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Eisagwg 

'Estw C m�a algebrik  probolik  kampÔlh gènou g � 2, orismènh p�nw apì to alge-

brik� kleistì s¸ma k, qarakthristik  p � 0. E�nai gnwstì ìti h om�da twn automor-

fism¸n G th C e�nai peperasmènh. Se aut  thn ergas�a meletoÔme thn dom  twn om�dwn

automorfism¸n merik¸n sugkekrimènwn oikogenei¸n kampÔlwn. Epitrèpoume oi oikogèneie

kampÔlwn pou melet�me na èqoune kai idiìmorfe kampÔle. Sthn per�ptwsh aut , dhlad 

sthn per�ptwsh pou m�a kampÔlh e�nai idiìmorfh, ja ennooÔme tou automorfismoÔ enì

probolikoÔ, pl rou, mh idiìmorfou montèlou th   isodÔnama tou automorfismoÔ twn

ant�stoiqwn swm�twn sunart sewn. Kr�name loipìn bolikì na parousi�soume thn jewr�a

tou, se ìrou twn swm�twn sunart sewn kai twn ant�stoiqwn jèsewn tou.

Analutik� h di�rjrwsh twn kefala�wn èqei w ex :

Sto pr¸to kef�laio meletoÔme to parak�tw prìblhma: JewroÔme m�a abelian  epèktash

F tou s¸mato sunart sewn F

0

, me abelian  om�da Galois A. Poi� e�nai h sqèsh th

om�da automorfism¸n tou F

0

me thn om�da automorfism¸n tou F ? H mèjodo pou ako-

loujoÔme, prokeimènou na apant soume sto parap�nw er¸thma e�nai h ex : D�noume

anagka�e sunj ke, ¸ste h om�da A na e�nai kanonik  upoom�da th om�da automor-

fism¸n G

F

tou s¸mato F . 'Etsi to prìblhma upologismoÔ th dom  th om�da G

F

an�getai se èna prìblhma epèktash mia upoom�da H th om�da automorfism¸n G

F

0

tou s¸mato F

0

me abelianì pur na A. 'Opw e�nai gnwstì ta probl mata epekt�sewn

om�dwn an�gontai ston upologismì twn sunomologiak¸n kl�sewn th om�da H

2

(H;A)

pou antistoiqoÔn se dedomènh epèktash. Epiplèon d�noume krit ria ¸ste h dom  th om�da

G

F

na exart�tai apì ton tÔpo diakl�dwsh th epèktash swm�twn F=F

0

.

Sto deÔtero kef�laio, efarmìzoume ta parap�nw ergale�a sta s¸mata sunart sewn twn

kampÔlwn me ep�peda montèla th morf  y

n

= f(x) kai kajor�zoume ti dunatè domè twn

om�dwn automorfism¸n, k�nonta qr sh twn jewrhm�twn taxinìmish twn peperasmènwn

upoom�dwn th om�da automorfism¸n tou rhtoÔ s¸mato sunart sewn.

Sto epìmeno kef�laio, upolog�zoume ti om�de automorfism¸n twn swm�twn sunar-

t sewn F

n;m

twn kampÔlwn x

n

+y

m

�1 = 0 ìpou n 6= m, kai h qarakthristik  den diaire� ta

n;m. H mèjodo pou akoloujoÔme e�nai l�go diaforetik  apì ti prohgoÔmene mejìdou.

Ex' ait�a th meg�lh summetr�a tou parap�nou ep�pedou montèlou, mporoÔme na upo-

log�soume mia b�sh olìmorfwn diaforik¸n kaj¸ kai thn dom  twn hmiom�dwn tou Weier-

strass se sugkekrimèna shme�a. Me autì ton trìpo apodeiknÔoume ìti h om�da �(m) e�nai

kanonik  upoom�da th om�da automorfism¸n F

n;m

. E�nai endiaferìn na parathr soume

ìti ìtan mjn kai to n � 1 e�nai dÔnamh th qarakthristik  tìte h om�da automorfism¸n

èqei t�xh polÔ megalÔterh apì to fr�gma tou Hurwitz sthn qarakthristik  0. H per�ptwsh

n = m  tan gnwst  apì thn ergas�a tou Leopoldt apì ti arqè th dekaet�a tou 70.

Sto tètarto kef�laio, epekte�noume èna apotèlesma tou J.P. Serre pou upolìgise ti

om�de automorfism¸n twn modular kampÔlwn X(p) gia p pr¸to kai upolog�zoume ti

om�de automorfism¸n twn kampÔlwn X(N), gia k�je fusikì N . 'Opw proèkeiye, met�

apì epikoinwn�a me ton J.P. Serre o parap�nw upologismì th om�da automorfism¸n twn

kampÔlwn X(N),  tan gnwstì stou eidikoÔ th perioq .

Sto teleuta�o kef�laio, upolog�zoume ti om�de automorfism¸n twn uperepifanei¸n

Fermat. ApodeiknÔoume arqik� ìti k�je automorfismì twn uperepifanei¸n Fermat e�nai

periorismì enì automorfismoÔ tou perib�llonto probolikoÔ q¸rou kai sthn sunèqeia

upolog�zoume tou automorfismoÔ pou diathroÔn thn ex�swsh Fermat anallo�wth. Kai to

apotèlesma autì,  tane gnwstì apì to 1987 apì ton T. Shioda. H mèjodo tou Shioda mou

ègine gnwst  apì ton T. Katsura kai afoÔ h didaktorik  mou diatrib  e�qe poi� oloklhrwje�.

Ja  jela na euqarist sw jerm� ton epiblèponta kajhght  k. Gi�nnh Antwni�dh gia thn

bo jeia pou mou prìsfere se ìlh thn di�rkeia twn metaptuqiak¸n spoud¸n mou. Ep�sh

ja  jela na euqarist sw ton kajhght  P. Roquette gia to endiafèron pou èdeixe gia

thn ergas�a mou kaj¸ kai ta sqìlia kai ti upode�xei tou. Euqarist¸ ep�sh to 'Idruma



Kratik¸n Upotrifi¸n tou opo�ou up rxa upìtrofo.

Euqarist¸ idia�tera tou gone� mou Gi�nnh kai Mar�a kaj¸ kai tou f�lou kai su-

nerg�te mou sto penepist mio Kr th Mar�na, Dhm trh, Jan�sh, Gi¸rgo.

Hr�kleio 18 Dekembr�ou 1988
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Kef�laio 1

Abelianè epekt�sei

'Estw F

0

èna algebrikì s¸ma sunart sewn, me bajmì uperbatikìthta mon�da, orismèno

upèr enì algebrik� kleistoÔ s¸mato k, qarakthristik  p � 0. JewroÔme m�a pepe-

rasmènh abelian  epèktash F tou F

0

gènou g

F

� 2, me om�da Galois Gal(F=F

0

) = A.

E�nai gnwstì ìti h om�da automorfism¸n, èstw G, tou F e�nai peperasmènh. ([11℄ sel.

368). Skopì ma e�nai na susqet�soume thn om�da automorfism¸n G tou F me thn om�da

automorfism¸n tou F

0

. MporoÔme na gr�youme thn mikr  akrib  akolouj�a

1 �! A �! N

G

(A) �! H �! 1; (1.1)

ìpou N

G

(A) sumbol�zei ton kanonikopoiht  tou A sthn G kai H , e�nai mia peperasmènh

upoom�da th om�da automorfism¸n tou F

0

.

K�tw apì kat�llhle sunj ke èqoume ìti A � G sunep¸ N

G

(A) = G: To gegonì

autì ma epitrèpei na melet soume thn om�da twn automorfism¸n tou F san èna prìblhma

epekt�sewn peperasmènwn upoom�dwn th om�da automorfism¸n tou F

0

, oi opo�e em-

fan�zontai san phl�ka G=A: Oi Brandt kai Stihtenoth [4℄ qrhsimopo�hsan parìmoie te-

qnikè prokeimènou na upolog�soun ti om�de automorfism¸n uperelleiptik¸n kampÔlwn,

dhlad  kuklik¸n epekt�sewn bajmoÔ dÔo, enì rhtoÔ s¸mato sunart sewn. Ep�sei o

Brandt [3℄ sthn didaktorik  diatrib  tou, melèthse genikìtera kuklikè epekt�sei tou

rhtoÔ s¸mato sunart sewn bajmoÔ pr¸tou arijmoÔ.

A upojèsoume pro to parìn ìti A�G: Gr�foume thn om�da A san èna eujÔ �jroisma

A = A

reg

� A

p

; ìpou A

p

e�nai to p-komm�ti th abelian  om�da A; dhlad  h mègisth

abelian  p-upoom�da th om�da A, A

reg

= A=A

p

; (jA

reg

j; p) = 1. ParathroÔme ìti A

p

e�nai ep�sh mia kanonik  upoom�da th G kai ètsi lamb�noume thn om�da automorfism¸n

G se dÔo b mata

1 �! A

p

�! G

p

�! H �! 1;

1 �! A

reg

�! G �! G

p

�! 1;

ìpouG

p

sumbol�zei thn epèktash thH me A. AfoÔ to s¸ma k e�nai algebrik� kleistì, k�je

abelian  epèktash me om�da Galois t�xh pr¸th pro thn qarakthristik  e�nai epèktash

tou Kummer kai k�je abelian  epèktash me Galois p-om�da, ìpou p e�nai h qarakthristik ,

e�nai epèktash tou Artin-Shreir .

Sunoy�zonta, ja prèpei na apant soume sta parak�tw erwt mata:

� K�tw apì poie pro�pojèsei mporoÔme na exasfal�soume ìti A�G.

� Pw mporoÔme na perigr�youme thn dom  th om�do G, dedomènou ìti A�G.

� Poia e�nai h upoom�da H , twn automorfism¸n tou s¸mato F

0

, pou epekte�nontai san

automorfismo� tou F , dhlad  poiì e�nai to phl�ko G=A.

2



Ja xekin soume apì to pr¸to er¸thma:

1.1 Sunj ke kanonikìthta

Gr�foume thn abelian  om�da A san eujÔ �jroisma

1

kuklik¸n upoom�dwn

A =

s

M

i=1

r

i

M

j=1

Z

n

i

:

ParathroÔme ìti, A�G an kai mìno an

A

i

:=

r

i

M

j=1

Z

n

i

�G;

afoÔ suzug  stoiqe�a èqoun thn �dia t�xh.

Ja epekte�noume èna je¸rhma tou Aola [1℄ to opo�o ja ma d¸sei mia ikan  sunj kh

¸ste h om�da A

i

na e�nai kanonik  se olìklhrh thn om�da automorfism¸n. 'Estw A

i

eujÔ

prosjeta�o sthn an�lush th A, ìpw or�sthke parap�nw. H om�da A

i

gr�fetai san eujÔ

�jroisma kuklik¸n om�dwn isìmorfwn me thn Z

n

i

. 'Estw T

�

, � = 1; :::; r

i

oi genn tore

twn kuklik¸n prosjetèwn th A

i

. Endeqomènw oi parap�nw genn tore na stajeropoioÔn

diaforetikì pl jo jèsewn. Gia k�je s fusikì ja sumbol�zoume me A

s

i

thn upoom�da

th A

i

pou par�getai apì ta T

�

pou stajeropoioÔn s to pl jo jèsei. Duì suzuge�

automorfismo� èqoun to �dio pl jo stajer¸n shme�wn. 'Etsi h om�da A

i

e�nai kanonik 

upoom�da th om�da G an kai mìno an ìle oi upoom�de A

s

i

e�nai kanonikè upoom�de

th G.

Sthn sunèqeia ja sumbol�zoume me A mia abelian  om�da isìmorfh me �

t

i=1

Z

n

i

tètoia

¸ste oi t, to pl jo genn tore th A; fT

1

; :::; T

t

g na stajeropoioÔn to �dio pl jo s jèsewn

tou F . Jètoume T = T

1

kai èstw Q mia jèsh tou F pou na stajeropoie�tai apì ton T: Kat�

thn di�rkeia th apìdeixh aut  ja sumbol�zoume me n thn t�xh tou T .

JewroÔme to suzugè

e

T := �T�

�1

tou T me èna tuqa�o automorfismì � th G: E�nai

safè ìti

e

T stajeropoie� thn jèsh �(Q): 'Estw

~

F

A

to s¸ma twn stajer¸n stoiqe�wn tou

F upì thn �A�

�1

:

L mma 1.1.1 Up�rqei sun�rthsh f 2

~

F

A

, me monadikì pìlo sto q := restj

~

F

A

�(Q) o

opo�o epiplèon e�nai pìlo t�xh � �  + 1, ìpou  e�nai to gèno tou

~

F

A

Apìdeixh: JewroÔme ton q¸ro sunart sewn

L (( + 1)q) = ff 2

~

F

A

: (f) + ( + 1)q � 0g:

Apì to je¸rhma twn Riemann-Roh upolog�zoume ìti h di�stash tou parap�nw q¸rou e�nai

megalÔterh   �sh me dÔo, dhlad  to zhtoÔmeno. 2

O divisor th f , san sun�rthsh tou F e�nai

div

F

(f) = (f)

0

� n�

X

�2�A�

�1

=

e

T

� (�(Q)):

'Eqoume loipìn ìti deg f � n

t

(+1): A jewr soume t¸ra ti sunart sei h

i

:= f�T

i

Æf

kai a upojèsoume ìti m�a apì autè, èstw h h

i

, den e�nai stajer . Tìte

deg h

i

� 2 deg f � r

i

� 2n

t

( + 1)� r

i

;

1

Oi om�de automorfism¸n jewroÔntai pollaplasiastikè. O parap�nw prosjetikì sumbolismì e�nai

kataqrhstikì all� ton protimoÔme diìti kajist� perissìtero saf  thn analog�a me thn grammik  �lgebra

3



ìpou r

i

e�nai o arijmì twn pìlwn th f , lamb�nonta upìyhn thn pollaplìthta. Pr�gmati,

gia mia jèsh P tou F

v

P

(h

i

) = v

P

(f � T

i

Æ f) � min fv

P

(f); v

P

(T Æ f)g ;

�ra an h jèsh P e�nai èna pìlo th h

i

tìte h P e�nai èna pìlo th f   th T

i

Æf . Epiplèon

an P e�nai èna koinì pìlo twn f; T

i

Æ f tìte den e�nai pìlo th h

i

:

Upenjum�zoume ìti me s sumbol�zoume to pl jo twn jèsewn tou F pou stajeropoioÔnte

apì to T

i

. Sthn per�ptwsh pou

2n

t

( + 1) < s

tìte

deg h

i

� 2n

t

( + 1)� r

i

< s� r

i

� degh

i

;

afoÔ k�je stajer  jèsh tou T

i

h opo�a den e�nai pìlo th f e�nai r�za th h

i

; �topo.

Sunep¸ oi sunart sei h

i

e�nai ìle stajerè kai �se me mhdèn.

Apode�xame ìti h f mènei anallo�wth upì thn dr�sh th A; dhlad  k(f) �

~

F

A

. An to

s¸ma

~

F

A

�

=

F

A

e�nai rhtì, tìte h sun�rthsh f tou

~

F

A

èqei pìlo t�xh 1 sto q, dhlad 

~

F

A

= k(f). O genn tora tou suzugoÔ s¸mato F

A

e�nai �f�

�1

= f , dhlad 

~

F

A

= F

A

kai sunep¸ A�G:

ParathroÔme ìti h A af nei anallo�wto to sÔnolo twn diaforetik¸n jèsewn tou F oi

opo�e br�skontai uper�nw th q. To sÔnolo twn diaforetik¸n jèsewn tou F oi opo�e

br�skontai uper�nw th q apotele�tai apì tou pìlou th f . To pl jo tou e�nai n

t�1

,

sunep¸ afoÔ h om�da A me n

t

to pl jo stoiqe�a, af nei anallo�wto èna sÔnolo me n

t�1

stoiqe�a, up�rqei èna stoiqe�o T

0

2 A; tètoio ¸ste to T

0

kai to

~

T na èqoun to �dio sÔnolo

stajer¸n jèsewn.

'Estw G(Q) h om�da an�lush sthn jèsh Q. Sthn per�ptwsh pou (p; jG(Q)j) = 1;

(kai  tuqa�o) èqoume ìti T

0

= T

i

afoÔ gennoÔn kuklikè upoom�de th kuklik  om�da

an�lush k�je jèsh pou stajeropoioÔn.

Apode�xame dhlad  thn

Prìtash 1.1.2 'Estw F=F

0

abelian  epèktash me om�da Galois

Gal(F=F

0

) = A =

s

M

i=1

r

i

M

j=1

Z

n

i

:

Jètoume A

i

= �

r

i

j=1

Z

n

i

kai èstw A

s

j

i

h upoom�da th A

i

pou genn�tai apì ta stoiqe�a pou

stajeropoioÔn s

j

jèsei. Ja sumbol�zoume me (A

s

j

i

) to gèno twn swm�twn sunart sewn

F

A

s

j

i

.

An gia k�je i; s

j

6= 0 èqoume ìti

2 jA

s

j

i

j((A

s

j

i

) + 1) < s

j

;

kai oi t�xei twn om�dwn an�lush twn jèsewn pou stajeropoioÔntai apì ta A

s

j

i

e�nai p-

eleÔjere,   (A

s

j

i

) = 0 tìte A�G.

Ja qrhsimopoi soume kur�w to parak�tw

Pìrisma 1.1.3 'Estw F=F

0

kuklik  epèktash me om�da Galois

Gal(F=F

0

)

�

=

C

n

ìpou F

0

rhtì s¸ma sunart sewn. 'Estw s to pl jo twn jèsewn pou stajeropoie� o

genn tora th kuklik  om�da C

n

. Sthn per�ptwsh pou 2n < s èqoume ìti C

n

�Aut(F ).

Parat rhsh: An to F e�nai èna uperelleiptikì s¸ma sunart sewn, tìte h uperelleiptik 

involution or�zei mia kanonik  upoom�da t�xh dÔo th om�da twn automorfism¸n.
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1.2 Epekt�sei om�dwn

To prìblhma th epèktash th peperasmènh om�da H me abelianì pur na A, e�nai h

eÔresh ìlwn twn om�dwn G pou dèqontai thn A san kanonik  upoom�da kai epiplèon G=A

�

=

H . Ta parap�nw ekfr�zontai me thn mikr  akrib  akolouj�a

1 �! A �! G

�

�! H �! 1

H abelian  om�da (Z-module ) A apokt� thn dom  H-module mèsw th dr�sh dia suzug�a.

Akribèstera, afoÔ o omomorfismì � e�nai ep�, mporoÔme na dialèxoume m�a setion � th H

sthn G, dhlad  gia k�je h 2 H na dialèxoume èna stoiqe�o �(h) 2 �

�1

(h). Sthn sunèqeia

or�zoume dr�sh th H sthn A:

a

h

:= �(h)a�(h

�1

); gia k�je a 2 A; kai h 2 H:

ParathroÔme ìti o orismì th dr�sh e�nai anex�rthto th setion. H dr�sh mpore�

na jeaje� w mia par�stash � tou H p�nw stou automorfismoÔ th A:

� : H �! Aut(A):

H abelian  om�da A gr�fetai san eujÔ �jroisma kuklik¸n upoom�dwn:

A =

s

M

i=1

r

i

M

j=1

Z

n

i

;

sunep¸ Aut(A) = �

s

i=1

GL

r

i

(Z

n

i

), ìpou me GL

r

i

(Z

n

i

) sumbol�zoume tou antistrèyimou

r

i

� r

i

p�nake me stoiqe�a apì ton daktÔlio Z

n

i

. H anapar�stash � loipìn, mpore� na

analuje� se èna eujÔ �jroisma � = �

s

i=1

�

i

ìpou �

i

2 GL

r

i

(Z

n

i

) e�nai antistrèyimoi r

i

� r

i

p�nake me suntelestè ston daktÔlio Z

n

i

: Ja sumbol�zoume me f�

i

(�)g

k;l

1 � k; l � r

i

,

ton p�naka pou antistoiqe� sthn �

i

(�):

Sthn eidik  per�ptwsh r

i

= 1, èqoume ìti GL

1

(Z

n

i

)

�

=

Z

�

n

i

.

Ja onom�zoume duo epekt�sei G

1

kai G

2

isodÔname (o anagn¸sth mpore� na elègxei

ìti prìkeitai pragmatik� gia m�a sqèsh isodunam�a) an up�rqei omomorfismì � pou na

k�nei to parak�tw di�gramma

1 �! A

%

&

G

� #

G

0

&

%

H �! 1

antimetajetikì. E�nai gnwstì ìti oi isodÔname, kat� thn parap�nw ènnoia, epekt�sei

taxinomoÔntai apì ti kl�sei sunomolog�a H

2

(H;A).

Ax�zei na parathr soume ìti e�nai dunatìn se duo mh isodÔname epekt�sei oi {mesa�e}

om�de na e�nai isìmorfe. Gia par�deigma ìle oi epekt�sei th kuklik  om�da C

p

me C

p

;

ìpou p pr¸to arijmì, e�nai om�de t�xh p

2

; sunep¸ abelianè. Dhlad  up�rqoun mìno

dÔo dunatìthte gia thn {mesa�a} om�da, oi C

2p

kai C

p

� C

p:

Apì thn �llh upolog�zetai

ìti H

2

(C

p

; C

p

)

�

=

C

p

: Fusik�, lìgw tou 5-l mmato o omomorfismì � e�nai isomorfismì,

apì ìpou èqoume to parak�tw fr�gma:

i(H;A) �

�

�

H

2

(H;A)

�

�

ìpou i(H;A) sumbol�zei to pl jo twn mh isìmorfwn {mesa�wn} om�dwn pou pèrnoume

epekte�nonta thn om�da H me A:
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1.3 Epekt�sei tou Kummer

Upenjum�zoume merik� basik� stoiqe�a apì ti epekt�sei tou Kummer.

'Estw F=F

0

abelian  epèktash algebrik¸n swm�twn sunart sewn, me abelian  om�da

Galois A. 'Estw m o ekjèth th A, dhlad  to el�qisto koinì pollapl�sio twn t�xewn

twn stoiqe�wn th A. Ja onom�zoume thn epèktash F=F

0

m-epèktash tou Kummer , ìtan

to s¸ma F

0

èqei m to pl jo diaforetikè m-r�ze th mon�da. H upìjesh aut  èqei w

epakìloujo, to ìti (jAj; p) = 1. Ja sumbol�zoume me

^

A thn om�da twn qarakt rwn th A,

dhlad 

^

A = Hom(A; C )). AfoÔ h om�da A e�nai abelian  èqoume ìti A

�

=

^

A.

H parak�tw prìtash qarakthr�zei ti epekt�sei tou Kummer.

Prìtash 1.3.1 'Estw F=F

0

epèktash tou Kummer th opo�a h om�da Galois èqei ekjèth

m

0

j m. Ja sumbol�zoume me M(F

�

) thn upoom�da tou F

�

, twn stoiqe�wn twn opo�wn oi

m dun�mei an koun sto F

�

0

kai me N(F

�

0

) < F

0

thn upoom�da tou F

0

twn m dun�mewn tou

M(F

�

). 'Eqoume thn akrib  akolouj�a

1 �! F

�

0

�!M(F

�

)

�

�!

^

A �! 1;

ìpou h sun�rthsh � stèlnei to stoiqe�o � ston qarakt ra �

�

, orismèno apì

�

�

(s) :=

s(�)

�

; s 2 A:

IsqÔei ìti M(F

�

)=F

�

0

�

=

A. Ep�sh F = F

0

(M(F

�

)) kai to s¸ma F e�nai peperasmèna

parag¸meno

F = F

0

(y

1

; :::; y

r

);

apì ta y

i

2M(F

�

), an kai mìno an ta osets y

i

F

0

gennoÔn thn om�da M(F

�

)=F

�

.

Epiplèon h sun�rthsh

� :

�

M(F

�

) �! N(F

�

)=F

�m

y 7�! y

m

F

�m

e�nai epimorfismì me pur na ker� = F

�

0

. Sunep¸

M(F

�

)

F

�

0

�

=

N(F

�

)

F

�m

0

�

=

A:

Tèlo an ta stoiqe�a u

1

; :::; u

r

e�nai tètoia ¸ste ta osets u

i

F

�m

0

gennoÔn thn om�daN(F

�

)=F

�m

0

,

tìte F = F

0

(

m

p

u

1

; :::;

m

p

u

r

).

Apìdeixh: Jaobson [15℄ kef. 8.9 II tìmo.

A upojèsoume ìti h F e�nai mia epèktash tou Kummer tou F

0

me abelian  om�da

Galois A := Gal(F=F

0

); th opo�a o ekjèth e�nai m. Upojètoume ep�sh ìti h om�da

A e�nai kanonik  upoom�da th pl rou om�da automorfism¸n G tou F; me �lla lìgia h

parak�tw akolouj�a

1 �! A �! G �! H �! 1; (1.2)

e�nai akrib . H e�nai mia upoom�da th om�do automorfism¸n tou s¸mato sunart sewn

F

0

: Gr�foume thn abelian  om�da A san èna eujÔ �jroisma kuklik¸n upoom�dwn

A =

s

M

i=1

r

i

M

j=1

Z

n

i

:

To s¸ma F gr�fetai

F = F

0

(y

1

; :::; y

t

)
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ìpou y

i

2M(F

�

), an kai mìno an ta osets y

i

F

�

0

gennoÔn thn M(F

�

)=F

�

0

;   isodÔnama an

F = F

0

(

m

p

u

1

;

m

p

u

2

; ::::;

m

p

u

t

);

ìpou

m

p

u

i

e�nai mia m-ost  r�za tou u

i

; an kai mìno an ta u

1

; :::; u

t

e�nai stoiqe�a tou N(F

�

)

tètoia ¸ste ta osets u

i

F

�m

0

na gennoÔn N(F

�

)=F

�m

0

:

Ja sumbol�zoume me ~y

i

to di�nusma (y

1;i

; :::; y

r

i

;i

) 1 � i � s; twn antipros¸pwn apì

osets tètoia ¸ste ta y

1;i

F

�

; :::; y

r

i

;i

F

�

na genoÔn thn

L

r

i

j=1

Z

n

i

< A kai ~u

i

to di�nusma

(u

1;i

; :::; u

r

i

;i

) 1 � i � s; tètoio ¸ste

~y

m

i

= ~u

i

dhlad  y

m

j;i

= u

j;i

1 � j � r

i

; 1 � i � s:

Gia èna di�nusma a = (a

i

)

i=1;:::;�

apì ed¸ kai sto ex  ja sumbol�zoume me a

m

to di�nusma

(a

m

i

)

i=1;:::;�

. Tèlo me �y = (~y

1

; :::; ~y

s

) (ant�st. �u = (~u

1

; :::; ~u

s

) ) sumbol�zoume to di�nusma

pou apotele�tai apì ìla ta ~y

i

(anti. ~u

i

), i = 1; :::; s: O isomorfismì tou Kummer A

�

=

M(F

�

)=F

�

0

ma epitrèpei na gr�youme thn dr�sh th G ep� th A se ìrou twn gennhtìrwn

~y

i

; kat� ton akìloujo trìpo:

�(~y

1

; :::; ~y

s

)modF

�

0

= (~y

�

1

(�)

1

; :::; ~y

�

s

(�)

s

)modF

�

0

;

ìpou ~y

�

i

(�)

i

= (

Q

r

i

�=1

y

�

i

(�)

1;�

�;i

; :::;

Q

r

i

�=1

y

�

i

(�)

1;r

i

�;i

)modF

�

0

kai �

i

(�) 2 GL

r

i

(Z

n

i

).

Sunep¸ up�rqei èna di�nusma

�

B(�) = (

~

B

1

(�); :::;

~

B

s

(�)) sto F

�(r

1

+:::+r

s

)

0

; tètoio ¸ste

�(�y) = �y

�(�)

�

B(�):

Ta stoiqe�a

�

B(�) mporoÔn na prosdioristoÔn apì thn ex�swsh �y

m

= �u: Pr�gmati,

�(~y

i

)

m

=

 

r

i

Y

�=1

y

�

i

(�)

1;�

�;i

; :::;

r

i

Y

�=1

y

�

i

(�)

1;r

i

�;i

!

m

modF

�

0

=

=

 

r

i

Y

�=1

u

�

i

(�)

1;�

�;i

; :::;

r

i

Y

�=1

u

�

i

(�)

1;r

i

�;i

!

modF

�m

0

: (1.3)

Sunep¸,

�(~u

i

) = �(~y

i

)

n

=

 

r

i

Y

�=1

u

�

i

(�)

1;�

�;i

B

i;1

(�); :::;

r

i

Y

�=1

u

�

i

(�)

1;r

i

�;i

B

i;r

i

(s)

!

= ~u

�

i

(�)

i

~

B

i

(�)

m

: (1.4)

H parap�nw ex�swsh ma d�nei mia ikan  kai anagka�a sunj kh gia na mporoÔme na epe-

kte�noume automorfismoÔ tou s¸mato F

0

se automorfismoÔ tou F . Sugkekrimèna isqÔei

h parak�tw prìtash:

Prìtash 1.3.2 O automorfismì �

0

tou F

0

, epekte�netai se automorfismì th Kummer

epèktash F an kai mìno an oi exis¸sei:

�

0

(~u

i

) = ~u

�

i

(�)

i

� ~x

i

m

; i = 0; :::; s;

èqoun lÔsei ~x

i

sto F

�

0

.

1.3.1 Diaklad¸sei se epekt�sei tou Kummer

Se kuklikè epekt�sei tou Kummer isqÔei h parak�tw prìtash ([26℄, sel. 111)
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Prìtash 1.3.3 'Estw F

0

=k algebrikì s¸ma sunart sewn, orismèno upèr to algebrik�

kleistì s¸ma stajer¸n k. 'Estw n fusikì arijmì. Upojètoume ìti u 2 F

0

e�nai stoiqe�o

pou na ikanopoie� u 6= w

d

gia k�je w 2 F

0

kai gia k�je d j n, d > 1. Sthn kuklik  epèktash

tou Kummer

F

0

0

= F

0

(y); y

n

= u

o de�kth diakl�dwsh e

P

kai to pl jo twn jèsewn r

P

tou F

0

0

pou epekte�noun mia jèsh P

tou F

0

, upolog�zontai w ex :

r

P

= (n; �

P

(u)); e

P

=

n

r

P

; (1.5)

ìpou �

P

e�nai h diakrit  ekt�mhsh tou F

0

pou antistoiqe� sth jèsh P .

Sthn sunèqeia F ja e�nai m�a abelian  epèktash tou F

0

, me om�da Galois A. 'Estw Q

mia jèsh tou F h opo�a diaklad�zetai sthn epèktash F=F

0

kai èstw P o periorismì th

sto s¸ma F

0

. Ja sumbol�zoume me A(Q) < A; thn upoom�da an�lush pou antistoiqe� sthn

jèsh Q. H om�da A(Q) e�nai isìmorfh me thn om�da adrane�a A

0

(Q); afoÔ to s¸ma twn

stajer¸n k, e�nai algebrik� kleistì. ParathroÔme ìti h A(Q) perièqetai mìno se èna eujÔ

kuklikì prosjeta�o th A. 'Estw yF

�

èna genn tora autoÔ tou kuklikoÔ prosjeta�ou,

kai y

1

F

�

; ::; y

n

F

�

oi genn tore twn �llwn kuklik¸n prosjeta�wn th om�da A, k�tw apì

thn taÔtish tou Kummer , ìpw aut  d�netai sthn (1.3.1). Sthn epèktash F

0

(y

1

; :::; y

n

)=F

0

h jèsh P den diaklad�zetai, �ra diaklad�zetai mìno sthn epèktash F

0

(y)=F

0

kai analÔetai

pl rw sthn epèktash F=F

0

(y): To sÔnolo twn jèsewn pou diaklad�zontai sthn epèktash

F=F

0

loipìn, mpore� na upologiste� k�nonta qr sh th jewr�a twn kuklik¸n epekt�sewn

tou Kummer (prìtash 1.3.3). H parap�nw parat rhsh apodeiknÔei thn akìloujh

Prìtash 1.3.4 'Estw u

1

; :::; u

t

stoiqe�a touN(F

�

), tètoia ¸ste ta osets u

i

F

�m

0

na genoÔn

thn N(F

�

)=F

�m

0

: Gia k�je u

i

kai k�je jèsh P tou F

0

jètoume r

i

(P ) := (n

i

; v

P

(

m=n

i

p

u

i

));

ìpou n

i

e�nai h t�xh tou u

i

F

�m

0

sthn N(F

�

)=F

�m

0

: An Q e�nai mia jèsh tou F upèr to P

èqoume ìti

e(Q=P ) = n

i

=r

i

(P );

kai up�rqoun

jAj

e(Q=P )

jèsei tou F; upèr to P:

1.4 Upologismì th dom  om�do

'Opw e�dame sthn par�grafo (1.3) h dom  tou A san H-module perigr�fetai pl rw apì

thn antistoiq�a Kummer .

H �dia jewr�a ma d�nei thn dunatìthta na perigr�youme ton sunomologiakì kÔklo � 2

H

2

(H;A) se ìrou twn gennopoiìntwn rizik¸n.

Apì thn prìtash (1.3.2) èqoume ìti oi suntetagmène tou

�

B(�) e�nai n-ostè r�ze tou

�(�u)=�u

�(�)

: Diaforetikè epilogè n-ost¸n riz¸n katal goun se diaforetikè epekt�sei

tou automorfismoÔ � se automorfismì tou F: Sthn gl¸ssa twn epekt�sewn om�dwn, h

epilog  twn n-ostwn riz¸n odhge� se m�a setion

� : H �! G:

O automorfismì �(�) or�zetai w ex :

�(�) =

�

y 7�! y

�(�)

B

�

u 7�! �(u) 8u 2 F

0

:

Apì thn jewr�a twn epekt�sewn om�dwn, o 2-sunkÔklo pou or�zei thn sunomologiak 

kl�sh � 2 H

2

(H;A) pou antistoiqe� sthn epèktash (1.2) d�netai apì

[�; �℄ :

�

G

0

�G

0

�! A

�; � 7�! B

�(�)

�

�(B

�

)B

�1

��

: (1.6)
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1.4.1 Dom  om�do kai tÔpo diakl�dwsh

Se aut  thn par�grafo, ja prospaj soume na exet�soume thn epirro  tou tÔpou diakl�dwsh

sthn dom  th om�da automorfism¸n. E�nai gnwstì apì ti ergas�e twn Brand kai

Stihtenoth [4℄, [3℄ ìti an A = C

q

e�nai kuklik  om�da t�xh pr¸tou arijmoÔ, tìte h dom  th

epèktash G kajor�zetai apokleistik� apì thn sqetik  diakl�dwsh sti epekt�sei F=F

0

kai F

0

=F

G

. Ja anazht soume sunj ke gia na isqÔei autì sthn genik  per�ptwsh.

Upenjum�zoume ìti h abelian  om�da A èqei t�xh pou den diaire�tai apì thn qarakthri-

stik  p.

Ja xekin soume thn melèth ma apì thn {topik } per�ptwsh: JewroÔme thn jèsh P tou

F

0

, kai èstw H(P ) h upoom�da th H pou krat� stajer  thn jèsh P . E�nai gnwstì ìti

([20℄ sel. 68)

H(P )

�

=

E

p

(t)o C

m

;

ìpou h om�da E

p

(t) e�nai stoiqei¸dh abelian  p-om�da, t�xh p

t

, kai h C

m

, e�nai kuklik 

om�da t�xh m. An � e�nai h sunomologiak  kl�sh pou antistoiqe� sthn epèktash (1.2) h

sunomologiak  kl�sh pou antistoiqe� sthn upoepèktash

1 �! A �! �

�1

(H(P )) �! H(P ) �! 1; (1.7)

isoÔtai me res

H!H(P )

(�). Dedomènh th mikr  akriboÔ akolouj�a

1 �! E

p

(t) �! E

p

(t)o C

m

�! C

m

�! 1;

kai tou ìti H

1

(E

p

(t); A) = 0 (upenjum�zoume ìti (p; jAj) = 1), h restrition-ination ako-

louj�a d�nei

1 �! H

2

�

E

p

(t)o C

m

E

p

(t)

; A

E

p

(t)

�

�! H

2

(E

p

(t)o C

m

; A) �! H

2

(E

p

(t); A) �! 1:

'Ara, afoÔ H

2

(E

p

(t); A) = 0 (upenjum�zoume ìti (p; jAj) = 1), èqoume ìti

H

2

(E

p

(t)o C

m

; A)

�

=

H

2

(C

m

; A

E

p

(t)

);

opìte prokeimènou na upolog�soume thn dom  om�do �

�1

(H(P )), arke� na upolog�soume

thn dom  om�do G

0

:= �

�1

1

(C

m

) sthn epèktash:

1 �! A

E

p

(t)

�! G

0

�

1

�! C

m

�! 1:

Qwr� periorismì th genikìthta loipìn ja upojètoume ìti H(P ) e�nai kuklik .

'Estw Q mia jèsh tou F uper�nw th jèsew P . Ja apode�xoume to parak�tw

L mma 1.4.1 Sthn per�ptwsh pou h jèsh Q analÔetai pl rw sthn epèktash F=F

0

, dhlad 

an A(Q) = 1, tìte h mikr� akrib  akolouj�a

1 �! A �! �

�1

(H(P )) �! H(P ) �! 1;

diasp�tai kai, isodÔnama, h ant�stoiqh sunomologiak  kl�sh

res

H!H(P )

�

e�nai tetrimmènh.

Apìdeixh: JewroÔme ton pur na ker� th par�stash

� : H(P ) �! Aut(A):
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SÔmfwna me thn parap�nw parat rhsh mporoÔme na upojèsoume ìti H(P )

�

=

C

m

. H om�da

ker� e�nai peperasmènh upoom�da th kuklik  om�da H(P )

�

=

C

m

. 'Estw S 2 �

�1

(H(P )),

tètoio ¸ste h eikìna tou �(S) na e�nai genn tora th kuklik  om�da C

m

. MporoÔme na

dialèxoume gia genn tora tou ker� < H(P ), to stoiqe�o �(S)

r

me r j m. Ex orismoÔ to

�(S)

r

dra sto tuqa�o a 2 A w ex :

a

�(S)

r

= S

r

aS

�r

:

Apì thn �llh afoÔ S

r

2 ker� èqoume ìti

S

r

aS

�r

= a;

kai sunep¸ h om�da �

�1

(ker�) pou par�getai apì ta stoiqe�a th A kai apì to S

r

e�nai

abelian .

'Estw T

1

; T

2

:::; T

�

oi genn tore th abelian  om�da A kai èstw n

i

h t�xh tou T

i

. Ja

sumbol�zoume me G

i

thn abelian  om�da pou par�getai apì ta T

i

; S

r

.

Isqurizìmaste ìti k�je p-Sylow upoom�da th G

i

e�nai isìmorfh me thn C

p

v

1

� C

p

v

2

;

ìpou v

1

; v

2

e�nai oi ekjète tou p sthn an�lush tou n

i

kai m=r se pr¸tou par�gonte.

Pr�gmati, èstw p èna pr¸to diairèth tou (n

i

;m=r): 'Estw G

p

i

mia p-Sylow upoom�da

tou G

i

; kai A

i

h om�da pou par�getai apì ta T

j

; j = 1; :::; k; j 6= i Sqhmat�zoume ton

parak�tw pÔrgo swm�twn

G

p

i

8

>

>

>

>

<

>

>

>

>

:

F

A

i

j

L := F

hA

i

;T

n

i

=p

�

1

i

i

j

F

0

j

F

C

p

v

2

0

j

F

G

i

Q

1

; :::; Q

p

v

1

n= analÔetai pl rw

P

1

j diaklad�zetai pl rw

p

1

'Opou p

1

e�nai o periorismì th jèsh P

1

sto F

C

p

v

2

0

, kai Q

1

; :::; Q

p

v

1

oi epekt�sei th

jèsh P

1

tou F

0

sto F

hA

i

;T

n

i

=p

�

1

i

i

=: L: H om�da Gal(L=F

0

)

�

=

C

p

v

1

: An C e�nai mia

kuklik  upoom�da tou G

p

i

pou perièqei thn Gal(L=F

0

)

Gal(L=F

0

) � C � G

p

i

tìte C = Gal(L=F

0

): Diaforetik�, ja up rqe èna endi�meso s¸ma

L

C

< L

T

(Q

1

) < L

pou ja antistoiqoÔse sthn om�da an�lush C(Q

1

) tètoio ¸ste h Q

1

na analÔetai sthn

epèktashL

T

(Q

1

)=L

C

kai na diaklad�zetai sthn L=L

T

(Q

1

):To parap�nw ìmw e�nai adÔnaton,

afoÔ oi upoom�de mia kuklik  p-om�do C e�nai pl rw diatetagmène w pro ton eg-

kleismì. H parat rhsh aut  maz� me to je¸rhma taxinìmish abelian¸n om�dwn ma d�noun

ìti G

p

i

�

=

C

p

v

1

� C

p

v

2

: K�nonta qr sh tou jewr mato taxinìmhsh abelian¸n om�dwn

�llh mia for�, pa�rnoume G

i

= C

n

� ker� �ra

�

�1

(ker�) = A� ker�:

Sunep¸

A \ hS

r

i = f1g : (1.8)
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Epistrèfoume sthn melèth th �

�1

(C

m

). H om�da �

�1

(C

m

) mpore� na grafe� me thn bo jeia

gennhtìrwn kai sqèsewn:

�

�1

(C

m

) = hT

n

i

i

= 1; ST

i

S

�1

= T

�

i1

(S)

1

� � �T

�

i�

(S)

�

; S

x

= 1i: (1.9)

Apomènei na upolog�soume thn t�xh x tou S. Gnwr�zoume ìti to �(S) èqei t�xh m,

�ra S

m

2 A. Apì thn �llh ìmw S

m

= (S

r

)

m=r

2 A sunep¸ (S

m

) 2 A \ hS

r

i opìte

kat' an�gkh S

m

= 1 apì thn (1.8). Apì thn graf  th �

�1

se genn tore kai sqèsei,

pistopoioÔme ìti h om�da �

�1

e�nai èna hmieujÔ ginìmeno.2

'Estw P jèsh tou F

0

, kai H(P ) h om�da an�lush th. Up�rqoun en gènei s to pl jo

diaforetikè jèsei Q

1

; :::; Q

s

pou epekte�noun thn P sto F . H om�da A e�nai abelian  �ra

ìle oi om�de an�lush twn jèsewn Q

1

; :::; Q

s

e�nai �se. 'Estw loipìn

A(Q) < A

h om�da an�lush mia apì autè. AfoÔ h jèsh P diaklad�zetai pl rw sthn epèktash

F

0

=F

H(P )

0

èqoume ìti oi jèsei Q

1

; :::; Q

s

kai mìnon autè epekte�noun thn jèsh p := P \

F

H(P )

0

sto F .

H om�da Gal(F=F

H(P )

0

) pou epekte�nei thn H(P ) me A, dra dia suzug�a kai metabatik�

ep� twn om�dwn an�lush A(Q

i

). Dhlad  gia k�je � 2 Gal(F=F

H(P )

0

) to �A(Q)�

�1

=

A(Q). Sunep¸ h A(Q) dèqetai thn dom  enì H(P )-module .

L mma 1.4.2 An to H(P )-module A gr�fetai san eujÔ �jroisma A = A(Q) � A=A(Q),

tìte h dom  th om�da �

�1

(H(P )) kajor�zetai apì thn diakl�dwsh th jèsh P sthn

epèktash F=F

0

.

Apìdeixh: H di�spash A = A(Q)�A=A(Q) ma epitrèpei thn di�spash twn om�dwn suno-

molog�a kai idia�tera th sunomologiak  kl�sh pou antistoiqe� sthn epèktash om�dwn

1.7

H

2

(H(P ); A) = H

2

(H(P ); A(Q))�H

2

(H(P ); A=A(Q)):

Sunep¸, h sunomologiak  kl�sh

� 2 H

2

(H(P ); A)

pou antistoiqe� sthn epèktash 1.7 diasp�tai se �jroisma � = �

1

+�

2

, me �

1

2 H

2

(H(P ); A(Q))

kai �

2

2 H

2

(H(P ); A=A(Q)).

Efarmìzonta to l mma 1.4.1 sthn abelian  epèktash F

A(Q)

=F

0

, èqoume ìti �

2

= 0. 2

Parat rhsh: H di�spash A = A(Q) � A=A(Q) e�nai isodÔnamh me to ìti oi kuklikè

om�de an�lush A(Q) e�nai mègiste kuklikè upoom�de sthn A, dhlad  den up�rqei ku-

klik  upoom�da th A, pou na perièqei gn sia thn A(Q).

Parat rhsh: To prìblhma eÔresh th sunomologiak  kl�sh � 2 H

2

(H(P ); A)

mpore� na l�bei kai mia deÔterh morf  {topikìthta}. JewroÔme ti jèsei p; P;Q twn

F

H(P )

0

; F

0

kai F ant�stoiqa pou apoteloÔn h k�je m�a periorismì th �llh. Ja sum-

bol�zoume me Com

p

(F

H(P )

0

); Com

P

(F

0

); Com

Q

(F ) ant�stoiqa, ti plhr¸sei (s¸mata Lau-

rent anaptugm�twn) twn swm�twn F

H(P )

0

; F

0

; F w pro ti jèsei p; P;Q ant�stoiqa.
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!

!

!

!

!

!

!

!

!

!

!

!

Q

P

p F

H

p

0

F

0

F

Com

Q

(F )

Com

P

(F

0

)

Com

p

(F

H

p

0

)

Dhlad  èqoume an�gei to prìblhma th epèktash ston upologismì th om�da Ga-

lois sta topik� s¸mata. Fusik� kai p�li mporoÔme na èqoume mia akrib  graf  gia ton

sunkÔklo, h opo�a prokÔptei apì thn ex�swsh (1.6) jewr¸nta k�je ìro sthn topikopo�hsh

[�; �℄ :

�

H(P )�H(P ) �! A(P )

�; � 7�!

^

B

�(�)

�

�(

^

B

�

)

^

B

�1

��

; (1.10)

ìpou gia èna stoiqe�o f 2 F me

^

f ja sumbol�zoume to an�ptugma Laurent tou.

O tÔpo diakl�dwsh kajor�zei thn sunomologiak  kl�sh res

G!G(P )

� topik�. Pro-

keimènou na apant soume sto kajolikì er¸thma, sugkentr¸noume ti apant sei apì ìla

ta topik� probl mata maz�: JewroÔme ton omomorfismì

H

2

(H;A)

�

�!

Q

P

H

2

(H(P ); A)

� 7�!

Q

P

res

H!H(P )

�

(1.11)

Gia na kajor�zetai h olik  sunomologiak  kl�sh � apì ton {tÔpo diakl�dwsh} arke�

o � na e�nai {èna pro èna}   isodÔnama

ker� =

\

P

ker res

H!H(P )

� = f1g

Ja d¸soume m�a ikan  sunj kh pou na exasfal�zei ìti h sun�rthsh �, ìpw aut  or�zetai

sthn (1.11), na e�nai monomorfismì.

E�nai gnwstì ìti an h S e�nai mia upoom�da th peperasmènh om�da H tìte h sÔnjesh

or

S;H

Æ res

H;S

e�nai pollaplasiasmì me [H : S℄ ([32℄, pìrisma 2-4-9) . Dhlad  gia

S = H(P ) èqoume to parak�tw metajetikì di�gramma

H

2

(H;A)

[H:H(P )℄

�! H

2

(H;A)

res& % or

H

2

(H(P ); A)

:

O de�kth jH : H(P )j taut�zetai me ton arijmì r

p

twn jèsewn tou s¸mato F

0

pou epe-

kte�noun mia jèsh p tou F

H

0

. IsqÔei loipìn to parak�tw

L mma 1.4.3 An r

p

sumbol�zei ton arijmì twn jèsewn tou s¸mato F

0

, uper�nw mia

jèsh p tou F

H

0

kai epiplèon o mègisto koinì diairèth ìlwn twn r

p

e�nai mon�da, ìtan to

p diatrèqei ti jèsei tou F

H

0

, tìte o morfismì � e�nai monomorfismì.

Dustuq¸, o ker� den e�nai se ìle ti peript¸sei mon�da, kai sunep¸ h dom  om�da

th epèktash den kajor�zetai apì ton tÔpo diakl�dwsh. An gia par�deigma, to F

0

e�nai

èna s¸ma sunart sewn gènou austhr� megalÔterou tou mhdenì, tìte mpore� na up�rqoun

automorfismo� tou F

0

, oi opo�oi na mhn stajeropoioÔn kamm�a jèsh tou F

0

, sunep¸ oi

epekt�sei tou se automorfismoÔ mia abelian  epèktash F tou F

0

, den g�netai na
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ephre�zontai apì ton tÔpo diakl�dwsh. Apì ton tÔpo twn Riemann-Hurwitz prokÔptei ìti

an h om�da H dra qwr� stajer� shme�a ep� tou s¸mato F , tìte

2g

F

� 2 = jH j � (2g

F

H � 2);

dhlad  h t�xh th om�da H diaire� thn qarakthristik  tou Euler.

Par�deigma:'Estw F

0

èna elleiptikì s¸ma sunart sewn, orismèno ep� enì algebrik�

kleistoÔ s¸mato k. H om�da automorfism¸n tou F

0

e�nai �peirh, afoÔ k�je jèsh P 2

E := P(F

0

) ep�gei èna automorfismì

P :

�

F

0

�! F

0

Q 7�! Q+ P

:

Dhlad  to sÔnolo twn jèsewn E tou F

0

, apotele� upoom�da th Aut(F

0

). H om�da twn

automorfism¸n G(0) pou krat� stajerì to oudètero stoiqe�o th elleiptik  kampÔlh E,

e�nai isìmorfh me ([25℄, sel. 103)

G(0)

�

=

8

>

>

>

>

<

>

>

>

>

:

Z

2

an j(E) 6= 0; 1728

Z

4

an j(E) = 1728; p 6= 2; 3

Z

6

an j(E) = 0; p 6= 2; 3

Z

3

oZ

4

an j(E) = 0; 1728; p = 3

(Z

2

�Z

2

�Z

2

)oZ

3

an j(E) = 0; 1728; p = 2:

Olìklhrh de h om�da automorfism¸n e�nai isìmorfh me

Aut(F

0

)

�

=

E oG(0):

JewroÔmeH mia peperasmènh upoom�da th om�da automorfism¸n enì elleiptikoÔ s¸mato

sunart sewn F

0

, h opo�a na epekte�netai se automorfismoÔ mia abelian  epèktash F=F

0

.

Upojètoume epiplèon, ìti to gèno tou F e�nai megalÔtero tou 2. Apì thn dom  th Aut(F

0

),

èqoume ìti

H

�

=

H

tor

oH(0);

ìpou H

tor

e�nai upoom�da peperasmènh t�xh th E kai H(0) � G(0). Oi automorfismo�

pou epekte�noun thn H

tor

sqhmat�zoun mia upoom�da twn automorfism¸n tou F me t�xh jAj �

jH

tor

j h opo�a dra eleÔjera ep� tou F . Sunep¸ to jAj � jH

tor

j ja prèpei na diaire� to 2g

F

�2.

Sthn eidik  per�ptwsh pou H

tor

= f1g, èqoume ìti h sun�rthsh � e�nai monomorfismì.
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Kef�laio 2

KampÔle th morf  y

n

= f (x)

'Estw algebrik� kleistì s¸ma k. Se autì to kef�laio ja jewr soume kuklikè epekt�sei

tou rhtoÔ s¸mato sunart sewn k(x). JewroÔme to s¸ma sunart sewn F th kampÔlh

y

n

= f(x), ìpou to f(x) 2 k[x℄ den e�nai Æ-dÔnamh gia k�je Æ j n. To F e�nai mia kuklik 

Kummer epèktash tou rhtoÔ s¸mato sunart sewn k(x). AfoÔ to s¸ma stajer¸n k e�nai

algebrik� kleistì, sthn epèktash F=k(x) den emfan�zetai adr�neia. H diakl�dwsh kai h

an�lush twn jèsewn upolog�zetai w ex :

'Estw P m�a jèsh tou k(x) kai èstw �

P

h diakrit  ekt�mhsh pou th antistoiqe�. To

pl jo r

P

twn jèsewn tou F pou br�skontai uper�nw th P e�nai

r

P

= (n; �

P

(f(x)) (2.1)

en¸ o ant�stoiqo bajmì diakl�dwsh e�nai e

P

= n=r

P

.

AnalÔoume to f(x) se ginìmeno anag¸gwn paragìntwn sto k[x℄.

f(x) =

s

Y

i=1

(x � �

i

)

d

i

:

'Eqoume ìti

�

P

(f) =

8

<

:

d

i

an P = P

x=�

i

�d :=

P

s

i=1

d

i

an P = P

1

0 diaforetik�

(2.2)

Apì ti (2.1) kai (2.2) èqoume ìti

e

P

=

8

<

:

n=(n; d

i

) an P = P

x=�

i

n=(n; d) an P = P

1

1 diaforetik�

(2.3)

'Estw A

1

; :::; A

n

oi jèsei tou F pou epekte�noun to P

x=0

, kai Q

�

i

;j

=j = 1; :::; (n; d

i

) oi

jèsei pou epekte�noun thn P

x=�

i

kai �

i

i = 1; :::; (n; d) oi jèsei pou epekte�noun to P

1

.

Apì ta parap�nw mporoÔme na upolog�soume tou divisors twn sunart sewn x; y.

(x) =

n

X

i=1

A

i

�

n

(n; d)

(n;d)

X

i=1

�

i

(2.4)

(y) =

s

X

i=1

d

i

(n; d

i

)

(n;d

i

)

X

j=1

Q

�

i

;j

�

(d;n)

X

j=1

d

(n; d)

�

j

: (2.5)
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Pr�gmati, gia tou suntelestè tou divisor (y), arke� na parathr soume ìti

n � �

Q

(y) = �

Q

(f(x)) = e(Q=P ) � �

P

(f(x)):

H diafor�zousa th diaqwr�simh epèktash F=k(x) upolog�zetai

D(F=k(x)) =

s

X

i=1

�

n

(n; d

i

)

� 1

�

(n;d

i

)

X

j=1

Q

�

i

;j

+

(n;d)

X

i=1

�

n

(n; d)

� 1

�

�

i

(2.6)

Apì ton tÔpo (dx) = D(F=k(x)) � 2(x)

1

([13℄, sel. 455) kai thn (2.6) èqoume

(dx) =

s

X

i=1

�

n

(n; d

i

)

� 1

�

(n;d

i

)

X

j=1

Q

�

i

;j

+

(n;d)

X

i=1

�

n

(n; d)

� 1�

2n

(n; d)

�

�

i

: (2.7)

Apì thn parap�nw ex�swsh mporoÔme na upolog�soume to gèno tou F . Pr�gmati deg dx =

2g

F

� 2, �ra

g

F

= 1 +

1

2

 

ns�

s

X

i=1

(n; d

i

)� n� (n; d)

!

: (2.8)

Jètoume ! := dx=y

n�1

, kai parathroÔme ìti gia na e�nai èna diaforikì th morf 

x

�

y

�

!;

olìmorfo prèpei kai arke�

nd� d� n� (n; d)� �d� �n � 0; (2.9)

�d

i

+ n� nd

i

+ d

i

� (n; d

i

) � 0; � � 0 (2.10)

Sthn genik  per�ptwsh ta olìmorfa diaforik� e�nai polÔ perissìtera apì aut� th morf 

x

�

y

�

!. Sthn eidik  ìmw per�ptwsh d

i

= 1, dhlad  ìtan kanèna peperasmèno shme�o th

afinik  kampÔlh y

n

= f(x) den e�nai idiìmorfo, tìte oi sunj ke 2.10 an�gontai sti

� � 0; � � 0, kai o Towse [28℄ apèdeixe ìti to sÔnolo

I :=

�

(�; �) 2 N

2

: nd� d� n� (n; d)� �d� �n � 0

	

èqei plhj�rijmo akrib¸ g

F

. 'Ara to sÔnolo

x

�

y

�

!; (�; �) 2 I; (2.11)

apotele� m�a b�sh olìmorfwn diaforik¸n.

Ja perioristoÔme se epekt�sei gia ti opo�e isqÔei h sunj kh (n; d

i

) = 1 gia ìla

ta i = 1; :::; s,   isodÔnama se kuklikè Kummer epekt�sei, sti opo�e oi jèsei pou

diaklad�zontai, diaklad�zontai pl rw.

Qwr� periorismì th genikìthta mporoÔme na perioristoÔme se sunart sei

f(x) =

s

Y

i=1

(x� �

i

)

d

i

; d

i

2 Z

tètoie ¸ste 0 < d

i

< n kai d :=

P

s

i=1

d

i

� 0modn, dhlad  to ep�peiro shme�o th

kampÔlh den diaklad�zetai.

Apì thn ex�swsh (2.8) kai lamb�nonta upìyhn ìti (n; d

i

) = 1, (n; d) = n lamb�noume

ton parak�tw tÔpo gènou:

g =

(n� 1)(s� 2)

2

:
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Apode�xame sto pìrisma 1.1.3 ìti upì thn pro�pìjesh 2n < s, h om�da Gal(F=F

0

)�G.

H sunj kh 2n < s e�nai isodÔnamh me thn (n� 1)

2

< g

F

.

Sthn eidik  per�ptwsh k = C kai n = p e�nai pr¸to, oi Vitor Gonzalez kai Rubi

Rodriguez [7℄ èdwsan m�a kalÔterh sunj kh: Qrhsimopo�hsan to gnwstì apotèlesma ìti

m�a kampÔlh C e�nai èna p�kuklikì k�lumma th probolik  euje�a an kai mìno an èqei èna

g

1

p

eleÔjero b�sh grammikì sÔsthma kai to ìti h om�da automorfismwn metajètei ìla ta

grammik� sust mata th morf  g

1

p

. Sunep¸ an to grammikì sÔsthma g

1

p

, e�nai monadikì,

tìte h kuklik  om�da Galois Gal(C=P

1

), e�nai kanonik  sthn G: M�a ikan  sunj kh ¸ste

èna grammikì sÔsthma g

1

p

na e�nai monadikì e�nai:

2 � p �

g

2

+ 1; (2.12)

ìpw apèdeixan oi Arbarello-Cornalba sto [2℄, �ra, an isqÔei h (2.12), tìte C

p

�G:

2.1 Sunj ke epektasimìthta

Ja antimetwp�soume s' aut  thn par�grafo to ant�strofo prìblhma. G

0

e�nai m�a tuqa�a

peperasmènh upoom�da th om�da automorfism¸n tou rhtoÔ s¸mato sunart sewn F

0

:

E�nai dunatìn na epekte�noume k�je automorfismì tou G

0

; se èna automorfismì tou F ?

H par�stash dr�sh sthn per�ptwsh ma, ìpou h epèktash tou Kummer par�getai apì

èna gennopoiìn rizikì mìno, an�getai se èna omomorfismì

� :

�

H �! Aut(C

n

)

�

=

Z

�

n

� 7�! �(�)modn

; (2.13)

H parak�tw prìtash d�nei m�a ikan  kai anagka�a sunj kh.

Prìtash 2.1.1 'Estw D = div(f(x))

0

o rizikì divisor tou poluwnÔmou f(x) tou s¸mato

F

0

: Upojètoume ìti deg(D) = d � 0modn 'Estw �

0

èna automorfismì tou F

0

:

(a) Ta parak�tw e�nai isodÔnama:

� Gia k�je automorfismì �

0

th G

0

isqÔei

�

0

(D) � �(�

0

)Dmodn

� Up�rqei èna automorfismì � tou s¸mato sunart sewn F tètoio ¸ste �j

F

0

= �

0

:

(b) Ta parak�tw e�nai isodÔnama:

� Up�rqei èna automorfismì � tou s¸mato sunart sewn F tètoio ¸ste �j

F

0

= �

0

kai �T = T� ìpou T e�nai genn tora th kuklik  om�da Gal(F=F

0

):

� �(D) = D:

ìpou gr�fontaD � D

0

modn; gia duo divisors me ton �dio forèa, ennooÔme ìti u

P

(D) �

u

P

(D

0

) gia k�je P jD;D

0

:

Apìdeixh:
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(a) H genik  sunj kh epektasimìthta pou d¸same sthn prìtash 1.3.2 ma d�nei ìti ìti

o automorfismì �

0

tou F

0

epekte�netai se se automorfismì th Kummer epèktash

F = F

0

(y); y

n

= f(x) an kai mìno an h sun�rthsh

�

0

(f(x))

f(x)

�(�

0

)

;

e�nai n-ost  dÔnamh rht  sun�rthsh sto s¸ma k(x). Dhlad  k�je suntelest  tou

kur�ou divisor th parap�nw sun�rthsh e�nai pollapl�sio tou n. 'Eqoume loipìn gia

u = f(x)

div

F

0

�

�

0

(u)

u

�(�

0

)

�

= �

0

(div

F

0

(u))� �(�

0

)div

F

0

(u)

= �

0

(div

0

(u))� �

0

(div

1

(u))� �(�

0

)div

0

(u) + �(�

0

)div

1

(u):

'Omw èqoume proupojèsei ìti div

1

(u) = deg(f(x)) e�nai pollapl�sio tou n, sunep¸

kai to

�

0

(div

0

(u))� �(�

0

)div

0

(u)

e�nai pollapl�sio tou n.

(b) AfoÔ h epèktash � sto F tou �

0

metat�jetai me ton genn tora T èqoume ìti �(�

0

) = 1,

kai sunep¸ isqÔei:

�

0

(D) � Dmodn:

To apotèlesma prokÔptei telik� apì to ìti 0 < d

i

< n. 2

Upenjum�zoume ìti D = div(f(x))

0

. To supp(D) isoÔtai me to sÔnolo twn jèsewn tou

F

0

pou diaklad�zontai sthn epèktash F=F

0

: AfoÔ C

n

� G, k�je automorfismì � th G,

metajètei ti jèsei tou supp(D). Oi stajerè jèsei tou supp(D) upì thn dr�sh tou G

0

diaklad�zontai sthn epèktash F

0

=F

G

0

0

.

Orismì 2.1.2 'Estw G

0

m�a peperasmènh om�da automorfism¸n tou rhtoÔ s¸mato su-

nart sewn F

0

kai èstw A := fP

1

; :::; P

f

g to sÔnolo twn jèsewn tou F

0

pou diaklad�zontai

sthn F

0

=F

G

0

0

. 'Estw ep�shA

R

� A ènaG

0

- anallo�wto uposÔnolo touA kai � : G

0

�! Z

�

n

èna omomorfismì om�dwn. Me

D

n

(G

0

; A

R

� A; �) � Div(F

0

);

ja sumbol�zoume to uposÔnolo twn divisors D tou F

0

tètoio ¸ste:

� H om�da G

0

af nei to supp(D) anallo�wto,

� A \ supp(D) = A

R

;

� (v

P

(D); n) = 1 gia ìle ti jèsei P 2 supp(D):

� �(D) � �(�)Dmodn gia ìla ta � 2 G

0

:

Parat rhsh: 'Estw D 2 D

n

(G

0

; A

R

� A; �): Oi stajerè jèsei tou supp(D) upì thn

dr�sh th om�da G

0

diaklad�zontai sthn epèktash F

0

=F

G

0

0

: An � 2 G

0

stajeropoie� m�a

jèsh P 2 supp(D) tìte �(�) � 1modn. Pr�gmati , �(D) � �(�)Dmodn kai v

P

(D) �

�(�)v

P

(D)modn �ra �(�) � 1modn afoÔ v

P

(D) 2 Z

�

n

.

L mma 2.1.3 An �(�) � 1modn gia ìla ta P tètoia ¸ste �(P ) = P kai gia ìla ta

� 2 G

0

, tìte to sÔnolo D

n

(G

0

; A

R

� A; �) den e�nai kenì.
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Apìdeixh: Ja kataskeu�soume katarq n to sÔnolo supp(D): 'Estw m�a jèsh Q

1

tou

F

0

kai èstw h troqi� O(Q

1

; G

0

) tou Q

1

upì thn dr�sh tou G

0

: Dialègoume m�a jèsh Q

2

ektì tou O(Q

1

; G

0

) kai jewroÔme thn troqi� O(Q

2

; G

0

):

Me autì ton trìpo mporoÔme na kataskeu�soume èna sÔnolo troqi¸n O(Q

i

; G

0

) tètoie

¸ste

O(Q

i

; G

0

) \ O(Q

j

; G

0

) = ; gia i 6= j

kai A

R

�

S

s

i=1

O(Q

i

; G

0

): JewroÔme èna divisor D o opo�o na èqei san forèa tou D

supp(D) :=

s

[

i=1

O(Q

i

; G

0

):

Gia k�je P 2 O(Q

i

; G

0

) jètoume v

P

(D) := �(Q

i

) � �(�), ìpou � e�nai to stoiqe�o th G

0

tètoio ¸ste �(Q

i

) = P; kai �(Q

i

) e�nai opoiosd pote akèraio pr¸to me ton n: Argìtera ja

dialèxoume kat�llhla �(Q

i

) ètsi ¸ste na exasfal�soume deg(D) � 0modn. O divisor D

e�nai kal� orismèno afoÔ an �; �

0

2 G

0

tètoia ¸ste �(Q

i

) = �

0

(Q

i

) = P tìte �

0

��

�1

(Q

i

) =

Q

i

sunep¸ �(�

0

) � �(�)modn:2

Orismì 2.1.4 'Estw G

0

mia peperasmènh om�da automorfism¸n tou rhtoÔ s¸mato su-

nart sewn F

0

kai èstw A = fP

1

; :::; P

f

g, A

R

� A ìpw kai ston orismì 2.1.2. Ja lème ìti

o tÔpo diakl�dwsh (G

0

; A

R

� A; �) ulopoie�tai, an up�rqei kuklik  epèktash F tou F

0

orismènh ìpw sthn sel�da 15, tètoia ¸ste C

n

= Gal(F=F

0

) na e�nai m�a kanonik  upoom�da

olìklhrh th om�da automorfism¸n G;G=C

n

�

=

G

0

kai to sÔnolo A

R

na apotele�tai apì

ti jèsei tou A pou diaklad�zontai sthn epèktash F=F

0

:

An o divisor D 2 D

n

(G

0

; A

R

� A; �) mpore� na kataskeuaste� ètsi ¸ste

degD � 0modn

kai h �peirh jèsh P

1

=2 suppD, tìte o tÔpo diakl�dwsh (G

0

; A

R

� A; �) ulopoie�tai.

Pr�gmati, jètoume F = F

0

(y), ìpou

y

n

=

Y

P2supp(D)

(x� x(P ))

v

p

(D)

;

kai x(P ) 2 k sumbol�zei to peperasmèno shme�o tou P

1

(k); pou antistoiqe� sthn jèsh P:

O isqurismì prokÔptei apì thn prìtash 2.1.1. A shmeiwje� ìti prokeimènou na exa-

sfal�soume ìti G

0

�G arke� na p�roume

#supp(D) > [n=2℄ + 1:

Sthn per�ptwsh pou degD � 0modn kai P

1

2 suppD; mporoÔme na broÔme èna me-

tasqhmatismì M�obius a 2 PGL(2; k) tètoio ¸ste P

1

=2 Q(suppD); ètsi ¸ste o tÔpo

diakl�dwsh (QG

0

Q

�1

; Q(A

R

) � Q(A); �) na e�nai ulopoi simo.

Ja upolog�soume ton bajmì tou D 2 D

n

(G

0

; A

R

� A; �). 'Estw �

0

èna tuqa�o

automorfismì tou G

0

t�xh m: To sÔnolo supp(D) diaqwr�zetai se troqiè upì thn dr�sh

tou �

0

:

supp(D) =

k

�

0

[

i=1

O(P

i

; h�

0

i):

'Estw P 2 supp(D), kai m�a P jèsh pou na mhn stajeropoie�tai apì ton �

0

: H troqi� tou

P upì thn dr�sh tou h�

0

i e�nai

O(P; h�

0

i) = fP; �

0

(P ); :::; �

m�1

0

(P )g
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(parathroÔme ìti an P den stajeropoie�tai apì ton metasqhmatismì M�obius �

0

tìte den

stajeropoie�tai apì kam�a dÔnamh tou �

0

:) H parap�nw troqi� antistoiqe� ston divisor

m�1

X

i=0

��(�

i

0

)�

i

0

(P ) :

tou opo�ou o bajmì upolog�zetai modulo p

a

m�1

X

i=0

��(�

i

0

) =

(

�

�(�

0

)

m

�1

�(�

0

)�1

� 0mod p

a

an �(�

0

) 6 �1mod p

a

�mmod p

a

an �(�

0

) � 1mod p

a

; (2.14)

gia k�je p

a

j n tètoio ¸ste p

a+1

- n:

Parat rhsh 2.1.5 ParathroÔme ìti an P 2 supp(D), ìpou

D 2 D

n

(G

0

; A

R

� A; �);

e�nai divisor bajmoÔ deg(D) � 0modn; kai P e�nai m�a stajer  jèsh tou � 2 G

0

; tìte

�(�) � 1modn: An � èqei duo stajerè jèsei P

1

; P

2

kai P

1

2 supp(D); P

2

=2 supp(D) tìte

kat an�gkhn èqoume (n;m) = 1; ìpou m e�nai h t�xh tou �: Pr�gmati, o bajmì tou D e�nai

deg(D) = v

P

1

(D) +

X

�

i

m � 0modn:

Ja prèpei loipìn (n;m)jv

P

1

(D), �topo, ektì an (n;m) = 1:

L mma 2.1.6 An up�rqei � 2 G

0

tètoio ¸ste �(�) 6 �1mod p

a

; gia k�je pr¸to p, ìpou

p

a

j n; p

a+1

- n , tìte k�je divisor D 2 D

n

(G

0

; A

R

� A; �) èqei bajmì 0modn.

Apìdeixh: O � dra ep� tou supp(D) qwr� stajer� shme�a, afoÔ

�(�)6�1modn:

To apotèlesma prokÔptei apì thn ex�swsh 2.14.2

L mma 2.1.7 Sthn per�ptwsh pou A

R

= ;, dhlad  kam�a apì ti jèsei pou diaklad�zontai

sthn epèktash F

0

=F

G

0

0

den diaklad�zetai sthn epèktash F=F

0

tìte mporoÔme na kata-

skeu�soume èna divisor D 2 D

n

(G

0

; A

R

� A; �) bajmoÔ 0modn:

Apìdeixh: ParathroÔme ìti h om�da G

0

dra qwr� stajer� shme�a sto supp(D); afoÔ

A

R

= ;. 'Ara mporoÔme na p�roume �rtio arijmì apì troqiè O(Q

i

; G

0

) i = 1; :::; r kai na

jèsoume �(Q

i

) � ��(Q

r�i

)modn: H kataskeu  aut  ma d�nei ìti degD � 0modn: 2

2.2 Dom  om�do

2.2.1 Peperasmène upoom�de th PGL(2; k)

Oi peperasmène om�de automorfism¸n enì rhtoÔ s¸mato sunart sewn d�nontai apì to

parak�tw

Je¸rhma 2.2.1 [30℄ 'Estw F

0

= k(x) èna rhtì s¸ma sunart sewn me s¸ma stajer¸n k

algebrik� kleistì, qarakthristik  p � 0: 'Estw G

0

m�a mh-tetrimènh peperasmènh om�da

automorfism¸n tou F

0

kai F

1

:= F

G

0

0

to s¸ma twn stajer¸n stoiqe�wn th G

0

: 'Estw r to

pl jo twn jèsewn tou F

1

pou diaklad�zontai sthn epèktash F

0

=F

1

kai e

1

; :::; e

r

oi ant�stiqoi

de�kte diakl�dwsh. H om�da G

0

e�nai m�a apì ti parak�tw om�de kai h epèktash F

0

=F

1

èqei èna apì tou parak�tw tÔpou diakl�dwsh
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1. Kuklik  om�da C

m

t�xh m pr¸th pro thn qarakthristik  p me tÔpo diakl�dwsh

r = 2; e

1

= e

2

= jG

0

j

2. Stoiqei¸dh abelian  p-om�da me tÔpo diakl�dwsh r = 1; e = jG

0

j

3. Diedrik  om�da D

m

t�xh 2m ìpou p = 2, (p;m) = 1; me tÔpo diakl�dwsh r = 2;

e

1

= 2; e

2

= n   p 6= 2; (p;m) = 1; me tÔpo diakl�dwsh r = 3; e

1

= e

2

= 2; e

3

= m:

4. H enall�sousa om�daA

4

sthn per�ptwsh qarakthristik  p 6= 2; 3 me tÔpo diakl�dwsh

r = 3; e

1

= 2; e

2

= e

3

= 3:

5. H summetrik  om�da S

4

sthn per�ptwsh qarakthristik  p 6= 2; 3 me tÔpo diakl�dwsh

r = 3; e

1

= 2; e

2

= 3; e

3

= 4:

6. H enall�sousa om�da A

5

ìpou p = 3, me tÔpo diakl�dwsh r = 2; e

1

= 6; e

2

= 5;  

p 6= 2; 3; 5 me tÔpo diakl�dwsh r = 3; e

1

= 2; e

2

= 3; e

3

= 5:

7. HmieujÔ ginìmeno stoiqei¸dou abelian  p�om�da t�xh q me kuklik  om�da t�xh

m ìpou mjq � 1 kai tÔpo diakl�dwsh r = 2; e

1

= jG

0

j; e

2

= m:

8. PSL(2; q) sthn per�ptwsh qarakthristik  p 6= 2; q = p

m

kai tÔpo diakl�dwsh r = 2;

e

1

=

q(q�1)

2

; e

2

=

q+1

2

:

9. PGL(2; q) sthn per�ptwsh qarakthristik  q = p

m

kai tÔpo diakl�dwsh r = 2; e

1

=

q(q � 1); e

2

= q + 1.

2.2.2 Sunomologiako� upologismo�

An h om�da C

n

e�nai èna tetrimmèno G

0

module dhlad  h sun�rthsh � ìpw or�sthke sthn

(2.13) e�nai tetrimmènh, tìte e�nai sqetik� eÔkolo na upolog�soume thn om�da sunomolog�a

k�nonta qr sh tou {pagkosm�ou jewr mato suntelest¸n}: [3℄

H

2

(G

0

; C

n

)

�

=

Hom (H

2

(G

0

;Z); C

n

)�Ext (H

1

(G

0

;Z); C

n

) ; (2.15)

ìpou o daktÔlio Z jewre�tai ed¸ san tetrimmèno G

0

-module . H omologik  om�daH

2

(G;Z)

e�nai o pollaplasiast  tou Shur o opo�o e�nai gnwstì gia ìle ti peperasmène upoom�de

PGL(2; k) [3℄ pou emfan�zontai sto je¸rhma 2.2.1. H om�da omolog�a H

1

(G

0

;Z) e�nai h

abelianopo�hsh

G

0

[G

0

;G

0

℄

th G

0

: K�nonta qr sh twn parap�nw apotelesm�twn mporoÔme na

upolog�soume ton parak�tw p�naka sunomolog�a

Om�da G

0

H

2

(G

0

; C

n

)

C

m

Z

(n;m)

D

m

0 an (n; 2) = 1

Z

2

an (n; 2) = 2; (m; 2) = 1

Z

2

�Z

2

�Z

2

an (n; 2) = (m; 2) = 2

A

4

Z

(n;2)

�Z

(n;3)

A

5

Z

(2;n)

S

4

Z

(2;n)

�Z

(2;n)

PSL(2; q)

1 an p = 2; p

f

6= 4

Z

(2;n)

an p > 2; p

f

6= 9; p

f

= 4

Z

(6;n)

an p

f

= 9

; ìpou q = p

f

PGL(2; q) Z

(2;n)

�Z

(2;n)

Ja anafèroume ep�sh thn parak�tw prìtash, thn opo�a kai ja qrhsimopoi soume argìtera
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Prìtash 2.2.2 [32, sel. 93℄ Up�rqei monomorfismì

H

2

(G;A) =

L

pjs

H

2

(G;A)

p

�

�!

L

pjs

H

2

(G

p

; A)

a =

P

pjs

a

p

7�!

P

pjs

res

(G!G

p

)

a

p

;

ìpou h G

p

diatrèqei ti p-Sylow upoom�de th G, en¸ h H

2

(G;A)

p

ja sumbol�zei to p-

komm�ti th peperasmènh abelian  om�da H

2

(G;A); s = jGj.

2.2.3 Kuklikè om�de

An�mesa se ìle om�de pou mpore� na emfanistoÔn w om�de automorfism¸n enì rhtoÔ

s¸mato sunart sewn, aploÔsterh e�nai h kuklik . Ja apode�xoume to parak�tw

Je¸rhma 2.2.3 'Estw ìti G

0

:= G=C

n

e�nai isìmorfh me thn kuklik  om�da C

m

t�xewm,

ìpou to m e�nai pr¸to pro thn qarakthristik  tou s¸mato k. To sÔnolo A twn stajer¸n

jèsewn tou F

0

= k(x), upì thn dr�sh th G

0

, apotele�tai apì dÔo jèsei A = fP

1

; P

2

g. H

om�da twn automorfism¸n G e�nai isìmorfh me:

a) C

nm

an toul�qiston m�a apì ti jèsei P

1

; P

2

; èstw h P

1

; diaklad�zetai pl rw sthn

epèktash F=F

0

; dhlad  ìtan A

R

6= ;.

b) C

n

o C

m

an kam�a apì ti jèsei tou A den diaklad�zetai sthn epèktash F=F

0

,

dhlad  ìtan A

R

= ;.

Apìdeixh:

a) Sthn per�ptwsh aut , m�a toul�qiston apì ti jèsei P

1

; P

2

, èstw h P

1

; diaklad�zetai

pl rw sthn epèktash F=F

0

: An Q e�nai h monadik  jèsh tou F h opo�a epekte�nei thn P

1

,

tìte h om�da an�lush G(Q) e�nai kuklik  [20, sel. 68℄ kai �sh me G. H om�da G e�nai

abelian  kai h sun�rthsh dr�sh � : C

m

�! Z

�

n

e�nai tetrimmènh.

b) Sthn per�ptwsh aut  kam�a apì ti dÔo jèsei P

1

; P

2

den diaklad�zetai sthn epèktash

F=F

0

: Ja sumbol�zoume me �, thn fusik  probol  � : G! G

0

.

Apì to l mma 1.4.1 èqoume ìti h mikr� akrib  akolouj�a

1 �! C

n

�! G �! C

m

�! 1

diasp�tai, dhlad  G

�

=

C

n

o C

m

. Epiplèon an S kai T e�nai genn tore twn om�dwn C

m

kai C

n

ant�stoiqa, tìte h metakuklik  om�da G, dèqetai m�a par�stash se genn tore kai

sqèsei:

G

�

=

hS; T jS

m

= 1; T

n

= 1; STS

�1

= T

�(S)

i

(blèpe kai ex�swsh (1.9) ). 2.

Ja apode�xoume ìti oi parap�nw tÔpoi diakl�dwsh e�nai ulopoi simoi, kataskeu�zonta

èna divisor entì tou D

n

(C

m

; A

R

� A; 1) tètoio ¸ste deg(D) � 0modn: A upojèsoume

pr¸ta ìti kai oi dÔo jèsei P

1

; P

2

diaklad�zontai sthn epèktash F=F

0

. Oi dÔo troqiè

O(P

i

; C

m

) = fP

i

g, i = 1; 2 twn stajer¸n jèsewn P

1

; P

2

; an koun sto A

R

kai A

R

= A =

fP

1

; P

2

g : O tuqa�o divisor D 2 D

n

(C

m

; A

R

� A; 1) e�nai th morf 

D = �(P

1

)P

1

+ �(P

2

)P

2

+

r

X

i=1

�(Q

i

)

X

P2O(Q

i

;C

m

)

P; gia k�poion r

ìpou Q

i

=2 A gia ìla ta i = 1; :::; r: Gia na epilèxoume divisor bajmoÔ 0modn; jètoume

�(P

1

) � ��(P

2

)modn, dialègoume ton r �rtio kai �(Q

i

) � ��(Q

r�i+1

)modn:
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A upojèsoume t¸ra ìti h jèsh P

1

diaklad�zetai kai ìti h jèsh P

2

analÔetai sthn

epèktash F=F

0

; dhlad  A

R

= fP

1

g : O tuqa�o divisor sto D

n

(C

m

; A

R

� A; 1) èqei thn

morf 

D = �(P

1

)P

1

+

r

X

i=0

�(Q

i

)

X

P2O(Q

i

;C

m

)

P:

'Eqoume dei ìti h per�ptwsh aut  mpore� na sumbe� mìno ìtan (n;m) = 1; dhlad  up�qoun

akera�oi �; � tètoioi ¸ste �n + �m = 1. Dialègoume r �rtio, kai jètoume �(P

1

) = 1;

�(Q

0

) = � kai �(Q

i

) � ��(Q

r�i+1

)modn; i = 1; :::; r: Autì ma d�nei ìti degD � 0modn:

Tèlo, h per�ptwsh A

R

= ; e�nai ulopoi simh ìpw prokÔptei apì to l mma 2.1.7.

Pìrisma 2.2.4 'Estw G h om�da automorfism¸n tou s¸mato sunart sewn F; kai G

0

=

G=C

n

h peperasmènh phlikoom�da automorfism¸n tou rhtoÔ s¸mato sunart sewn F

0

: Ja

sumbol�zoume me � thn fusik  sun�rthsh G! G

0

. 'Estw ep�sh G

0

(P ) h om�da an�lush

th jèsh P tou F

0

: An G

0

(P ) e�nai kuklik  t�xh pr¸th pro thn qarakthristik  p, tìte

h om�da G

�

(P ) pou or�zetai w

G

�

(P ) := fS 2 G : �(S)P = Pg ;

e�nai kuklik  t�xh n � jG

0

(P )j sthn per�ptwsh pou h jèsh P diaklad�zetai sthn epèktash

F=F

0

: Diaforetik�, dhlad  ìtan h jèsh P analÔetai sthn epèktash F=F

0

; h om�da G

�

(P )

e�nai to hmieujè ginìmeno th C

n

oG

0

(P ) me dr�sh pou na d�netai apì thn T

�

= T

�(�)

; ìpou

� e�nai genn tora th kuklik  om�da G

0

(P ): Sthn pr¸th per�ptwsh �(�) � 1modn:

Apìdeixh: ParathroÔme apl� ìti hG

�

(P ) e�nai h om�da pou antistoiqe� sthn upoepèktash:

1 �! C

n

�! G

�

(P ) �! G

0

(P ) �! 1

jj # #

1 �! C

n

�! G �! G

0

�! 1

kai ìti G

�

(P ) e�nai m�a epèktash th kuklik  om�da G

0

(P )2:

Sto parap�nw pìrisma parathroÔme ìti an h jèsh P analÔetai sthn epèktash F=F

0

en¸

h �llh epèktash th kuklik  om�da G

0

(P ) diaklad�zetai sthn epèktash F=F

0

tìte G

�

(P )

e�nai kuklik  t�xh n � jG

0

(P )j: Autì e�nai dunatìn afoÔ anagkastik� (n; jG

0

(P )j) = 1 kai

C

n

�G

0

(P )

�

=

C

n�jG

0

(P )j

:

2.2.4 Stoiqei¸dei abelianè om�de

Je¸rhma 2.2.5 'Estw ìti h om�da G

0

= G=C

n

e�nai isìmorfh me m�a stoiqei¸dh abelian 

om�da E

p

(t) t�xew p

t

, ìpou p e�nai h qarakthristik  tou k. Tìte h om�da G e�nai isìmorfh

me thn C

n

o G

0

. E�n epiplèon h monadik  stajer  jèsh P

1

th G

0

diaklad�zetai sthn

epèktash F=F

0

, tìte h om�da G e�nai isìmorfh me thn C

n

�G

0

.

Apìdeixh: Sthn epèktash F

0

=F

G

0

0

mìno m�a jèsh P

1

tou F

0

diaklad�zetai. AfoÔ

(n; jG

0

j) = 1 h pl rh om�da automorfism¸n G e�nai èna hmieujÔ ginìmeno, G = C

n

oG

0

:

H dr�sh d�netai apì thn sun�rthsh �:

Sthn per�ptwsh pou h jèsh P

1

diaklad�zetai pl rw sthn epèktash F=F

0

, èqoume ìti

G = C

n

�G

0

:

Pr�gmati, èstw Q h monadik  jèsh tou F pou epekte�nei thn P

1

: H om�da an�lush G(Q) =

G taut�zetai me thn om�da adrane�a, afoÔ to s¸ma k e�nai algebrik� kleistì. 'Etsi G (Q)

e�nai to hmieujè ginìmeno mia kuklik  om�da t�xh pr¸th me to p me m�a p-om�da

G

1

(Q) = G

0

: Dhlad  to ginìmeno e�nai eujÔ kai h sun�rthsh � e�nai tetrimmènh. 2
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'Ena divisor sthn D

n

(G

0

; A

R

� fP

1

g ; �) d�netai apì

D =

X

P2A

R

�(P )P +

s

X

i=1

�(Q

i

)

X

P2O(Q

i

;G

0

)

P;

ìpou Q

i

=2 A; i = 1; :::s: Prokeimènou na apode�xoume ìti kai oi dÔo tÔpoi diakl�dwsh

emfan�zontai ja prèpei na dialèxoume ton parap�nw divisor na èqei bajmì 0modn: Sthn

per�ptwsh th pl rou diakl�dwsh èqoumeA

R

= fP

1

g ; opìte pa�rnoume s troqièO(Q

i

; G

0

)

me �(P

1

) = �(Q

i

) = 1; tètoie ¸ste

deg(D) = 1 + sp

a

� 0modn;

ìpou p

a

e�nai h t�xh th G

0

: Autì e�nai dunatìn, afoÔ (n; p) = 1: Sthn deÔterh per�ptwsh

A

R

= ; kai to epijumhtì apotèlesma prokÔptei apì to l mma 2.1.7.

2.2.5 Hmieujèa ginìmena kuklik¸n om�dwn me stoiqei¸dei abe-

lianè om�de

Sthn per�ptwsh aut  h om�da phl�ko G

0

= G=C

n

e�nai isìmorfh me to hmieujè ginìmeno

mia stoiqei¸dou abelian  p-om�da t�xh p

t

, ìpou p e�nai h qarakthristik  tou k, me m�a

kuklik  om�da C

m

t�xh m; kai mjp

t

�1: Sthn epèktash F

0

=F

G

0

0

diaklad�zontai dÔo jèsei

p

1

,p

2

tou F

G

0

0

, me de�kte diakl�dwsh e

1

= jG

0

j kai e

2

= m, ant�stoiqa.

Je¸rhma 2.2.6 'Estw ìti h om�da G

0

= G=C

n

e�nai isìmorfh me to hmieujè ginìmeno

m�a stoiqei¸dou abelian  om�da E

p

(t) t�xew p

t

, ìpou p e�nai h qarakthristik  tou

s¸mato k, me m�a kuklik  om�da C

m

t�xew m; mjp

t

�1: H om�da automorfism¸n G tìte,

e�nai isìmorfh me C

n

oG

0

an A

R

= ;   E

p

(t)o C

nm

an A

R

6= ;.

Apìdeixh:

An kai sthn per�ptwsh aut  endiaferìmaste gia stoiqei¸dei abelianè om�de t�xh

dÔnamh th qarakthristik , ja apode�xoume èna piì genikì apotèlesma epitrèponta sto

p na mhn e�nai dÔnamh th qarakthristik .

L mma 2.2.7 Ja sumbol�zoume me E

p

(t) :=

t�forè

z }| {

Z

p

� :::�Z

p

m�a stoiqei¸dh abelian  p om�da,

t�xh p

t

; ìpou p den e�nai apara�thta h qarakthristik  tou s¸mato k. JewroÔme thn

om�da G

0

= E

p

(t)oC

m

; me (m; p) = 1; pou dra p�nw sto rhtì s¸ma sunart sewn F

0

. A

upojèsoume ìti h upoepèktash

1 �! C

n

�! �

�1

(E

p

(t)) �! E

p

(t) �! 1 (2.16)

th epèktash

1 �! C

n

�! G

�

�! E

p

(t)oC

m

�! 1 (2.17)

diasp�tai, dhlad  �

�1

(E

p

(t)) = C

n

oE

p

(t): Tìte h om�daG e�nai isìmorfh me thn C

n

o (E

p

(t)oC

m

)

an kai oi duo stajerè jèsei tou F

0

; upì thn dr�sh th C

m

; analÔontai sthn epèktash F=F

0

  e�nai isìmorfh me thn G

�

=

E

p

(t)oC

nm

an m�a apì ti stajerè jèsei tou F

0

; upì thn

dr�sh th C

m

; diaklad�zetai sthn epèktash F=F

0

.

Apìdeixh: SÔmfwna me thn melèth twn kuklik¸n epekt�sewn, èqoume dÔo dunatìthte

gia thn om�da �

�1

(C

m

).

�

�1

(C

m

)

�

=

C

n

oC

m

  �

�1

(C

m

)

�

=

C

nm

:
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An �

�1

(C

m

)

�

=

C

n

oC

m

tìte k�nonta qr sh tou monomorfismoÔ � ìpw autì or�sthke

sthn prìtash 2.2.2,

H

2

(E

p

(t)oC

m

; C

n

)

�

�!

M

qjjG

0

j

H

2

(H

q

; C

n

);

ìpou h H

q

diatrèqei ti q-Sylow upoom�de th G

0

; èqoume ìti h pl rh epèktash (2.17)

diasp�tai, afoÔ H

q

e�nai e�te upoom�da tou E

p

(t) e�te tou C

m

.

An �

�1

(C

m

)

�

=

C

nm

tìte ja de�xoume ìti G

�

=

E

p

(t)oC

nm

: Pr�gmati, se aut  thn

per�ptwsh up�rqei èna stoiqe�o R 2 G t�xh nm, to opo�o genn� m�a upoom�da th G

isìmorfh pro thn kuklik  om�da C

nm

: AfoÔ h epèktash (2.16) diasp�tai up�rqei omomor-

fismì

j : E

p

(t) ,! �

�1

(E

p

(t)) ,! G:

Epiplèon E

p

(t)

�

=

j(E

p

(t)) kai j(E

p

(t)) \ C

nm

= 1: Pr�gmati an x 2 j(E

p

(t)) \ C

nm

tìte

x

m

2 j(E

p

(t)) \ C

n

= 1 �ra x

m

= 1; kai x = 1 afoÔ (p;m) = 1: Autì apodukne�ei to

epijumhtì apotèlesma. 2

Epistrèfoume sthn apìdeixh tou jewr mato 2.2.6. O pr¸to p ja e�nai h qarakthristik 

tou k: 'Eqoume ìti (p; n) = 1, �ra h epèktash (2.16) diasp�tai. An, epiplèon, m�a apì ti

jèsei pou stajeropoie�tai apì thn C

m

, diaklad�zetai sthn F=F

0

tìte G

�

=

C

n

o (E

p

(t)oC

m

)

diaforetik� G

�

=

E

p

(t)oC

nm

: 2.

Prokeimènou na apode�xoume thn ulopoi sh aut¸n twn tÔpwn diakl�dwsh ja prèpei na

epilèxoume ton divisor diakl�dwsh

D =

X

P2A

R

�(P )P +

s

X

i=1

�(P

i

)

X

Q2O(P

i

;G

0

)

P;

tou D

n

(G

0

; A

R

� A; �) ètsi ¸ste na èqei bajmì 0modn: Ja sumbol�zoume me Q thn

monadik  jèsh tou F

0

uper�nw th p

1

kai me Q

1

; :::; Q

p

t

ti jèsei tou F

0

upèranw th p

2

:

ParathroÔme ep�sh ìti

O(Q;G

0

) = fQg ; O(Q

1

; G

0

) = fQ

1

; :::; Q

p

t

g :

Diakr�noume ti parak�tw peript¸sei gia to A

R

� A

R

= ;: O tÔpo diakl�dwsh e�nai ulopoi simo lìgw tou l mmato 2.1.7.

� A

R

= O(Q;G

0

) = fQg : Sthn per�ptwsh aut  o omomorfismì � e�nai tetrimmèno.

ParathroÔme ìti oi stajerè jèsei th kuklik  om�da C

m

e�nai Q;Q

0

ìpou Q

0

2

O(Q

1

; G

0

): 'Ara, apì thn parat rhsh 2.1.5, èqoume ìti (n;m) = 1: Jètoume �(P

i

) = 1;

kai dialègoume ton arijmì s twn troqi¸n tètoion ¸ste

deg(D) = 1 + s � jG

0

j � 0modn:

Autì e�nai dunatìn afoÔ (jG

0

j; n) = (n;m) = 1:

� A

R

= O(Q

1

; G

0

): 'Eqoume ìti C

m

< ker�: 'Opw kai sthn prohgoÔmenh per�ptwsh

èqoume thn (n;m) = 1 san m�a anagka�a sunj kh gia na e�nai autì o tÔpo diakl�dwsh

ulopoi simo. O bajmì tou divisor pou antistoiqe� sthn troqi� O(P

i

; G

0

) e�nai

X

P2O(Q

i

;G

0

)

v

P

(D) �

�

0mod p

a

an �(�) 6 �1mod p

a

�jG

0

jmod p

a

an �(�) � 1mod p

a

ìpou p

a

j n; p

a+1

- n: 'Estw n

0

=

Q

pjn;�(�)�1mod p

a

p

a

: Ja prèpei na dialèxoume to

pl jo twn troqi¸n s tètoio ¸ste deg(D) � 0modn

0

: Autì e�nai dunatìn jètonta
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�(P ) = 1 gia ìla ta P 2 supp(D) afoÔ o (n

0

; jG

0

j) diaire� to (n;mp) = (n;m) = 1

kai sunep¸ h ex�swsh

deg(D) = p

t

+ s � jG

0

j � 0modn

0

;

èqei m�a lÔsh modn

0

:

� A

R

= O(Q;G

0

) [ O(Q

1

; G

0

): Sthn per�ptwsh aut  o omomorfismì � prèpei na e�nai

tetrimmèno. Jètoume �(Q) � �1modn, �(P

i

) = �(Q

1

) � 1modn; kai dialègoume

to s; tètoio ¸ste

deg(D) = �1 + p

t

+ s � jG

0

j � 0modn:

Autì e�nai dunatìn afoÔ (n; jG

0

j) j m kai m j p

t

� 1:

2.2.6 Diedrikè om�de

Sthn per�ptwsh aut  upojètoume ìti h om�da phl�ko e�nai h diedrik  om�da D

m

h opo�a

dèqetai m�a par�stash se genn tore kai sqèsei

D

m

= ha; b=a

m

= 1; b

2

= 1; ab = ba

�1

i:

O omomorfismì dr�sh � : D

m

�! Z

�

n

or�zetai apì ti timè tou stou genn tore a kai

b:

� :

�

a 7�! � (a)

b 7�! � (b)

AfoÔ o � e�nai omomorfismì om�dwn èqoume ìti

�(a)

m

� 1modn; � (b)

2

� 1modn; �(a)�(b) � �(b)�(a)

�1

modn:

Isqurizìmaste ìti ord (�(a)) � 2: Pr�gmati, an ord (�(a)) > 2 tìte ord (�(b)) = 1; afoÔ

h pollaplasiastik  om�da Z

�

n

e�nai abelian  kai den mpore� na perièqei thn diedrik  om�da

D

ord(�(a))

: All� tìte �(ab) = �(a)�(b) = �(a) �topo, afoÔ h t�xh tou �(ab) e�nai to polÔ

2: Epiplèon an ord(�(a)) = 2 tìte 2jm afoÔ 1 = �(a

m

) = �(a)

m

:

Diakr�noume trei peript¸sei gia thn Im(�):

Im(�) = f1g   Im(�)

�

=

Z

2

  Im(�)

�

=

V

4

:

H tr�th per�ptwsh mpore� na emfaniste� mìno an m � 0mod 2: Ja qreiastoÔme to parak�tw

L mma 2.2.8 'Estw n 2 N kai ` akèraio tètoio ¸ste

`

2

� 1 � 0modn:

Up�rqoun akèraioi n

+

(`); n

�

(`) tètoioi ¸ste

n = n

+

(`) � n

�

(`) ìpou

�

n

+

(`); n

�

(`)

�

=

�

2 an n � 0mod2

1 an n � 1mod2

me thn epiplèon idiìthta:

` � 1modn

+

(`) kai ` � �1modn

�

(`):

Apìdeixh: O arijmì n

+

(`) (n

�

(`) ant�stoiqa) e�nai o mègisto diairèth tou n tètoio

¸ste n

+

(`)j`� 1 (n

�

(`)j`+ 1, ant�stoiqa). An Æ e�nai èna diairèth tou n tìte Æj`

2

� 1 =

(`� 1)(`+ 1) kai o Æ diaire� kai to `� 1 kai to `+ 1 an kai mìno an Æ = 2 2
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Ja exet�soume ti dÔo peript¸sei tou jewr mato 2.2.1 gia ti dÔo diaforetikè ulo-

poi sei tou tÔpou diakl�dwsh sthn epèktash F

0

=F

G

0

0

, xeqwrist�.

Per�ptwsh A) H qarakthristik  p tou s¸mato k e�nai p 6= 2; (p;m) = 1: Trei

jèsei tou F

1

:= F

G

0

0

; èstw p

1

; p

2

; p

3

; diaklad�zontai sthn epèktash F

0

=F

G

0

0

me de�kte

diakl�dwsh 2; 2;m ant�stoiqa. Ja sumbol�zoume me P

1;i

; P

2;i

; P

3;j

, ìpou i = 0; :::;m�1; j =

0; 1 ti jèsei tou F

0

pou epekte�noun ti p

1

; p

2

; p

3

ant�stoiqa.

Je¸rhma 2.2.9 'Estw ìti h om�da G

0

= G=C

n

e�nai isìmorfh me thn diedrik  om�da D

m

,

ìpou p - m kai p 6= 2. Xeqwr�zoume ti parak�tw peript¸sei gia thn dom  th om�da G:

1. Upojètoume ìti fP

1;i

g

0�i<m

[ fP

3;j

g

j=0;1

� A

R

. Se aut  thn per�ptwsh ja prèpei

(n;m) j 2 en¸ h om�da automorfism¸nG dèqetai thn parak�tw par�stash se genn tore

kai sqèsei:

G = hR;SjR

2

= S

m

; S

nm

= 1; RSR

�1

= S

r

i;

ìpou r e�nai m�a lÔsh tou sust mato

r � 1modn; r � �1modm: (2.18)

An (n;m) = 1 h lÔsh r e�nai monadik . An (n;m) = 2 tìte xeqwr�zoume dÔo upope-

ript¸sei:

� n � 2mod4. Se aut  thn per�ptwsh h m�a lÔsh tou (2.18) prokÔptei ìtan

fP

2;i

g

0�i<m

\A

R

= ; kai h �llh ìtan fP

2;i

g

0�i<m

\A

R

6= ;.

� n � 0mod4. Se aut  thn per�ptwsh fP

2;i

g

0�i<m

\A

R

= ; kai up�rqoun dÔo mh

isìmorfe om�de pou antistoiqoÔn ston �dio tÔpo diakl�dwsh.

2. A

R

= fP

3;j

g

j=1;2

. H om�da G e�nai isìmorfh me to hmieujè ginìmeno C

nm

o C

2

.

3. A

R

= fP

1;i

g

0�i<m

[ fP

2;i

g

i=1;:::;m

Se aut  thn per�ptwsh h sun�rthsh � e�nai te-

trimmènh kai h om�da G e�nai isìmorfh me thn C

n

�D

m

an (n; 2) = 1 kai h G d�netai

apo

G = hR;SjR

2n

= 1; S

m

= 1; RSR

�1

= S

�1

i;

an (n;m) = 2.

4. A

R

= ;. Se aut  thn per�ptwsh h G e�nai isìmorfh m thn C

n

oD

m

, ìpou h dr�sh th

D

m

sthn C

n

d�netai apo thn �.

5. A

R

= fP

1;i

g

0�i<m

Se aut  thn per�ptwsh h G dèqetai thn parak�tw par�stash

G = hR;SjR

2n

= 1; S

m

= 1; (RS)

2

= 1i:

Apìdeixh: Ja xekin soume me thn akìloujh

Parat rhsh 2.2.10 A upojèsoume ìti to b 2 D

m

stajeropoie� thn jèsh P

1;0

: Oi �lle

jèsei P

1;i

mporoÔn na arijmhjoÔn ètsi ¸ste P

1;i

= a

i

P

1;0

: Oi om�de an�lush D

m

(P

1;i

)

k�je jèsh P

1;i

e�nai th morf 

D

m

(P

1;i

) = D

m

(a

i

P

1;0

) = a

i

D

m

(P

1;0

)a

�i

= ha

2i

bi:

K�je automorfismì ba

k

2 D

m

èqei dÔo stajerè jèsei. K�je jèsh th morf  P

1;i

stajeropoie�tai apì ton ba

k

6= 1; an kai mìno an ba

k

2 ha

2i

bi kai afoÔ ord(a

2i

b) = 2 autì

e�nai isodÔnamo me thn

a

2i

b = ba

k

= a

�k

b, 2i � �kmodm: (2.19)
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An (m; 2) = 2 tìte h ex�swsh (2.19) èqei dÔo lÔsei an o k e�nai �rtio, kai kam�a lÔsh an o

k e�nai perittì. Ta parap�nw apodeiknÔoun ìti oi dÔo stajerè jèsei tou automorfismoÔ

ba

k

perior�zontai sthn �dia jèsh p

1

(an o k � 0mod2)   p

2

(an k � 1mod 2): Sthn per�ptwsh

(m; 2) = 1 h ex�swsh (2.19) èqei monadik  lÔsh, ètsi m�a apì th dÔo stajerè jèsei tou

ba

k

perior�zetai sthn p

1

kai h �llh sthn p

2

:

Parat rhsh 2.2.11 AfoÔ oi epekt�sei F=F

0

kai F

0

=F

D

m

0

e�nai kai oi duo Galois, oi

jèsei P

i

tou F

0

p�nw apì m�a koin  jèsh p 2 F

G

0

0

sthn epèktash F=F

0

  diaklad�zontai

ìle pl rw   analÔontai ìle pl rw,

A upojèsoume ìti m�a apì ti jèsei P

3;j

; èstw h P

3;1

diaklad�zetai sthn epèktash

F=F

0

: 'Estw Q

3;j

h monadik  jèsh tou F p�nw apì P

3;j

(j stajerì). AfoÔ (m; p) = 1

èqoume ìti h om�da an�lush G(Q

3;1

) e�nai kuklik  t�xh nm: Sunep¸ �(a) � 1modn:

ParathroÔme ìti o de�kth jG : G(Q

3;1

)j = 2 �ra G(Q

3;1

) �G kai G e�nai m�a metakuklik 

om�da. Dialègoume S;R 2 G; tètoia ¸ste �(R) = b; �(S) = a: MporoÔme na dialèxoume

S 2 �

�1

(a) tètoio ¸ste hSi = G (Q

3;1

) : AfoÔ G (Q

3;1

) � G; up�rqei akèraio r tètoio

¸ste

RSR

�1

= S

r

: (2.20)

ParathroÔme ìti h om�da C

n

genn�tai apì ton hS

m

i: Ar� apì thn (2.20) kai thn dr�sh tou

b sthn C

n

; èqoume

S

�(b)m

= RS

m

R

�1

= S

rm

;

to opo�o d�nei thn sqèsh

r � �(b)modn: (2.21)

IsqÔei G=C

n

�

=

D

n

�ra apì thn (2.20) èqoume

RSR

�1

S = S

r+1

2 hS

m

i

kai autì odhge� sthn sqèsh

r � �1modm: (2.22)

To sÔsthma twn exis¸sewn (2.21)(2.22) èqei lÔsei an kai mìno an (n;m)j�(b) + 1: Dia-

qwr�zoume dÔo epiplèon peript¸sei

(1) fP

1;i

g

0�i<m

[fP

3;j

g

j=0;1

� A

R

, dhlad  m�a apì ti jèsei P

1;i

; i = 0; :::;m�1, èstw h

P

1;0

, diaklad�zetai pl rw sthn epèktash F=F

0

: Ja sumbol�zoume me Q

1;0

thn jèsh uper�nw

th P

1;0

. 'Opw sthn parat rhsh 2.2.10 mporoÔme na upojèsoume ìti h P

1;0

stajeropoie�tai

apì to b 2 D

m

( an qreiaste� dialègoume san genn tora b th D

m

èna �llo stoiqe�o

t�xh dÔo). H om�da an�lush G(Q

1;0

) e�nai kuklik  t�xh 2n: Dialègoume èna genn tora

R 2 �

�1

(b) th G(Q

1;0

).

H om�da C

n

; e�nai h monadik  upoom�da t�xh n th kuklik  om�da hRi; �ra par�getai

apì to R

2

: Sunep¸R

2

= S

mi

gia k�poio (i; n) = 1:AplopoioÔme ton sumbolismì dialègonta

kat�llhlo genn tora S th om�da G(Q

3;1

) gia ton opo�o R

2

= S

m

: Ep�sh parathroÔme

ìti �(b) � 1modn: H om�da G san metakuklik  om�da dèqetai thn parak�tw par�stash

se genn tore kai sqèsei

G = hR;S=R

2

= S

m

; S

nm

= 1; RSR

�1

= S

r

i; (2.23)

ìpou to r or�zetai na e�nai lÔsh tou sust mato

r � 1modn

r � �1modm:

(2.24)
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To parap�nw sÔsthma dèqetai (n;m) lÔsei an kai mìno an (n;m)j2: Sthn per�ptwsh

(n;m) = 1 h lÔsh r kajor�zetai monos manta modnm: Sthn per�ptwsh (n;m) = 2 èqoume

dÔo lÔsei modnm ti

r

0

; r

1

= r

0

+

nm

2

:

Upojèsame  dh ìti oi jèsei sthn troqi� tou P

1;0

diaklad�zontai pl rw sthn epèktash

F=F

0

: E�nai endiafèron na doÔme pw o tÔpo diakl�dwsh twn jèsewn P

2;i

kajor�zei thn

epilog  th r�za r

0

:

'Estw P = P

2;k

m�a jèsh tou F

0

sthn troqi� tou P

2;0

; sunep¸, sÔmfwna me thn

parat rhsh 2.2.10, stajeropoie�tai apì ton ba

i

2 D

m

; gia k�poio i � 1mod2 (upen-

jum�zoume ìti 2jm): SÔmfwna me to pìrisma 2.2.4, h P analÔetai (ant�stoiqa diaklad�zetai)

an G

�

(P ) = C

2

� C

n

(ant�stoiqa C

2n

): H sun�rthsh

�

P

:

�

G

�

(P ) �! G

�

(P )

x 7�! x

2

e�nai omomorfismì om�dwn kai afoÔ 2jn èqoume ker�

P

= C

2

� C

2

an h P analÔetai,

diaforetik� (dhlad  an h P diaklad�zetai) ker�

P

= C

2

: Upolog�zoume ìti

G

�

(P ) =

�

RS

i+sm

; S

sm

=s = 0; :::; n� 1

	

gia k�poio i � 1mod 2:

Ta stoiqe�a

�

1; S

nm=2

	

an koun ston ker�

P

: Epiplèon qrhsimopoi¸nta thn (2.23) èqoume

�

RS

i+sm

�

2

= S

m(1+

r+1

m

(i+sm))

:

Sunep¸ h P analÔetai sthn epèktash F=F

0

an kai mìno an h ex�swsh

�(r + 1)s � 1 + i

r + 1

m

modn

èqei lÔsh s: H ex�swsh aut  èqei (r + 1; n) = 2 diaforetikè modn lÔsei an kai mìno an

(r + 1; n) = 2j 1 + i

r+1

m

: AfoÔ i � 1mod2 èqoume thn isodunam�a

1 + i

r + 1

m

� 0mod2()

r + 1

m

6 �0mod 2:

Sthn per�ptwsh pou n � 2mod4 to n=2 e�nai perittì kai to 2 diaire�   to

r

0

+1

m

  to

r

1

+1

m

=

r

0

+1

m

+

n

2

: Sunep¸ an n � 2mod 4 oi dÔo lÔsei tou sust mato (2.24) antistoiqoÔn

stou diaforetikoÔ tÔpou diakl�dwsh twn jèsewn P

2;i

sthn epèktash F=F

0

:

Sthn per�ptwsh n � 0mod4 èqoume

r+1

m

6 �0mod2 kai gia ti dÔo lÔsei tou (2.24).

Pr�gmati an 2j

r+1

m

tìte 4jr+1 (upenjum�zoume ìti 2jm) kai 4jnjr�1 ètsi 4j(r+1)�(r�1) =

2; �topo. Loipìn, an n � 0mod4 tìte kai gia ti dÔo lÔsei tou (2.24) èqoume ìti ìle

oi jèsei P

2;i

analÔontai sthn epèktash F=F

0

: Sthn per�ptwsh aut  o tÔpo diakl�dwsh

adunate� na prosdior�sei thn dom  th om�da automorfism¸n.

Par�deigma:San par�deigma ja d¸soume dÔo kampÔle me ta �dia shme�a diakl�dwsh,

all� me diaforetikè om�de automorfism¸n. JewroÔme ti kampÔle V

1

; V

2

orismène

upèranw tou s¸mato twn migadik¸n arijm¸n C pou d�nontai apì ti sqèsei

V

1

: y

4

= x(x

10

� 1) kai V

2

: y

4

= x

3

(x

10

� 1)

kai èstw F

1

; F

2

ta ant�stoiqa s¸mata sunart sewn tou. H jewr�a diakl�dwsh kuklik¸n

epekt�sewn d�nei ìti sti epekt�sei F

1

=C (x) kai F

2

=C (x) oi jèsei pou diaklad�zontai e�nai

oi

fP

x=0

; P

x=�

i ; P

1

g;
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ìpou to �

i

diatrèqei ti 10 r�ze th mon�da. To krit rio kanonikìthta tou por�smato

1.1.3 d�nei ìti h om�da Galois

C

4

�

=

Gal(F

1

=C (x))

�

=

Gal(F

2

=C (x))

e�nai kanonik  se olìklhrh thn om�da automorfism¸nG

i

, kai twn dÔo swm�twn sunart sewn

F

1

kai F

2

. To phl�koH

i

= G

i

=C

4

e�nai h megalÔterh peperasmènh upoom�da tou PGL(2; C )

th opo�a ta stoiqe�a mporoÔn na epektajoÔn se automorfismoÔ tou s¸mato F

i

. Ja

apode�xoume ìti h om�de H

i

gennoÔntai apì tou parak�tw metasqhmatismoÔ M�obius

� : x 7�! 1=x; � : x 7�! �x;

ìpou � e�nai m�a prwtarqik  10-r�za th mon�da, dhlad  H

i

�

=

D

10

.

'Estw  m�a prwtarqik  40-r�za th mon�do. Oi automorfismo�:

R

1

:

�

y 7�! 

5

y=x

3

x 7�! 1=x

; S

1

:

�

y 7�! y

x 7�! 

4

x

:

epekte�noun tou � ; � sto F

1

kai oi automorfismo�

R

2

:

�

y 7�! 

15

y=x

4

x 7�! 1=x

; S

2

:

�

y 7�! 

3

y

x 7�! 

4

x

;

epekte�noun tou � ; � sthn F

2

ant�stoiqa. Dhlad , D

10

< H

i

. Apì ti dunatè epilogè twn

om�dwn automorfism¸n th PGL(2; C ) èqoume ìti H

i

�

=

D

10i

. 'Estw � èna stoiqe�o t�xh

10i sthn D

10i

kai R 2 G

i

tètoio ¸ste Rj

C(x)

= �: O automorfismì � e�nai th morf 

� : x 7�! ax;

ìpou a e�nai m�a prwtarqik  10i-r�za th mon�da [27, sel. 87℄. Apì thn jewr�a twn kuklik¸n

epekt�sewn tou Kummer èqoume ìti R(y) = y

`

g; (`; 4) = 1; g 2 k(x): Sunep¸,

�

R(y)

y

`

�

4

=

a

k

i

x

k

i

(a

10

x

10

� 1)

x

`k

i

(x

10

� 1)

`

; (2.25)

ìpou k

1

= 1; k

2

= 3 kai R(y)=y

`

= g 2 k(x): Apì thn (2.25) pa�rnoume ìti

k

i

(`� 1) � 0mod 4

kai afoÔ (`; 4) = 1 èqoume telik� ìti ` = 1: Sugkr�nonta ti pollaplìthte twn riz¸n kai

twn pìlwn tou dexioÔ mèlou th (2.25) pèrnoume ìti � = �

i

=a, kai sunep¸ h t�xh tou �

e�nai 10 kai H

i

�

=

D

10

:

Apì tou tÔpou twn R

i

; S

i

; mporoÔme na elègxoume ìti oi om�de G

i

, dèqontai pa-

rast�sei se ìrou gennhtìrwn-sqèsewn ¸ ex :

G

1

= hR

1

; S

1

jS

40

1

= 1; R

2

1

= S

10

1

; R

1

S

1

R

�1

1

= S

29

1

i

kai

G

2

= hR

2

; S

2

jS

40

2

= 1; R

2

2

= S

10

2

; R

2

S

2

R

�1

2

= S

9

2

i:

Oi om�de G

1

kai G

2

den e�nai isìmorfe. Pr�gmati, a upojèsoume ìti up�rqei èna

isomorfismì � : G

1

�! G

2

. K�je stoiqe�o sthn G

2

e�nai th morf  R

2

S

j

2

  th morf 

S

j

2

. 'Omw

(R

2

S

j

2

)

2

= S

10+10j

;
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�ra R

2

S

j

2

èqei t�xh to polÔ 8 kai autì apodeiknÔei ìti �(S

1

) = S

j

2

(j; 40) = 1. Epiplèon

èqoume

S

29j

2

= �(S

29

1

) = �(R

1

S

1

R

�1

1

) = R

2

S

j

2

R

�1

2

= S

9j

2

:

Dhlad  prèpei 20j � 0mod 40, �topo afoÔ (40; j) = 1. 2

(2) A

R

= fP

3;j

g

j=1;2

. Se aut  thn per�ptwsh oi jèsei P

i;j

i = 1; 2 j = 0; :::;m� 1 tou

F

0

analÔontai ìle sthn epèktash F=F

0

. SÔmfwna me to pìrisma 2.2.4 èqoume

G

�

(P

i;j

)

�

=

C

n

oC

2

:

MporoÔme na dialèxoume R 2 �

�1

(b) tètoio ¸ste R

2

= 1: H om�da G d�netai apì

hR;S=S

nm

= 1; R

2

= 1; RSR

�1

= S

r

i

ìpou r e�nai h lÔsh tou sust mato twn exis¸sewn (2:21)(2:22);

r � �(b)modn; r � �1modm: (2.26)

H om�da G e�nai èna hmieujÔ ginìmeno

C

nm

oC

2

;

me dr�sh na kajor�zetai apì to r: An (n;m) > 1 tìte to sÔsthma 2.26 mpore� na èqei pe-

rissìtere apì m�a lÔsei modnm oi opo�e odhgoÔn se perissìtere apì m�a mh isìmorfe

om�de automorfism¸n G.

A upojèsoume ìti oi jèsei P

3;j

j = 1; 2 den diaklad�zontai sthn epèktash F=F

0

. Apì

to pìrisma 2.2.4 èqoume ìti

G

�

(P

3;1

)

�

=

C

n

oC

m

afoÔ hD

m

(P

3;j

) = hai e�nai kuklik . H om�da G

�

(P

3;1

) èqei de�kth 2 sthn G, �ra C

n

oC

m

�

G: 'Estw T èna genn tora th kuklik  om�da C

n

; kai S èna genn tora th C

m

tètoio

¸ste �(S) = a: An R 2 �

�1

(b) afoÔ jG : C

n

oC

m

j = 2 to stoiqe�o R

2

2 C

n

oC

m

�ra

R

2

= T

�

S

z

: All� �(R

2

) = a

z

ètsi z � 0modm kai R

2

= T

�

: Autì ma d�nei

R

2

SR

�2

= T

�

ST

��

= T

�(1��(a))

S: (2.27)

MporoÔme na upolog�soume to aristerì mèlo th (2.27) kai me diaforetikì trìpo. AfoÔ

C

n

o C

m

�G èqoume

RSR

�1

= T

�

S

r

:

Apì thn �llh G=hT i

�

=

D

m

�ra

RSR

�1

S = T

�

S

r+1

2 hT i sunep¸ r � �1modm (2.28)

kai autì ma d�nei

R

2

SR

�2

= RT

�

S

�1

R

�1

= T

�(�(b)��(a))

S: (2.29)

Sundu�zonta ti (2.27) kai (2.29) pèrnoume

�(1� �(a)) � �(�(b)� �(a))modn: (2.30)

Oi genn tore T;R; S 2 G ikanopoioÔn ti parak�tw sqèsei:

S

m

= 1; T

n

= 1; R

2

= T

�

; RTR

�1

= T

�(b)

; STS

�1

= T

�(a)

; RSR

�1

= T

�

S

�1

; (2.31)

gia k�poia �; � pou ikanopoioÔn thn (2.30). ParathroÔme ìti den apaitoÔntai epiprìsjete

sqèsei ston orismì th om�da G; giat� oi sqèsei (2.31) or�zoun om�da t�xh 2nm:

Jèloume na aplopoi soume thn sqèsh RSR

�1

= T

�

S

�1

dialègonta èna diaforetikì

genn tora S

1

= T

x

S. Upolog�zoume:

RS

1

R

�1

= RT

x

SR

�1

= T

x�(b)+�

S

�1

= T

x(�(a)+�(b))+�

S

�1

1

: (2.32)
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L mma 2.2.12 'Estw P m�a jèsh tou F

0

h opo�a stajeropoie�tai apì to ba: Epiplèon

upojètoume ìti R

2

= T

�

: An 2jn tìte

(n; �(b)�(a) + 1)j�+ ��(a); (2.33)

an kai mìno an h jèsh P analÔetai sthn epèktash F=F

0

. An (2; n) = 1 tìte h ex�swsh

(2.33) isqÔei se k�je per�ptwsh.

Apìdeixh: Upojètoume pr¸ta ìti 2jn. Apì to pìrisma (2.2.4) èqoume

G

�

(P ) = Gal(F=F

hbai

0

) =

�

C

2n

an P diaklad�zetai sthn F=F

0

C

n

oC

2

an P analÔetai sthn F=F

0

:

Sthn pr¸th per�ptwsh up�rqei mìno èna stoiqe�o t�xh dÔo sthn om�da Gal(F=F

hbai

0

) en¸

sthn deÔterh per�ptwsh up�rqoun perissìtera tou enì stoiqe�a t�xh dÔo sthn G

�

(P ).

Upenjum�zoume ìti h om�da G

�

(P ) e�nai h

G

�

(P ) = f� 2 G=�(�)P = Pg =

�

RST

k

; T

k

=k = 0; :::; n� 1

	

:

AfoÔ to n e�nai �rtio, èna stoiqe�o t�xh dÔo th G

�

(P ) e�nai to T

n=2

: An to RST

k

e�nai

èna �llo stoiqe�o t�xh dÔo tìte

1 = (RST

k

)

2

= T

k(�(b)�(a)+1)+�+��(a)

(2.34)

�ra gia k�poio k 2 f0; :::; n� 1g

k(�(b)�(a) + 1) + �+ ��(a) � 0modn; (2.35)

'Omw h ex�swsh (2.35) èqei lÔsei w pro k an kai mìno an

(n; �(b)�(a) + 1)j�+ ��(a):

Sthn per�ptwsh (n; 2) = 1; to monadikì stoiqe�o t�xh dÔo sthn om�da Gal(F=F

hbai

)

e�nai th morf  RST

k

�ra h (2.34) èqei m�a lÔsh, kai to epijumhtì apotèlesma prokÔptei

akrib¸ ìpw kai sthn per�ptwsh �rtiou n.2

Ja jewr soume t¸ra ti tre� teleuta�e peript¸sei tou jewr mato

(3) A

R

= fP

1;i

g

0�i<m�1

[ fP

2;i

g

0=1;:::;m�1

'Ole oi jèsei P

i;j

diaklad�zontai sthn

epèktash F=F

0

. Upojètoume ìpw kai sthn parat rhsh 2.2.10 ìti D

m

(P

1;0

) = hbi. Ex

ait�a tou por�smato 2.2.4 mporoÔme na dialèxoume R 2 �

�1

(b) tètoio ¸ste R

2

= T;

dhlad  � = 1. Epiplèon h epèktash e�nai kentrik  se aut  thn per�ptwsh dhlad 

�(a) � �(b) � 1modn:

JewroÔme dÔo akìma upopeript¸sei

� (n; 2) = 1. AfoÔ h epèktash e�nai kentrik  èqoume H

2

(D

m

; C

n

) = 1, dhlad  up�rqei

mìno m�a epèktash th D

m

me C

n

; h

G

�

=

C

n

�D

m

:

� (n; 2) = 2. H ex�swsh (2.32), se aut  thn per�ptwsh, èqei thn morf 

RS

1

R

�1

= T

2x+�

S

�1

1

: (2.36)

Apì to l mma 2.2.12 èqoume ìti (n; �(a)�(b) + 1) = 2 - �+ 1; Sunep¸ 2j� kai ètsi h

ex�swsh

2x+ � � 0modn
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èqei m�a lÔsh x: H sqèsh (2.36) gia thn sugkekrimènh aut  lÔsh x gr�fetai w

RS

1

R

�1

= S

�1

1

:

'Estw t h t�xh tou S

1

: H om�da G e�nai m�a metakuklik  om�da pou dèqetai thn

parak�tw par�stash se genn tore kai sqèsei:

hR;S

1

jR

2n

= 1; S

t

1

= 1; RS

1

R

�1

= S

�1

1

i;

all� tìte jGj = 2nt, sunep¸ t = m.

(4) A

R

= ;. 'Ole oi jèsei P

i;j

analÔontai sthn epèktash F=F

0

. A upojèsoume

ìti D

m

(P

1;0

) = hbi. Ex ait�a tou por�smato 2.2.4 mporoÔme na dialèxoume R 2 �

�1

(b)

tètoio ¸ste R

2

= 1; kai � = 0. AfoÔ ìle oi jèsei tou F

0

oi opo�e epekte�noun ti

p

1

; p

2

analÔontai sthn F=F

0

apì to l mma 2.2.12 èqoume ìti (n; �(b)�(a) + 1)j�: All�

(�(b); n) = 1, ètsi (n; �(ba) + 1) = (n; �(b)�(b)�(a) + �(b)) = (n; �(a) + �(b))j�: Sunep¸

up�rqei èna x tètoio ¸ste

x(�(a) + �(b)) + � � 0modn

kai gia autì to x; h ex�swsh (2.32) g�netai

RS

1

R

�1

= T

x(�(a)+�(b))+�

S

�1

1

= S

�1

1

:

Ja sumbol�zoume me t thn t�xh tou S

1

= T

x

S: H om�da se aut  thn per�ptwsh d�netai apì

tou parak�tw genn tore kai sqèsei

hR; T; S

1

jR

2

= 1; RTR

�1

= T

�(b)

; S

1

TS

�1

1

= T

�(a)

; RS

1

R

�1

= S

�1

1

; S

t

1

= 1; T

n

= 1i;

kai e�nai t�xh 2nt, apì ìpou èqoume t = m kai h om�da G e�nai isìmorfh me to hmieujÔ

ginìmeno

C

n

oD

m

ìpou h dr�sh tou D

m

sthn C

n

kajor�zetai apì ton morfismì �:

(5) A

R

= fP

1;i

g

0�i<m

. Se aut  thn per�ptwsh upojètoume ìti to sÔnolo twn jèsewn

P

1;i

; upèr th p

1

diaklad�zontai sthn epèktash F=F

0

kai to sÔnolo twn jèsewn P

2;i

upèr th

p

2

analÔontai. MporoÔme na dialèxoume R 2 �

�1

(b) tètoio ¸ste R

2

= T sunep¸ � = 1:

Epiplèon �(b) � 1modn:

Apì to l mma 2.2.12 èqoume ìti (�(b)�(a) + 1; n) = (�(a) + 1; n) j�+�(a): 'Ara up�rqei

x ètsi ¸ste

x(�(a) + 1) + � � ��(a)modn

kai gia autì to x h ex�swsh (2.32) gr�fetai

RS

1

R

�1

= T

x(�(a)+�(b))+�

S

�1

1

= T

��(a)

S

�1

1

= S

�1

1

T

�1

:

AfoÔ T = R

2

h parap�nw sqèsh e�nai isodÔnamh me thn

(RS

1

)

2

= 1:

Ja sumbol�zoume me t thn t�xh tou S

1

: H om�da G dèqetai thn parak�tw par�stash se

gen tore kai sqèsei:

G = hR;S

1

jR

2n

= 1; S

t

1

= 1; (RS

1

)

2

= 1i:

ParathroÔme ìti h om�da pou genn�tai apì to R

2

e�nai h om�da Galois Gal(F=F

0

) h opo�a

e�nai kanonik  upoom�da th G: To phl�ko

G :=

G

hR

2

i

= hR;S

1

jR

2

= 1; S

t

1

= 1; (RS

1

)

2

= 1 i
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e�nai isìmorfo me m�a diedrik  om�da t�xh 2t: Sunep¸ h om�da G èqei t�xh 2nt kai t = m:

2

Ja apode�xoume t¸ra ìti oi parap�nw tÔpoi diakl�dwsh ulopoioÔntai, dhlad  ja prèpei

na epilèxoume D 2 D

n

(G

0

; A

R

� A; �) bajmoÔ 0modn.

(1) Xeqwr�zoume ti parak�tw upopeript¸sei:

� n � 2mod4; m � 0mod2: Se aut  thn per�ptwsh èqoume ston forèa tou D to

parak�tw sÔnolo A

R

stajer¸n jèsewn D

m

A

R

= fP

3;1

; P

3;2

; P

1;0

; P

1;1

; :::; P

1;i�1

g

 

A

R

= fP

3;1

; P

3;2

; P

1;0

; P

1;1

; :::; P

1;i�1

; P

2;0

; P

2;1

; ::::; P

2;i�1

g

kai fusik� s troqiè O(P

j

; D

m

) ìpou h jèsh P

j

den stajeropoie�tai apì thn D

m

: Ed¸

gia aplopo�hsh tou sumbolismoÔ gr�foume dÔo peript¸sei maz�, thn deÔterh entì

parenjèsewn. Upenjum�zoume ìti sthn per�ptwsh aut , h sun�rthsh dr�sh � e�nai

tetrimmènh, opìte pa�rnonta �(Q) = 1 gia ìla ta Q 2 supp(D) èqoume ìti

deg(D) = 2 +m+ 2ms   deg(D) = 2 + 2m+ 2ms:

AfoÔ (2m;n) = 2 to opo�o diaire� to 2 + m (2 + 2m ant�stoiqa), mporoÔme na

dialèxoume to s ètsi ¸ste deg(D) � 0modn:

� n � 0mod4; m � 0mod2:Sthn per�ptwsh aut  èqoume ston forèa touD to parak�tw

sÔnolo A

R

stajer¸n jèsewn D

m

A

R

= fP

3;1

; P

3;2

; P

1;0

; P

1;1

; :::; P

1;i�1

g ;

kai s troqièO(P

j

; D

m

) ìpou oi jèsei P

j

den stajeropoioÔntai apì tonD

m

: Pa�rnoume

�(Q) = 1 gia ìla ta Q sto supp(D), ètsi

deg(D) = 2 +m+ 2ms:

Sthn per�ptwsh aut  (2m;n) = 4 to opo�o diaire� to 2 +m (upenjum�zoume ìti afoÔ

(n;m) = 2; m � 2mod4), opìte mporoÔme na dialèxoume to s ètsi ¸ste deg(D) �

0modn:

Me ìmoio trìpo mporoÔme na de�xoume ìti mporoÔme na dialèxoume deg(D) � 0modn sthn

per�ptwsh (n;m) = 1:

(2) Sthn per�ptwsh aut  èqoumeA

R

= fP

3;1

; P

3;2

g: AnalÔoume to n se ginìmeno pr¸twn

paragìntwn n = p

a

1

1

: : : p

a

t

t

: SÔmfwna me to l mma 2.2.8 gr�foume n = n

+

(�(b)) �n

�

(�(b));

kai (n

+

(�(b)); n

�

(�(b))) = 1   2. H ex�swsh (2.14), ma d�nei deg(D) � 0mod p

a

i

i

gia

D 2 D

n

(G

0

; A

R

� A; �) kai gia p

i

j n

�

(�(b)); p

i

6= 2: An 2 j n; kai p

i

0

= 2 tìte deg(D) �

0mod p

a

0

i

0

i

0

; ìpou a

0

i

0

= v

2

(n

�

�(b)) < a

i

0

: O tuqa�o divisor D 2 D

n

(G

0

; A

R

� A; �)

gr�fetai

D = �(P

3;1

+ P

3;2

) +

s

X

i=1

�(P

i

)

X

P2O(P

i

;D

m

)

P:

Ja prèpei na dialèxoume ton D ètsi ¸ste deg(D) � 0modn

+

(�): Jètoume � = �(P

i

) �

1modn:MporoÔme na dialèxoume ton arijmì ton troqi¸n s kai ton divisorD 2 D

n

(G

0

; A

R

�

A; �); kat� tètoio trìpo

deg(D) = 2 +ms � 0modn

+

(�);
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afoÔ (n

+

(�);m) j 2 (upenjum�zoume ìti (n;m)j�(b) + 1):

(3) 'Eqoume ìti A

R

= fP

i;j

=i = 1; 2 j = 0; :::;m� 1g : Sunep¸ dialègoume D me s to

pl jo troq�e O(P

i

; D

m

) ìpou P

i

den stajeropoie�tai apì thn D

m

; kai jètonta �(Q

i

) �

1modn upolog�zoume

deg(D) = 2m+ s2m:

MporoÔme na dialèxoume to s kat�llhla ¸ste o parap�nw bajmì na e�nai 0modn.

(4) 'Eqoume A

R

= ; kai h ulopo�hsh prokÔptei apì to l mma 2.1.7. (5) 'Eqoume A

R

=

fP

1;0

; :::; P

1;m�1

g : ParathroÔme ìti �(b) � 1modn. AnalÔoume to n se n

+

(�(a)); n

�

(�(a))

ìpw ma d�nontai apì to l mma 2.2.8. Apì thn ex�swsh (2.14) èqoume ìti deg(D) �

0mod p

a

i

i

gia p

i

j n

�

(�(a)) kai gia ìlou tou divisors D 2 D

n

(G

0

; A

R

� A; �). Opìte

mporoÔme na dialèxoume ton D ètsi ¸ste

degD � 0modn

+

(�(a)) :

Upolog�zoume

degD = m+ 2msmodn

+

(�(a)); (2.37)

Apì thn ex�swsh (2.37) katal goume sto ìti h sunj kh (n

+

(�(a)); 2m) j m; e�nai anagka�a

gia na e�nai h per�ptwsh 3 ulopoi simh.

Per�ptwsh B Se aut  thn per�ptwsh h qarakthristik  tou s¸mato k e�nai 2: 'Eqoume

ìti G=C

n

= D

m

; (2;m) = 1: Apì ton qarakthrismì twn peperasmènwn om�dwn automor-

fism¸n tou rhtoÔ s¸mato sunart sewn, sto je¸rhma 2.2.1 èqoume ìti oi dÔo jèsei p

1

; p

2

tou F

G

= F

D

m

0

diaklad�zontai sthn epèktash F

0

=F

D

m

0

, me de�kte diakl�dwsh 2 kai m,

ant�stoiqa. 'Estw P

1;i

i = 1; :::;m (P

2;j

j = 1; 2 ant�stoiqa) to sÔnolo twn jèsewn tou F

0

upèr th p

1

(p

2

ant�stoiqa).

Je¸rhma 2.2.13 'Estw ìti h om�da G

0

= G=C

n

e�nai isìmorfh me thn diedrik  om�da

D

m

, p - m; p = 2. Xeqwr�zoume ti parak�tw peript¸sei gia thn dom  th om�da G:

1. A

R

� fP

1;i

g

0�i<m

. Tìte h � e�nai tetrimmènh kai G

�

=

C

n

�D

m

.

2. A

R

= fP

2;j

g

j=1;2

. Tìte G

�

=

C

nm

o C

2

.

3. A

R

= ;. Tìte G

�

=

C

n

oD

m

.

Apìdeixh:

1 A

R

� fP

1;i

g

0�i<m

. Sthn per�ptwsh aut  oi jèsei P

1;i

i = 1; :::;m pou epekte�noun

thn p

1

diaklad�zontai sthn epèktash F=F

0

. ParathroÔme ìti an m�a apì autè, a poÔme

h P

1;i

0

; diaklad�zetai tìte ìle oi P

1;i

diaklad�zontai ep�sh, afoÔ oi epèktasei F=F

0

kai

F

0

=F

G

e�nai kai oi dÔo Galois. ParathroÔme ep�sei ìti h om�da Galois Gal(F=F

hba

i

i

0

)

th epèktash F=F

hba

i

i

0

e�nai m�a epèktash th om�da hba

i

i

�

=

C

2

: Apì thn melèth twn

epekt�sewn stoiqeiwd¸n abelian¸n om�dwn, èqoume ìti �(ba

i

) � 1modn, gia ìla ta i =

0; :::;m � 1, afoÔ h monadik  stajer  jèsh tou ba

i

diaklad�zetai sthn F=F

0

: Autì isqÔei

gia ìla ta i ètsi h om�da G e�nai m�a kentrik  epèktash tou D

m

me C

n

: AfoÔ n � 1mod 2

èqoume ìti H

2

(D

m

; C

n

) = 1; sunep¸

G

�

=

C

n

�D

m

:

2 A

R

= fP

2;j

g

j=1;2

. Oi dÔo jèsei P

2;i

tou F

0

upèr th p

2

diaklad�zontai pl rw sthn

F=F

0

: D

m

(P

2;i

) = hai; ètsi apì to pìrisma (2.2.4) mporoÔme na broÔme S 2 �

�1

(a) h

opo�a na èqei t�xh nm: H dr�sh tou a sthn Gal(F=F

0

)

�

=

hS

m

i e�nai tetrimmènh dhlad 

�(a) � 1modn: 'Estw R 2 �

�1

(b). ParathroÔme ìti jG : hSij = 2 opìte hSi�G: Sunep¸

up�rqei r tètoio ¸ste,

RSR

�1

= S

r

:
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ParathroÔme ìti h S

m

genn� thn om�da Gal(F=F

0

)

�

=

C

n

; opìte

S

�(b)m

= RS

m

R

�1

= S

mr

;

sunep¸

�(b) = rmodn: (2.38)

Apì thn �llh, èqoume

RSR

�1

S = S

r+1

) 1 = �(RSR

�1

S) = �(S

r+1

);

opìte

r � �1modm (2.39)

To sÔsthma twn (2.38)(2.39) èqei m�a lÔsh r an kai mìno an (n;m)j�(b) + 1 kai h om�da

d�netai apì ti parak�tw sqèsei:

hR;SjR

2

= 1; S

nm

= 1; RSR

�1

= S

r

i:

ParathroÔme ìti h G e�nai isìmorfh me thn

G

�

=

C

nm

oC

2

:

3 A

R

= ;. Se aut  thn per�ptwsh ìle oi jèsei, P

1;i

, P

2;j

tou F

0

upèr th p

1

kai th

p

2

ant�stoiqa, analÔontai sthn F=F

0

: ParathroÔme ìti (n; 2) = (m; 2) = 1: Ja qrhsimo-

poi soume thn emfÔteush th prìtash 2.2.2,

H

2

(D

m

; C

n

) =

L

pj2m

H

2

(D

m

; C

n

)

p

�!

L

pj2m

H

2

(H

p

; C

n

)

a =

P

a

p

7�!

P

res

D

m

!H

p

(a

p

)

:

AfoÔ (n; 2) = 1 apì to je¸rhma tou Zassenhaus ([14℄, sel. 163) èqoume ìti H

2

(H

2

; C

n

) = 1.

An p 6= 2; pjm tìte h p-Sylow upoom�da H

p

e�nai upoom�da th kuklik  upoom�da hai

�

=

C

m

th D

m

: AfoÔ h hai stajeropoie� thn P

2;j

; h opo�a analÔetai sthn F=F

0

; h upoepèktash

1 �! C

n

�! �

�1

(hai) �! hai �! 1;

diasp�tai. 'Ole oi upoepekt�sei pou antistoiqoÔn sti p-Sylow upoom�de tou hai diasp¸ntai

ep�sh, �raH

2

(H

p

; C

n

) = 1 gia p 6= 2: Autì ma d�nei ìtiH

2

(D

m

; C

n

) = 1 kai telik� èqoume

G

�

=

C

n

oD

m

ìpou h dr�sh th D

m

sto C

n

kajor�zetai apì thn sun�rthsh �: 2

Gia na apode�xoume ìti autì o tÔpo diakl�dwsh e�nai ulopoi simo ja prèpei na

dialèxoume D 2 D

n

(G

0

; A

R

� A; �) bajmoÔ 0modn:

1 Pa�rnoume s troqiè O(P

i

; D

m

); ètsi ¸ste h jèsh P

i

na mhn stajeropoie�tai apì

thn D

m

kai jètoume �(P

i

) � 1modn: 'Eqoume A

R

= fP

1;1

; :::; P

1;m

; P

2;1

; P

2;2

g (  A

R

=

fP

1;1

; :::; P

1;m

g �ra o bajmì tou D e�nai

degD = m+ 2 + 2ms   degD = m+ 2ms:

Profan¸, afoÔ (2m;n) = (n;m) mporoÔme na broÔme s ètsi ¸ste degD � 0modn

sthn per�ptwsh A

R

= fP

1;1

; :::; P

1;m

; g : Sthn per�ptwsh A

R

= fP

1;1

; :::; P

1;m

; P

2;1

; P

2;2

g ;

blèpoume ìti (n;m) j 2 e�nai anagka�a sunj kh ¸ste na ulopoi tai autì o tÔpo diakl�dwsh.

ParathroÔme ìti h sunj kh (n;m) j 2 e�nai isodÔnamh me (n;m) = 1 afoÔ (n; 2) = (m; 2) =

1:
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2 Apì to l mma 2.1.6 arke� na kataskeu�soume D bajmoÔ 0modn

+

(b): Pa�rnoume s

troqiè O(P

i

; D

m

); ìpou h P

i

den stajeropoie�tai apì ton D

m

kai jètoume �(P ) � 1modn

gia ìla ta P sto supp(D): 'Eqoume

deg(D) = 2 + 2msmodn

+

(b):

MporoÔme na dialèxoume s tètoio ¸ste deg(D) � 0modn

+

(b); afoÔ (n; 2) = (n

+

(b); 2) = 1:

3 O tÔpo diakl�dwsh se aut  thn per�ptwsh ulopoi tai apì to l mma 2.1.7, afoÔ

A

R

= ;.

2.2.7 H om�da A

4

Upojètoume ìti G=C

n

�

=

A

4

: Apì to je¸rhma taxinìmhsh 2.2.1 èqoume ìti trei jèsei

tou F

1

:= F

G

= F

A

4

0

diaklad�zontai sthn F

0

=F

1

; oi p

1

; p

2

; p

3

me de�kte diakl�dwsh e

1

=

2; e

2

= e

3

= 3 ant�stoiqa. Epiplèon ja prèpei h qarakthristik  p 6= 2; 3: Ja sumbol�zoume

me P

1;i

i = 1; :::; 6; P

2;j

; P

3;j

j = 1; :::; 4 to sÔnolo twn jèsewn tou F

0

pou epekte�noun ti

p

1

; p

2

; p

3

; ant�stoiqa.

H om�da A

4

dèqetai m�a par�stash se genn tore kai sqèsei

A

4

= ha; b=a

2

= b

3

= 1; (ab)

3

= 1i:

ParathroÔme ep�sei ìti h om�da A

4

èqei m�a kanonik  2-Sylow upoom�da isìmorfh me thn

om�da V

4

tou Klein, h opo�a san upoom�da th A

4

mpore� grafe� se ìrou twn gennhtìrwn

th A

4

V

4

=

�

1; a; bab

�1

; b

2

ab

�2

	

:

Tèlo, h om�da A

4

mpore� na grafe� kai w hmieujè ginìmeno A

4

�

=

V

4

o hbi: O omomor-

fismì dr�sh

� : A

4

�! Z

�

n

den g�netai na e�nai monomorfismì, afoÔ h A

4

den e�nai abelian . 'Eqoume dÔo dunatìthte

gia ton ker� :

ker� = V

4

;   ker� = A

4

(kentrik  epèktash)

Se k�je per�ptwsh, afoÔ A

4

=V

4

�

=

Z

3

kai to a èqei t�xh dÔo sthn A

4

; èqoume ìti �(a) �

1modn:

Je¸rhma 2.2.14 'Estw ìti G

0

= G=C

n

�

=

A

4

, tìte h om�da automorfism¸n G e�nai

isìmorfh kat� per�ptwsh me:

a) A

R

= ; tìte G

�

=

C

n

o A

4

.

b) A

R

= fP

2;j

g

1�j�4

tìte G

�

=

V

4

o C

3n

.

) A

R

= fP

1;i

g

1�i�6

tìte G

�

=

G

0

oC

3

, ìpou G

0

or�zetai mèsw gennhtìrwn kai sqèsewn:

G

0

:= hR;S=R

2

= S

2

; S

2n

= 1; RSR

�1

= S

r

i:

d) fP

1;i

g

i=1;:::;6

( A

R

tìte h om�da G dèqetai thn parak�tw anapar�stash mèsw gen-

nhtìrwn kai sqèsewn:

G = hR;SjR

2n

= 1; R

2

= S

3

; (RS)

3

= R

2k

i;

gia k�poio k 2 f1; :::; ng.
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Apìdeixh:

a) A

R

= ;. 'Ole oi jèsei tou F

0

pou epekte�noun ti p

1

; p

2

; p

3

analÔontai sthn epèktash

F=F

0

: Se aut  thn per�ptwsh isqurizìmaste ìti

G

�

=

C

n

oA

4

ìpou h dr�sh tou A

4

ep� th C

n

kajor�zetai apì thn sun�rthsh �: Gia na apode�xoume

ton isqurismì parathroÔme ìti h A

4

e�nai to hmieujÔ ginìmeno V

4

ohbi kai ìti h V

4

e�nai

stoiqei¸dh abelian  om�da th morf  E

2

(2): SÔmfwna me thn melèth epekt�sewn diedrik¸n

om�dwn, afoÔ oi stajerè jèsei th V

4

= D

2

analÔontai, èqoume ìti h upoepèktash

1 �! C

n

�! �

�1

(V

4

) �! V

4

�! 1; (2.40)

diasp�tai, kai apì to l mma 2.2.7 èqoume G

�

=

C

n

oA

4

:

b) A

R

= fP

2;j

g

1�j�4

. Dhlad  to sÔnolo twn stajer¸n jèsewn P

1;i

i = 1; :::; 6 analÔetai

kai toul�qiston m�a apì ti jèsei P

2;j

; P

3;j

; a poÔme h P

2;j

j = 1; :::; 4 diaklad�zetai

sthn F=F

0

. SÔmfwna me to pìrisma 2.2.4, afoÔ oi stajerè jèsei tou b diaklad�zontai,

èqoume ìti �(b) � 1modn �ra h epèktash e�nai kentrik . H om�da A

4

e�nai èna hmieujÔ

ginìmeno V

4

ohbi kai ìpw kai sthn per�ptwsh a) èqoume ìti h mikr  akrib  akolouj�a

(2.40) diasp�tai. Qrhsimopoiìnta to l mma 2.2.7 èqoume ìti

G

�

=

V

4

oC

3n

;

ìpou h dr�sh tou genn tora R th kuklik  om�da C

3n

sto x 2 V

4

d�netai apì

x

R

:= R

n

xR

�n

= x

�(R

n

)

:

To dex� mèlo èqei nìhma afoÔ R

n

2 C

3

< A

4

. ParathroÔme ìti an oi jèsei P

3;j

j = 0; :::; 4

tou F

0

den diaklad�zontai, tìte apì thn parat rhsh 2.1.5 èqoume ìti (n; 3) = 1:

) A

R

= fP

1;i

g

1�i�6

. Sthn per�ptwsh aut  oi jèsei P

1;i

i = 1; :::; 6 diaklad�zontai kai

oi jèsei P

i;j

i = 1; 2, j = 1; :::; 4 analÔontai. Apì thn melèth twn diedrik¸n epekt�sewn

èqoume ìti h om�da G

0

:= �

�1

(V

4

) gr�fetai mèsw gennhtìrwn kai sqèsewn w

G

0

= hR;S=R

2

= S

2

; S

2n

= 1; RSR

�1

= S

r

i;

ìpou r e�nai h monadik  lÔsh tou sust mato r � 1modn; r � �1mod2 an (n; 2) = 1; kai

h monadik  lÔsh tou sust mato r � 1modn; r � �1mod2 ètsi ¸ste

r+1

2

na e�nai �rtio,

diaforetik�. ParathroÔme ep�sh ìti sthn per�ptwsh (n; 2) = 2 autì o tÔpo diakl�dwsh

emfan�zetai mìno an n � 2mod4: Isqurizìmaste ìti G

�

=

G

0

o hbi

�

=

G

0

oC

3

: ParathroÔme

ìti G

0

�G afoÔ V

4

�A

4

: Apì thn �llh, apì to pìrisma 2.2.4 èpetai ìti h upoepèktash

1 �! C

n

�! �

�1

(hbi) �! hbi �! 1 (2.41)

diasp�tai, sunep¸ up�rqei èna omomorfismì

j : hbi ,! C

n

o hbi ,! G

tètoio ¸ste j(hbi) \ C

n

= f1g : Gia na apode�xoume ton isqurismì ja prèpei na de�xoume

ìti j(hbi) \ G

0

= 1: 'Estw x 2 j(hbi) \ G

0

: An x 6= 1 tìte x 2 (hbi) èqei t�xh 3: Tèlo

parathroÔme ìti to tetr�gwno k�je stoiqe�ou th G

0

an kei sthn hSi: Autì ma d�nei ìti

gia to x; pou gr�fetai sthn morf  R

i

S

j

, èqoume x

3

= xx

2

= R

i

S

j

S

k

�ra x 2 hSi kai

x

2

2 C

n

: AfoÔ j(hbi) \ C

n

= f1g èqoume x

2

= 1 kai x = 1.

d) fP

1;i

g

i=1;:::;6

( A

R

. Sthn per�ptwsh aut  ìle oi jèsei P

1;i

i = 1; :::; 6 kai

toul�qiston m�a apì ti P

2;j

kai P

3;j

j = 1; :::; 4 diaklad�zetai sthn epèktash F=F

0

: (Upen-

jum�zoume ìti oi jèsei P

2;j

P

3;j

èqoun diaforetikì tÔpo diakl�dwsh an kai mìno an
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(3; n) = 1: Upojètoume ìti h P

1;1

stajeropoie�tai apì to a kai ìti P

2;1

stajeropoie�tai apì

to b: Qrhsimopoi¸nta to pìrisma 2.2.4 èqoume ìti o omomorfismì � e�nai tetrimmèno kai

h epèktash om�dwn e�nai kentrik . Epiplèon up�rqoun stoiqe�a R 2 �

�1

(a) kai S 2 �

�1

(b)

tètoia ¸ste

hRi

�

=

C

2n

; hSi

�

=

C

3n

:

H om�daGal(F=F

0

)

�

=

C

n

e�nai koin  upoom�da twn hRi; hSi opìte, dialègonta kat�llhlou

genn tore R;S; èqoume ti parak�tw sqèsei metaxÔ twn R;S;

R

2n

= 1; R

2

= S

3

:

Sumbol�zoume me � thn probol  G ! G=C

n

. AfoÔ to �(RS) = ab èqei t�xh 3 sthn A

4

èqoume kai thn epiprìsjeth sqèsh (RS)

3

= R

2k

metaxÔ twn R;S: Or�zoume thn om�da G

1

G

1

:= hR;SjR

2n

= 1; R

2

= S

3

; (RS)

3

= R

2k

i: (2.42)

Profan¸ hR

2

i e�nai m�a kanonik  upoom�da th G

1

kai G

1

=hR

2

i

�

=

A

4

�ra G

1

�

=

G:

Ja apode�xoume ìti up�rqei mìno m�a om�da me ton tÔpo diakl�dwsh th per�ptwsh d),

dhlad  up�rqei mìno m�a om�da pou na or�zetai apì ti sqèsei th (2.42). Dustuq¸, den

mporèsame na broÔme èna trìpo prosdiorismoÔ tou k se kleist  morf . Me thn bo jeia

tou progr�mmato upologistik  �lgebra MAGMA [18℄ upolog�same thn tim  tou k gia

diaforetikè timè tou n:

n 2 3 5 6 7 9 10 11 13 14 15 17 18 19

k 1 1 5 1 6 7 5 8 9 6 10 11 7 12

Ja apode�xoume t¸ra ìti up�rqei mìno m�a om�da G me ton tÔpo diakl�dwsh th

per�ptwsh d. AfoÔ h epèktash sthn per�ptwsh d) e�nai kentrik  èqoume

H

2

(A

4

; C

n

)

�

=

Z

(n;2)

�Z

(n;3)

:

Ja metr soume to pl jo i(A

4

; C

n

) twn mh isomìrfwn om�dwn G; pou pa�rnoume epe-

kte�nonta thn om�da A

4

me C

n

: Sthn per�ptwsh (n; 3) = (n; 2) = 1 apì ton parap�nw

tÔpo sunomolog�a èqoume ìti h epèktash diasp�tai kai h om�da G e�nai isìmorfh me thn

C

n

�A

4

: Sthn per�ptwsh (n; 2) = 1, (n; 3) = 3 h upoepèktash

1 �! C

n

�! �

�1

(V

4

) �! V

4

�! 1

diasp�tai apì to je¸rhma Zassenhaus , ([14℄, sel. 162) kai, sÔmfwna me to l mma 2.2.7,

èqoume dÔo dunatìthte gia thn dom  th G:

G

�

=

C

n

oA

4

  G

�

=

V

4

o C

3n

:

Sthn per�ptwsh (n; 2) = 2; (n; 3) = 1 èqoume H

2

(A

4

; C

n

)

�

=

Z

2

. Oi dÔo om�de pou em-

fan�zontai e�nai isìmorfe me ti dÔo om�de pou br kame sthn per�ptwsh ).

A upojèsoume ìti (n; 2) = 2; (n; 3) = 3:Ja apode�xoume ìti to pl jo twn mh isìmorfwn

kentrik¸n epekt�sewn th A

4

me C

n

e�nai i(A

4

; C

n

) = 4: Gr�foume to n = 2

a

3

b

m me

(m; 2) = (m; 3) = 1: Up�rqoun mìno dÔo mh isìmorfe epekt�sei G

0

i

i = 1; 2 th morf 

1 �! C

3

b

m

�! G

0

i

�! A

4

�! 1;

ìpw de�xame sthn per�ptwsh (n; 2) = 1; (n; 3) = 3. H om�da G d�netai san m�a epèktash

twn G

0

i

, dhlad 

1 �! C

2

a

�! G �! G

0

i

�! 1:
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Isqurizìmaste ìti h G èqei dÔo dunatìthte gia k�je epilog  twn G

0

i

i = 1; 2: Pr�gmati,

H

1

(C

3

b

m

; C

2

a

) = Hom(C

3

b

m

; C

2

a

)

�

=

0

sunep¸ h parak�tw akolouj�a (restrition - ination)

0 �! H

2

�

G

0

i

C

3

b

m

; C

2

a

�

�! H

2

(G

0

i

; C

2

a

) �! H

2

(C

3

b

m

; C

2

a

)

�

=

0

e�nai akrib , to opo�o ma d�nei ìti H

2

(G

0

i

; C

2

a

)

�

=

Z

2

afoÔ

H

2

�

G

0

i

C

3

b

m

; C

2

a

�

= H

2

(A

4

; C

2

a

)

�

=

Z

2

:2

Prokeimènou na apode�xoume ìti o tÔpo diakl�dwsh e�nai ulopoi simo kat� per�ptwsh

ja prèpei na broÔme èna divisor D 2 D

n

(A

4

; A

R

� A; �) bajmoÔ 0modn:

a) O tÔpo diakl�dwsh se aut  thn per�ptwsh ulopoi tai apì to l mma 2.1.7.

b) An A

R

= fP

2;1

; :::; P

2;4

; P

3;1

; :::; P

3;4

g pa�rnoume s troqiè O(P

i

; A

4

) ìpou P

i

den

stajeropoie�tai apì thn A

4

kai jètoume �(P

i

) � 1modn, �(P

2;j

) � ��(P

3;j

)modn: 'Etsi

deg(D) = 12s kai mporoÔme na dialèxoume to pl jo twn troqi¸n s kat� tètoio trìpo ¸ste

deg(D) � 0modn: An A

R

= fP

2;1

; :::; P

2;4

g pa�rnoume s troqiè O(P

i

; A

4

) ìpou P

i

den

stajeropoie�tai apì thn A

4

kai jètoume �(P ) � 1modn gia ìla ta P 2 supp(D): O bajmì

tou D e�nai

deg(D) = 4 + 12s:

Sunep¸, afoÔ (n; 3) = 1 èqoume ìti (n; 12) j 4, �ra mporoÔme na broÔme s tètoio ¸ste

D � 0modn:

) 'Eqoume A

R

= fP

1;1

; :::; P

1;6

g. 'Estw n

0

to komm�ti tou n gia to opo�o

�(b) � 1modn

0

:

Apì to l mma 2.1.6 e�nai arketì na apode�xoume ìti deg(D) � 0modn

0

: Pa�rnoume s to

pl jo troqiè O(P

i

; A

4

) ìpou P

i

den paramènei stajerì apì thn A

4

kai jètoume �(P ) �

1modn gia ìla ta P 2 supp(D): Upolog�zoume ìti

deg(D) = 6 + 12s:

AfoÔ n � 2mod4   n � 1mod2 èqoume ìti (n

0

; 12) j 6, sunep¸ mporoÔme na broÔme èna

s tètoio ¸ste deg(D) � 0modn

0

:

d) fP

1;i

g

i=1;:::;6

( A

R

. Epilègoume s troqiè O(P

i

; A

4

) ìpou P

i

den stajeropoie�tai apì

thn D

m

. An

A

R

= fP

1;1

; :::; P

1;6

; P

2;1

; :::; P

2;4

g

tìte jètoume �(P

1;i

) � 1modn gia i = 1; :::; 6; �(P

2;j

) � �1modn gia j = 1; :::; 4: An

A

R

= fP

1;1

; :::; P

1;6

; P

2;1

; :::; P

2;4

; P

3;1

; :::; P

3;4

g tìte jètoume �(P

1;i

) � 1modn kai �(P

2;i

) �

��(P

3;i

)modn i = 1; :::; 6; j = 1; :::; 4: Oi bajmo� twn parap�nw divisors e�nai

deg(D) = 2 + 12s kai deg(D) = 6 + 12s:

MporoÔme na p�roume to s ètsi ¸ste deg (D) � 0modn: Pr�gmati, ìpw sti peript¸sei,

b) kai ) parathroÔme n � 2mod4   n � 1mod 2 kai, an oi jèsei P

3;1

; :::; P

3;4

den dia-

klad�zontai sthn F=F

0

tìte (n; 3) = 1 apì thn parat rhsh 2.1.5
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2.2.8 H om�da A

5

H om�da A

5

emfan�zetai w om�da automorfism¸n tou rhtoÔ s¸mato sunart sewn me tou

parak�tw tÔpou diakl�dwsh, tou opo�ou ja qeiristoÔme tautìqrona:

a) Sthn epèktash F

0

=F

A

5

0

trei jèsei p

1

; p

2

; p

3

th F

A

5

0

diaklad�zontai, me de�kte

diakl�dwsh e

1

= 2; e

2

= 3; e

3

= 5 ant�stoiqa. Gia thn qarakthristik  p ja prèpei na

upojèsoume ìti p 6= 2; 3; 5:

b) Sthn epèktash F

0

=F

A

5

0

dÔo jèsei p

1

; p

2

diaklad�zontai me bajmoÔ diakl�dwsh

e

1

= 6; e

2

= 5 ant�stoiqa. Se aut  thn per�ptwsh h qarakthristik  p = 3:

Je¸rhma 2.2.15 A upojèsoume ìti h om�da G

0

= G=C

n

e�nai isìmorfh me thn A

5

. H

sunomologiak  kl�sh � 2 H

2

(A

5

; C

n

) pou perigr�fei thn G kajor�zetai apì thn sunomo-

logiak  kl�sh pou antistoiqe� sthn upoepèktash mi� 2-Sylow upoom�da H

2

.

Sthn per�ptwsh pou (n; 2) = 1   pou ìle oi jèsei tou F

0

upèr tou p

1

analÔontai sthn

epèktash F=F

0

tìte G

�

=

C

n

� A

5

. Diaforetik� h om�da G dèqetai m�a par�stash mèsw

gennhtìrwn kai sqèsewn w ex :

�

X;Y; Z; T j T

n

= X

3

= 1; Y

2

= T; Z

2

= T; (XY )

3

= T

l

; (Y Z)

3

= T

o

;

(XZ)

2

= T

m

; XTX

�1

= T; ZTZ

�1

= T; Y TY

�1

= T

�

;

gia k�poiou akèraiou m; l; o 2 f1; :::; ng:

Apìdeixh:

H om�da A

5

e�nai m�a apl  mh abelian  om�da �ra o omomorfismì dr�sh

� : A

5

�! Z

�

n

e�nai tetrimmèno kai h epèktash

1 �! C

n

�! G �! A

5

�! 1 (2.43)

kentrik . Upolog�same ìti H

2

(A

5

; C

n

)

�

=

Z

(n;2)

: An o n e�nai perittì tìte

G

�

=

C

n

�A

5

:

Upojètoume t¸ra ìti o n e�nai �rtio. Apì th prìtash (2.2.2) èqoume ìti h sun�rthsh

periorismoÔ

Z

2

�

=

H

2

(A

5

; C

n

) = H

2

(A

5

; C

n

)

(2)

1�1

�! H

2

(H

2

; C

n

)

�

=

Z

2

�Z

2

�Z

2

;

� 7�! res

A

5

!H

2

(�)

(2.44)

ìpou H

2

�

=

V

4

e�nai h 2-Sylow upoom�da th A

5

; e�nai {1-1}.

JewroÔme thn epèktash F

0

=F

H

2

0

h opo�a e�nai bajmoÔ 4. Oi jèsei tou F

H

2

0

pou dia-

klad�zontai sthn epèktash F

0

=F

H

2

0

br�skontai uper�nw th jèsh p

1

: Gia na melet soume

thn om�da �

�1

(H

2

) ja xeqwr�soume ti parak�tw peript¸sei: e�te ìle oi jèsei F

0

upèr

thn p

1

analÔontai sthn epèktash F=F

0

, e�te ìle oi jèsei tou F

0

upèr th p

1

diaklad�zontai

sthn F=F

0

.

Sthn pr¸th per�ptwsh apì thn melèth twn diedrik¸n epekt�sewn èqoume (H

2

�

=

V

4

�

=

D

2

)

kai h sunomologiak  kl�sh res

A

5

!H

2

(a) sthn H

2

(H

2

; C

n

) e�nai tetrimmènh, kai afoÔ h

sun�rthsh periorismoÔ (2.44) e�nai {1-1} h sunomologiak  kl�sh a e�nai ep�sh tetrimmènh.

'Ara

G

�

=

C

n

�A

5

:

Sthn per�ptwsh pou ìle oi jèsei tou F

0

upèr th p

1

diaklad�zontai sthn F=F

0

, apo thn

melèth twn epekt�sewn diedrik¸n om�dwn, èqoume ìti h per�ptwsh aut  mpore� na emfaniste�

40



mìno ìtan n � 2mod4. Ja ekfr�soume thn om�da G mèsw gennhtìrwn kai sqèsewn. E�nai

gnwstì [14℄ sel. 138 ìti h om�da A

5

dèqetai thn parak�tw par�stash mèsw gennhtìrwn

kai sqèsewn:

A

5

= hx; y; z j x

3

= y

2

= z

2

= (xy)

3

= (yz)

3

= (xz)

2

i: (2.45)

'Estw T èna genn tora th kuklik  om�da C

n

. H om�da an�lush twn jèsewn tou F

pou epekte�noun thn jèsh p

1

èqei m�a kuklik  upoom�da t�xh 2n. 'Estw X;Y stoiqe�a

t�xh 2n, tètoia ¸ste �(X) = x, �(Y ) = y. MporoÔme na epilèxoume ta X;Y ètsi ¸ste

Y

2

= X

2

= T . Efarmìzonta thn � sta ginìmena twn X;Y kai qrhsimopoiìnta ti sqèsei

metaxÔ twn gennhtìrwn th A

5

ìpw autè d�nontai sthn (2.45) katal goume sthn parak�tw

par�stash th G:

�

X;Y; Z; T j T

n

= X

3

= 1; Y

2

= T; Z

2

= T; (XY )

3

= T

l

; (Y Z)

3

= T

o

;

(XZ)

2

= T

m

; XTX

�1

= T; ZTZ

�1

= T; Y TY

�1

= T

�

;

ìpou m; l; o 2 f1; :::; ng. Oi timè twn akèraiwn m; l; o mporoÔn na upologistoÔn k�nonta

qr sh th par�stash th �

�1

(V

4

) mèsw gennhtìrwn kai sqèsewn. H pragmatopo�hsh

aut¸n twn upologism¸n e�nai dÔskolh, kai den mporèsame na broÔme èna trìpo na ti

pragmatopoi soume genik�. K�nonta qr sh tou progr�mmato upologistik  �lgebra

MAGMA [18℄ gia sugkekrimène timè tou n, mporèsame na upolog�soume {peiramatik�}

ìti mporoÔme na epilèxoume m = 1 = l = 1 gia n = 2 kai m = 1; o = 3; l = 2 +

n�2

4

gia

n > 2, n � 2mod4. 2

'Estw D èna divisor sto sÔnolo D

n

(A

5

; A

R

� A; �)

D =

3

X

i=1

a

i

X

P jp

i

P +

s

X

i=1

�(P

i

)

X

P2O(P

i

;A

5

)

P

ìpou a

i

= 0 an oi jèsei p

i

den an koun sto A

R

kai a

i

= �(P

i;j

) an oi jèsei tou F

0

upèr

th p

i

an koun sto A

R

. Me P

i;j

ja sumbol�zoume mia tuqa�a jèsh p

i

: O bajmì tou D sthn

per�ptwsh a) e�nai

deg(D) = a

1

30 + a

2

20 + a

3

12 + 60

s

X

i=1

�

i

(P

i

);

Autì ma d�nei ìti h sunj kh

(60; n) j a

1

30 + a

2

20 + a

3

12;

e�nai anagka�a kai ikan  gia na emfan�zetai autì o tÔpo diakl�dwsh. Omo�w sthn

per�ptwsh b) h sunj kh

(60; n) j a

1

10 + a

2

12;

e�nai anagka�a kai ikan  gia na emfan�zetai o tÔpo diakl�dwsh th per�ptwsh b).

2.2.9 H om�da S

4

Upojètoume ìti G=C

n

�

=

S

4

: H per�ptwsh aut  emfan�zetai mìno sti qarakthristikè

p 6= 2; 3: Sthn epèktash F

0

=F

S

4

0

diaklad�zontai trei jèsei q

1

; q

2

; q

3

tou s¸mato F

0

, me

bajmoÔ diakl�dwsh e

1

= 2; e

2

= 3; e

3

= 4: 'Estw fP

1;i

g

1�i�12

, fP

2;j

g

1�j�8

, fP

3;k

g

1�k�6

ta sÔnola twn jèsewn tou F

0

pou br�skontai uper�nw twn q

1

; q

2

; q

3

, ant�stoiqa. H om�da

S

4

dèqetai thn parak�tw par�stash se genn tore kai sqèsei:

S

4

= hx; y j y

2

; x

4

; (x

�1

y)

3

= 1i; (2.46)

en¸ h A

4

e�nai h upoom�da th S

4

pou par�getai apo ta stoiqe�a x

2

; yx.
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O tÔpo diakl�dwsh th S

4

sugkrinìmeno me autìn th A

4

d�netai apì to parak�tw

di�gramma

F

0

P

1;1

; :::; P

1;12

P

2;1

; :::; P

2;8

P

3;1

; :::; P

3;6

j n= 3n= n=3 n=2

F

A

4

0

� p

2

p

3

p

1

j j2 n= j2

F

S

4

0

q

1

q

2

q

3

Je¸rhma 2.2.16 'Estw ìti h om�da G=C

n

= G

0

e�nai isìmorfh me thn summetrik  om�da

S

4

. Diakr�noume ti parak�tw peript¸sei gia thn om�da automorfism¸n th G.

a) fP

1;i

g

1�i�12

[ fP

3;k

g

1�k�6

� A

R

. H dr�sh th S

4

ep� th C

n

e�nai tetrimmènh. An

(n; 2) = 1 tìte G

�

=

C

n

� S

4

en¸ an (n; 2) = 2, n � 2mod4 tìte h om�da G dèqetai thn

parak�tw par�stash se ìrou gennhtìrwn sqèsewn

G = hX;Y; T j T

n

= 1; Y

2

= X

4

= XTX

�1

= Y TY

�1

= T; (X

�1

Y )

3

= T

k

i;

gia k�poio k 2 f1; :::; ng.

b) G

�

=

C

n

o S

4

se ìle ti upìloipe peript¸sei.

Apìdeixh: H sun�rthsh � th prìtash 2.2.2

H

2

(S

4

; C

n

) =

L

p=2;3

H

2

(S

4

; C

n

)

(p)

�

�! H

2

(H

2

; C

n

)�H

2

(H

3

; C

n

)

� = �

2

+ �

3

7�! res

S

4

!H

2

(�

2

) + res

S

4

!H

3

(�

3

)

;

e�nai èna pro èna, ìpou H

2

(anti. H

3

) e�nai opoiad pote 2-Sylow upoom�da (anti. 3-

Sylow). Ja apode�xoume to parak�tw

L mma 2.2.17 An G=C

n

�

=

S

4

, tìte h sun�rthsh:

H

2

(S

4

; C

n

) = �! H

2

(H

2

; C

n

)

� = �

2

+ �

3

7�! res

S

4

!H

2

(�

2

)

;

e�nai ep�sh èna pro èna.

Apìdeixh: An A

R

� fP

2;j

g

1�j�8

[ fP

3;k

g

1�k�6

  A

R

� fP

1;i

g

1�i�12

tìte h dr�sh th S

4

ep� th C

n

e�nai tetrimmènh, sunep¸ H

2

(S

4

; C

n

) = Z

(2;n)

�Z

(2;n)

. An A

R

\fP

2;j

g

1�j�8

= ;

tìte apì thn melèth twn epekt�sewn kuklik¸n om�dwn, èqoume ìti res

S

4

!H

3

(�) = 0. Tèlo

an A

R

� fP

2;j

g

1�j�8

and A

R

\ fP

3;k

g

1�k�6

= ;, tìte apo thn melèth th per�ptwsh b)

sthn melèth th A

4

èqoume ìti (n; 3) = 1, kai sunep¸ H

2

(H

3

; C

n

) = 0. 2

Apode�xame ìti h dom  th om�da G kajor�zetai apì thn dom  th upoepèktash

1 �! C

n

�! �

�1

(D

4

) �! D

4

�! 1:

JewroÔme ton parak�tw pÔrgo epekt�sewn:

F

0

j

F

D

4

0

P

1;1

; ; P

1;12

2

nj j=

p

0

1

�

P

2;1

; :::; P

2;8

n=

�

P

3;1

; ; P

3;6

2

nj

4

j=

p

0

2

p

0

3

3

j

1

n=

2 3

j

2

n=

1

F

S

4

0

q

1

q

2

q

3

O tÔpo diakl�dsh tou q

2

sthn epèktash F

0

=F

S

4

0

den ephre�zei ton tÔpo diakl�dwsh th

epèktash F

0

=F

D

4

0

. Ja prèpei na jewr soume ti parak�tw peript¸sei:

1. A

R

\ fP

1;i

g

1�i�12

= ; kai fP

3;k

g

1�k�6

� A

R

 

A

R

\ fP

3;k

g

1�k�6

= ; kai fP

1;i

g

1�i�12

� A

R

.
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Kai sti dÔo parap�nw peript¸sei, h dr�sh th S

4

sthn C

n

e�nai tetrimmènh. Epiplèon

to y 2 S

4

stajeropoie� mia jèsh tou F

0

upèr tou q

1

kai mia jèsh tou F

0

upèr tou q

3

.

Sunep¸ apì thn parat rhsh 2.1.5 èqoume ìti (n; 2) = 1. Dhlad  h om�da sunomolog�a

H

2

(S

4

; C

n

) = 0, kai G

�

=

C

n

� S

4

.

2. A

R

\ fP

1;i

g

1�i�12

= A

R

\ fP

3;k

g

1�k�6

= ;. Se aut  thn per�ptwsh apì thn melèth

twn epekt�sewn diedrik¸n om�dwn èqoume res

S

4

!D

4

(�) = 0, dhlad  � = 0 kai G

�

=

C

n

oS

4

.

3. fP

1;i

g

1�i�12

[ fP

3;k

g

1�k�6

� A

R

. Se aut  thn per�ptwsh h dr�sh tou S

4

ep� th

C

n

e�nai tetrimmènh. Sunep¸ an (n; 2) = 1 tìte G

�

=

C

n

� S

4

. An (n; 2) = 2 tìte apì

thn melèth twn epekt�sewn diedrik¸n om�dwn, h per�ptwsh aut  mpore� na emfaniste� mìno

n � 2mod4.

'Estw T genn tora th kuklik  om�da C

n

. JewroÔme stoiqe�a X;Y sto G t�xewn 4n

kai 2n ant�stoiqa, tètoia ¸ste �(X) = x kai �(Y ) = y. MporoÔme na dialèxoume ta X;Y

kat� tètoio trìpo ¸ste X

4

= T kai Y

2

= T . Epiplèon, èqoume ti sqèsei XTX

�1

= T

kai Y TY

�1

= T . Efarmìzonta thn � sta ginìmena twn X;Y kai k�nonta qr sh th

par�stash (2.46) katal goume sthn parak�tw par�stash gia thn G:

G = hX;Y; T j T

n

= 1; Y

2

= X

4

= XTX

�1

= Y TY

�1

= T; (X

�1

Y )

3

= T

k

; i;

gia k�poio k 2 f1; :::; ng. An kai h dom  th G mpore� na prosdiorisje� apì thn dom  th

�

�1

(V

4

) e�nai polÔ dÔskolo na upolog�soume thn akrib  tim  tou k genik�. K�nonta qr sh

tou progr�mmato MAGMA [18℄ upolog�same to k gia di�fore timè tou n, n � 2mod 4.

Se ìla ti timè tou n pou upolog�same k = 2 +

n�2

4

. 2

Prokeimènou na apode�xoume ìti oi parap�nw tÔpoi diakl�dwsh e�nai ulopoi simoi ja

prèpei na broÔme èna divisor D 2 D

n

(S

4

; A

R

� A; �) me degD � 0modn. 'Opw kai sthn

per�ptwsh th om�da A

5

katal goume sthn parak�tw sunj kh

(n

0

; 24) j a

1

12 + a

2

8 + a

3

6;

w ikan  kai anagka�a suknj kh gia deg(D) � 0modn

0

; ìpou a

i

= 0 an oi jèsei P

i;j

tou F

0

pou epekte�noun to p

i

den diaklad�zontai sthn epèktash kai a

i

= �(P

i;j

) 6= 0;, diaforetik�.

2.2.10 Oi om�de PSL(2; q) kai PGL(2; q).

Sthn per�ptwsh aut  h om�da G

0

= G=C

n

e�nai isìmorfh me thn PSL(2; q)   me thn

PGL(2; q). Sthn epèktash F

0

=F

G

0

0

diaklad�zontai mìno dÔo jèsei p

1

; p

2

. E�nai adÔnaton

na dwje� m�a genik  par�stash th G mèsw gennhtìrwn kai sqèsewn afoÔ den up�rqei ìson

gnwr�zoume, an�logh genik  par�stash twn om�dwn PSL(2; q) kai PGL(2; q) se ìrou gen-

nhtìrwn sqèsewn.

Ja apode�xoume to parak�tw:

Je¸rhma 2.2.18 'Estw G

0

= G=C

n

om�da isìmorfh me thn PSL(2; q)   me thn PGL(2; q),

ìpou q e�nai dÔnamh th qarakthristik . H sunomologiak  kl�sh � 2 H

2

(G

0

; C

n

) ka-

jor�zetai apì ton periorismì res

G

0

!H

2

(�) se m�a 2-Sylow upoom�da H

2

.

Idia�tera, ìtan (n; 2) = 1,   ìtan oi jèsei tou F

0

pou epekte�noun ti p

1

; p

2

analÔontai

sthn epèktash F=F

0

tìte G

�

=

C

n

oG

0

.

Apìdeixh: Ja apode�xoume pr¸ta to parak�tw

L mma 2.2.19 Gia G

0

= PSL(2; q); PGL(2; q), h om�da H

2

(G

0

; C

n

) e�nai m�a 2-om�da.

Apìdeixh: Xeqwr�zoume ti parak�tw dÔo peript¸sei:

Per�ptwsh 1. G

0

= PSL(2; q), (q; 2) = 1   G

0

= PGL(2; 2

f

) = PSL(2; 2

f

).

AfoÔ PSL(2; q), ìpou q = p

f

e�nai dÔnamh th qarakthristik , e�nai apl  om�da, h

dr�sh th G

0

ep� th C

n

e�nai tetrimmènh.
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Upolog�same ìti

H

2

(PSL(2; q); C

n

)

�

=

�

Z

(2;n)

an p

f

6= 9

Z

(6;n)

an p

f

= 9

:

ParathroÔme ìti an p

f

= 9 tìte (n; 6) = (n; 2) afoÔ upojèsame ìti h qarakthristik  p den

diaire� to n, sunep¸ H

2

(PSL(2; q); C

n

) = Z

(2;n)

:

Per�ptwsh 2. G

0

= PGL(2; q), (q; 2) = 1. O pur na tou omomorfismoÔ dr�sh

� : PGL(2; q) �! Z

�

n

e�nai   ker� = PGL(2; q)   ker� = PSL(2; q): Sthn pr¸th per�ptwsh h epèktash e�nai

kentrik  kai H

2

(PGL(2; q); C

n

) = Z

(n;2)

�Z

(n;2)

. ParathroÔme ìti

H

1

(PSL(2; q); C

n

)

�

=

Hom(PSL(2; q); C

n

) = 0;

afoÔ h PSL(2; q) e�nai apl  kai mh abelian . Gr�foume thn akolouj�a ination-restrition

0 �! H

2

�

PGL(2; q)

PSL(2; q)

; C

n

�

�! H

2

(PGL(2; q); C

n

) �! H

2

(PSL(2; q); C

n

)

�

=

Z

(2;n)

kai afoÔ PGL(2; q)=PSL(2; q)

�

=

Z

2

èqoume ìti H

2

(PGL(2; q); C

n

) e�nai m�a 2-om�da. 2

Epistrèfoume sthn apìdeixh tou 2.2.18. O monomorfismì � th prìtash 2.2.2

H

2

(G

0

; C

n

) =

M

tjq(q

2

�1)

H

2

(PGL(2; q); C

n

)

(t)

�

�!

M

t�Sylow

H

2

(H

t

; C

n

)

ìpou hH

t

diatrèqei ti t-Sylow upoom�de thG

0

e�nai èna pro èna kai sunep¸ h sun�rthsh

periorismoÔ

H

2

(G

0

; C

n

) �! H

2

(H

2

; C

n

)

� 7�! � = res

G

0

!H

2

(�)

e�nai ep�sh èna pro èna. H 2-Sylow upoom�da H

2

e�nai isìmorfh me m�a diedrik  om�da

D

2

K ; t�xh 2

K+1

; ìpou K = maxfv

2

(e

1

); v

2

(e

2

)g:

Epiplèon an (n; 2) = 2 tìte h om�da sunomolog�a mhden�zetai, sunep¸ G

�

=

C

n

oG

0

,

en¸ apì thn melèth twn epekt�sewn twn diedrik¸n om�dwn èqoume ìti an ìle oi jèsei

tou F

0

uper�nw twn p

1

; p

2

analÔontai sthn epèktash F=F

0

, tìte � = res

G

0

!H

2

(�) = 1,

sunep¸ G

�

=

C

n

oG

0

ep�sh. 2

'Estw D èna divisor sto D

n

(G

0

; A

R

� A; �), kai n

0

o megalÔtero diairèth tou n,

tètoio ¸ste �(�) � 1modn

0

: SÔmfwna me to l mma 2.1.7 èqoume ìti deg(D) � 0modn,

deg(D) � 0modn

0

: Sunep¸ h parak�tw sunj kh

(n

0

; q(q � 1)(q + 1)) j a

1

q(q � 1) + a

2

(q + 1)

e�nai ikan  kai anagka�a gia na èqoume deg(D) � 0modn

0

; ìpou a

i

= 0 an oi jèsei tou F

0

uper�nw twn p

i

an koun sto A

R

kai a

i

= �(P ); P j p

i

diaforetik�.
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Kef�laio 3

x

n

+ y

m

+ 1 = 0

3.1 H per�ptwsh n = m

H per�ptwsh aut  melet jhke sti arqè th dekaet�a tou 70 apì ton Leopold, all� dhmo-

sieÔthke prìsfata. H de per�ptwsh n = q� 1, ìpou q e�nai dÔnamh th qarakthristik  tou

s¸mato e�nai idia�tera endiafèrousa, afoÔ ta s¸mata sunart sewn aut¸n twn kampÔlwn

e�nai amf�rhta isodÔnama me ta s¸mata sunart sewn tou Hermit, s¸mata me uperbolik�

meg�lo pl jo automorfism¸n se sqèsh me to gèno tou, kai mègista ìswn afor� to

pl jo twn F

q

rht¸n shme�wn tou.

O Leopold apìdeixe ìti h om�da automorfism¸n G twn swm�twn sunart sewn twn

kampÔlwn Fermat e�nai isìmorfh pro

G

�

=

�

�(n)

2

o S

3

an n� 1 6= q

PGU(3; q

2

) an n� 1 = q

3.2 H per�ptwsh n 6= m

Sta epìmena ja sumbol�zoume me F

n;m

to s¸ma sunart sewn m�a algebrik  kampÔlh

th morf  x

n

+ y

m

+1 = 0, orismènh upèr to algebrik� kleistì s¸ma k qarakthristik 

p � 0.

ParathroÔme ìti to s¸ma F

n;m

apotele� kuklik  epèktash tou Kummer twn swm�twn

k(x) kai k(y). 'Estw P

(x=a)

; (P

(y=b)

ant�stoiqa) oi jèsh tou k(x), (k(y) ant�stoiqa ) pou

antistoiqe� sto shme�o x = a;(y = b ant�stoiqa) tou P

1

(k): Ja sumbol�zoume me �

p

thn

ekt�mhsh tou k(x) pou antistoiqe� sthn jèsh P:

�

P

(x

n

+ 1) = �

P

 

n

Y

i=1

(x � �

i

)

!

=

8

<

:

1 an P = P

(x=�

i

)

�n an P = P

(x=1)

0 diaforetik�

sunep¸ o arijmì r

P

twn jèsewn uper�nw th P kai oi ant�stoiqoi bajmo� diakl�dwsh e

p

upolog�zontai:

r

P

=

8

<

:

1 an P = P

(x=�

i

)

(n;m) an P = P

(x=1)

m diaforetik�

e

P

=

8

<

:

m an P = P

(x=�

i

)

m

(n;m)

an P = P

(x=1)

1 diaforetik�

ìpou (�

i

)

i=1;:::;n

e�nai oi n-ostè r�ze tou �1. Ex ait�a th summetr�a an�mesa sta m
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kai n èqoume:

r

P

=

8

<

:

1 an P = P

(y=�

j

)

(n;m) an P = P

(y=1)

n diaforetik�

e

P

=

8

<

:

n an P

(y=�

j

)

n

(n;m)

an P

(y=1)

1 diaforetik�

ìpou (�

j

)

j=1;:::;m

e�nai oi m-ostè r�ze tou �1. Oi kÔrioi divisors twn dÔo genopoi¸n

sunart sewn x; y tou s¸mato F

n;m

e�nai:

(x) = P

(x=0)

� P

(x=1)

=

m

X

i=1

�

i

�

m

(n;m)

(n;m)

X

j=1



j

(y) = P

(y=0)

� P

(y=1)

=

n

X

i=1

�

i

�

n

(n;m)

(n;m)

X

j=1

Æ

j

;

ìpou �

i

; 

j

; �

i

; Æ

j

e�nai oi epekt�sei, sto s¸ma F

n;m

; twn jèsewn P

(x=0)

; P

(x=1)

2 k(x)

kai P

(y=0)

; P

(y=1)

2 k(y) ant�stoiqa. Upolog�same ep�sei ìti m�a b�sh tou q¸rou twn

olìmorfwn diaforik¸n e�nai h

x

i

y

j

!; (i; j) 2 I:

ìpou I e�nai to sÔnolo twn deikt¸n:

I :=

�

(i; j) 2 N

2

:

2g � 2

(n;m)

�

im+ nj

(n;m)

� 0

�

: (3.1)

kai

! :=

dx

my

m�1

= �

dy

nx

n�1

:

3.3 Upologismì hmiom�dwn tou Weierstrass

Or�zoume gia m�a jèsh P thn hmiom�da tou Weierstrass

E(P ) := f� 2 N : 9f 2 F

n;m

=(f)

1

= �Pg:

Ta stoiqe�a tou E(P ) onom�zontai poliko� arijmo� sto P kai ta stoiqe�a tou NnE(P )

onom�zontai phd mata sto P: Gia k�je divisor D tou s¸mato sunart sewn F

n;m

or�zoume

ton peperasmènh di�stash k dianusmatikì q¸ro L(D) := ff : (f) +D � 0g : Jètoume

` (D) := dim

k

L(D): ParathroÔme ìti s 2 E(P ) an kai mìno an `(sP ) = `((s� 1)P ) + 1:

Skopì aut  th paragr�fou e�nai o upologismì enì kommatioÔ tou sunìlou E(P )

gia ti jèsei P = �

1

  �

1

. ParathroÔme ìti oi jèsei �

s

; s = 1; :::;m; �

t

; t = 1; :::; n èqoun

thn �dia hmiom�da tou Weierstrass. Ta sÔnola

x

i

y

j

1

!   x

i

1

y

j

! (i; j) 2 I;

ìpou x

1

= x � �

1

; y

1

= y � �

1

; e�nai ep�sh b�sei tou q¸rou twn olìmorfwn diaforik¸n.

Epiplèon isqÔei ìti:

�

�

1

(x

i

y

j

1

!) = i+ nj; �

�

1

(x

i

1

y

j

!) = mi+ j:

Apì to je¸rhma Riemann-Roh èqoume ìti

s 2 E(P ), `(sP ) = `((s� 1)P ) + 1, `(W � (s� 1)P )� `(W � sP ) = 0;
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ìpou W e�nai èna kanonikì divisor tou s¸mato F

n;m

. Dialègoume gia W ton divisor

tou !: H di�stash tou q¸rou L(W � sP ) mpore� na jeaje� san to pl jo twn grammik¸

anexart twn olomìrfwn diaforik¸n pou èqoun r�za sthn jèsh P t�xh � s; afoÔ

L(W � sP ) := ff : (f) � � (!) + sPg = f(f!) � sPg:

Apì thn �llh, afoÔ 3.1) èqoume 0 � i < n kai 0 � j < m; gia (i; j) 2 I; to opo�o apodeiknÔei

ìti oi sunart sei

�

n

:

�

I �! N

(i; j) 7�! i+ nj + 1

	

m

:

�

I �! N

(i; j) 7�! mi+ j + 1

e�nai {èna pro èna}. Sunep¸ oi ektim sei v

a

1

(x

i

y

j

1

!) pa�rnoun diaforetikè timè gia

diaforetik� (i; j) kai to �dio isqÔei kai gia ti ektim sei v

�

1

(x

i

1

y

j

!); �ra h ekt�mhsh enì

olìmorfou diaforikoÔ e�nai

v

a

1

8

<

:

X

(i;j)2I

�

i;j

x

i

1

y

j

!

9

=

;

= min

�

i;j

6=0

v

a

1

(�

i;j

x

i

1

y

j

!) = min

(i;j) tètoia ¸ste �

i;j

6=0

fi+ njg:

'Ara

`(W � s�

1

) = jfi+ nj � s; (i; j) 2 Igj

kai omo�w

`(W � s �

1

) = jfmi+ j � s; (i; j) 2 Igj

Sumperènoume ìti `(W �(s�1)�

1

) 6= `(W �s�

1

) an kai mìno an up�rqei (i; j) 2 I : i+nj =

s� 1. O plhj�rijmo tou sunìlou fi+ nj +1; (i; j) 2 Ig = �

n

(I) e�nai g, �ra ta phd mata

sthn jèsh �

1

e�nai �

n

(I). Omo�w ta phd mata sthn jèsh �

1

e�nai 	

n

(I) :

Gia ti an�gke ma e�nai arket  h melèth enì mikroÔ mìno mèrou th hmiom�da tou

Weierstrass. Ja perioristoÔme sthn melèth twn phdhm�twn sthn jèsh �

1

ta opo�a e�nai

eikìne, th sun�rthsh �

n

, tou sunìlou I

1

= f(i; 0) 2 Ig. SÔmfwna me thn ex�swsh (3.1)

to (i; 0) 2 I

1

an kai mìno an

i � n� 1�

n+ (n;m)

m

: (3.2)

DiairoÔme to n+ (n;m) me m : n+ (n;m) = �m+ r; ìpou 0 � r < m. An jèsoume

t :=

�

n� � ìtan r = 0

n� �� 1 ìtan r > 0

;

tìte apì thn (3.2) èqoume ìti i � t � 1. Epiplèon n+ 1 = �

n

((0; 1)) e�nai èna p dhma gia

thn jèsh a

1

: Tèlo, h dom  twn polik¸n arijm¸n kai twn phdhm�twn sto �

1

mèqri to n+1

e�nai:

0; 1; 2; :::: t

| {z }

phd mata

; t+ 1; :::::: n

| {z }

poliko� arijmo�

; n+ 1

| {z }

p dhma

; :::: (3.3)

Omo�w gia thn jèsh P = �

1

upolog�zoume to komm�ti tou E(�

1

) to opo�o e�nai th

morf  	

n

((0; j)); (0; j) 2 I: DiairoÔme to m+(n;m) me n: m+(n;m) = �n+�; 0 � � < n:

AfoÔ m < n, to � prèpei na e�nai mhdèn h èna. 'Opw kai sthn melèth tou E(�

1

) an jèsoume

t

0

:=

�

m� � ìtan � = 0

m� �� 1 ìtan � > 0

tìte j � t

0

� 1: ParathroÔme ìti � = 1 an kai mìno an � = 0; sunep¸ t

0

+ 1 = m kai h

dom  th hmiom�da tou Weierstrass sthn jèsh �

1

, mèqri to m+ 1 e�nai:

0; 1; 2; ::::: ; m� 1

| {z }

phd mata

; m

|{z}

polikì arijmì

; m+ 1

| {z }

p dhma

; :::: (3.4)
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L mma 3.3.1 'Estw n = m�

1

+ r

1

; 0 � r

1

< m; h dia�resh tou n me m. O arijmì t isoÔte

me n� �

1

� 1. Epiplèon an m+ 1 < n tìte m < t+ 1: Sthn per�ptwsh m+1 = n èqoume

m = t+ 1:

Apìdeixh: Ja exet�soume dÔo peript¸sei:

1. mjn �ra (n;m) = m. Autì shma�nei ìti � = �

1

+1 kai r = 0, sunep¸ t = n��

1

� 1.

2. m - n �ra (n;m) < m. Profan¸

n+ (n;m) = �

1

m+ r

1

+ (n;m):

Diaqwr�zoume ti parak�tw upopeript¸sei:

� An r

1

+ (n;m) = m, tìte � = �

1

+ 1; r = 0 kai sunep¸ t = n� �

1

� 1.

� An r

1

+ (n;m) < m, tìte � = �

1

; r > 0 kai sunep¸ t = n� �

1

� 1:

� H per�ptwsh r

1

+ (n;m) > m den mpore� na sumbe� afoÔ (n;m)jr

1

.

Telik� h anisìthta m < t + 1 e�nai isodÔnamh me thn

m�r

1

m�1

< �

1

, afoÔ m > 1: To

aristerì mèro th parap�nw anisìthta e�nai mikrìtero th mon�da ektì an r

1

= 0; 1:

Sunep¸

m�r

1

m�1

� �

1

mìno an �

1

= 1 kai r

1

= 0; 1 (n > m �ra �

1

� 1): 'Ara h isìthta

t+ 1 = m isqÔei an kai mìno an n = m+ 1:2

L mma 3.3.2 Den up�rqei automorfismì � tètoio ¸ste: �(�

i

) = �

j

.

Apìdeixh: Gia k�je jèsh P kai gia k�je automorfismì � 2 G E(P ) = E(�P ):

Prokeimènou na apode�xoume ton parap�nw isqurismì parathroÔme ìti E(�

1

) 6= E(�

1

):

Pr�gmati, m 2 E(�

1

) kai an m+1 < n tìte apì to l mma 3.3.1 m < t+1 �ra m =2 E(�

1

):

Sthn per�ptwsh pou m+ 1 = n; n =2 E(�

1

) �lla n 2 E(�

1

):2

L mma 3.3.3 An P e�nai mia jèsh tou F

n;m

kai

P =2

�

f�

i

g

i=1;:::;m

[ f�

j

g

j=1;:::;n

[ f

k

g

k=1;:::;(n;m)

	

tìte gia k�je automorfismì � 2 Aut(F

n;m

) isqÔei ìti �(P ) =2 f�

j

g

j=1;:::;n

:

Apìdeixh: Ja apode�xoume ìti E(P ) 6= E(�

j

): Gia autì ja doulèyoume me ton q¸ro

twn grammik¸n morf¸n L(W )

�

dhlad  me ti morfè

� : L(W ) �! k:

H jèsh P perior�zetai sti peperasmène jèsei P

(x=a)

; P

(y=b)

twn swm�twn sunart sewn

k(x); k(y) antisto�qw. Jètoume ~x := x � a; ~y := y � b. To sÔnolo f~x

i

~y

j

!; (i; j) 2 Ig

sqhmat�zei m�a b�sh tou q¸rou twn olìmorfwn diaforik¸n, �ra k�je olìmorfo diaforikì

!

1

mpore� na grafe� san:

!

1

=

X

(i;j)2I



i;j

~x

i

~y

j

!; 

i;j

2 k:

'Estw T m�a topik  par�metro tou daktul�ou ekt�mhsh sthn jèsh P . Oi sunart sei ~x; ~y

mporoÔn na ekfrastoÔn san tupikè dunamoseirè tou T :

~x =

X

k�1

a

k

T

k

; ~y =

X

l�1

b

l

T

l

:
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Epiplèon, afoÔ h jèsh P den diaklad�zetai se kam�a epèktash F

n;m

=k(x); F

n;m

=k(y) èqoume

ìti a

1

b

1

6= 0. Oi s dun�mei twn dunamoseir¸n ~x; ~y sumbol�zontai me:

~x

s

=

X

k�1

a

(s)

k

T

k

; ~y

s

=

X

l�1

b

(s)

l

T

l

:

Apì ton nìmo pollaplasiasmoÔ dunamoseir¸n upolog�zoume:

(

a

(s)

k

= b

(s)

k

= 0, an k < s 6= 0

a

(s)

s

= a

s

1

; b

(s)

s

= b

s

1

, an k = s 6= 0

(

a

(0)

k

= b

(0)

k

= 1 an k = 0

a

(0)

k

= b

(0)

k

= 0 an k > 0

(3.5)

Or�zoume ti grammikè morfè:

�

(s)

:=

(

L(W ) �! k

!

1

7�! h!

1

;�

(s)

i :=

P

(i;j)2I



i;j

�

(s)

i;j

ìpou

�

(s)

i;j

:=

X

k+l=s

a

(i)

k

b

(j)

l

; (i; j) 2 I; (3.6)

To tuqa�o olìmorfo diaforikì gr�fetai:

!

1

=

0

�

X

s�0

h!

1

;�

(s)

iT

s

1

A

!:

Apì thn epilog  th jèsh P èqoume ìti P - (!) �ra o dianusmatikì q¸ro L(W � sP )

qarakthr�zetai apì ti exis¸sei: 0 = h!;�

(s

1

)

i;8 0 � s

1

� s� 1. E�nai safè ìti:

L(W � s

1

P ) = Ker�

(s

1

�1)

j

L(W�(s

1

�1)P )

< L(W � (s

1

� 1)P ):

'Ara L(W � (s� 1)P ) 6= L(W � sP ) an kai mìno an �

(s�1)

e�nai grammik� anex�rthth apì

ti morfè �

(s

1

)

; 0 � s

1

� s� 2; sunep¸:

s 2 E(P ), 9�

0

; :::; �

s�2

: �

(s�1)

=

s�2

X

k=0

�

k

�

(k)

:

ParathroÔme ìti k�je grammik  morf  �

(s)

antistoiqe� se èna 1� g p�naka, ton

�

(s)

$ (�

(s)

(0;0)

; �

(s)

(1;0)

; :::; �

(s)

(t�1;0)

; :::; �

(s)

(i;j)

; :::) (i; j) 2 I

Apì ti (3.6) kai (3.5) èqoume ìti

�

(s)

i;0

=

X

k+l=s

= a

(i)

k

b

(0)

l

= a

(i)

s

;

�ra to aristerì ep�nw kom�ti tou p�naka twn pr¸twn t� 1 morf¸n e�nai

(0; 0) (1; 0) � � � (t� 1; 0) � � �

s = 0 1 0 � � � 0

s = 1 � a

1

0

.

.

.

.

.

.

.

.

.

.

.

.

0

s = t� 1 � � a

t�1

1

�

.

.

. � �

.

.

.

.

.

.
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dhlad  oi pr¸te t�1 morfè �

(s)

e�nai grammik� anex�rthte kai ètsi 1; :::; t =2 E(P ): Sthn

per�ptwsh pou m+ 1 < n o isqurismì ma èqei apodeiqte�. Pr�gmati, m 2 E(�

i

) kai apì

to l mma 3.3.1 èqoume ìti m < t+ 1 �ra m =2 E(P ) kai E(P ) 6= E(�

i

):

A upojèsoume t¸ra ìti n = m+ 1: Gia na apode�xoume ìti E(P ) 6= E(�) ja prèpei na

upolog�soume èna megalÔtero komm�ti th hmiom�da touWeierstrass E(P ): O upologismì

autì e�nai arket� polÔploko gia tuqa�a n;m: Ja qrhsimopoi soume èna je¸rhma tou

Leopoldt sqetik� me ta s¸mata sunart sewn tou genikoÔ tÔpou Fermat.

Je¸rhma 3.3.4 'Estw F=k èna s¸ma sunart sewn me èna montèlo sto A

2

(k) orismèno

apì èna an�gwgo polu¸numo dÔo metablht¸n F

n

(x; y) = 0 bajmoÔ n � 4 qwr� idio-

morf�e se peperasmèna shme�a   sto �peiro. An P e�nai m�a jèsh tètoia ¸ste P -

(x)

1

; (y)

1

,Di�(F=k(y),Di�(F=k(x)) tìte `(�P ) = 1 gia � = 0; :::; n�2. Epiplèon ` ((n� 1)P ) =

2 an kai mìno an

opoted pote ~x� �~y � 0modP

2

tìte ~x� �~y � 0modP

n�1

;

ìpou � 2 k; kai ~x = x� a; ~y = y � b; a = x(P ); b = y(P ):

Apìdeixh: Prìkeitai gia thn prìtash 4 sto �rjro tou Leopoldt ([17℄, sel. 267) maz�

me ton qarakthrismì twn swm�twn sunart sewn tou {genikoÔ tÔpou Fermat }, se ìrou

twn epipèdwn montèlwn tou, ìpw g�netai sti sel�de 262,263 tou �rjrou tou Leopoldt. 2

ParathroÔme ìti ta s¸mata sunart sewn F

m+1;m

, e�nai genikoÔ tÔpou Fermat afoÔ

to ep�pedo montèlo tou pou d�netai apì thn x

m+1

+ y

m

+ 1 = 0 den e�nai idiìmorfo se

peperasmèna shme�a   sto �peiro. Gia thn jèsh P èqoume

P - (x)

1

; (y)

1

;Di�(F=k(y);Di�(F=k(x))

opìte apì to je¸rhma 3.3.4 èqoume ìti t+ 1 = n� 1 2 E(P ) an kai mìno an

ìtan ~x� �~y � 0modP

2

tìte ~x� �~y � 0modP

t+1

: (3.7)

Jètoume y

�

:= ~y =b; x

�

:= ~x=a ìpou a = x(P ); b = y(P ) ta algebrik� shme�a pou

antistoiqoÔn sthn jèsh P: To polu¸numo orismoÔ x

m+1

+ y

m

+ 1 th kampÔlh mpore� na

metasqhmatisje�

(1 + y

�

)

m

� 1 = �

�

�

(1 + x

�

)

m+1

� 1

�

; �

�

= �

a

m+1

b

m

6= 0;1:

Sunep¸, k�nonta qr sh tou duonumikoÔ jewr mato èqoume

my

�

� �

�

(m+ 1)x

�

= �

m

X

�=2

��

m

�

�

y

�

�

� �

�

�

m+ 1

�

�

x

�

�

�

+ �

�

x

n

�

(3.8)

Ta stoiqe�a x

�

; y

�

e�nai topikè par�metroi sthn jèsh P; �ra apì thn ( 3.8)

y

�

� �

�

m+ 1

m

x

�

� 0modP

2

: (3.9)

Upojètoume ìti n � 4 kai t+ 1 = n� 1 2 E(P ) tìte apì ti (3:7) kai (3:9) èqoume

y

�

� �

�

m+ 1

m

x

�

� 0modP

t+1

: (3.10)

Epiplèon apì thn (3:9) èqoume y

�

�

� �

�

�

�

m+1

m

�

�

x

�

�

� 0modP

�

sunep¸ k�nonta qr sh tou

dexioÔ mèrou th (3.8) katal goume sti parak�tw sunj ke:

�

m

�

�

(m+ 1)

�

m

�

�

�

�

� �

�

�

m+ 1

�

�

= 0 gia � = 1; :::; t+ 1 = n� 1 = m: (3.11)
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H per�ptwsh m > 3 (3.11) gia � = 2 d�nei

�

m

2

�

(m+1)

2

m

2

�

2

�

� �

�

�

m+1

2

�

= 0: AfoÔ p - m;m+ 1;

�

m+1

2

�

6= 0 sunep¸

�

m

2

�

6= 0. Autì d�nei p - m � 1 �ra �

�

=

m

2

(m�1)(m+1)

. Suneq�zoume me

ton epìmeno suntelest  � = 3. IsqÔei ìti

�

m

3

�

(m+1)

3

m

3

�

3

�

� �

�

�

m+1

3

�

= 0 apì ìpou èqoume ìti

1 � 0mod p, �topo. 'Etsi t+ 1 = n� 1 = m =2 E(P ) �ra E(P ) 6= E(�): Qrhsimopoi same

ìti p 6= 2; 3 kai ìti 3 < n � 1: Dhlad  to epiqe�rhma ma den isqÔei gia ti kampÔle

x

4

+ y

3

+ 1 = 0, x

3

+ y

2

+ 1 = 0 kai x

2

+ y + 1 = 0: Oi dÔo teleuta�e kampÔle den ma

apasqoloÔn afoÔ èqoun gènh 1 kai 0 ant�stoiqa. Oi Klassen kai Shaefer [16℄, apèdeixan

prìsfata ìti h kampÔlh x

4

+ y

3

+ 1 = 0 èqei 48 automorfismoÔ.

3.4 Topik  melèth

Sthn sunèqeia ja sumbol�zoume me G thn om�da twn automorfism¸n, kai me F to s¸ma

sunart sewn Fermat F

n;m

en¸ me G(�) thn om�da an�lush th om�da G sthn jèsh �;

ìpou � = �

i

gia k�poio i = 1; :::; n. Ja sumbol�zoume me P

�

ton periorismì th jèsh �

sto rhtì s¸ma sunart sewn k(x): Jum�zoume ìti h om�da an�lush isoÔte me thn om�da

adr�neia G(�) = G

0

(�), afoÔ to s¸ma orismoÔ k e�nai algebrik� kleistì. Ja apode�xoume

ìti:

G(�) =

8

<

:

C

m

an m 6 j n

C

2m

an mjn; n� 1 den e�nai p� dÔnamh

E

q

o C

m(q�1)

an mjn; n� 1 = q e�nai mia p-dÔnamh

;

ìpou, C

x

sumbol�zei mia kuklik  om�da t�xh x; kai to E

q

sumbol�zei mia stoiqei¸dh

abelian  om�da t�xh q:

Apì thn melèth twn hmiom�dwn touWeierstrass sthn jèsh � blèpoume ìti o q¸ro L(m�)

e�nai didi�stato kai mia b�sh d�netai apì ti sunart sei

n

1;

1

x��

o

. H om�da G(�) af nei to

q¸ro L(m�) anallo�wto. Sunep¸ �(

1

x��

) = �+�

1

x��

; �; � 2 k: To parap�nw apodeiknÔei

ìti k�je automorfismì � 2 G(�) af nei to s¸ma k(x) anallo�wto. Ja sumbol�zoume me

G(P

�

) thn eikìna th sun�rthsh periorismoÔ

Res :

�

G(�) �! G(P

�

)

� 7�! Res

k(x)

�

Profan¸ o pur na tou periorismoÔ e�nai �(m)�G(�):

'Ena gennopoiìn rizikì tou F upèr to s¸ma k(x) e�nai th morf  y

`

z ìpou (`;m) = 1

kai z 2 k(x) ([12℄ sel. 38). Gia k�je � 2 G(�); �(k(x)) = k(x), ètsi �(y) e�nai ep�sh èna

gennopoiìn rizikì gia thn epèktash F=k(x): �(y) = y

`

�

z

�

gia èna stoiqe�o z

�

sto k(x):

'Estw � èna genn tora th kuklik  om�da �(m) = Gal(F=k(x)): ParathroÔme ìti

�

�1

�� = �

`

�

8� 2 G(�) (3.12)

Ja sumbol�zoume me G

1

(�) thn pr¸th om�da diakl�dwsh th jèsh �: H om�da G(�) =

G

0

(�) mpore� na grafe� san èna hmieujè ginìmeno mia kuklik  om�da E := G

0

(�)=G

1

(�)

t�xew pr¸th me to p me thn p�om�daG

1

(�): Ja sumbol�zoume me � thn probol G

0

(�) �!

G

0

(�)=G

1

(�): Efarmìzonta thn � kai sta dÔo mèlh th (3:12)

�(�

�1

) � �(� ) � �(�) = �(� )

`

�

8� 2 G(�):

AfoÔ E e�nai abelian  kai ord(�(� )) = ord(� ) = m èqoume ìti `

�

� 1modm �ra

�� = ��:
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Epiplèon, afoÔ `

�

� 1modm; ìloi oi automorfismo� � tou F pou epekte�noun to tuqa�o

�

0

2 G(P

�

) e�nai th morf 

�(y) = �

�

� y � z

�

0

; �(x) = �

0

(x) (3.13)

ìpou z

�

0

2 k(x) kai �

�

diatrèqei ti m-ostè r�ze th mon�da. Ta parap�nw apodukne�oun

ìti

k(x) 3 z

m

�

=

�

�(y)

y

�

m

=

�(x

n

+ 1)

x

n

+ 1

:

Antistrìfw, an �

0

2 PGL(2; k); �

0

(P

�

) = P

�

kai

�

0

(x

n

+1)

x

n

+1

= z

m

�

0

e�nai m�a m dÔnamh gia

k�poio z

�

0

2 k(x); tìte oi automorfismo� � tou F pou d�nontai apì

�(y) = �yz

�

0

; �(x) = �

0

(x);

epekte�noun ton �

0

: Apode�xame to parak�tw:

L mma 3.4.1 'Estw P

�

o periorismì th jèsh � sto k(x): 'Ena stoiqe�o �

0

2 PGL(2; k)

tètoio ¸ste �

0

(P

�

) = P

�

epekte�netai se automorfismì tou F an kai mìno an �

0

(x

n

+

1) diafèrei apì to x

n

+1me èna m-ostì par�gonta z

m

. Oi epekt�sei tou �

0

sto F d�nontai

apì thn (3.13).

SÔmfwna me to l mma 3.4.1 ja prèpei na prosdior�soume tou automorfismoÔ � tou

k(x) oi opo�oi stajeropoioÔn to P

�

kai gia tou opo�ou

�(x)

n

+ 1 = z

m

� (x

n

+ 1) me z 2 k(x): (3.14)

Arke� na gnwr�zoume ìti h parap�nw sqèsh isqÔei mèqri stajer� sto k(x), afoÔ to k e�nai

algebrik� kleistì kai k�je stoiqe�o sto k e�nai m�a m dÔnamh. Gi autì ant� th (3.14)

apaitoÔme thn sqèsh

�(x)

n

+ 1 =  � z

m

� (x

n

+ 1) me  2 k; z 2 k(x): (3.15)

Aut  e�nai isodÔnamh me thn ant�stoiqh sqèsh gia tou kÔriou divisors twn sunart sewn.

O kÔrio divisor th x

n

+ 1 e�nai (ja sumbol�zoume q�rin aplìthta P

�

i

= P

(x=�

i

)

)

(x

n

+ 1) =

X

1�i�n

P

�

i

� nP

1

: (3.16)

ParathroÔme ìti k�je automorfismì � tou k(x) pou e�nai epekt�simo sto F metajètei ti

jèsei tou k(x) pou diaklad�zontai sthn epèktash F=k(x) me ton �dio bajmì.

Oi diakladizìmene jèsei sthn epèktash F=k(x); e�nai ta shme�a P

�

i

; ta opo�a èqoun

koinì de�kth diakl�dwsh m: Ep�sei, to shme�o sto �peiro P

1

èqei de�kth diakl�dwsh

m

(n;m)

:

L mma 3.4.2 K�je automorfismì � 2 G(�) pou stajeropoie� to P

1

e�nai o tautotikì.

Apìdeixh: : 'Estw �

0

= �j

k(x)

; tètoio ¸ste �(P

1

) = P

1

: Apì thn (3.16) èqoume ìti

oi kÔrioi divisors twn sunart sewn �(x

n

+ 1); x

n

+ 1 e�nai �soi, sunep¸ h (3.15) isqÔei me

z 2 k: Epiplèon afoÔ o �

0

krat�ei to P

1

stajerì èqoume

�

0

(x) = a+ bx ìpou a; b 2 k; b 6= 0:

Sunpep¸,

�(x)

n

+ 1 = (a+ bx)

n

+ 1 =  � (x

n

+ 1):

52



AnalÔoume to aristerì mèlo th parap�nw ex�swsh qrhsimopoi¸nta to duonimikì je¸rhma.

AfoÔ p - n up�rqei toul�qiston èna duonimikì suntelest 

�

n

i

�

6= 0; ìpou 0 < i < n:

Sugkr�nonta tou suntelestè tou x

i

kai sti dÔo pleurè th parap�nw ex�swsh blèpoume

ìti

�

n

i

�

a

n�i

b

i

= 0

apì ìpou èqoume a = 0; dhlad  �(x) = bx: 'Ara o � ektì apì to P

1

stajeropoie� kai to

P

0

: 'Ara o �

0

stajeropoie� tr�a shme�a tou rhtoÔ s¸mato sunart sewn k(x) kai sunep¸

� = 1:2

Prokeimènou na melet soume thn om�da G(P

�

) ja diakr�noume trei peript¸sei:

Per�ptwsh (i): 1 < (n;m) < m: Sthn per�ptwsh aut , h P

1

e�nai h monadik  jèsh tou

k(x) h opo�a èqei bajmì diakl�dwsh

m

(n;m)

; sunep¸ h jèsh P

1

stajeropoie�tai apì ìlou

tou epekt�simou automorfismoÔ �

0

pou stajeropoioÔn P

�

: To l mma 3.4.2 exasfal�zei

ìti G(P

�

) = 1:

Per�ptwsh (ii): (n;m) = m; dhlad  mjn: Sthn per�ptwsh aut  èna mh tetrimmèno

epekt�simo automorfismì � tou k(x) pou stajeropoie� to P

�

d�netai apì thn

�(x) =

�

2

x

(3.17)

ìpou �

n

= �1. Pr�gmati, afoÔ �

2n

= 1 èqoume

�(x)

n

+ 1 =

1

x

n

+ 1 =

1 + x

n

x

n

:

ParathroÔme ìti h (3.15) isqÔei me  = 1 kai z =

1

x

n=m

; jum�zoume ìti mjn sthn per�ptwsh

(ii). Ep�sh o automorfismì pou d�netai apì thn (3.17) antimetajètei ti jèsei P

1

kai P

0

:

K�je �llo automorfismì � 2 G(P

�

) metajètei ti jèsei P

�

i

afoÔ autè e�nai akrib¸

oi jèsei pou diaklad�zontai sthn F; me bajmì diakl�dwsh m: Jètoume

P

�

= �(P

1

)

me � =2 f�

1

; :::; �

n

g: Upojètoume ep�sei ìti � 6= 1 giat� diaforetik� h jèsh P

1

ja staje-

ropoioÔntan apì ton � kai apì to l mma 3.4.2 ja e�qame � = 1. Upolog�zoume

X

1�i�n

�(P

�

i

)� n�(P

1

) =

X

1�i�n

P

�

i

� nP

�

= n(P

1

� P

�

) +

X

1�i�n

P

�

i

� nP

1

:

Ed¸, P

1

� P

�

e�nai o kÔrio divisor th sun�rthsh

1

x��

. 'Ara h sunj kh (3.15) isqÔei

me z =

�

1

x��

�

n=m

: (Upenjum�zoume ìti sthn per�ptwsh aut  mjn.) Apì thn �llh, afoÔ

�(P

1

) = P

�

èqoume ìti o � e�nai th morf 

�(x) =

a+ bx

x� �

: (3.18)

Antikajist¸nta sthn (3.15) kai pollaplasi�zonta me (x� �)

n

blèpoume ìti h

(a+ bx)

n

+ (x� �)

n

=  � (x

n

+ 1) (3.19)

e�nai anagka�a kai ikan  sunj kh gia na epekte�netai o automorfismì � se automorfismì

tou F: 'Opw kai parap�nw, jètoume 0 < i < n tètoio ¸ste

�

n

i

�

6= 0: Sugkr�nonta tou

suntelestè tou x

i

kai sta duo mèlh th (3.19) blèpoume ìti

a

n�i

b

i

= �(��)

n�i

: (3.20)
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An � = 0 tìte a 6= 0 ( diaforetik� � = 1) kai sunep¸ b = 0: AfoÔ o � af nei to P

�

stajerì, h speialization x 7�! � d�nei ìti �(x) 7�! � to opo�o me thn seir� tou d�nei a = �

2

:

Sunep¸ an � = 0 pa�rnoume thn involution pou  dh gr�yame sthn (3.17).

Upojètoume t¸ra ìti � 6= 0; tìte a 6= 0 kai b 6= 0 sÔmfwna me thn (3.20). A upojèsoume

ìti up�rqei èna i tètoio ¸ste kai oi dÔo suntelestè

�

n

i

�

6= 0 kai

�

n

i+1

�

6= 0: Tìte h ex�swsh

(3.20) isqÔei tautìqrona gia i kai gia i+1. Pern¸nta sto phl�ko èqoume ìti ab

�1

= �� kai

sunep¸ lìgw th (3.18) èqoume �(x) =

b(x��)

x��

= b, �topo. 'Ara, an up�rqei èna epiplèon

mh tetrimmèno automorfismì � 2 G(P

�

); o opo�o na diafèrei apì thn involution (3.17)

den up�rqoune duo diadoqiko� endi�mesoi dionumiko� suntelestè

�

n

i

�

;

�

n

i+1

�

pou na e�nai

tautìqrona 6= 0:

L mma 3.4.3 An gia ìla ta i = 1; :::; n� 2

�

n

i

�

6= 0 =)

�

n

i+ 1

�

= 0

kai p6 j n tìte n = 1 + q ìpou q e�nai m�a p-dÔnamh.

Apìdeixh: Sumbol�zoume me a =

P

a

i

p

i

; b =

P

b

i

p

i

, 0 � a

i

; b

i

< p; to p-adikì

an�ptugma dÔo akairèwn arijm¸n a; b: An a

i

� b

i

gia ìla ta i tìte gr�foume a �

p

b: E�nai

gnwstì ìti

�

n

i

�

6= 0 an kai mìno an i �

p

n;[22℄ sel. 73. 'Estw n = n

0

+ n

1

q

1

+ :::: + n

s

q

s

to p-adikì an�ptugma tou n, ìpou q

i

= p

s

i

kai 0 < n

i

< 0. ParathroÔme ìti q

i

�

p

n

kai 1 + q

1

�

p

n �ra

�

n

q

i

�

6= 0 kai

�

n

1+q

i

�

6= 0. Apì thn sunj kh tou l mmato èqoume ìti

n� 2 < q

i

. AfoÔ de h qarakthristik  e�nai pr¸th pro to n; s = 1 kai n� 1 = q

1

: 2

K�nonta qr sh tou l mmato 3.4.3 pa�rnoume ìti

Sthn per�ptwsh (ii), an n � 1 den e�nai dÔnamh th qarakthristik  p; tìte G(P

�

) e�nai

t�xh 2, kai perièqei mìno thn involution pou d�netai apì thn (3.17).

Apomènei na melet soume thn per�ptwsh (ii) ìtan n � 1 = q e�nai m�a p-dÔnamh. E�nai

bolikì na antikatast soume to rizikì tou Kummer me èna �llo rizikì gia thn epèktash

F=k(x) to opo�o ja e�nai eukolìtero sto qeirismì.

Jètoume

t :=

�

x� �

; �ra x = � �

t+ 1

t

(3.21)

kai

u := �t

n

(x

n

+ 1): (3.22)

AfoÔ mjn, èqoume ìti t

n

e�nai m�a m dÔnamh kai sunep¸ to u e�nai èna epitreptì rizikì

gia thn epèktash tou Kummer F=k(x): Qwr� periorismì th genikìthta mporoÔme na

upojèsoume ìti � = �

1

: O kÔrio divisor tou u e�nai

(u) = n � (t) + (x

n

+ 1) = n(P

1

� P

�

) +

X

1�i�n

P

�

i

� nP

1

=

=

X

2�i�n

P

�

i

� (n� 1)P

�

Apì thn �llh gnwr�zoume ìti sthn per�ptwsh (ii) oi jèsei P

�

i

metat�jentai k�tw apì thn

dr�sh tou � 2 G(P

�

); kai h jèsh P

�

paramènei stajer . Dhlad  o kÔrio divisor tou u

mènei stajerì apì to �.

Ex orismoÔ tou t èqoume ìti k(x) = k(t); kai ìti o pìlo tou t e�nai P

�

: To stoiqe�o u

èqei thn jèsh P

�

san monadikì pìlo, me t�xh n� 1 = q: Sunep¸ to u e�nai èna polu¸numo
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tou t; bajmoÔ q: To polu¸numo autì mpore� na upologiste� akrib¸, qrhsimopoiìnta thn

(3.21) kai thn (3.22), èqonta fusik� upìyhn ìti n = q + 1 :

u = �t

n

�

�

n

(t+ 1)

n

t

n

+ 1

�

= (t+ 1)

n

� t

n

= t

q

+ t+ 1:

E�nai bolikì na xanall�xoume thn metablht  t ¸ste na aplopo�hsoume thn morf  tou pa-

rap�nw poluwnÔmou. Jètoume loipìn t = a

1

+ b

1

t

1

me a

1

; b

1

2 k tètoia ¸ste a

q

1

+ a

1

= �1

kai b

q

1

= �b

1

; ìpou b

1

6= 0: Sthn sunèqeia jètoume u

1

= �b

�1

1

u kai telik� katal goume

sthn

u

1

= t

q

1

� t

1

:

Apì ed¸ kai sto ex  ja gr�foume t ant� gia t

1

kai u ant� gia u

1

. Apode�xame ìti

Sthn per�ptwsh (ii) me n = q+1 up�rqei èna genn tora t tou k(x) = k(t) o opo�o èqei

thn jèsh P

�

san monadikì pìlo, kai epiplèon to polu¸numo u = t

q

�t e�nai èna rizikì gia thn

epèktash F=k(t): O kÔrio divisor tou u paramènei anallo�wto k�tw apì k�je � 2 G(P

�

):

AfoÔ k�je � 2 G(P

�

) af nei ton pìlo tou t stajerì e�nai th morf 

�(t) = a+ bt;

me a; b 2 k kai b 6= 0: 'Ena tètoio automorfismì an kei sto G(P

�

) an kai mìno an

�(u) = u ìpou 0 6=  2 k; to opo�o shma�nei

�(t)

q

� �(t) = (a+ bt)

q

� (a+ bt) =  � (t

q

� t)

me  6= 0 2 k: Dhlad  isqÔoun oi sunj ke

a

q

= a;  = b; b

q

= b

Katal xame sto parak�tw sumpèrasma:

Sthn per�ptwsh (ii)me n = q+1; h om�da G(P

�

) apotele�tai akrib¸ apì tou metasqh-

matismoÔ t 7�! a+bt twn opo�wn oi suntelestè a; b perièqontai sto s¸ma F

q

me q-stoiqe�a.

H om�da aut  e�nai isìmorfh me thn om�da twn pin�kwn

�

1 0

a b

�

me a; b 2 F

q

; b 6= 0:

Idia�tera h t�xh touG(P

�

) e�nai (q � 1)q:

Per�ptwsh (iii): (n;m) = 1: Sthn per�ptwsh aut  oi n+1 jèsei P

�

1

; :::; P

�

n

; P

1

e�nai

akrib¸ oi jèsei pou diaklad�zontai sto F; ìle me bajmì diakl�dwshm: K�je � 2 G(P

�

)

af nei to P

�

anallo�wto kai sunep¸ metajètei ta P

�

2

; :::; P

�

n

; P

1

:

'Estw �(P

1

) = P

�

: An � = 1 tìte apì to l mma 3.4.2 èqoume ìti � = 1: Upojètoume

t¸ra ìti � 6= 1 to opo�o shma�nei ìti � 2 f�

2

; :::; �

n

g:O kÔrio divisor tou x

n

+1 apeikon�zetai

mèsw th � ston divisor

X

1�i�n

�(P

�

i

)� nP

�

:

Sto parap�nw �jroisma den emfan�zetai o ìro P

�

, en¸ emfan�zetai èna ìro P

1

: An apì

autì afairèsoume ton kÔrio divisor tou x

n

+ 1 tìte pa�rnoume

�

�(x

n

+ 1)

x

n

+ 1

�

= (n+ 1)(P

1

� P

�

): (3.23)

To dex� mèlo e�nai o kÔrio divisor th sun�rthsh (

1

x��

)

n+1

: Apì thn �llh, gnwr�zoume

ìti to dex� mèlo e�nai o divisor mia m dÔnamh. 'Etsi katal goume

mjn+ 1
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san mia anagka�a sunj kh ¸ste na up�rqei èna mh tetrimmèno automorfismì sthn G(P

�

):

H ex�swsh (3.23) ma d�nei ìti

�(x)

n

=

(x

n

+ 1)� (x� �)

n+1

(x� �)

n+1

; ìpou  2 k:

O kÔrio divisor tou poluwnÔmou f(x) := (x

n

+ 1) � (x � �)

n+1

; to opo�o e�nai bajmoÔ

n+ 1; e�nai

X

1�i�n

A

i

+ P

�

� (n+ 1)P

1

;

ìpou A

i

; P

�

e�nai oi jèsei, ìqi kat an�gkhn diaforetikè, pou antistoiqoÔn sti r�ze tou

f(x): Apì thn �llh, o kÔrio divisor tou (x � �)

n+1

e�nai (n + 1)(P

�

� P

1

) kai autì ma

d�nei ìti o kÔrio divisor tou �(x)

n

e�nai

(�(x)

n

) =

X

1�i�n

A

i

� nP

�

:

Sunep¸ to polu¸numo f(x) èqei m�a pollapl  r�za t�xh n: An � e�nai aut  h r�za, tìte

f(x) = (x

n

+ 1)� (x� �)

n+1

= 

1

� (x� �)(x � �)

n

; (3.24)

gia k�poio 

1

2 k: Xeqwr�zoume duo peript¸sei:

a) � = 0: Tìte h (3.24) g�netai

(x

n

+ 1)� (x� �)

n+1

= 

1

(x� �)x

n

= 

1

x

n+1

� 

1

�x

n

: (3.25)

AnaptÔsoume to aristerì mèlo qrhsimopoiìnta ton dionumikì tÔpo

(x

n

+ 1)� (x� �)

n+1

=

= �x

n+1

+ (�(n+ 1)(��) + )x

n

�

n�1

X

i=1

�

n+ 1

i

�

(��)

n+1�i

x

i

+ � (��)

n+1

:

Sugkr�nonta tou suntelestè tou x

n+1

sta dÔo mèlh th (3.25) pa�rnoume 

1

= �1, en¸

sugkr�nonta tou suntelestè tou x

n

kai tou stajeroÔ ìrou pa�rnoume  = �: Epiplèon

gia k�je i = 1; :::; n èqoume ìti

�

n+ 1

i

�

= 0

to opo�o maz� me to krit rio mhdenismoÔ enì dionumikoÔ suntelest  pou d¸jhke sto l mma

3.4.3, d�nei ìti n+1 = q e�nai m�a dÔnamh th qarakthristik  p: Autì ìmw e�nai adÔnaton

afoÔ mjn+ 1 kai (m; p) = 1:

b) � 6= 0: ParathroÔme ìti to (x� �)

n�1

diaire� to polu¸numo

g(x) := (n+ 1)f(x)�

df(x)

dx

(x � �) = 

�

x

n

+ n�x

n�1

+ (n+ 1)

�

:

Epiplèon èqoume ìti to � e�nai m�a r�za tou g(x), afoÔ �

n

= �1; ètsi gia m�a stajer� 

0

èqoume



�

x

n

+ n�x

n�1

+ (n+ 1)

�

= 

0

(x� �)(x � �)

n�1

: (3.26)

Sugkr�nonta tou suntelestè tou x

n

kai sta dÔo mèlh th (3.26) katal goume sto ìti



0

= : Sugkr�nonta tou suntelestè tou x kai x

2

kai sta dÔo mèlh th (3.26) pa�rnoume

(��)

n�2

(��� �(n� 1)) = 0) �� = (n� 1)� (3.27)
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kai

(��)

n�3

�

��

�

n� 1

2

�

� �(n� 1)

�

= 0: (3.28)

AntikajistoÔme thn (3.27) sthn (3.28) gia na p�roume

(��)

n�3

�

(n� 1)n

2

= 0;

to opo�o e�nai �topo, afoÔ apì thn (3.27) n � 1 6= 0 (upenjum�zoume ìti èqoume upojèsei

gia thn qarakthristik  ìti p 6= 2 kai p - n):

'Eqoume upolog�sei ìla ta stoiqe�a sthn om�da G(�): H om�da aut  e�nai t�xh

j G(P

�

)j � j�(m)j =

8

<

:

m an m - n

2m an m j n kai n� 1 den e�nai m�a p dÔnamh

mq(q � 1) an m j n kai n� 1 = q e�nai m�a p dÔnamh

:

Epiplèon sti pr¸te dÔo peript¸sei h t�xh tou G(�) e�nai pr¸th pro thn qarakthristik 

tou s¸mato p (upenjum�zoume ìti èqoume upojèsei ìti p 6= 2); sunep¸ h om�da G(�) e�nai

isìmorfh me m�a kuklik  om�da t�xh m (ant�stoiqa 2m): Sthn tr�th per�ptwsh h om�da

G(�) e�nai to hmieujè ginìmeno mia kuklik  om�da t�xh m(q � 1) me m�a kanonik 

upoom�da t�xh q[20, sel. 68℄.

3.5 Dom  th om�da automorfism¸n

Ja sumbol�zoume me O(�;G) thn troqi� th jèsh � k�tw apì thn dr�sh th G: Ja upo-

log�soume thn t�xh tou jGj upolog�zonta thn t�xh th O(�;G): 'Eqoume kajor�sei poie

jèsei tou F den g�netai na an koun sthn troqi� � (l mmata 3.3.2 kai 3.3.3), sunep¸

O(�;G) � f�

1

; �

2

; :::; �

n

; 

1

; 

2

; :::; 

(n;m)

g:

ParathroÔme ìti ta �

i

2 O(�;G) gia i = 1; :::; n kai ìti an 

i

0

2 O(�;G) gia k�poio i

0

tìte



i

2 O(�;G) gia ìle ti jèsei 

i

i = 1; :::; (n;m) pou epekte�noun thn P

1

:

Per�ptwsh 1) Upojètoume ìti m - n: Tìte jO(�;G)j = n   n+(n;m): A upojèsoume

ìti jO(�;G)j = n + (n;m) kai èstw H := �(n) � �(m): Profan¸ h t�xh th troqi�

th � upì thn dr�sh th H e�nai jO(�;H)j = jH : H(�)j = n: 'Eqoume apode�xei ìti

jG(�)j = �(m) = jH(�)j ètsi

n+ (n;m)

n

=

jG : G(�)j

jH : H(�)j

=

jGj

jH j

2 N:

Apì to aristerì mèro th parap�nw ex�swsh pa�rnoume ìti nj(n;m), to opo�o e� nai �topo

afoÔ n > m: Dhlad  jO(�;G)j = n kai h om�da G èqei t�xh

jGj = jO(�;G)j � jG(�)j = nm:

Per�ptwsh 2) Upojètoume ìti mjn: H involution � pou d�netai apì thn (3.17) stèlnei

m�a jèsh 

i

pou epekte�nei thn P

1

se m�a jèsh �

j

upèr to P

0

: Autì ma d�nei ìti O(�;G) =

f�

1

; �

2

; :::; �

n

g; giat� an up rqe èna � 2 G tètoio ¸ste � (�) = 

i

tìte ��(�) = �

j

to

opo�o e�nai adÔnaton apì to l mma 3.3.2. Sunep¸ h t�xh tou G; se aut  thn per�ptwsh

upolog�zetai:

jGj = jG : G(�)j � jG(�)j = jO(�;G)j � jG(�)j =

=

�

2nm

nmq(q � 1)

an n� 1 den e�nai m�a dÔnamh tou p

an n� 1 e�nai m�a dÔnamh tou p
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Ja melet soume t¸ra thn dom  th om�da twn automorfism¸n. Upojètoume katarq n

ìti m - n: Se aut  thn per�ptwsh h om�da G e�nai to eujÔ ginìmeno twn om�dwn �(n) kai

�(m), afoÔ jGj = n �m kai �(n)� �(m) � G:

A upojèsoume ìti mjn: ParathroÔme ìti �(m) < Z(G): Pr�gmati, èstw G

1

h upoom�da

tou G pou par�getai apì ìla ta ginìmena x � y; x 2 G(�); y 2 �(n): H om�da G

1

< G èqei

toul�qiston jG(�)j � j�(n)j = jGj stoiqe�a, afoÔ G(�) \ �(n) = 1: 'Ara jG

1

j = jGj kai

telik� G

1

= G: Autì apodeiknÔei to epijumhtì apotèlesma, afoÔ ta stoiqe�a tou �(m)

antimetat�jentai me ta stoiqe�a tou G(�) kai �(n):

AfoÔ de �(m) � G k�je automorfismì � 2 G perior�zetai se èna automorfismì tou

rhtoÔ s¸mato sunart sewn k(x) = F

�(m)

: 'Ara h sun�rthsh periorismoÔ th sel�da 51

mpore� na epektaje� se m�a sun�rthsh

F :

�

G �! F(G) < PGL(2; k)

� 7�! res

k(x)

�:

Profan¸ o pur na th F e�nai kerF =�(m): Ja xeqwr�soume akìma dÔo peript¸sei:

i) To n�1 den e�nai dÔnamh tou p. Tìte sÔmfwna me ton upologismì th t�xh tou G; h

t�xh tou F(G) e�nai 2n: ParathroÔme ìti h om�da F(G) perièqei thn kuklik  om�da �(n) pou

par�getai apì to �

0

: x 7�! �

2

x kai thn involution �

0

: x 7�! �

2

=x: AfoÔ �

0

=2 h�

0

i = �(n)

kai �

0

�

0

= �

�1

0

�

0

, h om�da pou genn�tai apì ta �

0

; �

0

e�nai m�a diedrik  om�da t�xh 2 � n:

Aut  e�nai h t�xh th F(G); �ra F(G)

�

=

D

n

kai h om�da G d�netai san kentrik  epèktash

th D

n

me abelianì pur na �(m):

H om�da an�lush gen�tai apì tou automorfismoÔ

� :

�

y 7�!

y

x

n=m

x 7�!

�

2

x

afoÔ � èqei t�xh 2m: H om�da �(n) < G genn�tai apì ton

� :

�

y 7�! y

x 7�! �

2

x

kai mporoÔme na elègxoume ìti h om�da G dèqetai m�a par�stash

h�; �=�

2m

= 1; �

n

= 1; �

3

�

�1

= ��; �

2

� = ��

2

i:

ParathroÔme ìti an m�a kentrik  epèktash diasp�tai, dhlad  antistoiqe� sthn tetrimmènh

sunomologiak  kl�sh, tìte e�nai to eujÔ ginìmeno twn paragìntwn th. Ja apode�xoume

ìti h epèktash

1 �! �(n) �! G �! D

n

�! 1 (3.29)

diasp�tai   isodÔnama G

�

=

�(n)�D

n

an kai mìno an to m e�nai perittì.

'Estw m perittì. H sun�rthsh

H

2

(D

n

; �(m)) =

L

pj2n

H

2

(D

n

; �(m))

p

�!

L

pj2n

H

2

(H

p

; �(m))

� =

X

pj2n

�

p

7�!

X

pj2n

res

(D

n

!H

p

)

�

p

ìpou to H

p

diatrèqei ti p-Sylow upoom�de th D

n

e�nai {1-1} [32, sel. 93℄. An p = 2

tìte (jH

2

j;m) = 1 �ra res

(D

n

!H

2

)

�

2

= 1 apì to je¸rhma tou Zassenhaus[14, sel. 126℄.

Apì thn �llh an H

p

e�nai m�a p-Sylow upoom�da gia p 6= 2, tìte res

(D

n

!H

p

)

�

p

= 1 afoÔ

H

p

< �(n) kai h upoepèktash

1 �! �(m) �! G

1

�! �(n) �! 1
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diasp�tai.

'Estw m �rtio. JewroÔme thn upoom�da pou genn�te apì thn involution � pou d�netai

apì thn (3.17) kai thn upoepèktash pou d�netai apì to parak�tw di�gramma

1 �! �(m) �! G

�

�! D

n

�! 1

jj " "

1 �! �(m) �! �

�1

(h�i) �! h�i �! 1

'Estw � 2 H

2

(D

n

; �(m)) h sunomologiak  kl�sh pou antistoiqe� sthn epèktash G: Sthn

upoepèktash �

�1

(h�i) antistoiqe� h sunomologiak  kl�sh res

(D

n

!h�i)

�. All� �

�1

(h�i) =

G(�) h opo�a e�nai m�a kuklik  om�da t�xh 2m. Sunep¸ res

(D

n

!h�i)

� 6= 1 afoÔ m�a

kuklik  om�da t�xh 2m den e�nai isìmorfh me to ginìmeno �(m)� h�i ìtan 2jm:

ii) Se aut  thn per�ptwsh to n � 1 = p

s

= q, e�nai dÔnamh th qarakthristik .

Isqurizìmaste ìti F(G) < PGL(2; q

2

). Pa�rnoume san genn tora tou s¸mato k(x) to

stoiqe�o t ìpw autì or�sthke sthn sel�da 55. 'Eqoume apode�xei ìti F(G(�)) = G(P

�

)

e�nai m�a om�da apì M�obius metasqhmatismoÔ th morf  t 7�! a+ bt; a; b 2 F

q

� F

q

2

: Ta

stoiqe�a sthn �(n) or�zontai upèr to F

q

2

ep�sh. Pr�gmati, h allag  metablht¸n x 7�! t

emplèkei ta �; a

1

; b

1

ta opo�a an koun sto s¸ma F

q

2

afoÔ

b

q

1

= �b

1

) b

q

2

1

= b

1

( to q e�nai perittì )

�

n

= �1) �

q+1

= �1) �

q

= �

1

�

) �

q

2

= �

a

q

1

= �1� a

1

) a

q

2

1

= (�1� a

1

)

q

= (�1)

q

+ (�1)

q

a

q

1

= a

1

kai sunep¸ h allag  metablht¸n x 7�! t e�nai ènaM�obius metasqhmatismì sto PGL(2; q

2

):

Apì thn �llh h F(�(n)) genn�tai apì tou automorfismoÔ x 7�! �

2

x pou an koun sthn

PGL(2; q

2

).

H t�xh th F(G) e�nai q(q � 1)(q + 1): Ja apode�xoume ìti h monadik  upoom�da th

PGL(2; q

2

) me t�xh q(q � 1)(q + 1) e�nai h PGL(2; q): Gia autì ja qrhsimopoi soume ton

qarakthrismì twn upoom�dwn th PGL(2; p

f

) o opo�o prokÔptei apì to je¸rhma 2.2.1.

Je¸rhma 3.5.1 H om�da PGL(2; p

f

) èqei ti parak�tw upoom�de

1. Stoiqei¸dei abelianè p-om�de

2. Kuklikè om�de t�xh t ìpou tjp

f

� 1:

3. Diedrikè om�de t�xh 2t, tjp

f

� 1.

4. Om�de isìmorfe me A

4

; S

4

; A

5

.

5. Hmieujèa ginìmena apì stoiqei¸dei abelianè om�de t�xh p

r

me kuklikè om�de

t�xh t, ìpou tjp

r

� 1 kai tjp

f

� 1.

6. Om�de isìmorfe me thn PSL(2; p

r

) kai PGL(2; p

r

) ìpou rjf .

Ja qrhsimopoi soume to parap�nw je¸rhma kai to gegonì ìti jF(G)j = q(q

2

�1); ìpou

q = p

s

e�nai dÔnamh th qarakthristik , gia na perigr�youme thn dom  om�da th F(G).

ParathroÔme ìti F(G) den e�nai p-om�da, kai kat� sunèpeia oÔte stoiqei¸dh abelian . A

upojèsoume ìti F(G) e�nai isìmorfh me m�a kuklik  om�da t�xh t, tjp

f

�1. Tìte jF(G)j =

p

s

(p

2s

� 1) diaire� to p

f

� 1; �topo afoÔ p - 1. Gia ton �dio lìgo h F(G) den e�nai diedrik 

om�da. Oi trei om�de A

4

; S

4

; A

5

èqoun t�xh mikrìterh h �sh tou 60, en¸ apì thn �llh

jF(G)j = q(q

2

�1) � 120 afoÔ p � 5. Dhlad  F(G) � A

4

; S

4

; A

5

. A upojèsoume t¸ra ìti

F(G) e�nai to hmieujÔ ginìmeno m�a stoiqei¸dou abelian  om�da t�xh p

r

me m�a kuklik 

om�da t�xh t = p

s�r

(p

2s

� 1). O arijmì t ja prèpei na diaire� kai to p

r

� 1 kai to p

f

� 1,

59



�topo. Tèlo an F(G)

�

=

PSL(2; p

r

) tìte rjf = 2s kai jPSL(2; r)j =

(p

2r

�1)p

r

2

= (p

2s

�1)p

s

,

�topo. H mình dunat  per�ptwsh e�nai Im(F)

�

=

PGL(2; q).

H om�da G e�nai m�a kentrik  epèktash th PGL(2; q) me pur na �(m) pou na d�netai

apì thn parak�tw akrib  akolouj�a:

1 �! �(m) �! G

�

�! PGL(2; q) �! 1 (3.30)

Qrhsimopoi¸nta to pagkìsmio je¸rhma suntelest¸n, ti timè tou pollaplasiast  tou

Shur H

2

(PGL(2; q);Z) kai thn abelianopo�hsh tou PGL(2; q) [3, sel. 26℄ mporoÔme na

upolog�soume

H

2

(PGL(2; q); �(m)) =

�

0 an m � 1mod2

Z

2

�Z

2

an m � 0mod2

:

Autì ma d�nei ìti gia perittì m h om�da G e�nai isìmorfh me

G

�

=

�(m)� PGL(2; q):

Gia m �rtio, h kat�stash e�nai perissìtero polÔplokh. Gia na perigr�youme thn dom  th

om�da G; e�nai arketì na kajor�soume thn sunomologiak  kl�sh

� 2 H

2

(PGL(2; q); �(m))

h opo�a antistoiqe� sthn kentrik  epèktash (3.30). Autì ton upologismì ìmw ton k�name

sto prohgoÔmeno kef�laio ìtan exet�zame kuklikè epekt�sei th PGL(2; q).
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Kef�laio 4

Om�de automorfism¸n twn

modular kampÔlwn X(N )

O J.P. Serre se èna gr�mma tou ston Ribet upolìgise ìti oi om�de automorfism¸n twn

modular kampÔlwn X(p) gia p pr¸to p � 7, e�nai isìmorfe me ti aplè om�de PSL(2; p).

Skopì autoÔ tou kefala�ou e�nai h epèktash tou apotelèsmato tou Serre kai h melèth th

om�da twn automorfism¸n twn kampÔlwn X(N), ìpou N opoiosd pote jetikì akèraio.

'Opw proèkeiye met� apì epikoinwn�a me ton J.P. Serre, to apotèlasma pou èsteile ston

Ribet, ìpw kai h gen�keush tou,  tan gnwstì stou eidikoÔ th perioq .

Upenjum�zoume ìti oi kampÔle X(N) e�nai oi epif�neie Riemann pou or�zontai w

q¸roi troqi¸n �(N)nH

�

, ìpou �(N) e�nai o pur na tou epimorfismoÔ

PSL(2;Z)�! PSL (2;Z=NZ)

H kampÔlh X(1) e�nai isìmorfh me thn probolik  euje�a P

1

, kai to k�lumma X(N)! X(1)

e�nai Galois me om�da Galois thn PSL(2;Z=NZ). O bajmì autoÔ tou kalÔmmato e�nai

�

N

:=

�

N

3

=2

Q

pjN

(1� p

�2

) an N > 2

6 an N = 2

Epiplèon to gèno g

N

th X(N) e�nai [23, sel. 23℄

g

N

= 1 + �

N

N � 6

12N

: (4.1)

Apì ton parap�nw tÔpo blèpoume ìti oi kampÔle X(2); X(3); X(4); X(5) e�nai rhtè en¸ h

X(6) e�nai elleiptik . 'Ole oi �lle kampÔle èqoun gèno megalÔtero tou dÔo kai sunep¸

oi om�de automorfism¸n tou e�nai peperasmène kai fragmène apì ton tÔpo tou Hurwitz:

jAut(X(N)j � 84(g

N

� 1): (4.2)

E�nai ep�sh gnwstì ìti sto k�lumma X(N) ! X(1) akrib¸ tr�a shme�a tou X(1); dia-

klad�zontai, ta j(i); j(!); j(1) me de�kte diakl�dwsh 2; 3 kai N ant�stoiqa.

An PSL(2;Z=NZ)�AutX(N) tìte k�je automorfismì sthn AutX(N) perior�zetai se

automorfismì th X(1)

�

=

P

1

, pou stajeropoie� tr�a shme�a, kai sunep¸ e�nai o tautotikì.

Dhlad  se aut  thn per�ptwsh èqoume AutX(N)

�

=

PSL(2;Z=NZ).

'Estw m o de�kth th PSL(2;Z=NZ) = Gal(X(N)=X(1)) sthn AutX(N). H ex�swsh

(4.1) gia N 6= 2 mpore� na grafe� w

84(g

N

� 1) = jPSL(2;Z=NZ)j

�

7�

42

N

�

(4.3)
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kai aut  sunduasmènh me thn (4.2) ma d�nei ta parak�tw fr�gmata gia ton de�kth m:

m � 2 gia 7 � N < 11

m � 3 gia 11 � N < 14

m � 4 gia 14 � N < 21

m < 7 gia 21 � N

: (4.4)

Sunep¸ gia 7 � N < 11 èqoume ìti AutX(N)

�

=

PSL(2;Z=NZ):Prokeimènou na apode�xoume

genik� ìti PSL(2;Z=NZ)�AutX(N) ja jewr soume thn par�stash

� : PSL(2;Z=NZ)�! S

m

ìpou � 7! f�a

1

PSL(2;Z=NZ); �a

2

PSL(2;Z=NZ); :::; �a

m

PSL(2;Z=NZ)g; kai

fa

1

PSL(2;Z=NZ); :::; a

m

PSL(2;Z=NZ)g

e�nai h di�spash th om�da AutX(N) se osets th PSL(2;Z=NZ). ParathroÔme ìti

PSL(2;Z=NZ)�AutX(N) an kai mìno an o � e�nai o tetrimmèno omomorfismì.

A upojèsoume ìti N = p e�nai èna pr¸to, p � 7. AfoÔ PSL(2; p) e�nai apl  om�da

èqoume ìti ker� e�nai   PSL(2; p)   f1g. H teleuta�a per�ptwsh e�nai adÔnath afoÔ den

up�rqoun stoiqe�a t�xh p sthn S

m

, gia m � 6.

A jewr soume t¸ra ti kampÔle X(p

e

), ìpou p e�nai pr¸to, p � 7. JewroÔme ton

parak�tw pÔrgo kalumm�twn

PSL(2;Z=p

e

Z)

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

X(p

e

)

#

X(p)

#

X(1)

9

=

;

H

9

=

;

PSL(2; p)

'Estw H := Gal(X(p

e

)=X(p)), tìte jH j = p

3(e�1)

, kai afoÔ p � 7 èqoume H < ker�.

Sunep¸ mporoÔme na or�soume ton omomorfismì

~

�

~

� : PSL(2; p)

�

=

PSL (2;Z=NZ)=H �! S

m

:

Autì ma d�nei ìti

~

� = 1 kai saf¸ to �dio isqÔei gia thn �.

'Estw N jetikì akèraio pr¸to me tou 2; 3; 5. O omomorfismì � e�nai tetrimmèno

kai se aut  thn per�ptwsh, afoÔ

PSL(2;Z=NZ)

�

=

s

M

i=1

PSL(2;Z=p

a

i

i

Z);

ìpou N =

Q

s

i=1

p

a

i

i

e�nai h di�spash tou N se ginìmeno pr¸twn paragìntwn.

Prokeimènou na melet soume thn per�ptwsh tuqa�ou N ja qreiastoÔme ta kalÔtera

fr�gmata gia ton de�kth m. JewroÔme ton pÔrgo kalumm�twn

X(N)

#

X(1)

#

X(N)

AutX(N)

2 j 3 j N j

j(i) j(!) j(1)

ParathroÔme ìti an PSL(2;Z=NZ) den e�nai m�a kanonik  upoom�da sthn AutX(N) tìte

to k�lumma X(1)

�

=

P

1

! X(N)

AutX(N)

den e�nai Galois. Apì thn apìdeixh tou fr�gmato
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tou Hurwitz (4.2) gia thn om�da twn automorfism¸n algebrik  kampÔlh [6, sel. 260℄

blèpoume ìti an to pl jo r twn shme�wn thX(1) pou diaklad�zontai sto k�lummaX(N)!

X(N)

AutX(N)

e�nai r > 3 tìte to fr�gma tou Hurwitz belti¸netai sto

jAutX(N)j � 12(g

N

� 1):

Autì ma d�nei ìti m � 1; kai sunep¸ PSL(2;Z=NZ)� AutX(N); �topo. Sunep¸ to

pl jo twn shme�wn diakl�dwsh e�nai r = 3. O tÔpo tou Hurwitz gia to k�lumma

X(N) 7�! X(N)

AutX(N)

d�nei thn

2(g

N

� 1) = jAutX(N)j

�

1�

1

�

1

+ 1�

1

�

2

+ 1�

1

�

3

� 2

�

; (4.5)

ìpou �

i

e�nai oi de�kte diakl�dwsh twn shme�wn pou diaklad�zontai. Xeqwr�zoume ti

parak�tw peript¸sei:

� Ta tr�a shme�a j(i); j(!); j(1) perior�zontai se diaforetik� shme�a p

1

; p

2

; p

3

twn

opo�wn oi de�kte diakl�dwsh e�nai e(j(i)=p

1

) = �; e(j(!)=p

2

) = �; e(j(1)=p

3

) = �.

'H (4.5) se aut  thn per�ptwsh gr�fetai

2(g

N

� 1) = jAutX(N)j

�

1�

1

2�

+ 1�

1

3�

+ 1�

1

N�

� 2

�

�

� jAutX(N)j (1� 1=2 + 1� 1=3 + 1� 1=N � 2) �

� jAutX(N)j (1=6� 1=N)

h opo�a ma d�nei kai to epijumhtì apotèlesma

jAut(X)j �

12N

N � 6

(g

N

� 1) = �

N

:

� K�poia apì ta tr�a shme�a j(i); j(!); j(1) perior�zontai sto �dio shme�o thX(N)

AutX(N)

:

Ja jewr soume thn per�ptwsh 11 � N: Ta shme�a j(i) kai j(1) den g�netai na pe-

rior�zontai sto �dio shme�o thX(N)

AutX(N)

:AfoÔ to k�lummaX(N)! X(N)

AutX(N)

e�nai Galois ja prèpei na èqoume 2� = N�; ìmw o bajmì tou kalÔmmato X(1) !

X(N)

AutX(N)

e�nai to polÔ 6; sunep¸ � � 6; � = 1; dhlad  ta j(i) kai j(1) den pe-

rior�zontai sto �dio shme�o, ektì anN � 12:All� anN � 12 tìtem � 3; kai sunep¸

N � 6; to opo�o antit�jetai sthn arqik  upìjesh N � 11: Me ta �dia epiqeir mata

mporoÔme na de�xoume ìti ta shme�a j(!) kai j(1) perior�zontai se diaforetik� shme�a

tou X(N)

AutX(N)

:

A upojèsoume t¸ra ìti ta j(i) kai j(!) perior�zontai sto �dio shme�o thX(N)

AutX(N)

:

Ja prèpei na up�rqei èna shme�o p th X(N)

AutX(N)

to opo�o diaklad�zetai mìno sto

k�lumma X(1) ! X(N)

AutX(N)

me de�kth diakl�dwsh 2 � � � 6: Apì ton tÔpo tou

Hurwitz pa�rnoume

2(g

N

� 1) = jAutX(N)j

�

1�

1

6 

+ 1�

1

�N

+ 1�

1

�

� 2

�

��2; =1   2

�

jAutX(N)j

�

1

3

�

1

N

�

N�11

� jAutX(N)j

�

1

3

�

1

11

�

to opo�o ma d�nei se aut  thn per�ptwsh

jAutX(N)j � 33=4 (g

N

� 1)

to opo�o me thn seir� tou d�nei to epijumhtì apotèlesma m � 1;.
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Parat rhsh 4.0.2 E�nai endiafèron na parathr soume ìti afoÔ X(2); X(4); X(3); X(5);

e�nai rhtè kampÔle, h taxinìmhsh twn peperasmènwn upoom�dwn automorfism¸n tou rhtoÔ

s¸mato sunart sewn apodeiknÔei to gnwstì apotèlesma

PSL(2; 2)

�

=

Z

3

; PSL(2;Z=4Z)

�

=

S

4

; PSL(2; 3)

�

=

A

4

; PSL(2; 5)

�

=

A

5
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Kef�laio 5

Om�de automorfism¸n twn

uperepifanei¸n Fermat

Oi om�de automorfism¸n twn mh-idiomìrfwn uperepifanei¸n Fermat tou P

r

(k) or�zontai

apì ti exis¸sei

F

r;n

: X

n

0

+ :::+X

n

r

= 0;

ìpou to k; e�nai algebrik� kleistì, qarakthristik  p � 0: MporoÔme na upojèsoume ìti

p - n, afoÔ an p j n tìte to polu¸numo

P

r

�=0

X

n

�

e�nai dÔnamh tou p kai sunep¸ oi

ant�stoiqe uperepif�neie e�nai idiìmorfe. Oi uperepif�neie autè èqoun m�a profan 

om�da automorfism¸n pou par�getai apì tou automorfismoÔ

(X

0

; :::; X

r

) 7�! (�

i

0

X

0

; :::; �

i

r

X

r

); �

n

= 1

kai apì thn summetrik  om�da S

r+1

pou metajètei ti metablhtè X

i

: H parap�nw om�da

e�nai isìmorfh me to hmieujÔ ginìmeno Z

r

n

oS

r+1

: O A. Weil [32℄ diatÔpwse thn eikas�a ìti

h om�da

N

r;n

:= Z

r

n

o S

r+1

e�nai h pl rh om�da automorfism¸n twn uperepifanei¸n tou Fermat .

Sthn arq  th dekaet�a tou 70, o Leopoldt [17℄ melèthse thn om�da automorfism¸n

twn swm�twn sunart sewn tou Fermat ,   isodÔnama tou automorfismoÔ twn probolik¸n

kampÔlwn F

2;n

kai apèdeixe ìti h eikas�a tou A. Weil den e�nai swst  an to n � 1 e�nai

dÔnamh th qarakthristik .

O Leopoldt den endiafèrjhke na dhmosieÔsei tou upologismoÔ prin apì to 1996, kai

met� apì m�a ergas�a tou P. Tzermi� [29℄, o opo�o anex�rthta apì ton Leopoldt upolìgise

tou automorfismoÔ twn kampÔlwn Fermat, sthn qarakthristik  0.

To prìblhma th dom  th om�da automorfism¸n twn F

n;r

lÔjhke apì ton T.Shioda

[24℄ to 1987. H mèjodo tou Shioda efarmìzetai kai sthn per�ptwsh twn kampÔlwn Fermat,

kai d�nei èna tr�to trìpo upologismoÔ twn automorfism¸n twn kampÔlwn Fermat anex�rthto

apì ti mejìdou twn Leopoldt, Tzermi�.

H ergas�a tou Shioda mou ègine gnwst  apì ton T. Katsura kai afoÔ h didaktorik 

mou diatrib  e�qe poi� oloklhrwje�. H mèjodo upologismoÔ twn automorfism¸n pou pa-

rousi�zw se autì to kef�laio e�nai m�a paralag  th mejìdou tou Shioda. Sukgekrimèna

ja apode�xoume to parak�tw

Je¸rhma 5.0.3 H om�da twn grammik¸n automorfism¸n G

r;n

twn uperepifanei¸n Fermat

F

r;n

, r � 2; n � 3 e�nai

G

r;n

=

�

N

r;n

= Z

r

n

o S

r+1

an n� 1 den e�nai dÔnamh th qarakthristik 

PGU(r + 1; p

2h

) an n� 1 = p

h
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Epiplèon gia n 6= r + 1 kai r � 4 k�je automorfismì tou F

n;r

e�nai grammikì.

Prokeimènou na upolog�soume thn om�da automorfism¸n twn uperepifanei¸n tou Fer-

mat ja apode�xoume pr¸ta, ìti k�tw apì sugkekrimène sunj ke, k�je automorfismì m�a

probolik  mh idiìmorfh uperepif�neia V � P

r

(k) ep�getai apì èna grammikì automor-

fismì tou P

r

(k): H apìdeixh pou ja d¸soume akolouje� thn apìdeixh twn GriÆths-Harris

gia migadikè uperepif�neie [8, sel. 177℄, kai thn epekte�nei sthn per�ptwsh jetik  qara-

kthristik .

5.1 Upologismo�

Prìtash 5.1.1 'Estw V � P

r

(k) m�a mh idiìmorfh probolik  uperepif�neia, bajmoÔ n 6=

r+1; ìpou k e�nai èna algebrik� kleistì s¸ma qarakthristik  p � 0. An r � 4 tìte k�je

automorfismì tou V ep�getai apì èna automorfismì tou P

r

(k):

Apìdeixh: 'Estw O(1) to antistrèyimo sheaf tou P

r

(k) pou antistoiqe� sto hyperplane

bundle, kai O

V

(1) o periorismì tou O(1) sto V: Ja sumbol�zoume me L(�V ) to anti-

strèyimo sheaf pou antistoiqe� ston divisor �V: H mikr  akrib  akolouj�a twn sheaves

1 �! O(1)
L(�V ) �! O(1) �! O

V

(1) �! 0;

ep�gei thn makr� akrib  akolouj�a sthn sunomolog�a

H

0

(P

r

(k);O(1))

r

�! H

0

(V;O

V

(1)) �! H

1

(P

r

(k);O(1� n))

�

=

0;

h opo�a d�nei ìti o periorismì r e�nai ep�, kai sunep¸ to grammikì sÔsthma sto V;

L = jH

0

(V;O

V

(1))j

to opo�o ep�getai apì ti tomè me uperep�peda e�nai pl re.

'Estw !

V

=

V

dimV




V=k

to kanonikì antistrèyimo sheaf tou V: 'Eqoume ìti [13, sel.

183℄

!

V

= O

V

(1)


d�n�1

:

K�je automorfismì � tou V af nei to kanonikì sheaf anallo�wto, sunep¸

�

�

!

V

= !

V

) �

�

(O

V

(1)


d�n�1

) = O

V

(1)


d�n�1

:

To je¸rhma tou Lefshetz [9℄, to opo�o exasfal�zei ìti Pi(V )

�

=

Z gia r � 4, ep�gei ìti

�

�

(O

V

(1)) = O

V

(1)

kai sunep¸ �

�

ep�gei èna automorfismì stou divisors tou L; dhlad  sto P(L)

�

=

P

r

(k):2

H om�da twn grammik¸n automorfism¸n e�nai h upoom�da th PGL(r + 1; k) h opo�a

af nei thn ex�swsh F

r;n

anallo�wth, dhlad  p�nake (a

ij

) tètoie ¸ste

r

X

i=0

0

�

r

X

j=0

a

ij

X

j

1

A

n

=

r

X

j=0

X

n

j

: (5.1)

Ant� na ergastoÔme me thn PGL(2; k); ja ergastoÔme me ton afinikì k¸no th, dhlad  me

thn GL(2; k) h opo�a e�nai èna basikì afinikì sÔnolo, me afinikì daktÔlio

R := k[X

ij

=i; j = 0; :::; r℄

det()

�1
:
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O R e�nai h topikopo�hsh tou poluwnumikoÔ daktul�ou se n

2

metablhtè w pro thn

or�zousa. H ex�swsh (5.1) se aut  thn per�ptwsh g�netai

r

X

i=0

0

�

r

X

j=0

a

ij

X

j

1

A

n

= (a

ij

)

r

X

j=0

X

n

j

; (5.2)

ìpou

 : G

r;n

�! k

�

e�nai m�a monodi�stath par�stash th G

r;n

: Epekte�nonta thn (5.1) qrhsimopoiìnta ton

tÔpo tou diwnÔmou pa�rnoume

r

X

i=0

X

n

0

+:::+n

r

=n

�

n

n

0

; :::; n

r

�

a

n

0

i0

a

n

1

i1

� � �a

n

r

ir

X

n

0

0

X

n

1

1

� � �X

n

r

r

= (a

ij

)

r

X

j=0

X

n

j

;

to opo�o me thn seir� tou d�nei

�

n

n

0

; :::; n

r

�

r

X

i=0

a

n

0

i0

a

n

1

i1

� � � a

n

r

ir

= 0 an n

i

< n gia ìla ta i (5.3)

kai

r

X

i=0

a

n

i�

=

r

X

i=0

a

n

i�

gia ìla ta �; � = 0; :::; r (5.4)

Jètonta n

�

= 1; n

�

= n� 1 sthn (5.3) katal goume

n

r

X

i=0

a

i�

a

n�1

i�

= 0 gia � 6= �

r

X

i=0

a

i�

a

n�1

i�

= (a

ij

)

h opo�a d�nei ìti

(a

ij

)

t

(a

n�1

ij

) = (a

ij

) � I ) (a

n�1

ij

) = (a

ij

) � (a

ij

)

�1t

:

Sunep¸, h Ôywsh ìlwn twn stoiqe�wn enì p�naka (a

ij

) 2 G

r;n

sthn n� 1 dÔnamh, ep�gei

èna morfismì om�dwn apì thn G

r;n

sthn G

r;n

: StajeropoioÔme èna stoiqe�o (b

ij

) sthn G

r;n

:

Gia ìla ta (a

ij

) 2 G

r;n

èqoume

r

X

�=0

a

n�1

i�

b

n�1

�j

=

 

r

X

�=0

a

i�

b

�j

!

n�1

=

=

r

X

�=0

a

n�1

i�

b

n�1

�j

+

X

k

1

+���+k

r

=n�1

k

i

<n�1

�

n� 1

k

1

; :::; k

r

�

(a

i0

b

0j

)

k

0

� � � (a

ir

b

rj

)

k

r

Sunep¸, to polu¸numo

T

ij

(X

i0

; :::; X

ir

) :=

X

k

1

+���+k

r

=n�1

k

i

<n�1

�

n� 1

k

1

; :::; k

r

�

b

k

0

0j

� � � b

k

r

rj

X

k

0

i0

� � �X

k

r

ir
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mhden�zontai tautotik� sto algebrikì sÔnolo tou A

n

2

+1

(k); pou or�zetai apì (5.3) kai (5.4).

Apì to je¸rhma Nullstellensatz tou Hilbert èqoume ìti gia k�poio akèraio �

T

�

ij

2 I;

ìpou I e�nai to ide¸de tou R pou genn�tai apì ta polu¸numa

f

n

0

;:::;n

r

:=

�

n

n

0

; :::; n

r

�

r

X

i=0

X

n

0

i0

X

n

1

i1

� � �X

n

r

ir

kai

f

�;�

:=

r

X

i=0

X

n

i�

�

r

X

i=0

X

n

i�

Ja apode�xoume, ìti to parap�nw e�nai adÔnaton ektì an T

ij

= 0: Pr�gmati, upojètoume

ìti gia kat�llhla polu¸numa g

n

0

;:::;n

r

2 R èqoume

T

�

ij

=

X

n

0

;:::;n

r

g

n

0

;:::;n

r

� f

n

0

;:::;n

r

+

X

�;�

g

�;�

� f

�;�

:

ParathroÔme ìti T

�

ij

e�nai èna omogenè polu¸numo bajmoÔ (n � 1)� sti n metablhtè

X

i0

; :::; X

ir

:

'Estw a èna monwnumikì prosjeta�o k�pou g

n

0

;:::;n

r

  g

�;�

bajmoÔ 6= (n � 1)� � n:

To polu¸numo a � f

n

0

;:::;n

r

apallo�fetai apì ginìmena monwnumik¸n prosjeta�wn �llwn

poluwnÔmwn g

n

0

0

;:::;n

0

r

  g

�

0

;�

0

me f

n

0

0

;:::;n

0

r

  f

�

0

;�

0

: Sunep¸ mporoÔme na upojèsoume ìti

g

n

0

;:::;n

r

e�nai omogen  bajmoÔ (n� 1)�� n:

Apì thn �llh, afoÔ ta T

ij

e�nai omogen  polu¸numa sti n-metablhtèX

i0

; :::; X

ir

mìno,

ja prèpei na up�rqei èna omogenè mon¸numo a bajmoÔ (n� 1)�� n mìno sti X

i0

; :::; X

ir

metablhtè, to opo�o e�nai prosjeta�o k�poiou apì ta g

n

0

;:::;n

r

  g

�;�

: A upojèsoume pr¸ta

ìti to a e�nai èna prosjeta�o k�poiou g

n

0

;:::;n

r

: Oi ìroi a �X

n

0

j

0

X

n

1

j

1

� � �X

n

r

j

r

j 6= i mporoÔn

na diagrafoÔn mìno an to a e�nai èna prosjeta�o k�poiou f

n

0

;:::;n

r

to opo�o sumba�nei mìno

sthn per�ptwsh (n�1)��n = n) � = 2

n

n�1

, �topo afoÔ n � 3: To �dio epiqe�rhma de�qnei

ìti to a den mpore� na e�nai prosjeta�o oÔte k�poiou g

�;�

.

Oi p�nake (b

ij

) sto N

r;n

, oi opo�oi e�nai profane� lÔsei th (5:3) kai (5.4), e�nai th

morf 

b

ij

= ��

i

Æ

i;�(j)

;

ìpou �

n

= 1; � e�nai m�a mh mhdenik  stajer� kai � e�nai m�a met�jesh tou S

r+1

: Upojètoume

ìti up�rqei èna (b

ij

) 2 G

r;n

nN

r;n

sunep¸ up�rqei èna j 2 f0; :::; rg tètoio ¸ste

b

i

1

j

6= 0 kai b

i

2

j

6= 0 gia j

1

; j

2

2 f0; :::; rg :

T

ij

= 0 sunep¸

�

n� 1

k

1

; :::; k

r

�

b

k

0

0j

b

k

1

1j

� � � b

k

r

rj

= 0:

Ston parap�nw tÔpo jètoume k

i

1

= �; k

i

2

= n � � � 1; kai afoÔ b

i

1

j

6= 0; b

i

2

j

6= 0 èqoume

ìti

�

n�1

�

�

= 0 gia ìla ta � = 1; :::; n � 2 to opo�o d�nei [5, sel. 352℄ tìte n � 1 e�nai m�a

dÔnamh th qarakthristik . Sunep¸, ìtan n � 1 den e�nai dÔnamh th qarakthristik 

G

r;n

= N

r;n

:

Sthn per�ptwsh n� 1 = p

h

; h (5.1) d�nei

r

X

i=0

r

X

j=0

r

X

�=0

a

p

h

ij

a

i�

X

p

h

j

X

�

=

r

X

i=0

X

n

j

: (5.5)
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Sugkr�nonta suntelestè kai sta dÔo mèlh th (5.5) pa�rnoume

r

X

i=0

a

p

h

ij

a

i�

= Æ

j�

: (5.6)

'Estw F o automorfismì tou Frobenius, o opo�o stèlnei ton p�naka A = (a

ij

) ston

F (A) = (a

p

h

ij

): H ex�swsh (5.6) ma d�nei ìti

F (A) �A

t

= I; (5.7)

kai

A � F (A)

t

= I: (5.8)

Efarmìzonta ton F kai sta dÔo mèlh th (5.7) pèrnoume

F

2

(A) � F (A)

t

= I;

en¸ apì thn (5.8) èqoume ìti F

2

(A) = A: Sunep¸ h om�da automorfism¸n taut�zetai me

thn PGU(r + 1; p

2h

) an n� 1 = p

h

:
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