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relatively prime to p), is a non-singular irreducible projective algebraic curve F} ,,
defined over K admitting a group of automorphisms H = Z} so that Fy ,/H is the
projective line with exactly (n + 1) cone points, each one of order k. Such a group
H is called a generalized Fermat group of type (k,n). If (n — 1)(k — 1) > 2, then
Fy.», has genus g, > 1 and it is known to be non-hyperelliptic. In this paper, we
prove that every generalized Fermat curve of type (k,n) has a unique generalized
Fermat group of type (k,n) if (k —1)(n —1) > 2 (for p > 0 we also assume that
k — 1 is not a power of p).
Generalized Fermat curves of type (k,n) can be described as a suitable fiber product
of (n — 1) classical Fermat curves of degree k. We prove that, for (k—1)(n—1) > 2
(for p > 0 we also assume that & — 1 is not a power of p), each automorphism of
such a fiber product curve can be extended to an automorphism of the ambient
projective space. In the case that p > 0 and k — 1 is a power of p, we use tools
from the theory of complete projective intersections in order to prove that, for k
and n + 1 relatively prime, every automorphism of the fiber product curve can also
be extended to an automorphism of the ambient projective space.
In this article we also prove that the set of fixed points of the non-trivial elements
of the generalized Fermat group coincide with the hyper-osculating points of the
fiber product model under the assumption that the characteristic p is either zero or
p > knL
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1. Introduction

In this paper, K will denote an algebraically closed field of characteristic p > 0. A generalized Fermat
curve of type (k,n), where k,n > 2 are integers (and for p > 0 we also assume that k is relatively prime
to p), is a non-singular irreducible projective algebraic curve Fj , defined over K admitting a group of
automorphisms H = Z} so that F}, ,,/H is the projective line with exactly (n 4 1) cone points, each one of
order k. Such a group H is called a generalized Fermat group of type (k,n). If (n —1)(k—1) > 2, then Fj,
has genus g, > 1 (see Section 2) and it is known to be non-hyperelliptic [9].

The generalized Fermat curves are objects with a very interesting geometry. These curves provide us
with a considerable amount of examples, and their study could eventually help us to generalize certain
important results. More precisely one of our future objectives is to generalize the work of Y. Thara [13] on
Braid representations of the absolute Galois groups. The absolute Galois group can be represented inside
the automorphisms of the profinite free group F, = 7$'(D—{ay,...,a,}) and can be interpreted as a version
of “mapping class group” acting on the disc minus some rational points. By Belyi’s theorem IThara had only
to consider covers of the projective line ramified above {0, 1,00} and the Fermat curve and its arithmetic
emerged naturally as the curve ramified above three points of the projective line with cyclic ramification
groups of the same order. If one tries to generalize to the more general case of n + 1-ramified covers, in
order to treat braids and elements of the Galois group in a similar way, then the generalized Fermat curves
and their arithmetic emerged in a natural way. This will be the object of another article.

We would also like to discuss a second interesting aspect of these curves. It is known that the geometry
of compact Riemann Surfaces can be described via projective algebraic curves, Fuchsian group, Schottky
groups, Abelian varieties, etc. However, given one of these descriptions, explicitly obtaining the others is
a difficult problem, in fact in general it is a problem that has not been solved. The majority of examples
of Riemann Surfaces where we explicitly know the uniformizing Fuchsian group, and the equations of
an algebraic curve which represents them, are rigid examples, in other words they are not families. The
generalized Fermat Curves of the type (n,k) over K = C form a family of algebraic curves of complex
dimensions n — 2 in which we explicitly know, for each member of the family, a representation as an
algebraic curve and the uniformizing Fuchsian group (see [7]).

To finish this paragraph, in the case of arbitrary characteristics the generalized Fermat curves can be
studied as Kummer extensions of the rational function field.

Let us also mention that the term “generalized Fermat curves” has been used for other completely different
curves for example for the Diophantine equations of the form az* + bz* + cz¥ = 0 [8,4] and for quotients of
the Fermat curve, in particular for curves of the form z™ + y™ =1 [25].

We study the full group of automorphisms of generalized Fermat curves and the uniqueness of generalized
Fermat groups. Our main result is Theorem 3 which states the uniqueness of generalized Fermat groups of
type (k,n) if (k —1)(n — 1) > 2 (for p > 0 we also assume that k£ — 1 is not a power of p).

Studying algebraic curves over fields of positive characteristic is related to several problems for curves
over finite fields, especially for Fermat curves [6,28]. In particular the cardinality of the set of rational points
over a finite field, the search for maximal curves with respect to the Hasse—~Weil bound and the investigation
of zeta functions are current research topics. We believe that Generalized Fermat curves deserve a study of
their rational points, however this study is outside of the objectives and techniques developed in our article.

Also in the case of curves defined over finite field, when k — 1 is not a power of the characteristic,
the automorphism group is linear, i.e. a subgroup of PGLn+1(]F »). But this condition also implies that
H is a normal subgroup of the whole automorphism group. Therefore we can assume that the group of
automorphisms is a subgroup of PGL,,41(Fpm ), provided that m is big enough to contain both k-th roots
of unity, and the quotient group Aut(F), x)/H can be contained in PGLy(F,m).

A generalized Fermat curve of type (k,n) can be seen as a complete intersection in a projective space
defined by the set of equations given in eq. (2) in Section 2. Recall that a closed subscheme Y of P* is called a
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(strict) complete intersection, if the homogeneous ideal in K[x1, ..., Z,4+1] can be generated by codim(Y, P?)
elements. By looking at the defining equations, we may see the generalized Fermat curves as a suitable fiber
product of (n — 1) classical Fermat curves of degree k. We prove that in such algebraic model the full group
of automorphism is a subgroup of the linear group under the assumptions that (n —1)(k—1) > 2 (if p > 0
we also assume that k£ — 1 is not a power of p).

In the case that p > 0 and k£ —1 is a power of p, then we may obtain a similar result under the assumption
that n + 1 is relatively prime to k (Theorem 9). The different behavior in the case k — 1 = ¢ = p" is an
expected phenomenon, seen also in the case of the Fermat curves x(fﬂ + a:gH + x%“ = 0, where ¢ = p",
which have PGUs(F,2) as automorphism group, see [17]. Essentially this happens since raising to a p-power
is linear and the Fermat curve in this case behaves like a quadratic form.

Our strategy, in the positive characteristic case, is the following. By a degree argument we show that the
group of linear automorphisms is normal in the whole automorphism group. The group of linear automor-
phisms is studied by finding all linear transformations which leave the defining ideal of the curve invariant.
For higher dimensional varieties there is an argument proving that every automorphism is linear, based on
the fact that the Picard group is free. This argument can not be used in the case of curves, since the Picard
groups of curves are known to have torsion. Nevertheless we can use a derivation argument in order to settle
some cases.

This paper is organized as follows. In Section 2 we describe a fiber product of generalized Fermat curves
and introduce the main results of the paper. The most important is Theorem 3 which states the uniqueness
of the generalized Fermat groups of type (k,n), when (k—1)(n—1) > 2 (and for p > 0 the extra assumption
that k£ — 1 is not a power of p). In the fiber product model, under the same hypothesis, we obtain that the
full group of automorphisms is linear. The proof of the above is provided in Section 5.

In Section 3 we restrict our study to zero characteristic or to positive characteristic p > k"~! and prove
that the set of fixed points of the non-trivial elements of the generalized Fermat group in the fiber product
model coincide with the set of hyper-osculating points of the fiber product model.

In Section 6 we provide the proof of Theorem 9, concerning the linearity of the full group of automorphisms
in the case when k£ — 1 is a power of p > 0 and k is relatively prime to p, under the extra condition that &
and n + 1 are also relatively prime.

2. Main results

We use the notation ged(a,b) to denote the greatest common divisor between the positive integers a
and b. Let K be an algebraically closed field of characteristic p > 0, let n,k > 2 be integers (if p > 0, then
we also assume that ged(k,p) = 1).

A pair (Fj p, H) is called a generalized Fermat pair of the type (k,n) if Fy, is a generalized Fermat
curve of type (k,n), defined over K, and H = Z7 is a generalized Fermat group of type (k,n) of Fy . The
genus of Fj, , is

n—1

Yikm) =1+ (n =1k -1)-2). (1)

In particular, g ) > 1 if and only if (K — 1)(n — 1) > 2; in this case the generalized Fermat curve is
non-hyperelliptic (see Remark 38). If K = C, then F}, ,, defines a closed Riemann surface. Riemann surfaces
of this kind were studied in [7].

Two generalized Fermat pairs of same type, say (Fy,, H) and (ﬁkn, H), are called equivalent if there is

~

an isomorphism ¢ : Fy, ,, — ﬁk,n so that pHo~! = H.
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2.1. A fiber product description

Let us consider a generalized Fermat pair (Fj ,, H). Let us consider a branched regular covering 7 :
Fy.n — P, whose deck group is H. By composing by a suitable Mébius transformation (that is, an element
of PSLy(K)) at the left of w, we may assume that the branch values of 7 are given by the points

O0,0,I,A],.. 'a)‘n72a

where \; € K — {0,1} are pairwise different.
Let us consider the non-singular complex projective algebraic curve

w4+ +a2k =0

Mak+ab+ak =0

C* My s dng) = . c P (2)
A_ozk + a2k + 2k =0

Remark 1 (C*(\1,...,\,_2) as a fiber product of classical Fermat curves). Set Ao = 1 and, for each
j €40,1,...,n —2}, let C; be the classical Fermat curve defined by \;z% + z% + x’§+j = 0. Let us consider
the rational maps 7; : C; — P! = K U {oo} defined by m;([z1 : 2 : 234;]) = —(22/21)*. The branch
values of 7; are oo, 0 and A;. If we consider the fiber product of all these curves, with the given maps, we
obtain a reducible projective algebraic curve with k"2 irreducible components. All of these components
are isomorphic to C*(\q,..., An_2).

Let Hy be the group generated by the linear transformations ¢, ..., ¢,, where
willwo - iy ray])i=mo -t wrxy - 1 Ty,
where wy, is a primitive k-th root of unity. In [7] the following facts were proved:
(1) Hy = Z}.
(2) poopro--op, =1
( ) Hy < Aut(Ck()\l, ceey )\nfg)).
(4) The set Fix(y;) of fixed points of ¢; in C*¥(A,..., \,—2) is given by the intersection

FIX(QOJ) = {SUj = O} n Ck()\l, AN .,)\n_g),

which is of cardinality £"~". Set F(Ho) := U}_Fix(g;).
(5) The map

k
o OF A1y ooy dpa) = P oo iy oo ap] e — (—> (3)
is a regular branched cover with deck group Hy and whose branch values are
00, 07 1, >‘1a R A’r7,—2;

each one of order k. In other words, the pair (C*(\y,...,\,_2), Hp) is a generalized Fermat pair of type
(k,n).
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Theorem 2. The generalized Fermat pairs (Fy ,, H) and (C*(\1,...,An—2), Ho) are equivalent. Moreover,
the only non-trivial elements of Hy acting with fized points are the non-trivial powers of the generators

©0y s Pn-

Proof. This result was obtained, for K = C in [7].
It can be seen that a generalized Fermat curve Fy , is in fact a fiber product of n — 1 classical Fermat
curves. In fact, the n — 1 triples

{00,0,1},{00,0, A1}, ...,{00,0,\_2}
produce, respectively, the Fermat curves
C’O:xlf—l—x’;—kxlg =0,C1: Alxlf—&—x’;—i—xﬁ =0,...,Ch_o: /\n_gx’f—l—x’g—kxﬁ =0.

If we set \g = 1, then on C; we consider the map m; : C; — P! defined by 7([z1 : x2 : 2345]) = —(z2/21)".
The branch values of 7; are 0o, 0, A;.

If we consider the fiber product of the above curves, using the above maps, we obtain a reducible al-
gebraic curve admitting a group (Zi)"*l as a group of automorphisms and k"2 irreducible components.
By Remark 1, all its irreducible components are pairwise isomorphic; they are generalized Fermat curves
of type (k,n), and each one is invariant by a subgroup isomorphic to Z}. Let C be one of these irreducible
components and let H be its stabilizer in the above group. Then the quotient C / H=F %.n/H. Now, the uni-
versality property of the fiber product ensures that (Fy ,, H) and (6 , H ) are isomorphic. By the construction
of the fiber product, it can be seen that in fact (6, ﬁ) and (C*(\1,..., A\n_2), Ho) are isomorphic. O

2.2. Automorphisms of generalized Fermat curves

Let us consider a generalized Fermat pair (Fy, ,,, H). By Theorem 2 we may assume (and this will be from
now on) that

(Fpom, H) = (C*(\1, ..., Au_sa), Hp).

If n = 2, then Fj, 2 is an ordinary Fermat curve of degree k and its automorphism group was studied
by P. Tzermias [26] for p = 0 and by H. Leopoldt [17] for p > 0. These results state that Hy is the unique
generalized Fermat group of type (k,2) if k > 4 (in the case k < 4 it is unique up to conjugation).

If n > 3, then in [7, Cor. 9] it was proved that, for K = C, every automorphism which normalizes
Hy is linear i.e., the normalizer of Hy is a subgroup of PGL,11(C). The arguments are still valid for any
characteristic.

Again, assuming K = C, the following uniqueness results of the generalized Fermat groups are known. In
the case that k = 2 (these are also called generalized Humbert curves) it was proved in [1]| that for n = 4,5
the generalized Fermat group of type (k,n) is unique. In [5] Y. Fuertes, G. Gonzalez-Diez, the first and
third author proved that for k¥ > 3 and n = 3 the generalized Fermat group of type (k,n) is also unique. In
the same paper it was conjectured that the uniqueness holds for (kK —1)(n — 1) > 2 (in particular, that it is
normal in the whole automorphism group). Here we solve positively such a conjecture.

Theorem 3. Let k,n > 2 be integers so that (k —1)(n — 1) > 2. If p > 0, then we also assume that k — 1
is not a power of p and that ged(p, k) = 1. Then Hy is the only generalized Fermat group of type (k,n) of
Fy.r. Moreover, Aut(Fy, ) is linear and it consists of matrices such that only an element in each row and

column is non-zero.
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Remark 4. If £ — 1 is a power of p, the previous theorem is, in general, false. For example, if n = 2 and
k=1+ph p >0, the group Hy is a normal subgroup of Aut(Fj ) if only if 4 = 1 and p = 2. Indeed, for
all p, h we have Aut(Fj o) = PGU3(F,21). Let us suppose that (h,p) # (1,2), then PGU3(F2n) is a simple
group (see Theorem 11.26 of [12]). This implies that Hy is a non-normal subgroup of Aut(Fj 2). In the case
of (h,p) = (1,2) the group PGU;5(F4) is a group of order 72 with a unique 3-subgroup of Sylow. Which
implies that Hy is a normal subgroup of Aut(F 2).

Corollary 5. Every generalized Fermat curve of type (k,n) has a unique generalized Fermat group of type
(k,n) if (k—1)(n—1) > 2 and, forp >0, k — 1 is not a power of p and ged(p, k) = 1.

Corollary 6. Let k > 2 and, for p > 0, let us assume that ged(p, k) = 1 and that k — 1 is not a power of p.
Then Hy is a normal subgroup of Aut(Fy,,).

Remark 7. If (k—1)(n — 1) < 2, then it is known that Aut(Fj ) < PGL,+1(K). Let us now assume that
(k—1)(n—1) > 2 and, for p > 0, that k — 1 is not a power of p. Theorem 3 asserts that Aut(F} ,) coincides
with the normalizer N(Hy) of Hy, so by the results in [7, Cor. 9] we obtain Aut(F},) < PGL,41(K). In
the same paper it is mentioned how to compute Aut(Fj ;). This is done observing the short exact sequence:

1 — Hy = Aut(Fgn) = Go — 1,

where Gy is the subgroup of PGLy(K) = Aut(P!) which leaves invariant the set of branch points
{0,1,00,A1,..., Ay_2}. In particular, |[Aut(Fy ,,)| = |Golk".

In the case that K = C, the above uniqueness results provides the following “kind of Torelli’s” result.

Corollary 8. Let I'1,Ty < PSLy(R) be Fuchsian groups acting on the upper-half plane H? = {z € C : Im(2)
> 0} so that H?/T; has signature (0; k,"T1, k). Let T’} be the commutator subgroup of ;. If T} =T, then
'y =15,

Theorem 3 states that if (k—1)(n—1) > 2 (and k — 1 not a power of p in the case p > 0), then Aut(F} )
is a linear group. The following states a similar result for the case that p > 0 and k — 1 is a power of p under
an extra condition.

Theorem 9. Let p > 0, ged(p, k) = 1 and assume that k — 1 is a power of p. If ged(k,n + 1) = 1, then
Aut(Fy ) is a subgroup of PGLy41(K) and it consists of elements A = (a;;) such that

n—2
AT AT =", 8,
pn=0

for a (n —1) x (n — 1) matriz (b; ), where ¥; are certain (n+ 1) x (n + 1) matrices, defined in eq. (17).
2.3. The group of automorphisms of the generalized Fermat curves, and the Hurwitz bound

It is natural to ask how big the group of automorphisms Aut(F} ,) can be, and how far its order is from
the Hurwitz bound in the case K = C.

For the positive characteristic case, the automorphism group of generalized Fermat curves can be quite
large with respect to its genus when k — 1 is a power of the characteristic. For example, the Hermitian
function fields (k = p" + 1 and n = 2) are known to have extremely large automorphism with respect to
their genus [19,22]. On the other hand, if k¥ — 1 is not a power of the characteristic, then we will prove that
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H is a normal subgroup of Aut(F} ,); so any wild automorphism appears within the quotient and is an
element in PGLg(K). Such an automorphism is weakly ramified, i.e. all higher ramification groups Ga(P)
are trivial at all ramified primes P, and the automorphism group is bounded above by 169?1“;)’ see [19] or
[22].

In this section, in the case that K is of characteristic zero, we will give a bound for the order of Aut(F} )
in terms of k£ and n. As we shall see, this bound is, in general, well below the Hurwitz bound.

In virtue of Remark 7, we obtain that |Aut(Fy )| = |Golk™, where Gy is the subgroup of PGLy(K) =
Aut(P') keeping invariant the set of branch points {0, 1,00, A1,..., Ap_2}.

Tt is well known that a finite subgroup of PGLy(K) is isomorphic to some of the following groups: the
cyclic group C, of order m > 0, the dihedral group D,, of order 2m > 0, the tetrahedral group Ty, the
hexahedral group Hy, and the icosahedral group Lj. Recall that |Ty| = 12, |Hp,| = 24 and |Ly| = 60.

Let us observe that for any n we can choose a set of points {0, 1,00, A1,..., \p,_2} so that there exists a
dihedral group D, 1 which leaves this set invariant. In particular, for all n > 2 there exists a generalized
Fermat curve with a group of automorphisms of order 2(n+ 1)k™. With the above information the following
lemma is deduced.

Lemma 10. For n > 29 we have that |Aut(Fy )| < 2(n + 1)k™. Even more, the bound is attained.

Proof. For all n > 2 we have that there exists a generalized Fermat curve such that the group Gy is
isomorphic to D,, 1. Observe that from n > 29 we have that | D,,11| > 60. Which finishes the demonstration,
because the order of the symmetry groups of platonic solids is less than or equal to 60. O

By the previous lemma we only need to find a bound for the order of the group Aut(Fj,,) in the case
n < 29.

Let G be a finite subgroup of PGLy(K). For each point P € P! we have associated its G-orbit whose
size is equal to |G|/|G(P)|, where G(P) is the G-stabilizer of P. If we can find points Pi,..., P., whose
G-orbits are pairwise disjoint and n + 1 = Z;Zl |G|/|G(P;)|, then there is a generalized Fermat curve of
type (k,n) with G < Gy (in this case, if O denotes the union of all these orbits, then G will be its stabilizer
in PGLy(K)).

For example the action of T; on P' has 2 orbits of size 4, an orbit of size 6, and all other orbits
of size 12. Then, for n < 29 there exists a generalized Fermat curve such that Gy = Ty if and only if
n=3,57,911,13,15,17,19, 21,23, 25,27. But what we want to find is the group Gy of the highest order
possible. As for n > 5 the order of the group D,,+1 is greater than or equal to 12, then only for n = 3 there
exists a generalized Fermat curve with Gg = T}, and that does not satisfy the bound of the previous lemma.
Using this idea we can prove the following result.

Theorem 11. For all n, k, such that (n — 1)(k — 1) > 2, we have that
[Aut(Fy..n)| < p(n)k",

where p(n) = 2(n + 1) for all n > 2 with the exception of the following list

p(n) =12 n=3
p(n)=24| n=>5,7
p(n) =60n=11,19

Furthermore, the bound is attained for all n.
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Given a curve X of genus g, the Hurwitz bound establishes that
|[Aut(X)] < 84(g — 1).

As the genus of Fj, ,, is

we have that
84(g(n k) — 1) = 42k" 1 ((n = 1)(k = 1) = 2),

so we may observe that the upper bound obtained in the previous theorem is smaller than the Hurwitz
bound.

In positive characteristic there is a similar classification of finite groups acting on P!, given in [27, th. 1].
The new groups which appear are elementary abelian groups & = (Z/pZ)* 1 € N, semidirect products of an
elementary Abelian group times a cyclic group & x C, PSLy(F,m), PGLy(Fpm ), and also the groups which
already appeared in characteristic 0 can appear with different ramification types, when the characteristic is
2 or 3. The method of proof used in characteristic 0 can not be used here, since the size of all the dihedral
groups cannot control the size of the finite projective linear subgroups.

If we consider the action of Gy on the set of the n + 1 branch points, then this set is decomposed as a
disjoint union of ¢ orbits of length |Go| and r orbits of smaller length; more precisely,

Sl
n+1t~|Go|+Z|G|O(;D|)|, (4)
v=1 v

where P, denote a maximal collection of points which are non-equivalent under the action of Gy with
non-trivial stabilizer.
Using the genus formula for Fj, ,,, we compute

[Aut(Fp)| 2/Go| - k 20Gol -k _ 41|

Gem—1 Kn-D—(n+D) ~ F-Dm+D) ~ntl (5)

If ¢ in eq. (4) is not zero, then |Go| < n + 1 and this gives us the bound

|[Aut(F,, )|

<4,
9(k,n) — 1

i.e. a linear bound in the genus. Since we are in case of generalized Fermat curves n + 1 > 4, groups which
have only a few short orbits, which also have small size, when acting on P!, should also have t > 0. For
example this approach allows us to handle the & case, since by [27, th. 1] elementary abelian groups have
orbits of size either 1 or |£| and moreover there is only one orbit of size 1. Since n + 1 > 1, we should have
t>1.

In positive characteristic, there are known examples of curves for which the order of their groups of
automorphisms are not bounded linearly by the genus. Here, the ramification is wild. Bounds in higher
powers of the genus are expected, see [19]. We consider the following quotient:

[Aut(Fo )| 2|Gol k™ 241 |Go| n(1-6)
(Gkmy =D~ (n+DFEODE (B —1)F = (n+1)°
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We compute the derivative
Bk (1 4+ n) =t = —(n+ 1)~ (kn(l-@) (¢ = 1)(n + 1) log(k) + ©),
which is negative for £ > 1, therefore, for fixed k, £ > 1, and |G|, the maximal value for k(=97 (1 4 n)~*

is attained at the minimal possible value for n + 1, which is the minimal orbit size.
According to [27, th. 1] the sizes of orbits are as follows:

Group Orbits
Elementary Abelian group & 1, |&]
& xC 1; |@m|’ |5HC|
PSLy(Fy), ¢ = p™ q+1, q(g—1), [PSLy(Fy)|
PGLy(Fy), ¢ = p™ q+1,q(g—1), [PGLy(F,)|

We have already considered the & case. For the case of the projective linear groups the bound is of the
form (after setting n+1= ¢+ 1):

|AU(Fo k)| < (g(reny — 12 (g — 1)g(q + 1) k1079, (6)

while for the case of a semidirect product & x C, the minimal non-trivial orbit size is ¢ = |&| which gives a
similar bound

[Aut(Fp )| < (gm) — )21 Clg! RLmDE0, (7)

The quantities on the right hand side of equations (6), (7) are clearly bounded (keep in mind that in the
case & x C, the order of cyclic part divides ¢—1 [27, th. 5 (7)]) by some constant if £ > 1. We have obtained
the following:

Theorem 12. If k is an algebraically closed field of characteristic p > 0, such that k — 1 is not a power of
the characteristic, then for every e >0

|Aut(Fn,k)| <c- (g(k,n) - 1)1+67
for some constant ¢ € R depending on €, q, k.

Proof. The condition k—1 is not a power of the characteristic implies that H <Aut(F), ), so Aut(F,, x)/H C
PGL2(K) and the result follows by eq. (7). O

3. Hyper-osculating points of C* (A1, ..., A_2)

In this section we demonstrate, in characteristic zero or in characteristic p > k"~!, that the set F/(Hy)
of fixed points of the generalized Fermat group Hy coincides with the set of hyper-osculating points of the
curve Fy , = CEF(AL, ..y An2).

We begin by explaining the theory of hyper-osculating points of curves over fields of characteristic 0
following essentially [11]. In positive characteristic a variety of new, very interesting phenomena appear.
Also all definitions need appropriate modification in order to work. For the positive characteristic case we
will follow the Laksov approach [15,16], since his theory was successful in giving a version of the generalized
Pliicker formulas.

Essentially the results of Laksov, for the case of generalized Fermat curves, show that if we assume that
the characteristic p > k™!, then we have exactly the same behavior as in characteristic 0.
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For a curve C' (non-singular, projective) defined over a field K we consider the function field K(C)
which plays the role of the field of meromorphic functions. The points of the curve can be seen as places
(equivalence classes of valuations) and a function f in K(C) is called holomorphic at P if vp(f) > 0, where
vp(f) is the valuation of f at P. Holomorphic functions admit Taylor expansions at the completions of the
valuation rings. For the general theory of functions fields over arbitrary fields we refer to [23,10].

3.1. Preliminaries on hyper-osculating points of curves

Let C be a projective smooth curve of the projective space P", fo : C' — P" the natural embedding
defined by the inclusion C' C P", and the divisor D be the inverse image of a hyperplane II of P".

Let us consider an s-plane II; C P, 1 < s < n — 1, and let us define, without imposing restrictions on
the characteristic of K, the multiplicity of Il in P € C as

mult p(II; N C') := Order of contact of Il and C in P.
Tt is known that there exists a unique s-plane, denoted by II(s, P), such that
multp(Il(s, P) N C) > s + 1.

Now if we suppose that the characteristic of K is p > deg D or zero it can be assured that there exists
at most a finite number of points P € C such that

multp(II(s, P)NC) > s+1

(see [15], [21] or Appendix B of [20]). As we shall see, in the case that C' = F,,  we have that deg D = k"~ 1.
The s-plane II(s, P) is called the osculating s-plane of C at P and a point P € C is called a hyper-
osculating point if

multp(II(n — 1, P)NC) > n.
Remark 13. Let ¢ € Aut(P") = PGL,,4+1(K). Observe that
mult,py(o(Ils) N@(C)) = multp(IT, N C).
In particular, P is a hyper-osculating point of C' if and only if ¢(P) is a hyper-osculating point of ¢(C).

8.2. Laksov’s theory of osculating planes

We will follow the approach D. Laksov article. For an alternative but similar approach we point to the
seminal work of Stohr and Voloch [24].

Let C be a smooth curve of genus g over a general field K and let D be a divisor in C. Moreover, let V'
be a linear system in H°(C, D) of projective dimension n. We note deg D the degree of the divisor D.

Tensor powers of the sheaf of differentials can be interpreted as

(Qé)@'m — I'rn/‘[m—‘rl7

where [ is the ideal defining the diagonal in the product C' x C. Let p,q be the two projections C x
C' into the first and second factor respectively. Laksov defined the bundle of principal parts P™(D) =
p+(¢*Oc(D)|C(m)), where C(m) is the subscheme of C' x C defined by I"™*!. He then introduced a family
of maps
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v™(D) : H°(C, D)¢ := H(C, D) @k Oc — P™(D)

and the corresponding map v™ : Vo :=V @k Oc — P™(D). Let B™ and A™ be the image and the cokernel
of v™. The Corollary 2 of [16] implies that there are integers

0=Gp<G1<-- <Gy, <degD < Gpy1 =0

such that rankB? = (s + 1) for G, < j < Gs11. The above sequence is called the gap sequence of the linear
system V. If G,, = m for m =0,1,...,n then the gap sequence is called classical.

Definition 14 (Associated Curves). The surjection Vo — A* induced by the map v’ defines a map
fs: C — G(s,n)

to the grassmanian of s-planes in P”. The s-plane in P™ is called the associated s-plane to V at P, and the
degree dg of the map fs is called the s-rank of the linear system V.
The grassmanian can be embedded in terms of the Pliicker coordinates in a projective space PV, where

N = (Zill ) — 1. We will denote by b,(P) the ramification index and by b, the sum of all ramification indices

of the composition C LN G(s,n) — PN. The image of the later map is called the s-associated curve.

Remark 15. Geometrically ds can be interpreted as the number of associated s-planes to V' which intersect
a generic (n — s — 1)-plane of P". In addition, we have that ds = rankA®. See section 5 of the article [16].

Let eg,e1,...,e, be a basis of V. Using the canonical maps v° : Vo — Oc (D), we can prove that this
basis induces a set of linearly independent functions vy, v1, ..., v, belonging to the local ring 0¢ p, P € C,
such that there exists a sequence of integers hg < hy < --- < hy,, where h; := Ordpwv;. These integers are
called the Hermitian invariants at P.

The s-plane associated to the sub-space of V spanned by esy1, ..., €, is the unique s-plane with maximal
contact order with V" at P (the order of contact is equal to hs+1 — hg). This s-plane is called the osculating
s-plane to V at P.

Let C be a projective smooth curve of the projective space P". If fy : C — P" is the natural embedding
defined by the inclusion C' C P", and the divisor D is the inverse image of a hyperplane II of P, we obtain
that hg = 0 for all P € C and that the concepts of osculating s-plane to V at P and osculating s-plane of
C at P coincide.

Additionally, given a local uniformizer z at the point p, the normal form of fy in P is obtained in the
following manner:

fo(z) :==Tvo(z) : -+ 1 vp(2)].

When the characteristic p is small, then a lot of new phenomena appear, however for p > deg D the
situation is similar as in characteristic zero:

Theorem 16 (See [16, Th. 15]). Assume that the characteristic p of the ground field is zero or strictly grater
than deg D. Fiz a point P € C' and let hg, hq, ..., hy, be the Hermite invariants of the linear system V at P.
Then:

(1) The linear system V has classical gap sequence, i.e. G, =m form =0,1,...,n.
(2) The ramification index bs(P) of fs at P is equal to hyw1 —hs — 1 for s =0,1,...,n— 1.
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(3) The Pliicker formulas take the form:
dsy1 —2ds +ds—1 =(29—2) —bs fors=0,1,...,n— 1,

where d_1 =0 and d,, = 0.
(4) The osculating and associated s-planes to V' at P coincide.

3.8. The hyper-osculating points of Fj, n,

Let fo : Fn, — P™ be the natural embedding defined by the inclusion Fj , C P". Let P be a point in
F(Hp) and let z be a local uniformizer at P. The following lemma helps us to find the normal form of fj
around z(P) = 0.

Let II be a hyperplane section of the projective space P™ and D = f(II) the inverse image divisor of II.
Using the Bezout theorem we obtain that deg D = k™~ !. In the rest of this section Theorem 16 will be used
quite a lot, for this reason we will impose, as a general hypothesis in the entire rest of the section, that the
characteristic of the ground field is zero, or strictly greater than k"~ !.

Lemma 17. Let us conserve the previously defined notations. Assume that we are working over a field of zero
characteristic or strictly greater than k"~1. Then there exists a sequence of n — 1 integers,

l=lg<2=h<lpg< - <lj< - <lpo<k" 2
such that the normal form of fy around z(P) =0 is the following:
Jo) =Lz 90(2%) 1 gu(2F) oo gi(Zh) o gua(2M)),
where the g; admit an expansion g;(z) = 2% + - 4 ---.

Proof. We will begin by the case of the characteristic of the field being zero.

Using linear substitutions in the system of equations which define the curve Fj.,, = C¥(\1,..., \y_2),
followed by an automorphism of P”, we can suppose that Fy , = C’k(:\l, e 5\n_2) and that P € Fix(p1).
These transformations do not affect the condition of being or not being a point of hyper-osculation, see
Remark 13.

In order to simplify the notations, we say that Mo = 1. Then the point P in homogeneous coordinates is
P:=[1:0:p1:p2:-:pn_1],
where pf = —5\1-,1, 0<i<n—1.

Let fo : Fjn — P" be the natural embedding defined by the inclusion Fj, , C IP", and let us consider the
following Taylor series centered in ¢ = 0:

o0 -1
Yitt=Y" (k )ti, It <1,

1

=0
where
kN D(E~'+1) B R 1 i1
( i >'_ L+ 1)L(k~1—i+1) =11 y _Z‘!kiH(l_ky)eQ- (8)

v=1 v=1
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Remark 18. The binomial coefficient (7;) for n,i € N has always meaning in fields of positive characteristic p,
since we can always reduce it modulo p. The binomial coefficients in eq. (8) are not defined if p < 4.

Remark 19. If Mk < p then (kzl) # 0 for all i < M. Indeed, by eq. (8) we observe that for 1 <v <i—1< M
the quantity kv — 1 # 0 mod p. Otherwise, 0 < up=kv —1 <p/M -i—1 < p for v, u € N, a contradiction.

Using this expansion, we can describe fy explicitly in a neighborhood of P. Let z be a local uniformizer
at P, we express locally

folz) = [1 Dz Zc(i)l)zik : Zc(i)mzik Dl Zc(i)n_l)zik ,
i=0 i=0 i=0

Py k1 . .

Wherec(iyj) ::5\1_— ; 1<j<n—-1,9>0.
j—1

We can prove by induction on j, that for each integer 1 < j < n — 2, there exists a sequence of n — 2

integers
l=lp<2=l<lp< - <lj<-<oor <lpoa,

for which there exists a change of coordinates of P" (which is to say, an automorphism of P") such that

folz)=|(1:2: Zd(i,l)zik : Zd(i’g)zik : Z d(i)g)zik D Z d(i’n,l)zik ,
i=1 i=2 i=ly i=ln_o

where d(;, |y =1forall 1 <m <n-2.

By virtue of part (¢i¢) of Theorem 10 of [16], we obtain that the Hermite invariant h,, is less than or equal
to deg D = k"~ ! (it is worth mentioning that this result is valid in the case of the positive characteristic).
Implying that I,,_» < k™~2. This will prove the lemma in the case of characteristic zero.

Using the fact that h, < k"', and Remark 19, we can ensure that for fields of characteristic p such
that k”~! < p the method of recurrence raised previously functions in the same way. However the sequence
of integers Il < I3 < .-+ < l,,_2, obtained in the case of the positive characteristic, could differ from the
sequence of integers obtained in the case of characteristic zero.

Let us now do some steps of the induction in order to indicate some problems that may occur over fields
of positive characteristic:

k’_l
fo(z) = [1 c2:e(0,1) +e(1,1)2% + - :c(0,2)+c(1,2)zk+%< 5 )z%—i—--- I :] .
1
In the first step we subtract the constant function 1 multiplied by ¢(0,¢) from all but the first two

projective coordinates of fy(z) arriving at

fo(z) = [lzz:c(l,l)zk—&—-n:c(1,2)zk+%(k;1>z2k+~--:...:].

1

The coefficient ¢(1,1) = £ (kj) # 0 so we can divide the third coordinate of fy(z) by ¢(1,1) in order to
0

have coefficient of z* equal to 1. Then we subtract from all but the first two coefficients the third coefficient
in order to eliminate the term z*. The coefficient of 2%* in the fourth coordinate equals to
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c(1,1)c(2,2) — c(1,2)c(2,1) = — = - = ==
0 0e.2) - et 2een =2 (M) 2 (1) -2 (7)) 5 (5

() () o
)\0)\1 2 1 )\1 )\O

since

N klkl—1)  1—k A
(2)_ > = A0 and A £ 1

We can now normalize the coefficient of 22* to 1 and subtract it multiplied by the appropriate constant
from the next coordinate. Doing this subtraction it can happen that the coefficients of z3%, 24* etc. are also
eliminated. So we set 2 < Iy the first non-zero exponent in the above subtraction. We then proceed in a
similar way until all coordinates are in the form requested by the lemma. O

The next theorem describes the hyper-osculating points of F}, , and the ramification indices.

Theorem 20. Assume that the characteristic p of the ground field is zero or strictly grater than k"', and
(n—1)(k — 1) > 2. Then the following holds:

(1) F(Ho) is the set of hyperosculating points of Fy .
(2) If P € F(Hy), then b1(P) =k —2 and by(P) =k —1 for all2 <1 <n-—1.

Proof. Let P be a point in F(Hy). By (2) in Theorem 16 and Lemma 17, we obtain the following system
of equations:

2+ b1(P) = k
3+ b1(P) + ba(P) = 2k

4+b1(P)—|—b2(P)+bg(P) = Ik

ﬁ + bl'(P) + bQ'(P) + b:;(P) +.~ <4 by_1(P) - ln,.gk.

Equivalently, we obtain

Observe that b;(P) > k — 1 for all 2 < <n — 1. In particular, P is a hyper-osculating point.
Since the cardinality of F(Hy) is equal to (n+ 1)k" !, we have the following lower bound from the total
ramification indices:

by = by := (n+ k" (k- 2),
by > b= (n+ 1)k Yk —1), forevery 2<1<n—1.

Observe that in order to finish the proof of the theorem, it is necessary and sufficient to prove b; = by,
for all 1 <1 < n — 1. We will now prove these equalities.
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Consider the following inequality

i
L

Oﬁblfi)l S (nfl)(blfl;l),

N
I
<

where by = by = 0. The idea is to show that the right part of the inequality is zero.
Recall that the genus of Fj, ,, is given by the following formula:

B (=)= 1) =2)+2

9(k,n) ‘= 9
Via direct calculation, we obtain the following equality:
n—1
> (n=Db=n(n+1)(gm — 1) + (n+ k"
1=0

Using the Pliicker formulas (Item (3) of Theorem 16), we obtain

n—1 n—1
> (n=Dbr = (1 = D(2gm — 1) — M%)
1=0 1=0
n—1
=n(n+1)(gum —1) = ) ((n =DA%,
1=0
where Ale =di41 —2d;+dj—1.
A simple computation permits to obtain that
n—1
> (n=1)A%d; = d, — (n+1)dy + nd_;.
1=0
Since d,, = d_1 = 0 and d; = k* !, therefore
n—1
> (n=Db=n(n+ 1) (g — 1)+ (n+ k",
1=0

which implies that b = b forall 1 <1 <n—1. O
The following corollary is directly derived from Theorem 20 and Lemma 17.
Corollary 21. Let z be a local chart of Fy, ., around a point P. Then the normal form of fo in z(P) := 0 is:
(1) If P € F(Ho)
foz) = [L:2:90(z") 1 a(Z") oot i) oo gua (2]

where the g; are holomorphic functions such that g;(z) = 2Tt + -+ -+
(2) If P € F(Hy), then

fo(z) = [1:z:z2+~..;...;z(”*1)+...}_
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4. Complete intersections and linear automorphisms

Let P™ be the projective space with homogeneous coordinates [x7 : - - - : Zp4+1]. Consider the curve Fy,,, =
Ck(A\1, ..., A\n_2) embedded in P"*! as the intersection of the n — 1 hypersurfaces f; := \;z¥ + 2§ +z§+i =0
for 0 < i <n—2, where k,n > 2 are integers so that, for p > 0, (k,p) =1 (see eq. (2)).

Proposition 22. The curve Fy, , s a nonsingular complete intersection.

Proof. The curve is given as the intersection of n— 1 hypersurfaces f; := \;z¥ +x’§+m§+i fori=0,...,n—2.
We consider the matrix of V f; written as rows.

kah—! | 0 . 0
Alk:.r’f’l kxb™t 0 kafTt 00 ©
An_okzt™1 kxh=l 0 ce 0 kab]

By the defining equations of the curve we see that a point which has two variables x; = x; = 0 for i # j
and 1 <4,5<n+1hasalsox; =0fort=1,...,n+ 1. Therefore the above matrix has the maximal rank
n — 1 at all points of the curve.

So the defining hypersurfaces are intersecting transversally and the corresponding algebraic curve they
define is non-singular. O

Proposition 23. The ideal Iy, defined by the n — 1 equations defining Fy,,, C P is prime.

Proof. We will follow the method of [14, sec. 3.2.1]. Observe first that the defining equations fo, ..., frn_2
form a regular sequence, and K[z1,...,zp41] is a Cohen-Macauley ring and the ideal I, they define is
of codimension n — 1. The ideal Ij , is prime by the Jacobian Criterion [3, Th. 18.15], [14, Th. 3.1] and
Proposition 22. In remark [14, 3.4] we pointed out that an ideal I is prime if the singular locus of the
algebraic set defined by I has big enough codimension. O

Remark 24 (Stable Family). Consider now the polynomial ring Ry := K[A1,...,\,_2] and consider the
ideal J generated by [17=7 Ai(Ai — 1) - IL;
Ry with respect to the multiplicative set Ry — J. The affine scheme SpecR is the space of different points

(Ai —Aj). We consider the localization R of the polynomial ring

Py, ..., Py, and the family 2" — SpecR is a stable family of curves since it has non-singular fibers of
genus > 2.

By the results of Deligne-Mumford [2, Lemma [.12] any automorphism of the generic fibre is also an
automorphism of the special fibre. Special fibres have more automorphisms, when the ramified points

{07 17 00, )‘17 L) )\n72}
are in such a configuration, so that a finite automorphism group of PGL2(K) permutes them.

Since F}, ,, is a projective variety, for every automorphism o € Aut(Fj ) there is a Zariski open covering
(o

of Fin, (Us)icr such that the restriction of o |7 is given by n+ 1 homogeneous polynomials g; ) of the same

degree, i.e. if & =[xy : - : xpt1], then

ol (7)) =[g\7(@) - g\ (@), (10)

see [18, prop. 6.20].



2328 R.A. Hidalgo et al. / Journal of Pure and Applied Algebra 221 (2017) 2312-2337

All automorphisms that come as automorphisms of the ambient projective space, i.e. they are represented
on the whole curve Fj, ; as in eq. (10) with degg; =1 for all 1 < ¢ < n + 1 are called linear and they form
a subgroup L of Aut(Fj,).

Lemma 25. The group L is a normal subgroup of Aut(Fy n).

Proof. Consider a non-linear automorphism 7 € Aut(Fj,) and a linear automorphism o € L. Since 7 is
not linear there is an open U C F},,, where 7 is expressed in terms of polynomials of degree d > 1.

Consider the element o’ = 7o7~!. We will show that ¢’ is linear. Since the curve F}, » is connected, the
open sets U and ¢(U) have non-trivial intersection V. On this set V' we express the automorphisms o, 7, o’
in terms of homogeneous polynomials gz(a),gy),gz(g,), 1 < ¢ < n+ 1, respectively of degrees 1,d,d’ as in
eq. (10). We have o't = 7o and this implies for Z € V the relation

977 097 @) - gl 0 gl @] = 1017 0 g\ (@) 1+ gl 0 9l (@),

Let Iy, be the ideal defining the curve F}, ,,. For each £ € K™ there is a Az € K such that

97 0 9(@) = A9 0 ¢'(@) mod I, forall 1 <i <n+ 1.

The left hand side has degree d’d while the right hand side has degree d. So if we substitute uz in

the above equation where ud/ = )z we obtain ggg ) o glm = gZ(T) ) ggg) for all 1 <4 < n + 1 modulo the
(e

homogeneous ideal Ij, ,, of the curve and this in turn is possible only if &’ = degg,” ' =1, i.e. ¢’ is given in
terms of linear polynomials.

We have proved so far that there is an open cover (U;);er of Fy , where o is given in terms of linear
polynomials. Since every element in the defining ideal of the curve F}, ,, has degree > 1 this means that on
the nonempty intersections U; N U; the linear polynomials expressing o’ should not only be equal modulo
the defining ideal, but equal as polynomials. This proves that ¢’ is given by linear polynomials on the whole

space Fj, , so 0’ € L. O
4.1. The elements of L

In this section we describe the elements on the group L of linear automorphisms of the curve Fj, .
All automorphisms o € L are linear ones, so they are given in terms of an (n + 1) x (n + 1) matrix:

n+1

o(x;) = Zai,l,xi. (11)

An automorphism of V(f1,..., fn—2) is a map o such that if P is a point in V(f1,..., fn_2), then o(P)
isin V(f1,..., fn—2). The following holds true:

fioco=0"(fi) € (f1,- - fa=1)

i.e.
n—1
inO': Zgu,iflu (12)
v=1
for some appropriate polynomials g; € K[z1,...,Zp+1]. When o € L, so it is linear, the polynomials g, ;

are just constants.
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Theorem 26. Set Y; = Vf;. If o € L, then o(Y;) should be a linear combination of elements Y;.

Proof. By applying V to Eq. (12) we have for every point on the curve

n—1

V(fioo)(P)= )  (9ix(P)VIu(P) + Vgin(P)fu(P)).

1

v

But f,(P) = 0 so we arrive at

V(fioo)(P Zgw )V, (P),

which gives rise to

fZOO— ZgZVVfD+F

where F' is an element in the ideal Ij,, of the curve Fj ,. The ideal Ij , is generated by polynomials of
degree k, while V f; are polynomials of degree k — 1. Therefore,

fZOCT Zgz vV fu, (13)

as polynomials in K[z1,...,2,11]. O
Now the chain rule implies that, for o € L,
V(fioo)(P)=V(fi)(a(P))oo, (14)

where o is given by the (n + 1) x (n + 1) matrix A = (a;;) given in eq. (11). We now rewrite eq. (14) and
combine it with eq. (13)

0" (Vfi)eo =V(fi)(o(P)) oo =V(fioo) Zgz vV (15)

Recall that f; = \;a% + 24 +x§+j for 1 <j<n-—2and
Y = (kAjay ™" kab™h,0,...,0,kat3,0,...,0),

where the third non-zero element is at the j + 3 position. For 1 < i <n + 1 let us write

n+1

(x;) = Z iy Ty
v=1

So

n+1 k-1 n+1 k-1 n+1 k-1
" (Yj) =k | A <Z al’,,ac,,> , (Z ag’l,x,,> ,0...0, (Z aj+3’,,ac,,) ,0...0
v=1 v=1 v=1
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Observe that eq. (15) implies that o*(Y;) is a linear combination of Y;, which involves only combinations
of the monomials z¥~*, while the t-th (¢ = 1,2, + 3) coefficient of o*(Y;) involves all combinations of the

terms
k-1 (a2 - (2% ) for v+ 4 vy = k- 1
" Uit N TR | (1 Tpt1 ) TOT 11 Vnt+1 = :
y¥n
= _ v o__ Vn+1
For v = (v1,...,Vns1) define x¥ = 7" -, and set

I 7] VUn+41
Ay = a’t,l “Gynt1-

Observe that if (1/1 k_yl +1) # 0 and x” does not appear as a term in the linear combination of Y;, then using

eq. (15) we have
(141,1—,7 . 7An+1717) . A = O
But A is an invertible matrix so the above equation implies that

Aty =0

)

if x¥ does not appear as a term in the linear combination of Y;.

Lemma 27. The binomial coefficients (kzl) =0 foralll<v<k-—11if and only if k — 1 is a power of the
characteristic.

Proof. The binomial coefficient (kzl) is not divisible by the characteristic p if and only if v; < k; for all 4,
where v = Y v;p', k—1 = k;p® are the p-adic expansions of v and k—1, [3, p. 352]. The result follows. O

Lemma 28. Let 0 € L given by a (n+ 1) x (n+1) matric (a;;). If k —1 is not a power of the characteristic,
then there is only one non-zero element in each column and row of (a;j).

Proof. If k — 1 is not a power of the characteristic, then we see that the matrix (a, ;) can have only one
non-zero term in each row and column. Indeed, if this was not true, then for some j we have two non-zero

terms a;,,a;1,. If j > 3, then we work with o*(Y;_3) and for v such that (k 1) # 0 we have that
k—1—v

aj i, " =0, so the desired result follows. O

3,0 @

Corollary 29. If k — 1 is not a power of the chamctemstzc then every automorphism o € L restricts to an

automorphism of the function field K(X), X = ——k, i.e. L normalizes Hy.

Proof. The function field of the generalized Fermat curves can be seen as Kummer extension with Galois
group H of the rational function field K (X), where X = —i—% (see [7, par. 2.2] or eq. (3)). In order to prove
that H is a normal subgroup of the whole automorphism group we have to show that every automorphism
of the curve keeps the field K(X) invariant.

Since there is only one non-zero element in each row and column of A for the automorphism o we have:

n+1

Zaf,y h. (16)
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Therefore
k n+1 k
(X 0'*($2) _ Zu 1a’2 vy
U( )__O_*(I)k_ n+1 P
1 ZV 1 (11 vy

In the above equation we replace all variables z,, for v > 3 using the defining equations % = —\, _zz%¥ — 2%

k
in order to arrive at an expression involving only X = —2—%:

1

n+1 k k
a21x1 + a22x2 + ZV 3 2 v ( Ap—32y — m2)

n+1 k k
alll’l + 0’12x2 + Z v ( Av—3x] — 552)
n+1 n+1 k
( 022 + Zu 3 A2 u) ( —3 Au— 3a2,v)

_ . O
(_alfQ + ZZH_; ap u) X+ (an ZLLI;, /\,,_3a’iy)

o"(X) =~

Proposition 30. Assume that k — 1 = p™ = ¢ is a power of the characteristic. Denote by
Ei:diag()\i,l,O,...,l,O,...,O), (17)

with 1 in the i + 3 position. Then a matrix A € PGL,11(K) corresponding to o € L should satisfy

n—2
ATS AT =" b 8, (18)

n=0

for a (n—1) x (n — 1) matriz (b; ).

Proof. By applying ¢* to f; we have:

n+1 g+l n+1 g+l n+1 g+l
U*(fz) - )\z § a1,vTy + § ag Ty + § i30Ty
v=1 v=1 v=1

n+1

X q q . q q
> (Niarpal, +azal , +aigs el g ) vl
v,u=1

n+1
= E Bvu :c,x

v,u=1

Observe that by eq. (13) we have B!,  =0forall 0<i<n—2,1<v,u<n+1,n+#p.

v,
The polynomials are in some sense “quadratic forms”

Jilzy, .o Tpg) = (T2, Zng1) s : )
so o* f; is computed as

o*fi= (1, Tny1) ATE; AT : ,
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and the above expression should be a linear combination of f;. The desired result follows. O

Remark 31. Matrices A = (a;;) which satisfy eq. (18) should satisfy the following equations: For 0,...,n—2
and 1 <v,u<n+1 we set

i q q q
By,u, = )\ia17Va17M + 2,4y + Ai+3,0;43 -
We have
i
B, = 0for v # pu.

Moreover the coefficients b; , in eq. (18) satisfy the system

1 )\1 )\2 )\n72 bi,l Bil
1 1 1 1 b; B}
1 0 0 0 . 2
0 1 0 0 _
1 b)
0 oo
0 e 0 1 bin—1 By i1t

which gives us that
_ Rt _ g+1 g+1 q+1
bi,l/ - B§+V,2+nu - )‘ia172+u + a‘2,2+1/ + ai+3,2+u for 1 <v<n-— 17

plus the compatibility relations

n+1

E : i _ i
Bu,u - 32,27

v=3

and
n+1
> Av-sBl, =Bi,.
v=3
Solving these linear systems with Aq,..., \,_2 as parameters, seems a complicated problem, which is out

of reach for now.
5. Proof of Theorem 3

In this section, we assume that k,n > 2 are integers so that (n — 1)(k — 1) > 2 and, for p > 0, we also
assume that ged(p, k) = 1 and that k£ — 1 is not a power of p.

Set Fin = CH(A1,..., A\n_2), where A1,..., Ao € K —{0,1} are different.

As before, let N(Hy) < Aut(F} ,,) be the normalizer of Hy in the group Aut(Fy ).

Lemma 25 asserts that L, the group of linear automorphisms of Fy ,,, is a normal subgroup of Aut(Fy ).
Corollary 29 asserts that L < N(Hp) and, since Hy < L, that Hy is a normal subgroup of L.

Remark 32. We may arrive to the same conclusion above using the theory of hyper-osculating points under
the condition k" ! < p or char(K) = 0. Indeed, as a consequence of Remark 13 and Theorem 20, we have that
L preserves the set of fixed points F(Hy). This in particular asserts that if 7 € L, then 77! = ©o(j) for
a suitable permutation o of the set {0, 1,...,n}; in particular, 7Ho7~! = Hy. This asserts that L < N(H).



R.A. Hidalgo et al. / Journal of Pure and Applied Algebra 221 (2017) 2812-2337 2333

Lemma 33. Under the above assumptions, N(Hg) = L.

Proof. As noted above (under the assumption that k — 1 is not a power of p if p > 0), Corollary 29 asserts
that L < N(Hp). In [7] it was seen that N(Hj) < PGL,,4+1(K) (in that article it was assumed that K = C,
but the same techniques can be used in the general case); obtaining that N(Hy) < L. For the sake of
completeness we briefly recall the proof that N(Hy) C PGL,,+1(K). Every element in N(Hy) permutes the
conical points 00,0, 1, A1, \,—2. Also, according to Remark 7, every Mobius automorphism 7' € PGLs(K)
permuting the conical points can be lifted to an automorphism 7' € Aut(F}, ,,) so that 71 = T, where
7 Fen — Fen/Ho = PL. Such an automorphism acts by conjugation on the cyclic generators a; of Hy.

Therefore, T{a;)T~" = (ao(jy), for some permutation o € S,; 1. The divisor of the function z;/z; is
div(z;/z1) = Fix(aj) — Fix(a1), and so for the pullback div(T™*(z;/x1)) = Fix(as-1(;)) — Fix(as-1(a,))-
Therefore, on the open set 1 # 0 we have for some constants co, ...,c,11 € K:
T(JCQ/ZCl, ey $n+1/x1) = (C2x0—1(2)/$g—1(1), cee 707L+11‘a-71(n+1)/ma-71(1))
and finally
T[xl PXo ., Tpg1) = [l‘o.—l(l) DCaTy-1(g) .. cn+1x071(n+1)] ,

i.e. an automorphism of PGL,41(K). O
Lemma 34. Under the above assumptions, Hy is the unique generalized Fermat group of Fy, , inside L.

Proof. Let H' < L be another generalized Fermat group of type (k,n). The group H' is generated by the
elements 7, for j = 0,...,n, so that the non-trivial elements of H " acting with fixed points in F}, are
exactly the non-trivial powers of these generators and ¢jo pjo- -0 =1.

If the set of cyclic groups (), ..., (¢}) coincides with the set of cyclic groups

<<PO>7 LR <90n>7

then clearly Hy = H'.
So, let us assume, from now on, that the above is not the case.

Claim 1. The set of cyclic groups (@), ..., {@L) is not disjoint with the set of cyclic groups (o), ..., {(¢n)-

Proof. Let us assume, by the contrary, that the set of cyclic groups (©g),. .., (¢%) is disjoint with the set
of cyclic groups (©g), ..., {¢n). In this case, the group H' descends under the quotient map 7g, defined in
eq. (3), to a group of Mobius transformations that preserves the n + 1 branch values oo, 0, 1, A1,..., Ap—2,
and it is isomorphic to ZZ, for some t > 1.

It is known that the finite abelian subgroups of M&bius transformations are either cyclic, isomorphic

t

to Z32 or isomorphic to Ly,

ged(k,p) = 1.

Case 1. If k > 3, then t = 1 and H' N Hy = Zz_l. The cyclic group Zj, induced by H’ is generated by a
Mobius transformation 7' that permutes the n+ 1 branch values and fixes no one. In particular, n+1 = rk,

where p is the characteristic and ¢ € N. The last case can not appear since

for some positive integer r. It follows (see [7]) that each lifting of T' (that is, the generators ¢, ..., %) is a
linear transformation providing the same permutation (by conjugation action) of the generators o, . . ., ©n,
in r disjoint cycles of length k. Up to permutation of indices, we may assume that ¢ permutes cyclically the

elements of each of the sets {@07 P1y-- -y @k—l}v {(pka Phk+1s-- - QOQk—l}a"') {90(7“71)]9) Pr—1)k+1s-- > Qp'r’k‘—l}~
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It follows that the maximal subgroup @ of Hy formed by those elements that commute with ¢f is the one
generated by the elements

PoOP1LO " OPEk—1,Pk O Pk4+10C " OCOP2k—15-+-, Pr—1)k °P(r—1)k+1° " O Prk—1-

Since the composition of all of the above elements equals the identity, @ = szl.
Now, as ¢ must commute with each element of H' N Hy, the n — 1 generators of it must be each one
invariant under conjugation by ¢f. As H' N Hy < @, we must have n < r, a contradiction.

Case 2. If k = 2, then t € {1,2}. If ¢ = 1, then we may proceed as in the above case to get a contradiction.
If t =2, then H' N Hy = Zg_z and the group H’ induces a group of Mobius transformation isomorphic to
Z3 that permutes the n + 1 branch values and none of them is fixed by a non-trivial element. It follows that
n + 1 = 4r, for some positive integer r.

In this case, after a permutation of the indices, we may assume that Z3 is generated by the induced
elements of ¢f and ¢f. It follows that ¢! (i = 0,1) permutes (by conjugation action) the generators
0o, - - -, pn in 2r disjoint cycles of length 2 each one. Up to a permutation of indices, we may assume that
g permutes cyclically the elements of each of the sets {¢o, 1}, {©2, ¥3}s.., {@n-1,n}. It follows that the
maximal subgroup @) of Hy formed by those elements that commute with ¢f is the one generated by the
elements

$0 0 P1,P20P3,-..,Pn—10 Pn,

that is, Q = Z%Tﬁl. Since the subgroup of H, formed by those elements that commute with ¢ and with ]
is a subgroup of @, we must show that H' N Hy < Q, that is, n — 2 < 2r — 1. This obligates to have r = 1,
in particular, that n = 3, a contradiction to the assumption that (k —1)(n —1) > 2. O

As a consequence of the above, the set of cyclic groups (¢5), - . ., (¢}) is not disjoint with the set of cyclic
groups (o), - - ., {pn). We may assume, up to permutation of the indices, that (o) = (¢f). The underlying
Riemann surface R of the quotient orbifold C'(Aq,..., An—2)/{w0) is a generalized Fermat curve of type
(k,n— 1) admitting two different generalized Fermat groups of type (k,n — 1); these being H'/(pg) and the
other being Hy /(o).

In the case that K = C we have the following. For k& = 2 we have already proved the uniqueness (so
normality) for n = 4,5 in [1] and for k£ > 3, the uniqueness was obtained for n = 3 [5]. In this way, the
above procedure asserts, by induction on n, the desired result in the zero characteristic situation.

The situation for general p > 0 can be done as follows. First, we know the uniqueness for k& > 4 and
n = 2 (as a consequence of the results in [26] and [17]); so again, by the induction process we are done for
k > 4. The case k = 2 is ruled out because 1 = k — 1 = p® and we are assuming that k¥ — 1 is not a power
of p. In the case k = 3, we only need to check uniqueness for n = 3.

5.1. The case (k,n) = (3,3)

In this case, our hypothesis are that p # 2,3. Lemma 33 asserts that Hy = Z3 is a normal subgroup of L
and Lemma 25 asserts that L is a normal subgroup of Aut(F33). Let W < L be the 3-Sylow subgroup of L
containing Hy. If W = Hj, then the conditions of normality asserts the uniqueness. Let us now assume that
Hy # W. In this case, W/ Hy produces a 3-subgroup G < PGLy(K) keeping invariant the set {00, 0,1, A1}.
The only possibility is to have G = Zs. Up to a transformation in PGLy(K), we may assume that the
generator T of G satisfies that T(co) =0, T(0) = 1, T(1) = co and T'(A\1) = A;. So, T(x) = 1/(1 — x) and
A? — A1 +1 = 0. In this case, the collection {c0,0,1, A1} is also invariant under the involutions A(x) = \;/x
and B(z) = (z — A\1)/(x — 1). The group generated by A and B is Z3. In fact, the group U generated by A
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and T is the alternating group 7 and it contains B. There are not more elements of PGLo(K) — U keeping
invariant the set {00,0,1,A\1}; so L/Hy = U = ;. This ensures that |L| = 12 x 3% and also that Hy is
unique inside L (see [5, Cor. 6]). O

Lemma 35. Under the above assumptions, N(Hy) = Aut(Fy ), in particular, that Aut(Fy ) < PGLy41(K).

Proof. Let 7 € Aut(F},). Since L is a normal subgroup of the group Aut(Fy ) (see Lemma 25), then
H' = 7Hyt~ ! is a subgroup of L; again a generalized Fermat group of type (k,n). Since Hy is the unique
generalized Fermat group of type (k,n) inside L (see Lemma 34), we must have that H' = Hy. O

5.2. Conclusion of the proof of Theorem 3

Lemma 34 asserts that Hy is the unique generalized Fermat group of type (k,n) inside L. Since Lemma 33
asserts that L = N(Hy) and, by Lemma 35, N (Hy) = Aut(Fg_,, ), we obtain that Hy is the unique generalized
Fermat group of type (k,n) of Fg,. In [7] we have seen that N(Hj) is a subgroup of PGLj,41(K). Now
Lemma 28 provides the last part of our theorem.

6. Proof of Theorem 9

Before to provide the proof of Theorem 9 let us provide some general facts on linear automorphisms in
algebraic varieties.

Proposition 36. Consider a complete intersection Y C P° of projective hypersurfaces Y; of degree d; for
1=1,...,r. The canonical sheaf wy is given by

WY:ﬁY (idz—s—l)
i=1

Proof. [9, exer. 8.4, p. 188] O

The curve Fj, ,, is given as complete intersection of n — 1 hypersurfaces of degree k. Therefore, we have
the following

Corollary 37. The canonical sheaf on the curves Fy, , is given by

wp, . = OF,, (n—=1Dk—n—-1)=0p,, ((n—1)(k—1) —2).

Of course this is compatible with the genus computation given in eq. (1) since the degree of Op, (1) is
kL.

Remark 38. As the line bundle &, , (1) is very ample, and (n—1)(k —1) > 2, we obtain that the canonical
bundle wg, ,, is very ample. Then the curve F , is not hyperelliptic (see p. 341 of [9]). In the case of K = C,
in the article [7] an alternative proof of this fact is presented.

Proposition 39. Let ¢ : X < P be a closed projective subvariety, such that the map
HO(P*, 0p: (1)) ~— H°(X, Ox(1))

is an isomorphism. Every automorphism of X preserving Ox (1) can be extended to an automorphism of the
ambient projective space, i.e. it is an element in PGLg11(K).
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Proof. [14, prop. 2.1] O

We may try to prove that every automorphism is linear in the following way. Every automorphism o of
the curve FJ,,, should preserve the canonical sheaf so it should preserve &, , ((n —1)(k — 1) — 2). Does it
preserve Op, ,(1)? This is certainly true if Pic(F}%,,) has no torsion and it is the general way how one proves
linearity in higher dimensional varieties. Unfortunately curves have torsion in their Picard group.

6.1. Proof of linearity part of Theorem 9

Let D = OF, ,(1). For every automorphism o € Aut(Fy ) we consider the difference T, := (D) —D. It is
a divisor of degree 0, and the divisor ((n—1)(k—1)—2)T, is principal. Hence T, is a ((n—1)(k—1)—2)-torsion
point in the Jacobian of the curve Fj, ,,. The automorphism is linear if and only if T, is zero.
Lemma 40. The map o — T, is a derivation, i.e.

TO’T = O'TT + To’-
Proof. Observe that
Tor =07(D)—D =07(D) —0(D)+0(D)—D=0(T;) + Tp. O

Lemma 41. The torsion points T, are Hgy-invariant.

Proof. Using Lemma 25 we find an £ € L such that ho = /. For all linear automorphisms ¢ and in particular
for £ € Hy we have Ty = 0. We now use the derivation rules:

The = Ms +Tj, = KT,
and

Toe =0T+ T, =1,.
The desired result follows, since Ty, = T,. O

Consider the natural map « : Fy, — Fg,/Ho = P!, We have two maps induced on the Jacobians,
namely

7. 2 Jac(Fy n) — Jac(Fy,n/Ho)
anP — anw(P),

and

7w Jac(Fy,n/Ho) — Jac(Fi.n)

SR Y ng Y. e(P/QP,

Per—1(Q)

where Y npP (resp. Y ngQ) is a divisor of degree 0 in Fj,,, (resp. P') and e(P/Q) denotes the ramification
index of a point P lying above Q.
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Observe that the map 7* o m,. : Jac(Fy,) — Jac(Fy,n) is given by sending a point P € Jac(F} ) to
> ohe m, P and m, o7 is the zero map since the Jacobian of the projective line is trivial.

This means that on the Hy-invariant points P,, multiplication by |Hp| = k™ is zero. Since T, is an
((n —1)(k — 1) — 2)-torsion point, if (k,n + 1) = 1, then T, is zero and ¢ is linear.

6.2. Proof of second part of Theorem 9

Under the extra assumption that (k,n + 1) = 1, we have seen in Section 6.1 that L = Aut(Fy_,). Now
Proposition 30 states the last part of our theorem.
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