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Evcaywyn

‘Eotw C ula akyeBpuxy| tpofoluxr| xaumdhn yévoug g > 2, oplouévr Tdvw and To ahYe-
Bpwd xhewotd owua k, yopaxtnewotixic p > 0. Elvow yvwotd 6t 1 oudda twv autouop-
pouwy G e C elvon enepaouévn. e auth) Ty epyacio UEAETOOUE TNV Sour| TwV ouddwy
AUTOUOPPLOUWY UEPLXWY CUYXEXPULEVKY OLXOYEVELDY XoUTUAWY. Enttpénovue oL owoyéveleg
XAUTOAWY TOU UEAETAUE VoL £YOLVE Xal LOOHOPPES XAUTUAES. LNV neplntworn auth, dnhady)
otnv mepinTwon mou ula xoumdAn elvon WLouop@n, Vol EVVOOUUE TOUS AUTOUOPPLEUOUS EVOS
TpofBoAuxol, mApoug, un Widuoppou UoVTEAOU TNE 1) LooSOVAUN TOUS AUTOUOPPLOUOUS TWY
avtiotoywy cwudtwy cuvaptioewy. Kpelvaue Aomdv Bohund va napovoidoouvue tny Yewpla
TOUG, OE GPOUS TWV COUATOY GUVHPTACEWY XAl TV AVToTOLwY VECE®Y TOUG.

Avahutid 1 Sudpdpwon twv xepahaiwy €xel we e€hg:

Y70 TPWTO XEPEANLO UEAETOVUE TO Topodtw TpoBanua: Oewpolue uia afeAiovy) enéxtao
F tou oouatoc cuvaptioewy Fp, ue offehovy ouddo Galois A. Ilowd elvon 1 oyéon tng
ouddag auToUoE@PLOUGY Tou Fj ue TNV oudda autouop@ouwy tou F; H uédodoc mou axo-
AoUl0o0UE, TEOXELWEVOL VO AMOVTACOULUE OTO Topamdve epwtnua elvan 1 e€nic:  Alvouue
avoryxaleg ouvinxeg, Kote 1 oudda A var efvon xavovixy) UTOOUSdA TNE OUASAS AUTOUOR-
ploutdy Gp tou oduatog F. Etol to npéAnua unohoyiouol tng Sounc tng ouddas G
avdyeton ot €va TedPBAnua eméxtaone utag uroouddag H tng ouddoc autouoppouwy G g,
Tou owuatog Fy ue affehovd mupAva A. ‘Onwe elvor yvwotd tor TpoBAfuate ETEXTACEWY
OUEBWY aVEyOVTOL GTOV UTIOAOYLOUG TWY GUVOLOAOYLOXMY XAdoEwY Tne ouddac H2(H, A)
ToL avTioTolyoLV ot dedopévn enéxtao. Emmiéov divouue xpithpla dote 1 Soun tng ouddog
G vo e€aptdron amd tov TOno Slaxhddwong tne enéxtaonc owudtwy F/Fp.

Y70 3eUTEPO AEPAANO, EQUPILOLOVUE TA TORATAVL ERYUAEIN 0T COUATA GCUVIPTHOEWY TWY
xouO v e eninedo povtéla tne wopphc y™ = f(z) xou xadopllovue tic Suvatés Souéc Twv
OUABWY CUTOUOPPLOUWY, XAVOVTUS XPToT TV VEWENUATKDY TAEWOULONG TWV TETEPUCUEVWY
UTIOOUSBWY TNG OUABAC AUTOUOPPLOUDY TOU PNTOU CWUNTOC GUVIPTHOEWY.

Y10 EMOUEVO xEPANALO, UTOAOYILOUUE TS OUABES AUTOUOPPLOUMDY TWV CWUATWY GUVIP-
THoEWY Fyy TV xoumOAwy 2" +y™ —1 = 0 6mou n # m, xau 1 Yapaxtnplotixy| dev donpel ta
n,m. H uédodog mou axolouvdodue elvon Alyo Stapopetir and T nporyoluevee uedodoug.
E&" outloc tng ueydhng ouuuetplog tou mopandyvou eninedou UOVTEAOU, UTOPOUUE Vo UTO-
Aoyioouue uta Bdor ohéuoppwy Sapopxdv xadde xat TNy Sour Twv nulouddwy tou Weier-
strass oe ouyxexpwéva onuela. Me autd tov tpdmo amodexviovue dtL 1 ouddo p(m) elvon
XAVOVIXT] UTOOUASA TNG oUddAS auToUop@oU®Y F), 1. Efvon evdiapepdy var napatnpioovue
6tL btay min xonw o n — 1 elvan dOvoun TNg Yoo TNELOTXAC TOTE 1 OUSSA AUTOUOPPLOUGY
€yeL TAEN TOAD peyaAUTEPN antd To Ppdryua Tou Hurwitz otny yapaxtnpiotin 0. H nepintwon
n =m Aoy Yot and tnv epyacta Tou Leopoldt and Tic apyéc tne dexaetiag tou 70.

Y10 tétopto xepdlono, enextelvouue éva anotéeoua tou J.P. Serre mou unoldyioe Tig
ouddec autouopplou®y v modular xoumdiwv X (p) v p me®to xou LToAOYI{OLVUE TS
ouddec auToUopPPLOUGY TwV XoUTOAwY X (), yio xdde guowd N. ‘Onwg npoéxew)e, uetd
and emxowvwvio ue tov J.P. Serre o nopandvew utohoyloude g oUdSaC AUTOUOPPLOUWY TWV
xounOhwy X (IN), fray YveoTtos otoug edixols Tne TEpLoyfc.

Y10 teheutaio xe@diono, UTONOYI{OVUE TS OUABES AUTOUOPPLOUWDY TWV UTEPETILPIUVELWDY
Fermat. Anodewviouue apywd otL xdde autopopplouos twy urepemipaveldy Fermat etvon
TEPLOPLOUOG EVOC AUTOUOPPLEUOL ToU TEpLBEANOVTOS TPOBOAX0) YWEOU XL GTNV CUVEYELX
unohoY{{OLUE TOUG AUTOUOPPLGUOVE ToL StatnEoLy TNy e&lowon Fermat avalholwtn. Kot to
anotéAeoua auTé, HTAvE YVwot6 and to 1987 and tov T. Shioda. H pédodog tou Shioda uou
€ywe yvwoty| and tov T. Katsura xow agod 1 Sidaxtopuxr wou Statplfr| elye mold ohoxAnpwiet.

Oa fleha va evyaploThow Yepud tov emBAénovta xadnynth x. ['dvvn Avieovddn yia ty
Bordeia mou pou mpdoepe GE OAT TNV SLAPXELX TWV UETATTUYLAXWY oToudwy Uov. Eniong
Yo Heho va evyapotiow tov xadnynth  P. Roquette yiou to evdiapépov mou €deile yio
v gpyaoia Lov xadde xou Tor ool xon Tig utodel&elg tou. Euyapiotd eniong to Tdpuua



Kpatixdv Trotpipudv tou onolou unhpga undteopog.
Evuyoaptotod Wiaitepa toug yovelc uou I'dvvn xon Mapla xodode xon toug ¢lhoug xan ou-
vepyditeg Hou oto mevemotAuo Kerng Moapiva, Anuritern, Oavdon, I'ideyo.

Hpdnewo 18 AexeuBplou 1988
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Kecpo’c)\ou.o 1

AfSEALaVEG EMEXTACELS

‘Eotw Fy éva alyeBpued ooua ouvapthoewy, Ue Badud unepPatixdTnioc Uovdda, opltouévo
unép evéc ahyeBpd xhetoTol oduatoc k, yapoxtnolotixAc p > 0. Oewpolue ula meme-
paouévn afehiav) enéxtaon F tou Fy yévous gp > 2, ue oudda Galois Gal(F/Fy) = A.
Eivar yvwotd 6t 1 ouddo autouoppioumy, éotw G, tou F elvon menepacuévn. ([11] cel.
368). Txomoc pog elvan va suoyetioovue Ty ouddo auvtouop@louny G tou F ue tnv oudda
auTOUOPPLoU®Y Tou Fy. Mnropolue vo ypddouue tny et axpfn axoloudia

1— A — Ng(4) — H — 1, (1.1)

omouv Ng(A) ovuPohiler tov xavovixormounts tou A oty G xou H, elvor uta Tenepoouévn
UTIOOUABA TNG OUASAC AVTOUOPPLOUGY TOU Fo.

Kétw and xatdhnhec ouvdixec éyovue 61t A I G ouvvendde Ng(A) = G. To yeyovie
AUTO UOG ETULTPETEL VO UEAETACOVUE TNY OUAdA TV QUTOUORPLOUGY Tou F' cav éva TpdBinua
EMEXTACEWY TEMEPACUEVWY UTOOUADWY TNg ouddag autouop@ouwy Tou Fp, ou omolec gu-
paviCovtar cav mniixa G/A. Ou Brandt xou Stichtenoth [4] ypnowwonoinoay mapduoes te-
YVXES TIPOXELUEVOL VoL UTIONOYICOLY TG OUABES AUTOUOPPLOUWY UTEPEAAELTITLXWY XAUTUAWY,
dnAadh xuXAxdY emextdoewy Baduol 800, evog prtol ohuatog cuvapthioewy. Enicewg o
Brandt [3] otnv ddaxtopix| it Tou, UENETNOE YEVXOTEPX XUXALXES EMEXTUOELS TOU
enTol cwuUaTog cLVAPTACEWY Borduol TEWToL apLluoD.

Ac vrodécouue mpog o Tapdy bt A G Fpdgpovue vy ouddoa A cav éva eudi ddpotoua
A=Ay @Ay, omov Ay, elvon 10 p-xouudt g offehiavic ouddag A, dnhadh n uéyotn
aBehiav| p-utoouddo tng ouddac A, Areg = A/Ap, (|Aregl,p) = 1. Iopatnpolue étL A,
elvar enlong uta xavovixry vnooudda g G xa €tol AaBAVOUUE TNV OUABN AUTOUOPPLOUWY
G oe dVo Bruata

1—A, — G — H—1,

1— Ay — G — Gp — 1,

onou G, cuuBoiilel v eméxtaon e H ue A. Agol 1o odua k elvar ohyeBpuxd xhetoto, xde
afehavy) enéxtaon pe oudda Galois tdEng mpdtng mpog TNV YapaxTneloTixy elvon enéxtao
tou Kummer xou x&de affehavy| enéxtaor ue Galois p-oudda, émou p elvon 1 yopoxtnototixd,
elvar eméxtaon tou Artin-Schreir .

Yuvodilovtag, Yo TEETEL VoL AMAVTHCOVUE GTOL TOPOXAITE EpWTHUATOL

e Kdtw and moleg mpolnodéoelc unopoue va e€acaiicovue 61t A 1 G.
e Ilwe unopolue va teptypddouue Ty dour tng ouddoc G, dedouévou o1t A < G.

e Ilowx efvon 1 unooudSa H, Twv auTOUOpYLOU®Y Tou owuatog Fp, Tou enextelivovTtal ooy
awtouoppiopol tou F, Snhad mold elvan to tnhixo G/A.



Oo Eexwvicouue and To TEWTO EQWTNUL

1.1 XuvdMxeg %avovixoTtnTog

Tedpouue v afiehiavh oudda A ooy evdd ddporoua b xuxhixdv uoouddwy

B,

i=1 j=1

Mopatnpotue 61, A I G av xou uévo av
Ti
A; = @ an < G,
j=1

apol ouluyr| atouyela Exouv Ty (Ba TAEN.

Oa enextelvouue éva Yedpnua tou Accola [1] 1o onolo Yo pag ddoer ura txav cuviinm
doTe N oudda A; var elvon xovovix) 6 oAOXANEN TNV oudda autouopplou®y. ‘Eotw A; eudic
npocietalog otny avdhuon e A, 6nwe oplotnxe napandve. H oudda A; yedpetor ooy eudl
ddpoLoual HUXAXWY OUddWY LoOUOoPYWY UE TNV Zy,. Eotw Ty, A = 1,...,r; oL yevwATopEg
WV XUXAXOY TpocleTéwy e A;. Evleyouévwg ol mopamdve yevvrtopes va otareponotody
drapopeTind mAKlog Yéoewy. T'a xdde s guowd Vo cupPorilovue e Af tnv urooudda
e A; mou nopdyeton and ta Ty nou otadeponooly s to mARloc Yéoec. Auvd ouluyelc
autouop@Louol €xouy to (Bto TARlog otodepdy onuelwy. Etor 1 oudda A; elvon xavovixn
unoouddo tng ouddag G av xou Udvo av dheg ov uoouddes A? elvor xovovinéc LTOOUAdES
e G.

Ty ouvvéyewa Yo ouuBorilovue ue A uia afiehiovh ouddo tobuopyn ue Bl Z,, tétowa
oote ol t, o Thidog yevvrtopes tng A, {11, ..., T; } vo otadeponotody 1o (Blo mhfidog s Yéoewv
tou F. O¢tovue T' = T xon éotw @ yia 9€on tou F mou va otadepomoteiton and tov 1. Kotd
v dudpxeta e anddedne authc Yo cuufBoiilouvue ue Ty tdén tou T,

Oewpolue 1o oLluyég T :=0To"' wouT ue éva Tuyato auvtouopploud o g G. Elvon
capég OTL T otadeponotel Ty ¥éon (Q). Eoww FA 10 obdua tov otadepdy otoielwy Tou
Funé tmy ocdot.

Adppa 1.1.1 Yrdpyer ouvdptnon f € FA, ue povadns néro oto q = rest|pac(Q) o
onolog emnAéoy elvon noAog tdéne k < v+ 1, 6mou v elvar T0 YEvOC TOU FA

Anodeidn: Oewpolue ToV YWOEO GUVIPTHOEWY
L((v+1)q) ={f € F*: (f) + (v +1)g > 0}.

Ané 1o Jedpnua twv Riemann-Roch unoloyilouvue 6t 1 Sidotact tou mapamndve }kpou etvor
peyohOtepn 1) lon ue 8o, dnhadh to Intoduevo. O
O divisor ¢ f, oav ocuvdptnon tou F' elvor

divp(f) = (flo—nx Y 7(0(Q)).
TEGAG*l/T

"Eyovue howréy 6t deg f < nf(y+1). Ac Yewphoouue twpa tic cuvapthoew h; := f—T;o f
xan ¢ vnodécouue 6Tt ula and autég, Eotw N hy, dev elvan otadepr. Tote

degh; < 2deg f —ri < 2n'(y+1) — i,

LOL ouddeg autopoppLoudy Yewpolviar Tolamhactactixés. O tapandve npocdetinde cuuBohiouds etvor
XOTAUYPNOTLXOS AANEL TOV TPOTLLOVUE SLdTL xohoTd Teploadtepo oo TRy avahoyio e TNV Ypouixh dAYeRpa



omnou r; elvar 0 apriuog Twv TOAwY g f, hawuBdvovtag utddny Ty toAhamhotnta. Hpdyuart,
yio o ¥éomn P tou F

vp(hi) = vp(f —Tio f) > min{vp(f),vp(T o f)},

dpa av 1 9€om P elvon évac néhog e hy téte 1) P elvon évag ndéhog tne f ¥ tng Tio f. Emunhéov
av P elvar évag xowodg nohog twyv f,T; o f téte Sev elvon méhoc g h;.
Trevivuilouvue dtL ue s cuuBorilovue To TAYYog Twy Vécewy Tou F' tou otadeponotodvie
and 1o T;. Ntnv neplntworn mou
2nf(y+1) < s
T01E
degh; < 2n'(y+1) —r; < s —r; < degh;,

apol xdde otodepr Véon tou T; 1 omolo dev elvon mohog e f elvan plla g hy, dromo.
Yuvenwg ot cuvapthoels h; elvon dheg otadepés xou loeg e undév.

Anodeifape 6t 1 f péver avalholwtn uné tny Spdon e A, Snhadh k(f) € FA. Av 1o
odua FA = FA givar oo, t6te 1 ouvdptnon f tou FA éyel ného téne 1 oto g, Snhady
FA=k(f). O Yevwitopac tou culuyolc ohuatoc FA eivaw o fo~t = f, Snhadh FA=FA
xou cuverwe A < G.

Hopatnpolue 6Tt n A aghvel avahholwTto T0 GUVOAO TwV SlapopeTntdv YEoewy tou F' oL
ornoleg Pploxovtar vmepdvw ¢ q. To cbvolo twv diapopeTixdy Véoewy tou F' ol onoleg
Beloxovtar unepdvew tng ¢ anotehelton and toug wéhoue e f. To mAndoc touc elvon nt—1,
ouvende ool 1 oudda A ue nt to TARdoc otowyela, aghiver avalholwto éva clvoro ue nt
otouyeta, undpyet éva ototyeio T' € A, tétowo hote 0 T' o 10 T va éxouy 1o (B0 chvoro
otadepdy VEGEWV.

‘Eotww G(Q) n oudda avdhuone oty ¥éon Q. Ttnv meplntwon nouv (p, |G(Q)]) = 1,
(xon v tuyako) éyouue 61t T = T apol YEVWOOY xUXAXEC UTOOUABES TNe xUXAXAC oudSac
avdhuorg xde Yéong mou otaepoTololy.

Arnodel€aue dnhadn tny

Ilpétaom 1.1.2 Eow F/Fy afehavij enéxtaon ue oudda Galois
s Ti
Gal(F/F)) = A= EPZn.
i=1 j=1

Oétovue A; = O, Lp, xou €0Tw A 7 urooudda tne A; mou yewvdton and o oToLyEld ToU
otadsponotoly s; Véoeic. Oa ouuBolilovue ue v(A’) to yévos Twv cwudTeY cuVARTHoEWY
FAY

Av yia xde i, 55 # 0 éyouue ont

5 5
2|47 |(v(47) + 1) <5,

xou ot Tdelc TV ouddwy avdivone twy Yéoewy nou oradeponotolvial oané To Afj elvar p-

7 z Sj 7
eretepes, 11 y(A;?) =0 t61¢ A< G.
Oa yenouwonoLicouUe XUElWwS TO TUEHAT

IIéewopa 1.1.3 Eotw F/Fy xuxduwd enéxtaon ue oudda Galois
Gal(F|Fy) = C,,

dmov Fy onté owua ouvvaptioewy. Fotw s to mAiloc twy Yéoewv mov otadepormoiel o
yewirjtopas e xuxAwdjc ouddag Cpn. Xtny neplntwon mouv 2n < s éyouue ot Cy, < Aut(F).

IMapathienon: Av 1o F elvar €vol UTEPEAAELTTIXG GOUO GUYOPTACEWY, TOTE 1) UTEPEARELTTLXN
involution opilet uiar xavovixr; unooudda &N 800 NG OUADAS TWV AUTOLOPPLOUMV.



1.2 Enextdoslg ouddwy

To mpdfBinua g enéxtaong tng nencpaouévng ouddag H ue ofehiavo muprva A, elvar 1
elpeon OAWV TV 0Uddwy G Tou déyovton Ty A cav xavovixy| utooudda xot emmiéov G /A =
H. Tao napandve exppdlovion e Ty tixeh axplBr axoloudia

1—wA—G-5 H—1

H ofehiov) opddo (Z-module ) A amoxtd v Sour; H-module péow tne Spdong Sio auluyloc.
AxpBéatepa, aol o ouopopplouds T elvar entl, unopolue va Staré€ouue uia section p g H
oty G, dnhodA yio x&de h € H va SrokéZoupue éva ototyelo p(h) € m7=1(h). Linv ocuvéyewa
optlouue dpdomn tng H otny A:
a" .= p(h)ap(h™), v xéde a € A, xou h € H.
Mopatnpolue 61t 0 oploude g dpdong etvon ave€dptntog tng section. H dpdion unopet
va Yeadel wg Lo tapdotacn B tou H mdve otoug autopop@louols tne A:

B H —s Aut(A).

H ofehiavi ouddo A ypdpeton ooy eudl dllpotouo xUXAMXDY LTOOUASWY:

4= D,

i=1 j=1

ovvenwe Aut(A) = @2, GL;y,(Zy,), 6mov ue GL,, (Z,,;) cvuBolilovue toug avtioTpéduuoug
r; X r; mivoxeg ue otouyela and tov SaxtOAo Z,,. H avanapdotacn B howndv, unopel va
avohudel oe éva eudl dbpotoua f = @I, 3; 6mou B; € GL,,(Zy,) elvor aviiotpéduuol 13 X 1;
Tivoxes Ue oUVTENESTES OTOV SAXTOMO Zy,. Oo cuufoiilovue ue {B;(0)} iy 1 < k1 < 1y,
Tov v Tou avtiotouyel oty B;(0).

Yy eldu| nepintwon r; = 1, éyovue 6t GL1(Zy,;) = L5,

Oa ovoudlouue duo enextdoelc G xow G2 1wodlvoues (0 avayvodotng unopel va ehéyEet
OTL TEdxELTOL TEAYUOTIXE YL Ulol oyéon Looduvapiag) oy UTEPYEL OUOUOPPLOUOS ¢ TOU VoL
x3veL TO TapoxdTe Sidypouuo

G

A~ \
S8 A HE—

1— A

avtiuetadetind. Elvow yvwotd étu ol 1oodivauesg, xatd TNV TOpomdve €vvold, ETEXTACELS
TagvouolvToL amd Tig xhdoelc cuvouoloyiog H2(H, A).

AZ{le va mapatnpioouue 6Tt elvor duvatdv GE BUO UM LEODVVOES ETEXTACELS OL KUECULESY
ouddeg va elvan Loduopgec. o topdderyua Ghec oL enextdoels Tne xuxAwxrc ouddoc C), ue Cp,
6mou p TpGTog aprdude, elvar ouddec TdEne p?, ouvende afetavéc. Anhadh undpyouy u6vo
d0o duvatdtnies yior TRy «uecotoy oudda, ol Oy xaw Cp X Cp. Ao Ty dAAN utooy(leton
ot H2(Cp, Cp) =2 Cp. Puoixd, Aoyw T0U 5-AAUUATOC 0 0UOHOpELOUSS ¢ ElVoL LOOUOPYLOUOS,
amd OTOL EYOVUE TO TUPUXATW PEAYIOL:

i(H,A) < |H?*(H, A)|

omou i(H, A) ouuPorilel 1o TAAl0C Twv Un LoGUOPPWY (UECHWVY OUADdWY TOU TEEVOUUE
enextelvovtog tnyv oudda H ue A.



1.3 Enmextdoeic tou Kummer

Treviuuilovue uepxd Baowxd ototyela and tig enextdoel Tou Kummer.

‘Eotww F/Fy ofehiovi) enéxtaon ohyeBouxdy owudtoy cuvapTRoeny, Ue aeAavr oudda
Galois A. 'Eotw m o exdétne e A, dnhadr 10 eNdytoto x0wd TOAATAAGLO TV TAEEWY
v otolyelwy g A. Oo ovoudlouue v enéxtaon F/Fy m-enéxtaon tou Kummer , 6tav
0 otdua Fy éxer m to mAfdog Swapopetinég m-pilec tng povddag. H undleon auth €xer wg
enax6houdo, to 6t (|A],p) = 1. Oa cupBorilovue ue A v ouddo twv yapwthewy e A,
Smhadh A = Hom(A,C)). Agol n oudda A elvon affehiavh éxouvue 6t A = A.

H nopoaxdte mpdtacn yopoxtnellel tic enextdoels Tov Kummer.

Ipétaon 1.3.1 Eow F/Fy enéxtaon tou Kummer tne onolac n oudda Galois éxet exdétn
m' | m. Ou ouyforilovue ue M(F*) tnv urooudda tou F*, twy otolyelwy twv onolwy ot

m duvduets avixovy oto F§ xow ue N(Fy) < Fy v urnooudda tou Fy twy m Suvduewy tou
M (F™). Eyxouue ty axpir; axoloudo

1— Ff— M(F*) 5 A — 1,

omov n ouvdpTNon A OTEAVEL TO OTOLYE(D p OTOY YUPOXTHoX X, OPLOUEVO OO

Ioyver 6w M(F*)/F§ = A. Enlonc F = Fo(M(F*)) xoau 1o odua F elvau nencpaouéva
TOOAY UEVO
F= FO(yl; -"7y1‘)7
and T y; € M(F*), av xa uévo av ta cosets y; Fy yevvouy ty ouddo M (F*)/F*.
Emn)éov n ouvdptnon

| M(F*) — N(EF*)/F*™
l’l' * y — ymF*m
elvon emuopploude e muprva ker p = Fy. Yuvende

M(F*)  N(F7)

=~ >~ A
kg Fg™

Téhoc av T oTOYElR U, ..., Uy ElVaL TETOLX GOTE Tt cosets u Fy™ yevvoly tny oudda N (F*) /F5™,
tote F' = Fy( ©/uy, ..., ©/u,).

Anédergn: Jacobson [15] xeg. 8.9 II téuoc.

A¢ vrnodéoouue 6tL N F elvon yia enéxtaon tou Kummer tou Fy ye afehovd ouddo
Galois A := Gal(F/F), tnc onoloc o exdétne elvon m. Trnodétouvue enlong 6t 1 ouddo
A elvar xavovixr) utooudda e TAHEoLS ouddag avtoUopploudy G Tou F, ue dAla Adyla 1|
Topaxdte axohoudio

1—A—G—H—1, (1.2)

elvon axpLBric. H elvan yior umtooudda Trg oUdS0C AUTOUOPPLOUWY TOU COUATOC CUVIPTACEWY
Fy. Tpdpovue v affehov) opdda A ooy éva eudld lpotouor xUXAXGDY UTOOUEdKY

s T
A= @@Zm.
i=1 j=1

To odua F' ypdpeton
F=Fy(yi, ..., yt)



omou y; € M(F*), av xou uévo av to cosets y; F yevvoov tnv M (F*)/Fy, 1 toodbvouo av

FZFU(W: W:----: W);

6mou R/u; elvar UL m-ooTh pllo TOL Uy, AV Xow UOVO oY TAL U1, ..., Uy Elvar oTouyela Tou N (F™)
TéTola HOTE Ta cosets w; Fy™ var yevvoOv N (F™*)/F§™.

Oa cuufollovue e §; 0 ddvuoud (Y1, Yrii) 1 < 1 < 8, TWY AVTLTPOCHTWY ATd
cosets té€tola wote o Y1 i FF, .,y i F Vol YEVOOY TV @;':1 Ly, < A xou @; 10 didvuoua
(U145 Up; i) 1 <0 < s, 1010 DOTE

gt =t Snhadf i =i 1 <j <1 <i s
Lo évar Sudvuoua a = (a)i=1,....x omd €30 xar oto e€hc Yo suuBorilovue ue a™ to didvuoua
(@f)i=1,..x.- Téhoc ue § = (yl,. . Js) (avtiot. @ = (U1, ..., Us) ) ouuBorilouue to Sidvuoua
Tou omors)\moa and Oho Tl §; (avtic. @), ¢ = 1,...,s. O woouopgiouds tov Kummer A =

M(F*)/Fy poc emtpénet vo ypdpouue v dpdion e G enl tng A oe 6pous v Yevwntdpwy
¥i, xotd Tov oaxdAovdo tpdno:

U(ﬂl) "'73’}3) mOd F* = (ﬂlﬂl(a)7 "'7:&?8(0)) mOd F(;(a

oo G777 = (10, w2 T, v 7 ) mod Fy won B4(0) € GLys (Zon)-

Yuvenog undpyet éva dtdvuoua B(O’) (B1(0), ..., Bs(0)) oto F, (T1+"'+rs), TETOLO WOTE

o(y) = §°) B(o).

Ta otowyelo B(o) umopoly va tpocdioptotoly and tny etiowon §™ = a. pdyuott
v Iy )

T T m
7 i v ﬁl T *
J(yi)m = (H yf,i(g)l ey Z/,,V,-(U)l ) modFO =
v=1 v=1
T T
= (H TS | RTEE ) mod Fy™. (1.3)
v=1 v=1

Yuvenwe,

o(@) = o(j (Huﬁ {71 By (o), o Hufff"”“Bi,ms)) = @D Byo)™. (1.4)

H nopoandve e€lowon uag dlver uta oy xow avaryxafar cuVIRXN YLor var UTOPOUUE VoL ETE-
xtelvouue autouopPLoUolg Tou ouatog Fy oe autouopgLouols Tou F. Yuyxexpyuéva oy et
1 ToEUXdTw TEOTACT):

Ilpdétacn 1.3.2 O autouoppiouds og tou Fy, enextelveton oe autouoppioud e Kummer
enéxtaonc F' av xau uévo av ot eélotoels:

oolii;) = a7 ™, i=0,...
éxovy Aloeic €; oto Fy.
1.3.1 AvaxAadwoelg o enextdoelg Tou Kummer

Ye nuxhixée enextdoels Tou Kummer oydet ) nopaxdte npdtaon ([26], oeh. 111)



Ilpétaom 1.3.3 Eow Fy/k adyefoxd odua ouvaptiioewy, optouévo unée to aAyelfouxd
xAewoté odua otadepwy k. Eotw n guotxds apuiuds. Trodérouue 6tL u € Fy elvon otoryeio
ou vo weavorowel u # w yio xdde w € Fy xou yio xdde d | n, d > 1. Xtny xvxdud enéxraon
Tov Kummer
Fy=Fo(y),y" =u

o Selxtne Sacdddwons ep xaw to tAfos twy Yéoewy rp tou Fj mou enextelvouy o Yéon P
tou Fy, vrodoyillovra we e€rc:

rp = (n,vp(u), ep=-—, (1.5)

rp

onov vp eivon ) oty extiunon tou Fy mou avtiotoryel oty Jéon P.

Yy ouvéyewa F Qo elvon plo ofehiavn enéxtaon touv Fy, e oudda Galois A. 'Eotw @
ot 9éom tou F 1 omolo Stoaxhadileton otny enéxtaon F/Fy xou éotw P o meploplouds tne
oto odua Fy. Oa cuuforilovue ue A(Q) < A, Ty utooudda avdAuong Tou avTioTol el oTny
Véon Q. H ouddo A(Q) elvon wodpopyn ue v opdda adpavelag Ag(Q), agod to odua twy
otadeptdv k, elvar akyeBeixd xheloté. Iopatnpolue bt n A(Q) neptéyetan uévo oe va evdid
xuxAwxd mpoodetalo g A. ‘Eotw yF™* évac yevvitopag autod tou xuxhixol npocdetalov,
xaw Y1 B, L yn B oL YEVWATOpES TV dAA®Y xUXAGOVY TpocdeTalny TN opddag A, xdtw and
v tadton tou Kummer , 6nwe awth diveton oty (1.3.1). Ttny enéxtaon Fo(y1, ..., Yn)/ Fo
n Véon P dev donchadiletan, dpa Stohadileton ubvo oty enéxtaon Fo(y)/Fo xou avokbetan
Mpwe otny enéxtaon F/Fy(y). To obvolo twv Yéoewy nou dtondhadilovion otny enéxtaon
F/Fy howrtdv, umopel va unohoytotel xdvovtag yerion tne Yewmpla ey XuxAx)y enextdoewy
tou Kummer (npétoon 1.3.3). H nopandve mopathenon anodeixviel Ty oxohoudn

Ilpétaom 1.3.4 Eotwwuy, ..., us otovyela tov N (F*), tétoia dote ta cosets u, F™ v yevoly
™y N(F*)/F§™. T xdde u; xon xdde ¥éon P tov Fy Yétovue r3(P) := (ng, vp( ™/"/u;)),
émou n; elvon 1 tden tov w F™ oty N(F*)/Ff™. Av Q elvan wa Yéon touv F urnép to P
EYOUUE OTL

e(Q/P) =n;i/ri(P),

o Umdipyouy % Yéoeic Tou F, unép to P.

1.4 7Yrnoloyiowog tng Soung ouddog

‘Onwg eldope oty mopdypagpo (1.3) n Sour tou A cav H-module neptypdgpeton mAfpwe omd
v avtiotolyla Kummer .

H S Yewplo pag dlver v duvatdtnta var teptypdpouue Tov cuvopohoyiaxd xOxho « €
H?(H, A) g 6pouc TV YEVWOTOLOVTWY pLLXMY.

Ané v mpéraon (1.3.2) éyouue 6Tt oL cuvtetaypévee Tou B(o) elvor n-ootéc pilec tou
o(@) /7). Awgpopetinéc emhoyéc n-00TdY pLLGOV XUTOMAYOLY OF SLUPOPETLXEC ENEXTAOELS
TOU QUTOUORPLOUOY 0 GE aUTOUOopPLoUd Tou Fl. Xtny YADooW TV ENEXTACEWY OUddwWY, N
emhoYT TwV n-00Twy ety 0dnyel ot ula section

p:H—G.
O autouopgouds p(o) oplleton we egnc:
— B(o) B,
p(")—{ Z — o(g)VueF
0
Ané v Yewplo Twv eMeEXTICE®Y OUEdWY, 0 2-0UVXOXAOC TTOL OPIlEL TNV GUVOUONOYLOXN
x\don a € H?(H, A) mou avtiotoryel otnv enéxtaon (1.2) Stveton and
[ ] . { GO X GO — A

1.
o, 7 — BY7g(B,)B;} (16)



1.4.1 Aopn opddog xor TOHROG dLaxAddwong

Ye auth v Topdypapo, Yo tpoctodicovue va eEETACOVUE TNV ETLEEOY| TOU TOTOU SLoAAdWoNg
oty dour TN ouddag autouoppouwy. Elvow yvwotd amd tic epyaocieg twv Brand xon
Stichtenoth [4], [3] 6t av A = Cy elvon xuxAxY| oudda TdEng TpTou aprduol, téte 1 dour Tng
enéxtoong G xadopileton amoxhelotxd and tny oyetxy| dxhddwon ot enextdoels F/Fy
xow Fy/FC. Oo avalnrhicouue ouvfxec yia vou Loy leL outé 0Ty YEVLXH TERLTTWOT.

Trevivuilovue 6t n ofehiavr) ouddo A €xel 18N mou dev dronpeitan amd TNV yopoxTNEL-
oL .

O Eexwrioouue Y UEAETH Wag amd TNy «Tomxy Teplntwon: Oewpolue v ¥éon P tou
Fo, xou éotw H(P) n vrnooudda tne H mou xpatd otodepr; tny 9éon P. Elvor yvwotd ot
([20] ceh. 68)

H(P) =2 &y(t) x Cp,

6mou 1 oudda Ep(t) elvon otouyelddne afiehovh p-oudda, t8Ene pt, xou N Cpy, elvor xuxduxh
ouddo tdEng m. Av a elvon 1 cuvouoloyLoxh xAdon tou avtoTtolyel otny enéxtaon (1.2) 7
GUVOUONOYLAXH XAACT TOU AVTLOTOLYEL 0TV UTOETEXTAOT

1— A— 7 YH(P)) — H(P) — 1, (1.7)
toolton e resg, p(p) (). AeSouévne tne wixprc axpBoic axoroudiag
1— &) — &) X Cpy — Cpy — 1,

xor Tou 61t H(E,(t), A) = 0 (unevduullovue 6t (p,|A|) = 1), n restriction-inflation axo-

houdio dlvet

Ep(t) ¥ Cyy
Ep(t)

"Apa, agod H?(E,(t), A) = 0 (unevduullovue 6t (p, |A|) = 1), éyouue 6t

1— H? ( aAg"(t)> — H?*(Ey(t) % Cpy A) — H?(E,(t), A) — 1.

H2(E,(t) % Cyn, A) = H*(C,,, A5 ®),

onéte Tpoxeluévou va utohoyioouue v dour ouddoc 7 H(H(P)), apxel vo urohoyloouue
v Soph ouddoc G := w; H(C),) oty enéxtoon:

1— A% ¢ 5 0, — 1.

Xwplc neploptoud tne yevidtnag Aowndy Yo unodétoupe ot H(P) elvorn xuxhuxs.
‘Eotww @ wa ¥éon tou F' unepdvw g Véoewe P. Oo anodelovue T0 mopoxdto

Aupa 1.4.1 Yy nepintwon mou n Yéon Q avalleton tAfpws otny enéxtaon F| Fy, Sniadr
av A(Q) = 1, téte n uxpd axpBric axoroudio

1— A— 7 YH(P)) — H(P) — 1,
Staondton xon, toodlvaua, 1 avtiotoln cuvoUoAoYLaXT) XAdon
resH H(P)Q
elvor TeTEUUUEYD.
Anodedn: Oewpolue tov tupriva ker tng mtapdoTtaong

B H(P) — Aut(A).



Tougwva ye Ty mopamdve tapathpnon wropolue va utodécouue 6t H(P) = Cp,. H oudda
ker[3 etvow menepaiouévn utooudda g xuxhuhc opddac H(P) =2 Cy,. 'Ectw S € n' (H(P)),
T€T010 HOTE 1) ExX6VaL ToL T(S) va elvon yevvrtopag e xuxAxiic ouddog Cp,. Mropolue va
dtahéZovue yia yevvritopa tou kerfS < H(P), to otowelo m(S)" ue r | m. EZ opopod to
m(S)" dpa o0 TUYALO @ € A we edhc:

a™®)" = §"aS",
And v dAAn agol S € kerf éxouue ot
S"aS™ " =a,

xon ouvernwe 1 ouddo ! (ker3) mou mapdyetar and ta ototyela Tne A o amd o S elvon
af3ehiovi.

‘Eotww T, Ts..., Ti; ou yevvrtopes tne affehoviic ouddac A xaw éotw n; 1 é&n tou 1. Ou
ouuBoAilovue pe G Ty offehiovi| oudda Tou apdyeton and ta 1, S”.

Ioyvpllouaote 6t xdde p-Sylow vnooudda tne G elvan woouopgrn e Ty Cper X Chrez,
6ToL V1, U Elval oL ex¥ETEC TOU P OTNY AVIAUGT] TOL N XAl M /T GE TPWTOUS TOPAYOVTES.

Hpdrypartt, €0tw p €vag mpoTog Bronpetng tou (ng, m/r). Eotw G? wa p-Sylow unoouddo
tou Gy, xou A* n oudda mou mopdyeton and o Ty, § = 1,...,k, j # i Synuoatilovue tov
Topaxdte TOPYO COUATOY

L= F(Ai:Tini/p”) Ql; ceey val

| \/ avaAVeTAL TANPWS
G? Fy P
Fc|p,,2 p|1 Srohadiletan TAHpwS
0
F|Gi

, . , . Cpva /
Omou p; elvar o meproplouds tng Yéong P oto Fy® °, xan @1, ..., Qpv1 OL EMEXTACELS TNC

Yéong P touv Fy oo FAST L H oudda Gal(L/Fy) = Cper. Av C elvar pio
x| urooudda tou GY ou meptéyet v Gal(L/Fy)

Gal(L/Fp) < C < GY
téte C' = Gal(L/Fp). Awpopetind, Yo unipye évar evdLdUEsO GtdUN
LY < Ly(Q,) < L

mou Ya avtiotoyoloe oty oudda avdivone C(Q1) tétow Kote 1 Q1 vor avahlETOL TNV
EMEXTOON LT(Ql)/LC o vor dtanchadileton oty L/ Lr(Q1). To napandve duwe elvar adbvaroy,
Aol oL UTOOUASES Lag XUXAWAC p-ouddog C' elvon mAjpwe SLATETOYUEVES WG TIPOS TOV EY-
xhetoud. H nopatipnon auth uall ue to Yedpnua tavduiong aBeliovedy ouddwy uag divouy
o1 GY =2 Cpor x Cpea. Kdvovrog ypfion tou Yewpfuotog tafvéunone afelavody ouddwy
SAAN Lo popd, malpvouue G = Oy, X ker B dpa

7 (ker B) = A x ker 3.

YUveEnd
e AN(S"y ={1}. (1.8)
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Emotpégpouue otny uerétntne 1 (Chy). H opddam(C)y,) unopel vo ypaget ue v BoRdela
YEVVNTOPWY %o OYECEWY:

TN Cp) = (T = 1,8T;8~ = TP . 1Bie(S) o = 1), (1.9)

Anouéver va unoloyloovue ty t&n  tou S. Dvwpllovue 6t 10 m(S) €xer d&n m,
dpar S™ € A. An6 v GAAN duwe ST = (Sr)m/r € A ovvenie (S™) € AN(S") ondrte
xot” avéyxn S™ = 1 ané v (1.8). And tny ypagh e w1 oe yevvitopes xar oyéoeLe,
ToTonotolue 6Tt 1 ouddar w1 elvon éva NuLeLdV yvduevo.O

‘Eotw P 9¢on tou Fy, xar H(P) 1 ouddo avdhuong te. Trdpyouy ev yéver s to nhdog
drapopeTixég Véoeg Q1, ..., Qs mou enextelvouy v P oto F. H oudda A elvor aflehovy| dpoat
OheC oL ouddeg avdivone v Yéoewv @1, ..., Qs elvar (oec. ‘Eotw Aotndy

A@) <A

N ouddar avdhuong o and avtés. Aol 1 Véon P Sindadileton mApwe oty enéxtao
FO/FJI(P) €yovue OTL oL Véoec @1, ..., Qs xar Udvov autég enextelvouv v Yéon p := PN

FOH(P) oto F.

H oudda Gal(F/F(f{(P)) mou enextelvel tnv H (P) ue A, Spa dta ouluylog xon wetofatind
enl Twv ouddwy avdhvone A(Q;). Anladh yw xdde o € Gal(F/FJI(P)) 0 cA(Q)o™t =
A(Q). Yuvende n A(Q) déxeton v Sour| evoc H(P)-module .

Afupa 1.4.2 Ay 1o H(P)-module A ypdgetan ooy evdl dipoioua A = A(Q) & AJA(Q),
t6te 1 Sour tne ouddac mH(H(P)) xadopileton and tnv dwdddwon tne Yéonc P otny
enéxtaon F[Fy.

Anédergn: H dudonoon A = A(Q) ® A/A(Q) vac emtpénel Ty ddomaon TV 0UddwyY cuvo-
pohoylag xou Waltepa Trg ouvouoloyLloxc ¥AJONG TOU avVTLOTOLYEL OTNY EMEXTACT] OUABWY
1.7

H*(H(P), A) = H*(H(P), A(Q)) & H*(H(P), A/A(Q)).

YUVETHS, 1) cuVOUOAOYLIXY| XAdO
a € H*(H(P),A)

oL avtiototyel oty eméxtaon 1.7 Siaondtor ot dpolopa v = i +ae, ue oy € H2(H(P), A(Q))
xou ap € H*(H(P), AJA(Q)).

Eqapuélovtac to Muya 1.4.1 oty aBehiovi enéxtaon FAQ@) /Fy | éyovue 6t ay = 0. O

IogatAenon: H didonaon A = A(Q) & A/A(Q) elvon 1oodlvaun Ue T0 OTL 0L XUXNIXES
ouddec avdlvone A(Q) elvon uéyioteg xuxhixéc unoouddec oty A, dnhad dev undpyet xu-
XA, utooudda tne A, mou va teptéyel yvrota Ty A(Q).

IMapotienon: To mpdBinua edpeonc tne ouvouoloylaxhc xhdone a € H?(H(P),A)
umopel va AdBer xan o debtepn uop@n «tomxdtnTagy. Oewpolue T Véoewg p, P, Q) twy
FIP) Fy wou F avtiotoua mou amoteholy 1 xéde ula meploploud e dAhne. ©a ouu-

o »fo X n ! pLoplopo e ne M
Bohiouvue ue Comp(FOH(P)), Comp(Fp),Comg(F) avtiotouya, Tic TAnpwoels (oouata Lau-

rent oVITTUYUATWY) TWY OWUATWY F(f{(P),Fg,F w¢ mpog Tig Yéoewg p, P, Q) aviiotouya.
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Comg(F)

‘ Comp(Fp)
FO/ ‘ P
‘ / Comp(FoHp)

Q
P
H,

p Fy”
Anhadn €éyouvue avdyel o TEOBANUA TG EMEXTAOTE GTOV UToAoYloud tng ouddag Ga-
lois ota Tomxd cwuata. Puoxd xan TEAL UTOPOVUE VoL £YOUUE ULo axElBY) YRUPTH VLol TOV
ouvxOxho, 1 onola mpoxdntel and Ty eZlowon (1.6) Yewpdvtog xdde Gpo oty Tomxonolnon

H(P)x H(P A(P
["']:{ | )0'>,<T . : E;?(T)UEBE)BQ ’ (1.10)

6oL yia éva otoryelo f € F ue f 9o ouufBohilouue to avdrtuyus Laurent tou.

O timog SLonhddwone xadopllel TNy cuvouoloyiaxh xhdon resg_,q(pya tomxd. Ilpo-
XEWEVOL VO AAVTHACOUUE GTO XOAMXS EQWTNUL, CUYXEVTPOVOUUE TLG AMAVTACELS and OAa
o Touxd mpoPhiuata wall: OewpolUE TOV OUOUOPPLOUO

H*(H,A) -5 [[pH*(H(P),A)

1.11
o —  [lpresu_mp)a ( )

[ vor xodopiletan 1 oA cuvouoloyLaxh xhdon a and Tov «TOTo Sohddwongy opxel
o ® va elvon «éva mpog Evay 1) toodivaua

ker ® = ﬂkerresH%H(p)a = {1}
P

O ddoovue ulo xavy) cuvixn mou va e€ac@aiilel 6t 1 cuvdptnon ®, drwe auvtr opileton
oty (1.11), va elvor povouoppLoude.

Eivow yvootéd ot av n S elvan uLo unoopddo tng tenepacuévng ouddag H téte 1 obvieor
cors, g © resm,s elvor moMamhaocwaouds pe [H @S] ([32], népiopar 2-4-9) . Anhadh yo
S = H(P) €youue 10 mopoxdtew uetodetind didypopuo

B2(H,4) AV g g
res \y A cor
H*(H(P), A)

O delxtne |H : H(P)| tawtileton ue tov apdud rp twv Yéoewv tou owuatog Fy mou eme-
xtetvouy i Véon p tou F. Toyer hoimdv 1o mopoxdte

Adppa 1.4.3 Av r, ovuforiler tov apdud twv Yéoewy tou owuatos Fy, vrnepdvew uiag
Yéone p tou FJ{ o EMTAEOV O UEYIOTOS XOWVOS OLPETNS CAWY TWV Ty Elvan Lovdda, 6TaY TO
p Sotpéyer Tic Véoeic tou FEL, téte 0 uoppioude @ elvon povouoppioude.

Avotuyg, o ker @ dev elvon oe OAES TIC TEPLTTWOELS OV, XL CUVETAS 1) Sour| ouddog
e enéxtaong dev xodoplleton and tov tono Staxhddwone. Av yio mopddetyua, to Fy elvon
EVOL OOUOL CLVAPTHOEWY YEVOUS AUOTNEA UEYAAUTEROL TOL UNBEVOC, TOTE UTOPEL VoL UTtdP)Y 0LV
autouopgiouol touv Fp, ol omolol vo uny otadeponoody oo Yéon tou Fy, cuvende ot
EMEXTACELS TOUG OF qTOUOop@LoUoUE Utag offehavrc eméxtaong F' tou Fp, dev yiveton va
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ennpedlovton amd tov TOno dtoxhddwong. And tov tOno twv Riemann-Hurwitz tpoxOntet 6t
av 1 oudda H dpa ywelc otadepd onuela eni Tou cwuatog F, téte

29 —2 = |H| - (29pn —2),

dnhad”| 1 TéEN e ouddac H Sionpel Ty yapaxtnplotixf Tou Euler.

IHapdderypaEotw Fy éva eMNeintind omdud cUVIRTACEWY, 0pLoUEVD el EVOS ahYEBRLXd
xhetotol ovuatog k. H ouddo autouopgioumy tou Fy elvon dretpn, agpob xde ¥éon P €
E :=P(Fp) endryel évo autouopploud

P FO — FO
@ — Q+P

Anhad to olvoro twy Yécewv E tou Fpy, anotelel uvroouddo tne Aut(Fp). H oudda twy
autouopplouwy G(0) mou xputd otadepd T0 0LSETERO oTOLYElD TNE EAAELTTXAC XU TOANC B,
elvow Loouopyn e ([25], oeh. 103)

Ly av j(E) #0,1728
7y av j(E)=1728, p#2,3
G(0) = Zg av j(E)=0,p#2,3
Ziz X Ty av j(E)=0,1728, p=3
(Zz X Z2 X Zz) A Zg v ](E) = 0, 1728, pP= 2.

ONOxAnen 3 1 oudda avToUOEPLOUGDY Elvor LodUOE®T UE
Aut(Fp) =2 E x G(0).

Oewpolue H ULo TENEPACIHEVT UTOOUEBA TNG OUASAC AUTOUORPLOUWDY EVOC EAAELTTIXOU GOUNTOS
ouvapthicewy Fy, n onola va enexTelveTol 0E AUTOUOPPLOUOUS ULlag ofdelavig enéxtaans F'/ Fy.
Trodétovue emmiéoy, b1 T0 Yévog Tou F elvar ueyahltepo tou 2. And v Sour tne Aut(Fp),
€YOLNE OTL

H = Hyor x H(0),

onov Hyo, elvon unooudda nenepaopévne 1ééne tne E xaw H(0) < G(0). O awtopopgiouot
Tov enextelvouy TNV Hyopr oynuotilouy pio utooudda twy outouoppiouy tou F ue tdZn |Al-
|Hior| n omola Spa edelepa enl tou F'. Tuvenag 1o |A| - |Hior| Yo npénet va Sianpel 10 295 — 2.
Ty elduf neplntwon nov Hyer = {1}, éxovue bt n ouvdptnon @ elvon uovouoppLoude.

13



Kegdhowo 2
Kaunbheg tng wopwnis y'* = f(x)

‘Eotw ahyeBpuxd xhetotd owua k. Xe autd 10 xepdhato Yo YewpoOLUE XUXAXES ETEXTACELS
0L pNTol oduatoc cuvapthoewy k(z). Oewpolue to otua cuvaptioewy F tne xaunding
y" = f(x), 6mou 1o f(x) € k[z] dev elvar §-80vaun yio xd&de § | n. To F elvar o xuxhixn
Kummer enéxtaon tou pnrob chduatoc cuvapthoewy k(z). Aol 1o adua otoadepdy k elvon
ahyeBpuxd xhewotd, oty enéxtaon F/k(x) dev eugaviletan adpdveta. H Staxdddwon xa 1
avéhuor twy Yéoewy unoroyleto we e€ic:

‘Eotww P ulo ¥¢on tou k(z) xou éotw vp 1 dtaxplth extiunon nou tne avtotoryel. To
mAdo¢ rp Twv Yécewy Tou F' mou Beloxovton unepdvw tng P elvon

rp = (n,vp(f(z)) (2.1)

eved 0 avtiotoryog Badude Staxhddwons elvon ep = n/rp.
Avohbouue 1o f(z) o ywouevo avaydywy Tapaydviny oto k[z].

s

F@) = [[@ - )"

i=1

"Eyouue 6t
d; av P =P,
vp(f) = —d:=%7di av P =Py (2.2)
0 SropopeTind

Ané tic (2.1) xou (2.2) éyouue 6T

n/(n,d;) ov P =P,
(n,d) av P =Py (2.3)
1 drapopeTind

‘Eotw Ay, ..., Ay oL ¥éoeg tou F mou enextelvouy 10 Pr—o, xat Qp, /i = 1,...,(n,d;) o
Véoeig mou enextelvouy Ty Pp—),. xou [ i = 1, ..., (n,d) ou ¥éoeic mou enexteivouy 10 Pa.
Ané ta mopandvew unopolue vo vnoloyicouue toug divisors Twv cuvapTAcEWY T, Y.

n (’I’L7d)
n
(@)= Ai— o) PR (2.4)
i=1 ’ i=1
s (n7di) (d7n)
d; d
y) = Qp.j — r;. 2.5
( ) P (n,d,-) = Pisd ]z:; (n,d) J ( )



Mpdryuart, Yo toug cuvteheatés tou divisor (y), apxel vo napatnericovue ot

n-vg(y) =ve(f(z)) =e(Q/P) vp(f(z)).
H Sapopilouvoa tne Swaywplowune enéxtaonc F/k(z) vrohoyiletan

D(F/k(z)) = Z (m”—d) - 1) (%) Qi + %) <(n”—d) - 1) T, (2.6)
i=1 j=1 i=1 ’

Ané tov tOno (dz) = D(F/k(z)) — 2(z) s ([13], oeh. 455) xou tnv (2.6) éyouue

(n,d; (n,d)

(dz) = Z (ﬁ - 1) ;) @prj + ; (ﬁ —1- (i—”d)> Ty 2.7)

i=1
Ané v napandve e€lowon unopolue vo utohoyicovue to Yévog Tou F. Ilpdyuatt degde =
2gF — 2, dipa
1 s
gr =1+ 3 (ns - ;(n,di) —n— (n,d)> . (2.8)

Oétovue w = dx/y" !, xou mapatneoluEe dTL yLor var elvon éva BLapopLnd TS Lop@hc

oy,
OMOUOPPO TEETEL ol opXEl
nd —d—mn— (n,d) —Xd —xkn >0, (2.9)
A;+n—nd;+d; — (n,d;) >0, k>0 (2.10)

Yty yevrd| teplntwon to oAdpop@a Slapoptxd elvor ToAS TeplocdTepa and T TNG LopYTC
zhyrw. By eldu duwe Tepintwon d; = 1, dnhody| dtoy xavévo Tenepaouévo onueio Tne
aguxic xaunong y* = f(z) dev elvon Widuoppo, téte ou cuviixeg 2.10 avdyovto oTig
k>0, >0, xou o Towse [28] anédele 61 0 ohvolo

I'={(k,\) e N :nd—d—n-(n,d) —\d—rn>0}

€yer TAnUdpLiuo axpBds gr. Apa 0 GUVOAO

z"yrw, (k,\) € T, (2.11)

anotelel ula Bdorn oAoUOEPWY BLaPopIXY.
Oo EPLOPLOTOVUE OF EMEXTACELS Yia TS onoleg toyVet 1 ouvdixn (n,d;) = 1 vy 6ha
w i = 1,..,8, 1 wodbvaua oe xuxAxéc Kummer enextdoelc, otic onoleg ol Y€oelc mou

dranchadiovtan, drohadilovton TAReeC.
Xwplc Teploploud TS YEVXOTNTIG UTOPOVIUE VoL TEQLOPLGTOVUE OE GUVIPTHOELG

S

f@) =Il@-p)* diez

i=1

tétoteg Hote 0 < d; < noxou d = Y0 d; = Omodn, dnhadf to emdneo onuelo e
xoumOAng dev Stonchadiletou.
Ané v e€iowon (2.8) xou hauBdvovtac unddmy bt (n,d;) = 1, (n,d) = n houBdvovue
TOV TopaXdTe TUTO YEVOUS:
(n—1)(s —2)

9= 2
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AnodelZoue oto moplopa 1.1.3 61t und Y tpolndleon 2n < s, n oudda Gal(F/Fy) < G.
H cuvdixn 2n < s elvor 1ood0vaun ue v (n — 1)? < gp.

Yty el neplntwon & = C xou n = p elvar mpdTog, ou Victor Gonzalez xow Rubi
Rodriguez [7] édwoav ulo xahltepn cuviixn: Xenoluomolnooy 10 Yvwotéd anotéheoud Ot
ot xoumOAn C' elvon €var p—xuxhixd xdhuuua e teoBolurc eudeiag av xou udvo av éyet Eva
gp EAeUVERO BAOTC YPAUUUIXG GUCTIUA XL TO GTL 1) OUSBAL UTOUOPPIOULY UeTodéTel OAaL Tl
Yoo ouoThuota TN Lopphc g BUVEnHS av To Ypuuuxd choTnud gy, elvor uovadixd,
T6TE N 2 ouddo Galois Gal(C/PY), elvon xavovind| oty G. Mio o cuvdin Oote
évaL Ypauud oOoTHUaL g Vot elvor povadixd etva:

2<p<

N

+1, (2.12)

onwe anédetZav ot Arbarello-Cornalba ovo [2], dpa, av woylet n (2.12), téte C), < G.

2.1 XZuviixeg ENEXTACLUOTNTAS

Oo avuetwnioovue o auth TV Topdypapo To aviioTpogo mEdBAnua. Gy elvon uia tuyaia
TEMEQUCUEVT) UTIOOUASA TNG OUASAS QUTOUOPPLOUGOY TOU PNTOD COUATOS GUVIPTAoEWY Fy.
Eivow duvartov va emextelvovue xdide awtouopploud tou Gy, oE €va auToUoppLIeUd Tou F

H rnapdotaon Spdong otny meplntwon uog, énou 1 enéxtacy Tou Kummer nopdyeton and
€va YEVVOTIOLOV ptlixd OVo, avayETaL GE €Vl OUOUOPPLOUO

/3_{ H — Aut(C,) 27 (2.13)

o +— [(o)modn ’
H maponddtey mpdtaom dtver ular uxav xon orvoryxaor cuvden.

Ilpétaom 2.1.1 Eow D = div(f(x)), o plixde divisor tou nodvwviuou f(x) tou oduaros
Fy. YTrovérouue ot deg(D) = d = 0modn Eotw og évac autouop@ouds tou Fy.

(o) T mopaxdrw elvon toodbvaua:
o [ xdje autouoppioud og tne Gy toyUet

oo(D) = B(00)D modn

o Trdpye évac autoop@Louds 0 Tou owuatoc ouvopThioewy F tétoloc wote o|p, = 0.
(B) To mopaxdre eivar toodvogua:

o Yrdpyel évac autouoppiods o Tou oduatos ouvaethicewy F tétoloc dote o|g, = oy
xat 0T =To dnov T elven yevviitopas tne xuxAwaic ouddas Gal(F/Fy).

e o(D)=D.

émou yedgovtac D = D' mod n, yia duo divisors e tov (to popéa, evvoolue étiup(D) =
up(D') yia xdde P|D,D'".

Anoédeldn:
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(o) H yevuxi ouviinn enextaoyudtnrag mov dwooue otny mpdtaon 1.3.2 uog diver étL bt
0 auToUoPPLOUSS 0 ToL Fy enextelvetan o oe autouopploud T Kummer enéxtaorg
F = Fy(y),y™ = f(x) av xow ubvo av 1 cuvdptnon

oo (@)
ek

elvon n-00Th Ovaun pNthc cuvdptnone oto owud k(x). Anhad xdde cuvteleotrc Tou
xuplou divisor tng mapandve cuvdptnong elvar ToAlanAdolo Tou n. ‘Eyouvue hotndv yia

u= f(x)

divy, (Zg(—(f))> — oo(divi, (1) — B(oo)dive, (u)
= oo(divo(u)) — oo(dive (u)) — B(oo)dive(u) + B(00)dives (u).

‘Ouoc éyouvue tpounodéoet 6Tt dive (u) = deg(f(x)) elvor TOAATAGOCLO TOU 1, GUVETES
XoL TO

go (di'U() (U)) — B(Uo)di’l)o (U)

elvoll TOANATAAOLO TOL .

(B) Aot nenéxtaon o oto F tou oy uetatiVeton pe tov yevvAtopa T’ éyouue 6L f(og) = 1,
0L CLVETS Loy VEL:
oo(D) = D modn.

To anotéleoua mpoxintel TeEAxd and 10 61t 0 < d; < n. O

Trevivuilouue 6t D = div(f(x))o. To supp(D) toodton ue to chvoho Twv YEoewv Tou
Fy mou dundhadilovtan oty enéxtaon F/Fy. Agob C), < G, xdde autopoppouds o e G,
petadéter Tic Yéoelg tou supp(D). Ou otadepée Yéoelc tou supp(D) vnd v Spdon touv Gy
Srovehadilovan oty enéxtaon Fy/EFLO.

Oploudg 2.1.2 Eotw Gy uia Tencpacuévn oudda auTooppLoUdy ToU pnTol oWUaToS OU-
voptioewy Fy xau éotw A := {Py, ..., Pr} 10 obvolo twy Jcewv tou Fy mou Staxdadilovra
oty FO/FOGO. Eoww enlonc Ar C A évaGy- avarrolwto vrooivoro tov A xou f : Gy — 7},
Evag ouooppLouds ouddwy. Me

Dn(G07AR C A;B) C Div(FO)a
Ya ouuBolilovue to utooUvolo twy divisors D tou Fy t€toto dote:

e H oudda Gy agriver to supp(D) avolholwto,

e ANsupp(D) = Ag,

e (vp(D),n) =1 yw oheg Ti¢ Yéoec P € supp(D).
e (D) = B(c)Dmodn vy 6ha ta 0 € Gy.

IMapathenon: Eow D € D, (G, Ar C A, ). Ot otadepéc Yéoeic tou supp(D) und tnv
Spdon tne ouddac Gy dwdadilovion oty enéxtaon Fy/F. Av o € Go otadeponotel pla
Véon P € supp(D) t6te B(0) = 1modn. Hpdyuatn , 0(D) = B(o)Dmodn xou vp(D) =
B(o)vp(D)modn dpa f(o) = 1modn agob vp(D) € Z%,.

Adppa 2.1.3 Av B(0) = lmodn yix dha ta P térowx dote o(P) = P xau yix dAa 1o
o € Gy, 167¢ 10 0Uvoro Dy (Go, Ar C A, B) Sev elvau xevo.
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Amnéderdn: Oo xataoxevdoouue xatapyv 10 ocbvoho supp(D). ‘Eotw ula 4éon Q1 tou
Fo xou éotw 1 tpoyd O(Q1, Go) tou Q1 und v dpdon tou Go. Awahéyouue ula Véon Qo
extéc tou O(Q1,Go) xon Yewpolue ty tpoyd O(Q2, Go).

Me aqwt6 10V TpT0 UT0POVUE VoL XATAOXEUSGOUE Eval 6UVOAO Tpoytey O(Q;, Go) tétoleg
hote

O(QZ,G()) n O(Qj,Go) =0 YL g 75]
xar Ap C UL, O(Qi, Go). Oewpolue éva divisor D o onolog va €xet cav gopéa tou D

S

supp(D) := | 0(Qs, Go).

i=1

Lo xdde P € O(Q;,Go) Vétouue vp(D) == A(Q;) - B(0), émou o elvon to otovyelo e Gy
tét010 Hote 0(Q;) = P, xou A(Q;) elvon onotoodrinote axéporog Tpwtog Ue tov n. Apydrepa Yo
StahéZovue xotdhinha A(Q;) étol wote va eZaoparicovue deg(D) = 0modn. O divisor D
elvar xahd opLouévoc apol av 0,0’ € Gy tétowa Hote 0(Q;) = o' (Q;) = Ptote o’ -0 1(Q;) =
Q; ovverog (o’ ) = (o) mod .0

Optowdeg 2.1.4 Eotw Gy o TETEQACUEVY) OUEOA AUTOUORPLOUDY TOU pNTOU OWUATOS OU-
voptioewy Fy xa éotw A = {P,...,Pr}, Ap C A dnwe xou otov opioud 2.1.2. Oa Aue 6t
o tinoc Sraddddwone (Go, Ar C A, ) vlormoweltan, av undpyet xuxiw| enéxtacn F tou Fy
optoUévn onwe otny oeAlda 15, tétoa dote Cp, = Gal(F/Fy) va elvan uia xavovixrj uroouddo
0AGxANENS NS ouddag autouoppousy G,G[Cy =2 Gy xaw to obvolo Ag va arotedelton and
¢ Yéoeic tou A mou Staxdadilovian otnyv enéxtaon F/ Fy.

Av o divisor D € D,,(Go, Ar C A, ) unopel vo xataoxevootel EToL OOTE
deg D = O0modn

xow 1 dmewpn Véon Poo ¢ supp D, téte 0 tOnog dxhddwone (Go, Ar C A, ) vlomoielton.
IMpdrypoartt, 9étovue F = Fy(y), 6mou

= I @—a@)=®),

Pesupp(D)

xor z(P) € k ouuPolilel to tenepacuévo onueto tou P(k), tou avtiotolyel oty Véon P.
O wyvptopodg mpoximter and tnv medtaon 2.1.1. Ag onuewwldel étL mpoxeluévou va e€a-
ogpahicovue 6T Gy <1 G apxel vo tdpoupe

#supp(D) > [n/2] + 1.

Yty neplntworn mov deg D = Omodn xow Py € supp D, unopolue va Ppodue éva ue-
Taoynuatioud Mobius @ € PGL(2,k) tétowo @ote Py ¢ Q(supp D), étor tote o tonog
Stoohddwone (QGoQ ™!, Q(AR) C Q(A), B) va elvon LIoToLRoYUOC.

Oa unohoyioouue tov Bodud ov D € D, (Go,Ar C A,B). Eow oy évag tuyaiog
autouopplouds tou G téEnc m. To cbvoro supp(D) daywplleton oe tpoyLés und Ty dpdion

TOU 0y :
ko

supp(D) = | O(P;, (00))-

i=1
‘Eotww P € supp(D), xou uloe P 9¢on nmou va unv otadeponoelton and tov og. H tpoyid tou
P uné v dpdon tou (o) elvon

O(P7 <00>) = {Pa UU(P)a ---706n_1(P)}
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(rapatnpolue 6t av P dev otodepornoteiton and tov uetaoynuotioud Mobius o téte dev
otodeponoeiton and xouia Sovoun tou gg.) H mopandve tpoyid aviiotouyel otov divisor

m—1 ) )
> AB(ah)ah(P) -
=0
Tou onolov o Badude vroroyileton modulo p?
— ; ABLlea) -1 Omodp® av B(op) E1lmodp®
D ABop) =4 | Bl T = , (2.14)
pae Am mod p* av  B(oo) = 1modp®

Yo %éde p® | n tétoo dote pttt i n.
IMapathenon 2.1.5 Ilopatneotue 6t av P € supp(D), drnou
D e Dn(GﬂaAR C A;B);

elvon divisor Boduot deg(D) = 0modn, xa P elvar ulo otadepri 9éon tov o € Gy, téte
B(o) = 1modn. Av o éyer duo otadepéc Véoeic Py, Pr xou Py € supp(D), P> ¢ supp(D) téte
xat avdyxnyv Eyouue (n,m) = 1, dnroum elven 1 tdén tou o. Ipdyuatt, o Bodudc tou D elvan

deg(D) = vp, (D) + Z Aym = 0modn.
Ou npénet Aowndy (n, m)|vp, (D), droro, extéc av (n,m) = 1.

Adupa 2.1.6 Ay undpyet o € Gy tétowo dote f(0) /<1modp?, yia xdle mpdto p, dmou
p® | n,p*t {n , téte xdde divisor D € D, (Go, Ar C A, B) éxer fardud O mod n.

Anédergn: O o dpa enl tou supp(D) ywpls otodepd onueia, apod
B(o)ZLl modn.
To anotéleopa npoxintel and tny e&lowon 2.14.0

Afupa 2.1.7 Epy nepintwon nou Ag = 0, Snhadr xouia and tic Yéoeic nou Staxdadilovro
o enéxtaon Fy/Fy° Sev dwdadiletan otny enéxtaon F|Fy téte unopolue va xara-
oxeuvdoouue éva divisor D € D,,(Go, Ar C A, 8) faduot 0 mod n.

Anédergn: Hopoatnpolue 6t 1 ouddo Gy dpa ywplc otadepd onueia oto supp(D), apod
AR = 0. "Apo unopolue va Tdpoupe dptio aprdud and tpoytéc O(Q;,Go) i = 1,...,7 xou v
Véoovue A(Q;) = —A(Qr—;) mod n. H xataoxeur; auth poc diver 61t deg D = Omodn. O

2.2  Aopr ouddog
2.2.1 Ilenepacuéveg vroouddes tng PGL(2, k)

Ot memepaoU€VES OUABEC AUTOUOPPLOUWY EVOS PNTOU COUATOC GUVIRTACE®Y divovtol and To
TOLPOX TR

Ocvpnua 2.2.1 [30] Eow Fy = k(z) éva pntd ooua ocuvaptiioewy ue odua otaldepdy k
aAyeBowxd xheoto, yapaxtnoiotxiic p > 0. Eotw Go ulo un-tetpyuévn nenepaouév oudda
autouoppLoudy tou Fy xa Fy := FE° 1o odua twv otadepdy otouyelwy e Go. Eoto r to
mAidoc twy Yéoewy Tou Fi mou Sravcdadilovtan otny enéxtaon Fy [ Fi xau e, ..., ep ot avtiotiyol
delxtec Siacdadwons. H oudda Gy elvan ulo and Tic mopaxdtw ouddes xau 1 enéxtacn Fy/Fiy
éxet Eva amé TouS Topadtw TUToUS StanAddwons
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1. Kuxhudj oudda Cy, 1dEng m npdtng moog TNV Yoeaxtnetotixy) p ue tuno Staxdddwons
T:2,€1:€2:|G0|

2. Yroyyedddne afeiavr) p-oudda ue tino Sdddwone r =1, e = |G|

3. Awebpuxtj oudda D, tdéne 2m omov p = 2, (p,m) = 1, ye tino Sdddwons r = 2,
e1=2,ea=nhp#2, (p,m) =1, ue tno Swddddwonsr =3, e1 = ez =2, e3 = m.

4. H evalddoovou oudda Ay otny neplntwon yopoxtnototxric p # 2, 3 ue tino St ddwons
7":3,61:2,62:63:3-

5. H ouupetpud] oudda Sy otny meplntwon yapouxtnolotixric p # 2,3 e tino St ddwone
r=3,e =2,e3=3,e3 =4.

6. H evadddoovoa oudda As omov p = 3, ue tono diwddddwons r = 2,e1 = 6,e2 =5, 1]
D # 2,3,5 ue tUno Siwcdddwonc r =3, e = 2,e2 = 3,e3 = 5.

7. Huevdo ywvduevo otovyetwddous afeAiaviic p—ouddas tdene q ue xuxAuxr ouddo tdéne
m omov m|q — 1 xau tOno Sacdddwonc r =2, ep = |G|, e2 = m.

8. PSL(2,q) oty mepintwon yopoxtnolotixric p # 2,q = p™ xou timo Sionddddwons r = 2,

_ g(g—1 _ g+1
€1 = (2 )762—7-

9. PGL(2,q) otny neplntwon yapoxtnootixric ¢ = p™ xa timo Siaxdhddwone r = 2,e1 =
g(g—1),e2 =¢q+1.

2.2.2 XYvuvopoloyroxol vnoloyiopol

Av 1 opdda C,, eivon éva tetpyupévo Gy module dnhadny n cuvdptnon B dnwg oplotnxe oty
(2.13) elvou teTpLuuévn, ToTE Elvar oyETIXd EUXONO VoL UTOAOY{GOLUE TNV ouUdda cuvouoloyiag
xdvovtog yeRom Tou «mayxoouiou Yewphuatog CUVTENEGTOYY: [3]

H*(Gy,Cy) = Hom (H2(Gy,Z),Cr) ® Ext (H,(Go,Z),C,), (2.15)

610U 0 doxtOALo¢ Z Yewpelton 8¢ oay TeTplévo Go-module . H opoloyr| oudda Ha (G, Z)
elvo 0 mtoAamhaolaothc Tou Schur o onolog elvat YVOOTHE Yot OAES TLE TENEPACUEVES UTOOUADES
PGL(2,k) [3] mov eugaviCovton oto Yewpnua 2.2.1. H oudda opoloyiag Hi(Go,Z) elvon 1
affeliavonolnom % e Go. Kdvovtag yprion Tov nopandve anoteAeoUdtowy Unopodue vo
unoloyloovue Tov TopaxdTe Tivoxo cuvouohoyiog

Oudda Go | H*(Go, Cy)
Cm Z(n,m)
0 o (n,2) =1
D,, Lo av (n,2)=2,(m,2)=1
ZQXZQXZQ v (n,2):(m, ):2
Ay Lin2) X Ln3)
As L(3,m)
Sy L2.n) X L(2,n)
1 av p=2,pl £4
PSL(2,q) Ligny v p> 2,pf £9,pf =4 | érnov q = p/
Lgn v pf =9
PGL(2,q) | Zn*Lan

O avapépouue enlong TV Topoxdtw TEATACT), TNV ool xot Yo YeNoLULOTOLCOVUE dpYdTERA
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Ilpétaom 2.2.2 [32, oeh. 93] Yrdpyet uovouoppiouds
H*(G,A) = @ H*(G,A), > @HG,,A)
pls pls )
a= Ems a, +— Zp|s Tes(G—G,)dp

érov n G, Satpéyer Tic p-Sylow uroouddec tne G, evéd n H*(G, A), Yo ouuforilet o p-
xouudtL Tne nenepacuévne afiehavic oudadac H*(G, A), s = |G|.

2.2.3 KuxAixég oudideg

Avdueoca oe Oheg ouddec oL UTOPEL Var EUQPAVIGTOVY WG OUADES AUTOHOPPLOUNDY EVOS pNTOY
OWUATOS CLUVUPTHTEWY, amhoVGTERT Elvar 1 XUXAXY. Oa amodel&ouue To TopaxdTw

Oevpnua 2.2.3 Eotw ént Gy := G/C,, elvon toduopen ue tnv xuxhuxr| oudda Cp, tdéews m,
6moU To M elva TEWTO TEOC TNV YopaxTNetoTxy] Tou oduatos k. To olvodo A twv otadepdy
Yéoewv tov Fy = k(x), urné v Sedon tne G, anoteAeiton and Svo Yéoewc A = {P,, P»}. H
oudda Twv autouopplouwy G elvar toduoppn ue:

a) Cpm av Touddyiotoy uio and g Yéoeg Py, P, éotw 0 Py, Stwdadileton nhriows otny
enéxtaon F|Fy, Snhadrj étav Ag # 0.

b) C, x Cp av xoula ané ¢ Jéoeic ou A dev Stwdadiletar oty enéxtaon F[Fy,
Snhady; érav Ag = 0.

Amodelln:

a) Yty neplntwon oaut, ula tovdylotov and g Véoelg Py, P, éotw 1 Py, Stondhadileton
TAfpwe oty enéxtaon F/Fy. Av Q elvar n uovadxr) ¥éon tou F' 1 ontolar enextelver v Py,
té1e N oudda avdlvone G(Q) elvar xuxhuf [20, oel. 68] xou {on ue G. H ouddo G elvan
affehiovi xou 1 ouvdptnon Spdiong B : Cpy — Z7, elvan TETPUUHEW,.

b) Yty neplntwon auth xapio and tic 300 Véoewc Pr, Py dev Stoncdhadileton otny enéxtoon
F/Fy. ©a cuufolilovye ye m, Ty guotxl| tpooli m : G = Go.

Ané 1o Muua 1.4.1 éyovue 6Tt 1 wxed axplfnic axohoudia

1—C,—G—0C,, —1

draomdton, dnhad G =2 O x Cp,. Emumiéov av S xan T elvon yevvAtopeg v ouddwy Cp,
xou Oy avtlotouyal, TOTE 1 HeToLAX oudda G, déyeton ula TopdoTaon o YEVVATORES Xon
OYEOELS:

G=(ST|S™=1,T"=1,STS™! =T°)

(BMéme xou e&lowon (1.9) ). O.

Oo anodel&ouue dTL oL TopATdve TOTOL SLaUAEdWoNS elval LAOTOLAGUULOL, XATACKEVALOVTAS
éva divisor evtdg tov Dp(Cry, AR C A, 1) tétowo wote deg(D) = 0modn. Ag vno¥éoovue
mpwTa 6Tl xou oL dVo Yéoewg P, P Sionchadilovton oty enéxtoon F/Fy. Ou dbo tpoyiéc
O(F;,Cy) = {P;}, i = 1,2 wwv otadeptdv Véoewv Py, Pa, avixouy cto Ag xoaw Ap = A =
{P1, P>} . O wyadog divisor D € D, (Cy, Ar C A, 1) elvor tne wopphic

,
D =X\P)P, + AN(P2) P2 + Z AMQy) Z P, vy xdmowv r
i=1 PEO(Qi,Cm)

o6mouv Q; ¢ A vy bha ta i = 1,...,7. [ va emiéZovue divisor Baduod 0modn, Yétovue
A(P1) = —A(P2) mod n, dtohéyouue tov 7 dpto xou A(Q;) = —A(Qr—_it1) mod n.
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Ac unodéoouue thpa otL 1 Yéon P Swondhadiletan xan 6tL 1 ¥éon P avoldeton oTny
enéxtoon F/Fy, dnhadfy Agp = {P1}. O tuyalog divisor oto Dp(Cry, Ar C A, 1) éxer v
LoppH

D=APIREY AN Y P

i=0 PeO(Q;,Cwm)

‘Eyoupe del 61 n neplntwon awth unopel va cuuPel uévo brav (n,m) = 1, dnhadr| undyouvy

axepofol k, A tétowoL Wote kn + Am = 1. Awakéyovue r dptio, xan Yétovue A(P) = 1,

AMQo) = A xoe M(Q;) = —ANQr—iy1)modn, i =1, ...,r. Autéd uog dlver 61 deg D = O modn.
Téloc, n nepintwon Ag = elvon vAonotiorun dnwe npoxdTTeL and to Mupo 2.1.7.

Ilépropa 2.2.4 Fotw G n ouddo autouopploudy tou owuatos ouvapthioewy F, xa Gy =
G/Cy, n tenepaoUévn TNAX0OUESH dUTOLOPPLOUWY ToU pnTol owuatos ouvapthoewy Fy. Oa
ouuforilovue e m ™y uowt ouvdptnon G = Go. Eoww enione Go(P) n ouddo avdivons
e Véons P tou Fy. Av Go(P) elvon xuxAuaj tdine modTtns meoc TNy Yopaxtnolotixy p, Tote
n oudda G (P) mou opiletar ws

G.(P):={S€G:n(S)P =P},

elvar xuxhixr tdéne n - |Go(P)| otnv meplntwon mov n 9éon P Siwdadileton otnv enéxtaon
F|Fy . Awapopetixd, dnhadyj 6tay n 9éon P avadletan otny enéxtaon F[Fy, n oudda G (P)
elvan to nuievdéc ywduevo tne Cp, x Go(P) ue Spdon rou va Siveton and thy T = TP rou
o elvar yewviitopac tne xuxdudic ouddas Go(P). Xtnv mpdtn nepintwon B(0) = 1 mod n.

Anédergn: Iopatnpolue amhd 6t 1 G (P) elvor 1 opddo mou avtiototyel otny UToETEXTAON:

1 — C, — G(P) — Go(P) — 1
| ! !

1 — ¢, — G — Gy — 1

xat 61t G (P) elvow ulor enéxtoon tne xuxAixic ouddos Go(P)O.

Y10 mopamdve toptoua napatneobUuE 6Tt av 1 Véon P avalbeton otny enéxtaon F/Fy eved
1 AN eméxtaom e xuxdxhc ouddac Go(P) dtaxhadileton otny enéxtaon F/Fy téte G (P)
elva xuxhv] 8Ene n - |Go(P)|. Autd elvon Suvatév aol avayxaotixd (n, |Go(P)]) =1 xow

Cp x Go(P) = Cn-\Go(P)|-

2.2.4 XYrtouyeiwderg affeAiavég ouddeg

Ocebdpnua 2.2.5 Eotw on n oudda Gy = G /Cy, elvan toduoppn (e ula otoyeidddne afeiiavr
oudda Ey(t) tdlews pt, drou p elvan 1 yapoxtnoiotidd Tou k. Téte n oudda G elvon 1oduoppn
ue ™y Cp X Go. Edv emnAéov n uovadixrj otadepr] ¥éon Pi g Go Sracdadiletan otny
enéxtaon F[Fy, téte n oudda G elven oduopgn e ™y Cp, x Go.

An6delln: Ty enéroon Fy/FF ubvo ula 9éon Py wou Fy Siwdadiletar.  Agol
(n, |Gol) = 1 n m\heng ouddo autopopplouny G etvar éva nuewdd yvéuevo, G = Cy, X Go.
H dpdion dlveton and tnv cuvdptnon B.

Ty nepintwon mou n Véon Pr dwondhadiletar mhipwe oty enéxtaon F/Fy, éyovue 6t

G:CnXGo.

Mpdyuart, éotw Q n uovadixy Véon tou F' nou enextelvel tnv Pi. H oudda avdhuone G(Q) =
G towtileton pe v ouddo adpavelog, apol 1o odua k elvar alyeBpwxd xhewotéd. ‘Etor G (Q)
elvar 0 MuLeVléC YwoUEVD Utag XUXAS ouddoc TaEng me®tng UE To p JE ula p-ouddo
G1(Q) = Go. Anhadn o ywbpevo elvan euvdl xou 1 cuvdptnon B elvar tetpluuévn. O
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‘Evac divisor otnv D,,(Go, Ar C {P1},[) dlvetaw and

D= > )\(P)P+Z)\(Q,-) > P

PeAR PeO(Qi,Go)

omov Q; ¢ A, i = 1,..s. IIpoxeiwévou vo anodeiZoupe 6tL xou oL Vo toOnoL Stoxhddwong
eugavilovton Yo mpénetl vo dtahé€ouue tov mapandve divisor va €yet Bodud O modn. Xtnv
neplntwon tng TAfpous Staxhddwong éxovue Ap = { P}, onéte malpvouue s tpoytéc O(Q;, Go)
ue AM(Pr) = AM(Q;) =1, tétoeg wote

deg(D) =1+ sp® = 0modn,

6mou p* elvon 1 TéEN g Go. Auto elvon duvatdy, agol (n,p) = 1. Ltnv dedtepn neplntwon
Apr =0 xou o emduuntd anotéleoua TPOXVTTEL and 10 MU 2.1.7.

2.2.5 Hputevdea YLVOUEVA XUXALXWY OUAdWY E GTOLYELWOELG of3e-
ALOVEG OLAdES

Ty nepintwon auvth 1 opdda tniixo Go = G/C,, elvar wodpopyn ue 1o nuLEVES YvOuEVO
Lo ototyetdous afehtavic p-ouddac téEnc pt, dmou p elvon 7 )((;otpocxmpLoerv’] Tou k, ue ula
xhxh oudda Cry, t8ENe m, o m|pt — 1. Ttny enéxraon Fy/Fy™® Swoodadilovton dvo Yéoeig
P1,p2 TOL Fy™°, ue delxtes Stahddwong er = |Gyl xou ez = m, avtlotorya.

Ocvpnua 2.2.6 FEotw du n oudda Go = G/C,, eiva 1oduoppn ue 1o nuievdés yvduevo
ulac otoyyeiddouc afeiaviic ouddac Ep(t) tdiews pt, émou p elvan N XooaXTNELOTIXT] TOU
oduatoc k, e ulo xuxdudf oudda Cp, tdéewe m, m|p — 1. H oudda avtouoppioudy G t6te,
elvan 1oduoppn e Cp, X Go av Ag =0 1 Ep(t) X Cpm av Ag # 0.

Anoédeldn:

Av xou oty meplntwon auTh EVILAPEPOUACTE YLlot OTOLYELODELS afBeNlovéc ouddes TENg
dlvaung e yapaxtTneloTixhe, Yo arodelfouue €var o YEVIXS AmOTEAEGUA EMLTPENOVTOS OTO
P Vo uny etvor SOvaun TNG YOEOXTNELOTIXAC.

t—qpopéc

—N—
Aqupa 2.2.7 Ouo ouuforilovue ue Ep(t) 1= Ly X ... X Ly, ula otoLyelddn afeiiavi p oudda,
tdéne pt, drou p Sev elvon anapaltnTa N yopaxtnoloTXr Tou oduatoc k. Oewpolue Ty
oudda Gy = Ep(t)XChy, e (m,p) = 1, mouv Spa ndvew oto ENT6é odua ovvapticewy Fy. Ac
uro¥éoouue OTL 1) UTOETEXTAOT

1— C, — 1 HENM) — E(t) — 1 (2.16)

NG EMEXTAONS
1—C,— G- E()xCy, — 1 (2.17)

Saondton, SnAadi T (Ey(t)) = CpxEy(t). Téte nouada G elvon .oduoppn ue Ty Cpx (E,(t)xChy)
ay xat oL duo otadepés Yéoeis Tou Fy, und Ty Spdon tne Cy,, avadlovra otny enéxtaon F| Fy

7 elvaw 1oduoppn ue ™y G =2 Ep(t)xChpm av ula and tic otadepéc Yéoewc tou Fy, und ty
Sodon tne Cr,, Sravcdadiletan otny enéxtaon F[Fy.

Amodelln: LOUuQwvo UE TNV UEAETT] TWV XUXAXDY ETEXTACEWY, £Y0ouUE 800 duvatdTnteg
yior v oudda w1 (Chy).

T HCm) 2 CpyxCry A 771 (Cra) = Crim.
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Av 77Y(C,) =2 CxCyy t6TE x8vovTag Ypriomn Tou uovouoppiouold ® drnwe autde oplotnxe
oTny mpdTaon 2.2.2,
H*(&p(t)%Cm, Cr) > D H*(H,,Ch),
a||Gol

onov n H, Sotpéyel tig g-Sylow unoopddec g Go, €xovue 6t 1 mhieng enéxtoon (2.17)
draomdtan, ol Hy elvon elte unooudda tou Ep(t) eite Tou Cpy.

Av 77HCp) =2 Cpm tote Yo detfovue 6Tt G =2 E,(t) X Chpm,. Hpdyuatt, oe outh v
neplntwon undpyel éva ototyelo B € G td€ng nm, to onolo yevvd ulo urtooudda tng G
Llobuopn Teoc TNV XUXAXT 0udda Cry, . Aol 1 enéxtaon (2.16) dioondton undpyel ououoe-
QLoUOS

7 Ep(t) = mH(EN() = G.
Emunmiéov Ep(t) = j(Ep(t)) non j(Ep(t)) N Cpm =
2™ € j(&t)NCy =1 dpa 2™ =1, xou z =
emduunto anotéiecua. O

Emotpégpouue otny anddelln tou Yewpruatos 2.2.6. O mpidtog p Ya elvar 1) yopaxtnplotixy
Tou k. 'Eyovue éu (p,n) = 1, dpo n enéxtaon (2.16) dondton. Av, emniéov, pio and tic
Véoeig mou otadeporotelton and TRy Chy, Staxhadileton oty F/Fy téte G = Cpx (E,(t)xChy)
drapopetind G = £, (1) % Chy. O,

IMpoxewévou va anodel&ouue TNy LAOTOLCT AUTGY TV TOTWY SlaxAddworng Yo mpénel va
emthé€ouue Tov divisor Staddwong

D= > A(P)P+zs:>\(Pi) > P

PcAg QeO(P;,Go)

. Mpdrypatt av z € §(Ep(t)) N Chyy to1E

1
1 agol (p,m) = 1. Autéd anoduxvelel to

wou D, (Go,Ar C A,p) étor dote va éyel Bodud Omodn. Qo cuufolilovue pe @ v
povadixh Véomn tou Fy umepdve g pr xou UE Q1, ..., Qpt T Véoelg Tou Fp umépave Tng pe.
IMopatnpolue eniong ot

0(Q,Go) ={Q},0(Q1,Go) = {Q1, ..., Qpt } -
AaxplyvoulE TG TapaXdTe TEPLITOOELS Yo T0 AR
e Ap = 0. O tinoc dxhddwong elvor vhonotfiottog Aoyw touv Mupotog 2.1.7.

e Ap = 0(Q,Go) = {Q}. Ty neplntwon auth o ououoppoudes B elvar TETPLUUEVOC.
Hopoatnpolue étL ou otadepés Yéoels e xuxhhc ouddas Cy, elvon @, Q" émov Q' €
O(Q1,Go). Apar, and v mapatrienon 2.1.5, éyouue 61t (n,m) = 1. Oétovue A(F;) = 1,
%ol SLAAEYOUIE TOV apldud § TV TPOYLWY TETOLOV DOTE

deg(D) =1+ s |Go| = 0modn.
Auté elvon duvatdy agol (|Gol,n) = (n,m) = 1.

e Ar = O(Q1,Go). Eyovue 61 Cy, < ker 3. 'Onwe xor otnv nponyoluevn neplntwon
éyovue Ty (n,m) = 1 ooy ula avayxato cuvdpe yio va etvor autde 0 TOTog Stohddwong
vhomotouuog. O Badude tou divisor mov avtiotouyel oty tpoyld O(F;, Go) elvon

S up(D) _{ Omodp® av f(0) A1 modp®
P = “ z .
PEO(Qs,Go) AlGo|modp® av  B(c) = 1modp

7 a a+1 r _ a Z Z
onou p° | n,p t n. Eotww ng = Hp|n,,8(a’)£1 mod pa P*- Ou mpénel vo dahé€ouvue to
TAidoc twv Tpoydy s tétoo wote deg(D) = 0modng. Autd elvon Suvatdy Yétovtag
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A(P) =1 vy bha tor P € supp(D) agob o (ng, |Go|) dtonpel to (n,mp) = (n,m) =1
xou CLVETHG 1) e&lowon

deg(D) = p' + s - |Go| = 0 mod ny,
€yeL ulo Abon mod ng.

o Ar = 0(Q,Go) UO(Q1,Gy). Ltny meplntwon auth o olopoppouds [ mpénet va elvan
tetpluuévoc. Oétouue A(Q) = —1modn, A(P;) = A(Q1) = 1 modn, xor dwhéyouue
TO S, TETOLO OTE

deg(D) = =1+ p' + 5 - |Go| = 0modn.

Auto elvan duvatdy agol (n, |Gol) | m xaw m | pt — 1.

2.2.6 Auedpixég ouddeg

Yty meplntwon auth utodétovue OTL 1 oudda mnAixo elvon 1 diedpwr) oudda Dy, 1 omola
déyeTon ular TUPdoTACT, OE YEVVATORES XL OYECELS

Dy, = {a,b/a™ = 1,b*> = 1,ab = ba™").
O ououopgioude dpdong B : Dy, — Z;, opiletan and TC TYIES TOL GTOUG YEVVITOPES G Xl

8- { a +— [(a)
Vb — B
Agob o f elvon ouopop@Louds 0UddwY Eyouue 6Tt
B(a)™ = 1modn, B(b)°=1modn, B(a)3(b)=A(b)S(a) * modn.

Ioyvplouaote 6t ord (B(a)) < 2. Hpdyuatt, av ord (B(a)) > 2 téte ord (B(b)) = 1, agol
1 ToAamAacLac T oudda Zj, etvon a3eAtavy) xon dev unopel var tepéyel Ty dedpixr) oudda
Dora(s(ay)- AMG tote B(ab) = B(a)B(b) = B(a) dromo, apol 1 wé&n tou B(ab) eivon T0 TOND
2. Emumhéov av ord(f(a)) = 2 t6te 2/m agol 1 = S(a™) = f(a)™.

Awoxplvouue Tpes Teptntioes yia Ty Im(f).

m(f) ={1} # Im(f)=Z> % Im(B)=Vi.
H tpltn nepintwon unopel va epgaviotel uévo av m = 0mod 2. Oo YpelaoToOUE TO TOPUXETW
Aqupa 2.2.8 Fotwn € N xou £ axéponog TET010¢ OTE
¢ —1 = 0modn.
Yrdpyouy axépanor nt(£),n~ (£) tétolor dote

2 av n=0mod2
1 av n=1mod2

n=nbl)-n" () omov  (nt(0),n"(0)) = {
e TV emmAgoy dibTnTaL
¢=1modn™(f) xu (=—1modn~({).
Anodel&n: O apdude nt(£) (n (€) avtiotoya) elvon o uéytotog dlonpétng Tou n TéTolog

wote nT ()€ — 1 (n=(0)]€ + 1, avtiotorya). Av § elvor évac Stanpétng tou n téte 6|2 — 1 =
(—=1)(£+1) xon 0 dronpel xou t0 £ — 1 xou 10 £+ 1 av xon wévo av 6 = 2 O
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Oa e€etdoovue Ti¢ Vo TEPLTTOGELS Tou Vewpruatog 2.2.1 yia Tig 0o SlapopeTinég Lho-
ToLhoELC ToL THTOU dtanhddwong oty enéxtaon Fy/FC0, Eeywpeotd.

Iepintwon A) H yapaxtnowotxh p touv oduatoc k elvon p # 2, (p,m) = 1. Tpewc
Véoeig tou Fy = Fy7°, éotw pi,p2,p3, Stadhadilovion oty enéxtaom FO/FOG0 ue delxteg
dranhddwaong 2, 2, m avtiotoya. O cuuBollovue ue Py i, Ps ;, P3 j, émovi = 0,...,m—1,j =
0,1 tigc Yéoelc Tou Fy nov enextelvouy TiC pr, p2, p3 avtiotouyo.

Ocvpnua 2.2.9 FEotw du n oudda Go = G/C,, eivan toduoppn ue ty Siedpwxrj ouddo Dy,
omou pfm xat p # 2. Seywpllovue Tic mopaxdtw TEQITTWOELS Yo TV Sour] tne ouddas G':

1. Yrovérouue ot { P i}o<icm U {Ps;}j=01 C Ar. Xe auth v neplntwon Yo mpénet
(n,m) | 2 eved n ouddo autouoppioudy G 8éyetar TnV naeaxdTw TUEACTACT OE YEVVITTOPES
o oYETELS:

G =(R,S|R* =S™ S"™ =1, RSR™" = 8"),

émou r elvan ulo Abon tou ouoTiuaTog

r=1modn, r=—1lmodm. (2.18)

Av (n,m) =1 n Abon r elvan ovadixr. Av (n,m) = 2 téte Eeywpllovue dlo vrnome-
PLATWOELS:

e n = 2mod4. Ye auty v mepintwon n uia Abon tou (2.18) mpoxinter dtav

{PZ,i}0§i<m NAR = 0 e n O'()\)U] otay {PZ,i}0§i<m NAg 75 0.

e n=0mod4. Ye auti tyy nepintwon { P ;i to<i<m N Ar = 0 xau undpyouy 8o un
LOOUOPYES OUAdEC TOU avTIOTOLYOUY OToY (8to TUmo StanAddwon.

2. Agp =A{Ps j}j=1,2. H oudda G eivon 1oduoppn e to nuievdés yivduevo Cpp X Cs.

3. Ar = {P1ito<icm U{P2;i}iz1,...m Ye aunj tyy mepintwon n ouvdetnon [ elvaw te-
Toyévn xan 1 oudda G elvan 1oduopen e ™y Cp X Dy av (n,2) =1 xon n G Sivetan
ono

G=(R,SIR*™=1,S"=1,RSR ' =571),
av (n,m) = 2.

4. Ag = 0. Xe autij v nepintwon n G elivon woduopyn u my Cp X Dy, émou 1 dpdon tne
Dy, otnv Cy, Sivetan aro ty B.

5. Ap = {P1i}o<icm Xe autij v nepirtwon n G Séyetan Ty mopaxdtw nopdotacn

G =(R,S|R* =1,8™ =1,(RS)* = 1).

Anodedn: Oo Lexwvroovue ue v axéhoudn

Iopathenon 2.2.10 Ac unovéoouue ot 10 b € Dy, otadeponotel Ty Jéon P Ot dhdeg
Yéoeic Py ; unopoly va apidundoly étor dote P ; = a'Pi . O ouddec avdAvons Dy, (P ;)
xdje Yéone P ; elvan g uoppric

Dy (P1i) = Dim(a'Pro) = a' Dy (Pro)a™" = (a®b).
Kae autouopgpiouse bak € Dy, éxer 8lo otadepéc Véoeic. Kdade Véon tne popprhc P
otodeporoieiton amd tov ba* £ 1, av xou uévo av ba* € (a*'b) xou agol ord(a®'b) = 2 auté

elvar 1oodUvauo UE TNV

a?’b = ba* = a *b & 2i = —kmodm. (2.19)
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Av (m,2) = 2 t61e 1 e&lowon (2.19) éxet Svo Aboeis av o k elvon dptiog, xaw xoula Abon av o
k elvan mepittée. To mopandvew arodetxviovy 6Tt o 8o otaldepés Yéoeic Tou autouoppLool
ba* mepropilovron otny (B 9éon py (av ok = 0mod 2) % ps (avk = 1mod 2). Yty nepintwon
(m,2) =1 n e&lowon (2.19) éxer uovaduxr Abon, étor uia and tne So oraldepéc Yéoels Tou
ba* repropileton otny p1 xou n GAAY OTNV 2.

Mapathpnon 2.2.11 Aol o erextdoeic F/Fy xau Fy/FP™ elvan xou ov Suo Galois, o
Véoewc P; tou Fy ndve and ula xowr %éon p € FY° oty enéxraon F|Fy 1§ Siwdadilovia
dAec mArjpwe 1 avadlovton 6Aec mArpws,

Ac vno¥éoovue ot plo and tig Véoec Ps j, €otw 1 Ps1 dondhadiletar otny enéxtaon
F/Fy. Eow Q3,; n uovadh 9éon tou F ndvw and Ps; (j otodepd). Agod (m,p) =1
€youvue 6t N oudda avdhuone G(Qs,1) elvon xuxhxr t8&nc nm. Tuvends B(a) = 1 modn.
Hopatneotue 6t o Seixtng |G : G(Q3,1)] = 2 dpa G(Q3,1) <G xou G elvan o uetaxuxhix
oudda. Awxiéyouue S, R € G, tétowa wote m(R) = b, 7(S) = a. Mnopolue va StahéZovue
S € 77 a) téroo dote (S) = G(Q3,1). Apod G (Q3,1) < G, undpyeL axéparog T TéTolog
®ote

RSR™'=5". (2.20)

Mapatnpotue 6t 1 oudda Cy, yevvdtow and tov (S™). Apd and v (2.20) xon v dpdomn tou
b otnv Oy, éxovue
S,B(b)m — RSmR-1 = Srm,

70 onofo Bivel tnv oyéon
r = 4(b) mod n. (2.21)

Ioyter G/Cy = Dy, dpo and Ty (2.20) éyoupe
RSR 'S =8¢ (S™)

xou ouTo odnyel TNy oyéon
r = —1modm. (2.22)

To clotnua twv eilodoewy (2.21)(2.22) éyel Moewg av xou uévo av (n,m)|B(b) + 1. Awx-
ywpllovue dVO EMLIAEOV TEPLITWOELS

(1) {P1,ito<i<cmU{Ps,j}j=0,1 C Ar, dnhodr) uloamd tig Véoewg Py 3,0 =0, ...,m—1, éotwn
P o, dnchadileton mhipws otny enéxtaon F//Fy. Oa cvufBohilovue e Q1o Ty Yéon unepdve
¢ Pro. ‘Onwe oty napatfpnon 2.2.10 unopolue vo utotdécoupe 6t 1 P o otadeponoteitan
ané 10 b € Dy, ( av ypetaotel dahéyovue oav yevwhtopa b tne Dy, éva dMo atouyeio
T8¢Eng 300). H oudda avdhuong G(Q1,0) elvon xuxhixr tdEne 2n. Atahéyouue éva yevvitopa
R e n1(b) nc G(Q1,0)-

H oudda Cp,, elvor 1 wovadu utoouddo t8&ne n tne xuxhuic ouddoc (R), dpa topdyeton
ané to R2. Suvende R? = S™ ywaxdnoto (i,n) = 1. Anhomololue tov cuufolioué Srokéyovtog
xotdhhnho yewhtopa S tng ouddoc G(Q3,1) yia tov onolo R?* = S™. Enlong nopatnpolue
ot f(b) = 1modn. H ouddo G cav petaxuxhix| ouddo Séyetor Ty napaxdte Topdotaon
O€ YEVVATOPEC Xat OYETELG

G = (R, S/R2 =8m 8" =1 RSR ! = STy, (2.23)
6mou o 1 opileton vor elvan AoT TOL GUGTAUATOS

r = 1lmodn

r = —1modm. (224)
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To mapandvew cbotnuo déyeton (n,m) Aoewc av xou uovo av (n,m)|2. Tty neplntwon
(n,m) =1 n Noon r xodop{leton uovoshiuavta mod nm. Ltny neplntwon (n, m) = 2 éyovue

dVo ANooewc mod nm TiC
nm
To,T1 =To + 5

Trnodéoaue Adn 61t oL Véoeg otny tpo)Ld oL P o Stonchadilovion mAfpws oty enéxtaon
F/Fy. Eivar evdiagépov var dolue twg o tinog dloxhddwone twv Yéoewv P ; xadopllel v
emhoyY) e pllac ro.

‘Eotw P = Py, ula 9éon tou Fy oty Ttpoytd tou P, CUVETKDS, oOUPWVA UE TNV
napathenon 2.2.10, otadeponoelton and tov ba® € Dy, yw xdnow i = 1mod?2 (unev-
Yuuilouue b 2|m). Lougwva ue to téproua 2.2.4, 1 P avahdeton (avtiotouya Stoxhadileton)
av G (P) = Cy x Cp, (avtlotowya Cay,). H cuvdptnon

o, :{ G,TJEP) — G,;(QP)

elvow opouop@loudec ouddwy xou agol 2|n éyouue ker®p = Cy x Cy av 1 P avahleton,
dapopetind (dnhadh av 1 P Srohadileton) ker @p = C5. Troloyilovue 61t

G.(P) = {RSiJrsm,Ssm/s =0,..,n—1} Yo xdnow i = 1mod 2.

To otouyeto {1, S”m/Z} avixouy otov ker @ p. Emmiéov yenowuonowdvras ty (2.23) éyouue

(RsiJrsm) 2 — Sm(1+ T;rtl (i+sm)) )

Tuvenoe n P avakbeton otny enéxtaon F//Fy av xou pévo av 1 eglowon

r+1

—(r+1)s=1+1 modn

€yet Moon s. H e€lowon auth éyel (r + 1,n) = 2 Stagopetinéc modn MoELS av %ot UGVO oy
(r+1,n) =2| 1+i=tL Agol i = 1mod 2 éyouue tnv Looduvopio

1 1
1452 = 0mod2 e °F

/E0mod 2.

, — , , 'z ro+1
Yy nepintwon mou n = 2mod4 1o n/2 elvar neptttd xo o 2 Stonpel B To L=

% = % + % Suvende av n = 2mod 4 ot 0o MoeLs Tou cuoTHUATOC (2.24) avtioTolyoly
OTOUG LAPOPETIXOUS TOTOUS BlaxAddwong twv Yéoewv P ; otny enéxtoon F/Fy.

Sy mepintwon n = 0mod 4 éyouue ZEL A0mod2 xou yia g 800 Aoewg tou (2.24).
pdryuart av 2| ZEL <6te 4)r+1 (reviuuilovue 6t 2|m) xou 4|n|r—1 éxou 4|(r+1)—(r—1) =
2, drono. Aowndy, av n = 0mod 4 téte xon yio Tig dVo Moelg tou (2.24) €youue 6L dheg
oL Véoelg Py ; avahbovtow oty enéxtoon F/Fy. Lty neplntwon autr o torog Stoxhddwong
aduvartel var tpocdloploel Ty Sour| TNG OUdSaC AUTOUOPPLOUWDY.

IMapdderypa:Say napdderyua Yo ddoouvue 800 xaumdAes pe ta (Blar onuelo SloxAddwong,
aAAG UE DLoopeETXéC oUddeEg auTopopPLoU®Y. BOewpolue Tic xounbieg Vi, Vo oplouéveg
UTEPAVE TOU OOUATOS TV Utyadxmy aptdudy C nou divovtor and Tic oyéoelg

R To

Vityt=a(@'®—1) xou Vo:yt=23'0-1)

xan éotw F1, Fy 1o avtiotouya odpoata cuvapthoeny toug. H dewpla Staxhddwong xuxhixwdy
enextdoewy Sivel 6L otig enextdoeic Fy /C(z) xou Fr/C(z) ot $Eoeig nou donchadilovton elvor
oL

{Pw=07Px:§i7POO}7
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6mou to ¢ Sropéyer tic 10 pilec e povédac. To xpitiplo xovovixdTnToc Tou ToplouaTtog
1.1.3 dtver 6L 1 oudda Galois

Cy = Gal(F,/C(z)) = Gal(Fy/C(z))

elvou xavovix| oe oAdxAnen TNV oudda autouoppLou®y G, xoL TwY 300 CWUATWY CUVIETACEWY
Fy xav Fy. To mnMixo H; = G;/Cy elvan 1 peyolbtepn nenepacuévn unooudda tou PGL(2,C)
e omolag o otolyelor Unopoly va enextardody o auTOUoPPLOUOUS Tou cwuatoc Fi. O
anodeifovue 6Tt 1 ouddeg H; yevvolvtar amd Toug Topoxdtey UeTaoynuatiouole Mobius

Tixr— 1/z,0:x— (x,

onou ( etvan plor mpwtopyw 10-plla tng wovddoe, dnhadn H; = Dyp.
‘Eotww ¢ ula tpwtapywnf 40-pila e povddoc. Ou awtouoppiouol:

y— cy/a’ yr—cy
Ry : , Si: 4
zr+— 1/x T — ctx

enextelvouy Toug T, 0 oTo F1 xou oL autouop@pLouol

)

yr— cPy/at y— c’y
Ry : , Sa 4
zr+— 1/x T — ctx

enextelvouy toug 7,0 oty Fy avtiotorya. Anhadr, Dig < H;. And tic duvartée emthoves Twy
ouddwv avtopoppoudy tne PGL(2,C) éyouue 6t H; = Dig;. 'Eotw p éva otoryelo tédEng
10i otnv Dygi xu R € G t€t00 Gote Ry = p. O avtouopgloude p elvar tne Lopphc

p:xT—ax,

omou a elvor ula mpwtapyLxr 10i-pllo tng wovddag [27, oeh. 87]. And tny Jewpla twv xUxAXdY
enextdoswy Tou Kummer éyouue 6t R(y) = ybg, (£,4) = 1,9 € k(x). Suvende,

<R(y)>4 _ dbiaki(a®a! — 1)

yl lki (1.10 — ]_)l ?

(2.25)

omou k1 = 1,ks = 3 xou R(y)/y* = g € k(x). Ané tnv (2.25) nalpvouue 6T
ki(¢ —1) =0mod 4

xow aol (£,4) = 1 éyovue tehixd dt £ = 1. Buyxplvovtog Tig TOMATAGTNTES Twv plldy XoL
TV OV ToL deZlol uéhoug tne (2.25) mépvouue 6t ¢ = ¢*/a, xou cuvende 1 T8EN Tou p
elvow 10 o H; = Dqp.

Ané toug tOnoug Twv Ry, S;, unopolue va ehéyEouue 6Tl oL ouddeg Gy, déyovton ma-
PACTACELS OE HPOUSC YEVWNTOPWY-OYETEWY KOG EENG:

G1 = (R1,5|S° =1,R? = S{°, RS, R, * = S}*)

pe )

Go = (Ry,S2|S3° = 1, R2 = S3°, Ry SRy = S9).

Ou ouddec G xou Gy dev elvon woéuopgee. Ilpdyuatt, ac vnodéoouue 6TL undpyel €vag
Lopuopchopég ¢ : G1 — Gy. Kdde otouyelo oty G elvon tng woperic RgS% R TG UopPhc
S3. Ouoc

(RQS%)Z — SlO+10j,

29



dpor RySY éyer t8En to mOAD 8 xau awth amodeweviel 6t ¢(S1) = SI (5,40) = 1. Emmiéov
€)OVUE , . .
$3% = ¢(S1) = p(R1S1R; ) = Ra SRy = S5
Anhad? mpénet 205§ = 0 mod 40, dromo agob (40,5) =1. O
(2) Ar = {Ps,;}j=1,2. e auti v nepintwon oL Yéoewc P j i =1,2 5 =0,...,m —1 tou
Fo avolbovtar 6heg oty enéxtaon F/Fy. Lougwva ue 1o népioua 2.2.4 éyouue
Gﬂ—(PZ',j) = CnXCQ.
Mrnopolue va StohéZoupe R € 771 (b) tétow0 wote R? = 1. H oudda G dlveton and
(R,S/S"™ =1,R* =1,RSR™* = S")
omou r elvar ) AOan Tou GUOTHUNTOS TV eElotoewy (2.21)(2.22),
r = f(b)modn,r = —1modm. (2.26)
H oudda G elvar éva nuteudl yvouevo

CnmXC%

e dpdon va xodopiletan and to 1. Av (n,m) > 1 téte T0 clotnua 2.26 unopel va €yeL me-
plocodtepe and ula Aooelc mod nm oL onolec 0dnyolv oe Teploodtepe amd Uio Un LoOUopQES
ouddeg autopopplouty G.

Ac unodéoovue bt o Véoewg P ; j = 1,2 dev daxhadilovton otny enéxtaon F/Fy. And

10 mopLoua 2.2.4 €youvue OTL

G,.—(P371) = CnXlCm
ool N Dy, (Ps ) = (a) etvon xuxhuer). H ouddo G (Ps,1) €xel delxtn 2 oty G, dpo Cp, xC, <
G. Eow T évag yevvitopac tne xuxAwxrc ouddac Cy,, xou S évac yevvitopac tne Cp, tétolog
oote ©(S) = a. Av R € 771(b) apot |G : Cp,xCry| = 2 70 otoyelo R? € CpxChy dpor
R? =T#S*. AN\& m(R?) = a* étov 2z = 0mod m xou R = TH. Auté pog Stver

R?*SR™2 =TrST—H# = Tr1-Al))g (2.27)

Mnopolue vo utoloyloouue To aploTtepd Uéloc g (2.27) xou ue Sopopetind tedémo. Agol
Chn x Cp, <G éyovue

RSR™' =T*S".
Ané v &M G/{(T) = Dy, dpa
RSR™'S =T*S"™! € (T) ouvendc r = —1modm (2.28)
xow outo Lo dlvel
R?*SR™2 = RT*S7'R~ = B)=Ala)g, (2.29)
Suvdudlovtag Ttic (2.27) xou (2.29) népvouue
pu(l = B(a)) = A(B(b) — B(a)) modn. (2.30)

Ou yewntopeg T, R, S € G wavomololy Tig Tapoxdte oYECELS:
S™=1T"=1,R* =T, RTR ' =T°® STS ' =15 RSR™' =T*S~!, (2.31)

yLoe xdmolal A, p1 mou txavoroloty ty (2.30). Hopotnpolue 6t Sev anontobviar emtnpdodetes
oyéoels oTov oploud e ouddac G, ywutl ot oyéoeig (2.31) opilovy oudda TédEne 2nm.

Oéhovue va amlormothoovue Ty oxéon RSR™Y = TAS™1 Sioéyovtoc éva Slapopetind
yevvitopa S1 = T*S. Troloyllovue:

RS\ R™' = RT*SR™ = 7*FW+Ag—1 — pe(Bla)+8(0)+Ag—1 (2.32)
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Adppa 2.2.12 Eotw P ula ¥éon tou Fy n onola otadeponoieiton and to ba. EmmAéov
vrovérovue 6t R? = TH. Ay 2|n tdte

(n, B(0)B(a) + DA+ p(a), (2.33)

av xou udvo av n ¥on P avalleton otny enéxtaon F[Fy. Av (2,n) = 1 t6te n e&lowon
(2.33) woy el oe xdle meplntwon.

Anoden: Trodétovue tpodta 6Tt 2|n. A to ndploua (2.2.4) éyouue

Copn av P Swoohadileton oty F/ Fy

_ (ba)y _
Gr(P) = Gal(F/F,™") = { C,xCy av P avolbetor oty F/Fy

Ty mpodtn tepintwon undpyel Lovo éva atouyelo T8Ene dVo oty oudda Gal(F/F()(ba>) EVOD
oty deltepn meplntwon Ly oLy TEPLoTOTEPY Tou eVOC atotyela TéEns dvo oty G (P).
Treviuuilovue 6t n oudda G (P) elvow 1

G:(P)={o € G/m(o)P = P} = {RST*,T"/k =0, ...,n — 1} .
Aol to n eivan dptiog, éva otoyeto TéEnc d0o tne G (P) eivow to T2, Av 10 RST* eivor
éva dhho otolyelo tdEng dvo tote

1 = (RST*)? = TkB®B(@)+1)+A+ub(e) (2.34)
dpa yra xdmow k € {0,...,n — 1}

E(B(D)B(a) + 1) + A+ pB(a) = 0modn, (2.35)
Ouwe n eZlowon (2.35) éxet Aoelc we tpog k av xat ubvo av

(n, B(b)B(a) + DA + pb(a).

Yy nepintwon (n,2) = 1, 1o povadind otouyeto t8Eng Svo otny ouddo Gal(F/F{®*)
etvor e wopghc RSTH dpo n (2.34) éyer uio Moo, xor To emduUNTO UMOTEAEGUO TPOXVTITEL
axp s 6Twe xaL oty epinTtworn detiou 1.0

Ou Yewprioovue tpa Ti¢ TEelC TEAEUTAES TEPLTTWOELS TOL VeWPRUTOS

(8) Ar = {P1ito<i<cm—1 U {Psi}o=1,. ,m—1 Ohkeg oL Véoewc P;; draxhadiloviar oty
enéxtoon F/Fy. Trolétouue 6nwe xou oty moapathipnon 2.2.10 éw Dy (Prg) = (b). EZ
awtiog Tou moplouatog 2.2.4 unopolue vo dahéfovue R € 7 1(b) tétowo wote R? = T,
dnhadh u = 1. Emumhéov n enéxtaom elvar xevipuad o auth Ty neplntwon dnhady

B(a) = B(b) = lmodn.
OewpoVUE VO UXOUA UTOTEPLTTWOELS

e (n,2) = 1. Agol n enéxtaon elvor xevipud| éxovue H?(D,y,, Cp) = 1, Srhadh undpyet
uovo uto eméxtaon g Dy, ue Cp, 1

G=C, xD,,.
e (n,2) = 2. H e&iowon (2.32), oe auth v nepintwon, €xel Ty (Lopen
RS, R™' = T%t g1, (2.36)
Ané o Muua 2.2.12 éyouue 6t (n, B(a)B(b) +1) =2+ A+ 1, Zuvends 2|\ xau étol 7

eZlowon
2r + A =0modn
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éxet ula Aoon z. H oyéon (2.36) yia v ouyxexpiuévn outh Ao & YedgeToL og
RS R™'=S;*t.

‘Eotww t n 16&€n tou Si. H oudda G elvor ulo uetoxuxiixr oudda mou déyeton tnv
TOEOXATR TAPACTAOT) OE YEVVIHTOPES 0L OYECELS:

(R,S1|R*" =1,8! =1,RS; R~ = S;'!),
oA tote |G| = 2nt, cuveng t = m.

(4) Agr = 0. Okec o Véoewc P;j avolbovton otny enéxtoon F/Fy. Ag unodéoouue
ot Dy (Pro) = (b). EE oautloc tou noplopartog 2.2.4 unopolue vo StohéZouvue R € 71 (b)
étol0 wote R? = 1, xou i = 0. Agol okec oL ¥éoec tou Fy oL omoleg enextelvouy Tic
p1,p2 avokbovion oty F/Fy and to Muua 2.2.12 éyovue ot (n, B(b)B(a) + 1)|A. AN
(B(b),n) =1, €xou (n, B(ba) + 1) = (1, B(b)B()B(a) + B(b)) = (n, B(a) + B(D))[A. Tuvende
UTdPYEL €V T TETOLO WOTE

z(B(a) + B(b)) + A =0modn

xaL yloo auto To T, 1 eklowon (2.32) yiveton
RS\R™' = T*B@FB0NTAG L = gL,

Oo cuuBollovue ue t TRy T8EN Tov S; =TS, H oudda oe auth v neplntwon divetar ond
TOUG THPAXATW YEVVATORES XOUL GYECELS

(R,T,8,|R> =1,RTR* =T°® S TS =177 RS R~ =578t =1,T"=1),

xan ebvan td€ng 2nt, and émou €yovue t = m xou 1 oudda G elvon LOUOPET UE TO NULEVYD
YWOUEVO
CpXDy,

omou 1 dpdon tou Dy, oty Oy, xadopileton and tov yopploud f.

(5) Ar = {P1i}o<icm- Xe auth v meplntwon unodétouue 6Tl 10 GOVOAO TwY YécEwy
Py ;, unép e pr Sroxhadiovton otny enéxtaon F/Fy xou 10 cOvoho twv $écewv P ; utép tng
p2 avolbovton. Mropolue v StahéZoupe R € w1 (b) tétoo wote R? = T cuvende p = 1.
Enunéov B(b) = L modn.

Ané o Mupa 2.2.12 éyovue 61 (B(b)B(a) + 1,n) = (B(a) + 1,n) |A+ B(a). Apa undpyet
x £ToL (oTE

z(B(a) +1) + A = —f(a) modn

xow yia aut6 To T 1) eZlowon (2.32) ypdpetan
RS R = 7eB@+B8®)+Ag-1 — p=hla)g—1 — g-1p—1
Aol T = R? n napandve oyéon elvon 1ood0vaun ue v
(RS;)? = 1.

Oa cuuBoAilovue ue t v 8N tou S1. H oudda G déyetan TNy moapaxdte nopdoTacT| OE
YEVATORES XAl OYECELS:

G= <R7 Sl|R2n = 175{ =1, (RSl)2 = ].>

Hopatneolue 6Tt 1 oudda Tou yewvdton amd to R? elvor 1 oudda Galois Gal(F/Fy) 1) onola
elvow xavovix| unooudda e G. To mnAixo

gy = (BSIR =15, = 1,(R5,)* =1)
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elvar Loduopgo ue uia dedpuxr| oudda téEng 2t. Xuvende 1 oudda G éyel d&n 2nt xou t = m.
O

Oo amodel&ouue Thpa 6T oL ToPATEVE TOTOL SLaXAEdwong LhoTooUVToL, SNAadY) Yo tpénet
va emhéZovue D € D, (Go, Ar C A, ) Boduob 0 mod n.
(1) Eeywpllovue Tic TaPUXETL UTOTEQLTTWOELS:

en = 2mod4, m = Omod2. Ye auth Vv mepintwon €youue otov Qopéa tou D To
Topoxdtw olvoho Ap otodep®dv Yéoewv Dy,

Ar ={P31,P32,P10,Pr11,...., P i1}

N

Ar ={P31,P32, P10, P11, Pri—1,P20,Po 1y, Pai—1}

xat puaxd s tpoytéc O(Pj, Dy,) 6mou 1 ¥éan P; dev otadeponoteitar and v Dy, ESG
yia amhonoinon tou cuuBoAiiouol Yedgovue dbo mepintwoels all, TRy deltepn EVTOG
napeviécewy. Treviuuilovue 6t oty nepintwon auth, 1 cuvdptnon dpdong B elvon
teTpluuévr, onéte Tadpvoviog A(Q) = 1y 6ha ta @ € supp(D) €yovue 6T

deg(D) =2+ m + 2ms A deg(D) =2+ 2m + 2ms.

Agol (2m,n) = 2 7o onolo doupel 0 2 + m (2 + 2m aviiotoya), UTOPOLUE va
dtaré€oupe 1o s Etol wote deg(D) = 0mod n.

e n = 0mod4, m = 0mod 2. X1ny neplntworn auth £xouue otov gopéa Tou D to mapadte
obvoho AR otadepy Yéoewy Dy,

AR == {P3717 P3727 PLO; P1717 "'7P1,i71} 9

xaw s tpoytés O(Pj, Dyy,) 6mou oL ¥éoeic Pj dev otadeponotobvton and tov Dy, . Ilafpvouue
A@Q) =1 ywa 6k ta @ oo supp(D), 1ot

deg(D) =2+ m + 2ms.

Ly meplntwon aut (2m,n) = 4 o onolo Swoupel 0 2 + m (vrneviuuilovue 6Tt apol
(n,m) = 2, m = 2mod4), ondte unopolue va dwhéZouue 10 s étol wote deg(D) =
Omodn.

Me 6uoto tpémo unopolue va del€ovue dti unopoue va StokéZouue deg(D) = 0modn otnv
nepintwon (n,m) = 1.

(2) v nepintwon auth éxovpe Ar = {Ps 1, Ps 2}. AvolDOUUE TO N OE YLVOUEVO TRGTWY
Topary6viwy 1 = pit ... pyt. Lougwva ue to Mupa 2.2.8 ypdgouue n = nt(3(b)) -n (B(b)),
xou (nT(B(b)),n (B(b))) = 1 4 2. H eliowon (2.14), uac diver deg(D) = 0modp]’ yia
D € D, (Go,Ar C A, B) xou Yy p; | n=(B(b)),pi # 2. Av 2| n, xou p;, = 2 t61€ deg(D) =
Omodp?oio, 6mou ai = va(n"B(b)) < ai,. O tuysioc divisor D € D,(Go,Ar C A4,p)
YedpeTon

D=XPs;+Ps2)+ Y AP) Y, P
i=1 PEO(P;,Dy)
Ou mpénet var Stoké€ovue tov D étol wote deg(D) = Omodn™ (). Oétovue A = A\(P;) =
1 mod n. MropoUue va Stahé€ovue tov apldud tov tpoyLidv s xou tov divisor D € D, (Go, Ar C
A, B), xatd tétoto TpdTO

deg(D) = 2 +ms = 0modn™(3),
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agol (nT(B),m) | 2 (urevduullovue 6t (n,m)|3(b) + 1).

(3) Eyouvue 6t Agp = {P,;;/i=1,2j=0,..,m—1}. Buvenwe dahéyovue D ue s 10
mAdoc tpoylec O(P;, Dy,) 6mov P; 8ev otadeponoeltan and ty Dy, xou ¥étovtac A(Q;) =
1 modn vroloyilovue

deg(D) = 2m + s2m.

Mrnopolue vo SlohéZouue T0 § XTI WoTe 0 Tapamdve Boduds va etvon 0 mod n.

(4) Eyovue Ar = 0 xar 1 vhornolnon npoxintel and to AMjuua 2.1.7. (5) Eyouvue Ag =
{P1 o, ...; Pt,m—1} . Hopoatnpotue 6t B(b) = 1 mod n. Avalbouvue to n oe nt(B(a)),n™ (B(a))
onwe poc dtvovton and to Mupa 2.2.8. And v eglowon (2.14) éyovue 6t deg(D) =
Omodp;* vt p; | n~(B(a)) xar vy 6houg toug divisors D € Dy, (Go, Ar C A, ). Onote

unopoluEe vo dtahéEovue Tov D étol oTe
deg D = 0modn™ (B(a)).

Yrohoy(lovue
deg D = m + 2msmod n™ (3(a)), (2.37)

Ané mny e€lowon (2.37) xatahfyouue oto 6t n ouvdixn (nt(B(a)),2m) | m, elvar avaryxoto
yio o elvar 1 tepinTtwon 3 vAoToL oL,

Ilepintwon B Xe auth ty nepintwon 1 yapoxtnetotixy) tov couatog k eivon 2. Eyovue
61t G/Cp = Dy, (2,m) = 1. And Tov yopoxtTnplotd TV TETEPACUEVLY OUIDWY AUTOUOp-
PLOUGY TOL ENTOL CWUATOG CLVAPTHOEWY, 0To Vewpnua 2.2.1 &youue 6Tl oL dVo Véoelg p1, P2
tou FY = FP™ Sundadilovion otny enéxtaon Fy/EFX™, ue deixtec diovddwong 2 xou m,
avtiotowya. ‘Eow Pi; i =1,...,m (P j = 1,2 avtiotoiya) 10 cOvolo twv Foewy tou Fy
unép TS p1 (P2 avtioTolya).

Oebpnua 2.2.13 Eotww du n oudda Gy = G/Cy elvan 1oduoppn ue ty Siedouyj oudda
Dy, ptm,p = 2. Zgywpllovue Tic Tapoxdtw TEQLTTHOELS Yia TNV doul| tne ouddas G:

1. Ag D {Pii}o<icm- Tote n B elvan tetpiuuévn xaw G = Cp X Dy,.
2. AR = {P27j}j:172. Téte G = Cnm X 02.
3. Ap=0. Téte G =C,, x D,,.

Amo6delln:

1 Ar D {Pii}o<icm. Ttnv meplntwon auth ou Yéoewg Pr; i = 1,...,m mou enextelvouy
v p1 dahadiloviar oty enéxtacn F/Fy. Hopoatnpodue bt av ulo and autée, o mobue
N P1 iy, Stnadileton téHte bhec ov P ; Sranhadilovton enfong, agol o enéxtacec F//Fy xon
Fo/FY elvor xou oL 300 Galois. Iopotnpolue enioec 6t n ouddo Galois Gal(F/F[)(b”l>)
NG EMEXTAOTC F/Fébal> elvon ulo eméxtaon e ouddoc (ba') =2 Cs. Amd Ty uehétn toV
EMEXTUCEWY OTOLYELWSOY afelioavdy ouddwy, éxovue 6Tt B(ba’) = 1modn, ywo 6ho To i =
0,...,m — 1, apol 1 povadueh otadepr Véon tou ba’ Siondhadileton oty F/Fy. Autéd woyle
yia Oho T i €tol  oudda G elvon ular xevtpuad enéxtaot touv Dy, ue Cp. A@ob n = 1mod 2
éxouue 6t H%(D,,,C,,) = 1, ouvenae

G=C, X Dy,.

2 Ar = {P j}j=1,2. OLd00 Yoewc Ps; tou Fyy unép tng p2 Stoncdhadilovton mhipws otny
F/Fy. Dy (Ps;) = (a), étor and 10 mépopa (2.2.4) unopoue va Bpolue S € m1(a) 7
omnola vou éyel d&n nm. H Spdon touv a oty Gal(F/Fp) = (S™) elvon tetpruuévn dnhadn
B(a) = 1modn. Eotww R € 771 (b). Hopatnpolue 6t |G : (S)| = 2 ondte (S) < G. Tuvendx
UTSPYEL T TETOLO WOTE,

RSR ' =8".
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Mapoatnpotue 6t i S™ yewd v oudda Gal(F/Fy) = C,,, ondte
SB(b)m — RSmR71 — Smr7

CUVETWC
B(b) = r mod n. (2.38)

And v &M, éyouue
RSR™'S =8 = 1 =7(RSR™'S) = n(S™1),

onote
r=—1modm (2.39)

To clotnua twv (2.38)(2.39) éyetr ula hoon r av xat wévo av (n,m)|B(b) + 1 xou n oudda
dlveton amd e ToPAXdTw OYECELS:

(R,S|R* =1,8"™ =1,RSR™' = S").
Iopatneoldue 6t 1 G elvon LodUoPEN UE TNV
G =2 CpmxCs.

3 Ar = 0. Xe auth TV nepintwon dhec ou Yéoew, Py, P j tou Fy utép e p1 xaw Tng
P2 avtioTtouya, avolboviar oty F/Fy. Hopoatnpodue 6t (n,2) = (m,2) = 1. Ou ypnotuo-
TOLOOUUE TNV ELPUTEUCT) TNE TRdTAONS 2.2.2,

H2(Dy,Cr) = @ H*(Din, Co)y — Do H2(H,,C)

a=Ya, +— Y resp, .m,(ap)

p[2m

Aol (n,2) = 1 ané 1o Yedpnua tou Zassenhaus ([14], oeh. 163) éyovue 61t H2(H,,Cp) = 1.

Av p # 2, plm téte n p-Sylow vnooudda Hj, elvon umoouddo tne xuxAxic utoouddas (a) =
Cr ™6 D- Aol 1 (a) otodeponotel Ty P j, 1 onola avolUeton oty F'/Fy, 1 UTOETEXTAUON

1— C, — 7' ((a)) — {(a) — 1,

draondron. ‘OAeC OL UTOETEXTIGELS TTOL AVTLOTOLYOVY oTLc p-Sylow utoouddes tou (a) dtaomdvTaL
entong, dpo H2(H,, C,,) = 1y p # 2. Auté uoc divel 6t H?(D,y,, C,) = 1 xon tehixd €youue

G=C,x Dy

onou 1 dpdon g Dy, o0 O, xodoplletar and tny cuvdptnon £. O

o vo amodet&ovue 6tL awtds o tdnog dohddwong elvon UAomotiouog Yoo Teénel v
drakégovue D € Dy, (Go, Ar C A, B) Baduot Omodn.

1 Haipvovue s tpoyiéc O(P;, D), étol dote 1 Géon P; va unv otadepornoteltan omd
v Dy, xou Yétouvue A(P;) = lmodn. Eyovue Ap = {P11, ..., Pom, P21, Peo} (h Ar =
{P11,--, Pi,m} dpo o Bodude tou D elvon

deg D =m + 2+ 2ms ¥ deg D = m + 2ms.
Mpogavae, agob (2m,n) = (n,m) unopobue va Bpolue s étor Gote degD = Omodn
oty mepintwon Ar = {Pi1, ..., Pim, } - Tty neplntwon Ag = {Pi1,...; Pim, P21, Pa2},

Brénouvue 6t (n, m) | 2 elvar avoryxalo cuVITxn OoTe va uUAoToL Ton auTOS 0 TOTOC Slohddwonge.
Mapatnpotue 6t 1 ouvdixn (n,m) | 2 elvow wodbvaun ue (n,m) = 1 agot (n,2) = (m,2) =
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2 An6 o Mupa 2.1.6 apxel va xataoxeudoovue D Baduod 0modn™ (b). Holpvovue s
tpoytéc O(P;, Dyy,), 6mou 1 P; 8ev otadeponoteiton and tov Dy, xou 9étovue A(P) = 1modn
yia 6ha tor P oo supp(D). Eyouue

deg(D) = 2 + 2msmodn™ (b).

Mropolue va StodéZovue s tétolo Kote deg(D) = 0mod n't (b), agot (n,2) = (nt(b),2) = 1.
3 O tinog Siaxhddworng oe auth v meplntwon vlonowjton and To Afuue 2.1.7, agod

Ar=0.

2.2.7 H oudda A,

Trodétovue 6t G/Cp = As. And 1o Yedpnua todwounone 2.2.1 éyovue 6t tpelc Yéoeig
tou F) := FG = F644 drahadilovtar oty Fy/Fi, oL p1, pa, p3 Ue delxtec doxhddwong er =
2,62 = e3 = 3 avtiotoiya. EmnAéov o mpénet 1 yopaxtnolotxh p # 2,3. Oa cuuBoiilovue
e Piii=1,..,6, ;,P3; j =1,..,4 10 clvolo twv Yéoewy tou F mou enextelvouy Tig
D1, P2, P3, aviloTouya.
H opdda Ay déyeton ulo topdotact) oe YEVWATOPES Xou OYECELS
Ay = (a,b/a* =b* =1, (ab)® = 1).

Hopatnpolue enloeg otL N oudda Ay €xel ula xavovixh, 2-Sylow unoouddo ldUoEEN UE TNV
oudda V4 tou Klein, n omola ooy unooudda tng Ay unopel ypagpel o 6poUg TV YEVWNTOPWY
e Ay

Vi ={1,a,bab™",b*ab™?} .

Téhoc, n oudda Ay unopel va ypopel xou we Nuievdéc ywouevo Ag = Vi x (b). O ououop-
pLouode Spdiong
ﬂ Ay — Z:L

dev ylveton va elvon Uovouopplouog, apol 1 Ay dev elvon affehovr|. Eyouue d0o duvatdtnteg
yia tov ker 3 :
ker B = Vi, A ker 8 = Ay (xevtpuxh enéxtoon)

Ye x&de neplntwon, agod Ay /Vy = Zz xaw 10 a €xel 1éEn dbo oty Ay, éyovue 6L f(a) =
1modn.

Oebpnua 2.2.14 Eow ot Gy = G/Cp = A4, 1616 1 oudda avtouoppioudy G elva
LOGUOPYN XUTH TEPITTWON UE:

0,) ARZQTO/TgGECnNA4-
b) AR = {P27j}1§j§4 w6t G = V4 el an.
¢) Ar ={P1,i}1<i<e 01€ G =2 G' X C3, énouv G opiletan uéow yevvntdpwy xaL oyécewy:

G':=(R,S/R* = §*,8*" =1, RSR™" = §").

d) {P1,i}i=1,..6 C Ar 16t n oudda G Séxetan TNV ToPUXATW AVATAPAOTACN UECEW YEV-
VNTOPWY Xl OYECEWY:

G = (R,S|R*™ =1,R* = 53, (RS)? = R?"),

yia xdrowo k € {1,...,n}.
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Amodelln:
a) Ar = (0. 'Okec oL ¥éoeic Tou Fy ToU ENEXTEVOLY TLC P1, P2, P3 AVINDOVTOL GTNY ETEXTOON
F/Fy. e auth Ty teplntwon woyuptldpoacte 61t

G = CnNA4

onou 1 Spdon tou Ay enl tng O xadopileton and v cuvdptnon B. Io va arnodelovue
ToV WoyLplond mapatneolue 6Tt N As elvar to Nuevdy yduevo Vax(b) xou 6t n Vi elvan
oTolyELddNS affehtavh ouddo e Lopphic £2(2). TOUQwya UE TNV UEAETN ENEXTACEWY DESPLUMDY
ouddwy, apol ol otadepéc Véoewg g Vi = Dy avaklovton, €YouUe OTL 1) UTOETEXTAOT)

1—Cp,— 71t (V)) — Vi — 1, (2.40)

draondron, xan omd to AMuua 2.2.7 éyovue G = CpxAy.

b) Ar = {P>;}1<j<a. Anhad?|to clvoho twv otodepdy Yéoewy Py ; @ = 1, ..., 6 avakleto
xaL TOLAGLotov Wl and Tig Véoewg Po j, P3 j, ag molue 1 Paj j = 1,...,4 Sindadileton
oty F/Fy. Tougwva ue to ndplopa 2.2.4, agod o otadepéc Véoeg tou b dranhadilovran,
gyovuue 6 f(b) = 1modn dpa n enéxtoon elvon xevtpuxh. H ouddo As elvon évar nuievdod
ywouevo Vix(b) xar énwc xor otny meplntwon a) éxovue 6t 1 ixpR oxpfnic oxoloudia
(2.40) Swondron. Xenowonodvtag 10 Muua 2.2.7 éyovue dtu

G= V4><]C3n7
omou 1 Spdon Tou YewvhTopa R g xuxhuig ouddag Cs, oto T € Vi Stveton and
z® .= R"zR™" = £P(F"),

To de&l péhog €xer vonua agod R™ € (3 < Ay. Hapatnpoldue étLav ot ¥éoewg P ; j =0,...,4
Tou Fy dev daxhadilovton, téte and v mapatipnon 2.1.5 éyovue 6t (n,3) = 1.

c) Ar = {Pi i}1<i<e. Ly meplntwon aut o Yéoewg Py ; © =1, ..., 6 Stondadilovron xou
oo ¥oewg P i = 1,2, j =1,...,4 avadbovion. Ao v UEAET TwV SEBELX®Y EMEXTACEWY
éyouue 6T M oudda G i= w1 (Vy) ypdpeton Uow YEVWITOPWY XU TYECEWY KOG

G'=(R,S/R* = S* S*" =1,RSR™* = S"),

6mou 1 elvan 1 povadixr Abon tou cucthuatoc r = lmodn,r = —1mod2 av (n,2) = 1, xou
7 povadxh Moom tou cusTthuatog r = 1modn,r = —1mod 2 étol wote T var elvor dprog,
drapopetind. Iopatnpolue enlong 6t otny tepintwon (n,2) = 2 autdc 0 TOTOC Stohddwong
eugaviletor u6vo av n = 2mod 4. Ioyuplduaote 61 G = G’ x (b) = G'xCs5. Hopatnpolue

ot G' QG ool Vy <1 Ag. And v &y, and 1o moplopa 2.2.4 €netan OTL 1) UTOETEXTAUON
1— Cp — 71 ((D) — (b)) — 1 (2.41)
draomdton, GUVETME UTPYEL €VOG OUOUOPOLOUOC
Ji(b) =>Cpx(b)y =G

tétotog wote j((b)) N C, = {1}. T va amodel&ouue tov toyvploud Yo mpénet vo delfouue
ot (D) NG = 1. Eoww x € j((b)) NG'. Av © # 1 t6te & € ((b)) éxer 18&n 3. Téhog
TopaTNEoUE 6Tl To TeTpdywvo xdde atolyelov tne G avixel oty (S). Autd uag Sivel ot
Yio T0 T, ToL YpdpeTon oty wopgh RISI, éyovue 7P = zx? = RISIS* dpa x € (S)
z? € Cy. Aol j((b)) N C,, = {1} éyoupe 2% =1 xor © = 1.

d) {Pii}ti=1,.6 C Ar. Xtnv neplnwwon auth Ohec oL Yéoewg P § = 1,...,6 xou
ToLAdyLoTov Uia and T P j xow P j =1, ..., 4 Swoocdhadiletan otny enéxtoon F/Fy. (Trev-
Yuuilovue oL oL Véoewg Poj Psj éyouv Slagopetind TOTo SloaxAddwong oV xaL U6vo av
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3,n) = 1. Tro¥étouue 6Tt n P11 otadepornoleiton and to a xau étu Py jotadeponoleiton and
? \ B )

70 b. Xpnowuomol®vtag 1o noploua 2.2.4 €yovue 6TL 0 opouopPLouss B elvon TETPLIUEVOC Mo

1 enéxtoon ouddwy elvon xevipudh. Emnmiéov undpyouy otoyelo R € m1(a) xou S € 771(b)

T€ToLa OOTE

(R) = Cap, (S) = Cyy,.

H oudda Gal(F/Fy) = C), elvon xown vtooudda twv (R), (S) ondte, dokéyovtag xatdAnhous
yevvAtopes R, S, éyouue g mapaxdtw oyéoeg uetald v R, S,

R™=1,R? = S°

TuuPorilovue ue T v npoBori G — G/Cp. Agol 1o w(RS) = ab éyel td&n 3 oty A4
éyouue xou v emnpéovetn oyéon (RS)? = R?F uetaZl tov R, S. Opllovue v oudda Gy

G1:=(R,S|R®™ =1,R* = S® (RS)® = R?). (2.42)
Hpogavee (R?) ebvor ulo xavovix| vroouddo tne Gy xow Gy /(R?*) = Ay dpo G = G.
Oa anodeiZovue btu undpyel Ubvo uia oudda ue Tov TOTO dhddwone TN nepintwong d),
dnhadn undpyet uévo ula oudda mou va oplleton and T oyéoeic e (2.42). Avotuyhe, dev
pmopéooaue va Bpolue éva TpoTo Tpoodloptouol tou k oe xheloth wopph. Me tnyv Bordeia
Tou TpPoYpPdUUaTOC UTohoytoTic dhyeBpac MAGMA [18] uroloyloaue tnv Th tou k yio
JLaPOPETLXES TWIES TOU N

n|2 3 5 6 7 9 10 11 13 14 15 17 18 19
k|1 1 5 1 6 7 5 8 9 6 10 11 7 12

7

Oo anodelfovue thpa 6T UTdpyeL Lovo Ulo oudda G ue Tov TUTO JAAIdwWoNS TN

nepintwone d. Aol 1 enéxtaon otny nepintwon d) elvar xevtpuwd €xovue
H?(A4,Crn) = L 2) X Lin3)-

Oa yetprioovue 10 TARdog i(A4, Cr) TV Un WoUbpYwY o0uddwy G, Tou TAlEVOUUE EmE-
xtelvovtag v oudda Ay pe Cp. Tny neplntwon (n,3) = (n,2) = 1 and tov mopamdve
U0 cuvouohoylag €youde OTL 1) eméxtaoT) dlaondtal xot 1 oudda G elvar Loduopgn UE TNV
Cr x Ayg. Ty neplntwon (n,2) =1, (n,3) = 3 n unoenéxtaon

1—C,— 71 t(Vy) — Vg —1

draondron and to Vedpnua Zassenhaus , ([14], oeh. 162) xa, cOupwvae ue 0 Muua 2.2.7,
€youue d0o duvartotnteg Yo TNy doun e G

G=2Cp XA hGE =2V xCsy.
Yy mepintwon (n,2) = 2,(n,3) = 1 éyovue H?(A4,Cy) = Zs. O 300 ouddec mou eu-
pavilovtar elvan 1oduopges we tic 0o ouddec mov Berixaue oTny TEp{TTLOT C).

Ac vnodéoouue 6t (n,2) = 2, (n,3) = 3. Ou anodel€ovue b1t To TAAYOC TwY Un LOOUoPPLY
XEVTpGOV emextdoewy tne Ay ue Cp ebvon i(Ag,Cy) = 4. Tpdgouue 10 n = 293Pm e
(m,2) = (m,3) = 1. Tndpyouvy ubévo dbo un oduopyes enextdoeic G 4 = 1,2 tng uopphc

1— Csoy, — G — Ay —> 1,

onwe delloue oty meplntwon (n,2) = 1, (n,3) = 3. H oudda G diveton cov ulo enéxtoon
v G, Snhadh

1—Cop —G— G, — 1.
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Ioyvplouaote 6t n G éyel o duvatdtnres yio xdde emhoyh twv G ¢ = 1,2, Hpdyuatt,
H(Cspp, Coa) = Hom(Csp,py, Coa) 20

OLVETRC 7 TapaxdTey oxohoudia (restriction - inflation)

!
0— H2 <CG1 702‘1> — HZ(G;',CQa) N HQ(CSbn“Cza) ~
3bm

elvar oxpBric, To omolo uag dlvel 6Tt H2(G§, Csa) = Z agol

!
H? (i,02a> = HZ(A4,C2a) = 7.0
C3bm

IMpoxewévou va anodeifovue 6Tt 0 TOTOG SLoAdSWoNE Vol LAOTIOLAGLUOE XATd TERITTWOT)
Vo mpénel var Bpolue éva divisor D € D, (A4, Ar C A, ) Boduol 0 mod n.

a) O timog Staxhddwong oe auth v neplntwan vhonotitar and to AMuuo 2.1.7.

b) Av Ag = {P21,...,P24,P51, ..., P34} malpvouue s tpoyiéc O(F;, As) émou P; dev
otodeponoeiton and v Ag xou Yétouue A(P;) = lmodn, AP ;) = —A(Ps,;) modn. 'Etou
deg(D) = 12s xon unopoVUEe va StahéZovue to TAYOC TV TpoYLOY s xaTd TETOLO TPOTO WOTE
deg(D) = Omodn. Av Agp = {P1,..., P24} maipvouue s tpoyéc O(P;, A4) bmov P; dev
otadeponoeiton and v Ay xou Yétovpe A(P) = 1modn yia 6o ot P € supp(D). O Badude
Tou D elvon

deg(D) =4 + 12s.

Tuvenwg, agol (n,3) = 1 éyovue 6t (n,12) | 4, dpa unopolue vo BpolUE s TETO DOTE
D = 0modn.
c) Eyovue Ag = {P1,1,..., P16} Eow ng 1o xouudrl tou n yia 10 onolo

B(b) = 1 mod nyg.

Ané 1o Muua 2.1.6 elvan apxetd vo anodelfovue 6t deg(D) = 0mod ng. Halpvouue s o
mAfdoc tpoytés O(P;, Asa) 6mou P; dev moapogével otodepd and v Ay xow Yétovue A(P) =
1modn ywo 6k tor P € supp(D). Yrohoyilovue 6t

deg(D) =6 + 12s.

Agob n =2mod4 A n = 1mod2 éyouue 6t (ng,12) | 6, cuvends unopodue va Beolue €va
s Tétoro wote deg(D) = 0mod ng.
d) {P1,i}i=1,..6 C Ar. Emiéyoupe s tpoyiéc O(P;, Ay) émou P; dev otadeponoelton and
™y Dy,. Av
Ar={P11,.wPre, Po1,...; P2a}

téte Vétouue A(Pr;) = lmodn yw i = 1,...,6, A(P2;) = —1modn ywo j = 1,...,4. Av
AR = {P171, ey P176, P271, . P274, P371, . P374} T6TE @éTOUHE )\(PL,') = 1modn xo )\(PQJ') =
—A(Ps)modni=1,..,6,j=1,..,4. O Boduol twv nopandvw divisors elvou

deg(D) = 2+ 12s xou deg(D) =6 + 12s.
Mnopolue va ndpouue 1o s €tot wote deg (D) = 0mod n. [Ipdyuatt, 6nws oTic TEPLTTOOELS,

b) xou ¢) napatnpodue n = 2mod4 4 n = 1mod2 xot, av ou Yéoewc Psq,..., P34 dev Sl
xhadilovton oty F/Fy téte (n,3) =1 and ty napatipnon 2.1.5
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2.2.8 H oudda A;

H oudda A5 eugaviletor k¢ 0udda dUTOUORPIOUGY TOL PNTOY CWHATOS CUVAPTHCEWY UE TOUS
TapodTe TOTOUS StaAddwaorng, Touc onoloug Ya yelpLoTOVUE TaUTOYPOVAL:

o) Xtnv eméxtoon FO/F545 tpelc VéoELC P1, P2, P3 NG F545 drondhadilovtan, ue delxteg
dahddwong er = 2,ex = 3,e3 = 5 avtiotorya. [ v yoapaxtneiotad p Yo mpénet va
vnodéoovue 6t p # 2,3, 5.

B) Ttnv enéxtoon FO/F(;45 dVo Yéoewc p1,p2 Standhadilovtor pe Boduols StaxAddwong
e1 = 6,ex; =5 avtiotolya. Xe auth TNV TEPITTWON 1) YoEAXTNPLOTIXN p = 3.

Oebdpnua 2.2.15 A¢ unodéoouue dt n oudda Go = G/Cy, eivan woduoppn ue ty As. H
ouvouoloywoud xAdon a € H?(A5,C,,) nou mepiypdper tnv G xadoplletan and tny ouvouo-
Aoyror] xAdon mou avtiototyel otny unoenéxtaon uids 2-Sylow vnoouddos Ho.

Yty replntwon nou (n,2) =1 7 nou dhec o Jéoeig Tou Fy unép tou pr avadlovraw otny
enéxtaon F|Fy t6te G = Oy x As. Awagopetixd 1 ouddo G Séyeton ulo nopdotacy uéow
YEWNTOpWY Xat oyéoewy we e€nc:

X,Y,Z,T| T"=X*=1Y>=T,2>=T,(XY) =T',(Y2)* = T°,
(X2 =T XTX ' =T,2TZ ' =T,YTY ' =T ,

yLo xdmowoug axéeanoug m,l,0 € {1,...,n}.

Anoédeldn:
H opdda As elvor uia amhi un offehiavi oudda dpa 0 ououoppiouds Spdornge

B:As — 77,
elvon TeTPYUUEVOC XaL 1) EMEXTAON
1—C, —G— 45 — 1 (2.43)
xevipudh. Trohoyloaue ot H?(As, Cp) = Z(y, 2)- Av 0 n elvon mepittodg tote
G=C, x As.

Trodétovue thpa b1t 0 n elvon dptoc. And tn mpdtaon (2.2.2) éxouue bt n cuvdptnon
TEPLOPLOUOD

T2 H(A5,C) = HX(A5,Cn) 2y — H>(Hz,Cp) = Lo ® Lo @ Lo,

2.44
a > resa,H,(a) ( )

onouv Hy =2 Vy elvon 1 2-Sylow vrooudda tng As, elvon «1-1».

Ocwpotue tny eméxtaon Fo/F? n onola eivor Boduot 4. Ou Héoeic tou Fy? mou duo-
xhadilovton otny enéxtaon Fy/Fy'? Beloxovtaw unepdvew e Véong pr. [lo va ueletioovue
™y oudda T (Ha) Yo Zeywploouue Tic mapaxdtw TepttTioe: elte 6hec oL Véoec Fy umép
Vv p1 avahbovton oty enéxtaon F/Fy, elte Ohec oL Yéoeic tou Fy unép tne pr Stahadilovron
oty F/Fy.

Tny mpdn Teplntwon and Ty MEAETY Twy SLedpixmy enextdoewy éyovue (Hy =2 Vy =2 Dy)
XOL 1| CUYOUONOYLOXH XAAON Tesa, v, (a) oty H?(Hy,Cy) elvon tetprupévn, xou ool 1
ouvdpTnon neploptouol (2.44) elvan «1-1» n cuvouoloyloxr xAdon a elvon enlong TeTpyuUévn.
"Apa

G =0y x As.

Ty neplntwon nou dhec oL Yéoews Tou Fy unép tng pr1 dronchadilovton oty F/ Fy, ano ty
HERETN TV ETEXTACEWY SLESPLXY 0UdDWY, €Y0LHE OTL 1) TEPITTWOT) AUTY UTopPEl VoL EUQAVIOTE
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Hovo 6tay = 2mod4. O exppdoovue TNy oudda G uéow YEVVNTOpwWY XL oyéoewy. Eivor
Yvoot6 [14] ceh. 138 6t n ouddo As déyeTon THY TopoXdTL TOPIOTUON LECL YEVVNTORWV
X0 OYECEWY:

A5 =(wyz | 2” =y* = 2" = ()" = (y2)” = (w2)"). (2.45)

‘Eotww T évag yevvtopag tng xuxAuxhc ouddag C,. H oudda avdhuong twv Yéoewv tov F
mou enextelvouy tny Véom p1 €yel ula xuxhixy) vnooudda tdEng 2n. Eotw X,Y otoyela
T8Eng 2n, tétowa wote T(X) =z, 7(Y) = y. Mnopolue va emhéZouue to X, Y étol dote
Y2 = X2 =T. Egopuédlovtoc Ty m ota Yvoueva Twv X, Y xou yenotlonotdvTog Tic oyEoELS
HETAZ) TV YevwnTépwy e As dnwe autéc divovton otny (2.45) xatahfiyOLUE OTNY TapaXdTe
napdotaon e G

XY, ZT| Th=X*=1Y’=T,2°=T,(XY) =T', (Y 2)* = T*,
(XZ2)? =T" XTX ' =T,21Z" =T, YTY "' =T )

6mov m,l,0 € {1,....,n}. Ot tuéc Twv axépotwy m,l, 0 UTopoldV va LTOAOYLOTOUY XAVOVTS
xphon e mapdotaonc tne m (Vi) uéow yewntépwy xou oyéoewv. H mporyuatonolnon
AUTOY TV LTohoYlouwy elvar SUoxoAn, xou dev umopéoaue vo Bpolue éva TPOTO VoL TG
TPAYHATOTOLAoOVUE YeEVIXd. Kdvovtag yehon tou mpoypduuatoc UTOAOYLOTIXAS SAYEBPAS
MAGMA [18] yio ouyxexpuléves TWES TOL N, UTOPECUUE VO UTONOY{GOUUE «TELOOUOTLNGLY
6L unopolue vo emhéZovue m = 1 =1 =1yaan =2 xu m = 1,0 = 3,1 = 2+ 222 yu
n>2,n=2mod4. O
‘Eotw D évag divisor oto cOvoro Dy (45, Ar C A, 3)

D:Zaizp+§s:A(Pi) > P

i=1  Plp; PcO(P;,As)

omou a; = 0 av oL Véoelc p; dev avixouy oto Ar xou a; = A(P; ;) av ot Yéoewc tou Fy unép
e pi avixouy oo Ag. Me P; j Yo cuuBoAilovue uia tuyaia 9éom p;. O Barduog tou D otny
nepintwon o) elvon

deg(D) = a;30 + 220 + az12+ 60 Y _ \i(P;),
i=1

Auté pag divet 6tL 1 ouviixn
(60,n) | @130 + a220 + a312,

elvar avaryxafor xon vy yua va eugaviletar avtog o tinog SaxAddwone.  Ouolwg oty
nepintwon b) n cuvdrxn
(60,71) | a110 + (12].2,

elva ovoryxodor xon teavi yia vor eugaviletat o tonog Staxhddworne tng tepintwong b).

2.2.9 H oudda Sy

Trodétovue 6t G/Cp = Ss. H meplntwon auth eupavileton uévo otig yopoxtnelotixés
p # 2,3. ¥tnv enéxtoon FO/F(;94 drohadilovton tpelc YEoELC ¢, g2, g3 TOL owuatoc Fy, ue
Baduolc dlanhddwone er = 2,ex = 3,e3 = 4. Botww {P1ih<i<i2, {P2}1<i<s, {5,k }1<k<6
o obVoAa TwY Yéoewv Tou Fyy mou Peloxovton utepdve WY ¢, g2, g3, avtiotolya. H oudda

S4 déyeton TNV TopaxdTw ToPdOTACT, OE YEVVNTORES XOL CYEOCELS:
Sy = (z,y | y? a*, (x71y)® = 1), (2.46)

eve 1 Ay elvar n unoouddo e Sy mou TapdyeTaL oo Ta otouyela a2, Y.
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O tomog drohddwone e S ouyxpewouevog Ue autov g Ay dlvetan and to mapandte
ddrypouuo
Fy P,...Pri2 Pea,e,Pog Psp,..,Psg
| \/ S\ \/s \/2
*

Ay
FO

D2 p3 P1
|S |2 \/ |2
Fy+ q g2 q3

Ocevpnua 2.2.16 Eotw ot n oudda G/Cp = Gy elvan 1obuoppn e TNV CUUMETELXY odda
Sa. Ataxpivouue Ti¢ TopoxXdTe TEPLTTWOELS Yia TNV oudda autouoppioudy s G.

a) {Pri}i<i<i2 U{Psrhi<k<e C Ar. H Spdon e Sy enl e Cp elvan tetoyuuévn. Av
(n,2) =1 t61e G = Cp X Sy evdd av (n,2) = 2, n = 2mod4 téte 1 ouddo G Séyetar ™y
THOUXATE THPAOTACT) OE GPOUS YEVVNTOPWY CYECEWY

G=(X,V,T|T"=1,Y =X*=XTX ' =YTY ' =T,(X7'YV)? = T"),

yia xarow k € {1,...,n}.
b) G = C, x Sy o€ ec Tic UTGLOLTES TEPLTTEOELS.

Anéden: H ouvdptnon @ tng mpdtaong 2.2.2

H?(814,C0) = @pp5 H2(S1,Cn)py H*(H,,C,) ® H*(Hs,C,,)

a=as+as > ress,H,(a)+ress,u,(as) ’

elvar éval mpog éva, émouv Hy (avtic. Hs) elvon onowadAnote 2-Sylow vnooudda (avtic. 3-
Sylow). Oa anodel&oupye 10 napaxdTw

Aupa 2.2.17 Av G/Cy, 2 Sy, té1€ 1 ouvdptnon:

H2(54,Cn): — HZ(HQ,Cn)
a=ax+as —> ress,y,(a2)

)

elvon emione éva mpog €var.

ATE(’)SELET]: Av Ar D {P27j}1§j§8 U {PS,k}lngGV’] AR D {Pl,i}lgigu t6TE N 8pd(on ™me Sy
ent e C), elvan tetprupévn, ouvends H?(Sy, Crn) = L) X Lz n). AV ARN{Ps j}1<j<s =0
TéTE and TNY UENETT TWY EMEXTACEWY XUXAXOV OUASWY, EYOVUE 6Tt Tess, i, (@) = 0. Télog
av Ar D {Psj}i<j<s ovd Ar N{P3r}i<k<e = 0, Tt amo TRy uekét e nepintwons b)
oty uerétn e Ag éyouue 6t (n,3) = 1, xou ouvende H?(Hs, C,) = 0. O

Arnodel€aue 61 1 doun g ouddag G xardopileton and TNy dour| TnNg UTOETEXTACTC

1— Cp, — 7 Y(Dy) — Dy — 1.

OewpoluE ToV TaPAUXdTw TOPYO ENEXTACEWY:

Fy P, P2 Pyy,...,Pg Py, ,Pg
| 2\| |/ \/ 2\l 4l/
Fy* P % * 2
3] 1\/2 3 2\/1
Fyt ¢ P q3

O t0n0g Stoxhddcong Tou gz oty enéxtaon Fy/Fy* Sev ennpedlet tov THmo Slandhddwong tne
enéxtaonc Fo/FP*. Oa mpémner va DewphoouUe Tic Topaxdte Teptitdoeic:

1. AN {P i }i<iciz = 0 xou {Psp}i<i<e C Ar N
ArN{Psrti<k<e =0 xou {Pyi}1<i<12 C Ag.
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Ko otig 800 nopandve nepintddoets, n Spdon tng Sy oty O, elvon tetpyupévn. Emniéov
10 y € Sy otadeponolel o Yéom tou Fy umép Tou g1 xan o Véon tou Fy umép Tou g3.
Tuvenme and v moapathenon 2.1.5 éyovue 6t (n,2) = 1. Anhad n oudda cuvouohoyiac
H2(S4,Cn) = 0, o G =2 Cn X Sy.

2. AR N{Pih<i<i2 = A N {Psrhi<k<e = 0. Te auth my neplntwon and v ueké
TWY ENEXTACEWY BLedpLxY ouddwy €yovue ress, p, (a) = 0, dnhadh a = 0 xow G = C)p, X Sy.

3. {P1ih<i<i2 U{Psr}i<k<e C Ar. Xe auth tnv neplintwon n dpdon tou Sy enl tng
Cy, elvon tetpruuévn. Xuvends av (n,2) = 1 t6te G =2 Cp, x Si. Av (n,2) = 2 téte and
TNV UEAETN TV EMEXTACEWY SLeESpx®yY ouddwy, 1 Teplntwon avth unopel va eugaviotel udvo
n = 2mod4.

‘Eotww T yevvrtopag tng xuxhixrc ouddag C),. Oewpolue otoyela X,Y oto G td€ewv 4n
xat 2n avtiotouya, tétola wote m(X) = 2 xou 7(Y) = y. Mnopolue va StahéZovue to X, Y
xotd tétoto 1pémo wote Xt =T xou Y2 = T. Emnmhéov, éyovue tic oyéoeic XTX L =T
xoo YTY ™! = T. Egopuéloviag v 7 ota ywopeve tov X, Y xou xdvoviag yphon g
Tapdotoons (2.46) xatahiyouue oty Topaxdtw Tapdotacn yia thy G:

G=(X,V,T|T"=1,Y?>=X"=XTX ' =yTY~! =T, (X"'V)} =T")),

v xdmowo k € {1,...,n}. Av xou n dour; tng G unopel vo ntpoodioptodel and tnv dour tne
71 (Vy) etvon moh0 B0oxoho vo utoroyloovue Ty oxplBA Twun Tou k yewxd. Kdvovtog yerion
Tou Tpoypduuatoc MAGMA [18] urnohoyiooue to k yio Sdpopes Tués tou i, n = 2mod 4.
Ye 6ha Ti¢ TLWéC Tou i mou utohoyloaue k = 2 + "sz. O

IMpoxewévou va anodel&ouue dtL oL nopamdve tonol Sioaxhddwong elivo UAomotiowuot Yo
mpénel vo Bpodue éva divisor D € D, (Ss, Ar C A, ) ye degD = 0modn. 'Onwe xow otny
neplntwon tng ouddag As xUTah)YOUUE OTNY ToEoXdTe GuVDTXT

(T’LO, 24) | ay 12 + (128 + (136,

g v xa avaryxalo cuxviAxm v deg(D) = 0mod ng, 6mou a; = 0 av oL Véoewc P; j Tou Fy
Tou enextelvouy To p; dev Stohadilovton oty eméxtaon xat a; = A(P; ;) # 0,, dopopeTind.

2.2.10 Ou opddeg PSL(2,q) xoaw PGL(2,q).

Ty neplntwon auth n oudda Gy = G/C, elvon wobuopen ue v PSL(2,q) H ye tny
PGL(2,q). Ytnv enéxtaon FO/FOG0 drohadilovton udvo 3o ¥oelc pr,psr. Elvar adbvortov
va dwdel ular yevixd| mapdotaon e G UEow YEVINTOpWY XL OYECEWY ool Sev UTdpYEL OGOV
yvopllovue, avdhoyn yevuxh tapdotacn Twv ouddwy PSL(2,q) xow PGL(2,q) oe bpouc yev-
VNTOpWY OYECEWV.

O anodeifovue TO ToPOAITE:

Ocvpnua 2.2.18 Eow Gy = G/C,, oudda toduopyn e tny PSL(2,q) 1 ue pyy PGL(2,q),
érou q elvan Sovaun tne yapaxtnowotxrc. H ouvouodoyiaxy xidon a € H?*(Go,Cp) xo-
Yop(leton and TOV TERLOPLOUGS TeSG,— H, () o€ ula 2-Sylow uroouddas Hy.

Iaitepa, 6tav (n,2) =1, 1 dtay o Yéoeic Tou Fy nou enextelvouy Tic p1,pa avallovia
oty enéxtaon F|Fy téte G = Cp, x Gy.

An6delln: O anodeléovue Tpdh T T0 ToUPUXTE
Adupa 2.2.19 N Gy = PSL(2,q), PGL(2,q), n oudda H*(Go, Cy,) elvon ulo 2-oudda.

Anodelln: Zeywpllovue Tig mopoxdte dVo TEPLTTOCELS:
Mepintwon 1. Gy = PSL(2,q), (¢,2) = 1 { Gy = PGL(2,27) = PSL(2,27).

Agos PSL(2,q), 6mov q = p! elvor SOvoun tne yopoxtnplotinic, elvon oamhf oudda, 1
dpdon e Gy ent e C, elvon tetpLuuévn,.
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Troloylooue ot

2 o) Zian av pl#£9
H (PSL(27Q)7Cn) - { Z(6,n) oy pf =9

= (n,2) apol vnodéoaue bt 1 YapaxTELOTIXY p SeV
) =L
= 1. O nuprvag toL ououopPLEUoL Spdong

HMopatneotue 6t av pf =9 tée (n, 6)
Suonpel to n, ouvenwe H2(PSL(2,q),Chy
Ilepintwon 2. Gy = PGL(2,q), (¢,2)

B:PGL(2,q) — Z7

elvaw fj ker 8 = PGL(2,q) f ker§ = PSL(2,q). ¥tnv npddtn neplntwon n enéxtaon elvon
xevtpueh xon H?(PGL(2,q),Cy) = Li(n,2) X L(n,2)- Hopatnpolue 6t

agol 1 PSL(2,q) elvon amhh xon un oehoviy. Tpdpoupe v axohoudio inflation-restriction

, ( PGL(2,q) ‘
— 2 (= —Z\™H) 2 2 ~
0—H (PSL(M) ,C’n> — H*(PGL(2,q),Cn) — H*(PSL(2,q),Cn) = Lo

xon apol PGL(2,q)/PSL(2,q) = Zy éyovue 61 H*(PGL(2,q),C,,) eivon pio 2-ouddae. O
Emotpégouue otny anddelén tou 2.2.18. O povouoppiouodg @ tne npdtaong 2.2.2

H*(Go,Cn) = @ H*(PGL(2,0),Co)y — P H*(H,,Cy)

tlg(g%—1) t—Sylow

onou 1 Hy Swatpéyet tig t-Sylow unoouddeg tng G lvon €vol Tpog €val X GUVETKOS 1) CLVSETNOT
TEPLOPLOULOD
HZ(Go,Cn) — HZ(H27Cn)
a — B =resgy—H,(Q)

7

elvon enlone éva mpog éva. H 2-Sylow umooudda Hy elvon toduoppn ue ulor Siedpux| ouddo
Dsxc, t8&nc 2K+ énov K = max{va(e1), va(e2)}.

Emmiéov av (n,2) = 2 té1e 1 oudda cuvouoroyiog undevileton, ouvende G = Cp, x Gy,
EVE a6 TNV UEAETN TWV ETEXTACEWY TV SLEdPX®OY Ouddwy €yovue OTL av OAeg oL VEoelg
Tou Fy umepdve tov pr,pe avakbovtal otny enéxtaon F/Fy, tote f = resq,—m,(a) = 1,
ouvvenwe G = O, x Gy enlone. O

‘Eotww D évac divisor oto Dy, (Go, Ar C A, ), o ng o UeyohlTtepog donpétne Tou n,
tétolog Wote B(o) = 1 modng. Tougwva pe to Muua 2.1.7 éyovue 6t deg(D) = 0modn &
deg(D) = 0mod ng. Tuvendg 1 mopoxdtw cuvdnixm

(no,q(g — (g +1)) | arg(g = 1) + az(g + 1)

elva eavi) xon avoryxalor yiar var éyouue deg(D) = 0modng, émouv a; = 0 av ot Y€oewc touv Fy
UTEPSV® TWY P; avixouy oto AR xou a; = A(P), P | p; diapopetind.
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Kecpo’c)\ou.o 3

2" +y"+1=0

3.1 H nepintwon n=m

H meplntwon avty| ueketiinxe otg apyés tne dexaetlog tou 70 and tov Leopold, aAAd Snuo-
oedtne npdopata. H 3¢ neplntwon n = g — 1, 6nou g elvon SOvoun Tng yopax TneLoTixc Tou
owuatog elvar Wialtepa EVILAPEROUT, APOY T TOUATA CUVIPTACEDY AUTMY TV XUUTOAWY
elvar auplonta lwodlvaua ue ta oduata cuvapThoewy tou Hermit, oduata ue unepBoixd
HEYdAO TARYOC AUTOUOPPLOUGDY GE GYEOT UE TO YEVOC TOUC, XOU UEYLOTA 60wV opopd TO
mAdoc twv Fy pntddv onueiwy touc.

O Leopold amédeile 61t 1 ouddo awtouoppoundy G twy CWUATWY CUVAPTACE®Y TWY
xoumOhwy Fermat elvon .oouopen mpog

G pn)?xS; av n—1#gq
| PGU@B,¢*) av n—1=¢q

3.2 H neplntwon n #m

Yta emoueva Yo cuuforilovue ue Fy, ,, 0 oOUo cuvapTAoewY ulag aAyeBpuaric xoumding
e wopphc ™ +y™ + 1 = 0, oplouévne umép To ahyeLpLxd xAeLoTO U k YopaxTnetoTixhg
p > 0.

Iopatnpodue 6Tl To oWU Fp m amoTeAel xuxAr enéxtaocy tou Kummer twv cwudtwy
k(z) xou k(y). Eotw Pu—q), (Py=p) ovtiotoya) ot 9éon tou k(z), (k(y) aviiotolya ) mou
avtiototyel oto onuelo & = a,(y = b avtiotoiya) tou PH(k). Oo cuufoiilovue ue v, TV
extiunon tou k(x) mou avtiotolyel otny Yéon P.

n L ov P=PFa
vp(e" +1)=vp (H(ﬂf - Cz)) =9 n v P=Paq)
i1 0 drapopeTind

CLVETIAG 0 aELUOC Tp TwY Yéoewy LTEpdvw TN P xau ol avticTouyol Baduol dtaxhddwaong ey
vroloyilovtaL:

1 av P = P(ﬂviCi) m av P = P(z:Ci)
rp=4 (mm) o P=Peoo) eP=1 mm ¥ P=Po-x)
m dropopeTind 1 drapopeTind

6mou ((;)i=1,...,n Elvar oL n-ootég pllec tou —1. EZ autloc e ouuuetploc avdpecso ota m
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xoL N €YOUUE:

1 av P =Py n av  Py—c)
rp=4 (m) o P=Py—n) ep=3 w5 o Py
n SropopeTind 1 dLoupopeTind

6mov (€)j=1,..m €lvow ou m-o0otés pilec tou —1. O xOplot divisors twv dVo yevomolhvy
GUVOPTNOEWY T, Y TOU owUaTog Fyy my elvo:

m (n,m

)
m
(2) = Ply=0) — Pla=) :Zai— W ; Y5

i=1

(n,m)

n n
(y) = Py—0) — Ply=oc) = ;Bi T om) ; dj,

omou a;,,, B;, 85 elvor oL enextdoelc, 010 oOUA Fyy m, TV Vé0ewY Pp—o), Po=x) € k(T)
xot Pry—0y, Ply—oc) € k(y) aviiotoya. Troloyicoue enioec 6t pia Bdon tou xopou twv
ONOUOPYLV SLapopixdy elvor 1)

oyl w, (i,j) €1

6mou I elvar 10 6UVONO TWY dELXTOV:

. 2g—2 im+nj
I:= [\ - >0p. 3.1
(e e w05 - 0 20 ey
Hol
dx dy
W = = — .
mym—l nmn—l

3.3 TYmroloylowds nuLouddwy tou Weierstrass
Optloupe Yo ular 9¢on P v nuiouddo tou Weierstrass
E(P):={veN:3f € F,/(f)o = VP}.

Ta otouyela touv E(P) ovoudlovtow moiwol apuduol oto P xou to otouyela tou N\E(P)
ovoudlovtow mndnuata oto P. ' xdie divisor D tou oduotog cuvapthoewy Fy, pm opllovue
Tov menepacuévne ddotaone k dtavvouatixd yweo L(D) = {f:(f)+ D > 0}. Oétouue
£(D) := dimy, £(D). Hopatnpotue 6t s € E(P) av xou wévo av £(sP) = ¢((s —1)P) + 1.

Ixonds authc TN mapaypdpou elvar o UToAoYLoUGS EvdE xoupatiod Tou cuvdiov E(P)
v tic Yéoewc P = a; A B;. loapatnpodue otL oL Véoec a, s = 1,...,m, B, t =1,...,n €youv
v (St nuLoudda tou Weierstrass. To cOvoha

w'ylw haiy’w (i.4) €1,
omov T1 =T — (, Y1 =Y — €1, ebvan eniong BAoEC TOL YOEOL TWY OAOUOPPWY BLUPOPLXWY.
Enmumiéov woylel ot
Vo, (T'yiw) =i+ nj, vs, (ziy/w) = mi+ j.

Ané 10 Yedpnuo Riemann-Roch éyovue ot

s € E(P) & ((sP) = £((s — 1)P) + 1 & (W — (s — 1)P) — {(W — sP) =0,
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omou W elvan évoc xavovixde divisor tou oduatoc Fj, .. Awahéyovue yio W tov divisor
Tou w. H ddotaon tou yidpov LW — sP) unopel va Yeadel ooy 10 TARYOC TV YRoUIX®S
aveZapTHTwY OhOUGPPWY BLapopx@y Tou €xouy plla oty Véon P tdéne > s, apold

LW =sP):={f:(f) 2 - (w) +sP} = {(fw) > sP}.
Ané v &, aot 3.1) éxovue 0 < i <nxow 0 < j < m, ya(4,5) € I, o onolo anodexviel
OTL OL GUVAPTHOELS
. I — N . I — N
" (i,§j) — i+nj+1 mn (i,§j) — mi+j+1
elvon «éval mpog €vay. BUVETMC oL EXTLUNOELS Va, (@'yl w) Talpvouy SLapopETIXES TLUES Yot

SrapopeTind (7,7) xan to (do oy ler xou Yo Tig exTiunoels vg, (1Y w), dpa n extiunon evog
oNOUOoPPOL BLapopixol Elvorn

v Niiziylw y = min v, (N iziyiw) = min 1+ njt.
“ Z 1301y Ai ;70 a1( 11y ) (2,7) tétoLa dote Aij 0{ ']}
(i,5)€I
Apa
(W —say) = [{i +nj >s,(i,j) € I}
xol ouolwg

W —s B,) = [{mi+j > s,(i,j) € I}]
Suunepévouue 6t (W — (s —1)ay) # 6(W —say) av xou ubvo av undpyet (i,7) € I 1i+nj =
s — 1. O mnddprduoc tou ouvdrou {i +nj +1,(i,5) € I} = ®,(I) elvon g, dpa To TNdAUAT
oty Yéon ai elvon @,(I). Ouolwe ta tndiuata otny Véon B, elvan ¥, (I).

Do tic avdryxeg pag elvon apxety| 1 UEAETT EVOS Utxpol UOVO UEEOUC TNG NULOUADAS TOU
Weierstrass. ©Oa neplopltotobue otny UeAET) v mndnudtwy otny Yéon ap to onola elvor
exovee, Tng ouvdptnone ®,, Tou cuvéhouv I} = {(i,0) € I}, Elugwva ue tny e&lowon (3.1)
70 (4,0) € I} av xon wévo av
n+(n,m)

-

Awonpolue 1o 1+ (n,m) yue m : n+ (n,m) = km + 7, 6mov 0 < r < m. Av ¥éoouvue

i<n—1- (3.2)

n—k 6tav =0
t:= ’ )
n—k—1 o6tav >0
téte and y (3.2) éyovue 6t i <t — 1. Emmiéov n+ 1 = &,((0,1)) elvon éva mhAdnua yiot

v ¥éon ar. Téhog, 1 Sour| Twv ToAxwY aprdumy xoL Twv TNdNUdTwY 6To ag Uéypl To n + 1
ebvou:

0,5 2oty bHL ooy pE L (3.3)
mndfuata nohwxol aprduol ThSNU

Ouolwe v Ty Yéon P = [, vnoroyilovue 1o xouudtt tou E(f;) to onolo elvar tng
topeic ¥, ((0,4)), (0,7) € I. Awupodue o m+(n,m) ue n: m+(n,m) = An+v,0 < v < n.
Agobd m < n, to X npénetl va elvan undév n éva. Onwe xon otny uerétn tou E(aq) av Yéoouue

i m—A oy v =0
Tl m—-A-=1 ébtav v >0

téte j < t' — 1. Iopatnpodue 6t A = 1 av xou u6évo av v = 0, ouvende t' +1 = m xou 1
doun| Tng nuiouddag tou Weierstrass otnyv 9éon B, uéyet o m + 1 elvou:

0, 1, 2, ... ,m—1, m , m+1, .. (3.4)
g ~— ——
TndAuoToL ToAx6c aptdude TASNU
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Adppa 3.3.1 Eotwn =mer +11,0 < rp < m, 5 Swddpeon toun ue m. O apududs t ioolte
uen —rk1 — 1. Emridov ay m+1<n e m <t+ 1. Yny neplntwon m + 1 = n €yovue
m=t+1.

Anodedn: Oo egetdoovue 300 TEPLTTWOELS:
1. m|n dpa (n,m) = m. Autéd onualvel 6t k = K1 + 1 o r =0, cuvendc t =n —ky — L.
2. m 1t ndpa (n,m) < m. Hpogavide
n+ (n,m) =rkim+ry + (n,m).
Aoy wpllovUe TIg THPAXETW UTOTEPLTTWOELS:

e Avry + (n,m) =m, t6t€ K = k1 + 1,7 = 0 xou ovvends t =n — kK — 1.
e Avry+ (n,m) <m, 16t€ K = k1,7 > 0 xou cuvendc t =n — Ky — L.

e H nepintwon ry + (n,m) > m Sev unopel vo cuufel ool (n, m)|ry.

Tehxd n aviodtnta m < t + 1 elvan 10od0vaun pe v =1 < K1 , agold m > 1. To
APLOTERS UEPOS TN TUPATAVG aViedTNTaS elvan UlxpoTERO NG Hovadag extog av rp = 0, 1.
Yuvenode T > Ky povo av k1 = 1 xow rp = 0,1 (n > m dpa k3 > 1). Apa n wodtnta
t+1=m woyle av xau uévo av n =m + 1.0

Afupa 3.3.2 Aev undpyer autouopgioude o tétolog dote: o(a;) = ;.

Anédergn: Do xdde ¥éon P xou vy xdde avtopoppoud o € G E(P) = E(oP).
Mpoxewévou va amodel&ovue tov mapamdve Loyvploud mopatneovue 6t E(an) # E(f,).
Mpdrypott, m € E(B;) xow av m+1 < n téte and 1o Mupa 3.3.1 m < t+1 dpa m ¢ E(ay).
Yy neplntwon nov m+1=n,n ¢ E(5,) dan € E(ag).0

Afupa 3.3.3 Av P eivon e ¥éon tou F, ,, xou
P ¢ {{aitizt, . m U{B;}i=1,n U {7k b=t ()

T6TE YL xaje autouoppious o € Aut(Fy,m) toxlet 6t o(P) & {B;}j=1,..n

Anédedn: Oo anodellovue 6t E(P) # E(B;). Tat autd da Soukédouue Ue tov y6po
TWY YpoUX@Y Loppy L(W)* SnhadY ue tic uoppéc

O LW) — k.

H Véon P neplopileton otic nenepaopéveg Véoeg Pu—q), Py=p) T0V OWUSTWY OLVAPTACEWY
k(z),k(y) oavtiotolywe. Oétovue & := x —a, §:=y—b. To clvoho {F'§/w, (i,j) € I}
oynuatiler ulo Bdon Tou YOEoL TwY OAOUOPPKY BLaPoPLXDY, dpa xdE ONOUOEPO SLapopLxd
w1 umopel var ypopel cav:

Z ’Y@jfii‘]jwa Yi,; € k-
(i,5)el

‘Eotww T' plo tomu mapduetpog tou daxtuiiou extiunong oty Véon P. Ot cuvaptiioe ,§
HTOPO0Y VO EXPEACTONY GV TUTLXES SuvaoaeLpég Tou 1

E=YaTh, =) bT'

E>1 I>1
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Emuniéov, agol nOéon P Sev dtaxhadileton ot xoplo eméxtoon By m/k(x), Fom/k(y) éxovue
ot arbr #0. Ou s duvduels twv duvaooepny T, § cuuBollovral Ue:

75 = Z a;:)Tk’ gs — Z bl(S)Tl

E>1 I>1

Ané tov vouo noMamiaotaouol Suvaooepdy utohoyllovue:

a” =b =0, o k<s#0 @) =H) =1 w k=0 g
ags):af,bgs):bf, av k=s#0 a}eo):bg”:o av k>0
Opllouue Tic YoouuIxés Uop@péc:
LW) — k
) = (s) (s)
wp (W, @) = E(m’)e[ Vi,j i
6ToU o
o) =3 alt?, G el (3.6)

k+l=s
To tuyaio ohoUoPQPO BLapoptnd YpdpeToL:

w1 = Z<W1,¢(5)>Ts w.
§>0

Ané v emdhoyn tne Yéone P éyoupe 6t P { (w) dpa 0 Stavuouatinds yopos LW — sP)
yapoxtnelleton and tic ellotoec: 0 = (w, <I>(sl)),v 0 <51 < s—1. Elvou cagpég otL:

LW — s P) = Kerq>(sl_1)lg(w_(sl—1)P) < LW —(s1 —1)P).
Apo LW — (s = 1)P) # LW — sP) av xow uévo av &6~ eivon ypouuixd aveZdptntn and
TS MOpYEC ‘I>(Sl), 0 <s; <s—2, ouvenng:

s—2
s € EB(P) & 3,...,6, ,: 87D =) "¢ 00,

Mopatnpotue 6t %8s Yo poper &) avtiotouyel oe éva 1 x g mivaxa, Tov
S (Bl B2y s O 10y Oy ) (D) €T
Ané tic (3.6) xou (3.5) €xouue 6T
¢,§SO) _ Z (’)b( ) _ (z)
k+l=s

dpat TO aPLOTEPS ETMAVL XOUATL TOL TvaXa TV TEOTWY T — 1 uoppny elvar

(070) (170) (t_ 170)
=0 1 0 0
=1 * ay 0
: 0
s=t—1 * * a'i*l *
) 3




Snhadn o1 mpdtec t— 1 uoppéc %) eivan ypouuxd aveEdptnree xon étot 1, ..., t ¢ E(P). Sty
nepintwon mou m + 1 < 1 o wyvptouds uoc éyel anodevytel. Mpdyuatt, m € E(F;) xou and
0 Mupa 3.3.1 éyovue 6t m < t+ 1 dpam ¢ E(P) xo E(P) # E(f;).

Ac vnodéoouue topa 6Tt n = m + 1. T va anodel&ouvpe 61 E(P) # E(B) Yo npénet v
unohoY{ooLUE €va ueYalUTERO xouudTL TG Nulouddag tou Weierstrass E(P). O vnohoyioude
autde elvar apxetd moAOTAOXOS Yo Tuyaia 1, m. Oa ypnoulonoticouUe Eva YeWenuUa Tou
Leopoldt oyetixd pe ta owuota cuvapTHoEwy Tou YeEVX0o tinou Fermat.

Ocwpnua 3.3.4 Eotww F/k éva odua ouvapthoewy ue éva uovtédo oto A (k) oplouévo

ané éva avdywyo moAukvuro S0o uetafAntey Fyp(x,y) = 0 Boduol n > 4 ywplc 1dio-
uopplec oe memepacuéva onuela 1§ oto drewpo. Av P elvan ulo ¥éon tétowa dote P4
()00, (Y) oo, Diff (F/k(y),Diff (F/k(z)) té1eb(vP) =1 viv =0,...,n—2. Emnréovl((n — 1)P) =
2 av xon uévo av

onotedinote ¥ — 0f = 0mod P*téte & — 0 = Omod P™ !,
énov 8 €k, xu T =z —a,jy =y —b,a=x(P),b=y(P).
Anéderdn: Ilpbxertan yio Ty mpdtaon 4 oto dedpo tou Leopoldt ([17], oek. 267) uoli
ME TOV YORUXTNELOUS TWV COUITWY CUVIPTHCEWY Tou «YeWxol tonou Fermat », oe dpoug
TV ETLTESWY LOVTEA®Y TOUC, 6w Yivetal oTic oeAldeg 262,263 tou dpdpou tou Leopoldt. O
Iopatnpodue 6Tt Tor oOUATA CUVUPTACEWY Fiyt1 m, elvon yevixol tonou Fermat agol

7o eninedo woviého toug mou Blvetow amd v ™ 4+ y™ + 1 = 0 dev elvor WBLéuoppo oe
nenepaouéva onueia § oto dmelpo. o v Yéon P €yovue

Pt (€)oo, ()oo, DIt (F/k(y), Diff (F/k(x))
onéte and 1o Yewpnua 3.3.4 éyovue 6Lt +1=n—1¢€ E(P) av xou ubvo av
btav & — 0§ = 0mod P? téte & — 0§ = 0mod PP, (3.7)

O¢tovue Yy = ¥ /b, x4 = &/a 6mov a = x(P),b = y(P) o alyeBpixd onuela mou
avtiotoryolLy oty ¥éon P. To mohudvuuo optopol ™ + y™ + 1 tng xouniing unopet vo
peTaoynUatiovel
m—+1

bm

a

(I+y)™=1=0,[1+z)"" —1], 0, = — £ 0, 00.

YUVETHE, (EVOVTUG ¥eH|on ToL duovuuLxoL VewpNUATOS £YOVUE

my, —0.(m + Dz, = — Z KT) Yy — 0, (m:— 1> m',f] +6.x7 (3.8)

v=2
To otouyelo 4, Y« elvar Toxéc napduetpor atny ¥éon P, dpo and tny ( 3.8)

m+1

Y« — 0. r,. = 0mod P?. (3.9)

Trodétovue b1t n >4 xwt+1=n—1¢€ E(P) téte and 1 (3.7) xou (3.9) €yovue
m+1

Ys — 0. r, = 0mod P'*!. (3.10)

Emhéov amd my (3.9) éxouvue y¥ — 67 (mTH)V z¥ = 0mod P¥ cuvende xdvovtag ypRor tou
de&ol uépouc e (3.8) xatahiyouue oTic Topoxdtew cUVIiXES:

1)¥ 1
<m>w01—9*<m:— )ZOYLO(I/Zl,...,t+1:’n—1:m. (3.11)

v mY
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H nepintwon m > 3 (3.11) yio v = 2 Blvel (';)(7”7:—21)203 —0.("™F) =0. Agob pfm,m + 1,
(1) # 0 ouvende () # 0. Auté diveL pfm — 1 dpa 6, = % Yuveyilouue ue
Tov enOUEVo cuvtedeoth ¥ = 3. Ioylel oL (g‘) (mH 0> — 6. m+1) = 0 and 6nov €youvue 6TL
1=0modp, dtono. Etort+1=n—1=m ¢ E( ) dpa E(P) # E(f). Xpnotwuonolfooue
ot p # 2,3 xou 61t 3 < n — 1. Anhadni to envyelpnua pog dev toylel yior T XU TONES
t+ 3 +1=0,2>+y> +1=0xn 22 +y+1=0. Ot do teheutadec xounidIeg dev Uog
anaoyoholy ool éxouv vévn 1 xaw 0 avtiotorya. Ou Klassen xou Schaefer [16], anédeiay
Tpdopota 6Tt 1 xoumOn 2t 4+ Y2 + 1 = 0 éyer 48 autouoppLouolc.

3.4 Tomuxn wehet

Yy ouvvéyela Yo ouuBorilovpe ue G TNy oUddo TWY QUTOUOPPLOU®Y, XL UE F' 1o ooua
ouvapthicewyv Fermat F), ,, eve yue G(B) ty oudda avdiuone tne ouddoac G oty Yéon B,
onou B = B; yw xdnow ¢ = 1,...,n. Qo cuuforilovue ye Py tov neptoploud e Yéong B
oto pNté ovua cuvapthcewy k(x). Ouuilovue étL 1 ouddo avdivong wolTe UE TNy oudda
adpdveac G(B) = Go(B), apol 10 adua oplopol k elvon alyeBpixd xheloté. O anodelZovue
ot
Cnm o min
G(B) = Com av  m|n, n—18ev elvar p — dovoun
Eqg X Crpg—1y v mn,n — 1= q elvon pro p-SOvopn

onou, C, cuuPBohilel uia xxhixh ouddo td&ng =, xar 10 & cLuBoAlel W oToLELddng
affehtovy) opddo TEENG g.
Ané my yekétn twy NuLouddwy tou Weierstrass otnv 9éon B)\énoups oTL 0 Ypoc L(mf)

elvor 8udLdoTartog xan Lo Bdom Siveton amd Tig ouvapthoeg ¢ 1, - C . H ouddo G(B) agriver to

X©Opo L(mf3) avalhoiwto. Tuvenoe o
611 x8e awtopopplopds o € G(B) aghvel To odua k(x) avolholwto. Oa cuuBorilovue ue
G(P;) Vv exodve Tng ouvdeTNoNg TEPLOPLOUOY

pee. [ GO — T
o > Resp(q)0

ic) =pu+ )‘x_—C’ i, A € k. To nopamdve anodetxviet

IMpogavixs o muprivac tou neptoptopol elvon u(m) I G(B).

"Eva. yevvorotéy pulixd tou F unép 10 owua k(z) elvon e wopphc ¥z émou (,m) =1
xou z € k(x) ([12] oeh. 38). T xdde o € G(B), o(k(z)) = k(z), évor o(y) elvon enlone éva
Yewvorotdy pulixd yo Ty enéxtoon F/k(z). o(y) = yl2, yio éva otolyeio z, oto k().
‘Eotw 7 évag yevvhtopac tne xuxixic ouddac pu(m) = Gal(F/k(x)). Ilopatnpobue bt

o lro =1 Yo € G(B) (3.12)
Oa cuuforilovue ue G1(B) Ty med Tty oudda dhddwone tne Yone f. H oudda G(B) =
Go(B) unopel va ypoapel ooy éva nuievdéc yvouevo utac xuxhuxrc ouddac E := Go(8)/G1(B)
TEEEWS TPWTNS UE To p UE TNV p—oudda G (B). Oa cuuPorilovue ue m tny tpofokfy Go () —
Go(8)/G1(B). Epapudlovtag v m xou otal 300 uékn g (3.12)
(e - 7(r) - w(o) = (1) Vo € G(B).

Aol E elvar offehavi xan ord(m (7)) = ord(T) = m éyouue 6t £, = 1 modm dpa

oT = TO.
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Emnun)éov, agol £, = 1modm, dhoL oL avtouopgpiouol o tou F nou enextelvouv to tuyolo
oo € G(FP; ) elvon tng woperc

o(y) =0,y - 25y, 0(z) = 00(x) (3.13)

OTOL 24, € k() xou 0, Satpéyel tic m-ootéc pllec e wovddac. Tao nopandve anoduxvelouy

ot - .
x
k(z) 2z = o) :U( + )
Y " +1
Avtiotpbgng, av o9 € PGL(2,k), 0o(P;) = Pr xou %ﬁ{l) = 27" etvan ulo m SOvoun yio
xdmowo z4, € k(zx), téte 0oL avtouoppouol o Tou F tou divovton and

o(y) = 0yzsy,0(z) = oo(x),
enextelvouy Tov 0g. Anodel€oue To Topaxdt:

Aupa 3.4.1 Eotww P; o nepioplouds e Yéone B oto k(z). Eva otoryelo o9 € PGL(2, k)
€tolo dote oo(Pr ) = Pr enextelvetan oe autouoppioué tou Foav xaw udvo av oo™ +
1) Sragéper and to ™ + 1 ue éva m-00t6 napdyovia z™. O emextdoeic Tov oy oto F Sivovton
ané v (3.13).

Yopgova ue o Muua 3.4.1 Yo mpénel vor tpoodloplGOUUE TOUG AUTOUOPPLGUOUS T TOU
k(x) ot onolot otadeponololy to P¢ xow yioe Toug omoloug

o) +1=2" (2" +1) ue z € k(z). (3.14)

Apxel va yvwpllovue 6tL N mapamdve oyéon toylel uéypl otoadepd oto k(z), apol to k elvon
ahyeBpwxd xhewwtéd xou xdde otoryelo oto kelvon uloe m SOvoun. T'v autd avtl e (3.14)
amontoOUE TNV oyéon

o@)"+1=c-z2™ (z"+1) ue c€k,z € k(z). (3.15)

Avut elvon LlooB0voun ue v avtiotolyn oyéon yia toug x0ptoug divisors twv cUVAPTHCEWY.
O xVprog divisor tne o™ + 1 elvar (Yot ovuPorilovue xdpw anhotntac P, = Pu—¢,))

(@"+1)= > P, —nPs. (3.16)

1<i<n

Moapatnpotue 6t xdle autouoppLoudes o Tou k(z) mou elvon enextdouog oto F uetadétel Tic
Véoeig Tou k(x) mou doxhadilovton otny enéxtaon F/k(x) ue tov (Sio Podud.
Ou drachadiloueveg Véoeg otny enéxtoaon F/k(x), elvon to onueio P, ,to omola €xouy

xowo delxtn dndhddwong m. Enloewg, 1o onuelo oto dnewo Py €xer Selxtn dtondhddwong
m
(n,m)”

Aupa 3.4.2 Kdade autouoppiouss o € G(B) nou otadeponotel 10 Poy elvor 0 TaUTOTIXOC.
Anéddeldn: : 'Eotw 09 = 0p(a), T€T010¢ 00TE 0(Psy) = Poo. An6 v (3.16) €xovyue 6T
oL xOptot divisors twy cuvapthoewy a(z™ + 1), 2™ + 1 elvon (oot, cuvende 1 (3.15) woyler ue
z € k. Emm\éov agpol o og xpatdeL T0 Py, otadepd €yovue
oo(x) = a+ bz 6mov a,b e k,b#D0.
YUVTETWC,

o@)"+1=(a+bz)"+1=c-(z" +1).
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Avahbouue 10 aploTERS WENOG TS TAUPATAVW EEIGWOTNE YETOLULOTOLWVTAS TO SUOVLULXG VEDETUAL.
Aol p f n uTdpyer TOLAIYLOTOY EVag BUOVLUXGS CUVTEAESTAS (") #0, 6m0u 0 < i < n.
Yuyxplvovtag Toug GUVTEAESTES Tou & o oTLe V0 TAEUPES TNE Topandvw e&lowong BAémovue

oTL (n) —
; a =0

and émou éyovue a = 0, dnhadr| o(z) = bx. Apa 0 0 extdc and 10 Poy otadeponolel xar to
Py. "Apa 0 0 otadeporotel tpla onueia Tou pnrod coUAToC cLVaPTAoEWY k(T) o CUVETHS
o=10
Mpoxeyuévou vo. uehethoouue tnv oudda G(P; ) Yo Stoncplvoue TpeLc TepLTTOOELC:
Hz—:pt’.n‘cwc‘q (i): 1 < (n,m) <m. Emv nspﬁmwon auth, N Poo elvon 1 wovadu ﬂécn TOU

k(z) n onola éxel Podud BroohdBwong mhns, ouvenws 1 ¥éon Poo otaleporoeitan omd 6houg
TOUG ETEXTAGLUOUC UTOUOPPLOUOUS 00 70U otadeponooty Pr. To Muua 3.4.2 e€acpalilet
ot G(Pc) =1.

Iepintwon (ii): (n,m) = m, Inhadf m|n. v teplntwon auth évag un TETpLUUEVOC
enextdolog autouoppiouds o tou k(z) mou otadeponotel To Pr Siveton amd tny

C2
= — 3.17
o) = (317
6mou (" = —1. Hpdyuartt, ool ¢*™ = 1 éyouue
. 1 1+ 2"
o(x) +1:—$n+1: T

Mapatneotue 6t 1 (3.15) woylet ue ¢ = 1 xou 2z = n/m - Yuuiloupe 6tL m|n otny neplntwon
(ii). Enlone o autoupoppiouds mou Sivetar and tny (3 17) avtiuetadétel tig Béoelg Pog xou Py.

Kdée shhog autouoppiouds o € G (P ) petadétel tig Véoeic Pr, opol awtée ebvan oxpie
ot Véoeig mou Standadilovtar oty F, ue Badud dtohddwong m. Oftovue

P, =0(Px)

ve n & {C, .-, ¢, }. TroVétouvue enloeic 6t i # oo yiatl dtowpopetind 1 9éon Poo Vo otarde-
pomololvTay and Tov o xot and 1o AMuua 3.4.2 Yo elyope o = 1. Trohoyilovue

> o(P,)—no(Px) = > P, —nPy =n(Pu + > P, —nPu

1<i<n 1<i<n 1<i<n
E3®, P — P, elvon o x0plog divisor L. Apa 1 ouvidfun (3.15) toyle
n/m

uE 2z = (w—in . (Trevduullovue 6t oty meplntwon auth mn.) Ané tny AN, apod

0(Poo) = P, éxovue 61t 0 0 elvon tng wopphc
a+ bz
= . 3.18
o) = 2 (319)

Avtiahiotdvtag oty (3.15) xou nolamhaotdlovtog ye (z — )" BAénouue 6t N
(a+bx)" +(x—n)"=c-(z"+1) (3.19)

elvon avaryxalor xan teav) cuvOrxrn yiol vor eTexTElVETOL O AUTOUOPPLOUOS 0 OE AUTOUOPPLOUS
tou F. Onwe xon mapomndve, Fétovue 0 < i < n T€T0L0 OOTE (TZ) # 0. Tuyxplvovtag toug
OLVTEAEOTEC TOU ¥ xow oTaL duo Ul g (3.19) Brénovue bt

a" i = —(—n)" (3.20)
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Av =0 t6te a # 0 ( dagpopetixd o = 1) xon ouvende b = 0. Apol o o aphvel o Pr
otadepd, 1 specialization @ — ¢ Siver 611 o () — ¢ To onolo ue Ty oeLpd Tou diver a = (*.
Tuvenig av 17 = 0 nalpvouue ty involution mou #37 ypddaue oty (3.17).

Trodétovue thpa 6t 17 # 0 té1e @ # 0 xon b # 0 cOupwva ue Ty (3.20). Ac utodécouvue

6L uTdipyEL éval i TéTolo GoTe xau oL BVo cuvteheotés (1) # 0 xou | |

( 11) # 0. Téte n e&lowon

(3.20) woy Ve TawTdypova yLo i o yio i+ 1. Ilepvivrog oto Tnhixo éyovue 6L ab™! = —n %o
, , . _ blz—n) _ ; ’ ; . .

ouvenwg Aoye g (3.18) €youue o(x) = = =% = b, droro. ‘Apa, av uTdpyeL €vag ETTAEOV

un tetpuupévoc autouoppoude o € G(P), o orolog va Stagpépet omé Ty involution (3.17)

Sev urdpyouve duo Bradoyixol evdiduecor Siovuixol cuvtekeotés (1), ) mou va elvon

n
i+l
Towtdypova # 0.

Afupa 3.4.3 Av yriaddatai =1,...,n—2

(?)7&0:'@11):0

xaw pfn téten =1+ q érou q elvon ula p-Sovaun.

AnédelEn: SuuPollovue ye a = Y aiph,b = S bipt, 0 < a;,b; < p, T0 p-oadxd
avdmtuyua 300 axoupéwv apdu®y a,b. Av a; < b; Yo Oha T ¢ TOTE Ypdipouue a <, b. Elvon
YVWOTO OTL (’Z) # 0 av xot uévo av i <p, n,[22] oel. 73. 'Eotw n = ng +n1qr + ... + nsqs
T0 p-adixd avdmtuyua Tou n, 6mou ¢; = p¥ xa 0 < n; < 0. Iopatnpodue 6t ¢; <, n
xou 14+ q1 <, n dipa (Z) # 0 xon (1f:qi) # 0. And v cuviixn tou Muuartog €youue 6Tt
n—2 < g;. Apol de 1 yapaxtnplotixy elvon TN Teog To N, s = lxoawn —1=¢;. O

Kdwvovtag yerion tou AMuuatog 3.4.3 nalpvouue 6t

Yty rneplrtwon (i), avn — 1 Sev elvon SUvoun e yopoctnoiotixic p, téte G(P;) elvon
td€ne 2, xou mepéyeL udvo tny involution mou dlveton and v (3.17).

Anouével va uehetrioovue v meplntwon (i) 6tav n — 1 = ¢ elvon pia p-dovoun. Eivor
Bohxd va avtixataothoouue To ptlxd tou Kummer ye évo dhho plixd yia tnv enéxtaon
F/k(z) 7o onolo Ya elvar euxohbtepo 670 YELPLOUO.

Oétovue

¢ . o t+1
T s

(3.21)

xan
ui=—t"(z" +1). (3.22)
Agol min, éyovue 6t t" elvon uia m SOvoun xou GUVETKDS To u Elvan €vor emTEeNTd PLd

Yoo Ty enéxtaon tou Kummer F/k(z). Xwplc meploptoud e YEVXOTNTAS UTOPOVUE Vol
vnovéoouue 6t ( = (. O xOptog divisor Tou u elvan

(W) = n-O+@"+1)=n(Pu—P )+ » P, — nPs=
1<i<n

= Y P-(m-DF

2<i<n

Ané v dAAn yvepilovue 6t oty epintwon (ii) o Véoeg Py, yetatidevian xdtw ond tny
Spdion tou o € G(P), xon 1 Véon P mopouéver otadeph. Anhadh o xbproc divisor tou u
Hével otadepog and o o.

EZ oplouot tou t éxovue 6t k() = k(t), xou 6t 0 néhog tou t etvon Pe. To otoyelo u
Eyel v Véomn Pr ooy wovadixd mého, ue tdén n — 1 = ¢. Yuvendg 1o u elvar €vor TOAUGYLUO
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Tou t, Baduol ¢g. To mohudvuuo autd umopel va LTOAOYLOTEL axEBAOC, XENOLUOTOLOVTIC TNV
(3.21) xou tnv (3.22), €éyovtac puowxd unddny étin =g+ 1:

oo (L

™ +1>:(t+1)”—t”:tq+t+1.

Eivow Bohxd vor EavoddEovue Ty UeTaBANTH ¢ OOTE var amAOTONCOUUE TNV U1 TOU To-

pamdvew ToALwVOUOL. OE€Tovue Aowndy t = ay + b1ty Ue a1,b1 € k tétola doTE a% +a; = -1
7 _ . ‘ : _ -1 . .

xaw b] = —by, 6mou by # 0. tnv cuvéyela V€Tovue U = —b] U oL TEAXS XATAATYOUUE

oTNnV

(5% :tl{—tl.

Ané edé xan oo e€rig Ya ypdpouue ¢ avtl yio £y xon w avtl yio uy. Anodet€aue 6Tt
Xtnv nepintwon (i) ue n = g+ 1 undpyet évac yevvitopac t tou k(x) = k(t) o onoloc €yet
v Yéon Pr ooy uovadixd méAo, xou emmrAéoy to noAudvuuo u = t4—t elvon éva plixo yia tny
eméxtaon F/k(t). O xtpoc divisor tou u napouéver avadrolwtoc xdtw and xdde o € G(P).
Agol xdde o € G(P;) agphver Tov Ao Tou t otodepd elvor TS Lopgic

o(t) = a + bt,

ue a,b € k xou b # 0. Evoc tétoioc autouoppoude avixer oto G(Pr) av o uévo av
o(u) = cu 6mouv 0 # ¢ € k, 10 onolo onualvel

o)1 — o(t) = (a+bt)! — (a+bt) =c- (¢ — t)

ue ¢ # 0 € k. Anhadn .oydouy oL cuviiixeg

Kotalhgaue oto nopoxdte cuunépacia:

Yty replntwon (iiue n = q+1, n oudda G(P;) anoteleiton apifidc and Touc ueTaoyn-
potiouols t = a+bt Twy onolwy oL ouvteAeoTéC a, b teptEyovton oto oWua Fy ue q-otouyeia.
H oudba autij eivar toduoppn ue tny oudda twy mvdxwy

<(11 2) ue a,b € Fy,b#0.

Iwadrepa 1) 16€n TouG(P;) elvor (g — 1)g.

IMepintwon (iii): (n,m) = 1. ¥ty nepintwon oauth ow n+1Véoeg P, ..., P, P elvon
axprBac ot Véoele Tou Srondhadilovtan oo F, dhec ue Badud Sivdhddwone m. Kdde o € G(F;)
agriver o P avahholwto xon cuvenog uetodétel 1o P,y .oy P, Poo.

‘Eow 0(Px) = P,. Av 1 = oo t61€ and 10 Mupa 3.4.2 éyovue 6t o = 1. Trodétovue
Tpa 6TL 0 # 1 10 onolo onuaiver 6t n € {(s, ..., ¢, }- O x0ptog divisor tou 2™ +1 anewxovileton
péow tng o otov divisor

Z U(Pci) - TLP77 .
1<i<n
Y10 nopamdve dipotoua dev eugavileton o 6pog P, , eve eugavileton évag 6pog Pa,. Av and
aut6 agarpéoouue Tov xVpLo divisor Tou " + 1 tétE Tadpvouue

(a(x” +1)

on 1 > =+ D (P — Py ). (3.23)

To de&i uéhog eivar o xOplog divisor tng cuvdptnong (w%n)”"‘l. And v A\, yvwpeilouvue
ot o de&l uéhog elvan o divisor pog m SOvaune. "Etol xatalfyovue

mn + 1
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oo ULa ovary ool cUVITXN (OOTE VoL UTIEPYEL EVaig U1 TETPLUUEVOS awTopopgLouse otny G (Py).
H eZiowon (3.23) uog dlvel 6t
w_ @+ 1) - (@—n"

o(z)" = @ =) , 6ToL ¢ € k.

O x0pLoc divisor tou moAuwvOuoL f(z) := c(z"™ + 1) — (z — n)"*!, to onolo elvou Bodiuod
n+ 1, elvor
> Ai+ P, — (n+1)Px,
1<i<n

onou A; , P, elvaw ou Vécelg, Oyt xat avdyxny SLapopetinés, mou aviiotolyoly otic plleg Tou
f(z). An6 v &Ahn, o xVptog divisor Tou (z — )" elvan (n + 1)(P,; — Pa) %ot auté o
diver 6Tt 0 xOprog divisor tou o ()™ elvor

(o(x)™) = Z A —nP,.

Yuvende 1o tohuwvuuo f(z) éyet ulo todomhn pila tédéng n. Av p elvow auth n pila, téte

f@) =cl"+1) = @-n"" =c (a2 -n)(z-p)", (3.24)

v xdmowo ¢; € k. Eeywpllovue duo mepLntdoeis:
a) p=0. Téte n (3.24) yiveton

(" +1) = (x — )" =ci(x —n)2" = crz" ™t — crpa”. (3.25)
Avanticoupe 10 aplotepd UENOC X pNoLULOTOLOVTOS TOV SLovuuxd TUTO

ez +1) = (xz — )" =

n—1
n+1 i
= D+ et =3 (M) e =

i=1
Tuyxplvovtac Toug ouvteheotéc tou & ota 0o uéhn e (3.25) madpvouue ¢ = —1, evod
oLYxPVOVTOG TOUG GUVTEAECTES Tou 2" xou Tou otaepol dpou malpvouue ¢ = 7. EmnAéov
vy x&de i = 1,...,n éyovue ot

n+1
("7)=0
i

70 omolo pall ue to xpLthpto Undeviouod evog Slovuuxold GLVTEAESTY ToL dWINXE GTo AU
3.4.3, dlvel 6t n + 1 = ¢ elvon plo Sovopun tng yapaxtnelotixnig p. Autéd oduwe etvon adbvatov
apol m|n + 1 xou (m,p) = 1.

B) p # 0. Hopatnpolue 6t 10 (z — p)"~! Blowpel To ToALGYLLO

d
g(z) = (n+1)f(z) — J;(;) (z—n) =c(z” +nmpz""' + (n+1)).
Emmiéov éyovue 6t 1o i elvar ulor plla tou g(x), agod n™ = —1, étot ywa ulo otodepd ¢
€YOLUE
c(a™+nnz™ '+ (n+1)) =cd(@—n)(z—p)" " (3.26)

Tuyxplvovtag Toug cuvteleoTéc Tou & xou ota d0o Uéhn e (3.26) xatahiyouue oto dTt
¢ = c. Tuyxplvovtag Toug cuvteeoTé ToU T xon % o ot dVo WEA Tne (3.26) madpvouue

(=" 2(=p=n(n=1)=0= —p=(n—1)p (3.27)
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pe )

o (=n("5 1)~ -1) =0, (3.28)

Avtxodiototue v (3.27) oty (3.28) yio va tépouue

n— (T’L - 1)”
(oS <o,
70 omnolo elvon dromo, apol and v (3.27) n — 1 # 0 (vrevduuilovue bt éxouue unodéoer
YLoe TY Yopoxtnelo T 6Tl p # 2 xou p{ n).
‘Exyoupe unohoyioel Gha to otouyelor oty ouddo G(B). H ouddo auth elvon téd&ng

_ m av mitn
| G(Po)| - ju(m)| = ¢ 2m av m | nxan — 1 dev elvon ulo p dSovoun
mqg(g—1) av m|nxoun—1=qevou ula p dovoun

Emnhéov otig mpdteg d0o nepintoelc 1 té€n tou G(B) elvar mpddtn mpog TRy Y opoxTneloTixy
oL owuatog p (uteviuuilovue otL €youue utodéoel dtL p # 2), cuvenwe 1 oudda G(B) elvan
Lobpopen Ue i XA oudda tédEne m (avtiotowya 2m). Tty tplty tepintwon 1 ouddo
G(B) elvon to nuevdéc ywouevo uae xuxhixic ouddac tédine m(g — 1) ue ulo xovovixd
unooudda téEng ¢[20, oel. 68].

3.5 Aour Tng OddaS AUTOUORPLOUGY

Oa ovuBoiilouue e O(B,G) v tpoyLd g Véone f xdtw and v dpdon e G. Oo uno-
Aoyloouue v té&n tou |G| unokoyilovtag v téin tne O(B, G). Eyouue xodoploel toteg
Véoeig Tou F' dev yiveton va aviixouy otny tpoytd B (Muuota 3.3.2 xou 3.3.3), ouvenws

O(B7G) g {Bl;ﬁQ; "'7ﬁn7717727 77(n,m)}

Hopoatnpolyue 6t ta B; € O(B,G) yiovi = 1,...,n xou 6T av ;. € O(B, G) yia xdnoo ip T61e
v; € O(B,G) v Oheg g Yéoewg y; @ = 1, ..., (n,m) nou enextelvouy Ty Po.

Iepintwon 1) YTrodétouue 61 m t n. Tote |O(B,G)| =n fn+ (n,m). Ac unodéoovue
o6t |O(B,G)| = n+ (n,m) xou éow H = pu(n) x p(m). Hpogavde n t8&n e tpoyLdc
e B und v dpdon tne H elvan |O(B,H)| = |H : H(B)| = n. Eyovue anodeiel 6t
G(B)] = p(m) = | H(B)| £xon

ntmm) |GG |G|
n H-EE)  H Y

Ané 1o aplotepd uépoc g mopandve eglowong nalpvouue 6t n|(n, m), To onolo el vou dromo
agod n > m. Anhadn |O(B,G)| = n xaw 1 oudda G €xer té&n

G| =10(8,G)] - |G(B)] = nm.

ITepintwon 2) Trodétouue 6t min. H involution o nou diveton and ty (3.17) otélver
wlo 9€om v; mou enextelvel Ty Py o€ ula ¥éon ay unép to Py, Auté pag divel 6t O(5,G) =
{B1, B2, Bp}, Yol av unhpye éva 7 € G o0 Gote T(F) = v; tét€ To(B) = @ TO
omnolo elvor adOvatov amd to AMjupe 3.3.2. Yuvenog 1 t8En tov G, o AT TNV TEPlTTWoT
vnohoyiletar:

Gl =G GB)|-|GB) =10(8,G)] - 1G(B)| =

_ 2nm av n —1 dev elvor ulo dOvoun tou p
| nmg(g—1) oav n—1 eivou ula SOvaun tou p
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O UEAETACOVUE THEA TNV JoUT TNS OUABAS TWY AUTOUORPLOU®Y. T ToUETouUE XaTopy v
6t m { n. e auth v nepintwon 1 oudda G elvor to evd) yvduevo twv ouddwy p(n) xou
p(m), agod |G| =n-m xow p(n) x p(m) < G.

Ac unotéoovue 61t m|n. Hopatnpotue ét p(m) < Z(G). Mpdyuott, éotw G 1 unooudda
tou G mou nopdyeton and Oha ta ywoueva z -y, & € G(B),y € pu(n). H oudda Gy < G éxet
Touldyotov |G(B)] - |u(n)| = |G| otowyela, apod G(B) N u(n) = 1. Apa |G1] = |G| xo
eMxd Gh = G. Autd anodewxxviel to emduuntéd anotéheoua, ool ta atotyela Tou p(m)
avtiuetatievton we to otoryelo tov G(B) xon p(n).

Aol 3¢ p(m) < G xdlde autouoppiouds o € G mepoplletar e €val QUTOHOPPLOUS TOL
entol obuatoc cuvapthoewy k(z) = Fr™ . Apa n cuvdptnon teplopiopol tne oehidac 51
umopel va emextadel oe ulo cuvdpTnom

. G — F(G) < PGL(2,k)
"l o — T€Sk(z)0-

Mpogave o tuphvas tne F elvon ker F =p(m). Oo Eeywploovue axdua S00 TEPLTTWOELS:

i) To n—1 dev elvar dOvaun tou p. Tédte clugwva Ue Tov LToAoYLoUS TNE T4Ene Touv G, 7
16&n tou F(G) elvon 2n. Hopoatnpoldue 6t 1 ouddo F(G) meptéyet Ty xuxhuh ouddo p1(n) mou
nopdyeTor and o To 1 @ — (2 xou Ty involution g : x> (*/z. Aol oy ¢ (7o) = pu(n)
O OgTo = 7'5100, 1 oudBar ToL YEVVETAL amd ToL 0, To Elvon Ulor dledpxr| oudda TdENG 2 - n.
Avuth elvon ) td€n e F(G), dpar F(G) = Dy, xou 1) opddo G dlveton ooy xevipixl| enéxtoon
e Dy, ue afehiavd muphva p(m).

H opdda avdluong yevdrar amd 1oug auToUop@LooVg

y — ==
o z
r — S

o

T
agol o éyel téEn 2m. H oudda p(n) < G yevvdrow and tov
vy
N1z — (Cz
xaL unopolue va eléy&oupe 6t 1) ouddo G déyetan ula tapdotaon

(o,7/0*™ =1,7" = 1,0°7 7! = 70,0%1 = 70%).

Iopatneolue 6Tt av ulo xevtpuxy| enéxtoot dtaomdton, SNhady| avtiotolyel 0Ty TETPLUUEVT
CUVOUOAOYLIXY ¥AGoT, TOTE elvon To VD YVOUEVO TV Topaydviwy tng. o amodelfouvue
OTL 1) ETEXTAON

1— pun) —G— D, —1 (3.29)

draomdtan K 1wodbvopo G = pu(n) x Dy, av xow ubévo av 1o m elvan Teptttd.
‘Eotw m nepittd. H ouvdptnon

H?*(Dyp,p(m)) = @ H*(Dn,p(m))y — @ H*(Hp, p(m))

pl2n pl2n
a= E a, +— E T€S (D, —H,)p
p|2n p|2n

onov 10 Hp, datpéyel tic p-Sylow unoouddec tne Dy, elvan «1-1» [32, oek. 93]. Av p = 2
t6te (|Ha|,m) = 1 dpa res(p, 5 m,)2 = 1 and 1o Yedpnua tou Zassenhaus[14, oeh. 126].
Ané tny &y av H), ebvon pio p-Sylow umooudda yio p # 2, t61€ res(p, m,)¥p = 1 apod
H, < p(n) xau n uroenéxtaon

1 — pum) — G — puhn) — 1
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dtaomdrTon.
‘Eotw m dptiog. Oewpolue tny utooudda mov YEVVATE amd TNy involution o mou divetow
and Ty (3.17) xow TNV UTOETEXTAOT ToU BIVETOL AItd TO TapaXdTe didypogLuo:

1 — pu(m) — G - D, — 1

| T 1

1 — pum) — 7o) — (o) — 1

'Eotw a € H*(D,,, u(m)) n ouvoporoylaxh xhdon mou aviiotolyel otny enéxtaon G. Ttny
vroeméxtaon 1 ((0)) avtiotoyel 1 cuvouohoylaxh XAEON Tes(p, s (o)) - AN 71 ({0)) =
G(B) n omola elvan utor xuxduxh oudda té&ng 2m. BUVETWC res(p, (e # 1 agod ula
xUXhxry ouddo téEng 2m Sev elvar LlodUopEN UE TO YWoUEVO [(m) X (o) 6Tay 2|m.

ii) Ye auvth my mepintwon to n — 1 = p° = g, elvar dOvaun TNG YUPAXTNPLOTLXAC.
Ioyvplouaote 61t F(G) < PGL(2,4¢%). Ioipvouvue cav yevvhtopa tou couatoc k(z) to
otoiyeto t 6nwe awtd oplotnxe oty ceAida 55. 'Eyovue anodelfer 61t F(G(B)) = G(F)
etvar ulo ouddor amd Mobius uetaoynuatiouols g wopghic t — a+bt, a,b € Fy C Fpe. Ta
otouyelo oty p(n) opllovian unép to 2 enlong. Hpdyuott, n akhoyh UETOBANTOY & — ¢
eUTAEXEL T (, a1, by Toe omola avixouv oto oodua Fz agod

b = —by = ng = b1 ( T0 ¢ elvon mepLTTd )
Cn:_]_:}chrl:_l:}CQ:_%:}CqZ:C
al=-1-a; > a%z =(-1-a)?=(-1)7+ (-1)%! =a,

xo GUVETIOS 1) odhory f LETABANTOY & — ¢ elvar évaic Mobius petaoynuotioude oto PGL(2, ¢7).
Ané v dn n F(p(n)) yevvdrow and toug autopoppouols & — (“2 TOU AVAXOUY GTNV
PGL(2,¢%).

H w&n e F(G) etvar g(g — 1)(g + 1). Oo anodellovue bti 1 pLovadixh; utoouddo tng
PGL(2,q?) ue &N q(q — 1)(g + 1) elvor  PGL(2,q). Two awtd Yo ypnousLonoLfoovue Tov
Yoo TNELoUS TwY LToopddwy e PGL(2,p’) o omoloc npoxintel and to Yedpnua 2.2.1.

Ocdhpnua 3.5.1 H oudada PGL(2,pf) éxe e nopaxdtew vroouddec
1. Yrovyewddeic affehiavés p-ouddec

Kuduwée ouddec tdne t émou t|p/ £ 1.

Awedpixéc ouddec tdéne 2t, t|pf +1.

Ouddec toduopges ue Ag, Sa, As.

ok

Huevdéa ywoueva ané otoiyeidders afelavéc ouddes tdéne p e xuxdixés ouddes
tdéne t, émou t|p” — 1 xau t|pf — 1.

6. Ouddec toduopypec ue tnv PSL(2,p") xeu PGL(2,p") dérou r|f.

0. YpNOLLOTIOLAGOLIE To Topamdve Yewpnua xat o Yeyovoe 6t |[F(G)| = q(¢> — 1), 6mou
g = p° elvon dOvaun e yopoxTNELoTLXAS, Yo var teptypddouue Ty dour ouddac e F(G).
Mopatnpotue 6t F(G) dev elvon p-oudda, xow xotd cLUVERELL OUTE OTOLYELWING offehovy]. Ac
vrodéoouue 61t F(Q) elvon tobuoppn ue ubor xuxhic oudda téene t, t|pf £ 1. Téte | F(G)| =
p*(p** — 1) Suanpel 10 pf £ 1, dromo oot pt 1. T tov (Bio Aéyo n F(G) Sev eivor Sedpuxn
oudda. O tpewg ouddeg A4, Sy, As €xouv t8En wxpdtepn 1 lon tou 60, evd amd Ty GAAN
|F(G)] =q(¢> —1) > 120 agpol p > 5. Anhadh F(G) 2 A4, Sa, As. Ac unodécouue tohpa 6Tt
F(Q) elvon o nureudt ywouevo uiag otouyetddous afehiovic ouddag Tding p Ue [iot xuxh
oudda tdEnc t = p* " (p** —1). O apwudée t Yo mpéner var Sronpel xon to p” — 1 xor to pf — 1,
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dromo. Téhog av F(G) =2 PSL(2,p") t6te r|f = 2s xou | PSL(2,7)| = (”%%W = (p** —-1)p?,
droro. H uévn Suvarh nepintwon etvar Im(F) = PGL(2, q).

H ouddoa G eivar ula xevipu enéxtaon e PGL(2, q) ue nupriva p(m) mou var Siveton
and Ty mopodtw axe3r) axohoudio:

1 — pu(m) — G - PGL(2,q) — 1 (3.30)

XpnowuomoldyTag To Tayxdculo Yempnuol CUVTEAECTWY, TLG TULES TOU TOMATAACLACTY TOU
Schur H»(PGL(2,q),Z) o v ofehiavonoinon tou PGL(2,¢q) [3, cek. 26] unopolue va
unoloyicovue

0 av m = lmod2
HZ(PGL(Z,q),,u(m)) :{ Zio®Zo5 oav m = 0mod?2

Avuté pac dlver 6t yia epttté m 1 oudda G elvon Lobuopen ue
G = u(m) x PGL(2, q).

I m dptio, n xatdotaon eivon neploadtepo toAbTAoxy. T'a var teprypdpouue v Sour| Tng
ouddag G, etvon apxetd va xadoplcovue Ty cuvouoloYLaXT XA

(VRS H2 (PGL(27 q)7 H’(m))

7 onola avtiotouyel oty xevtpwx enéxtaon (3.30). Autd tov unohoyioud duws Tov xdvope
070 TPONYOVUEVO xeQdhano dtay eletdloue xuxhixée enextdoels tne PGL(2,q).
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Kecpo’c)\ou.o 4

Oudoeg AUTOULOPPLOUGY TLV
modular xouniioy X (N)

O J.P. Serre oe éva ypduua tou otov Ribet unoldyloe 6tL oL oUddES AUTOUOPPLOUGY TwWY
modular xountiwy X (p) yio p npdto p > 7, elvar Loduoppes ue i anhég ouddes PSL(2,p).
Yxondg autol Tou XEQAUAXLoL Elval 1) EMEXTACT) TOL AMOTEAECUOTOS TOU Serre xoL 1 MEAETH TNg
oUdBoC TV ALTOUOPPLOUGOY TwY XxauTtiAwy X (N), 6mov N onotoodinote Yetinds axéponoc.
‘Onwe npoéxeupe petd and emxowvwvia ue tov J.P. Serre, 1o anotéhacua mov €0TELAE GTOV
Ribet, 6nwg xou 1 yevixeuon tou, RTav Yvwotd otoug edixols g TEPLOYHC.

Trevivuilovue 61t o xouniies X(N) elvar ou emipdvetec Riemann nou opilovron g
yopeot tpoytwyv [(N)\H*, énov ['(IV) elvon o nuprivos Tou emuop@lopos

PSL(2,7) — PSL(2,7Z./NZ)
H xounOhn X (1) elvou todpopen ue 1y npoBoiu evdeio P, o to xdhuupa X (N) — X (1)
elvow Galois pe oudda Galois tny PSL(2,Z/NZ). O Badudc awtod tou xahbuuatog elvor

_ N2l N1 =p7?) v N >2
S av N =2

Emmiéov 1o yévoc gy e X (IV) elvan [23, cel. 23]

N-6
12N -

Ané tov mapandve tono Brénouue 6t oL xaunvies X (2), X (3), X (4), X (5) elvon pnréc eved 1

X (6) elvon ehhetnixy. ‘Ohec oL dhheg xaUTONES EYOLY YEVOS UEYINUTERO TOU BVO X0 CUVETES
OL OUGBES AUTOUOPPLOUWY TOUS ElVaL TETEPACUEVES o PparyUéveg and Tov TOTo Tou Hurwitz:

gy =1+ py (4.1)

|Aut(X (V)| < 84(gy — 1). (4.2)

Eivar enfong yvwoté 6t oto xdhuupo X (N) — X (1) axpiBac tpla onuela tov X (1), do-
xhadilovton, o j(4), j(w), j(00) ue deintes Srahddworng 2,3 xou N aviiototyo.

Av PSL(2,Z/NZ) < Aut X (N) téte xdle awtouoppoudc otny AutX (N) nepoplleton oe
avtouoppous tne X (1) & P!, nou otadeponotel tplar onueta, xon cuverde etvor 0 TowToTLXOC.
Anhadr oe auth TV nepittwon éxovue AutX (N) = PSL(2,Z/NZ).

‘Eotw m o delxtne e PSL(2,Z/NZ) = Gal(X(N)/X (1)) oty AutX (N). H e&iowon
(4.1) yioo N # 2 umopel vor ypage! wg

42

84(gn — 1) = |PSL(2,Z/NZ)| (7 - W) (4.3)
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xa ouTH ouvduaouévn pe Ty (4.2) uog divel To tapaxdTe Pedyuata Yo Tov delxtn m:

m<2 ya T7T<N<I11
m<3 vy 1I1<N<I14
m<4 yo M4<N<<21°
m<7 yuwo 21< N

(4.4)

Sovendeyia 7 < N < 11 éyovue 6t Aut X (N) =2 PSL(2,Z/NZ). Ilpoxewévou va anodelEouue
yevwxd 6w PSL(2,Z/NZ) <1 AutX (N) Yo Yewprioovue tnv mapdotoon

B:PSL(2,Z/NZ) — S
6nov 0 — {oa; PSL(2,Z/NZ),0a2 PSL(2,Z/NZ),...,00, PSL(2,Z/NZ)}, xou
{a1 PSL(2,Z./NZ), ...,amPSL(2,Z./NZ)}

elvow m didomaon e ouddac AutX(N) oe cosets tng PSL(2,Z/NZ). Iapatnpobue 6t
PSL(2,Z/NZ) < AutX(N) ov xou u6vo av o 3 €lvon o TETpUUUEVOS 0UOUOPPLOUOS.

Ac vnodéoouue 6t N = p elvon évac mpidtog, p > 7. Agol PSL(2,p) elvon amhf oudda
éyouue 6t ker f elvon 4 PSL(2,p) fi {1}. H televtaia neplntwon elvon addvartn ool dev
undipyouv otolyela TEENS p TNV Sy, Yo m < 6.

A¢ Yewprioovue topa Tic xaundies X (p°), émou p elvon mpdtog, p > 7. Oewpolue Tov
TAEOXATR TOPYO XUAVUUETWY

X(fe) u
PSL(2,2/p"Z){ X(p)
1
X(1) PSL(2,p)

Bow H = Gal(X(p°)/X (p)), w6t |H| = p*¢~V, xou oot p > 7 éyouue H < ker .
YUVETOE UTopoLUE Vo 0plGOUUE TOV oUoUoPPLOUS [

B :PSL(2,p) =2 PSL(2,Z/NZ)/H — Sy,.
Auté poag diver 6T B = 1 xou coapadg o (o Loylet yio Ty B.

‘Eotw N 9o axéponog mpodTog Ue Toug 2,3,5. O ououopgiouds B etvon tetpiuuévog
xou o€ oTH TNV TEplnTwoT, ool

S
PSL(2,Z/NZ)= P PSL(2,Z/p}Z.),
i=1
omou N = [[;_, p{* elvow 1 Bdonaon Tou N O€ YWWOUEVO TEMTWY TAURAYGVTGV.
IMpoxewévou va uelethoouvue v nepintworn tuyaiou N Yo YpeldoToVUE Tl XohOTERA
pedryuota yio Tov delxtn m. Oswpolue Tov THEYO XAAVUUATOY

X(N)
! 2| 3] N
X(1) (@) jw) j(eo)

X(N)i/utX(N)

Mopatnpotue 6t av PSL(2,Z/NZ) dev eivor plo xavovxt| vnooudda oty AutX (N) téte
0 xdhouua X (1) = P — X (N)AX (V) 3y givor Galois. And tny anddelln tou gpdyuatoc
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touv Hurwitz (4.2) yia tnv ouddo twv auvtopop@louoy oahyeBeuxrc xaunving [6, cek. 260]
BAénovue bt av To TAdog r Twy onuelwy e X (1) mou Stowdhadilovton oto xdhuuua X (N) —
X (N)AuXIN) eiyan 1 > 3 161e 10 ppdyua tTou Hurwitz Behtidveton 070

AutX (V)] < 12(gn —1).

Autd pag diver 61t m < 1, xou ovvende PSL(2,Z/NZ) < AutX (N), drono. Luvemde to
mAfloc tTwv onuelwy dthddwong elvor 7 = 3. O tdnog tou Hurwitz yia to xdhvuua
X (N) — X (N)AuX(N) §iver v

1 1 1
2(9N—1):|AutX(N)|(1——+1——+1———2>, (4.5)

1% 1P} 1743
omou v; elvon ou delxteg donhddwong twv onuelwy mou dwodhadilovion. Eeywpllovue Tig

TOPAXATL TEPLNTWOELS:

e To tpla onuelo (i), j(w),j(c0) meproptlovtar ot Sagopetind onuela pr,ps,ps WY
omolwv ot delxtes daxhddwong etvar e(j(i)/p1) = K, e(j(w)/p2) = A, e(j(o0)/p3) = p.
'H (4.5) oe auth v neplntwon ypdpeton

1 1 1
gy — 1) = [AutX (N Yl 1l ——2) >
2gn = 1) = [AutX (V)] <1 2K ! 3\ ! Np 2)

> JAutX(N)|(1-1/24+1-1/3+1-1/N—-2) >
> |AutX (V)| (1/6 — 1/N)
7 onoto yag dlvel xon to emiuuntd anotérecua

12N
N -6

|Aut(X)| < (9v = 1) = piy.

o Kdmota améd to tpla onueto j (i), j(w), j(00) neplopilovton oo (8o onuelo tng X (V)
Oa Yewprioovue v mepintwon 11 < N. To onuela j(i) xou j(oo) dev yivetar vo me-
otopilovror 570 i3lo onueio tne X (N)AUX(N) | Apob 1o xdhuppa X (N) — X (N)AwX ()
elvon Galois Yo mpénet va €youpe 2k = N A, ouws o Badude touv xahbuuatoc X (1) —
X (N)AUXIN) giyar 10 TOAG 6, ouvende & < 6, A = 1, Snhadr T 5(i) xou j(o0) dev me-
propilovtar oo (Bto onueio, extogav N < 12. AAdav N < 12 tote m < 3, X0 GUVETHOS
N <6, 1o onolo avutietor otny apyx| unddeon N > 11. Me ta (S enyepriuata
unopoLue va Sel&ouue 6Tt to onueta j(w) xou j(00) neplopilovian oe dtapopetixnd onueia
Tou X (N)AuwtX(N),

Ac unodécouue Tdpa 6t Ta (1) xan ji(w) Teptopilovian oTo (o onuelo Tng X (N )AuX (V)
Oa mpéner v utdpyel éva anueio p tng X (N)AUX V) 16 omolo Siwdadiletor udvo oto
wdhoupa X (1) — X (N)AUXN) e Seixtn Sioohddwong 2 < v < 6. Aé tov tOno Tou
Hurwitz nofpvouue

1 1 1 v>2,9=11%2
2 - =]AutX(N)|([1—-—4+1——+1—=—-2 >
(ov = 1) = X ()] (1- g+ 1= oo+ 1- 5 —2) TS

|AutX (N)| <% - %) ST Autx (V)| (g - ﬁ)

70 onofo pog divel oe auTh TV nepintwon
|AutX (V)] < 33/4 (gn — 1)

70 onofo ue TNy oepd Tou dlvel to emduunTté anotélecua m < 1,.
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Iagatienon 4.0.2 Eivon evdiagéeoy vo napatnericouue 6t apol X (2), X (4), X(3), X (5),
elva pNTES XoUTUAES, 1) TAEVOUNON TWY TETEPACIUEVWY UTOOUEOWY XUTOUOPPLOUWDY TOU pNTOU
OWUATOS OUVAPTHOEWY ATOOELXVUEL TO YVWOTO ATOTEAECUA

PSL(2,2) = Zs, PSL(2,Z./AZ) = Sy, PSL(2,3) = Ay, PSL(2,5) = A;
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Kecpo’c)\ou.o 5

Oudoeg AUTOULOPPLOUGY TLV
UTEPETLPaVEL®Y Fermat

Ou opddec aUTOUOPPLOUMY TwY UN-tdloUbppny LTEpeTpaveldy Fermat tou P7(k) opllovton
antd TIC EELOMCELS
- 13 n _
Fon:Xy+...+X"=0,
onou 10 k, elvon oahyeBpuxd xhewoto, yopoxtnowotxhc p > 0. Mropolue va unodécovue 6Tt
’ 7 ’, r 7 7 ’,

p 1 n, agob av p | n toéte 10 mOALGVLUO Y, o X} elvar SOvoun Tou p xoL CUVETKDS oL
avtiotolyeg unepemdveleg elvan WidUoppec. Ot unepemdveleg auTég €youv ula TEoPVY
0GB VTOUOPPLOUY TOU TORAYETAL ATd TOUS AUTOHOPPLOUO0S

(X0, .0y Xp) — (C* Xp, ..., " X,), (" =1

xaL omd TNV CUUUETEWXH oudda Sy.41 Tou uetodéter Tig yetafintéc X;. H nopomdve ouddo
elvow odpopen e o NuLeVdD Yvouevo Z], 1 Syi1. O A, Weil [32] dwtinwoe tny ewxacto 6t
N oudda

Nr,n = Z:L X ST+1
elvon 1 TATjeNC oudda HUTOUOPPLOUMDY TWY UTERETLYAVELWY Tou Fermat .

Ty apyn g dexoetiog tou 70, o Leopoldt [17] uehétnoe tny oudda autopop@Loudy
TWV CWHATWY cLVaETHoEWY Tou Fermat , 7 tloodlvauo ToUS AUTOUOEPLEUOUE TWY TEOBOAXOY
xaunO v Fh , xou anédeée ot 1 euxaoio tou A. Weil dev elvon owoth av 0 n — 1 elvon
dOvoun TNG YAEAXTNELOTLXNS.

O Leopoldt dev evdiopépdnxe va dnuooteboel Toug urohoyouols Tew and to 1996, xon
petd and uia epyaoto tou II. Tlepuid [29], o onolog aveZdptnta and tov Leopoldt unoidyioe
TOUS AVTOUOPPLOUOUE TwV xouTOAwY Fermat, otny yopaxtnpiotixy 0.

To mpoBinua g dounc g ouddag autouoppLoumy v Fj, . Aonxe and tov T.Shioda
[24] o 1987. H uédodoc tou Shioda eapudleton xou otny nepintwon twv xaundiwy Fermat,
xa 3ivel éva TplTo TEOTO LTOAOYLEUOU TWV AVTOUOPPLOUKOY TV XauTOAwY Fermat aveEdptnto
and e uedddoug wwy Leopoldt, Tlepuid.

H epyaocia tou Shioda pou éywe yvwotr and tov T. Katsura xau agold 1 dudaxtopixt
ou datelBy) elye mowd ohoxhnpwiel. H uédodog unoloylouol Twy AUTOHOPPLOUMY TOU To-
pouctdlw o autd To XeQdAono elvan ulo Tapohayr Tng pedddou tou Shioda. Tuxyexpuuévo
Yo anodeloupue To TopaxdTe

Ochenua 5.0.3 H oudda twv yoauutxdy autouoppouy Gy, 1wy urepemipaveldy Fermat
Fon,r>2,n2>3 e

G = Npn =75, xS,11 avn —1 8ev elvan SOvoun tne oo tnolotixric
o PGU(r + 1,p*") avn —1=ph

)
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EmnnmAéov yian #r 4+ 1 xou v > 4 xddde autouoppiouds tou F, . elvar yooguuixoc.

IMpoxewévou va urohoyicouue TV OUASA AUTOUOPPLOUWDY TWV LTEPETLPAVELDY Tou Fer-
mat Yo anodel&ouye TEMTA, 6TL XATW A6 GUYXEXPLUEVES GUVITiXES, XdTE auTOUOPPLOUOS Ulag
TeoBolxig un Wibuopene unepempdvelag V' C P (k) endyetar amd €va YpauULXS oUTOUOp-
o6 tou PT(k). H anddeiZn mou Yo ddoouue oxohoudel tny anddeln wwv Griffiths-Harris
Yioo ULyadixés vnepemipdveles [8, oel. 177], xaw tny enextelvel otny neplntwon VeTxhc yopo-
ATNPLOTIXAC.

5.1 7Yroloyiopol

Ilpétaon 5.1.1 Eow V C P(k) uio un iduopen mpofoluy unepenipdvera, faduod n #
r+1, onov k eivar éva adyeBoixd xAetoté odua yopaxtnowotajc p > 0. Avr > 4 téte xde
autouoppiouts Touv Vo endyeton and éva autouoppioud tou PT(k).

Anédergn: Eotw O(1) to avuotpédruo sheaf tou P7(k) nou avuotouyel oto hyperplane
bundle, xar Oy (1) o nepropiouds tou O(1) oto V. Ou cuuforillovue ue L(—V) 10 avt-
otpéduuo sheaf mou avtiotoyel otov divisor —V. H uuxpr axpfric axohoudio twv sheaves

1—01)®L(-V)— O(1) — Oy(1) — 0,
endyel TV paxed axplB3r axohoudia oty cuvouoloyia
HO(P"(k),0(1)) — H°(V,0v (1)) — H'(P"(k),O(1 —n)) =0,
1 omola dlvel 6TL 0 TEPLOpLoUOS T elvan N, xaL GUVETWS TO YPAUUXS cloTnua 6To V,
L=[H"(V,0v(1))|

70 onolo emdyeTon and TC Touég Ue umepenineda elvon TATPES.

Botww wy = ATV Qv i t0 xovovxd avtiotpédiuo sheaf tou V. Eyouue 6 [13, oel.
183]
Wy = Ov(1)®d_n_1.

Kdde autouoppioude ¢ tou V' agrivel to xavovixd sheaf avohholwto, cuvenng
Prwy = wy = 6" (Oy (1)@ = Oy (1)®41,
To Yewpnua tou Lefschetz [9], to onolo e€aogarilel 6t Pic(V) = Z vy r > 4, endryet 6t
9" (Ov (1)) = Ov(1)

X0 CLUVETOS @™ emdiyet éva autouopgloud otoug divisors tou L, dnhadf oto P(L) 2 P"(k).O
H oudda twv ypouixey avtopoppoudy elvar 1 utooudda e PGL(r + 1,k) n onola
aghver Ty e&lowon Fp. , avolholotn, Snhady| tivoxes (a;;) tétoteg HoTe

n

T T r
D | L auXs | =D X (5.1)
=0

i=0 \ j=0

Avtl va epyaotolue ue ty PGL(2, k), Ya epyactolue UE TOV apvixd XOvo Tne, dnhady| ue
v GL(2,k) n onola elvon évar Baoud agvind odvolo, Ue apuixd doxtdlo

R := k[X”/’L,] = 0, "'7r]det()*1'
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2

O R elvor n tomxonolnon tou moluwvuuLxol daxtukiov oe n° UETABANTES W TPOg TNV

optlovoca. H eZiowon (5.1) oe auth v neplntwon yiveto

n

Z Z% = c(aij) > X}, (5.2)
=0

i=0 7j=0

o6mou
c:Grp — k"

elvon pla povodidotatn topdotaon tne Gy . Enextelivovtoag ty (5.1) ypnotuonotévtog tov
1010 ToL JLWVOUOL TAEYOLUE

r T
n
no N1 Ny v No Y N1 Ny _ .. n
E: E: ( )azoazl'”airXO Xt X —C(azy)E X
g, .-y Ny =0

i=0 no+...+n-=n

70 onofo Ue TNy oeLpd Tou dlvel

<n0 > Za%oaff ceapt =0 av ng <n oy oha o (5.3)
"

o)

Za Z aiy Yo Ohat ot K, A =0, . (5.4)

=0

O¢tovtac n, =1, ny =n — 1 oy (5.3) xatariyouue
r
n Z ama?gl
=0
r
-1
D awapst = clay)
=0

Oy rk #A

1 omola dlvel 6Tt
(aij)t(afih) = elaig) - T = (af") = e(aij) - (ai) .

Yuvendg, n Uhworn dAwv Twv otoyelwy evog tivaxa (ai;) € Gy oty 1 — 1 S0vaun, endryet
€voL Lop@Loud ouddwy and ty Grp oty Gy . Ltadeponototue éva atoryelo (bij) otny Gy p.
[ 6hat ta (as5) € Gy €xoupe

n—1

Za” lbn L= Zaiubuj =
n—1 .
= Zan oyt > <k51;-.-;kr> (aiobo;)™ - (aibys)"™

k1+e-tkn=n—1

ki<n—1
YUVETWS, TO TOAVGVLUO
Tii (X0, ey Xir) i= mL ko e ko L ke
ij 0y =0y iy ) -— k k 0j rj<*i0 ir
i _ 1y-eey Bp
1+ ke=n—1
ki<n—1
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undevilovtat tawtotxd oto ahyeBpixd chvolo tou AW +1 (k), mou optleton amd (5.3) xon (5.4).
Ané 1o Jedpnuo Nullstellensatz tou Hilbert éyouue 6t yio xdmoto oxépato

T} e 1,

omou I elvon 1o 13eddec Tou R mou yevvdton amd tor ToAVGYLUA

r
n
— no yni . ynr
oy, == ( > E X X X,
1Yy eery Ny i—0

ol
r r
fn,)\ = E XZ:;; - E XZ;\
i=0 =0

O anodel&ouue, 6Tl T0 TapATdvw elvor aduvartov extég av T = 0. Hpdyuat, utodétovue
OTL YLOL XUTIANNAGL TONUWVUULL Gny,....n,. € I €xouue

wo_
Tij - E : Ino,...,nr fn0y---yn1‘ + E 9k - fli)\'
NQ ;.- Ky

Mopotneotue ot T} elvon évo ouoyevée mohuwdvuuo Boduod (n — 1)p otic n uetafhnrée
X0y ey Xir-

‘Eotw a évag uovenvuuixds tpocletolog X3mou gy, ...n. N Gr,x Baduod # (n — 1)p — n.
To TOAVGVUUO @ - fry,....n, OTOUAROLQETOL AT YLVOUEVA UOVOVUULXGY TPOCUETAlwY GAAWY
TONVWVOUOY Gnt ot N Gt x ME frr o N frr xv. BuveEmoe pnopolue va urtodecovue ot
Gno,...,n, EvoL opoyevh Boduod (n —1)u —n.

And v dAAY), apol ta Ty elvan opoyevh tohuwvuue otig n-uetaBintés Xy, .., X4 UOVO,
Yo mpémeL vor uTdipyeL évar ouoYEVES ovivuLo a Boduold (n — 1)p — n udvo otic Xy, ..., Xip
petoBAntée, o onolo elvar TEOcYETHHOC HATOLOL ATO T Gh,...,n, N Ir,A- Ag UTOVECOLUE TIRWOTA
, ’ z ’ ’ ’ no ni Ny - . ’
oL 70 @ elvon €vag TPOCVETALOS XATOLOU Gny,...,n,.- OL GpoL @ - X0 X0 - X0 j 2£ i umopolv
vau Storypapoly ubvo av to a elva évoc tpooltetalog XAmoLou fr, .., To onolo cuufaivel udvo
oty tepintwon (n—1)u—n =n = p = 2-"+ drono agol n > 3. To (o emyelpnua dSelyver
6TL T0 @ Sev urnopel va elvar mpoodetatog 0UTE XITOLOUL gy, -

Ou nivaxeg (bij) ot0 Ny p, 0L 0ToloL glvon tpogavelc ANooeg g (5.3) xou (5.4), elvon tng
HopPNe ,

_ i
bij = A('0;.4(4)
omou (" = 1, A etvan piar un undevuc otadepd xon o elvon ulo uetdldeon tou Sp41. Trodétoupe
ot undpyet éva (bij) € Grp\ Ny cLVETGS UTdpyEL éva j € {0, ...,r} tétolo dbote

bi1j # 0 xou bizj # 0yt j1,j2 € {0, ...,7"} .

T;; = 0 cuvenwg

n—1 - .
<k1, ...,kr> bogbﬁ "-b,,j =0.

Y1ov nopomdve tono Yétovue ki = v, ki, = n — v — 1, xon ago0 by, ; # 0,b4,; # 0 €yxouvue
ot (”;1) =0y éha v = 1,...,n — 2 10 onolo divet [5, oeh. 352] tote n — 1 elvon ula
dUVaUT TNG YOEUXTNELOTXAC. BUVETWS, 6Tay 1 — 1 dev elvon S0voun T Yoo TneloTixig
rn — Nr,n-
Yy neplntwon n — 1 = ph, 1 (5.1) diver
r r r

Y3 e XX, = Z b (5.5)
=0

i=0 j=0 v=0
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Yuyxpivovtac ouvteheotég xat ota 0o uéhn g (5.5) talpvovue

T ph
E aij iy — (Sj,,. (56)
i=0

‘Eotww F o autouoppioude tou Frobenius, o omolog otélver tov nivaxa A = (ai;) otov

F(A4) = (af;). H e&lowon (5.6) uag diver 61t

pdeih
A FA! =1 (5.8)

Eqapuélovtag tov F xow oto d0o uéhn e (5.7) népvoupe
F*(A)-F(A)! =1,

eve amb Ty (5.8) éyovue 6T F2(A) = A. Suvendc n ouddo autouop@oney tautileton ue
v PGU(r + 1,p*") av n — 1 = ph.
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