z1+ -4 M), MAadf y € L(X). Apa Y C L(X), ondte GUVOALKA £)00pE
L(X)=Y.

‘Eoto topoz, 2’ € X, x = \z1+- -+ Ay, @ = N+ -+ N z,,. TOte, oOpoova

He Ta TCpOTl'YOl')]JSV(l,
(31) Lz — L.T/ = ()\1 — Xl)yl + -+ (/\n - /\'In)yna

KO APECWOS SLATIOTAOVOVUE OTLAV TA Y1, - - . , Y, ELVOAL YPUPPIKA OVEEAPTNTA KA T F#~ X,
t6te Xou Lx # Lz'. Avtiotpoga, av vrdpyovv z,x' € X, x # 2/, 1610100 dote Lx =
Lx', 16te pe Baon v (3.1) dlamiGTOVOLHE AUECMG OTL TO. Y1, - - . , Yn ELVAL YPOUULKE
eCaptnuéva. O

3.2. ITvpnvoeg ko elko6 VO

YKOTOG HOg o€ avTn TNV evOTNTa €ival va e16aydyovpe 000 Pacikéc £Vvoleg yio
YPOUUIKES OTELKOVIGELS, TNV £VVOL0. TOL TVPHYVA KO TNV EVVOLL TNG EIKOVAS HLOG Y POLLL-
HKNG amekovions. O mupnvag arotereital and to oTol)ElD TOL TEOIOV OPLGHOY,
TO OTOL0L M YPOUUUIKT] ATEIKOVIOT ATELKOVILEL GTO UNOEVIKO OLAVLOUO, KOl 1) E1KO-
Vo 0moTeEAELTOL OO TO, GTOLYELD TOL TESLOL TIHMV TNG YPUUUIKNG ATEIKOVIONG, GTU
omolo amelKovifeTal KATOL0 GTOLYELO TOL TEJIOL OPIGHOY TNG. Akoua, Ba yvopi-
GOVLE TOV TOTO TOV OLACTACEMV, £VO antd Ta Bacikdtepa anoteAécpata tne I pappt-
KNS ALyeBpac, COLEMOVA LE TOV OTO10 TO AOPOIGUA TOV OLACTACEMY TOL TLPT VA KOl
NG E1KOVAC HLOG YPAUUIKNG ATEIKOVIGEMS, LETOED Y DP®V TETEPAGUEVNG O1AGTACTC,

1o0oUTal [E TN 0100TAGT) TOL TEHIOV OPLGHOV TNG.

Opiouoc 3.2 'Eoto X kot Y dvo ypappikoi yopot katr L @ X — Y pio ypoppikn
—1

angikévion. To ocdvoro Ker L ;=1 (0) (= {x € X : Lz = 0}) Aéyetar mopnvag

(kernel) tng ypappkng angikdéviong L. Tocbvoro ImL .= L(X) (={y € Y : Jz €

X Lz = y}) Méyetan emxova (image) tng L.

Tbooo o mupnvag 660 Kot 1 €1KOVA, PLaG YPUUUIKNG ATEIKOVIONG E1Val YPOUULKOL
YDOPOL, O TPADTOC LILOYWPOS TOL TEGIOL OPIGUOL TNG KAl 1) 0e0TEPTN LAY W®POS TOL

nediov TIH®V TC. [Na tnv ekdva Exovpe NOM ddoel TNV anddoelEn oto Anpupa 3.1, yia
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TOV TupNVva ac Bempnoovue Evay Tpayrotiko aptOpd A kat 600 dtovOCUOTO T1, T2 TOL
nopnva g L, z1,xe € Ker L. Tote Oa éyovue L(A\xy+ ) = ALxy+ Lxs = X-0+0 =
0, CLVETMOC Kl TO A\z1 + x5 €ivor otoryeio tov Ker L, yeyovog Tov amodelkvoeL TO

{ntoduevo.

210 axkO6Aovbo anotéAespa Oa SoVpE OTL pia YPUUUIKT ATEIKOVIOT E1vVal EVa TPOG

éva, 0V Kol LOVO av 0 TUPNVOG TNG TEPLEYEL LOVO TO UNOEVIKO SLAVLCHO.

IIpotaocn 3.2 Eotw X kar Y 0bo ypauuiroi ywpor kar L @ X — Y upia ypouuixy

aneucovian. Tote n L eivar éva mpog éva, av kar uovo av Ker L = {0}.

Amnooerln. YnoBétovpe kat’ apynv 6t n L eivar éva mpog éva. Av x € Ker L, t6t¢
ouvokd Lx = 0, kat, ereton tavto L0 = 0, copunepaivovpe otL z = 0.

‘Eocto tdpa, avtictpoga, 6tt Ker L = {0}. Av zq, 22 € X givar tétow0 ©cte Loy =
Lzy, 161€ O £xovpe L(zy — z2) = 0, ouvendg z; — o € Ker L. Xpnoponoidvrag tmv

vtoBeon pog coumepaivovpe 0Tl r1 = xo, ONANON 6T M L eivon éva mpog éva. O

Hapaoeryua 3.2
‘Ecto y éva 6tdvoopa tov R™. H aneikovion
L :R— R",
A — Ay,

elvol Tpoeavag ypappikn. Ztnv nepintoon y = 0 éxovpe Ker L = R kot Im L = {0},
eved oty nepintoon y # 0 éyovpe Ker L = {0} kan ImL ={z € R" : z=ay, a¢€

R}, 6mwg Samiotdvel KOVELG AUECMG.

2Ooppova pe 1o tehevtaio anotélecuo tov Anpatog 3.1, n dtdotacn g E1KOVIG
LG YPOUUIKNG amelkoOVIon g dev vepPaiver TN d14GTaoT TOL TESIOL OPLGHOD TNG,
onAadn dim X —dimIm L > 0. £10 endpevo Ocdpnua, GTNV TEPITTOGT TOL O YDOPOG
X eivor memepacpévng ddotoons, divetat akpifnc TAnpogopia yia ovT TN dlapopd
TOV O00TAGE®MV: CLYKEKPIUEVA OTOOEIKVDETAL OTL 1] €V AOY® O1apOpd 1GOoUTAL UE
™ 61GGTAoN TOL TLPNVA TNG YPAUUUIKNG anelKOvions. Me dAio Aoyia, dedOUEVOL
TOL TES1OL OPIGHOD UG YPOUUUIKNG OTEIKOVIGNG, ALTT £XEL TOGO O HEYAAT E1KOVA
060 1o pikpdHG eivar o Tupnvag TNG. Avtn N Gxéon eival £va KEVIPIKO UNOTEAEGHA
¢ Ipappikng AlyeBpag Kat eivol yvoGTN ®G TUTTOG TV d10aTdoemY. TNUELDOVOVIE

aKOUN OTL O TLPNVOG HLOG YPUUUIKNG anelkdVioNng L amotedeital and Tig AVGELS TG
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opoyevoug e&icwong Lr = 0, kot 1 YvOo™ TG 0106TAGTS TOL TO.POLGLalel 10104TEPO

evoLaQEpov.

Ozopnpa 3.1 Eotw X ka1 Y ovo ypaupirxoi ywpor, dim X < oo, kar L : X — Y uia

ypouuixy arecovian. Tote iaydet o e€ng tomog Tty dagtdaewmy

(3.2) dim X = dim Ker L 4+ dimIm L.

Arnooeiln. Onwg avagpépape non, copeovo pe to Aqppa 3.1, woydet dimIm L <
dim X. 'Eoto {z1,...,2z,} po Baon tov Ker L, xot {yi,...,yn} pro Baon g Im L.
OewpobUE TOPA Tyy1,- .-, Torm € X T€TOW OCTE Ly = 1y, = 1,...,m. Oa ano-
dei&ovpe 011 10 6OVOLO {21, ..., Trym} omoTELEL BAOM TOL X, YEYOVOG 0 TO OTOL0
EMETAL OUEGHOC O TOTTOG TOV OLUCTAGEMV.

Kat” apynv 6o amodeifovpe 6T1 10 21, . . . , Trpy Tapayovy Tov X. 'Ecte Aoindv
x € X. Tote vrdpyovv wpayuotikol aptBpol A, ..., A\, tétolor octe Lxr = Ay, +
cee )\mym T]

Lr=L(\zep1+ -+ AnTorm)-

AT avth ™ oY écn ovumepaivovpe 0TL T0 & — (A Zep1 + -+ + AnZorm) ELVAL GTOL-
€10 TOL TLPN VO TNG L, KOl GLVETAG LILAPYOLY TPAYHUTIKOL OPOUOL fi1, .. ., fip TE-

TO101 WOTE

T — (MTpr + -+ ApZoem) = iz + - -+ pexy,

EMOUEVOG X C< Ty, ..., Tprm > - AMNA T T, . . ., Tpry €1VOL GTOLYELD TOL X, OTOTE
oo TA TPONYOVUEVO GUUTEPOUIVOLUE OTL X =< Ty, ..., Tppim > .
[Ma va ohokAnpodcovpe TNV anddelEn, LEVEL VA ATOOEIEOVUE OTL TA X1, . . ., Tpim

elval ypoppikd avegadptnta. Eoto Aowmdv 6T
(3.3) MTy 4+ Ay @oem = 0.
Toéte Oa Eyovpe
Aer1yr + 0+ AepmYm =
= Aey1 Logpr + -+ Mg Ly
= L(Aer1Zes1 + -+ MsmTorm)
=L(\xy+ -+ NemToem)
= L0=0,
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OTOL GTNV TPOTPOTEAELTALN IGOTNTA Y PNCILOTONCANE TO YEYOVOS OTL L(Az1+- - -+
Aexg) = 0. 'Eyovpe emopévog App1ys + -+ + AermYm = 0, OTOTE AOY® TNG YPOUUUIKNAG
aveEaptnoiag TOV ¥y, - . . , Ym OONYOVUACTE GTO GUUTEPACHOL Apr1 = -+ = Appp = 0.

Topa n (3.3) Aappavet tn popen Az + - - + Az = 0, Ko ) ypoppikt avedap-
moia TV 1, ..., T, oG 00NYel GTO CUUTEPACHA OTL A1 = -+ = Ny = 0, YeYovdG TOL
OAOKAMPOVEL TNV OdOEE. [

‘Eoto topa 011 £y ovpe 00O YPAUUIKODS X MPOVS TETEPAGUEVNS OtdoTooNg X Kol
Y. Mia Gueomn cuvEmelo Tov TOTOL TOV Jl0CTACE®Y €ivol To €ENG: AV vITdpy el pia
YPOUULKT amelkovion and Tov X otov Y 1 omoia ivot enti, t10te dimY < dim X. Av
eni TAEOV N amelkdVIoT €lval Eva TPOS £va, OTOTE GLVOALKA Ba E1val AUEILOVOGT O~
VI1, 0 TVPNVOS TNG O amoTeAeital HOVO amd TO UNOEVIKO dibdvucua, Oa £xel ONAaoN
dbotaom undév, ondte dim Y = dim X.

Erniong, avtiotpopa, av dimY = dim X, téte, obppova pe tv Ipdtacn 3.1,
LVTLaPYEL pid AUEILOVOGTIHUOVTIT YPOUULIKNY anelkOovion ano tov X ctov Y.

Al0TUTOVOLLE GTT GLVEYELN QVTA TO amoTEAETHOTA LTTO pope1 TTopicpartog.

Iopwopa 3.1 Metalv dvo ypauuixawv yopwv X kar Y menepacuévne olaotaans vmapyel
TOTE KAL LLOVO TOTE WUIG GUPLLOVOTHUAVTY YPOUUIKT ATELKOVIGT, GV 01 Y(POL EXOVY THY Iola

owgotaoy, dim X =dimY. O
3.3. Aoknoeig

3.1. 'Eoto X kot Y 8o ypoppikol yoporkat L : X — Y plo ypoppik” anetkovi-
-1

on. Arnodei&te 6tL av Y’ gival évag vtdywpog tov Y, tote 0 L (Y') givar vmdywpog

Tov X.

3.2. 'Eoto X kot Y 800 ypappikoi ydpot, {z1, ..., x,} pia paon tov X kot yi, ..., y,
€ Y. Tote vrnapyetr akpifog pia ypappukn anekoéOvion L @ X — Y té€1010 doTE
L(z;) = y;, i = 1,...,n. Anodei&te 611 n L givor akpifodg tote £veon, dniadn éva
TPOG VA, AV TO Y1, - - - , Y ELVAL YPOUUIKE OVEEAPTNTO.

3.3. E€ethote Kath TOGOV 01 aKOAOLOEC ameEIKOVIoELS E1VaL YPAUUIKES

_ L, :R® — R?
(1)

r = (11, %2, 3) —> (L1229, Tox1),
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L2 : ]P)n — Pgn,
(i1)
T -,
Ly : P, — P,,
(iii) )
x— 2’

omov x’ kot 2”7 glvar | TpdTN Kot N dEVTEPT TUPAYOYOG TNG CLVAPTNONG X, AVTIOTOL-
YO
3.4. 'Eoto C?[0,1] := {x : [0,1] — R/ x 800 popég cuveDS TAPAYDYIGIUN GTO
[0,1]}. Ava,b € C[0, 1], eivor n angwkdvion

L :C?%0,1] — CJ0,1],

x+— 3" — ax’ + bz,

YPOppLKT;
3.5. Ipocdiopiote pia Péon tov ypappkod ydpov L(R?), dtav n ypapputkn onetko-
vion L : R® — R’ opiletar og eENG: L(xy, 9, 3, 14, 5) = (209 + 414, 13 + 5 —

Ty, Ty — X1, T4+ 3T5 — XTo, T1 + T4 — 3%2).






4. Ilivokeg

Ot TivaKeg amOTEAOVY TO CNUAVTIKOTEPO 10WG EPYALELO Yo TNV ENMIALGT TTpO-
BAnuatov I'pappikng AlyeBpac. Xe avtd to Ke@OAulo Ba dodpe oplopéva Pacikd
npdypoato yio Tivakes, 0o opicovpe to Babud TVEK®OV OC TPOG TIG YPUUUES TOVS KOl
WG TPOC TIG OTNAEG TOVg, B0 ANGOLUE Yo KALUOK®TOVE Tivakes, Bo dovue Evav
TPOTO Y10, v EAEYYOLUE TOTE N dtovOopata Tov R amotelovv Baon Tov, kot Oa €1-

cayayovpre TPAEELC LETOED KOTOAANA®Y TIVAK®OV.

4.1. I'evika ywo mivakeg

Ye avth TV evotnto o gloaydyovpe mivakeg, B0 LIAGOVUE Y10 OTOLYELMIELS
LETUCYNUATICHOVS YPUUUOV TIvaK®V, Ba opicovpe to Babud evog mivako g mTpog
TIG YPARPES TOV, B avaeepBodue 6e KAUAK®TOOG Tivakeg, Kol Bo dobpe TdOC, e TN
Bonbeta mvaxwv, propodue va eAEYEoLvE, KaTd TOGOV n dtavucpato Tov R™ anote-

Aovv Baon tov.

"Eocto m xat n 600 guoikoi aptbuoi. 'Eva opfoydvio untpdo g Hopeng

a1 a1 ... A1p
921 29 ... QAon,
A =
Am1 Am2 ... Amn
ne a;; € R, 1 yevikotepa a;; € K, 6mov K éva copa, ¢ = 1,...,m, j =1,...,n,
Aéyeton mivaxag (matrix). Ta a;; AEyovtal otoryeio Tov Tivoka.
Ta a; == (a1, .. ,a;,) €ER" 1 =1,...m, AEYOVTUL ypauuéc TOL TIVAKO KoL TO,
alj
o = : 7=1 n
* . ) VAR )
Qmyj
aTHAES TOV.

45
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‘Evog mivakag A pe m ypoppéc kot n 6TRAEC Oa Aéue 0Tt elval Evac m X n Tivokag,
ocvppoitondg A € R™". Xdapiv cuvtopiag Oa ypaeovpe cuxve A = (a;j)i=1....m.
j=1,..., n
2V mepintoon m = n WAGLE Y10 TETPAYDVIKODE TIVOKESG, KOl TOTE TO SLAVUCLO.
(@11, a9, . .., Gpy) AEYETAL OLaycHVIOS TOL TiVaKO A. Av OAa T pn dtoydvia ctoryeia

tov A givar pndév, a;; = 0, Yo 7 # j, o mivakag AEyeTat diaywviog.

Opiouoc 4.1 'Eoto évag mivakag A € R™". Ot axdrlovbec avakatata&els ypapudv
TOL A AEYOVTUL GTOLYELMOELS UETATYHUATIGUOL YPOUUDY TOV A:

i. Tw évav pn undevikod mpaypatikd aptbpd A kot kamoto ¢ € {1,...,m}, aviikadi-
oTOVUE TNV i—0TN YPAUUN TOv A, (a1, - - -, Qin), HE (A1, - - ., Ay ), COUPOALKE

a; — Aa;

ii. AvtikaOiotodue ™V i—oTn ypapun tov A pe 1o dOpoicpo TG i—OTNG KoL TNG

J—0TNG YPAUUNG TOV,

a; a; + a;

. AvtikaOiotobue TV i—oTtn Ypopupun tov A pe 1o afpolopa TG i—GTNHG KoL TOV

TOAAATTAGGLOL TNG J—OTNG YPOUUUNG TOL T £vay TPAYHATIKO aptOpd A,

a; a; + )\a]‘

a;

1v. AVTaAAGGGOLE TNV i—GTN KOl TN J—OCTH YPOUUUT TOL A,
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SNUEIOVOLUE OTL Ol OTOLYEIMIELS HETUCYNUATIGHOL YPUUUAV 1ii. KOl IV. GTOV
TPONYOUUEVO OPLGUO TPOKVTTOLVV UE EMAVEIANUUEVT] EQUPUOYN UETACYNUOTICUOV

NG LOPONG 1. Kat ii., OO LTOPOVIE EVKOAN VO, SLATIGTOGOVUE, PA. Acknon 4.1.

Opiouog 4.2 Oempovpe évav mivaka A € R™". O ypoppikog x®Pog Tov mopiyeTal
amo TIG YPOUUUEG TOV, < a1, ..., Ay >, AEYETAL YPoS TV ypauucy tov A kot 6o tov
ocvuPoriovpe pe IXT(A). Avtictorya o IXE(A), TXZ(A):=< a',...,a" >, Aéyetar
xwpos twv atniav tov A. H dtdotaon tov I'XT(A) Aéyetar fabudg tov A wg mpog Tig
ypouués, BI(A), n dbotaon tov 'XE(A) Aéyetar fabuds tov A ws mpog tig atieg,
BX(A).

21M ovvéyeto Ba SobpE OTL Ol GTOLYELMOELS LETOUCYNUATICUOL YPAUUDY OEV ETN-

peAlovV TO YOPO YPAUUUDV EVOG TIVOKO.

Afppa 4.1 Eotw A kar B 0bo m x n wivaxes. Av o B mpokdntel and tov A uetd ano
TETEPATUEVOD TTANOOVS GTOLYEIDOEIS UETATYNUATITUOVS VPOUUUDY, TOTE O YDPOL YPOULUUDY
v A kar B ovunintovy, TXI'(A) = I'XT(B).

Amnooerln. TOppova pe T onueioon apécwoc peta tov Optopd 4.1, apkel va amodei-
EOovpEe TOV 1GYLPLOUO Y10 LETACYNUOTIGHOVS YPOUUU®V TS HOopeNG 1. kat ii. Emiong,
TPOPAVAC, 0PKEL VAL 0TOOEIEOVLE TO AMOTEAEGHA Y10 VOV LETACYNUOTICUS, KOL ETTO-
VELANUUEVT EQOPUOYT ALTOD HOG OLVEL HETE TO YEVIKOTEPO ATOTEAECLO.

‘Eocto xat’ apynv 0t1 0 B mpokOntel and tov A pe £vav PETACYNUOTICUO TNG
popong i. T'a z € T'XIT'(A) vrapyovv mTpaypotikol apbuol iy, . . ., fy, TETOLOL OCTE

T =101 + - + G, OTOTE TPOPOVAS

x:”lal—}-_’_%()\al)_f__}_umam’
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enopévag z € I'XIT'(B). Mg tov 1610 1poémo anodeikvoetat 6t av x € XT(B) tote
kot z € I'XT(A), kot avtd oAokANp®OVEL TNV OTOSEEN Y10 LETUGYNUATIGHODS TNG
HOPONG 1.

‘Eoto tdpa 6011 0 B mpokintel and tov A pe évav HETOCYMUATIONO TNG LOPPNS
. Tw z € TXT'(A) vrapyovv Tpaypotikol aptOUol py, .. ., i, T€TOL0l ®CTE T =
piay + - i A A e gy Gy, OTOTE TPOPAVAG

T =yt A (e £ ag) + o4 (g — pa)ag £ A G,

enopévag ¢ € I'XT(B). Mg tov 1810 1pomo anodetkvdetal 6t av z € I'XT(B) tote

kot xz € TXT(A), ko n anddeén eivoar tAnpng. O

Opiouoc 4.3 'Evag m x n mivaxkag A AEyetol KAUAKWTOS AV

1. Ot un undevikég YpOoUUEG TOL ERPavilovTal TPV 0o TG UNOEVIKEG YPOUUUEC.

ii. To Tp®TO Un unodeviko arotyeio kGO pun UNdEVIKNG ypapuung epeovifetal 0e&10o-
TEPU TOL TPATOL PN UNOEVIKOD GTOLYELOL TNG TPONYOVUEVNS YPUUUNG.

Mmnopovpe mToAd gebkora va tpocdtopicovpe T0 Babud evog KAHAK®OTOO TivaKa

®¢ TPOG T1G Ypuupéc. Ipaypatikd, Exovpe 1o akOA0LO0 aTOTEAEGHA:

IIpotaon 4.1 Eotw B évag KApaxmtog mivaxag Kal by, ..., b; o1 un unoevikés ypapués
Tov. Tote to avvolo {by, ..., b;} anotelel faan tov yapov ypauucdv tov B, TXT(B), kai

GUVETLOE 0 Pabuog ypauucv tov B eivat i.

Arooeiln. Tlpopavag, apkel va arodei&ovpe 0Tl ta by, . . ., b; elvor Ypoputka ave&dp-

mro. ‘Ecto Aowmov npaypotikol aptbuol Ay, ..., \; T€T0101 OCTE

Avbyy =---=byj_1 =0xaby; # 0, yo k&moto j (Kot T€TOL0 j LRAPYEL TAVTA, EKTOG
av o B givotl o undevikdg mivakag, 0AAL GE OUTN TNV TEPITTOGCT OV LILAPYEL KATL
npog anodeEn), 10te O woydert kot by = -+ = by =0, £ = 2,...,4, ondTE ONO TNV
(4.1) cvpmepaivovpe Ot A\1by; = 0, dnhadn Ay = 0. Zvveyilovtog pe Tov id1o TpoTo
JATIGTOVOLUE OTL Ay = --- =\, = 0. O

Opiouog 4.4 Abo m x n mivakeg A Kar B Aéyovtol ypaupoiocoddvauol, o 0 £€vog Uropel

VoL TPOKOYEL Ad TOV AALOV LE TEMEPOUCUEVOL TANOOVE GTOLYELDOELS LETACY N LOTL-
GLOUG Y POUUUDV.
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21 ovvéyeta Ba dovue 6TL KGOe m X n Mivakog E1VaL YPUUUOTGOOVVALOG LE EVaV
KAMpokoto tivako. H dtadikacia pe tnv onoia Ba 0dnynbodue ce avtd 10 anotédre-
GO OTOTEAEL TO TPAOTO GTAOLO0, TN AEYOUEVN TPIYy@VOTOINGY, GE Pid TOAD Y PNOIUN
nEB0dO Yo TNV EMIALOT YPOUUK®OV cLGTNUATOV, TN HEB0dO amaroteng tov Gauss,

néBodo otnv omoia Ba emavérBovpe oto £kto Kepaiatio.

IIpotaon 4.2 Kdbe m X n wivakag eival ypauoicoovvopuos Ue Evay KAUAKWTO m X n

TIVaKa.

Anéderén. To peyoldtepn caprvela 6tovg cupfoitopois Oétoope AW = A,

Av o mivakag A elvat o undevikdg, dnAadn av OAa Ta oTolyElD TOL gival unodév, 1ote
dev ypetdletal va Kavovpe Katl. Alapopetikd, 1 61001K0cio TPOY®PAEL GE O1APOPU
Bpata. Xto TpmTo P Tpocdlopilovpe KAt apyNV TNV TPOTN UN UNOEVIKN GTN-
An tov A, éot® O6TL vt €ivorl M /—oTN, Kot, He KATAAANAEG EVOALAYEC YPOUUUDV,
QEPVOLUE GTNV TPAOTN YPOUUN, Oniadn otn 0éon (1,4), éva un undevikd ctoryeio
™m¢. YroBétovtag, ympig mEPLOPIoUO TNG YEVIKOTNTOG, OTL a%) # (0, oT0 TPM®TO Prpa
LETUTPETOVUE, HE KUTUAANAOLC LETUCYNUATICUOVS YPAUUDY, OAC TO GTOUXELN TNG

{—oTNG OTANG €KTOG amd TO TPAOTO o€ undevikd. Avtod yivetar wg eEng: Opilovpue

KOT 0PNV TOVG TOALATAGTLOGTEG My, & = 2,. .., M , OC
o

4.2) Mg ::%, i=2,...,m.
e

Katémiy moALomA0G1alovpHe TNV TPOTN YPUUUY TOL TivaKa XL M, AQULPOOUE TO
OTOTELECUO ATTO TNV i—GCTN YPOUUUN TOL KOl AVTIKOOIGTOOUE TNV i—GTN YPUUUN UE
ekelvn TOL TPOKVLTTEL e ALTOV TOV TPOTO. AuTd Yivetar yio ¢ = 2, ..., m. Mg avthv
™ Sadikacio petd 10 TPOTO Ppe 0dNYOVHUCTE GTOV Ypappoicodvvapo tov AM
nivaxa A® pe
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(1) W (1)

iy e Gy Qrppr e Qg
2 2
o ... 0 aézﬂ e agn)
A? = ,
o ... 0 ag?zﬂ o)

1OV OToioL 01 TPdOTEC £ — 1 TALEG Elvat, Ommg kot exeiveg Tov A pndevikéc kot

@ ._ @ (1) - C_
;i =y — M ag; 1=2,....m, j=4L,...,n.
Kot’ avtdv tov 1pémo “amareipovpe” ta oTolyEld Ay, i = 2, ..., m, TNS {—CGTNC OTN-

Ang tov mivaka A, y1outd kot 1 péBodog avaeépetal og pEBodog anaioleng.
[Tpoywpovpe tdpa oto devtepo Prua. EEetalovpe tov (m — 1) x (n — 1) vromi-
vaxo A® tov A pe crogeia
A2 . (2)
Az‘j = Ay
210 de0TEPO PNHO KAVOLRE OKPIPOC Ta 1010 TPAYUATA TOL KAVAUE GTO TPAOTO Prua,
auTh ™ Eopd dpme otov mivaka A®). Kat autdv Tov TpOmo 0d1yodHosTE G EVav

nivaxa A®) e popenc

6mov ot dVo mpdteg Ypappés tov AG) givar ot idtec pe TIC dV0 TPMTES YPUUPES TOV
A®) 1 §evtepn oV mEpinTOON TOL SEV amULTEITAL EVOALAYT YPAUUAV GTO SEVTEPO

Pripa.
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H dwodikacio tpoympel kotd tov id1ov akpifdg tpono. To emaywyikd Pua £xet
og e&ng: Katé to BApe 7, 1 <7 < min(m,n) — 1, éyxovpe évav nivaxa A ypappoi-

GodVVapO Tov A, TNG HOPPNG

ay dy o al
0 ag) : : : . agi)
0
AW = : aiiﬁlz_l
0 a? o al
0 0 0 ag ... ahh

Oecwpolie Tov vTOTivVaKa
A0 — (a@) |

Av o mivakac A™ eivar pndevikoc, n dradikacia teleidvel oe avTd To onpeio. Ata-
PopeTiKd, £0Tm £ N TPGOTN PN undevikn otAin tov AT . Me katdAlnies evarlhayéc
ypappdv tov tivake AT eépvovpe ot Béon (r, 57) Eva un unodeviko otoryeio. 'Eoctom,
LOPLG TEPLOPLGUO TNG YEVIKOTNTOAGS, OTL afﬂ? # 0. Topa yuaxa0e i, r+1 <1< m,

ToALATAAGIGLOVpE TV 7—0TN Ypopupuy Tov AT eni tov toAlarlaciacty my; ,

)

(4.3) my; = Lo r+1<i<m,
a”

e

QQULPOVLE TO ATOTEAECUO, OO TNV i —G TN YPULUUTN TOV, KOL OVTIKAOIGTOVUE TNV i —GTN
YPOUUN LE TN VEX TOL TPOKVTTEL LLE QLTOV TOV TPOTO.

Kotainyovpe €11 6to véo mivaka AT néavta ypoppoicodvvapo tov apy koo,
omov ot TpdTeC 7 Ypappéc tov AT rautifovtar pe Tic avtiotolyec Tov AT kot eni
TAEOV
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a"™ =0

ij

a§;+1): ag;f)_migag) , r+1 <1< m, g+1§j§n.

, r+l1<i<m, 1<j</,
4.4)

Edd teleidvel to r—otd Prpa. Metd and to ToAd r = min(m,n) — 1 PAuorto, o

YPOaE0iGodVVaOG TOL apytkov mivakas AT sivol kKhpokotoc. O

Xpnowonowwvtag to Aqupa 4.1 kar tnv [pdtaon 4.2 propovpe vo SOGOLUE Evay
TPOTO Y10 VO EAEYYOLUE KaTh TOGO dedouéva dovoouata oy, . .., T, Tov R" arote-
Aovv Bdaomn tov, | akOun Katr va tpocdtopilovpe PAcM TOv YDOPOL TOL TAPEYOLV.
IMopabétovpe to TpdTo anmotérecua og ITopiopa, Kot yio Tov Tpocsdtoplopnd faoewmy
nopoaréunovpe otig Aoknoeilg, PA. Aoknoeig 4.2, 4.3, 4.4. Ewdikotepa, umopovue
Vo Tpocdtopicovpe pio BAcn TG E1KOVOG HLAG YPURUIKNG anelkovioems and tov R"
otov R™, BA. Acoknon 4.5.

Hopwopa 4.1 Eotow x4, . . ., x, dtavdouaza tov R"™. To gvvolo {x1,. .., x,} anotelet faon
o0 R"™, av Kat uévo av o n X n wivarKag we YPOIUES TO Ty, . . ., Ty,
L1
)
:L‘n

elval ypapuoicoovvauos Ue Evay v TPIYWVIKO TIVAKa

oniaon térotov wote xy; = 0 yia i > j, Tov omoiov dAa ta diaywvia aToiyeia eivar ui
unoevika. 0
4.2. Tlpa&eig pe nivakeg

Xg avtn TV evotnta Ba opicovpe mpdafelg petald KatdAAniov TvaKkov, Kabmg

KOl TOV TOAAATAAGIOUO 0p1Opo0 emi Tivaka.

‘Eot®w m xatr n euoikol aptbuoi. O R"™™ givoal 0 y®OPOg T@V m X n TIVAK®OV HE

GTOlY LN TPAYHOTIKOUS aplBuovs. Xtov R™™ opilovpe TV tpdcbeon kabmg kot Tov
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TOAAUTANGIOCUO UE TPAYHATIKOVE aplOuovg og eENG

o6mov A = (aij>iji11 ......... " B = (bm);llzq Kot A € R.

Me avtég ﬁg; 7TEp('7f_,8lg o R™" givarl ypopputkog ympog. Extdg and ™ dtogopett-

KN mopabeon TV otoryeimv Tovg, ot xopot R™" kot R™ givat 10101, N YPOUUIKN

amelkdvion
a1 a2 5T
21 A22 ... d2p
A= . . . '_>(alla--'aa1n7a2l7-"aa2n>-"aam1a"'7amn)
Am1 Am2 - Gmp

etvar apeipovoonuavtn. To undevikd ctoryxeio tov R™™ gival 0 m X n TIVOKOG
pe undevikd otoryeia, avtiferog tov A = (a;;) eivar o0 —A = (—a;;). To cdvolo
{li; eR™":i=1,...,m, j=1,...,n}, 6nov o mivakag I;; £xet OAa Ta GTOLYEID TOV
undevikd, extog anod pio povada ot Béon (i,7), dniadn otnv “toun” g i—oTNG
YPOUUNG KOL TNG j—OTNG GTNANG, amoteArel faon tov R™™.

O mivakag AT = (b;;) € R™™ pe b;; := aj; AMEyetar avaatpopog tov nivaka A =

(a;j) € R™". Apéomg S1amioTdvel Koveig OTL Y10 TOLG AVAGTPOPOVG TIVUKEG 1GY VOV

(A+B)" = AT+ BY, (MA)T =AAT, (AT = A.

TlollarAaaiacudg mivarxwy

I'evikd ce dtovLoUOTIKOVG X MPOLG 0eV 0pileTal TO YIVOUEVO SLOVUCUATOV G
ototlyeio Tov ywpov. Opiletal SPOC 0 TOAAUTAACIOGUOC HETUED TIVAK®V OPLOUE-
VNG HOPPNG.

@cpodpe Vo mivakeg A = (a;) € R™" kar B = (b;) € R™, dmov o dedtepog
£y el To 1010 mAnbog ypapudv pe 1o tTAnboc oTnA®v tov Tpdtov. O m x ¢ mivakag C
ne otov ela ¢;j, ¢;; = anbij+ ainboj + - - - + ainbyj, KoAeitar prvéuevo Tov mvlxmv A kot
B kot copPoriletar pe AB. EQioToOUE TNV TPOGOY T TOL OVAYVOSTN GTO YEYOVOHG OTL
Ex el onpocia n CELPA LUE TNV OTOL0 AVAPEPOVIE TOVE TIVOKEG OTO CYNUATICUO TOV
YIVOUEVOL TOVG YEVIKG TO BA pumopel va unv opiletat (kat dev opiletal av ot Tivokeg

dev glval TeTpOyOVIKOl) 0ALE, akOUN KOl 6TV TEPINTO®ON Tov opiletal, unopel va
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etval dtopopetikd tov AB. Degp’ simelv €yovpe

o) o) (0a) = aa) lon)= (o)

Tovilovpe akoOu”n, OT®G PaiveTal Kol 0d TO TEAELTALO TAPAJELYUO, OTL TO YIVOUEVO

VO UM UNOEVIKAOV TIVAK®OV HUTOPEL VO €lval 0 UNOEVIKOG TIVAKAC.
Afqupa 4.2 Eotw A, A € R™", B,B' € R™, C,C" € R" ka1 \ évac mpayuatixoc
ap1Ouog. Tote 1ayvovy:
1. O1 emuepiatixoi vouot
A(B+ B')=AB+ AB’
(A+ A"YB=AB + A'B.
ii. A(AB) = (M)B = A\(AB).
iii. A(BC) = (AB)C (mpoaetaipiotiKdg vouog).
iv. (AB)T = BT AT.

Arooeiln. Tai. xat ii. glval Tpoeavn.
iii. 'Botw A = (a;;) xou B = (by;). Tote AB = (c};), pe

n
/o . .
Cij = E @ipbyj,
p=1

kat (AB)C = (d;;), pe

0 0 n

dij =Yy = Y (D aibuw) ey -

v=1 v=1 “:1

Eniong woyver BC = (cf;), pe

14
C;/] = Zbi,,c,,j,
v=1
xar A(BC) = (d};), pe

n n

¢
/L . /! _ . .
dij = E QipCpj = E am(g b,wcy]).
v=1

pn=1 pn=1 =

Yvvenag (AB)C = A(BC).
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iv. ' Eoto A = (a;;) xa1 B = (b;;). Tote AB = (¢;;), pe

n
Cij ‘= E awbw’,
p=1

emopévag kat (AB)" = (d);), pe ¢j; = cij.
Eniong woyver BT = (b;), pe bj; = bj; xar A" = (al;), pe al; = aj;, apo BTAT =
(di) e

n

n n
L I . — b, =c.=c
d;j == g bz‘yauj = E buiaj, = E jubui = Cji = Cyjs
v=1 v=1

v=1

ovvenag (AB)T = BTAT. O
4.3. Acknosig

4.1. Anodei&te 6TL 01 GTOLYELDOELS LETACYNULOTIGUOL Y POUU®Y TNG LOPONG 1il. KL 1V.
TPOKOTTOLY OO EMAVEIANUUEVNC EQUPUOYNG LETACYNUATIGUAV TNG LOPPNG 1. KOl ii.,

BA. tov Oplopd 4.1.

4.2. @copodue ta davoopata a; = (0,0,1,2,0),as := (1,3,0,2,5),a3 := (2,6,1,4,5)
Kot ay := (2,6,0,4,4). [Ipocdiopicte T S140TAGT TOL YPAUULKOD XDPOL, TOV OTOL0

TOPAYOLV TU a1, A, A3, Ag, < A1, A2, A3, Ag >, KAODC Kl pio fdon tov.

4.3. Ecto a; = (4,3,1,2),a2 == (5,7,0,1),a5 = (1,5,3,5) xat ay = (0,1,4,6).

E&etdote kotd TOGOV T0 S10VOGHATO a1, A, A3, G4 ELVOL YPUUULIKE OVEEAPTNTO.

4.4. Oswpovpe n dtavdouata ay, . . ., a, tov R". Arodei&te 611 10 6Ovoro {ay, ..., a,}
anoteAel Bdon Tov R™, av kot HOVO av 0 . X n TIVOKAG UE YPUUUES a1, . - . , Uy,
ay
%
Y
Qn,

Umopel HE GTOLYELMOELS LETUCYNUATICHOVS YPAUUDV VO HeTacyNUaticBel oe Evav
vo Tpryovikd mivaxa A, dnladn té€toov wote a;; = 0y > j, 4,7 = 1,...,n, pue

OA0 T 1O YDVIO GTOlYELD TOL UM UNOEVIKAL.
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4.5. TIpocdiopicte pio Bacn tov xdpov L(R®), 6mov N ypappikn aretkévion L :
R® — R* opiletar o e€Ng: La = (2xy + 4ay, T3 + 5 — T4, Ty — T1, 329 — X3 + T4)
Y x = (r1, X9, T3, Tq, Ts).

[Yrooeiln: Tpoeavag éxovpe Lr = x1(0,0,—1,0) + 22(2,0,1,3) + x3(0,1,0,—1)+
r4(4,—1,0,1). Enopévac, o ydpog L(R®) eivar o < (0,0, —1,0),(2,0,1,3), (0,1,0, —1),
(4,—-1,0,1) > . Apkei, cuvendc, va Tpocdlopicovpe pia aon Tov y®Pov, ToV 0moio
nopdyovv ta dtavoopata (0,0, —1,0),(2,0,1,3),(0,1,0,—1), (4,—1,0,1).]

4.6. 'Evag n x n mivakog A = (a;j) AEYETOL AV® TPIYwVIKOG, OV TO GTOLYEL TOL KAT®
ano tn dwy®dvio elvar undevikd, oniadn a;; = 0y > j. Atodeifte 6TL TO Y1voOpevo

dV0 VO TPLYOVIK®OV 1 X N TVAK®OV €ivol NGNS VO TPLY®OVIKOC TiVaKOG.

4.7. 'Evog nxn mivakog A = (a;;) Méyetar daywviog, av ta pn dtoydvia otoryeio eival
undevikd, onradn a;; = 0 yia i # j. 'Ecto B £vag n x n mivaxac. Tt cupPoaivet, moto
eival OnAadn To amoTEAEGUA, OTAV TOAAUTAACIAGOVIE TOV TTivaka B and apietepd

He €vay dlaymvio Tivoka A Kot Tt 0TV TOV TOAAUTAAGIOGOVUE amtd deE1;



5. TI'pappikég Anewkovioerg ko Iivakeg

Y€ avTO TO KEQPALALO LEAETANE OYEGELG HETUED YPOUUUIKDV ATELKOVICE®V KOl TT1-
vaxkov. [dwaitepa Bo dobpe 6T1 KaOE YpUpUIKN anelkdVion HETAED YPUUUIKDV Y DOPOV
TEMEPACUEVNC OLUGTUCNG UTOPEL VO TEPLYPAPEL PE EVOV TIVOKO. X& QLTO TO YEYO-
VvOC opeiletal, 6€ ONUOVTIKO Babuod, N Heyain onuacio Tov Tvakov ot I pappikn
AlyeBpo.

5.1. O rmivokog pog ypoppiKiG OTELKOVIGEMS

Ocwpolpe 600 YPOUUKOVE Y DPOVLE TETEPAGUEVNG O1AGTACTC KOl 000 TUYOVGEG,
aAAG otabepéc, Bdoelc Tovg. Onwg o dodue Ge vt TNV €vOTNTA, KAOE YPOUUULIKN
ameKOVIOT HETUED OULTAV TOV YDOPOV TEPLYPAPETOUL ATO £VAV TIVOKW, KA1, OVIIGTPO-
oo, o¢ kKaOe mivaka, KATAAANA®V Ol0GTACE®MY, AVTIOTOLYEL pia TETOLN UMELKOVIGT.
Eniong 0a dodpe 611 0 mivaxag tng cvvleonc dVO YPUUUIKAOV OTELKOVIGE®MV €lval TO

YIVOUEVO TOV UVTICTOLY®V TIVOK®V.

‘Ecto X xat Y dvo ypappikol ydpot tenepacpévng dtdetaong, dim X = n xat
dimY = m. @swpodpe kat 800 Baceig B = {z1, ...,z xau B = {y1,...,ym} 10V X
kot Y, avtictouyo.

"Ecto topo L pia ypoppikn aneikovion and tov X ctovY, L : X — Y. T
j=1,...,n, égovpe Lz; € Y, cuvenag

Lz; = Z QijYi
=1
LLE LOVOGTHOVTO OPLEUEVOLG TTPUYHATIKODG 0plOpovs a,;. O mivakag
A — (aw‘)i:l,m,rn
Jj=1,..., n
Aéyeta nivarxag s L wg npog tig faoeic B kar B'.

Avtictpoga, Lexvodvtag and Evav m X n mivako A = (a;;)i=1...m, ka1 0&Tovtag
j=1,..., n

Ui = Yoy aijyi, obpeova pe tny IHpdtaocn 3.2 vnapyet akptPdg pio ypoppikn
57
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arnetkovion petafd X kot Y, tnv onoia cupPorilovpe pe Ly, t€t010 d0TE Loz, =
¥j, j=1,...,n,dnhadn

Lyx; = E a;jyi, J=1,...,n.

‘Otav Aowmdv 6e KaBe Evav amd TOLG YPUUULIKOUE X MPOLS TETEPUCUEVN S d1daTaon S X
kot Y mpoxabopicovpe pio Baon, tote o€ kabe ypoapkn onetkovien L : X — Y
avtieTolyel évag dim Y x dim X mivakac, kot o k@0e dimY x dim X mivoko avti-
otolyel pia ypappikn arewkovien L @ X — Y.

INa drogopetikéc Baoelc, otV 1010 ATEIKOVIOT AVTIGTOLY OV YEVIKH O10.POPETL-

Kol mivakec.

‘Eoto XY, Z tpeig ypappikol yopot, dim X = n, dimY = m, dimZ = ¢, ka1
By = {x1,...,x.}, Bo = {y1,. .., ym} Kot B3 = {z1,..., 2} Béoeig tov X, Y kot Z,
avtictolya. Ecto L : X — Yxau M : Y — Z 300 YpOUUIKEC ATEIKOVIGELG,
kat A € R™" o mivakac e L o¢ npog By, B, kot B € R4™ o nivaxag te M o¢ Tpoc
B, Bs. 'Ecto C' o mivakag g M o L wg mpog By kot Bs. Tote, pe A = (a;5), B =
(bij), C = (cij), woybet

m

L:Ej:Zaijyi,j: 1,...,n,

=1

‘
My,:Zbkizk, 1=1,....m

(MolL)x chgzk;]—l
Emnpdobeta £xovpe

(M e} L)CCJ L.fll'j MZCLZ]:I/Z ZG’ZJMyl

ocvvenmg C' = BA.

Hapdderyua 5.1 Eoto L : R* — R? L(zy, 9, 23) = (21 + 19 — 23,221 + T3),

ue x = (x1, 2, r3). O TIVOKAG TNG YPUUUIKNG OTEIKOVIGEMS L ™G TPOG TIG KAVOVIKEG
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11 -1
20 1/
‘Eoto tdpa B := {(1,0,—1),(1,1,1),(1,0,0)} xar B’ := {(1,0),(0,1)} Baceic tov R*

ka1 R?, avtictoiya. Tote

L(1,0,—1) =
) =

Baoeic tov R? kot R? eivat

(2,1)
(1,3)
L(1,0,0) = (1,2) = (1,

L(1,1,1 =

EMOUEVMS O Tivakag TG L o¢ mpog B kot B’ eival

2 11
13 2)
5.2. BaOpog pog ypoppikig onElkovicems, 16oHopeLopoi, airayn paocmg

Ye autn TNV evotnta Bo opicovpe to Pabud pag YPOUUIKNG OTEIKOVIGE®MS, HE
TES10 OPLOUOV VAV Y MPO TEMEPUCUEVNC OLACTOCNG, KOl B0 LEAETIGOVLE LCOUOPPL-
GHo0G, ONACON GUEILOVOCTIHUAVTES YPOUUMKES ATEIKOVIGELS, HETAED YPOUUK®DV Y O-
pov. Akoun 0o MANGOLUE Yo OVTIOTPEYIHOVS TTivakee, Kal O avapepbodue otnv
aAAGYM BAoewg GE Evav X OPO TEMEPUCUEVNC O1AGTUONG.

Opiouoc 5.1 'Ecto X, Y dvo ypapuikol yopot. Mia ypappikn angikdédvion L @ X —
Y Aéyetar tgopuoppiouog, av eival apu@LOVOGHHOVTT, ONAadN £va Tpog £va Kot ETi.
Av petagd dvo ypapkov xopov X Kat Y vrdpyet £vac 1GOpHopeLoUOg, TOTE auTol
AEyoOvVTaL 1G0HOpPOL.

Opiouog 5.2 'Eoto X, Y dvo ypappikol yopotr, dmX < oo,k L @ X — Y
pio ypappikn aneikovion. Babuoc tng L Aéyetar n dtdotacn g sikovag e L,
Babuodg(L) = dimIm L.

Mia ypappikn arewkoévion L : X — Y, dim X =dimY < oo, elvat, mpogavag,
aKpI®G T0TE 1GOHOPPLGUAGS, oV Badudg(L) = dim Y (= dim X).

‘Eoto X évag ypoppkds yodpog kat {zy,...,x,} pla Baon tov X. Tote kabe
r € X umopel va ypagel HLOVOCHUOVTIO ®OF YPOUUKOS GUVOLUCUOS TOV T, . . ., Tp,
T = o1x1 + - + Ty, HE TPAYUATIKOVS 0plOpods ay, . . ., a,. Ot aptBpol aq, ..., o,

AEYOVTUL GUVIGTMOTES | GOVTETAYUEVES TOV T O TPOS T Tq, - - . , Ty
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AAAAA

R"™ kot R™ pe t1g kavovikég tovg Baoceg B = {eq, ..., e, ko B = {¢€},... el }. Avta
davocuata tov R kot R™ ta ypdyovue ¢ GTAAEC, TOTE Y10 TN YPOUUULIKT OTEIKOVIGT
L 4 mov avtioTtoly el otov mivaka A o¢ mpog Tig facelg B kot B woybel Laxr = Az, yia
ka0e x € R", apov

0
a1; m
0 .
Aej — = ay, : ++am] O :Zaije;, j:l,,n
. 1=1
Amj
J 0 1

Xapv anrotntog ypaoovpe A avti yuwa L4, OnAadn cupPorilovpue pe A 1660 tov
m X n mivaxka 660 Kal TN Ypoupkn anetkévion Ly @ R” — R™, z+— Ax.

‘Eoto X évag ypappikog ydpog Kot {zy,...,x,} C X. Tote, ocbupova pe v

IIpotaon 3.1, vndpyet akpP®OG Hio YPUUUIKTY OTEIKOVIGT

R" — X

(1, ) = Qg + -+ apXy,.

H ypoppikn avtn aneikdvion eivot, OTOG O10TIOTOVEL KAVELG EDKOAN, LIGOUOPPIGUOG

axppoc tote, av {zy,...,x,} elvar faon tov X.

‘Ecto X, Y dvo ypappikol ydpot, dim X =n, dimY =m, kot L : X — Y pia
YPOUULKT aTelkOVIoT. KOOGS pag €0M lval va 0dGovpe pio pEB0do TpocdloplcUov
nog Baong g ewodvag g L, Im L. Kat’ avtdv tov 1pdémo tpocdlopilovpe puotkd
KoL TN Otdotoon Tng elkdvag ¢ L, onote, pe t fondeta tov TOHTOL TV d10GTACEW®Y,
Kat ™ dudotacn tov mupnva g L. ‘Eoto B = {zy,...,x,} xou B = {y1,...,ym}
Baceic tov X kot Y, avtictorya, kot A € R™" o wivakog g L oc npog B, B'. Tote

opilovpe TIg YPOUUIKES ATEIKOVIOELS,
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L : X — R"

T — e, 1=1,...,n,
A:R" — R™

r — Ax,

LQIRm—>Y

/ .

e; = Y, t=1...,m,
omov {ey,...,e,} kau {e,... e } ot kavovikéc Bacels tov R™ kot R™, avtictoiya.
EINUELDVOLUE OTL HOAOVOTL Oploape TNV aneltkovion Ly HOVO Y10, T0 T, - . . , Tp, QUTN

eivat, ovpeova pe tnv Ipdtaon 3.1, kahodg opiouévn oe 6LOV ToV X+ avTicTOl)

1o bovV Kot yio TNV aneikovion Ly. Topa £xovpe

(Lyo Ao Ly)zj = (Lyo A)(Lix;) = (Ly o A)ej = La(Aey)
= Ly(ayj€| + -+ amje,,) = a5La€) + - 4 amjLoey,

:aljyl_i_..._‘_a,m]ym:ij’ j:17...,n7

eMONEVOC Lyo Ao Ly = L.

Enedn Li(X) = R" xow n Ls glvatl toopopeiopds, apkel va vroloyicovpe pia
Baon {vi,...,v} tov A(R™), ondte 10 6OVOrO {Lavy, ..., Lovs} Oa amotehel Bdon
tov L1 (A(R™)), épa tov L(X). Kot’ avtdv Tov TpOTO EMLTOYAUE VO AVOYOYOLUE TO
TPOPANUA pog oto akoiovBo e1d1kd tpodPAnua: ‘Ectw A € R™" A . R" — R™,
x +— Az. Na ntpocdiopiofei pio Baon tov A(R™).

[ v anetkovion A woydeL, Tpoeavag, Ae; = a’, 6mov ¢/ givar n j—oth oThAn
tov Tivaka A, covenmg < al, ..., a” >C Im A. EE GAhov, av z € R”, t0te & = \jeg +

o Apen, Gpa

Ax = \MAey + - + M Ae, = \al + -+ \a”,

L...,a" > . Zuvolikd dnhadn

dniudn Az €< al,...,a" >, enopéveg ImA C< a
gyxovpe ImA =< al, ..., a" > . Mia Baon opwc tov ypappkod ydpov < at, ..., a" >
UTOPOVUE VO, TPOCOLOPiGOvHE g0KOA pe TN pHEBodo amarolpng tov Gauss, av v

gpapudcovpe otov mivaka AT
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ZOUO®VO LE TO TPONYOUUEVE, O BaOUOC TNC YPOUUKNC anelkoviceme A glval o
Babuog otnhdv tov Tivaka A, BE(A), BA. tov Opiopo 4.2, tov onoio Kohovpe eniong

Pabuo tov wivaxa A, Babpog(A).

Hapaderyua 5.2 Boto L : R* — R®, L(xy, 29, 3, 24) := (0, 29 — 23, —229 + 223, 221 +
To + T3 + x4, —T1 — T3 + 214), pe x = (71, T2, T3, T4). O TIVOKOG TNG YPAUULIKNG OTEL-
Kovicewg L o¢ mpoc Ti¢ kKavovikés acelg tov R* kat R® sivat

0 0 00
0 1 -1 0
A= 0 -2 20
2 1 11
—1 0 -1 2
KOl QUGTKA £YOVUE
0O 0 0 2
|0 1210
0 —1 2 1 -1
0O 0 01 2
O AT givor ypappoicodbvapog tov
01 -2 1
00 01
00 0 -5 |’
00 0 O

Kol ap€omG cupmepaivovpe 0Tt o Babuog tng L eival 3, kat 6Tt T0 cOVOAO
{(0,1,-2,1,0),(0,0,0,1,2),(0,0,0,0,—5)}
eivar Baon tov L(RY).

210 amOTEAEGHA TOL OKOAOLOEL deiyvoupe OTL Yo va €ivol LIGOHOPPIOUOS [l
YPOUULKN ATEIKOVIGT HETASD Y OP®V TNG 1010 TETEPUCUEVNS O1AOTACTG, APKEL QLT
va eivor gite €va mpog €va eite emi. YmevOopilovpe 0Tt HETAED YPAUUIKOV Y DPOV
AAPOPETIKNG O1AGTACT S dEV LTLAPYOLY PLGIK(A LGopOoPPLopol. To anotéAespa avtd
pac dtvel pio duvatodOTNTO Yo Vo, EAEYYOVUE KATO TOGOV Ui YPOUUUIKTY OTEIKOVIGT

€lval 1GOHOPPIGUOC.



5.2. BAOMOZ MIAX TPAMMIKHY AIIEIKONIZEQE, IFOMOP®IZMOI, AAAATH BAXEQY 63

ANppa 5.1 Eotw X kar'Y 0bo ypapuiroi yapoi thg idtag nenepacuévyg ordataons, dim X =
dimY < oo. Av L : X — Y eivai pula ypappixn aneikovian, T0Te Eival 1000VOUAL:

1. H L eivai évean, onlaon éva wpog éva.

1. H L eivai épean, oniaon .

1. H L eivai augiuovoaiuavy, oniaon icopopeLauog.

Arooeiln. H amddel&n eival peon cuvEmeLlo Tov TOTOL TOV 10O TAGEWDV
dim X = dimIm L 4 dim Ker L,

BA. Osopnua 3.1, kot g IIpodTaong 3.2, cbpupmva pe tnv onoia n L eivar éveon
aKpIPdS TOTE, OV 0 TLPN VOGS TNG TEPLEYEL LOVO TO UNOEVIKO dibvocua. O

2OUP®VO. LE TO TPOTNYOVUEVO OTOTELECHO, Pia YPOUUIKN angtkdévion L : X —
Y peta&d 6vo ypoppikav yopov X kot Y, pe dim X = dimY = n, eival i.copopet-
GUOC, OV Kol LOVO av 0 Babpog tov wivaka tng L, dnAadn o Babuds otnAdv avtov Tov

nivaka, eivol eniong n.

Iapaoeiyuaza 5.3
1. Mio ypappkn oneikévion L : R — R? §ev punopei va eivat 16opopeiopoc,
0oV 01 d10GTACELG TOL TEOIOV OPLGHOV TNG KO TOL TESIOL TIUMOV TNG E1val dlapopE-
TIKEC.
2. Eivoinanewévion L : R® — R® L(xy, 29, 3) := (21 +29, 221 +4a3, 1 —29+13),
LGOUOPPLGUOC;

H L givotl mpo@avdg ypappikn anetkovion Kot ot 0100 TAGELS TOL TEOLIOVL 0OPLTHOD
NG Kot Tov Tediov TIH®VY TG eivar 1dtec. Emmpdobeta, o mivakag A tng L oG mpog

™V Kavovikn Bacn tov R? eivat

A= 2 0
-1 1
KOl QUGTKA £YOLUE
1 2 1
AT=110 -1

)
=~ O
—_
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O AT givar ypoppoicoddvapog tmv

1 2 1 1 2 1
0 -2 -2, 0o -2 =21,
0o 4 1 o 0 3

apa o Pudpoc e L eivar tpio, copmintel Sniadn pe m didotacn tov R?, emopéveg

N L €lvol t1GopopeLopoc.

Opiouog 5.3 'Evac tetpayovikog tivakag A € R™"™ Aéyetal aviiatpéyiog, av vmapy el

nivakag A € R™", této10c wote vo toyvet A/A = AA = 1,.

H gbxoAn anddeién g endpuevne mapotpnong aenvetol o Acknon, PA. Ackn-
on 5.4.

Hapatipnon 5.1 To gvvoio GL,(R) twv n x n aviiorpéyiuwy nivikwv, GL,(R) =

{A € R™ : A avuigtpéyiuoc} eivar ue mpdén tov moAlaniaciacué nivikwy opdda. O

Evkola tdpa 0dnyovpedo 610 GUUTEPUGHUA OTL O AVTIGTPOPOS EVOC AVTIOTPEYL-

Hov Tivoka E1val LOVOGT|LAVTO OPLGUEVOG:

[Mopwopa 5.1 Av A € R™" évag avtiotpéyyog mivaxag, t0te vIapyeL axpifas évag miva-

rac A € R™", téroiogc wote va oyver AA = AA = 1I,.

Arooeiln. H anddeign eivar apeon cvvéneta g [opatipnong 5.1 kat tov Afppa-
tocl.1. O

Tov, cOppmvo pe T0 TPONYOVUEVO ATOTEAEGUM, LOVOGTLAVTO OPLOUEVO OVTi-

GTPOPO £VOG aVTIGTPEYIHOL Ttivake A 0o tov cupBoiilovpe pe AL

v akorovdn [pdtaon divovpe Evav YopaKTNPIGUO Y10 OVTICTPEYILOVS TiVa-

KEC:

IIpotaocn 5.1 Evac tetpaywvikos n X n nivaxas A € R™" eivar avtiotpéyipog, av ka

1ovo av o Pabuog tov A wg mpog tig atiieg, BE(A), eivar n.

Andédeiln. Yro0étovpe kot apynv Ot o mivakag eivol aviioTpéyipog, Kot £otm A1
0 avtioTpo@dg tov. Tote o1 aneikoviceic A : R” — R”, z — Az, kau AL

R" — R", z— A 'z, eivar ypopptkéc, Kal ol aviicTolyol Tivakig Toug Mg TPOg
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Vv kavovikn Baon tov R™ givar A katr A~L, avtictoryo. o tn ocbvleon A=t o A

Loy VEL:
AloA :R" — R, (Al oA)r =AY Ar) = (A Az = I =z,

oLVETAC M A glval éva Tpog €va, omdTe, Koté To Afpupa 5.1, elvot IGOHOPPLoUOS, Kol
emopévag £yovpe BE(A) = n.

Avrtictpooa tdpa, av BE(A) = n, 16te | answkdvion A eivar emi, ondte, Eava
ocOpewva pe to Aqupa 5.1, eivor toopopeiopds. Emopévag vmapyel n aviiotpoen
arewkovion g A, n AL O nivaxag tng aneitkdviong AL o A og Tpog TNV Kavovikn
Baon Tov R” givar A1 A, kot erednn AL o A eivar i tavtdtnTa otov R™ 0o éxovpe

A7TA = I,. AxprBdg avtictorya anodetkvoetal kat 6tt AA™ = 1,. O

2V akoiovdn ITpotacn divovpe pio tkovy GUVONKN Yo vo Elval EVOg TETPUY®-
Vikdg mivakog aviiotpéyipos. To anotélecpa avtd Topovclalel evolapEpov, yloti
Té€T0101 Tivokeg eppavifovtal cuyva otig epapuoyés. H ebkodn andosién apnvetal
og Aoknon, BA. Acknon 6.2.

IIpotacn 5.2 Eotw A évag n X n wivaxag, A € R™". Av igyder

n

(51) Z|6Li]‘|< |6Lii|, 1=1,...,n,
j=1

J#i

T07¢ 0 Tivaxag A eivar avtioTpéyyog. O

[Tivakeg mov tkavomoloby TV (5.1) Aéyovtal diaywvia vréptepor: GLVAOVLUA AEUE

OTL €Y OVV AVATHPA KVPIAPYIKH OLAYDVIO.

‘Ecto X kot Y 600 ypappikol ydpot Tng idwag dtdctaong, dim X = dimY = n,
kot By = {z1,...,z,}, Bo = {y1,...,yn}, Paceig tov X kot Y, avtictoryo. Eoto
emiong L : X — Y pla aUOIHOVOCTHAVTN YPOUUIKTY ATEIKOVIOT. AV A givol o
nivaxoc tng L, t0te, Onog dramiotdvel kaveic ebkoha, o mivakoc tng L1, o¢ mpog

T1¢ 1d1eg Phoerg, eivar o aviioTpopog tov A, AL,

IIpotaon 5.3 Eotw X xar Y ovo ypauuixoi ywpor, dim X = dimY = n, kar By =
{z1,.. . 2.}, Bo = {y1,...,Yn}, Pdoeic twv X kar Y, avtiororya. Eotw eniong L
X — Y uia aupiuovoanuavty ypouuixy areixovion. Av A eivai o mivaxag g L, tote

o mivaxac e L™, we npoc tic idies Paoerg, eivar AL
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Anédeiln. 'Eotow B o mivakog tng L. Torte, o wivakag g aneikdéviong L o L1
n omoia gival euoikd N tavtdtTa otov X, eivonr AB, cuvenwg AB = [,,. Axpiog

avtictorya PAénet kaveic 0t kat BA = I,,, onote B= A"t 0O

AALayn faoews. X1n cuvéyeta o aoyoinbodue pe v aAlayn Pdoewc. Xvykekpt-
uéva, Ba pog aracyoinoetl 1o eENg tpoPAnua: ‘Eoctw X évag ypoppikdg xdpog, Kat

{z1,.. .,z ko {y1,...,yn} Paoeigctov X. Ave € X, © = aqzy + -+ - + apy, T0TE
TOLEG ELVOL Ol GLVIGTMOGEG TOL T WG TPOG T Baon {y1, ..., Un};
Zmv TpdEn To Y, - - ., Yp OLVOVTIOL O YPOUUUIKOT GUVOLOGUOL TOV T, ..., Ty" Y10

avToOV 10 AOY0 B acyoAnBovpe e T0 AVOTEP® TPOPANUA GE ALTN TNV ELOIKT TEPL-

ntwon. 'Ecto Aownov

n
yj: E G/ijCCi, ]:1,...,71.
i=1

Av 3y, ..., B, elval ol (GyveoTeg TPOg TO TUPOV) GUVIGTOGES TOV T WG TPOS Y1, - - - 5 Yn,
Oa Eyovpue:

v= By =) B aiwi)
j=1 =1 i—1
=2 (D _Bja)mi=) (D aub)ui,
j=1

i=1  j=1 i=1

GULVETMG, UE

a1 a2 ... Qip
91 A29 ... QAon,
A =
Ap1 Ap2 ... QApn
gyxovpe
g B
(5.2) ]l =A]

oy, Bn
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®&tovpe TOpa

bii bz ... biy
B _ b?l b?2 o .. b?n
byt bpa ... bun

HE AYVOOTOV QLT TN eOpa Tivaka B Kot
n
Ty = § bijyia j:1>"'7n7
=1

Ko, 6mtmg otV (5.2), Ba £xovue

I aq
(5.3) | =B
Bn o
Amo 11 (5.2) ko (5.3) Aappavovpe opEGOC
b I an aq
(5.4) : = BA : , : = AB :
ﬁn /Bn Oén Oén
Aoyo Tov 611 M (5.4) woyvet yia toyovTa dtavoopata (o, ..., a,), (B, ..., 0.) € R",

ocvurepaivoovpe 0Tt B = A7 xou n (5.3) ypheetal ot popen

(5.5) | =4

IMa va artaviioovpe oto apyikd pog tpofAnua, Aotmtdv, apkel va TpocdlopiGOvUE
tov mivaxa A~L. Mg avtd to 0&pa 0o £xovpe TNV gvkatpia va acyoAndodue ot cu-
vEYELD.

nuetdvovpe mavtmg 6t (5.5) ypheetatl 100d0vapo 6T Hopen

(5.6) Al | =

H oyéon avth eival mold kataAAnAdTepn Yo TNV TPAEN, OTwg Oa dodue otn Gv-

VEYELD, POV O LITOAOYLOUOG TOV (1, ..., By) amOLTEL TOPO HOVO TNV ETIALON EVOG
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YPOUULKOD GUOTHUATOC, Y10 TNV OTOld TAPOUTEUTOVUE GTO endOpEVO Kepdiaio, aAll
OY1L TNV AvTIoTPOPN €VOG Tivaka. Apyodtepa Ba dOVHE OTL | AVTIGTPOPT £VOG TTivaka

elvatl ToAL damavnpdtepn dtadtkacio amd TNV ETIAVOT EVOS YPUUUIKOD GUGTHUATOG.

5.3. Acknosig

5.1. E&etdote katd moécov N anewkdvion L : R? — R L(xy, 29, 23) := (21,21 +
Ty — T3,3T1 + DTy, 4xe — 2x3), elvor ypapuikn. IIpocdiopicte tov mivaka g L g
TPOg T1G kavovikég Pacels tov R? kat R?, 1o ubuod g kat pio Baon Tov ypapptkod
yodpov L(R?).

5.2. 'Eoto L nanswdvion L : R® — R? L(zy, 29, 23) = (21 + 229 + 323, 29 —
2x3), kou B = {(1,2,0),(1,0,1),(1,1,1)} c R* Eivar 1o cvvoro B Baon tov R?;
IMpocdiopicte tov mivaka g L o¢ mpoc B katl tnv kavovikh Paon tov R2.

5.3. EEetdote katd tOGOV 1) Ypappikn ancikovion L : RY — R L(wy, 29, 23, 24) =
(Il + 21’2 + 4$3,I1 + 31’3 + 21’4, 2.1’1 — To — T3 + 4]34, —5$1 + 7$2 — 3.1’3 + I4), givat
LGOLOPPLGHOG.

5.4. Anodei&te 611 10 obvoro GL,(R) tov n x n aviiotpéyipev mivikov, GL,(R) :=

{A € R™ : A avtiotpéyipoc} eivatl pe mpaén tov ToAAATAACLOGHO TIVAK®OV OUEOa.

5.5. 'Eocto X,Y dVo ypoppikol ydpot, kot £6T® OTL pia YPoUUIKn ansikdévion L

X — Y elvat tloopop@iopds. Av xq, . .., x, eival dtavdcuata tov X, anodeifte 0T,
avta Lz, ..., Lz, elval ypoppika egoptnuéva, TOTe KoL T X1, . . . , T, ELVOL YPOUULKA
eCaptnuéva.

5.6. Ocopovpe T ypopukn angikévion L : RP — R L(z,y,2) = (x+2y— 2,y +
22,3z + z). EEgthote Kotd mOGOV 16 VoV o akoiovda:

i. Av zy, 2o € R? xovto Lz, Lxs eivor ypopptk sEaptnpéva, TOTe Kol Ta 1, Ty VoL
YPOPULKE eEapTHEVA.

ii. Av 21,20, 23 € R® kot ta Laq, Lxy, Los ival ypopptké eEaptnpéva, TOTE Kol To

T1, Tg, T3 ELVAL YPOUKE EEQPTNUEVA.



6. I'pappika Xvetipota

Y€ avTO TO KEPAANLO HEAETAUE YPOUUUIKO CUCTAUATO, ONACOT YPOUUIKES “eElom-
celc” petaly yopov tenepacpévng dtbotaonc. Iépa and ™ Bewpntikn Tovg onua-
G10, YPOUUIKE GUGTNHOTA ELPAVILOVTAL TOAD GLYVA OTIS EQUPUOYES, 1| TPOCEYYLION
NG AVONC TOAOTAOK®OV TPOPANUATOV AVAYETUL, KATE KOAVOVA, GTNV ETIAVCT] YPOLLL-
KOV GUGTNHLATOV.

‘Eoto m kar n 800 guowcol apbpot, a;; € R, ¢ = 1,...,m, 7 = 1,...,n, kot

bi e R, 1=1,...,m."Eva cootnpo e§lcdce®Vv TG HLOPONS

1121 + A2+ - +aipxr, = bl
A21%1 + A22T2+ -+ +QopTy, = bg
6.1)
Am1T1 + AmaZ2+ - +App®n = bm
AEYETOL YPOUUIKO TVGTHUA PE LYVDOTOVS L1, - . . , T,. O Tivakag A,
aip ... Q1n
A= ,
am1 --- Qmn

AEYETAL TTIVaKAS GVVTEAETTAOV N ATADG TIVaKaAS TOL YPaputkob cuotnuatog (6.1). To
dtbvocua b,
b
b = |l eR™,
b

Aéyetar atabepoc opog Tov cuoTuotog (6.1). Me

Ty
T = | eR”

69
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10 cvoTnua (6.1) yphoetol ot popen
(6.1) Az =b.
‘Eva dtvoopa = € R" Aéyetar Aben tov cuatnpotog (6.1), av ioyxvel Az = b.
[Tpwv wpoywpricovpe ot HEAETN YPOUUIKOV GUGTNUATOV, CNUELOVOLUE OTL TO
ypappLKo cvotnuo. (6.1) ypbeetotl 1c0d0vape 6T LOpeN

ai A1n by

Avto pog 0dMYel apécmg o€ Eva TOAD EVKOLO PEV, OYEOOV TAVTOAOYLM, CUUTE PACLOL,
T0 OTO10 OUMC CLVTEAEL OLGLACTIKG GTNV KOTOVONGCT) TOL TEPLEYOUEVOL QVTOV TOL
Kegpaiaiov, dniadn oto OtTL T0 Ypappikd cbotnuo (6.1) £xet axkpifmg tote AVOT, AV
70 Otdvuopa b umopel va ypapel wg YPOUUIKOS GLVOLACUOS TOV GTNAMY TOL TIVOKO
A TOL GLGTNHATOG.

6.1. Opoyevi] YPOPPIKE CUGTIROTO

Kat’ apynv 0o aoyoinbodbue pe ouoyeviy ypappikd GUGTAUOTA, ONAAON UE YPOL-
HKG cuoTHHOTO LE GTABEPO Opo UNdEV,

a1x1 + appre+ - Fapr, =0
(62) a91T1 + 99T + ce + Aonly = 0
A1 T1 + Ao+ -+ ATy = 0

Xcdpog Aboewy 1oL YpoppKoL cuoTpatog (6.2) Aéyetal to cbvoro A = {z € R" :
Az = 0}. Ze avti v evotTa Ba SoVE SLAPOPES LOLOTNTES TOV Y DOPOL ADGEMV OLO-

YEVAV Y POUUUKDOV GUGTNHATOV.

211n cuvéyetlo Ba dovpE OTL O XMPOG AVGEMV TOL OUOYEVOLG YPUUUIKOD GLGTN-
patog (6.2) eival ypoppkog ympog, Kat 0o tpocdiopicovpe pia oyéon petagd g
d16TaCNC TOL Kot Tov Babpod tov mivaka A.

Ipétacn 6.1 Eotw A = (a;;) évac m X n nivaxas. O ywpog IVGewY TOL 0UOYEVOLS
ypouuikob auathuatog (6.2), A = {x € R" : Az = 0}, eivar vndywpog tov R" | ka1 yia
™ drdataat) tov 1oyber dim A = n — Pabpdg(A).
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Arooeiln. O A glval Tpoeavdg 0 TLPNVOG TNG YPOUUIKNG anetkdéviong A @ R" —
R™, x +— Ax. Enopévog o A givar vtdywpog tov R”, kot n {ntodpuevn cyéon yio

dtdoTaon Tov Enetal and Tov TOTO TV dactdoewy, BA. Osdpnua 3.1. O

YKOTmOG pag ToOpa eivar va ddcovpe pia pEB0d0 TPosdloplopod OA®V TOV ADCEMV
€VOG YPOUUIKOD GUGTNHATOC. TNV TEPINTOOT VOGS OLOYEVOUS YPOUUULKOD GUGTN IO~
T0G, a.pkel vo mpoadtopicovpe pia Baon {ui, .. ., us} ToL xOpov AOGEDY TOL A, 0O,
QLG1KA, N Bdon kabopilel TANPWOS TO YPOUUKS Y DPO.

Booikd poéio otn dtodikacio enilvong YPOUUKOV cLoTNHATOV TTailel To aKO-
hovBo amotéleopa:

Afppa 6.1 Eatw A évag m X n wivaxag kat S €vag avtiatpéyiuos m X m wivaxag. Tote

ta ypopuird cvatipata Az = 0 kar (SA)x = 0 Erovv Tovg i0100¢ Y DpovS Lbaemy.

Anéoerény. 'Eoto x pio Abom tov ypoppikov cvotipotog Az = 0. Tote, (SA)z =

S(Az) = S0 =0, dnhadn To = €ivar AOGT Kol TOv Se0TEPOL GLGTNUATOC.
AvticTtpoga tdpa, {6t0  pio Abon tov (SA)x = 0. Tote, Az = (S71S)Ax =

S7HSAz) = S710 = 0, dnradn to z eival Abom Kat TOL TPMTOL GLGTANATOS. [

Opiouog 6.1 Avo ypopukd cvotnuatae Ar = b kot Bx = ¢ Aéyovtal igoobvaua, oV

K@Oe AVo™M TOL €VHG Elval Kol AVGT TOL GAAOV.

Av A évacm xn mivakog kol S £€vog ovTioTPEYIROS m X m Tivakag, TOTe, GOLP®VO.

pe to Anppa 6.1, to ypoppkd cvotquate Ax = 0 kot SAzx = 0 glval i.oodbvapa.

@copodpe tdpa mivakes S;(N), Q) € R™™ i, j = 1,...,m, j # i, pe X # 0, g
eENG Hopeig

6.3) Si(N) = A ,
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onAadn évav dtaydvio mivaka pe A otn 0€on (7, 7) kot povadec OAa To. GAAA GToly el
™™g olay®viov, Kot

(6.4) Q) = ,

0 1

onAadn évav mivoka pe povadeg ot daydvio kot otn 0€omn (4, 7) Kot undevika daa

Ta GAAQ oTOoLy el TOL. APEC®G OLATIOTAOVOLHE OTL Ol TIVAKES 0VTOL E1val AVTIGTPE-
’ ’ ’ —1

yipot, kat ot avtictpopoi toug eivar (S;(N)) = Si(5) ka

1 0

0 1

‘Ocov aeopd ™ dpact Twv TvaKov e popeng (6.3) xat (6.4), edxora PAEmovue
0Tl TOALATAOGLOGHOG VO Tivaka A and aplotepd pe Tov mivako S;(A\) onpaivel
TOAAATAAGIOGUO TNG i—GTNG YPUUUNG Tov A emi A, evd TOALATAAGLOCUOS LE TOV
mivaka Q7. yio j # i, onuaivel TpdGHECN TS j—OTHS YPAUUNGS TOv A TNV i—GTH
YPOLUN TOV,

ai ai

Am Am
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ai ay
a; a; + CL]‘
Q! =
A
a; a;
A A,

Kat’ avtov tov 1pdno eKQpacape AOITOV TOVG OTOLYELMIELS LETUCYNULATIGHOVG Y PO~
HAOV TNG HOPONC 1. KOl 1. ®C TOAAOTAACIAGUO OO UPLGTEPA HE EVOV KOTOAANAO
nivaka. Enavelknuuévn epappoyn pag 6ivetl, uolkd, Kol Toug GTOUYELMOELS LETO-
CYMNUATIGUOVS YPOUUL®V TNG LOPPNC 1il. KL 1V..

ITivaxec tng popeng (6.3) kot (6.4) kaOdS kot o1 avTicTpopoi Tovg KalobvTtal gToi-

JEIDOELS.

AVAALOYO LE TOVEC GTOLYEIMIELS HETAGYNUATIGHOVS YPOUUUDV E1GAYOVUE TOPO. KOL

TOVG GTOLYELDOELG LETOGYNHOTIOUOVG GTNADV.

Opiouoc 6.2 'Eoto évag mivakog A € R™". Ot akoAovleg avakatotdelg oTnAdV To
A LéEyovtatl aToryeldoels HETaTYNUATICNOT aTHAWY TOV A:
1. [ évav un undevikd npoypatikd apbud A kot kamowo j € {1,...,m}, aviikadi-

GTOUUE TNV j—GTN GTNATN TOL A,

alj
Qmyj
ue
)\alj
)
)\Cbmj
GuuPoiika

(..ad..)— (..Xd ...

ii. Avtikafiotobpue v i—oTi oTNAN Tov A pe To ABpolope TG {—GTNG KOl TNG
Jj—GTNG GTNANG TOV,

(..a"...d ) — (..d+d A,
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. AvtikaOistobpue Vv i—oTt) oTtNAn tov A pue 10 dpolopo NG i—GTNHEC KoL TOL

TOAAATAGG1OL TNG J—OTNG GTNANG TOL T VOV TPAYUATIKO aptOuo A,
(..a"...al ) (..ad + X AL,

1v. AVTaAAGGGOVE TNV i—GTN Kal TN j—OTNH OTNAN Tov A,
(..a"...a..)— (..a .. d ).

ZNUELOVOLUE OTL, OTMOC KAl GTNV TEPIMTOOT GTOLY ELOODV LETUGYNUATICUDV Y POLLL-
LAV, Ol GTOLYELDMOELC LETAUCYNUOTICHOL CTNADV 1il. K01 1V. TPOKVTTOLV [LE EMAVEIAT LU~
HEVN EQUPUOYN LETACYNUOTICUAOV TNG LOPONC 1. KOt 1i..

Erniong, Eova OTmg Kol 6TV TeEPINT®OON OTOLYEIMOIMV HETAGYNUOUTICUDV VPO~
HADV, Ol GTOLYELDOELS HETUCYNUATIOUOL GTNADV NG HOPPNG 1. Kot 1. propoldv va
eKQPacHoby MG TOALUTANCIACUOS, ALTN TN QOPA and deE1d, LE EVOV KATAAANAO Ti-
vaxko, e popens (6.3) 1 (6.4). Ipayuotikd, tollanioclacpndg evoc mivaka A and de-
& pe tov mivaka S;(A) onpaivel ToAlonmloclacpud TG i—oTg oTAANG Tov A emti A,
EVO TOAALATAUGLOOUOS LE TOV TIVOK Q}, Yo j # i, onuoaivel tpdobeon g j—oTNG

GTNANG Tov A 61NV i—0TH GTHAN TOV,
(a'...a" ...a")Si(\)=(a' ... \d" ... a"),
(@ ...da...d ... aQi=(a"...a"+d ...d ... d"),
OTOL GE ALTY TNV TEPINTOON, PLGIKA, Si()\),Q§- e R" 4,5 =1,...,n,7 # 1 mo-
PATNPNOTE OTL AVAPEPOUUCTE GTOV TOAALATAACIOUS and de&1a pe Q; Ko o1 pe Q7.
Eraveilnuuévn epoppoyn pag divel, QUGIKA, Kol TOUS CTOLYEIMOELS HETACYHATL-

GLOUEC OTNAMVY TNG LOPPNG 1il. KoL 1v..

®a dovpe TOpa 6TL 0 TOAAATAACIGUOC £VOG TivaKa Pe Tivakeg TG popeng (6.3)
Kot (6.4), eite and aplotepd eite and 6€&1d, apnvel To fabduod Tov Tivaka ME TPOG TIC

GTNAEG AVOAALOI®TO.

Mpotoon 6.2 Eatw A = (a;;) évagc m x n mivaxag, xkar S;(\), Q) mivaxeg tng uopenc (6.3)
Kar (6.4). Téte o1 mivaxes S;(N)A, AS;(N\), Q1 A, AQ! éyovv tov id10 falué ws mpog i

aTHiAeg (e Tov wivaxa A.

Anooeiln. Kat’ apynv, nolhoanrlactocpog tov A and de&id pe évav mivaka S;(A) 1

Q] £xel og cLVETELD £VaV GTOLYELDIN HETUGYNUOTIONO oTNAdY Tov A. Enopévag ot
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SLOVUOUATIKOL Y DPOL TOVG OO0V TAPAYOLV Ol GTAAES T®V VUKWV AS; (), AQ{ Kol
A GUUTITTOLY, GLVETMG KO Ol OLUGTACELS TOVG lval 101€C.

Tevikd yia Evay avtioTpéyipo m x m mivaka S, éxovpe, pe A = (a* ... a"), SA =
(Sa' ... Sa™), ko, eneldf n anewkovion S @ R™ — R™ gival i1copopeiopdc,

1oy 0EL
dim < a' ... a" >=dim < Sa' ... Sa™ >,

YEYOVOG TOL UTOOEIKVVEL KOl TO LTTOAOITO néEPog ¢ [IpodTaong. O

®a dovpe ToOpa OTL 0 Pabuog evdg Tivako ¢ TPOG TG GTNAES, GLVENMG KAl O
Babudg tov mivaka, kot 0 BabORoOC Tov ¢ TPOS TIG YPUUUES GUUTITTOVY, OTOTE GTN

cuvéyela Ba pmopovue va piAdpe omAog yio to Babud evog mivaka.

IIpétacn 6.3 Eotw A = (a;;) évagc m x n mivaxag. Tote o Pabuoc tov A wg mpog tig

aTHAeg 1oobTal ue to fabud Tov wg TPog TIS YPaLUES.

Amnooeiln. 'Ecto B €vog KMPOK®OTOC Tivakag, Ypoppoicodbvapog tov A. Tote, mpo-
Qovag, ot A kot B €yovv tov 1010 Babud o¢ mpog TIg YPUUUES, Kal, EMTpocheTa,
ocvpewva pe v Ipdtaon 6.2, Exovv Kat tov id10 Pabud og Tpog Tig OTNAES, £0T®
r. Tov B umopovue 10te, He KATAAANAOLG HETUCYNUATICHOVS GTNAMY, 0L 0Toiot Bé-

Bato apnvouvy Tov Babud Tov g TPog TIC GTNAEC AVAALOLMTO, VA TOV YPAWYOLE GTN

Hopon
I, 0
0 0/’

KOl QpEc®mG GLUTTE paivovpe OTL Kot 0 Babuog Tov B ®¢ TPpog TIC YPAUUES Elval ETLOMG
r. Emopévag, ot fabuoi tov A, 1060 ¢ TPOo¢ TIC YPAUUES OGO Kl ™G TPOG TIG GTNAEG,

sivarr. O

‘Eocto tdpa éva opoyevég ypoppkd cvotnua Ax = 0 pe A € R™". To cvotnpa

avtd givor 160d0vapo pe €va cbotnua Br = 0 pe B évav KAPOK®OTO Tivoka,
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b1j1 *
b2j2 *

bsjs

brj,

0
OTOL OL TPATEG 7 YPUUUES ELVOL U1 UNOEVIKEG, OL UTOAOITTEG UNOEVIKEG, KOL TO TPDTO
ji — 1 otolyeia NG i—oTNG YPOUUNG elval Emiong Undéy, Y i = 1, ..., r. ZOpHQova pe
T1¢ [Ipotdoeig 6.1 xat 6.3, 1 d106TAGT TOL YOPOL AVCEMV A TOL YPUUUIKOD GLGTH M-

to¢ Bx = 0, o omolog givat, puoikd, Kot ydpog Avcewv tov Ax = 0, eivarn — r,

(6.5) dimA=n—r.

[Tpoc anhomoincm T®V GUUBOALGU®V, KOl X®PIC TEPLOPLGUS TNG YEVIKOTNTAC, LTTOOE-
TOVUE OTLj; = 1,..., J, = 7, 0O aVTO UTopel va emitevy 0l e KatdAANAn evaiioyn
oTNAGV, dNAadN pe KataAAnin apibunon tov ayvootov. O nivakac B 0o eivol tote
™G HOPPTIG

b11 *
b22 *
bs3
B—
brr
0
Me i :=n —rxat Ag,..., A, € R, elvar ebkoro vo 6obpe 611 vILapy el oKpLPag Eva
reR"pex = (21,...,2,, A\1,...,Ay) € A Ipaypatikd, n e€lowomn r TOL GLGTHHATOS

Bz = 0 etvot by, 4+ by p 1 A1 + - -+ b\, = 0, ka1, o0 b, # 0, vrapyetl axpifog Evo
2, TOL IKAVOTOlEl ALt TN oy éomn. Ano v e§icwon r — 1 tpocdiopiletol povoonpua-
VIO TO T,_1 KoL o0T® Kab’ €ENG, Kal, TELOC, amd TNV TpoOTn e&lcwon tpocdtopiletal
HOVOGNLOVTA TO T7.
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"Exovpe dniadn pia ypoppikn anetkdvion
G : Rt — R"
()\1""7/\M) — (I‘h...,l'r,/\l,...,)\“)
n omoia gival éva mpog éva Katl yia TNV omoia toyxvet G(R*) C A. Emeidnq n dd-
otaon Tov A givatl, TpoQAvVAC, t, GOUEOVA ILE TOV TUTO TOV 010CcTAGEMY O 15y vEL
dim G(R") = u, ovvendg G(R") = A.
Avlownov {eq, ..., e,} nxavovikn paon tov R*, t61e {G(e1),...,G(e,)} elvar pia
Baon tov A.
IHapdderypa 6.1 Oc@poOUE TO OLOYEVES YPOUUKO GOCTN LA

(

To + 2x4 — x5 — 4duwg =0

r3 — x4 — x5 + 226 + w7 = 0

(6.6) To + 2x4 + w5 — 2 0
T3 — Xy + 2x¢ — xzy = 0

L T2 + T3 + T4 + a7 = 0

O TivaKac CLVTELEGTAOV QVTOL TOL YPUUULIKOD GUGTNHOTOG lval

010 2 -1 -4 0
001 -1 -1 2 1
A=1010 2 1 -2 0],
001 -1 0 2 -1
06011 1 0 0 1

0 0moi0¢ €ival YPUPHOIGOOVVALOG LE TOV KAIUAK®OTO TIVOK

010 2 -1 —40
001 -1 -1 21
B=1000 0 1 1 0
o000 0 0 1 2
000 0 0 00

Enopévmg, n 81661061 TOL YOPOL AVGEMY TOL YPUUULIKOD cuoThuatog Az = 0 givat
p = T7T—Pabuog(A) = 7—Babuog(B) = 7 — 4 = 3. To cbotTnpa €ival 1GodHVALO TPOG
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10 ovoTnuo Bx = 0, dnAadn mpog To

To + 2x4 — x5 — 4dxg =0

(67) r3 — Ty — Ty + 2.1‘6 + 7 =0
Trs + T =0

T + 2]37 =

Me z1 = A, x4 = A9 Kl z7 = A3 (LVNUOVIKOG KAVOVOS: GTNV TPDOTY), OTNV TETAPTN
Kot otV £Bdoun oTNAN Tov B eV gppavifovtal un Undevikd GTolyelo OTIg YOVIEG
NG KAPOKOG) £xovue amd avto TO YPUUUIKS GOOTN I

( Tg = —2]37 = —2/\3

Ty = —Tg — 2/\3
(6.8)

I3:I4+$5—2Z‘6—$7:>\2+5/\3

To = —2334 + x5+ 4%6 = —2)\2 — 6/\3 .

\

O yopoc Mocemv A givarl eTopévamg | e1kOVO TNG YPAUUIKNG OTELKOVIGNG
G:R — R’
(A1, A9, Az) = (A, =29 — 63, Ao + A3, Ao, 203, —2A3, \3)

n omoia givat £€va mpog Eva. Mg

G(1,0,0) = (1,0,0,0,0,0,0) =: uy

G(0,1,0) =(0,—2,1,1,0,0,0) =: us

G(0,0,1) = (0,—6,5,0,2,—2,1) =: ug,
EYOLUE EMOUEVOG A =< Uy, Uz, Uz > .

To yeyovog avtd pmopel Kaveig vo 1o S10TLTMoEL e GAAA AOY10 ¢ ENG: ZOUP®-

va pe v (6.8), pe tuyaieg mapapéTpoug Ar, Ay Kol Az, 01 AVGELS TOL GLOTHUATOC (6.7)
ypaoovtal ot Hopen (A1, —2Xs — 63, As + B3, Ao, 2A3, —2A3, A\3). Topa

()\17 _2/\2 - 6)\37 >\2 + 5/\37 /\27 2)\37 _2)\37 )\3) =
= A\1(1,0,0,0,0,0,0) + Xa(0, —2,1,1,0,0,0) + A3(0, —6,5,0,2, —2,1) =
= )\1U1 + )\27]/2 + )\3U3 s

61’]7\4(161!] A =< uy,ug,ug > .
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6.2. Oponaparlinilkoi VTOYWPOL KL LT} ORLOYEVT] YPUUULKE CLOTHHOTO

Y autn TV evotNTa Bo HEAETNGOLUE YEVIKA, Ol KOT OVAYKT) OLOYEVY], YPULL-
KO cvoTirato Kot 0o Yvopicovpe d1apopeg 1OLOTNTES TOV ADGEMY TOVG.
‘Eoto
1 by
AeR™ x=| |,k b=
Tn b
To ypopukd cbotnua Axr = b Aéyetor uny ouoyevés, av b # 0. To cbvoro Avcewv
{z € R" : Az = b} dev eivar vroympog Tov R", av b # 0.
Opiouoc 6.3 'Eotow X évag ypopupikds xopog, kot Y €va vmocsOvoro tov X. To Y Aé-
YETOUL OUOTAPUAINAIKOC DTLOYWPOS TOL X, AV LTAPYOLY EVa y; € X KOl EVOG LTOYOPOG

Y] tov X, éto1 doTE vo 1oy dEL

Y=y+Y1={yeX :y=y1+z,2 €1}

Oa dolpe apEc®g TOPA OTL O LTOYWPOG Y7, TOL AVTICTOLYEL GE KATOLOV OUOTO-
POUAANALKS LTLOY PO OIS CTOV AVAOTEP® OPLGHO, opileTal povoonpavto: avtifeta

10 y; Umopel va givat £va omolodNmoTte GTolyeio Tov Y.

ANppo 6.2 Eatw X évag ypouuixog ywpog, Yy évag vmoywpos tov X kary, € X. T'a tov
OUOTLAPOUAINAIKO DTLOYWpo Y = y1 + Y] 1a)vovy:

LTwkabeyeY,Y =y+ Y.

. Av Y1, Y5 vmoywpor tov X kat y1,y. € X état wate Y = y; + Y, = yo + Ys, 107¢
Yi=Yskary; —ys € 1.

Amooeiln.

i. Apob y € Y, vmapyer 2’ € Y] té€to10 dote y = y; + 2'. 'Ecto topa u € Y. Tote 10 1

0o ypaopetal otn popen u = y; + x, pe x € Yy, emopéveg u = y + (r — z’), kat, apod

oY) eivat ypappuikdg yopog, x — ' € Yy, nhadnu € y + Y, Apa Y C y+ Y.
Avtictpoga, av u € y + Yj, 101€ T0 u B YpapeTal oTN HOPON u = Y + X, UE

r € Yy, enopévocu = y; + (z + '), Nhadn u € y; +Y; =Y, ovvendgy + Yy C Y.

YounepocpoTiKa, y + Y; =Y.

ii. ' Eoto Z :={u—u : u,v € Y}. Apécng dwuniotdvoope 6t Z = Y; ka1 Z = Ys.

Enmopévag Y = Ys.
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Eminpdoleta, and v w6détta y1 + Y1 = y2 + Yo cvpnepaivovpe apécwg ot

VTAPYEL X € Y] TETOLO OCTE Yo = Y1 + X, ONOTE Yo — Y1 = x € V1. O

ZOUO®VO LLE TO TPONYOVUEVO ATOTELEGUO, UTOPOVUE TMPA VO, ODGOVUE TOV 0KO-

hovBo opiopod:

Opiouog 6.4 'Ecto X €vag ypoppikog xmpog, kat Y, Y = y; + Y7, évag opomapaiinit-
KOG VO WPOC Tov X. Q¢ didataay tov Y opiletor n didotacm tov Yy, dimY = dim Y;.

210 €MOUEVO OMOTEAECHO OlvETAL | GYECT UETUED OUOTOPUAATALK®V LTTOY D POV
KOl TOL YOPOL AOGE®V HLaG YPOUKNG eElcwong Lo = y, pe L pio YpOUULKY ameL-
kovion. Ewdwkn nepintwon eivotl puoikd to ypopputKé GUGTAUOTO, TO, OO, LOG OTa-

G OAOVV E0M.

IIpétaon 6.4 Eotw X, Y ovo ypauuikoi ywpoirkar L - X — Y uia ypoppixn aneikovi-
-1
on. o xabey € Y, 10 abvolo L (y) eival eite kKevo gite €vag opomapaiiniikog voywpog
-1
o0 X. Avx € L (y), t0te 1oyver

-1

(6.9) L (y) =z +KerlL.

Amnooeién. Av 1o cOVOAO il (y) elvar kevo, dnAadn to y eival Tétolo mate 1 e&locwon
Lx = y va unv €xet Abomn, t161e dev vmdpyel tinote mpog anddelEn. 'Eotm Aownov
ot il (y) # 0, xar x € il (y). Avu € il (y), t0te u = = + (u — x) xou L(u — x) =
Lu—Lr=y—y=0,4pau—x € KerL, dnladn u € = + Ker L.

Avrtiotpoga, avu =x+ 2’ € x+Ker L, t01€ Lu = Lz + Lz’ = y+0 = y, cuvenmg
u € il (y). O

IMopwopa 6.1 Eotw A € R™" kar b € R™. Oecwpodue 1o ypaupixo abatnua Ax = b kai
70 avtiatoryo opoyevég, Ax = 0. Eotw A := {x € R" : Ax = b} 0 yawpog Abaewv tov
Arx = b,k N = {z € R" : Ax = 0} o yopog Abaewv tov avtiatoryov ouoyevols
ovotiuatos Ax = 0. Av 1o gbotnua Ax = b éyer Avon, onlaon A # 0, kat x € A, tdte
wyver N = x + N onlaon o A eivar évag ouomapalinlikog vroywpog tov R™. Eniong
oyber dim A = n — Babuog(A).

Amnooeiln. Oewpovpe tnv aneikdédvion L : R" — R™, z — Ax. Tote &yovue

(6.10) N=KerL=1 (0) kau A=L (b)
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Ta aroteléopota topa Emovtol and tnv [Ipdtaon 6.4- n oyéon yio TN ddoToon

armooeiytnke oty [lpotacn 6.1. O
‘Ecto Az = b éva ypoppikd cvotnpa, A € R™" kar b € R™. O nivakag

a1 ... G, b
Ami - Qmn  bm
Aéyetar emavénuévog mivaxag awTod TOL GLGTHUATOG.
®au dovpe TOpa OTL Eva YPOUUKS cvotnua Az = b (Y100 £vo cLYKEKPLUEVO d1OVL-
oua b) €xet Abom, av Kot pdévo av o Tivakdg Tov A Kal 0 ETavENUEVOS TIVaKAC TOL
(A, b) éyovv Tov 1810 Pabud. Avtd onuoivel oTAdG OTL 01 GTNAES TOL A 0@’ VOGS Kol
ot otnieg Tov A pali pe to dibvooua b o’ eT€pov Taplyovy ToV 1010 YOPO, OTOTE
QLGIKA TO b Oa eivol YPOUUKOS GUVOLAGUOS TV GTNADV Tov A, Yeyovdg TTov givat

1G00VVOO LE TO VA, £XEL TO YPUUULKO cOGTNUO Az = b Abon.

Ocopnpa 6.1 To ypauuio abotqua Az = b éyer Aban, av kar uovo av Babpog(A) =
Babpog(A,b).

Amnodoerén. Lrovg mivaxeg A kot A := (A, b) avTioToryobV 01 ANEKOVICELG

A:R" — R", 2z +— Az,

Kot

AR — R™ oz Alg,
avtictoya. ‘Eoto {e1,...,e,} kou {ef,... e, } ot kavovikég Baoelg tov R kot
R™!. Tote woyver Aey = A'el, ..., Ae, = A'e! ka1 A'e, 1 = b. Avtd onuaivel 6t b €

Im A’, ko n epodtnon eival katd tocov oybel b € Im A. Kat’ apynv éxovpe Im A C
Im A’ apa Babuog(A) < Babuog(A’). Zvvenmg n oyxéon Pabuog(A) = Pabudg(A)
eivat 10odbvoun pe v PBabuog(A) > Babuog(A’), dnradn pe v Im A" C Im A.
SOUQOVO LE TO, TPOTNYOVREVA 1| TEAELTOLN Gy €GN €lvol 1oodvvaun pe Tnv b € Im A,
ONAadn pe tnv vapén AVoNG Tov GueTNHOTOC Az = b. O

[dwaitepa evolapépovoa €ival 1 TEPITTOON GTNV ONOL0 TO YPOUUUIKO GOOTNLA
Ar = b, A € R™ ka1 b € R™, éyet Avon yua kabe b € R™, dnAadn N aneikovion
A R" — R™, x — Az, eivar épeon, OnAadn eni. Avtd cuufoivet, LoIKA, OTAV

o1 GTNAEG TOL A Tapdyovv 6Llov Tov R™, dniadn otav o Badudg tov A eivar m.
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AfNppa 6.3 Eotw A évag m X n nivaxag. Tote 1o ypouuixo abotnue Az = b Eyel Aban yia

Kdbe b € R™ av kat uévo av o fabucs tov A eivar m, Babpog(A) = m.

Arooeiln. Ynobétovpe Tpdta OTL TO Ypappikd cbotnuo Az = b £xel Abon yio kabe
b € R™. Avtd onuaivel Quolka 0Tl 1 avTicTolyn onelkovion A eivol eni, onote
A(R™) = R™, ovuvenag Pabudc(A) = dim A(R") = dimR™ = m.

Avtictpoea, av o Babuog tov A givar m, tote dim A(R") = m, dnradn dim A(R")
= dim R™, ondte, Aappavovtag v’ dyiv kat 1o yeyovog ott A(R") C R™, cvunepai-
voupe 601t A(R") = R™, dnAadn yia kabe b € R™ vrapyet =z € R" tét010 dote Ax = b,
OTOTE TO YPAupULKS cvotnua Az = b €xel Avon Y kabe b € R™. O

Evkoio tdpa 00MyodpacTe G pio 1KoV Kol avaykoio cuvOnkmn yia vo £xet Eva
YPOUUKO cvotnua akplfong pia Avomn. I'vopilovpe 1on 6t 10 cbotnpe Ax = b £xel
AOom, av kot povo av Babuog(A) = Badudg(A, b). T va eivar n Abon avth povedikn
TPEMEL TO AVTIGTOLY 0 OpOYEVEC cOaTNUe Ax = 0 va €xetl pdvo TV TETPLUREVT AOGT,
oNiodn o mupNvag TG YPOUUKN G anetkoviong A : R" — R™, =z — Az, va
TEPLEYEL LOVO TO UNOEVIKO dLbVLGHa, OTOTE Ud TOV TOTO TOV d0GTAGE®Y TAipVov-
pe dim Im A = n, ondte Pabuog(A) = n. Zuovolkd dniadn Ba Exovue Babuog(A) =
Babuog(A, b) = n.

Afppa 6.4 Eotw A évagc m x n mivakag kar b € R™. Tote to ypouuixo abotyua Az = b
Eyer axpifarg pia Aban, av kar uovo av Bubpog(A) = Padbudc(A,b) = n.

Arooeiln. Toppova pe 1o Oedpnua 6.1, to ypoppkd cvotnuo Ax = b £yel Abon,
av Kot povo av Babpoc(A) = Babuog(A, b). EmmpocOeta, n oyxéon Pabuog(A) = n
onuoiver dim A(R") = n, ondte 0 TOMOG TV dtoothoemv pag diver dim Ker A = 0,
oniadn Ker A = {0}.

YrnoBétovpe npodta 61t Pabuog(A) = Pabudg(A,b) = n. Tote, cbupova pe to
Tponyovueva, to cvotnua Azr = b €yel tovAdyioTtov pio Abom, xatr av A gival o
XOPOG Aoedv Tov Kot = € A, 101e 1oyvel A = x + Ker A, cuvendg A = {z}, dnladn
TO CUGTNUO £ EL AKPLPDS pia AOoM.

Avtictpoga, av to Ypoppikd cvotnuo Ar = b €yxel akpifog pio Abon z, 10TE
A ={z}, onote N oxéon A = x4 Ker A diver Ker A = {0}, cuvendg, cOpupova pe tov

OO TV dtootdcewy, dim A(R™) = n, dpa fabudc(A) =n. O
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IStoitepa oNUAVTIKY OTIC EQAPUOYEC ELVOL 1] TEPITTOGT Y PUUUIKOV CLGTNUATOV
pe 1010 tAnbog eElomcemv Kol ayvaotmv. Apeomn andppota Tov ANUPatog 6.4 Kot tng
IIpothoemc 5.1 eival to akdAovbo anotélecua, GOLPOVO, LE TO OTOLO VA YPUUUIKO
cvoTnuo Az = b, 6mov A évag n x n wivaxkac, £xel pia kot pévo Avon akpipfog torte,

av o A glval avTioTpEYIHOG TivaKOG.

IIpotacn 6.5 Eotw A évacn x n nivaxag kar b € R". Tote to ypauuio abotnua Az = b

&yel axpifas uia Aban, av Kar wovo av o wivaxag A eival avtiaTpéyyog. O

6.3. H péBooog anarorgiig tov Gauss

Aivovpe topa pio “mpoktikn” péBodo emiALONG YPUUUIK®OV CLOTNHATOV. ATO-
KoAEGape T HEOOSO GLTN TPOUKTIKN, YLATL OLTH, KOl dLAPOPES TUPAAAAYEC TNG, Ol
oToleC Y PNOIHOTOLOOVTUL Y10, AOYOLG TOL OEV €1VOL GTOLE GKOTOVG OLTMOV TOV GN-
HEL®oEWMV Vo €ENYNOOLV, ¥ PNOIUOTOLOVVTAL TOAD GTNV TPALN, KLplmg Y10 d) 1 TOAD
HEYAAQ Y POUUIKE GUGTIIATO.

‘Eotw A € R™" ka1 b € R™. To tpdPANua mov pog anacyorel eival vo T1pocdlo-
ploOLUE TIG AVGELG, ONAAOT TOV YDPO ADGEMV, TOL YPUUUIKOL cLGTHHATOC Ax = b.

H pébodoc amarorpng tov Gauss anotereital amd dVO GTAdLW, TNV TPLYDVOTOINTH

KoL TNV omiafoopounan. 1o TPpMTO GTAOL0 YPAPOLHE TO cVLOTNUA Ax = b 1GOdVVAN

GTN LOPON

(6.11) AW g = p™),
HE KAPAK®TO Tivako cvvielectdv AV = (ag;’)), waitepa Aomdv T£TO0V OCTE
ag) =0y i > j, pe v < min(m, n), kot 6o 5e0TEPO GTASLO EMAVOVUE TO TEAELTALO

avtd cvoTNHO EeKvadvtog and TNV televtaia Ei6OCN KAl TPOY®POVIAS TPOG T

Tiow.

6.3.1. Tpryovonoinen. Me tovg cuPPOAIGHOUE TOL ¥ PNGLUOTOLGANE GTNV UTO-
de1&n g Ipotaong 4.2, v omoio VAOTOIMONKE TO LEPOG TNE TPLY®VOTOINGNG TOL
apopd Tov mivaka A Kot pével To HEPOC Tov apopd To dtevucua b, 0étovpe b = b,

Ko, Kotd to Prpa r, opifovpe 1o b ¢ eénc, BA. v (4.4),

=" 1<i<n

(2 3

(6.12)
B = bl — b0 r41<i<m.

7 ) r
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Kot avtdv tov tpémo, petd and to moAd min(m,n) — 1 fApata, 10 cOGTNUE pog
ypapeTal otV entBuount popoen (6.11).

6.3.2. Omo0oopounen. o va arlonolcovpe Toug GUUPOALGHOVE, YpaEOLUE TO
ocvotnua (6.11) og Br = ¢ ka1 tdpa o eravénpuévog tivaxog (B, ¢) Oa eival Tng pop-
NS
bij, * o 1

boj, % o Cy

bgj3 e C3

ijT ce Cp

Cr41

0 Cm
ne by, #0,...,b,, # 0. Topa, o fabpog tov A eivar 7, kot enedn ot mivakeg (A, b)

kat (B, ¢) £govv Tov id10 Babuod, cvunepaivovpe e0kora OTL TO VO £XOLV Ol TIVOKEG

(A,b) ka1 A tov 1810 Babpod eivatl 1GOSVVOAUO HE TO Cppg = -+ - = ¢y, = 0.

2Ooppova pe 1o @cmpnua 6.1, 0 y®POg AVGE®Y TOL YPAUUIKOD GLGTHHATOS Ax = b
elval ocuvendg akpiPdg TOTE UN KEVOC, OV Crig = -+ = ¢, = 0. NV mepintoon
r = m, gV gueavifovtotl KaBOLOL T Cy1, . - ., Cp, KOL, OTOG €1d0pE 0TO ANppa 6.3,
10 cvoTnuo Ax = b £xel Abon yio kébe b € R™.

YrnoBétovpe tdpa O6TL ¢pyp = -+ = ¢, = 0. OMOG KoL GTNV TEPITTOCT OHOYE-
VOV YPOUUIK®OV GUGTNUATOV, Ol HeTaBANTEC z; pe § & {J1,...,J-} elvor elebBepeg

napapetpot. [Ipog anrlomoinomn Tov cuufoilcudv vTOBETOLE KO ALTH TN POPE OTL
ji=1,...,7, =r. "o vanpocdlopicovpe pia 101k AOGN TOL UM OUOYEVOLG YPULLLL-
KoV ovothpatog Ax = b, 0étovpe x4 = -+ = x, = 0. Ano6 TNV r—ot e£icwomn tov
Bz = ¢ hapPdavovpe 101€ bypt, = ¢, KO 0O €00 LTOAOYILOVUE TO .. [INyaivovTag
HETE TPOG Ta TIG® LTOAOYILOVUE TA Ty 1, . . . , T1, KOL TALPVOLUE GUVOALK(A pio 101K
AMonu = (z1,...,2,,0,...,0) T00 Bz = ¢. ApoV o mivokag (B, ¢) TpoKVOTTEL OO TOV
(A,b) petd and menepucUEVOL TANOOLE GTOLYEIMIELS LETACYNUATIGHODS Y PAUUADV,
VTTALPYEL £VOG AVTIOTPEYIHOG i X n TTivakag S, Tétolog mate (B, c) = S(A,b), dnhadn
(B,c) = (SA, Sb). Eropévag £yovpe

Au=S"1SAu=S"'Bu=S"1c=1,
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ONAodn to u elval emiong AOGMN TOL YPUUULIKOD GUGTAHOTOG Ax = b.
Topa, pe ™ yvoot pag pébodo, vroroyilovue 10 yOpo Abcemv A’ Tov opoyevodg

YPOUUKOD cvoTHpatog Ax = 0, omote 0 Y ®pog Avcemv A tov Ax = beivar A = u+A'.

THapdderypa 6.2 Oe@poOUE TO U1 OHOYEVEG YPUUULKO GOGTN O

I — 2%2 —|— ZC3 e 1
(613) ry — 2.172 — Ty = 2
Tr3 + x4 = —1

E@appolovtag oTtoryeltdoelg HETOGYNHOTIOUOVS YPUUU®Y GTOV ENALENUEVO TivaKo

OLTOV TOVL YPOUUIKOD CLGTNHATOC,

1 -2 1 0 1
Ab)=|1 -2 0 -1 2],
0 01 1 -1

AOUPAVOLILE TOVG TIVOKES

1 -2 1 0 1 1 -2 1 01
o 0 -1 -1 1},10 O -1 -1 1/,
o o0 1 1 -1 0 0 0 00

Eme1dn ot mivaxeg (A, b) kat A éxovv tov 1610 Babud, 2 =: r, 1o cvotnua Az = b €yet
Aoom. O yopog Aboewv A €yet dtdotaon ovo, dimA =n —r = 4 — 2 = 2. Enlong
Exovpe j; = 1,jo = 3. Me g = 24 = 0, éxovpe 23 = —lxorz; = 1 — 23 = 2, dpa
u=(2,0,—1,0) elvor pia Ao tov Az = b.

["a va tpocdlopicovpe to ydpo Aboewv Tov Ax = b, tpocdiopilovue TpdTU TO
YOPpo Moewv A’ Tov avticTolov OHOYEVOUS YPAUULKOL GuaTthpatog Az = 0, | Tov
16000VO oL TPO¢ avtd Bxr = 0, dnhadn tov

T1 — 2195 + X3 =0

(6.14)
T3 + 24 =0
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Me x5 = A\ KOL 24 = Ay €YOVUE T3 = —Ag Kl 1 = 2A + Ag. O xdpog Aboewv A’ eivar
EMOUEVAOC M| 1KOVO TNG YPAUUIKNG OTEIKOVIGNG

G:R* — R!
(A1, A2) = (2A1 + Aa, A1, — A2, A\2)
N omoia gival Eva Tpog Eva, dNAadN £YOVUE ETOUEVWDS
N =< G(1,0),G(0,1) >=< (2,1,0,0), (1,0,—1,1) > .
YUVETMC, 0 X OPOg Aboewv A Tov Ypapuptkod cuotiuatog Az = b divetal og eENg
A=u+A =(2,0—1,0)+ < (2,1,0,0),(1,0,—1,1) > .
Me aAla Aoy, ot AOVGELS TOL YPUUULIKOD cuaTnpatog (6.13) eival ta dtavicuata
(2,0,—1,0) + A (2,1,0,0) + Ao(1,0,—=1,1) = (24 2A1 + Ao, A1, —1 — A9, A\a),

OTOL O1 TUPAUETPOL A KUL Ao OLATPEYOVY OAOVE TOLG TPOYUATIKOVS aLptOponE.

6.4. Aoknosig

6.1. I1pocdiopicte TOLE Y DPOLG AVCEWMV TOV EENG OUOYEVAV Y PUUULKDV CLGTNUATOV

1 + 229 — 23 + x4 = 0
2]31 — To + X3 + Ty = 0
r1T — X9 + w3 + 24 = 0
T + 2372 — X3 =
2.1‘1 — To + T3 =

3$1+ To + X3 =

6.2. 'Ecto A = (a;;) € R™™ évog daydvia vréptepog mivakag, dniadn mivakog pe
aLCTN PG KLPLAPYIKT L ydVIo, ONANITN TETOLO0G OGTE

Z|aij\<|aii\, ’Lzl,,n

j=1

i
Amodeifte 6t1 0 A eivar avtioTpéyipog, BA. IIpotacn 5.2.
[ Yrooeiln: YroBéote 6T1 1O opoyevég Ypopupikd cvotnua Ax = 0 £xel pio un TeTpLu-
pnévn Avon z, cupPoriote pe x; pio Kot amdALTO TIUN HEYLIOTN GLVICTOGO TNG, KOl
odnynbeite o aromo.]
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6.3. Eoto

N W

2
1
0

73

"Eyet 10 ovotpo Az = b yia k60 b € R* Avon;

N W W

6

5 7
6 5
3 8
13 13

6.4. E€etdote, yopig va 10 AOGETE, KOTO TOGOV TO YPUUUIKO GUGTNUO

N NN DN
T = Ot W N W
S O Ot N e
© N O 00 = ot

Exel akplpmg pio Avom.

1
T2
xs3

Ty

6.5. No Abcete, ONAadn va TpocdlopiceTe T0 YHOPO AMDGEDY TOL, TO YPUUULIKO GVOTN-

po
((0x; + 29 + 2z4 —
r3 — T4 —
To + 2z4 +
r3 — Xy
L To + x3 + 14

X5
X5

X5

— dxg = =2
+ 226 + x7 = 2
— 2z = 2
+ 2z — x7 = 1

+ x; = 4

6.6. [1pocdiopicTte TIg TIHEC TN TAPOUETPOL A, Y10 TIC OTOLEC TO CLGTN A

r + 2y —

z

2 + 3y + 4z
dr — dy + Az

= 1
= 7
= A5

Exel Aom. o avtéc Tic THéG Tov A, va AVGETE TO YPOUUpIkd GOGTNHA, ONACON Vo

TPOGOLOPIGETE TO Y MPO AVGEDV TOVL.

6.7. 'Ecto A évag n X n Tpaypatikdsg, Gve TpLyoviKOg TivakKag (e 1N Unoevika dia-

YOVI0 oTolyEla. ATodeiEte OTL 0 A gival avTioTPEYIHOG, Kol OTL O AVTIGTPOPOS TOL

elval emiong Avo TPLY®VIKOG TivaKas.
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6.8. Anooci&te v I1potacn 6.5.

6.9. Amodeifte 6T1 £vag n X n mivokog A ival avTtioTpEYIHoS, oV Kol HOvVo av TO

OUOYEVEG YPUUULKO cOGTNUO Ax = 0 €Y €L HOVO TNV TETPIUREVT AT, © = 0.

6.10. 'Eotow A xatr B 600 n x n mpaypatikol mivokec. Anodeifte 0t o mivaxkoag AB

E1VAL AVTIGTPEYLHOG, AV KOl HOVO OV KO 01 00O TTivakeg A Kat B elval ovTioTpEYLOL.

6.11. Mehemote ™ péOodo amaroteng tov Gauss otV €191K1, aAld dtaitepo ypN-

GlUN OTIC EQAPUOYEG, TEPITTOGT, OTOL TO YPUUUIKO CUGTNUO £YEL TO 1010 TANOOC

6. TPAMMIKA XYXTHMATA

€E10MCEMV KU1 AYVOGT®V KAl O TIVAKAG TOL £1val AVTIGTPEYIHOG.

6.12. IIpocdlopiote TIG AVGELG TOV YPOUUULKOD GUGTNHUATOG

.

Ty + X9
T3

T2
T3
\ Tro + T3

+

2$4
Ty
2$4
Ty

Xyq

Iy —
Iy +
+

X5

6.13. I16ceg AOGELC €Y €L TO YPOUUUIKO CUGTN O

(1524
20zy + T3
9 — 30x3
S T
L3
T3
L 209 + 4w

6.14. Ocwpovpe £va OLOYEVEG YPAUUIKSO GOGTNUO LE M EELICDCELS KOL 7 Ay VAOGTOVG.

YrnoBétovpe 6TL n > m. Anodeigte 6t1 N H106TAOT TOL X M®POL ADGEMV TOL GLGTT IO

TOG €lval TOLAAYLGTOV N — M.

+

524
Ty
10z4
2514
Ty
Xy

Xy

+ 4+ + +

Ts
Zs
Zs
Zs
20%5

2%5

4$6

+ 7%6
+’ 27%6

X

X7

X

+

€T

Z7
X
19%7

— o= s O W

|
o o o0 o o o o

)



7. Opilovoeg

e avtd T0 KePGAaLo Ba elcaydyovpe Eva aALo ypropo epyaieio g Ipoppikng
AlyeBpag, tnv opilovaa tetpaymvikoL mivoka. H opilovca eivatl pia angikdvion, n
omola avtiotolyilel o€ KAOE TPAYUATIKO TETPAYOVIKO TIVAKA VAV TPUYUATIKO 0p10-
no. Oa peleTNoovE O1APOPES 1010TNTEC Opllovc v, Kat Oa dole Tmg pe Tn Bondeia
TOLG UTOPOVUE VO dMGOLUE Pid KOPUYN TOPACTAGT) TNG AVGNG EVOG Y PAUULKOD GLGTY-
patog pe 1d1o mAnboc eElomoemv Kal ayvaotov. Idwaitepa onuavtikd poéro tailovv
ot opilovoeg e TpofAnpaTa 1010TIH®VY, BN TO 0moio Ba pag anacyoAncel 6To £va-
10 Keopdrato.

7.1. Opropog, dmapsn Kot Hovospavo TG 0pilovcag

Ye avtn TV evotnta Ba ddcovpe Evay yevikd oplopd g opilovoag, Bo dodpe 6TL
Kot avtdv ToV TpOTO N opilovoa ival KOAL opiGuévn, kKatl Ba yvopicovue d1apopec
1010TNTEC 0PLLOVGDOV.

KdaBe mivaxa A € R™" Ba tov cupfoiilovpe kot mg
a1

Qn

OTovL a; €lval 1 1—GTN YPAUUT| TOV.

Opiouoc 7.1 'Eoto n €vag euoikdg apbuoc. Mia anewkdédvion det @ R™™ — R

Aéyetat opilovaa (determinant), av 1oy OOLV:

D1 H det sivot ypoappikn o¢ tpog kabe ypapur). AvoAvTiKOTEPO OLTO GTHOIVEL OTL,
Yo A e R" kari € {1,...,n}, oyvovv
89
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i. Ava; = d; + af, tote

deti| a; | =det | a; | +det | a

(2 (2
il. Ava; = \a,, t01¢

det | a; | = Adet | o

D2 Av dvo ypoppéc tov n x n mivakag A £yet dVo Ypapupnéc Tov 1d1eg, Tote N opilovca

ToL glvatl undév, det A = 0.

D3 H opifovoa tov n X n povadiaiov mivaxka i.covtal pe tn povada, det 7, = 1.

O opiopdg dev eEaocparilet, puoikd, tnv dmapln ¢ opilovcag. XTn GuvEyELd
0a anodeiovpe LTAPEN KOL LOVAIIKOTNTA, ONANON OTL LTAPYEL AKPLPOC Pia amelkd-
vion pe t1g wiotnteg D1, D2 kot D3.

Evteladc avaroya propovv va optoboiv opilovoeg kot yio mivakeg ond 1o K™
onmov K éva copa. Ot opifovcec Bpiockovy TN GNUAVTIKOTEPT EQOPLOYT TOVE GTO
TPOoPANHOTO O0TIHAOV, pE Ta ontoia Bo acyoinbovue cto Kepdhato 9, dmov Kat
Oa ypnoponomoovue 0pilovceg Yo Hyadikovg TETPAY®VIKOVE Tivakes. Eniong ot
opilovoeg pog d1eVKOADVOLY VO, TAPOGTIICOVIE PE KOUWYO TPOTO TN AVGT Y POUUUIKAOV
GLOGTNUATOV [E TO 1010 TAN00G e£10MCEMV KOl AYVOGT®V, KAl AVTIGTPEYILO TIVOKO

CULVTEAECTOV.

[Tpwv mpoywpnoovpe otV anddelgn vapEng Kot LovadKOHTNTS Yo OpilovsEg,
ONUELDOVOLUE OPIGUEVES UTAEG 1010TNTEG TOVE, Ol OTTOLEG €lval AUEGT ATOPPOL TOL

0pLOUOL TOV 0pLLOVGHOV.

Afupa 7.1 Eotw A € R™",

ai

Tote 1gbovv:
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1. Av avtaiialovue oo ypauués tov mivara, 1ote n opilovaa ailalel Tpoanuo,

a;

det

= —det

Q;

1. Av a¢ pia ypauun tov mivaxa npoclécovue éva ToALATAATIO UIGC AAANS YPOUUNS TOV,

n opilovaa uével avaiioioy,

det

a; + \a;

@

= det

a;

a;

1. Av o mivakag Eyel pia unoevikn ypoauur, tote n opilovad tov givar unoév, onraon av

a; = 0 paxanoro i € {1,...,n}, téte det A = 0.

1v. Av noAlarniaagidoovue Tov nivaxa eni \, Tote 1 opilovad tov nollaniaaiiletal exi \"™,

det (AA) = A\"det A.

Arooeiln.
1. 'Exovpe

a;

det | : | +det

Qa;

CLZ'—i—(lj

a;

a;

= det
Qa;
+ det

+ det

ai—i—aj

a; a;
+det | :
a; a;
a; + a;
= det
a; + a;

+ det
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OTOL GTNV TPAOTN 1GHTNTA Y PNOIHLOTOMNGAUE dVO EOpEG TNV D2, otn devTtepn Kat

otV tpitn v DI ka1 otnv tedevtaia Eava tnv D2.

ii. 'Exovpe
a; + Aa, a; Aa;
det : =det | : | +det
a; aj aj
a; a; a;
=det | : | +Adet | : | =det | : |,
a; aj; aj;

OTOL GTNV TPATN KOl 6TN devLTEPN 160N T Y pnoponommoapne tTnv DI kot otnyv te-
Aevtaia tnv D2.

1. o évav un undevikd mpaypatikd aptOpd A Exovue
det |0 =det [ X-0] =Xdet |0 ,

Omov 611 0gvTEPT 160TNTA Y pnoponommoape v D1. To anotélecua topa Emetat
OUECMS amd VTN TN GYXECT.

v. T évav un undevikd mpoayuotiko aptOpd A Exovpe, ypnoiponotovtog tny D1,

Aaq ay ay
/\CLQ )\ag a9
det(MA)=det | ~ | =Xdet| | =---=A'det| | =A'detA. O

Opioués 7.2 'Boto A = (a;;) € R™ évag wivaxag. O mivakag A;; € R o

0TO10¢ TPOKVTTEL OO TOV A av d10ry pAyovUE TNV i —GTN YPAUUT TOL KAl TNV j—OTN
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oTNAN tov, AéyeTOl eddoowy mivarxag Tov GTolKElov a;;. Tov oTolyEiov a;;. O ¢;; =

(—1)"*idet A;; Méyetar alyefpucod cvpunlipmua | GoUTapdyovTag TOL a;j.

Ozopnua 7.1 Yrdpyer axpifac pio aneicovion D . R™"™ — R, 5 onoia ikavomolel Tig
avvOnies DI, D2 ka1 D3.

Amooeiln.
Yrapln. Oewpovue €vo toyoio, aAld otabepd ot cvvéyewa, j € {1,...,n}, Ko

opilovpe avadpOUIKE TNV ATEIKOVIOT
det :R"™" — R

A= (alk) e R"" — Zaij(—l)”j det Az’j ,

i=1

pe det (a) := a, ywo 1 x 1 mivakeg pe otoryeio Evav Tpaypotiko aptbpd a. O@a anodei-

Eovpe TOPA, ETAYOYIKA O TPOC 1, OTL 1 det 1kavomotel Ti¢ cuvOnkeg D1, D2 xar D3.

a11 a2
A = ,
Q21 A22

kot j € {1,2}, éxovpe det A = ajjazs — ag2a91, Kot StomoTOVOLNE AUESHS OTL 1 det

INoan =2,

&xel Tig wdtteg DI, D2 xou D3.
210 emay®Yko Prpa vroBétovpe 6TL N det €xel Tig WoTNTeC D1, D2 v D3 y1a
n — 1, ka1 B amodeifovpe 6TL £yl ALTEG TIC 101OTNTEC KOt Yo . Me

aq
a1
Am—1
A= |a,, kot B =] la, |,
Am+1
Qn
Qp,

A 6100epOG TPAYHOTIKOG aplOUdS, £xovpe
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det B = Zb

(7.1)

7. OPIZOYXEX

1) det By,

= by (—1)" det B,,; + Z b (—

z#m

1) det B;; .

Topa, by,; = Aap;,det B,,; = det A,,;, ko1, cOppova pe tnv vnddeon g enaywyng,
det B;; = Adet A;;, @ # m. Enopévagn (7.1) diver

det B = A[ay;(—1)" det A, +Z%

"Ecto topa

a1

Qn

Tote 1oy veL

detC = Z cij(—

(7.2)

=1
i#Em

a1

Am—1
b, Ko

am—l—l

an

1) det C;

1)/ det A;;] = Adet A.

= i (—1)" det Cy; + Z cii(—

T(bp(l, Cmj = Qmj + bmj,det ij
cOpeva pe TNV vedbeomn g enaywyng, det Cy;

olvel

1=1
i#Em

ai

Am—1
A, + by

a'm—i-l

Qn

1)1 det C; .

= detA,,; = detB,,;, ¢;j = a;j, Yo i # m, Kai,
= det A;; +det B;; . Emopéveg n (7.2)
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det ' = (aymj + by) (— 1) det Ay + > ay(—1)™ (det Ay + det Byj)
Z’L:T}L

= Z aij(—l)iﬂ det Aij + Z bz‘j<—1)i+j det Bij
=1

i=1

=det A+ detB.
YUVETMC, LEYPL TOpa oci&ape 0T M det ikavomotlel tnv D1 xat ya n.
‘Eoto
ai
Qy
A=| | eR™™
A,
an

évag mivokag pe 800 1d1eg YPOUMES, ap = an,. Tote det A = Y7 a;;(—1)" det A;;.
Topa, yro i # ¢, m, ot mivakeg A;; eltvar (n—1) x (n— 1) xat €yxovv d0o ypappég idieg,
apa, coppova pe tnv vrobeon g enaymyng, det A;; = 0 yia ¢ # £, m. Eropuévog
Eyovue

det A = ay(—1)" det Agj + ap;(—1)™ " det A,,,;

(7.3) » -
= ag;(=1)""7[det Ay + (—1)" et A,y .

O nivakag A,,; tpoxdntel and tov Ay , av tn ypoppr tov £ tnv aviaridovpe TpmTa
pe v £ + 1, petd pe v £ + 2, xar ovto ko’ eENg, Katl, téhog pe tmv m — 1, dpa
det A,,; = (—1)™D~*det Ay;, ko1 1 (7.3) Siver det A = 0. Tuvendg N det tkavomoted
v D2 kot yia n.

Téhog, yia A = I, &yovpe, AapPavovtog v’ dyiv 1o yeyovos 0Tt a;; = 0 yia i # j
KOl €V ouveY el TO OTL ay; = 1 Kal TNV enaymylkr vedbeon,

det ]n = Z aij(—l)i“ det Az‘j
=1
=1-(=1)"detl,_; =1,
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onAadn n det ikavorotei kot tnv D3 kot ya n.

Movaoikotnyta. 'Eoto 6t o1 ameikovicelg D, D' : R™" — R wxavomolodv Kot
T1¢ Tpelg ovvinkec DI, D2 kot D3. Oa anodeifovpe 6Tt D = D'. Oétovpue Loimov
A := D — D' kot apkei va anodeifovpe 60Tt A(A) = 0 ywo kaOe mivaka A € R™™. Av
{e1,...,en} M xavovikn Baon tov R", 16T€ 1 i—0TN Ypappun a; Tov nivoka A ypaeetol
GTN HOPON

n

a = (aﬂ, e ,am) = Zaijej.

J=1

H A eivatl ypoppikn og mpog tig ypappég tov A, og drapopd tov D kot D’ yio Tig
omoigg voBéaape OtL £xovv oLt TNV WLOTNTO. ETopévag £xovue

Zn A1s € ejl
j1=1%171%51 n Zn
— . _ Jo=1 J2 )2 . o
A(A)—A : = E alle . ==
n ji=1 :
SN ang, €
Jn=1 "TIn"Jn n
(74) Z]nzl aljn 6jn
n €j
= E A1, A2, ** * anjnA :
j1,j2,...,jn:1
€in
Topa, av 600 and Tovg deIKTES Jj1, - - ., jn E1VAL 1GOL, TOTE TPOPAVDOG
€
(7.51) Al + | =0,
€jn
a@ov ot D, D’ éyovv vt TNV 1O1OTNTA.
Av 01 8eiKTEC J1, . . ., Jn ELVOL AVA VO d10.POPETIKOL LETOED TOVE, TOTE, EEKIVAOVTUG
amd TOV TivaKa
e
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UTOPOVUE HE M, m < M, EVOALAYEC YPOULOV Vo, 00N yNnHodue otov povadiaio Tivoko
Ly,

OTOTE, POV € KAOe evOALAYN YPAUU®DV 0AAGLOLY T Tpdonua Tov D xat D', cuve-
oG Kot TG A, Oa £yovpe

€4
(7.51) A i | =(-1)"A(I,) = (-1)"(D(,) — D'(I,)) = (-1)™(1—1) =0.

€jn
Aappavovtog topo v’ dyv v (7.5), n (7.4) diver apéomg A(A) = 0, yuo kabe A €
R™" ocvvenog D = D'. O

SOUTEPUCUOTIKE, ALOITOV, GOUEM®VA [LE TO TPOMNYOLUEVA, M opilovca evog n X n

nivako A opiletal, emaywykd o¢ tpog n, og eENg: o n = 1 kot A = (a) Bétovpe

det A :=a, kot yian > 1, pe éva toyxoio j € {1,...,n}, 0étovpue
(76) det A := Z aij(—l)”j det Az‘j ,
=1

omov A;; elvat 0 MooV mivakag Tov oTotyeiov a;;, dnAadn o (n—1) x (n—1) tivakag
TOL TPOKLTTEL ATO TOV A, av Ol ypAYOLHE TNV 1—OCTN YPOUUUN TOL KAl TNV j—0TN
otAn tov. H oyéon (7.6) Aéyetar avantuypa g opilovsag g TPog T OTHAN J.
To yeyovdg 611 10 €€aydpevo eival aveEdptnto Tov Jj, €ival GUEST ATOPPOLL TOL

Ocwpnpotog 6.1.

Aivovpe topa Eva BonOntikd anotélecpa, 0Tt KAOe avTIGTPEYIHOG TIVOKAG UTO-
pel va avalvbel og YIVOUEVO GTOLYELMIMV TIVAK®V, TO 0OTO10 Ba Y pNCIULOTOIGOVUE
otV anddelgn g endpevng Ipdtoong.

Afupa 7.2 Eotw A € R™" évag avtiotpéwiuoc nivaxag. Tote vmdpyel évag guotikog

aptOuoc r kai atoryelmoelg wivaxeg Ey, . .. | E,. tétolol wate
(7.7) A=F,---E,.

Anooeiln. T'vopilovpe oM 011 ToV wivoko A unopel koveig, e KATAAANAOLG HETA-

GYMUATIGUOVG YPUUUADV, ONANON UE TOAAUTAACIAGHO OO APLOTEPE UE TIVAKES TG
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Hopoeng Si(A), f, VO TOV HETUTPEYEL GE AVM TPLYOVIKO TIVAKO LLE U1 UNOEVIKA dla-

YOV10 GTOlYEld, OTTOTE

)\1 * *
A2
E.---EA =B = )
0 An
Topa,
1 « =% *
1 1 - * *
Si(30)-+Sn(5)B = B =
1 n
0 1

Me KaTAAANAOVE HETACY NUATIGHOVS YPUUU®V, TOAAUTANGLIALOVTOGC GEP’ EITELY TNV
TEAELTALO YPOAUUN HE KATAAANAOLS aplOuovg Kot apoip®dvtag and kabe pia and Tig
TPONYOUUEVES YPOUUES ETCL OGTE VO UNdeVIGTOOV OAa To GTOlYElN TNG TEAELTALNC
OTNANG EKTOC OO TO TEAEVLTOLO KO TPOYWPMDVTOS ALVTIGTOLY 0 TPOS TO TIGW, UTOPOv-
HE Vo TETOYOVUE TO EENG

E,---EB = I,

2ovovalovTag To TPONYOUUEVH KOTUANYOVUE GTO OMOTEALECO

To anotélecuo Tdpa TPOKOTTEL UUECHE TOALATANGLALOVTAC 0T TA APLOTE PE TPAOTA
ue (Ey)~', ev ovveyeio pe (Ey) ™!, kot obto kab’ eEng, kat téhog pe (E,) ™!, kot hop-
Bavovtac v’ OY1V TO YEYOVOC OTL OAOL O1 TIVAKEG LE TOLG OTOLOVE TOAAUTAUCLAGULE

elvotl otolyewmdels. O

Opiouéveg dhreg ypnoipeg 1d10tteg optlovomv divovtatl atny akdrovdn Ipod-

TO.0M.

Ipétaon 7.1 Eotw A € R™". Tote 1ayvovy:
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1. Av o A eivai dve tprywvicdg mivaxag, oniaon a;; = 0 yia i > j, ondte ypdpetar oty

Hopo]

A x % *
A — )\2 * * ’
0 An

70TE 1} 0pILOVTA TOV EIVAL TO YIVOUEVO TWYV JLAYDVIQWY aToLyeiwy Tov A, oniaon det A =
A\

. Avay,...,a, eval o1 ypauués tov A, tote n opilovaa tov A eivar undév, av Kar ovo av
70, OLOVOGUATA, A1, . . . , Ay EIVAL Ypaputcd eCapTnuéva.

. Evag tetpaymvikog Tivakag eival avTiaTpéynog, av Kal uévo av n opilovad tov oev
elvar unoév.

iv. H opilovaa tov yivouévov 0bo n X n mivdKkmy 1600TAL UE TO YIVOUEVO TV 0pILovamV
TV ovo mvdkwv. Eidikotepa, av A eivar évag avtiatpéyuog mivakag, tote B opilovaa
700 avTiaTPOPov Tov, det A7, 1gobtar ue tov avtiotpopo tnc opiloveag tov A, det A~! =
1/det A.

v. H opilovaa tov avdatpopov evéc mivarxa igobrar ue v opiovea tov mivaxa, det AT =
det A.

Amooeiln.

1. H anddein yivetar emaywyikd o¢ ntpog n. ' n = 2 n oyéon elval Tpo@avic
KoL, av ogyBolpe 0Tt 1oy vEL Y10 n — 1 Kot avantOEOLHE TNV n X n 0pilovco MG TPOC
NV TPOTN OTAAN, OTOTE HOVO O TPDOTOG OPOG €lvol Un UNOEVIKOG Kot £YOvpe pia
(n—1) x (n — 1) opifovca g 1dt0g LOPPNG, SLUTIGTOVOVUE AUECHG OTL 1| GYECT
Lo VEL KOL Y1a 7.

1. Me KaTtdAANAOVE HETAGYNUATIGUOVS YPOUUDV TOV HOPQOV 1ii. Kot 1v., BA. TNV

[Ipotaon 4.2, and tov mivako A TPOKOTTEL EVaAC AV® TPLYOVIKOG Tivakag B,

A ox X *
B - )\2 * *
0 An

Av yivouv m petacynuatiopol g Hopeng iv., tote €xovpe det A = (—1)"det B, emo-
HEVOG, GOPO®VA pE TO 1., det A = (—1)™A; - - - \,. YroBétovtag tdpa 6ti n det A givar
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OLPOPETIKT TOL UNdEVHS, YEYOVOS TOL GMUOIVEL OTL OAQ Ta A; €lval pn undevikd,
ONA. o Babuog Tov B, cuvendg Kal Tov A, ®¢ TPOg TIG YPAUUES ElvaL n, GLUUTE PAiIVOL-
HE OTL TO OLAVOGUATA a1, . . . , G, ELVOL YPOUUIKO aveEApTNTO. A0YIKH 1G0O0VAUO HE
avtd gival to yeyovog 6t n opilovcsa tov A undeviletat, av Kot pébvo av Tt ay, . . . , a,
elvat ypappikd eEoptnuéva.
1. Xopgova pe v [pdtaon 5.1, évag tetpayovikdg n X n tivakag A eival avtioTpé-
YOG, OV KOl HOVO av 0 Babpog tov A o¢ Tpog TG GTHAEG E1VaL 1. ZOUG®VO, PLE TO ii.,
oumg, N opilovca Tov A gival SLAPOPETIKNY TOL UNOEVOC, AV Kol HOVO av 0 Baduoc
TOL MG TPOG TIG YPOUUES elvar n. Emeldn ot fabpoi Tov A o¢ mpog T1g Ypapprég Kot g
TPO¢ TIG oTHAEG TavTilovTal, cvunepaivovpe 6TL 1 opilovoa tov A dev eival undév,
av Kol povo av o A eival avTioTpEYoc.
1v. Amodelkviovpe Kot apynv ovthy TNV 1010TNTO oTNV TEPITTOGN Tov 0 A givat
otolyelmong wivaxkag. Katomy ypnoiponotodpue avtd To anoTéEAEGHA Yo VO 00N Y-
BovpE GTO AMOTEAECO GTT YEVIKT TEPITTOOT).

‘Ecto howmdv E € {Si(N), @7, (Q)~1}, Bh. 11 (6.3) kat (6.4) i T0 cupBorioud.
TOpQOVO tE To i. 1oyvet 1ote det S;(\) = A kat det Q7 = 1. Emnpdcheta

b1 b1
bi—1 bi—1
det (S;(\)B) =det | \b; | = Adet | b | =\detB,
bit1 bit1
bn bn

KoL, copeova pe tig D1 xar D2,
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b
: by
bi—1 :
bi 4, bi—1
det (Q/B) =det | biy1 | =det | b, | =detB
: bit1
bj :
: bn
bn

aKPLPOS aVTIGTOLY O ATOJEIKVVETOL OTL

det (Q])™'B) = detB.
To TpokaTAPKTIKO HaC ATOTELEGHA Elval AOITOV OTL
(7.8) det (EB) = det Edet B,

otav o E givoal otolyeldong mivaxkac. Av topa o mivakoag A €ivol aviioTpEYnog,
onote, GOUPOVA Pe To ANupa 7.2, YPAPETOL MG YIVOUEVO GTOLYELMOMOV TIVAK®V GTN
popoen (7.7), xpNOILOTOLDOVTOG TO TPOKATAPKTIKO LG OTOTEAECHA EYOVIE
det (AB) =det(E,--- E, - B)

= det Fydet (Ey--- E, - B)

=det Fydet By ---det E, - det B

=det(F,--- F,)det B = det Adet B..
Téhog, av o A dev elval avtiotpéyipog, 1ote, cOpewva pe v iil., det Adet B = 0.
Eniong, dim A(R") < n, cvvenag, Babudg (AB) = dim AB(R") < dim A(R") < n,
onote det (AB) = 0.
v. 'Eoto kot’ apynv 6tL o A eival avtioTpEYIHog, onoTe YPAQETUL O YIVOUEVO GTOL-
YEWWSDV mvakov, A = E; - - - E,. Ene1dn npopavag ioyvet det EI = det E;, ypnoipo-
TOLDOVTAG TO 1V. £YOVLUE

det A =detE,---detE, =detE ---det EF
=det(E"---E]) =det(E,---E,)" =det AT
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Av 0 A dev eivol avtioTpéyipog, Tote 0 Pabuoc Tov A g TPog TIG YPAUUES, GUVETMOC
kot 0 Badudc tov AT w¢ mpog Tig oTHLES, eivar pucpdTEPOC TOL N, cLVETME Kt 0 AT

dev eivar avtiotpéyipog, onote det A = det AT = 0. O

XPNOIHOTOLDOVTAG TO YEYOVHS OTL 1| 0pilovsa Tov avacTpOPoL VOGS VUK 1GO0-
Ta pe tnv opilovoa Tov Tivaka, ival e0K0A0 va dlamioTdcovpe 6TL N opifovoa eival
YPOUULKT KO OC TPOG TIG GTNAEG v Ttivaka, BA. TNV Acknon 7.5. Avti i 1316t TO
Oa ypnoponoindei TNV ETOUEVN EVOTNTA.

7.2. Ynoroyiopog opillouc@v Kol EQUPROYES

Zg avtn Vv evotnta Ba yvopicovpe TpOTOLS LITOAOYIGHOU 0pllovsdv, KabmG
KOl TOL aVTIOTPOPOL €VOG Tivaka, Kol B0 SOCOLUE KOUWES TUPUCTACELS TOGO TOL
aVTIGTPOPOL €VOG Tivaka 600 Kol TNG AVONG EVOC YPOUUKOD GLUGTNUOTOS, LE 1010
TAN00G e€10DGE®VY Kal ayvOGTOV, Pe TN BonBeia optlovcav.

‘Ectm

@11 a2
A

Q21 Q22

Tote xat’ evbeiav anod Tov opicuo ¢ opilovoog Aappdvovpe det A = aq1a99 —asiaqs.
IN'a

11 Q12 413
A = Q21 Qg2 Q23 | >

31 A3z ass

LPNOLLOTOLOVTOS TOV OPIGHO NG opilovaag, Exovue

a2 @13
— a21det + (lgldet ,

32 Aa33 a3z Aa33 Q22 A23

Q22 A23 Q12 a3

detA = audet

ONAadn

(7-9) det A = aj1a92a33 — G11023A32 — Q11021033 + G13021A33 + Q31012023 — G31022013.
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To anotéheopa (7.9) TpokONTEL KOl HE TOV AEYOUEVO Kavova Tov Sarrus, dNhadn mG

e&ng: Eravaioppfavovpe t1g 000 mpdTEG GTNAEG TOL TiVAKO LETA TNV TPLTN GTNAN,

+ + +
11 Aai2 @13 Al a12
Q21 Q22 (A23 A21 A22

31 Aaz2 33 AaAzr 32

Kot oynuotiCovpe to yivopeva TOV TPLOV “Otoyoviov”’ and Tave aplotepld TPog T
KATm 0e&10, pe BeTIKd TPOOM O, KOl TOV TPLOV “Ol0ymVIny” and KAT® apleTePd TPOC
T0, TAVO 0eC1d, pe apvnTikd TPOGNHO, OTMC QUIVETOL OVOTEP®, KOl TAIPVOLUE TO
abpotopa twv €1 OpwV Tov TpokvTovy. H onuacia tov kavova tov Sarrus meplopi-
Cetal amd 1O YEYOVOG OTL OV LTAPYEL YEVIKELGT TNG YO LEYUADTEPO N, 1 > 3.

[Ma yeviko n, £évag TpdTOC LTOAOYIGHOU plag opilovoag divetat kat gvbeiav and
Tov oplopd TS O tpdmog avtog eival damavnpog, anattel ToArég tpatelc. 'Evag
GAAOG, EVKOAOTEPOC KOL OLKOVOULKOTEPOG TPOTOC, €1VUL VO, LETATPEYOLLE TOV Ti-
voko A, pe KaTtaAANAOLG HETACYNUATIGUOVS YPUUUOV TNS HOPPNG 1il. KOl 1V., GE
Evay YpapupoicodVVOUO TOL AVM TPLYOVIKO Tivaka B, Vo {PTGIULOTOL|COVIE TN OY -
on detA = (—1)"det B, 6tav yivoviol m HETAGYNUOTIOLOL TNG HOPPNG 1V., Kl Va
vtoAoyicovpe TNV opilovca Tov B ®G YIVOUEVO TOV d0YDOVI®V GTOLYELOV TOV. TNV
ovcia, ONAadT, LAOTOLOVUE TO HEPOG TNE TPLY®VOTTOINoNS 61N HEBOSO amalotpng
tov Gauss Tov avaeépetatl otov Tivako A kot vroioyilovpe v opilovca Tov dvm

TPLYOVIKOV TiVOKQ TOL TPOKVTTEL.

7.2.1. Yrohoyiopog tov aviietpo@ov £vog mivaka. Eotom A évagn X n aviietpé-
yipog wivakac. Av {e!, ..., e"} eivar n kavovikf Baon tov R”, ypnoIHOTOIO0HE (VD

deikteg yiati Oempodpe Ta dSaVOGUATA OC GTAAESG, KoL

01 AMOGELS TOV Y PAUUIKDV CLGTNUATOV

(7.10) A =¢el, j=1,... n,
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TOTE £YOVUE
(7.11) Aty u™) = (Ad', .. Au™) = (b, .. e") = 1,

cuvenag o wivakag (ul, ..., u™) elvat o avtictpogog tov A. Ta cuotiuato (7.10) puro-
polV va AvBovv, pep’ eimelv, pe T pEBodo anarolpng tov Gauss. Pvoikd n HEB0d0g
€QAPUOLETAL TAVTOY POV Y10, OO TG, CLCTNHOTO, OPOV AVTE £XOLY TOV 1010 TivaKa
GULVTEAECTMV. ALTOC 1val TPAYUATIKE VOGS TPOTOC TOL Y PNOLUOTOLEITAL KOl GTNV
TPAEN, TIG EAAYLIOTEC POPEC TOL Y peLdleTAL OVTMG O AVTIIGTPOPOG VOGS TIVUKAL.

"Evag aArloc Tpdmog avTiaTpoeng tivaka, pe tn fondeia opt{ovsdv, o omoiog Hog
divel ToV avTioTpoPo TivaKe GE KOUWYT HLOPOT, KOTAAANAOG LOVO Yi0 Be®mpPNTIKOVG
GKOTIOVG 0OV TO LTTEPPOALKA LYNAO KOGTOC TOL KAO1GTA TN Y PO TOL UTAYOPELTL-
K1 yuo v mpakn, eivar o eENg: ‘Eotw A = (a;;) € R™™ évag nivaxag kot C' = (¢;;) €
R™", émov ¢;; 10 alyeBpikd cuumAipopa Tov 6TotXgiov aj, ¢;; = (—1)"*det A;;. Oa
amodei&ovpe OTL

CA = AC = (det A)I,,

omoTE, PLOIKE, Ba £xovpe

1
7.12 A7t = .
(7.12) det A
O¢étovpe D := CA, D = (d;;). Tote
dij = Z CipQyj = Z agj<—1)i+£det Agi
(=1 =1

n
_ 1 i—1 ¢ i+l n
—E agidet (a”,...,a" ", e,a", ... a").
=1

H teAdevtoio 106t Ta TPpOKLTTTEL EVKOAO, OV OVATTUEEL KOVELS TNV TeAgvTaia opilov-
G0 ®G TPOG TNV i—0TN TNG GTNAN. Enopévmg, Aoym tng ypoppikdtntag tng opilovcag
WG TPOG TIG GTNAEC, EYOLUE

n
_ 1 i-1 ¢ itl n
dij=det(a’,...,a ,g agie’,a"™, . a")
=1

= det (CL17 . ,CLZ_17CL],CLH—1, Ce ’an) = (SmdetA,

oniadn CA = (det A)1,,, kot ond £6® TPOKVTTEL APECHOG TO LNTOVUEVO.
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Opiouos 7.3 'Ectow A = (a;;) € R™". O nivaxag C = (¢;;) € R™", 6mov ¢;; glvat to
alyeBpikd coumAnpopa Tov aj;, AEyetar mpogaptiuévos tov A, kar copBoAileton pe
adj A.

2OUQMOVA LE TOV TOPATAV® 0PLGHO, N (7.12) ypheetal Tdpa GTN LOPON

1
1 Al = j A.
(7.13) Jet Aadj

7.2.2. Ernilvon ypoppikod cvotipatog pe tn pédodo tov Cramer. 'Ecto A évog
n X n aviioTpéYipog tivakog. o tn Abon x evog ypaputkob cuestnpatog Ax = b,

Y10, TNV oTola, PLGIKE, 1oyvel x = A~th, 0o éxovpe, cOhupmvo pe tnv (7.13),

T bl
! adjA | :
detA 29 "

Tn bn

onioon
T = detA ) det (Aj;)by, i=1,...,n,
kot pe A; = (a',... a1 b, a’“, a) avtn N oxEoTN YPUPETAL GTN HOPON
det A;

(7.14) YT qetar ! "

O Wwaitepa KOPYOS avtodg TPOTOG TOPAGTUCNS TNG AVONG EVOS YPUUUKOD GLOTN-
patog Aéyetar uéfodog tov Cramer. H péBodog avtn eivor moAd ypnoun yio Oewm-
PNTIKOVG OKOTOVE, OV TPEMEL OUME VA Y PNOIUOTOLEITAL TOTE BTNV TPAEN AOY® TOV
LIEPPOAIKA HEYAAOVL KOGTOVE VAOTOINGNE TNG, TO OTO10 OQEIAETUL OTIC TOALEG TP~
£e1g Tov anattobVIaL.

Ene1dn n mponyoduevn mapotipnon Hoc Oy ETIKA LE TO HEYALO KOGTOG VAOTOIN-
ong ¢ pebdoov tov Cramer puropel va Bempnbel vrepPoiikn, avapépovpe ta ENG:
Y& TOALEG eQUPUOYEG Y PELALETAL VO EMIAVCOVIE YPOUUULKE GUGTAUOTA HE YLALAOEG
ayvodotoug. Agvmobéoovpe 0Tt £xovpe va ADGOVLUE EVa UIKPO YPOUUKSO GOGTN O, UE
Hovo eikoot ayvdcetovg. Me ) nébodo amarolpng tov Gauss propei avtd va yivel pe
£VaV LTOAOYLOTY G€ YIAL0GTA TOL devteporiénTov. Oumg, n vAoroinon g pueboddov
tov Cramer, akKOUTN KOl HE TOLS TAYVTEPOLS GNUEPLVOVE LITOAOYIGTES, OV LTOAOY1-
ocovpe Ti¢ opilovoeg oty (7.14) pe to avamTOYHATO OTMG OpioTNKaY 6TO Oemdpno

7.1, 8o amortovoe TOAAOVG GIMVES Yo £VO TETOL0 YPAUUIKO GOGTN !
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7.3. Aoknoeig

7.1. ' tpaypatikovg aptBuovg t kot s, anodeite ot

~
V)
—_

det = (t—1)(t—s)(1 —ts).

1 ts s

SOEES  a
~
~
~

®au puropovoarte, Y OPIC Vo KAVETE TOLS LTOAOYIGHOVG, VA “paviéyete” 0Tl To e§ayo-

pevo meptéyetl kabévay and Toug 000 TPATOVG TAPAYOVTIES TOL dIVOVTOL AVOTEP®;

7.2. Ocwpovpe TpaypoTiKovg aptOpois ty, . . ., t,. Amoodeigte 611

1 1 |
oty L.ty

det | ¢ & ... 2 - H (t; — ;).
. . . 1<i<j<n
VA U

Opilovoeg avTNg TNG LOPPNG KaAoLVTAL opilovaeg Tov Vandermonde.
[ YrooeiEn: ‘Otav dvo and ta ty,...,t, elvar ioa, n opilovca £xel dvo 101eC OTNAEGS,
ovvendg undevifetal. 'Ectm Aowmov o1t ta ty, . . ., ¢, €ival ava 500 S10POPETIKA UE-

TaE0 TOVG. OTovpEe GTNV AVOTEP® opilovoa t, = t Kol 0pilovHIE TO TOAVDOVULLO P MO

efng

1 1 |
t1 2 oot
(*) p(t):=det | 2 2 ... ¢
U
IIpopavag, To p eival Tolvdvopo Babpov to ToAd n — 1 kot ta ty,. .., ¢, 1 €lvor pileg

TOL p. ZUVETAG, TO p YPAPETUL GTN HOPON p(t) = ¢t — t1)(t —to) -+ (t — t_q1) KA1 O
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HEYLoTORAOULOC CLVTEAEGTNG TOL ¢, OlvETOL ATO TN GYEOM

1 1 o1

oty . e
(%%) cpi=det | 2 2 ... £,

U S

Todpa T0 anoTéAeoHO E1VOL TETPIUUEVO Y10 1 = 2, Kal, bToBETovTag 6Tt aAnbevet yia
n — 1, amod T1g (%) Kot (x*) cvpnepaivovpe apécmg 6Tt aAnbevet kat yia n.]

Eopappoyn: Yrnoroyiote t1g opilovceg TV TVAK®OV

1

1 1
11 1 1
9 14 5
Ty z w
4 116 25 |, Ll
8§ 27 1 64 125 vys
333 y3 23 (.U3
16 81 1 256 625

7.3. 'Eocto ay,...a, un undevikoi mpaypoatikol aptbpoi, avé dvo dibeopotl petald

TOVG. ATOdEIETE OTL M OV AVGT TOL YPUUUIKOD GUOTHUATOG

a1ry + agry + -+ apr, =0
2 2 2

ajry + azro + - +apr, =0
n n n —
atr; +a3xe + - +apx, =0

elval n TeTPLUUEVT.

7.4. Xpnowonowmote v [lpdtacn 7.1, yia va aniomomoete TNV anddelEn g

Aocknong 6.10.

7.5. XpNGIHOTOGTE TO YEYOVOS OTL M 0pilovsa Tov avacTPOPOL EVOC TiVAKO 1GOV-
Tal pe TNV opilovoo Tov TivaKa, Yo Vo amodei&eTe 1010TNTEG TNG 0pilovcag yia Tig

OTNAEG avOAOYEC e ekelveC Y TIG Ypapupéc. Edikotepa anodeifte Ta eENG:
i. H opilovoa eivatl ypapupkn o¢ tpog kabe otiAn.

ii. Avévacgn x n mivakog £xel 000 GTNAEC 1GEG, TOTE N 0pilovcd Tov givat Unoév.
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iii. Av avtoAlaEovpe 600 oTRAEC EVOC Tivaka, TOTE N opilovcd Tov aALGleL TPO-
OMUO.

iv. Av cg pio GTNAN €vOC Tivaka TPocHECOVE £Vo, TOAALUTAAGLO PiOG GAANG
GTNANG, T6TE M opilovoa pével ovalAoiwn.

v. Av évog n X n mivokog £xel pio undevikn otnAn, tote n opilovcd tov givat

uUnoév.
vi. Aval, ..., a" eivol ot 6TRkEG £vOC n X n wivaka A, t0te 1 opilovso tov A givar
undév, av kot pdvov av ta dtavoopata al, . .., a" sivar ypappikd eEaptnpéva.

7.6. Abote pia AOon tng Acknong 6.7 pe t fondeta optlovcdv kot g pebddov tov
Cramer.

[Yrodeiln: Tlapatnpiote Ot o wivakag A; == (al,... a1 el a1 ... a") elvar, Y
i > j, GVO TPLY®VIKOG Kol TO 6Tolyelo Tov ot 0éon (i,17) eival undév, GLVETOS KAl M

opilovcd Tov eival iom pe Unoév.]

7.7. IIpocdiopicte TI¢ AOCELS TOL YPUUUIKOD GUCTHUATOC

(

T, +  xo + T3 + T4 + rzs = 0
r1 + 229 +  4dxs + 8ty + 16x5 0
r1 + 329 + 923 + 274 + 8lzs 0
r1 + 4xy + 16x3 + 64x4 + 2565 = 0
(71 + OS2 + 25m3 + 12074 + 62525 = 0

7.8. 'Ecto z,y, 2, u, v ka1 w wpaypoatikol aptbpoi. IIpocdiopicte tnv opilovcsa tov

TivoKa

o
Il
8 8 8 8 8 8 =
w
@@@@w@@H
W W W W W W W
N
Y Y G



8. Xapot pe Ecotepiko I'ivopevo

Ta teprocdTEpPE AMO TAL PEYPL TOPO. UTOTEAEGLATO OLOTLTOON KAV Y10 TPAYUOTL-
KOUC YPOUUUIKOUES YDPOVS, UTOPOUV OUMOC EVKOAD VA YEVIKELOOOV Yo YdDpove Thvm
oe £va Ty ov copa K. Ta anoteAéopata avTOL TOL KEPUAOLIOL 1GYVOLY, HOVO AV TO
COUO E1VOL E1TE TO GOUO TOV TPUYUATIKOV 0ptOpdv R gite 10 cOUO TOV ULYOIIKOV
apBuav C. Oa copporilovpe Aomdv €00 to copo pe K kot Ba evvoovue mavta gite
MK =Rette onn K=C.

Y€ avtd 10 KEEAAUL0 O gloarydyovpe OLAPOPES Y PNGIUES EVVOLESG, EVIEAMG O10-
QOPETIKEG amd AVTEG TOL Y pnolpononoape péypt topa. Kot apynv 0o sicaydyov-
HE TNV €vvola NG VOPUOC, Hio YEVIKELGT TNG ATOALTNG TIUNG TPAYHATIK®OV 0pLOUdV
GE YPOUUULIKOVG YDPOLS, 1| OTOol0 avTleTolyilel oe kabe dtavucua Evav Un apvnTiko
aplOud Kot pag EMTPENEL £TCL VO LETPAUE TO “UéyeBog” evdg dtavdopatog. Ymap-
Y OLV TOAAOL TPOTOL VO OPIGEL KOVELG VOPUES: 1OLOUTEPA EVYPTNOTES E1VOL OL VOPUES
TOL TOPAYOVTUL ATO £VO ECOTEPLKO YIVOUEVO, Y1ALTO KAl 6€ OO OVTO TO KEQALNLO
Ba aoyoinBolue pe t€T010VC Y OPOLE. Od HEAETNICOVUE OLAPOPES LOLOTNTEG OLTAOV
TOV Y OpOV Kol B dodue 0Tt opiopéva TtpoPANpaTa BEATIOTNG TPOTEYYIONC HTOPOVV
G€ TETOL0VE Y DOPOVS VO AVOOOY TOAD EVKOAN, EVO LTS dEV lval YEVIKO COGTO OTAV

N vOpHo OeV Tapdyetal and E6OTEPIKSO YIVOUEVO.

8.1. H évvowa tov yOpov pe E60TEPLKO YIVONEVO

Mia duvatdTnTa Yo vo LETPAUE “UNKN” SLAVUGUATOV G £V YPUUULKO Y DPO HOG
divetal pe v elcaymyn g £vvolag g vopuac. H vopua amoterel yevikevon g
ATOALTNG TIUNG Y10 TPAYHATIKOVE apltOuovs. e avtn TNV evotnto Bo sloaydyovus
NV £VVO10. TOL EGOTEPIKOV YIVOUEVOD Kal Ba dovpe OpIGHEVES 1OLOTNTEG VOPUADV TOL

TOPAYOVTOL OO ECOTEPLKA YIVOUEVO.

Opiouog 8.1 ' Ecto X évag K—ypappikdg yopoc pe K=R 1 K= C. Mia aneikovi-

on
109
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I-]: X — R
v = lz]l

Aéyetar vopua (atabun, norm), av 1oy OLOLV:

(N1) reX |z||=0 < =0
(N2) VAEK VeeX |z =M [
(N3) Ve,y e X |z +yll < |zl + lyl|  (tpryovikn avicotnta).

Av og évav K—ypappiko ympo oplobel pio voppo, 10te avtdg AEYETAL Ywpog ue
vopua M atabuntog ywpog.

2nueiowon. Xt oyéon (N2) ypnoiponotovpe, yo A € K, tnv andivto Tiun tov A,
évvola mov opiletal HdVo Yo TPUYUATIKOVG 1 Y10 Hiyad1kovg optOpovg.

Hapatnpnoeg 8.1

(i) Ao ta agidpata g vopuag Enetot 0Tt Yo x € X 1oybet ||z|| > 0. [paypotikd

Exovue
0=llz—z| = llz+ (=2)| <zl + | =zl =zl + =l =2 |l=] ,
OmoL M avicotnTa 1Y vel AdY® ™G (N3) kot 1 Tpoteievtaia tooTNTA AOY® NG (N2).
(1) Ioyxver n Aeyopevn tpiywvikny avigotyta npog ta KaTm, ONAodmn
VeyeX o —yll > |zl - Iyl
IMpaypatucd Exovpe
[zl = [[(z —y) +yll < lle =yl + [y, mrady 2] — [yl < [z -yl
kat avtictowya ||yl — ||z] < ||y — 2| , and T1g omoieg Enetar apécmg To {ntovuevo.

Hapaodeiyuaza 8.1
L (R, [|-1) e llz]l == |2| Yz €R. (C,||-]) ne |lzll :==|2| Vz€C.

2. (R - [h) pe flzll = laal, z= (21, 20) (“1 vOpua”).
=1

IMpaypatikd 1oydovv:
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HNID ywtt  fjz]i =0 <= >/ | |zi|=0 <= 2;,=0,i=1,....,n < z=0.
H (N2) ywotiyio A € R, z € R" éyovpe

n n

Al = ail =Y AL |zl = AL Y fail = Al [l -
i=1

i=1 =1

H (N3) ywati ywo z,y € R"

|z +ylh = Z |z + il < Z (sl + [wil) = Z |4 +Z il = llzlli + [yl -
=1 =1 =1 i=1

3 (R, |- le) e [l = max [zi] (“Co vopHG®).
H an6dei&n 6t || - ||oo €ivatl vopuo otov R” gival modd amhn.
4. (Cla,b], [|]lo) ve [ flloo == max |f ()] (voppo peyiotov), 6mov —oo < a < b < oo.

IMpaypatikd toyvovv:
H (N1) ywti ywo f € Cla,b]

Ifllo =0 = max|f(z)] =0 < f=0.
H (N2) ywoti yio A € R ko f € Cla,b] €yovpe
IAflle = mass [\fG)] = AT mass (2] = M1
H (N3) ywrtiyw f,g € Cla,b]
15+ gl = mas |(2) + ()| < max [17(2)] + lg(o)]

< max | f(z)] + max |g(z)] = || flloo + [[¢lloc -

a<lz<b a<z<b

O1 o eVKOAEG GTN X PNON TOLG VOPUES €lvol OGEC TAPAYOVTOL ATTO E0MTEPLKA
YIVOUEVQ.
Opioudc 8.2 'Eoto X évag K—ypappikdg xydpog. Mia anekovion (+,-) : X x X —
R Aéyetar eowtepid yivouevo otov X, v V0L YPOUULIKT OG TPOG TNV TPADTT LETA-
BANTNA TNG, CLUUETPIKY], GTNV TPOYUATIKT TEPITTOGCT, KAl TETOLN OGTE Ol apliuol
(z,y) xat (y,z) va glvar ovluyeig, oTn Myadikn TePInTOOoN, Kot OeTiKd oplopévn,

ONiadn av 1eyvovy

(ET'1) (x4+y,2) = (z,2) + (y, 2) Vao,y,2€ X
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(EI'2) Az, y) = A (z,9) Ve,ye X Viek
(EI3) (z,y) = (y,2)  VayeX
(ET4) (x,2) >0 VeeX\{0}.

"Evog ypappikoc ydpog atov omoio £xel opiobei éva ecwteptkd yivopevo Aéyetat
XDPOS UE ETWTEPLKO YPIVOUEVO. .

TNV TEPINTMOT TOL O YDPOG VAL TPUYUOATIKOS, Y PTCILOTOLEITAL CLVMOVLLLA KO
0 6po¢ Evkieideioc ywpog, avti TOL TPOYUATIKOG YPOUUUIKOS Y DPOG HE ECOTEPLKO
YIVOUEVO.

Avywe x,y € X wyver (z,y) = 0, tote Aépe 011 ta 2, y givar opboychvia, Kal

YPAPoLUE CLUPOMKE = Ly .

THapaodeiyuata 8.2

1. Xvpporilovpe pe x = (x1,...,2,),y = (Y1, .- ., Yn) otOLYElD TOL K".

1. Tww K = R, opifetar dro (z,y) := 2191+ - -+ TpYy, £VO ECOTEPLKO YIVOHEVO GTOV R”,
10 Aeyouevo EvkAcideio M| kavoviko ecmTeplko Yivopuevo Tov R". €6m0TEPLKO YIVOUEVO
tov R".

ii. Mo K = C, opiletar dwa (z,y) := x191 + * -+ + TpYn €VO ECOTEPLKO YLVOUEVO GTOV
C".

2.’Eoto —oco < a < b<oo, kot X :={x :[a,b] — K /z ovveyng}.

1. 'a K = R, opiletar dwa (x,y) = f;x(s)y(s)ds éva, ecTeEPLKO Yvopevo otov X,
onradn otov Cla, b).

ii. o K = C, opiletan b (x,y) := ff z(s)y(s)ds éva ec@TEPIKO YIVOUEVO GTOV X.

Y évav ympo pe ecmteptkd yvopevo, (X, (-, +)), opiletar pe
|-]: X — R
x — £/ (z,2),

pio voppa. T'a tnv anddeign ypealdpaocte ™ Aeyopevn avicotnta tov Cauchy—
Schwarz. H avicotnta tov Cauchy—Schwarz avoagépetatl oy v kot ¢ avicoTnTo TOL
Schwarz, xvping otn ['eppavikn Bipitoypaepia, 1 g avicotnta tov Cauchy, Kupimg
ot FoAiikn Biprioypaeio, N axdua kot g avicdTnto Tov Bunjakowski, kupimg otn
Pocikn Biprioypapia.
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Afppa 8.1 (Avicodtnrta tov Cauchy—Schwarz.) Xe évav ywpo ue eawtepiro yrvouevo,

(X , (o )), 1ayver n avigotnta twv Cauchy—Schwarz

8.1) Ve,ye X |(2,y)] < Vi, 2) VY, y) -

Amnooeiln. Xy nepintoon y = 0, n (8.1) 1oydel tpopavmg. 'Eotm Lowndv y # 0. [Na
A € K woyvet, puoikd, (x — Ay, = — Ay) > 0, Kot enewdn

Oa &xovpe (z,7) — A (z,y) — X (z,9) + Ay, y) > 0. Eidikotepa, yio A := E;Z;, 0o,
Exovpe
(z,y) (z,) (z,y) (z,y)
T,x) — z,Y) — z,y)+———"=2>0,
(@) (y,y)< Y) (y,y)( v) (v, 9)

Gpo. (w, ) — 0L > 0, Inhadi) (z,y)(z,y) < (,2)(y,y), onore

(z,y)* < (z,2) (y,9),

Kot £€tol odnyovpaote apécws otny (8.1), Aaupdvovtag v’ Oyiv To YEYOVOS OTL M
eCayoyn teTpaymvikng pilog eivat yviolo avEovsa Guvaptnon, oo N Tapdywydg
™¢ elvor OeTikn. O

2nueiowon. v mepintoon Evkdeideiov ydpov, ONAadn TPAYHATIKOD YPUUUIKOV
YOPOL e g0MTEPLKO Yivopevo, N avicotnta tov Cauchy-Schwarz amodeikvdetal
andovotepo ¢ eENg: o A € R m oyxéon (x — Ay, * — Ay) > 0 ypaoetar ot
Hopon

(#,2) = 2(z, y) A + (y,y)A* > 0.
Mo va ainbeder n tedevtaia avicotnTa Yo Kabe mpaypatikd aptbpud A mpénel n
dtakpivovsa Tov TPLVOROL va gival un Betikn, dniadn

A= [(x,y)* = (z,z)(y,y)] <O,

Kot and €00 £metal apécws N {ntoduevn avicotnto. O
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O1 cuvnOiopévec avicdHTNTES Yo abpoicpata

\szyl\< Z‘xz 1/2 Z’ 1/2

Y10, Pryadtkong aptOpois x;, y;, i = , M, KOOGS KOl Y10 OAOKAN pOUOTA

}/ax( (s)ds| < ( /|x ()] ds) 1/2/| (s)>ds)"*,

Y10, CLUVEYELG CLVOPTNCELS OPLGUEVEG GTO dacTnua [a, b], amrotedobv e1dikég mept-

nThOoelg TG avicdHtag Twv Cauchy-Schwarz, kot cuykekpipuéva Y10, Tovg YOPOLE

(Cn’ ('7 )) pne (xvy) = Z?:l ngz i = (xlv s axn)a Yy = (yl, s >yn) € Cn> Ko
b

(Cla, 0], (,-) we (z,y) = [, z(s)y(s) ds.

Mpotaon 8.1 Eotw (X, (-,-)) évac ydpog ue eowrepucd yrvéuevo. Tote ue
o]l =V (z,2), zeX,
opiletar pia vopua atov X, n omoia Aéue 611 mapdyetal and 10 E6WTEPIKS Yvouevo (-, ).

Arooeién. Ot (N1) kar (N2) eivar tetpipupévec. o va amodeifovpe v Tplyovikn

avVicOTNTO, TOPATNPOVUE KAT apynV OTL Yo,y € X €yovue
lz+yl* = (& +y, 2 +y) = 2 + (2,9) + (y.2) + ly]*
= [|z[* + 2Re (z,y) + [ly|*,
Kot pe ™ Pondeta g avicdtac tov Cauchy—Schwarz Aappdavovpe
2+ gl < alf + 2l [yl + il = (el + lyll)*,
amd TNV onoia EMETAL AUECHOG 1 TPLYOVIKT] AVIGOTNTO. [

Otav avagepOUOcTE GE Uia VOPUL G £VOV YDOPO HE ECOTEPIKO YLVOUEVO Y WOPIC Vo
MV Tpocdtopilovpe, EVvooOlEe TAVTA TN VOPUO TOL TAPAYETUL OO TO ECMTEPLKO
yivouevo. Eniong, 0tav pildpe yio BEATIOTEG TPOGEYYIGELS GE X DPOLE UE ECOTEPLKO

YIVOUEVO, EVVOOVNE TTAVTO BEATIOTEG TPOCEYYIGELS MG TPOS QTN TN VOPLLOL.

ANppo 8.2 Xe évav ywpo ue eamTEPIKO YIVOUEVO (X (o )) 10 0EL ) AEYOUEVN LTOTHTA TOD
TAPALINL0YPAUUOD

(8.2) VoyeX oty +llz—yl* =2l + 2]yl
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Erniong, iwoyvet to [vOayopero Osopnua
(8.3) Va,ye X (2,y)=0 = [lo+yl*= |zl + [yl
Kl YEVIKOTEPD, Y10 X1, ..., Ty € X

84)  (wx) =0, i#j = |4+l =zl + 4 |zl

Arnooeién. TlpocOBéTovtag Katd HEAN TIg G ECELS

(1) lz+yl* = (@ +y, 2 +y) = 2l + (2,9) + (y.2) + ly|I*

(i) |z —yl]> = (z—y, z —y) = ||lz|]” = (z,9) — (y,2) + |[y|]

hoppavoope apécme v (8.2).

INa (z,y) = 0,n (1) elvar n (8.3).

Amodeikvoovpe Topa enaymyika Ty (8.4). o n = 2 1oydel, cOUEOVO pe TNV
(8.3). 'Eotm 01t toyvel yioo n = m — 1. Tote npoeavedg (z1+ -+ + Tpm1, Tm) =0,
OTOTE

lzs + -+ Bt + 2l = M2+ zal* 4 2w
= llaall® + -+ lloml?,
OTOoL N TPMTN 1GOTNTO 1IGYLEL GOHP®VO, He TNV (8.3) Kot 1 0eVTEPT GCOUP®VO LE TNV

EMUYOYIKN VTOOeon. O
e K60e mapalAnAOYPApUO TO GOPOICUO TOV TETPUYDOVEOV OA®V TOV TAELPDOV TOL

1ooUTAl UE TO GOPOICUA TOV TETPUYDOVOV TOV OL0Y®OVIOV TOL: G OLTO TO YEYOVOG

opeileTal n ovopacia “1cotnTo TOL TAPAAANAOYpappoL” Yo T oyéan (8.2).

Znueioon. Kabe voppo mov mapayetol and £va eocmTEPIKO YIVOUEVO 1KOVOTOLEL,
Om®g eldape, TNV 1I0OTNTA TOL TAPAAANAOYPApLOL. AVTiGTpo@a, urnopel va oy bet,
011 KGOe vOppa, N omoia 1KAVOTOLEL TNV 1IGOTNTA TOL TAPAAANAOYPAULOL, TAPAYETOL
and £va E6OTEPIKSO YIVOUEVO, GUYKEKPIUEVA OO TO ECMTEPLKO YIVOUEVO TTOL 0pile-

Tol 0O TOV TOTO

1
(8.5) VeyeX o (y) =g [lle+ul® e -yl
GTNV MEPITTOCT TPAYUATIKOV X DPOL, KAl 0Td TOV TOTO

1 e
®6)  VzyeX (vy) =7 [letyl’—llz—yl’+ille+iyl* —ile —iyl],
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OTNV MEPITTOGT HLYAIIKOV Y DPOV.

Me 1 Bonbeta tov Evkdeideiov ecmtepikov yivopévov otov R”, propovue topa
Vo opicovpe Oetircd opiguévong TETPAYOVIKOVG TIVOKEG.
Opiouog 8.3 'Evag n x n mpaypotikdg nivakag A Aéyetar Oetikd opiauévog, ov yuo
KaOe un undevikod davoopa x tov R" 1o ecwtepikd yivopevo (Ax, z) eivor Oetikde
apuog, (Az,z) > 0 Ve € R"\ {0}.

IToAV evkoAn dramioT@VEL Kaveig 6Tt £vog 0eTikd opiopuévoc Tivakag eivatl avTt-
otpéyipnog, BA. Acknon 8.2

21N GuvEYELN E1GAYOVLUE TNV £VVOLO, TNG LETPLKNG, KAl LETA opilovpe pia LETPLKN
pe ™ Bonbeta prag vopuag.
Opiouog 8.4 'Eotow X éva cbvoro. Mia uetpikn oto X eivaol pio anetkovion

d: X xX — R

(z,y) = d(z,y),

av 16 OoLvV:

(M1) Ve,y € X d(z,y) =d(y, ) cvupETpia

M2) Ve,y,z € X d(x,z) < d(z,y) + d(y, z) TPLYOVIKT aVicOTNTA
(M3) Ve,ye X d(z,y) =0 <= z=uy.

[ToAb eVvxoOla dramioTdOVEL KOVELG, OTL O€ £vav YOPO HE VOPUA, 1d1aiTePA, GLVE-
MG, GE EVOV Y OPO UE ECOTEPLKO YIVOUEVO, GTOV OTOL0 1| VOpUO TapdyETOl Od TO

ECMTEPLKO YIVOHEVO, 1o d(x,y) = ||z — y|| opieton pia peTpikm.

8.2. OpBoxavovikoroinon

H evotnta avth avaeépetal ota ophopovadiaio CLOTHHNTO KoL SLAPOPES EPP-
pnoyéc tovg. Kat’ apynv 0o opicovpe ta opbopovadioio GuGTAHATO, KOl €V GLVEYELN
Ba yvopicovpe peptkég 1010t TEG TOLG, KABMC KAl £vav TPOTO KOTUOKELNC KATAA-
AnAwv opbopovadioimv cuoTNUdtoVv, LEKIVOVTAC ard YPauutKd aveEapTnta dtavi-

ocuata. Eniong Ba avaeepBolpe ev cuvtopia e BEATIOTEC TPOTEYYITELS ATO YDPOLE
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TEMEPUCUEVNC OLAGTACTC, GE YDPOLE LE ECMTEPLKO YIVOUEVO, Katl Ba dovue To pdLo

opBopovadiainv cGTNUATOV GE AVTN TNV TEPITTOGCT.

Opiouog 8.5 'Eoctm (X, (-, )) EVag x®POG He ecmTEPLKO Yivopevo. ‘Eva cbvorlo S =
{z1,...,2,} C X Aéyetar oploydrvio (opboydvio choTNHa), 0V Ta GTOlYElD TOL Elval
opBoydvia petagd tovg, dNAadn av yo i # j woydel (x;,z;) = 0. Av eni nhéov
KaOe dravoopa Tov S eivat povadiaio, Snhadn |lz;|| = 1, yia x4Oe i, ondTE GLVOALKE
gxovpe (z;,x;) = 0;;, 101 10 S Aéyetar oplokavoviké (opBoxavovikd choTnue) 1
opbouovaoiaio. Av éva opBoxavovikd cOvoro S eival fdon tov X, T0TE T0 S AéyeTar

oploxavovikn 1 oplouovaoaia faon tov X.

Afppa 8.3. Eotw (X, (+,-)) évac ydpoc pe eowtepicd yvépevo kar S = {e1, ..., e,} éva

opBOopovaoiaio abvolo atoryeiwv tov X. Tote ta e, . . ., e, &val ypopuikd aveEaptnta.

Andoerén. 'Eoto A, ..., A\, € K kot Aeg + -+ M\e, = 0. Tote ywo j € {1,...,n}
gyxovpe
0= (0, ej) = (/\161 + -+ )\nen,ej)

:i&(ei,ej):i)\i(%i:/\j. |
i=1 =1

Ozopnpo 8.1 (MéBodog opbokavovikoroinong towv Gram—Schmidt.) Eotw (X , (s -))
EVAG YOPOS UE ETMTEPIKO YIVOUEVO. AV x1,...,x, € X e&val ypauuixd aveCaptnra oia-
voouata, 1ote vrdpyel éva oplouovadiaio abatnua {ey, ..., e,}, téroio wate Kabe e; va
elvar ypauIKos aovovasiog TV T, . .., T;, Kal TG OlaVOGUATA €1, . .., €, KOl Ti, ..., Ty

Va. TAPAYOVY TOV 1010 YDPO.

Arnooeilny. Emeldn ta xq,...,x, elval ypappikd aveédptnta, woyvet x; # 0, i =
1,...,n. Opilovpue Tdpa T0 Stovoouata €, ..., e, ogetng:
/
(.%’2,61) /
62 — 5172 — 7 7 61
(e1,€1)
/
/. (mmen—l) / (xnveD /
€, =Ly — € — o —

(eh,er)
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Enedn to dwovdopato i, .., z;, i < n, COVETMOG KOl TO, SLAVOCUATO. €),€h, ... €} 4,

z; , elvatl ypappikd avegaptnta, 16301 tpogavag e; # 0. Eropévag to €),, opiletan
KOA®G, ONAMON T €], ..., e, eival Kalmg optopéva. Extehdvtag npa&eic, damioto-

n

VOUUE EVKOAG EMOY®YIKA OTL, Yo i € {1,...,n}, (e,€;) =0, j=1,...,i—1,an
OTOoVL £METAl APESMG OTL TO GOOTNHA {€], ..., e, } eival opBoydvio. Oétovpe TOPa
/
C; i
e = 7=, 1=1,...,n,
ezl

Kot Taipvoovpe €va opbopovadiaio cOGTNUA, TO OTOL0 1KAVOTOlEL TOVG 1GYVPLCHUOVE
oL BePNUATOG. O
2nueiwan.

1. H andoei&n tov mponyovpévou De®mpnotog €1Vl KOTUGKEVUGTIKN: 08V ATOOEL-

xOnke anAdg N OTAPEN TOV €4, ..., €, , OALE 000N KE KAl pa HEB0SOG TPOTHLOPIGUOV
TOLG.

2. Ta eq,...,e, €€0PTOVTOL TPOPAVAOC KOL OO TN GELPA TNG 0POBOKAVOVIKOTOINGOTG
TV Z1,...,Ty .

Apeomn CLVETELD TOL TPONYOLUEVOL Oempnpatog eival 6tL KaBe ydpog Y memepa-
ouévng ddoTaong pe ecmtePlkd yivouevo £xet pia opbopovadtaio Bdon: dtatunod-

voupe auto To anotédecpa vrd popoen Iopicpartog.

Iopropa 8.1 X¢e kdbe ycopo X, X # {0}, nenepacuévng didataons pe eawTepticd yrvouevo

vrapyet pia opQorxavoviky facny. O

>1ov R" pe 1o EvkAeidelo ecotepikd yivopevo, n kavovikn tov Bdon arnotelei opbo-
povoadteio oot 10 onoio mapdyetl tov R™, eivat dnhadn pio opbopovadiaio Baon
tov R".

8.2.1. E@appoyn: Bértietn mposiyyion. Xvyva 0EAovpe vo Tpoceyyicovpe K-
TOL0 OTOLYELO €VOC 0E00UEVOL GLUVOAOL UE TOV “KAAVTEPO”, KATH KATOlM £Vvold,
duvatd tpomo. Tote wAdpe yio féitiates npoaeyyioerc. H amhobotepn mepintmon
TETOLOV TPOPANUATOV, TOL €ivol KOl N TEPITTOON He TNV onoio Ba acyoinbovue
€V GLVTOULO £0M, TAPOLSLALETOL OTAV O XDOPOS GTOV OTO10 £PYULONUOTE ElvOL YPOLL-
KOG Y DPOG UE ECMTEPLKO YIVOUEVO Kot Tpooeyyilovue and Kdmolov vTdYwWPS TOL

TENEPACTUEVNC O1AGTACTC.
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Opioudc 8.6 Eotw (X, || -||) évag ypappikdg xdpog pe voppo, Y Eva pn kevo vmocv-

voro tov X, kot z € X . 'Eva otoryeio y € Y (av vmapyet), Yo 1o onoio 1oy veL
VzeY |z—yll < lz—z,
Aéyetar fédtiotn mpoaéyyian Tov x and 1o Y.

20Vl 0TI EPAPUOYEG TPOGEYYILOVE TO = UE GTOLY ELN LTOYDOP®Y TOL X TENEPACLE-
vng otaotacnc. To Bacikd TpoPANHa 6TIc BEATIOTEG TPOCEYYIoELS ElvaL VO, ATOdET-
Eovpe v VTAPEN pLaG BEATIOTNG TPOCEYYIONGS, VO EETACOLUE OV E1VOL LOVOAOLKN
Ko, T€A0G, va avoantdfovpe Karég pebddovg vroroyiopod te. To npoPANUa ¢ av-
TNV TN YEVIKOTNTA €1vOl apKeTA OOOKOAO, TOLAAYLGTOV OGOV APOPE TOV LTOAOYIGUO
¢ BEATIGTNG TpoGEyyions. Ymapyet Evac kAadog tov Epappocpévov Madnpatt-
Kov, N Aeyouevn Oewpia IIpoceyyicemy, Tov acyoleital pe tétola OEpata. Xtnv
TEPINTOOT, OUWOC, TOV YOPOV LE ECOTEPLKO YIVOUEVO, IE TNV OTOld Kol 0° 0oy OAN-
Oovpe, Oa anodeiovpe evkoAn VTOPEN Kal povadikotTnTa, Kat Oo dovue Evav Tpdmo

Y10 TOV VTOAOYIOUO TNG PEATIOTNG TPOGEYYLIOTC.

‘Eoto Lownov (X, (-, ) évag xdpog e ec®TEPLKO YIVOUEVO, KL Y £Vag LTOY®POG
tov X menepaocpévng dtdotaons. Ave € X kot {ey,...,e,} po opbopovadiaio faon

TOL LTOYMPOVL Y, TOTE 0pilovpe TO oTOLYELO ¥ TOL Y ®G €ENC
(8.7) y=(z,e1) e+ -+ (x,e,) €y .
Topa v j € {1,...,n} éxovpe
(x =y, &) = (z,6;) = (y,¢j) = (v, €;) = (w,e1)(er,€5) — -+ — (7, €n) (€1, €n),

omote, AapPavoviog vI'oYLY To YeYovog OTL T {ey,...,e,} amotehodv opBopova-

dlaio ocvoTUO,

(8.8) (x—y,e;) =0, j=1,...,n,
dniodn to x — y eivar opboydvio pe xkabéva Tov e, ..., e, . AUECHOS TOPU GLUTE-
paivovpe 0t T0 & — y €ivot opBoydvio pe Kabe ypappikd GuvOLACUO TOV €1, ..., €, ,

oniodn pe xabe otoryeio tov Y,

(8.8") (x—y,z) =0, VzeY.
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Mo avtdv 10 LdY0, 10 ¥y Aéyetar oploywvia V| opOn wpofoin M amhdS mpofioln ToL x
GToV X Mpo Y.

®a arodeifovpe TOpa OTL LT TO Y elval TPAYHOTIKA wio PEATIGTN TPOGEYYIoN
TOL = amd ToV Y Kot €v cvveyeia 6Tt €lval 7 BEATIOTN TPOGEYYLIGT TOL T ATO TOV
Y. 'Ect® Aownov z € Y. Tote, puoikd, y — z € Y, emopéveg, ovpeova pe v (8.8'),
(x —y,y — z) = 0. Xuvenmg, cdppova pe to [ubayodpero Bedpnpua, Eyovpe

B9 Mz =zl =l -y + =2 =llz—yl* +lly — 2l > |z — y|I*,

dNAadn To y eival dvTwg pia BEATIOTN Tpocéyyion tov x and Tov Y. Emnpocheta, yia
z#y,M(8.9) 8iver ||z —z|| > ||z —y||, &po vrapyet akpifog pia BEATIoTN TPOGEYYIoN
TOL = amo tov Y.

Ynpetdvovpe akOpUn OtL, av 1o cOvoro {ey,...,e,} elval pio faon tov Y pe op-
Ooymvia petagd Tovg oTolyEia e, . .., e, , T OTOL0 OEV ELVOL AVAYKAGTIK( Lovadlaia,

10TE M PEATIOTN TpOocEyyion ¥y € Y evOg otoryeiov x divetal and Tov TOmo

(7, e1) o (z,ep)
~ (e1,e1) L (€n,€n)

(8.7

en -

[Mapactacelg Tov gidovg (8.7) N (8.7) Aéyovrtar avantiyuata Fourier £ opBoydvia ava-
rnroyuata. H mo yvootn nepintoon eival o1 aeipés Fourier TEPLOOIKOV GLUVAPTNOEWV,

pe TV omoia O 0oy 0AN00VIE GUVOTTIKA GTO EMOUEVO TAPAIELYLLAL.

A avagépovpe emmpocheta OtL T BEATIGTN TPOGEYYIGN EVOC GTOlYElOL = OTd TO
LDPO TOL TAPAYOLY YPUUUIKAE aveEAPTNTA SLAVOGUATA T, . . . , T; LTOPOVUE VO TNV
npocdlopicovpe kal an’ evBeiag Abvovtag 10 AeYOUEVO abaThua TV KavoviKoy eEl-
owagewv, Ph. Aoknoceig 8.3 xat 8.4, TapaKAUTTOVTAC £TGL TOV TPOGOHLOPIGHS Hiog
opBopovadiaiag Baong Tov xM®POL TOL TAPAYOLY T L1, ..., T,. 1O TiUNUA TOPA Oa
elvat 0TL M Tapdotacn g PEATIOTNG TpocEyyiong dgv Ba eival TAEov 1660 Koy

0G0 1 mapactocn (8.7).

‘Eva 6 0A10 oyetikd pe tov optopd tov dtavuspdtov e; otn pébodo opbokavoviko-
noinong tov Gram—Schmidt: Aappdavovtag v’ oy v (8.7), PAémovpe 6Tt 10 €]
opiotnke g M dopopd Tov x; peiov T PEATIGTN TPOGEYYIGT TOL ; ANO TOV YDPO
(€,...,¢e_1). "Etor n opBoyovidtnta tov €; mpog ta €}, ..., el | énetal apéocws anod
v (8.8).
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Hopaderypa 8.1 Eoto X = Cy := {z : [0,27] — R /z(0) = z(27), x cuveyng}
0 {OPOS TOV Govsxd)v nsptoSth)v GLVOPTNCEWMV HE TEPLOJO 27, UE TO ECOTEPIKO

YvopeVo ( fo s)ds. O ydpog

T, ={xe€Coy : x(s) =ap+ Z (v cos(is) + B;sin(is)) },
=1
ONAad T0 GOVOLO TOV TPIY@VOUETPIKDV TOAWVOU@Y BaBpod to ToAD n, €lval, Tpo-
QAVMOG, LTOYM®POG TOL X.
To tpdPAnua pag tdpa ivat, dedopévov z € X, vo tpocdiopicovpe ) BEATIOTN
TPoGEyYyIon Tov ¥y and tov T),. Ot GuvapTtNGELg
1 1

eo(s) == ——, e9i_1(s) := —=sin(is), ey := —= cos(is), i=1,...,n,

vors VT VT
oynuatiovv pia opBopovadiaia Bacmn tov 7,,. To yeyovdg 6t o oot ival op-
Oopovaodiaio amrodetkvoeTal TOAD EVKOAN LTOAOYILOVTAC TO AVTIGTOLY 0 OAOKAT PO-
pata, Kot Hetd, ocOpemvo pe to Anpupa 8.3, éyovpe kot tn ypapuikn avegoptnoia
Kol TNV 1010tnto ¢ Phoems. Emopévag, couemva e 1o TponyovUEVO YEVIKOTEPO
amotérleopua, BA. Tnv (8.7), N AVo™M ToL TPOPANHATOG Hog elval y = S,

1 2

Snx::% i ds—l——z / )dS)ei,

TO uEPIKO GOpolapua TS Aeyouevng aeipdg Fourier tng cuvaptnong x. Ot oeipég Fouri-
er Topovclalovy TOAD HEYALO EVOLAPEPOV, TOGO amd Kabuphd LadnUaTIKNG andYEmC
0G0 K01 AOY® TOL TOAD GNUAVTIKOD pOLOL oL avTéG Tailovy ota Epappoopéva Ma-
Onpotikd kot e GAAec emoTUeS. YTapy el ToAd TAovala Oempia yia cerpég Fouri-
er, Kal £vog oAOKANPpOg KAAJ0G TNG AvaAivong,  Apuoviky Aviivay, E1val aQle poUE-
VOG GTN HEAETN TNG GLUUTEPLPOPAS TOV HEPIKDV AOPOIGUATOV TETOL®V CELPOV.

8.3. Acknosig

8.1. 'Ecto (X, (-, -)) évag Evkieiderlog yopog, = € X, Y évag umdywpog tov X Kot
{e1,...,e,} pro opBopovadiaia Baon tov Y. Anodeite 11 | cuvapnon ¢ : R" —
R,

olag, ... ap) = Hx—(a1€1+~'+anen)H2,
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Exel éva poévo eldytoto otov R”, Kal paiiota yio
a; = (z,e;), i=1,...,n.

Avto anotelel o GAAN andde1En yia LTaPEN Kol LOVOOIKOTNTO TN BEATIGTNG TTpO-
céyyiong, kabag kat yia tn oyxéon (8.7).
[ Yrooeiln: Amodei&te OTL

Hx — (o eg + - —}-anen)Hz = (z,x) + Z {oz? —2(x, ) Ozi} ]

8.2. 'Eotm A évag 0eTikd oplopévoc n X n TPOyRATIKOG Tivakag. Amodei&te 6t10 A

elval avTieTpEYLUOG.

8.3. Eoto (X, (-,-)) évag EvkAeidelog ydpog, kot z1,...,z, € X ypoppiKd ove-
Eapnta dtovdopata. Anodeigte 61t o mivakog tov Gram G(zy,...,x,) = (gi5), HE

Gij = (z;,z;), elvan BeTikd opropévog.

8.4. Eoto (X, (-,+)) évag Evkheiderog yopog, = € X, kot z1,...,x, € X ypuppikd
aveEdptnta dtavoopata. Av ¢ : R" — R,

plan, .. ) = |Jo — (a4 -+ an )|

anodeifte 6TL T0 GOGTNHO
(Vo) (a1,...,a,) =0

YPAPETAL GTN LOPON

(x1,21)0n + (21, 22)0 + -+ + (z1,20), = (z,77)
(x9,z1)0n + (9, 2)g + -+ + (29, xp), = (2,29)
(Tp, x1)0n + (T, x2)a+ -+ + (Tp, ), = (x,24,)

To cvotua avtd Aéyetal avatnua Ty Kavovikwy eElamaewy, , Kol Kol 1 AOon Tov
Hog divel Tn BEATIOTN TPOGEYYLGT TOL T A0 TOV (X1, ..., Ty) -

[Toto popen Lapfavel To GHGTN U TOV KAVOVIK®OV €E16MGEMV OTAY TO GOVOAO {71, . . .,
z,} €ival opboydvio, kat Towa 6tav givar opbopovadiaio;

[Yrooeitn: T y,z € X xor a € R, €xovpe

ly—zll’ = (y—az, y—az) = (z,2)a® = 2(y,2) a+ (y.y) ]
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8.5. 'Ectm ¢ n ovvéptnon g Acknong 8.4. Arodei&te 6t

0
<8Ofi 3(1/]-)47,: - 2G<x1,...,xn) )

20VOVAGTE TOPO TIG OVO TPONYOVUEVEC OIOKNOELS Yo Vo amodeifete OTL av aq,. . .,

a, €lval m ADGMN TOL GLGTNHUATOC

(Vo) (a1,...,0,) =0,
T0T€ ¥y = a1 21 + -+ + @, o, €lvarl n BEATIOTN TPOGEYYION TOL X O TOV YV =

<$1,...,xn>.

8.6. Ecto (X, (+,)) évag x®dpog pe ecmtePLKO YIVOUEVO, Y €vag vtdywpog Tov X Te-
nepacpévng datdcemg, kot L : X — Y nanewkdvion g opboymviag tpoBoing,
oniadn, yio x € X, Lxr € Y gival n BEATIGTN TPOoGEYYIGN TOL & And TOV Y®PO Y.

Amodeifte 6T1 ) amekoOvion L eivot YpOoppik.

8.7. 'Eoto (X, (-,-)) évog ydpog pe ecmteptkd yvouevo, Y évag vmdywpog tov X
TEMEPUCUEVNG O10TAoEMG, © € X Kot ¥y € Y 1 BEATIOTN TPOGEYYIGT TOL & OO TOV
yopo Y. Xpnoporommote v (8.8') yia va anodei&ete 011

lyll < fl=|.
AxpiBéotepa, anodeifte 6TL
2] = llz = ylI* + llyl*.
8.8. Mg toug cvpporicpovg tg Acknong 8.7, av {ej,...,e,} ivarl pia opbopova-
dwaia Baomn tov Y, anodei&te OTL
lylI* = [(z, en)* + -+ |(z, ) .
8.9. (Avicotnra tov Bessel.) 'Ecto (X, (-, 1)) évag x®pog pe e0OTEPIKO YIVOUEVO,

{e1,...,en} évaopBopovadiaio cbotnpe otov X, kot x € X. Zuvévaote 11 AGKNOELG

8.7 xa1 8.8, yio va amodeifete OTL

(@ en) |+ + (=, en)* < ]|,






9. Idwotipéc, Idrodraviopato Kot Aloyovionoinon

Y€ avto T0 KEPAANLO HEAETANE dVO PUCIKESC EVVOLEG Y10, YPOUULKES ATEIKOVICELGS,
OLTEC TOV OLOTIHAV Kal TV dtodtavuopatov. Eniong 0a pac anacyoinoet to 0€pa
NG JLY®VIOTOINONG TIVAK®V, TO 0Toio, OT®MG o doLUE, CLVOEETAL GTEVH HE TIG
npoavapepbeiceg Evvolec.

9.1. Id10TIpHéG KOl 1OLOOLOVOGHATA YPURPLKOV OTELKOVIGEDV

2 auth TV evotnto Ba e1oaydyovpe TIG £VVOLEC TOV LOLOTIHAOV KOl 1O10OIOVOC LA~
TOV YPUUUIKAOV ATEIKOVICEDV GE £VAV YPUUUIKO YDPO, KAODS KAl TETPAYOVIK®OV -
vikwv. Etiong Oa opicovpe T0 1apaktnploTtikd TOAVOVLLO VOGS TiVOKQ, TNV OLOLO-
TNTO TIVAK®OV, KOl T YEOUETPIKT KOl AAYERPIKT TOAAATAOTNTO PLaC LOLOTIUNG EVOC

Tivaka.

Opiouog 9.1 'Eoto X évag ypappikog yopog, kot L @ X — X pio ypoppkn
armeikoévion. Aépe 6Tt n L apnvel Evav vndywpo X; tov X avatloiwro, av o X,
angikoviletal péow® g L otov eavtd Tov, dniadn av o L(X;) nepiéyetat otov Xy,
L(X;) C X;.

Tapaoeiyuaza 9.1
1. 'Eoto X évag ypapuikoc yopog. Kabe ypappikn aneikovion L : X — X
AN VEL TOVG LTOYMPovg {0} kot X avairoimTov.
2. 'Eoto )\ évag mpaypatikdg apbuoc, kot L : RP  — R L(xy, 29, 23) =
(Ax1,2X\x1 + 29, 23). H L apfvel, 6ToG Somotdvel Kavelg opéoOS, TOV LTOYMPO
X, :={r €R® : o= (x1,29,0)} avolroiorto.
3. 'Eoto A évag mpaypatikdg apdudc, kot L : R* — R? L(xy, 25) == (Axy, Axa).
[Ma oy ovto tpaypotikd aptbuod k, n L apnvel tov vndywpo X = {z = (x1,29) €
R? : zy = kx1} avarroiwro.

125
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‘Eoto topa X évog Ypoppikdg yopog, =1 Eva pn Undevikd S1avVuopd Tov, Kol
X1 0 yopog mov maphyetal and t0 x1, X; =< x; > . Mio YpOUUIKT OTEKOVIGN
L : X — X apnvetr tov X; axkptpog 161€ availoi®Tto, oV LTAPYEL TPUYUOTL-
KOG aplOuds A 1étolo¢ mote va 1oyvel Ly = Axy, ondte, OTOC OLUTICTOVEL KUVELC
apéoms, Ba 1oyxvel kot Lr = Az ywo k60e x € X;. Avtd to yeyovog pog odnyel otnyv
e16aymy” 000 TOAD BACIKOV EVVOLDV, O1 OTOLEC £Y 0LV 101AITEPN GNUACIO OTILC EQUP-
poyéG tov Mabnuatikov otig Pucoikég Emotnueg, avtdv Tov 1010TIHdV Kot 1010010~
VUGUATOV.

21N GUVEYELN Ol YPOUUIKOL pag yopot Ba eivar eite mpaypotikol eite pryodikol,
K=RnK=C.

Opioguog 9.2 'Eoto X évag ypappkog yopog mave oto K, xar L @ X — X pia
ypoppkn anewkévion. ‘Eva A € K Aéyetar wiotiun (eigenvalue) tng L, av vmdpyet
un pundevikod otoryeio x tov X, z € X \ {0}, této10 dote va woyvel L = Az. 'Eva
z € X \ {0}, ywo to onoio woyvel Lx = Az, Aéyetat iiodiavvoua (eigenvector) g L o
TPOG TNV LOLOTIUN A.

Av x; glvor 10todtdvocua piag Ypoupkne anetkoviong L, 16te, mpoovag, n L

AQNVEL TOV YOPO < T > AVOALOL®TO.

210 anotélecuo Tov akolovBei, Oa dovpe 6Tt 1810010VOGUATO, TOL AVTIGTOLY OVV

GE ava 00O OLAPOPETIKES LOLOTIUES, E1VAL YPUUULKE aveEAPTNTA.

ANppa 9.1 Eatw X évag ypappuiog ywpog, KaL Xy, . . . , Ty, I01001GVOGLUOTO UIGS YPOUUIKHG
ameikoviong L © X — X wg¢ mpog avd 000 O1apopetikég 1I010TIUES A1, - . ., Ap. TOTE Ta

X1y ..o, Ty EVAL YpOpIKd avelapTnTa.

Arooeiln. H anddefn Ba d00el enaymyikd og tpog m. ['ia m = 1 0 1oyuptopdg oAn-
Bevet, TPOoPUVAOS, ApOV TO X1, MG UN UNOEVIKS d1UVLGHO, E1VAL YPUUUIKA OvEEAPTNTO.
Ynobétovpe Tpa 6TL 0 1IoyLPLoRdS 1oy deL Yo m — 1 kot Oa deifovpe OTL IoYVEL Kat

yioo m. 'Eoto 0Tt cyxy + - -+ + = 0. TOte Ba €yovpe 0’ evodg
0=M,-0=XN,0121+ -+ AT
KoL aQ’ €TEPOV

0=L(0)=a1Lx; + -+ apLr, = Moqzy + - + Mo,
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Enmopévaog
(91) 0= 051<)‘m - /\1).T1 + o+ Oém—l(Am - )‘m—l)xm—l'

Amo6 avutn TN oy éomn EMETAl AUECMG, AOYM TNG YPUUUIKNG aveEaptnoiag TOV x1, . . .,
Typ—1 KA1 TOL YEYOVOTOG OTL TO Ay, E1VOL OLAPOPETIKO TOV Af, ..., A1, OTL Yy =+ -+ =
am—1 = 0. Emopévag, n oyxéon ayxy + - - - + @y = 0 YpOQETOL GTN HOPPN Ty, = 0

Kot pog 8ivel au, = 0. ZOVETMG, T 1, . . . , Ty ELVOL YPOUULKE aveEdpTnTa. [
O dodpE TOPO PEPIKES ATTAES 1O1OTNTEC 1O10JLUVUGUATOV.

Aqppa 9.2 Eotw X évag ypauuirxog ywpos navm ae éva coua K, L - X — X uia
ypoppiry aneikovian, kai, yro X € K IAX (L, A) :={x € X : Lz = \z}. Tote iybovv:
1. I'a kabe A € K, o IAX (L, \) eivar vroywpog tov X.

. Eva A € K eivar idiotiun g L axpificoc tote, av to IAX (L, \) dev mepiéyer uovo to
unoeviko oavaua, IANX (L, ) # {0}.

iii. IAX (L, M) \ {0} eivaz to advolo twv idiodiavoaudtwv e L wg mpog .

iv. To IAX (L, \) eivar o mopnivag tng amemcovians L—Nidx, IAX (L, \) = Ker (L—\idx).
v. Tia 0vo dapopetind A1, Ny, n toun twv IAX (L, \) xar IAX (L, \y) mepiéyer puévo o
unoeviro oavoaua, IAX (L, A1) NTAX (L, A\2) = {0}.

Arooeily. Tai., ii., iil., Kat iv. eivor Ttpoeavn. To v. énetal ovclaoTikd and To Afupa
9.1. T va 1o anodei&ovpe, vrobBétovpe 61t & € TIAX (L, \) N TAX (L, \y). Tote Oa
gxovpe Lr = Mz Kot Lx = Aox, GUVEN®OG Az = Aoz, OMOTE (A — Ao)x = 0, kot

EMOUEVOG, AOY® TOL OTL A\ — Ay # 0, 2 =0. O

Opilovpe TOPO 1OIOTIUES KOL 1010010 VOG AT TETPUYMOVIKDOV TIVAK®OV, K01 GTN GL-
véyeta 0o dobpe OTL O1 1OLOTIHEG HOG ATEIKOVIONG GUUTITTOLY UE TIG LOLOTIUEC TOL
OVTIGTOLY OV TiVAKO OC TPOG OTOlUdNTOTE PAcT, LTOBETOVTAC PLGIKA OTL O YPOLL-

KOG Y OPOC elval TEMEPAGUEVNC OLACTACTC.

Opiouoc 9.3 'Ecto A évag 1eTpayovikdg, n X n, Tvakog e oTolyela and £Vo GO
K, A € K™". "Eva A € K Aéyetat idtotiun Tov A, av vmapy el un Undeviko didvocpa
tov K", z € K"\ {0}, tétot0 ®dote va toyvet Az = Az. 'Eva dtdvoopa x € K™\ {0},

v10. T0 omoio toyvel Ax = Ax, AEYETUL 1010014VVGUA TOLV A ®OG TPOG TNV LOLOTIUN A.
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2nueiwon. 'Evac mpoypotikdg, n x n mivokac A, A € R™", uropel puoikd vo, Oem-
u
pnobel xar wg otoryeio Tov C™" GuUVENMOC €ival OLVATOV VO LTLAPYOLY KAl ULYOOIKES

LOLOTIHEG Kol yadtkd 1310010vOCHOTO VOGS TPOYUATIKOD TIVOKAL.

21N cuvéyela divovue €vo alyePpPikod KPLTNpLo yio Tig 1O10TIUEG €VOG TVOKOQL.
2OUP®VO LLE AVTO 01 LOLOTIUEG VO n X n wivaka eivat pileg evog moAvwvipov Babpov

n.

IIpotaon 9.1 Eotw A évag pryadikog, n X n, mwivakag. Evag uryaducog apiOuog \ eiva
axpifag tote 1iotun tov A, av det (A — \,,) = 0.

Amnooerén. To A elvat 1010TIUN TOL A, AV Kot LOVO AV TO YPUUUIKO cVGTNUO Ax = Az,
N 16odvvapa 1o (A — Al,)z = 0, &xet un undevikn Avon. Avtd OU®S, KATH Ta YVOOTA,
ovpuPaiver akpipog téte, av o mivakag A — A, dev €lval avTioTpEYIILOS, ONANdT av

n opifovcd tov undeviletar, det (A — A\[,) =0. O

Opiouog 9.4 Eoto A évagnxn pryadikdc tivakog, A € C™". To mtoAvdVLpo p, p(A) :=
det (A — A1), AéyeTal Yapaxtnplatiko Tolvmvouo Tov A.

EvkoAo pmopetl vo d10miGTOGEL KOVELS EMAYOYIKA, OTL 0 BaBUOC TOL TOALOVOHOV
p,p(A) :=det (A — \I,,), elvar n. Emopévog, cbupova pe to Oepeiiddeg Bedpnpa g
AlyeBpog, kaOe n X n Pyadikog Tivakag £XEl, LETPAOVTOUS KOl TNV TOAAATAOTNTA

TOUVG, 1 1OTOTIUEG.

‘Eoto X évag ypappikoc xyopog menepacpévng otdotacns, dim X = n, xat L
X — X pia ypoppxn aneikoévion. Av By = {xy,...,z,} kot By = {y1,...,Yn}
eivatl 0vo Bacelg tov X kot A, B ot mivakeg g L o¢ mpog By kol By, avtictolyoa,
Oewpavtog kabe popd Vv 1d10 faomn oto TEdI0 0pIGHOL KAl GTO TENLO TIHMV NG,
10 TPOPANU oL B0 PO OTACYOANCEL GTY CLVEYELD E1VAL VO TPOGOLOPIGOLUE pia
oyéomn petagd Tov mvakov A kal B.

Kat’ apynv vrapyet akptPag pia ypappikny aneikovion Ly : X — X yua v
onola woybel Lz, =y;, 7 =1,...,n. Tty avtictpoen L;* tg L woyder L'y, =
zj, j=1,...,n. Av S glvar o mivaokag g L; g mpog tig Pacerg By kot By, 6to nedio
0pPLGHOY KOl GTO TEDIO TIHAOV TNG, AVTIGTOLY O, TOTE 0 S €lvol AVTIGTPEYIHOG KOl O
S~ eivar o mivaxag g L' ¢ mpog tic Baoeig By kar B 610 medio opiopod Kot

oto medio TIHOV NG, avticTorya, PBA. tnv [Ipotaon 5.3. Enopévag, pe S = (s;;) kot
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S = (s};) €xovue

(92) Yy; = Z Si Ty KOL  T; = Z ngyi, j =1,...,n.
1=1 =1

Eniong pe toug mivakeg A kot B éyovue

(93) Ll'j = Z Q;;T; KOl Lyj = Z bijyi; j = 1, .o, n.
=1

=1
IIpocdiopilovpe twpa tov mivako e L o¢ mpog ti¢ Baoeig By kot By, 6T0 medio
OPLGHOY KOl OTO TENLO TIUDOV TNG, AVTIGTOLY U, HE dVO TPOHTOLG, Yio Vo 0onyNnBovue
otV embountn oyxéon petasd tov mvakov A kot B. ‘Exovue, cOppova pe t1g (9.2)
Kot (9.3),

n n

Ly; = Z bijy; = Z bij Z SZZIZ (Z Sﬁibij)xb
=1 =1

(=1 =1

n

n n
Ly; = E sejLxy = E S¢j E Wie; ) E E AieSej) T,
=1 =1 =1 /=1

(=1

3

j = 1,...,n, emopévag évag mivakag eivor o SB kot évag o AS, onote Ba £yovpe
SB = AS, dnhadn A = SBS~!. 'Etot odnyn0fxape otn oyéon mov avalntovcapleE.
>e Myo Qo propécovpe va dl0TLTAOGOLHE TN oy éomn petatd A kot B dtapopetikd,

HeTE and Evov KOTAAANAO OpIGUO.

Ot 1010TIHEG JOG YPOUUIKNG ameEKOVIoN G 0ev eEaptodvTal, BEPata, and pio ou-
ykekpiuévn Baon. Oa deifovpe Tdpa OTL Kat o1 Tivakeg A Kot B, TOL avTIGTOLYovV
GTNV 1010 YPAUUIKT] ATEIKOVIOT], £X 0LV T1G 101G 1O10TIUEG.

Opiouoc 9.5 Avo mivakeg A, B € K"™" Aéyovtat duotor, ov VIOPYEL OVTIGTPEWYILOG

nivaxag S € K™" tétot0¢ dote A = SBS~L.

XOoppova e to Tponyovueva, ot tivakeg A kalr B mov aviiotolyobv 6E pia Ypop-
UIKT aTelkOVIOT G TPOG dVo Pacelg, tnv idta Kabe popl 610 TEdIO0 OPLGUOL TNC KAl

070 TEDL0 TIHMV TNG, €lvat dpotot.
®a do0pE TOPO OTL OPOLOL TIVAKES £XOVLV TIC 101€C LOLOTIUEC.

IIpotaon 9.2 Eotw A, B € K"™" dvo ouotor wivaxeg. Tote o1 A ka1 B Eyovv Tig i01eg
1010 TIUES.
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Andédeiln. 'Eoto S € K™ avtiotpéyipog nivakag tétotog wote A = SBS™!. 'Eocto
ToOpa A 10totiun tov A. Tote vdpyetl un undevikod dtavoopo tov K", éotm x*, této10
wote Ax* = \z*. Enopévag, 0o £xovue, (SBS™Hz* = \x*, onote S~HSBS)a* =
ASTra* dmhadn B(S~1z*) = A(S~1z*). Apov o S7! givar avtiotpéyipog Kot To ¥ un
undevikd, kot to S~la* eivar pn pndevikod dravuopa tov K, kot and tnv tehevtaio
oyxéon ocvunepaivoovpe 6TL To A €ivatl 10toTiun tov B. Me tov 1010 akpifdg tpdmo

delyvoupe OtTL kot KaOe 1d1oTiU| Tov B gival Kat 1d1oTiun tov A, O

Av X gival pia 1310Tun tov mivaka A, TOTE T0 101031aVOGUATA TOVL A ®C TPOg

TNV WOLOTIUN A €1VOL O U1 TETPIUUEVEG ADGELG TOL OHOYEVOUE Y POUUULIKOD GUGTIIATOG

(A— AL,z =0.
Ta
ai, ... Q1np
A= ,
an1 Ann
Eyovue
ai; — A 12 A1n
ag1 Az — A Q1n
A=)\, = .
an1 an2 Apn — )\

Hapaderyua 9.2 Oa TpocdIOPIGOVIE TIC 1OLOTIUES KAl T 1010010VOGHAT TOL TiVOKQ
A

Y

1 -1 -1
A= 1 -1 0
1 0 -1

"Exovpe, avantdiocovtac mg Tpog TV TEAELTALN GTAAN,
1—A —1 —1
det (A — AI3) = det 1 —1-2A 0
1 0 —1-A

1 —1-A 1—A —1
:—det< ) — (14 M)det ( > :
1 0 1 —1—=A
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EMOUEVOC
det(A— M) =—(1+X) —(1+NN=1+1)=—(1+N\+1).

YUVETMG Ol WOLOTIHEG TOL Tivako givalt Ay = —1, Ay = 1, A3 = —i. [0 va Tpocdio-
PIGOLUE TA AVTIGTOLY O 101001AVOGHATA, APKEL VAL AOGOVIE TO, OLOYEVN YPOUULKE GL-

ompata (A — \jl3)z =0, j =1,2,3.

2nueioon. Av 6To Tponyovuevo tapddetypa, o nivakag A Bewpnbel og ameikdvion

tov R? 6TOV £0LTH TOL, TOTE ) POV WOTIUY Eivat TO A;.

Opiauog 9.6 'Eoto Ay, 1dtotipn tov mivaka A € C™" kot p, p(A) := det (A—A1,), To xo-
POKTNPLGTIKO TOALDOVULHO TOL A. AAyefpixn moALamioTnTa TNG WOLOTIUNG Ap AEYETAL O
QLGIKOG APLOUOG L1, Y10 TOV OO0 oY VEL p(N) = (A — A )P+ q(N), ue ¢ £va TOAVOVLHO
BaBuov n — up 10 omoio dev unodeviletal oto A, ONAAON N TOAAATAOTNTO TOL A G
pilag TOov YUPAKTNPLOTIKOD TOALMOVLROL ToL Tivaka A. H yewuetpixn noAlaniotyta
Prs P = dIMIAX (A, A\y) = dim{z € C" : Az = Az}, elvat to TA700G T@OV YpappIKA

aveEAPTNTOV 1010010VUCUATOV TOL A WG TPOG A

211 ovvEéy el Oa SobpE OTL ) YEOUETPIKT TOAALATAOTNTO OEV LTTEPPaivel TNV A ye-
Bpikn moALATAOTN TO.

Ipotaon 9.3 Eotw N 1di0tiun evog nivaxa A € C™" ue alyefpixn nollaniotna pu(N')
Kal yewpetpichy mrollanlotnra p(N). Totewoyver 1 < p(N) < p(N) < n.

Amnooern. H mpdtn kot 1 terevtaio avicdtnta eivol Tpoeaveic. Apkel CLVETOG va
deiEovpe 6t p(N) < u(N). Oétovpe p := p(N) kor p := pu(N). Eoctw 2!, ..., 2° € C"
ypopptkd aveEdptnto 181odtavicpate tov A og tpog N, dnhadn Ax' = Nzt i =

1,...,p. Tote, kot 0 yvo1d, veapyovv 1 ... 2" € C" tétowa dote {z!, ..., 2"}
va givor Baon tov C". 'Ecte S o nivaxag mov £yl 6THAES Ta Stavoopato ot . .., 2™,
S = (z',...,2"). Tote woyvel det S # 0, BA. TIpotacn 7.1, cuvendg o S givol avri-

otpéyipoc. Topa éxovpe Set = 2%, i = 1,...,p, pakor et = S~at i =1,...,p,

EMOUEVOG

STrASe' = STt Ax't = STH(Na') = NSt = Ve,
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Yuvenme, o mivakag STAS eival Tng popeng

N 0 * % ... %

stag= | © A

(N1, B
B 0o C |

Mo to yapaktnplotiKd ToAvdVLHO Tov A 16 VEL, ETOUEVAG,

b o S S
D, D S
D, D S

p(A) = det (A — \I,,) = det S'det (A — \I,,)det S
— et (STAS — ML) = (X' — A)?det (C — M),

omov 61N de0TEPN 1GOTNTA Y PNOIUOTOINGUUE TO YEYOVOS 0Tt det S~! = 1/det S, ov-

vemwg p < p. O

Hapaoeryua 9.3 H povn 1810tiun tov mivaka A,

S NN O
N W O O

1
2
0
0

o O O N

elvat 1o 2, pe adyeBpucn molranrldtnta téocepa, p(2) = 4. To cvompa (A—214)x =
0 éxel xydpo Moewv < («,0,0,0) >, pe o Tpaypatikov aptfpd. Zovendg 1 YEOUETPL-
KN TOAAATAOTNTA TNG WOLOTIUNG elvar éva, p(2) = 1.

9.2. Awoyovionoinomn mivakov

Xe outn TNV evotnto Bo acyoinbodue pe tn daywvioroinon mvikmv, 6o yvo-
pioovpe ddpopeg ocuvOnkeg Yo vo gival £vag TIvoKog dl0y®VIOTOINOIOG Katl Oa
avapepBoe 6To AeYOUEVO EAAYLIGTO TOAVMVLUO EVOC TETPAYWOVIKOD TIVOKO.

‘Evog mivako D = (d;;) € C™" Aéyeton diaydviog, av woybet di; = 0 yua i # j,
ONAodn av Exel un UNoEVIKA oTolyElD LOVO TN OLay®dVLO Tov. AV Aq, ..., \, €lval Ta

dtaydvia ototyeia tov D, tote cuyva yphoovpe D = diag (A, ..., \,).
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Opiouog 9.7 'Evag mivakog A € K™" Aéyetar daywviorojoyog, oV LTAPYEL AVTL-
otpéyipog mivakag S € K™ tétotog wote o mivakog S~LAS va eivarl Sraydviog,

S™1AS = D pe D daydvio wivoka.

‘Eva xpitnplo, yio 1o moTe £vag TivoKog £1val d1ay®VIOTOIGIUOS, dIVETAL GTO
akoAov0o Oedpnpua.

Ozopnpa 9.1 Evacg wivaxag A € K™" eivar axpifirs tote d1aywvionoaiog, av vrapyel

&va abvo Lo 101001avoaudTmy Tov A, ta oroia anoteioby faan tov K.

Anooeiln. 'Eoto kat’ apynv 6110 A € K™" givar dtoyovionomoipog. Tote vmapyet

nivakag S € K™ S = (s!,...,s"), té1010¢ DoTE
STTAS =diag (M1, ..., \n).

Enopévag Ba £xovue AS = Sdiag (A\i,...,\,) = (A8t ..., A\,s"), om0t As' = \;s', i =
1,...,m, ONAAON T Aq, ..., A, €lval 1010TIHEG TOL A, pE avTioTol)d 101001AVOGHATA
st .., 8" Topa ta st ..., s" elval ypappikd aveEaptnto, PA. ti¢ IIpotaceic 5.1 xat
6.3, emouévmg arotelovy Paon tov K.

Avtiotpoga tdpa, av z!, ..., 2" 1drodavicuata tov A, o¢ TPog i, ..., Ay, TOL
anotehobv Baon tov K", tote o mivakag S = (), ..., 2") eival aviioTpéyiuog kat
woyvel AS = (Az!, .. Az") = (Mt ..o \a™) = Sdiag (A, ..., \,), Gpa STTAS =

diag (A1, ..., \,), OnAadn o A givar Steyovionooipog. O

Apeon andppota Tov Oswpnuatoc 9.1 kot Tov ANppatog 9.1 eivatl to yeyovog 6Tt
évag n X n mivakag e avl 000 S1aQOPETIKEG IOLOTIUES Aq, . . . , A, €lVOL dlAY®VIOTON-

GLUOG.

IIpotaocn 9.4 Eotw A € K™" évag mivaxag e avd ovo o1apopetiKég I010TIUES A1, . . .y Ap.

Tote o A eival 010.)VIOTONGIUOC.

Arnooeily. 'Eocto x1,..., 2, 1010010vOGHATE TOV A ©C TPOG TIG OLOTIHES A1, ..., Ay,
avticTolya. XOpeova pe to Anuua 9.1 ta zq,...,x, €lval ypappikd avedptnra,

OTOTE TO UMOTEAEGHN ETETAL OO TO Oempnue 9.1. O

‘Ecto A évac n X n mpaypotikdg mtivakos. Osmpobue otov R, e tnv Kovovikn
Tov Baon, v ansikévion Ly : R — R", = — Az. O mivokog, Tov avTtieTotyel

Ge VTN TNV aneikdvion, eival, euoikd, o A. To epdTMHa gival TOpa, KOTE TOGOV
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unopei n ansikdvion vo tapoctadel pe Evav mtivaka arlodoTEPNS LOPPNG, AV ETIAE-
Eovpe AAAN, KatdAAnAn Bdon tov R". YroB&tovpe 611 0 A glval d10Y®OVIOTOUGUOG,
ST AS = D = diag(dy,...,d,) = (d;;). @ewpodpe t Baon {Se',...,Se"} tov R",
omov puotkd Set = st givar n i—6ThH oTAAN Tov S. Oa deiovue apécme Thpa OTL 0
TIVOKOAG, TOL OVTIGTOLXEL TNV L4 ®¢ TPog avty TN Paon, dev eival GALOG and Tov
dlaydvio wivaka D, yeyovog 6To 0moio oQeileTal, KOTO HEYOAO HEPOC, N ONUAGLO

TOV O10YOVIOTONGLH®V Tvakov. Tlpaypatikd £xovpe
Las’ = As? = ASe? = SS™1ASe
= SDe! = S(dje’) = d;Se’ = d;s’

(:Zdiij), jzl,...,n,
i=1

oyéon n onoia, KAt To YVOoTd, Hog 00MYEL 6T0 emBuuntd anoTéEAECHA.

Opiouoc 9.8 'Evac mivako A € C™" Aéyetal

i. epunriavég, av A* = A, 6mov A* := AT,

1. GOUUETPIKOS, AV ELVAL TPUYUOTIKOC KO GUUTITTEL ILE TOV AVACSTPOPO Tov, A € R™™
kat AT = A,

1ii. opBoycoviog, av elval TPAYHATIKOS KOl O AVAGTPOPOS TOL E1val AVTIGTPOPOS TOV,
AeR"xar ATA = 1,,.

Znueioon. Kabe ocoppetpikdg mivakag eival, Tpoeavadg, kot epuntiavog. o évav
opboydvio mivaxka A, A = (a',...,a") woydet (a',a’?) = 0y, 1,5 = 1,...,n, WBuwitepa
ol GTNAEG TOL €ival opBoydvieg petafd TV, YEYOVOS GTO OTOL0 OLTOL Ol TIVOKEC

OPEIAOLY TNV OVOUAGTO TOVG.

IIpotaon 9.5 Av A € C™" eivas évag epuntiavog mivaxag, TOTE 01 IOLOTIUES TOV Elval TPay-

natiol apifuoi.

Anooeiln. 'Ectom A pio dtotipn tov A xat x € C" €va 1dto0dtavucua Tov A ¢ Tpog A,
nradn = # 0 kar Az = Ax. Tote Oa 1oybel ko Az = Az, dpa AT = A\%. Enopévac
(Az)T = (\z2)T, onote 2T AT = AzT. Zuvenag éxovue 2T ATy = \zTax 27 Az = Mzt
N z7(\z) = Az, apa (A — N)zTz = 0. Topa, 272 # 0, 0god x # 0, ondte A — X = 0,
dNAadn o A elval mpaypatikog aptOuds. O
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21n ovvéyela, oto Osdpnua 9.2, Ba deifovue OTL 01 GUUUETPIKOL TIVOKES €lval
dayovioromoipol. Mdiiota Ba dodpe 611, av A € R™™ gival évag coppetpikdg
nivaxag, tote vapyet oploydviog mivakac S, dniadn tétoroc dote ST = STy
Tov onoio woyvel STTAS = diag(\1,..., \,). IIpwv prnopécovpe va odnynbovue ot
avto 10 Poocikd anotéAecpa, o dOGOVHIE OPIGUEVA TPOKUTOUPKTIKA OTOTEAEGHLATO

Y10 GUUUETPLKOVE TIVOKEG.

Opiouoc 9.9 Avo mivokeg A, B € R™" Aéyovtatl ophoywvia éuotor, av vdpyel opbo-
yoviog mivakag S € R™" tétoloc dote B = STAS. 'Evog mivakac A € R™" Léyetal

opboycrvia draywvioromaiog, av eivol opboymdvia OPolog He Evay dloym®VIo TivaKa.

2nueiooan. Aeod, yio k6Be opBoydvio mivaka S, 0 avdoTpoPodS ToL Elval Katl avti-

GTPOPOG TOL, 6V0 0pHoydvia dpotot Tivakeg, eivat dpotot.

YOpeovo pe to akdAovho, TPMTO TPOKAUTAPKTIKO, OTOTEAEG, 1O1001AVOGHLATO.
GUUUETPIKAOV TLVAK®OV, TOL OVTIOTOLY 0LV G& OLAPOPETIKES 1010TIUEG, eival opboyd-

Vi HETAED TOVG.

AMupa 9.3 Eotw A € R™ évag avuuetpikoc mivaxag, N, ji 000 1010TIUEC TOV KAl X, Y

avtiatorya 1010010voauata. Av A # u, 10t¢ ta x,y givar oploywvia.

Andderién. Aeob o A eivon ovppetpikdg, éxovpe AT = A Topa Az = Az, apo
(Ax)T = (\x)T, onote 2T A = \aT, enopévag 27 Ay = (AzT)y = AaTy) = Az, y).
EminpocOeta, 27 Ay = 27 (uy) = p(a®y) = p(x,y). And t11g 800 avtéc oy éoelc copune-
paivoope 6t (A — p)(x,y) = 0, onote (x,y) = 0, 0O X\ # . O

SOUPOVO, LE TO OEVTEPO TPOKOTAUPKTIKO UTOTEAECLO, GUUUETPIKOL TIVAKEG ILE OVEL

dVO O10POPETIKES 1010TIHEG Elvat opHoydVLA 10 Y®OVIOTOINGLUOL.

IIpotaon 9.6 Eotw A € R™" évag avuuetpirog nivarxag, Ue avd 0vo o1apopeTikés uetal

TOUG IOLOTIUEG N1, . . ., A\p. TOTE 0 A ivar opBoymvia draywviomoiayog.

Anddeén. 'Eoto !, ..., 2" 1810davicpata tov A ¢ Tpoc TG 1O0TIHES Aq, ..., Ay,
avtictorya. Xwpic BLaPN TN yevikdTNTUC propodue vo. deydovpe 6t ta zt, . .., 2"
elvar povadiaia, dnradn ||z°|| = 1, i = 1,...,n. Emnpocheta, cOppmva pe to mpon-

yovpevo Afupa, ta xl, ..., 2" gival avé 6vo opBoydvia peta&d Tovg, GLVETMOG 1oy VEL



136 9. IAIOTIMEZ, IAIOAIANYZMATA KAI ATIAT'QNIOIIOIHEH

(z,27) = &35, 1,5 = 1,...,n. Tdpa, o wivakag S, = (z!,...,2"), eivar opBoyd-

viog kot toyvel STAS = ST(Azt, ..., Az") = ST (At ... \2™) = STSdiag (\y, . . .,
An) =diag (A, ..., \,). O

Metd and to TpoNyoOUEVH dVO TPOKATAPKTIKAE OTOTEAECUATO EIHOOTE TOPO CE
0éom va dwcovpe kot To Pacikd amoTEAEGUN. ENUEIOVOLUE OTL 1IGYVEL KOL TO AVTi-
GTPOPO OWTOV TOL ATOTEAEGUATOG, 1 ATOOELEN TOL OTOLOL Elval HAAIGTA TOAD EVKO-
Lotepm, PA. TNV Acknon 9.15.

OzoOpnpo 9.2 Kabe n X n gouuetpixog nivaxas eivar oploywmvia 010, ymviomomaipog.

Arnodern. H anddeEn Oa dobel enaywyikd o¢ ntpog n. 'a n = 1 1o anotéiecua
elvol Tpoeavég. 210 enaymylkd Brpo, vrodETovpue 6TL O IGYLPLOUOS HAG LOYVEL Y1d
(n—1) x (n — 1) mivokeg kot Oo deifovpe O6TL oY OEL KAl Y10 1 X N TIVOKEG.

‘Eoto A € R™™ évag ocoppetpikdc mivakag, A; pia 1drotipn tov kot o' éva avti-

otoryo povadiaio 1drodiavocpa. Tote vrdpyovv z2,...,2" € R” té10100 DOTE TO
covoro {z!,..., 2"} va arotelei opBopovadiuia Baon tov R™. O wivakag S, S =
(x',...,2"), elvar opBoydviog Kat 1oy vEL
Mzt xl) o0 o«
Ap (22, 2h)
STAS = ST(\at, Ax? ... Ax™) = ’
B
Ap(x™, 2t)
)\1 * *
0
= )
B
0

6mov B évag (n — 1) x (n — 1) mpaypaticdg mivaxag, B € R™ "1 Agov o mivaxog
A givar ovppetpikde, 0a Exovpe (STAS)T = STAT(ST)T = STAS, dnhadn o STAS
€1VAL GUUUETPIKOC, OTOTE, GOUPM®VA LE TO, TPONYOVUEVA, O £YEL TN LOPON

A0 ..o 0

0
STAS = ,
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Kol 0 B givatl emiong ocvppetpikds. Topa, copemva pe TNy vroddecsn e enaymyng,
vrapy et évag opBoydviog mivakag T € R* " této10¢ dote TT BT = diag (Ms, . . .,

An)- ®éTovpE TOPO

1 0 . 0
0
Tl = .
: T
0
KOl €Y OVUE
A 0 . 0
0
(ST)TA(ST)) = TE(STAS)T, =TT | . Ty = diag (A, ..., \n).

0

Topa, o wivaxag ST eivar opBoydviog, kKol £T61 CUUTEPAIVOVIE OTL O LGYVPLGUOG

HoG 1oy OEL KAl Y10, 12 X N GUUUETPIKOVGS Tivakes. [

9.2.1. To ehdyioto ToAv@VLRO €vOg Tivaka. 'Ecto A € K™ évag mivaxkag. Enet-

81 n diotacn tov ypoappkoo yodpov K™ givar n? kot ot Suvapeig A% i = 0,...,n2,
’ ’ 2 ’ , ’ ’
elvar otoyeia tov K*" ta I,, A, ..., A" givar ypopuka eEoptnuéva. Emopévac
. . . , , , n2
LVTLAPYOLY Qy, . . ., Apz, OYL OAa undév, Tétola wote agl, + oA + - + a2 A" = 0,

0 € K™, dnhadf vrdpyet un undevikd toivdvopo Badupod to mold n?, tov oroiov o
nivakag A eivor “pila”. To 0€pa mov Bo pog anacyoAncel oTn cLuvEYELD Elval KOT
OGOV LITAPYEL PN PNdEVIKO TOALOVLRO P, Budpov pkpdTtepov Tov n?, 161010 OGTE O
A va givon “pila” tov, P(A) = 0. To Bacikd anotérecpa £dd eival to Oedpnpa ToV
Caley—Hamilton, cOppova e 10 0moio T0 Y OPUKTNPLOTIKO TOAVMVLIO EVOC TIVOKA,

Babuod n, £xetl avTN TNV OLOTNTA.

Opiouos 9.10 'Ecto A évag n x n mivakag, A € K™". To molv®Vopo p Tov eAdyL-
6Tov duvaTol Babuoy pe pey1eToPAOI0 GLVTEAEGTT, ONANON CLVTEAECTN TNG LEYO-
AOTEPN G SOVAUNG TOov, TN Hovada, yia To omoio toyvel p(A) = 0, Aéyetal eldyiaTo

TOADOVOLUO TOV A.

To eAay16TO TOAVOVLHO EVOC TIVOKO €1VOL TPOPAVAS LOVOGTLAVTO OPLGUEVO.

IMpaypatikd, av venpyxav V0 dAPOPETIKA EAAYLICTO TOALOVLHA p KAl ¢ £VOG Tivak
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A, 10te M OLapopd Tovg Bo NTav pikpdTEPOoL Pabuov Kat Bo tkavomrolovce T Gy Eon

(p—q)(A) =0, dNAadn ta p Kat g dev Ba \Tav ELAYLGTA TOALOVLUA, (TOTO.

ANppa 94 Eotw A € K", p 10 eldyiato molocdvoud tov, kar P éva molvavouo yia to

onoio 1gyvel P(A) = 0. Tote to p diaipet to P.

Arooeiln. Amd Tov oplopd Tov p Emetal 6Tt 0 Pabudg tov gival to TOAL 6G0G Kat
0 BaBuoc tov P. Emopévag woyvel P = pg + 7, 1€ TOALADOVULUO ¢ KOL 7 TETOL0. DOTE
0 Babudg tov r va gival pikpodtepoc tov Pabuod tov p. Oélovue va deifovpe OTL TO
r elval To undevikd molAvdvupo. Av vmoBécovpe, TPOg GTIYUNV, OTL aLTO OV glvat
ainBéc, Oa eiyape ae’ evog r(A) = P(A) — p(A)q(A) = 0 kat o’ etépov o Padudg

Tov 7 Ba oV rKpOTEPOS TOL Babuod tov p, dtomo. [
211 ovvéyeta Ba dovpe OTL OPOLOL TIVAKES €Y 0LV TO 1010 EAAYLOTO TOAVMOVLLLO.
ANppo 9.5 Ouoior mivareg Eyovy 10 010 EAAY1GTO TOAVDVVLLO.

Andédeiln. 'Eoto A, B € K™ opotot mivaxeg, dnhadn B = S~1AS pe S € K™™. Avi
glval évag euotkoc apdpds i to undéy, tote B = (S71AS) = ST1AS ... ST1AS =
STLALS, xon, akpiPoc avtictorya, A = SB'S™!. Enopévag, av Y10 KGmTo1o Toludvu-
1o p oyvelp(A) = 0, 0o xovpe entong p(B) = S71p(A)S = S710S = 0. Avtictpoga,
av Y10 KGmolo tolvdvopo g woybel ¢(B) = 0, Ba éxovpe gniong q(A) = Sq(B)S™! =
S0S™! = 0. And ta avotépm netal eOKOAM, av AAPOVUE LT OYLV HAC Kl TO YEYOVOS
OTL TO EAAY1OTO TOAVDOVULHO VG TTivaka opileTal povosnuavta, 6Tt ot Tivakeg A Kot
B €yovv 10 1610 €EAGY1GTO TOALV®OVLHO. [

Yoppova pe to akoAovbo Paocikd arotélecspa, tov Caley-Hamilton, évag miva-
Kog eivor “pila”, pue £€vvola mov yivetol Gapng 6To Oedpnuo, TOL YUPUKTNPLETIKOD
™G ToALOVOHoL. Evod Aowmov péypt tdpa EEpape 6T1 0 BaBROC TOL EAAYIGTOL TOAL®-
VOOV £VOC n X n Tivako eival to mold n?, tdpa Oa Sovpe 6Tt avtdc o Padudc eivar
TO TOAV n.

Ozopnua 9.3 (tov Caley—Hamilton) Av p eivar 1o yapaxtypiatiKé nolo@dvouo evog mi-
vaxa A € K" téte 1ayver p(A) = 0.

Arndderén. 'Eoto p(t) = (=1)"(t" + a1 t" '+ +ap),pe oy € K, i =0,...,n— 1.
Enedn, ovpeova pe v (7.11), woyder (A — Al,)adj (A — AL,) = det(A — \,,)1,,
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Exovpe, AapBdvovtag v’ OYLY Kol TOV 0PLoUd TOL XOPAKTNPLGTIKOD TOAL®VOLOD,
(9.4) (A—A,)adj (A — AL,) = p(N) .

Topa o adj (A — AI,) €xel oTolygio mOAL®OVLHO ©G TPOG A Babpod to ToAd n — 1,

punopel GLVENMOC VoL YPAPEL GTN LOPON

9.5) adj (A —A,) = By + B\ + -+ B, A" 1.

Amo 11¢ (9.4) ko (9.5) Aappavoovpe

(9.6) (A—AL)(By+ BiA+ -+ B, A" ) = (=1)"(\" + ap A" - Fap) ],

20OYKPLOT GLUVTEAEGTAOV GTa OV0 PHEAN NG (9.6), ONAAOT GUYKPLOT TOV CLUVTEAECTOV

101V OLVAUE®Y TOV A, Hog divel

ABO = (-1)”0&0]71
—BQ + ABl = (—1)"a1[n

—B,_2+ Aanl = (_1)71&”71[”
By = (—1)",.

[MoAramrlacialovtag avtég T1¢ oyéoelg pe I,, A, ..., A" avtioctolya, Kol Tpochéto-

VTOG Kot HEAN Aappdvovpe
0= (=1)"(aol, + -+ a, A"+ A™),
oniadn p(A) =0. O

2vvovalovtag to Afupa 9.4 pe 1o Oempnua 9.3 0dnNyoLHACTE APUECHS GTO OKO-

hovBo amotéhecpa.

[épropa 9.1 To eldyiato molvavopo evog TivarKa SLaLpel To YOpaKTHPLITIKO TOD TOAVCD-

vopo. O
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9.3. Aoknoelg

9.1. [TpocdiopioTe TIG IOLOTIUES KOl TO OVTIOTOLY A 101010 VOGUATO TG UTEIKOVIGTG
L : R — R* L(x):= Az, 6nov

1 0 -1
A= 1 2 1
-1 -1 1

9.2. 'Eotow X évag ypoppukog yopog, L = X — X évag 1Gopopplopos, A pia
woTun ¢ L, katr z éva 1dtodibdvocuo g L o¢ mpog TNV 1010Tiun A. Amodeifte
ot 10 A givan d1dpopo tov undevog. Ilpocdiopiote pio drotipf g L1 kan éva
1010010VLUC UG TNG MG TPOG CLTT TNV LOLOTLUT.

93. Ecto L : X — X plo ypappikn anetkdvion, Kot x £va 191001avoopo e L g
npoc TNV WoTun A. Ilpocdiopicte pia O10TIUY KOl VO AVTIOTOLXO 131031 VLCHO.
NG YPOPHIKAG aretkoviong L2 := Lo L.

94. Eocto L, M : X — X ypapuikéc ansikovicelg. Avn M eival éveon, OnAaon
Eva TPoG Eva, Kal x £va 101001avucua TG Lo M o¢ Tpog TNV ISL0TIUN A, TPOGOLOPIGTE

pio dtoTiun xat £€vo ovTicTolyo 10todtdvucsua ¢ aneikoviong M o L.

9.5. Anodeifte 0T évag mivakag A € R™™ givar akpifag 16te avtiotpéyipog, av to

Unodév dev eivat 1010TIUN TOv.

9.6. 'Eoto A € R™" évag Gvo tplyovikog wivakoag A € R™". Tlpocdiopicte Tig
LOLOTIHEG TOV.

9.7. IIpocdiopicTte TIC OLOTIHES KAl TO, 1010O10VOCUOTO TOL TIVOKOL

N

Il
BN W
N O N
W N
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9.8. IIpocdiopicte TV aAyeBpikn Kot TN YEOUETPIKN TOAALATAOTNTA TOV TPOYLO-
TIKAOV 1010TIU®V TOL TIVOKA

7T -1 =2

-2 2 10

9.9. 'Ecto
3 6 6 —2
-2 -5 -6 2
2 4 5 —2
4 6 6 3

A=

IIpocdiopicte, av vIAPYEL, EVAV dLAYMDVIO TIVOKC OLOL0 TOL A.

9.10. Eoto n € Nxat A € R*™2" Anodeifte 611 0 mivakog A éyet TovAay1GTOV

pio TPAyHOTIKN 1010TIun.

9.11. 'Eoto
) 10 5 10
A= — —
G 5 14 2
10 2 —11

IIpocdiopicte £vav dtaymvio Tivoko Opoto tov A.

9.12. EEetdote Kotd TOCOV Ol TIVAKEG

3 —4 0 5
- b=l 1 -1 0 1
A= 05 4 |,B=|0 3 2/|,xmC:=
2 -3 1 4
— 0O -1 0
0O 001

€lval 010 y®VIOTOINGIUOL.

9.13. (Avicotta tov Gerschgorin.) ‘Ecto A = (a;;) €vag n x n mivakag kot A pio

1d1otiun tov. Anodei&te Ot Yo kdmowo i € {1,...,n}, 1oydet

n
jais = A < lagg],
j=1

i
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oniadn kabe drotiun A Bpioketal e KATOLOV KOKAO GTO ULY0O1KO EMinedo, pe Ké-
VIPO a;; Kol aKTive Z%}z la;;|. Ot kOKAol avtol Aéyovtar Kk Aot Tov Gerschgorin. Me
avtdV ToV TPOTO OV néoc&opi@ouus QULGIKA TIC WOLOTIHEG EVOC TIVOKA, UALG EYOVUE
ot d1ebeon pag pio pEB0do EVIOTICUOD TMOV.

[Yrodeiln: 'Eotw x €vo avtictolryo 1dtodtavocua. Av x; elval pia Kot andAuTo TIUN

HEYLOTT CLVIGTAOGA TOV x, TOTE Ba EYovpe

n

(aii — A)ZL‘Z = Z aijxj.]

Jj=1
J#i

9.14. Xvvdvdote 11 Aoknoelg 9.5 kat 9.13, yia va anodeiete 0TI £vag mivakag,
LE QLGTNPA KLUPLOPYLIKT] OLOYDVIO, EIVAL AVTICTPEYIUOS, VO aT0dEIEETE ONAAON TNV
Acknon 6.2.

9.15. 'Eocto A € R™" évag opBoydvia dtoyovioronoipog tivakas. Amodeifte 6t o

A glval GUUUETPLKOC.
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®G TPOG TG OTNAES, 47, 75 1o TOGN YPOUUUKOD Y dpov, 29
BaBuoc mivako g Tpog TG YPOUUEG, 47 nenePUSHEV, 29
Babuoc mivaka wg Tpog Tig oTnAeg, 47 dwatetaypévo Levyog, 3
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gikova, 4
EKOVO YPOUULIKN G arelkdviong, 39
ehMlocoVv Tivakag, 93
gAY 10TO TOALVOVLLO TTivaka, 137-139
éveon, 4
EMOVENUEVOC TIVOKAS YPOUUIKOD GUGTHUATOG,
81

gpuntiavog Tivakag, 134
€£0MTEPLKO Yvopevo, 111

EvkAeidetlo, 112

Kavoviko, 112
gLy abpoilopa YpapKOV Yopov, 31
EvkAgideio ecmtepid yivopevo, 112
EvkAgideiog ydpog, 112
¢peon, 4

OeTikd oplopévog wivakog, 116, 122
Oedpnuo

IMvBayopeto, 115

tov Caley-Hamilton, 138

1dtod1dvocua
YPOUUIKNG amelkovicews, 125, 126, 140
mivaka, 127, 140, 142

1OLOTIUN
YPOUUIKNG amelkovicews, 125, 126, 140
nivakao, 127, 134, 140-142

1o0d0VOLO YPOUULKE cvoTypata, 71

LOOLOPPLGUOG, 59

LOOLOPPOL YPUUULKOL Y dPOL, 59

1oOTNTO TOL TAPAAANAOYpappov, 114, 115

Kavovikn Baon, 22

KOvovikd ecmteplkd yivéuevo, 112
Kovovag tov Sarrus, 103
KOPTESLAVO YIVOUEVO, 3

KALLOK®TOG Tivokog, 48

ADOM YPOAUULIKOV GLGTAHATOG, 70

pébodog

amaAiolpng tov Gauss, 83, 88, 103, 104
opbBokavovikonoinong tov Gram—Schmidt, 117
tov Cramer, 105, 108

petpikn, 116
U1 OHOYEVES YPOUULKO cUCTN U, 79

vopua, 110

peyiotov, 111

ouddoa, 6

afeiavn, 7

OMOYEVEG YPOUUUIKO cvoTN O, 70
opotlot mivakeg, 129
oponopuiinAtkoi vrdywpot, 79
omicfodpouncn, 83, 84

opn mpoPfoirn, 120

opboydvia daymviorotnoipog Tivakag, 135, 136,

142

opBoydvia dravdouata, 112
opBoydvia tpofoirn, 120
opBoydvia dpotot Tivakeg, 135
opBoydvio avartoypa, 120
opBoydvio cbotnpa, 117
opboydviog mivakag, 134
opBokavovikn Baon, 117
opBokavovikoroinon, 116
opBokavovikd cvotnua, 117
opBopovadiaia Baon, 117
opBopovadiaio cbotnua, 117
opifovoa, 89, 91, 93, 96, 98, 99, 102, 107, 108

tov Vandermonde, 106

nedio opiopov, 4
nedio Tipov, 4

mivokog, 45

avo Tpryovikog, 52, 99, 140
avtioTpéyipog, 142

YPOUUIKNG OTEIKOVIGEWS, 57
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dtayoviortomaipog, 133, 134, 141 cvoTNHa

daydviog, 141 opBoymvio, 117

epunTiovog, 134 opBokavoviko, 117

Betikd oplopévog, 116, 122 opBopovadiaio, 117

KAMUOK®TOG, 48 GUOTNHO KOVOVIKOV eElodaeny, 122
opboydvia dayoviorotioipog, 135, 136, 142 copa, 9

opBoydviog, 134

GToLXEHBNC, T3 TETPAYOVIKOG TTivakac, 46

coppETpiK6C, 134-136 TPLYOVIKT avicotnta, 110, 116

GULVTEAEGTOV, 69 Tprymvonoinon, 83

tou Gram. 122 TpLy®vomoinom nivaka, 49

TOALOTAOGLOGUOC TIVAK®V, 53 vomog Tov duotaoswy, 41
noAlanAoclactég, 49 vrdympoc, 16
TOAAATAO TN TA LOLOTIUNG

aAyeBpikn, 131, 141 XAPAKTNPLOTIKO TOAL®OVLHO Tivaka, 128, 138,
veoueTpikn, 131, 141 139

mocodeikteg, 2 ADOPOG

npaEeic pe mivakeg, 52 Evkigidetog, 112

npofoin, 120 AOoE®V YPAUUIKOL GLGTAHATOS, 70

TPocapTNUEVOC Tivakag, 105 LLE E6MTEPLKO Yivopevo, 109, 112

npdcheon mvakmv, 52 pe vopua, 110

IMubayodpero Bewpnua, 115 TOV YPAUUDV Tivoka, 47

TUPAVOS YPUUUIKAC anelkoviong, 39 TV GTNAOV Tivaxa, 47

oelpég Fourier, 120

otabun, 110

oTtNAeg Tivaka, 45

otabepdg dpoc, 69

otafuntoc ympog, 110

otolyeia mivaka, 45

OTOLYEIMOELG LETUCYNUATIGHOL YPOUUDV, 46
OTOLYELDOELG LETOCYNHOTIONOL GTNADY, 73
OTOLYELMONC Tivakag, 73

GULUUETPLKOG Tivakag, 134-136
ovunapdyovtag, 93

oovpporo tov Kronecker, 20

ovvheom, 5

obvoro, 1



