FRAMIZATION OF THE TEMPERLEY-LIEB ALGEBRA
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ABSTRACT. In this paper we propose a framization of the Temperley—Lieb algebra. The framiza-
tion is a procedure that can briefly be described as the adding of framing to a known knot
algebra in a way that is both algebraically consistent and topologically meaningfull. Here, our
framization is defined as a quotient of the Yokonuma—Hecke algebra. The main theorem pro-
vides necessary and sufficient conditions for the Markov trace defined on the Yokonuma—Hecke
algebra to pass through to our framization.
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1. INTRODUCTION

Since the original construction of the Jones polynomial the Temperley—Lieb algebra has become
a cornerstone of a fruitful interaction between Knot theory and Representation theory. The
Temperley—-Lieb algebra was introduced by Temperley and Lieb [23] and was rediscovered by
Jones [8] as a knot algebra [9].

A knot algebra is an algebra that is used in the construction of invariants of classical links.
Our main interest lies in those knot algebras that are involved in the construction of invariants
through Jones’ formula [9]. More precisely, a knot algebra A is a triplet (A, 7, 7), where 7 is an
appropriate representation of the braid group in A and 7 is a Markov trace function defined on
A. The Temperley—Lieb algebra, the Iwahori—-Hecke algebra and the BMW algebra are the most
important examples of knot algebras.

The ‘framization’ is a mechanism designed by the second and fourth authors that consists of a
generalization of a knot algebra via the addition of framing generators. In this way we obtain a
new algebra which is related to framed braids and framed knots. More precisely, the framization
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procedure can roughly be described as the procedure of adding framing generators to the gener-
ating set of a knot algebra, of defining interacting relations between the framing generators and
the original generators of the algebra and of applying framing on the original defining relations of
the algebra. The resulting framed relations should be topologically consistent. The most difficult
problem in this procedure is to apply the framization on the relations of polynomial type.

The basic example of framization is the Yokonuma-Hecke algebra, which can be regarded
as a framization of the Iwahori-Hecke algebra [13, 16]. This framization of the Iwahori-Hecke
algebra gives the recipe of how to apply the framization technique on the quadratic Iwahori-Hecke
relation. Having in mind this example, the second and fourth authors proposed framizations
of several knot algebras [17, 18]. Further, the second author constructed a unique Markov
trace function, tr, on the Yokonuma-Hecke algebras Y4, (u) with parameters z,z1,...,xzq4-1 [11].
Consequently, invariants for framed, classical and singular oriented links have been constructed
[16, 15, 14] by applying the ‘E—condition’ on the parameters x1,...,z4_1 so that tr re-scales
and respects the negative stabilization move between framed braids [16]. The derived invariants
for classical links do not coincide with the 2-variable Jones or HOMFLYPT polynomial (here
denoted Homflypt) [1] except in few trivial cases, yet they are conjectured to be topologically
equivalent to the Homlfypt polynomial [5].

The Temperley—Lieb algebra can be regarded as a quotient of the Iwahori—-Hecke algebra,
therefore it is natural to look for a quotient of the Yokonuma—Hecke algebra that can be consid-
ered as a framization of the Temperley—Lieb algebra. In this paper we propose a framization of
the Temperley—Lieb algebra as a quotient of the Yokonuma—Hecke algebra over an appropriate
two—sided ideal. Although such an ideal is not unique, it will become clear that our choice for
the ideal that leads to the framization of the Temperley—Lieb algebra is the one that reflects the
construction of a ‘framed Jones Polynomial’ in the most natural way.

The outline of the paper is as follows. Section 2 is dedicated to providing necessary definitions
and results, including: the Iwahori-Hecke algebra, the Ocneanu trace, and the Yokonuma-Hecke
algebra Yg,(u). In Section 3 we recall some basic tools from harmonic analysis of finite groups
such as the convolution product, the product by coordinates and the Fourier transform, necessary
for exploring the ‘E—system’.

In Section 4, where we present two natural quotients of Y4, (u) that could possibly lead to a
framization of the Temperley-Lieb algebra, the Yokonuma-Temperley—Lieb algebra, YTLg,(u)
(introduced and studied in [6]) and the Complex Reflection Temperley-Lieb algebra, CTLg, (u).
After deducing that these two quotient algebras are not suitable for our purpose, we introduce
a third quotient of Yg,(u), the Framization of the Temperley-Lieb algebra, FTLg,(u). The
connection between all possible quotients of Y4, (u) is then analyzed and we prove that the
defining ideals of FTLg,,(u) and CTLg, (u) are principal. Furthermore, we provide presentations
with non-invertible generators for the quotient algebras FTLg,(u) and CTLg,(u). We conclude
this section with the formula for the dimension of FTLg,,(u) by Chlouveraki and Pouchin |2
and we provide a linear basis for the case d = 2, n = 3.

The main theorems are given in Section 5. They provide the necessary and sufficient conditions
for the Markov trace tr [11] on the Yokonuma—Hecke algebra to pass through to the quotient alge-
bras FTLg,(u) and CTLg ,(u) respectively. The corresponding results for the algebra YTLg,, (u)
are given in [6]. More precisely, we first find the necessary and sufficient conditions for the case
of FTLg3(u) using tools from harmonic analysis on finite groups (Lemma 8) and then we gener-
alize using induction on n (Theorem 5). Using the same ideas we prove the analogous theorem
for CTLg,(u) (Theorem 6). In Section 6 we discuss the connection between the necessary and
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sufficient conditions such that tr passes to all three quotients algebras CTLg,,(u), FTLg,, (u) and
YTLg,(u).

Finally, in Section 7 we define invariants for framed and classical links through the quotient
algebras FTLg,,(u) and CTLg,(u), and we deduce that the invariants for framed links that are
derived from FTLg ,(u) provide a framed analogue of the Jones polynomial, while the invariants
from the algebras CTLg ,(u) coincide with those from FTLg ,(u). We note that the invariants
for classical links from the algebras YTLg,(u) recover the Jones polynomial [6].

2. PRELIMINARIES

2.1. Notations. Throughout the paper by the term algebra we mean an associative unital (with
unity 1) algebra over C. Thus we can regard C as a subalgebra of the center of the algebra. We
will also fix two positive integers, d and n.

As usual we denote Z/dZ the group of integers modulo d, Z/dZ = {0,1,...,d — 1}.

We denote 5, the symmetric group on n symbols. Let s; be the elementary transposition
(2,4 + 1) and let (s;,s;) denote the the subgroup generated by s; and s;. We also denote by {
the length function on .S, with respect to the s;’s.

Denote Cy = (t|t? = 1) the cyclic group of order d. Let ¢t; := (1,...,1,t,1,...,1) € CF,
where t is in the i—th position. We then have:

Define Cy,, := C} xS, where the action is defined by permutation on the indices of the #;’s,
namely: s;t; = tg,(j)si. Notice that Cy, is isomorphic to the complex reflection group G(d, 1,n).

Denote also B,, the braid group of type A, that is, the group generated by the elementary
braidings o1, ...,0,—1, subject to the following relations: o;0;0; = 00,0}, for |i — j| = 1 and
oi0; = 0j04, for i —j| > 1. We will also use the d-modular framed braid group Fg4, := C}} X By,
where the action of B, on C} is defined by the induced permutation on the indices of the ¢;’s
and C' is the infinite cyclic group, which surjects naturally on F4,. We will also refer to the
framed braid group F, := C™ x B,. Of course,

Fn=2Z"x B, and Fgq, = (Z/dZ)" x By,.

Remark 1. We would like to point out that Cy, and Fg,, appear in the theory of “fields with one
element”. This is a theory dreamt by J. Tits in his study of algebraic groups. According to the
seminal article of Kapranov and Smirnov [19], GL,,(F1) = S,,, GL,(F1[t]) = By, GLp(Fin) = Cyp,

and GLy,(Fi»[t]) = F4p, where GL,,(Fin) (resp. GL,(Fi»[t])) is in “some sense” the limit case
q — 1 of GLy(F,) (resp. GL,(F,[t])).

2.2. Background material. From now on we fix a non—zero complex number u. We denote by
H,,(u) the Iwahori-Hecke algebra associated to Sy, that is, the C-algebra with linear basis
{hy|w € S, } and the following rules of multiplication:

O I o o S 2.1)
Set h; := hs,. Then H,,(u) is presented by hi,...,h,—1 subject to the following relations:
hihj = hjh; forall |i—j|>1
hihjhi = hjhih; forall |i—jl=1
h? = u+ (u—1)h
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Definition 1. The Temperley—Lieb algebra TL,(u) can be defined as the quotient of the algebra
H,,(u) over the two-sided ideal generated by the Steinberg elements h;

hiji= 3 hy, forall |i—j|l=1 (2.2)
wE(si,s5)
Equivalently, TL,,(u) can be presented by hy, ..., h,_1 subject to the following relations:
hihj = hjh; forall |i—j|>1
hihjh; = hjh;h; for all |i—j|=1
h? = u+ (u—1)h;
14 h; + hj + hihj + hjh; + hihjh; =0 forall |i—j| =1
Furthermore, using the transformation:
fi= uil(m L) (2.3)

the algebra TL,(u) can be presented by the non-invertible generators fi,..., f,—1 subject to
the following relations:

fz2 = fz
fififi = 6f;, foral |i—j|=1
fifi = fifi, forall |i—j|>1

where 67! =24+ u+u~t [9].

In [7, 9] Ocneanu constructed a unique Markov trace on H, (u). More precisely, we have the
following theorem.

Theorem 1 (Ocneanu). For any ( € C* there exists a linear trace T on U521 H, (u) uniquely
defined by the inductive rules:

(1) T(ab) = 7(ba), a,be Hy(u)

(2) (1) =1
(8) T(ahy,) =(7(a), a€ Hy(u) (Markov property).

The Ocneanu trace T passes through to TL, (u). Indeed, as it turned out [9], to factorize T to
the Temperley—Lieb algebra, we only need the fact that 7 kills the expression of Eq. 2.2. So, in
[9] it is proved that 7 passes to the Temperley—Lieb algebra if and only if:

1

“ari ¢=-1. (2.4)

(=

2.3. The Yokonuma-Hecke algebra. The Yokonuma-Hecke algebra of type A, denoted Yy, (u)
[25], can be defined by generators and relations [11] and can be regarded as a quotient of CFy,
over the two—sided ideal that is generated by the elements:

02 — (u—1)e; — (u—1)ejo; — 1,

where e; is the idempotent defined by:

d—1
1
ei ::azz&ftﬁf, i=1,...,n—1. (2.5)
s=0

Equivalently, one can define Y g, (u) as follows:
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Definition 2. The Yokonuma-Hecke algebra Yq,(u) is the algebra presented by generators

Jly-++s9n—1,t1,...,t, subject to the following relations:
gig; = gjg; forall |i—j[>1 (2.6)
9i+19i9i+1 =  GiGi+19i (2.7)
tit; = tjt; forall 4,7 (2.8)
t4 = 1 foral i (2.9)
giti = tit19i (2.10)
gitiv1 = tigi (2.11)
gitj = tjgi forj#i,i+1 (2.12)
g2 = 14 (u—1)e; + (u—1)eig; (2.13)

Note that for d = 1 the quadratic relation (2.13) becomes:
9 = (u—1)gi +u
So the Yokonuma-Hecke Y1 ,(u) coincides with the Iwahori-Hecke algebra.
The algebra Ygq,(u) can also be regarded as a u-deformation of the group algebra CCy,,.
Indeed, if w € S, is a reduced word in S, with w = s;, ...s;, then the expression g, =
Gsiy ---9si, € Yin(u) is well-defined since the generators g; := g,, satisfy the same braiding

relations as the generators of S, [20]. We have the following multiplication rule in Y, (u) (see
Proposition 2.4[10]):

) Gsw for I(s;w) > l(w)
siw = { gsiw + (u—1)€;gs;w + (u—1)e;gy  for I(siw) < l(w). (2.14)

Note also that the generators g, correspond to ¢; and so we have that: g;,w = g¢,9w = tigw-

The definition of the idempotents e; can be generalized in the following way. For any indices
i, j we define the following elements in Y, (u):

1 d—1
Cij = g thtff"" (2.15)
s=0

We also define, for any 0 < m < d — 1, the shift of e; by mu:
d—1

my _ 1 _
™ = Syt (2.16)
s=0

(0)

i

(m)

Notice that e; = e;;11 = e;’. Notice also that e;

that:

= t{"e; = 1}y 1e;. Then one deduces easily

M = cie ) (2.17)

b
t{totserea = e

(&

for all 0 < m,a,b,c<d—1.
The following lemma collects some of the relations among the e;’s, the ¢;’s and the g;’s. These
relations will be used in the paper.
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Lemma 1 ([6] Lemma 1). For the idempotents e; and for 1 <1, j < n—1 the following relations
hold:

tje,- = eitj
€i+19i = Gi€ii+2

eigj = gjei, forj#i—1,i+1
ejgi9; = gigje; forli—jl=1
€i€i+1 = €i€ii42
€i€i+1 = €4,i+2€i+1-

Using the multiplication formulas (2.14), the second author proved in [11] that Y4, (u) has
the following standard linear basis:
{ti* .. t8mgy |a; € ZJdZ, w € Sy }. (2.18)

Notice now that using relations (2.10) and (2.11) one can write any monomial m in Y, () in
the following form:
m =t thrm
where m’ = g;, ... g;,. We say that every monomial in Y, (u) has the splitting property, which
is in fact inherited from the framed braid group F,. That is, one can separate the framing part
from the braiding part.

Further, we have an inductive basis of the Yokonuma—Hecke algebra, which is used in the
proof of the main theorem, Theorem 5. More precisely:

Proposition 1 ([11] Proposition 8). Every element in Y pn11(u) is a unique linear combination
of words, each of one of the following types:

Mugngn—1-- - giti’C or mntfﬂrl
where 0 < k < d—1 and my, is a word in the inductive basis of Y4 n(u).

2.4. Using the above basis, the second author proved that Y4, (u) supports a unique Markov
trace. We have the following theorem:

Theorem 2 ([11] Theorem 12). For indeterminates z, x1, ...,xq—1 there exists a unique linear
Markov trace tr:
tr:Upl  Yan(u) — Clz, 21, ..., 24-1]
defined inductively on n by the following rules:
tr(ab) = tr(ba)

tr(l) = 1
tr(agn,) = ztr(a) (Markov property)
tr(aty ) = wstr(a) (s=1,...,d—1)
where a,b € Yqp(u).
Using the trace rules of Theorem 2 and including xg := 1, we deduce that tr(e;) takes the
same value for all 7, and this value is denoted by E:
d—1
E :=tr(e;) = J ngxd,s.
s=0
Moreover, we also define the shift by m of E, where 0 < m < d — 1, by:
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Notice that E = E©),

3. FOURIER TRANSFORM AND THE E-SYSTEM

An important tool in the proof of the main theorem are some classical identities of harmonic
analysis on the group of integers modulo d. More precisely, we will use identities linking the
convolution product and the product by coordinates through the Fourier transform. These tools
were also used in solving the so—called E-system, see Appendix [16]. Thus, in this section we
shall give some notations and recall some well-known and useful facts of the Fourier transform
along with some facts for the E—system.

3.1. In our setting it is convenient to see the group of integers modulo d as the group Cy. Hence,
the product by coordinates in CCy is defined by the formula

d—1 d—1 d—1
(Z artr> : (Z bstS) = Z aibit’
r=0 s=0 i=0

and the convolution product is defined by the formula:

d—1 d—1 d—1 fd—1

<Z artr> * (Z bst5> = Z ( asbr_8> t" (3.1)
r=0 s=0 r=0 \s=0

In order to define the Fourier transform on Cy we need to introduce the following elements:

d—1
ig = Zxa(s)ts (a € Z)dZ).
5=0

where the yi’s denote the characters of the group Z/dZ, namely:

k 2rk
Xk(m) = cos TP 4 isin de (k,m € Z/dZ)
One can verify that:
.. di, ifa=0»b
1g X1 = X
0 if a # b.

On the other hand, we shall denote by §, the element of the canonical linear basis of CCy, that

is, 04 := t®. It is clear that:
0o fa=0b
0g - Op =
ont {o ifa#b
The Fourier transform is the linear automorphism on CCy, defined as:
d—1

d—1
yi=Y ait’ ==Y (y*is)(0)t (3.2)
r=0

s=0
where (y *i5)(0) denote the coefficient of dy in the convolution y * is.
The next proposition gathers the most important properties of the Fourier transform used in
the paper.

Proposition 2 ([22]). For any y and y' in CCy, we have:
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(4) /i\a = d(sa
(5) If y = >0—g art”, then

Finally, we note that the elements in the group algebra CCy can also be identified to the set
of functions f : Z/dZ — C, where the identification is as follows:

d—1
(f:Z/dZ — C) = > f(k)t* € CCy.
k=0

Some times we shall use this identification, since it makes some computations more comfortable.

3.2. The E—system is a non—linear system of equations that was introduced in order to find the
necessary and sufficient conditions that need to be applied on the parameters x; of tr so that the
definition of link invariants from the Yokonuma-Hecke algebra would be possible [16].

In [16, Appendix| the full set of solutions of the E-system is given. To do that, Gérardin
interpreted the solutions of the E-system as certain complex functions x over Z/dZ. More
precisely, the function x is defined by mapping 0 to xg := 1 and k is mapped in the parameters
xj of tr. Thus, the function x is identified as:

d—1
T = Z xktk
k=0
Notice that the coefficient of ¥ in the convolution x * z (respectively = * z * x) is:
E®)  (respectively tr(egk)eg))

(see Lemma 2 [6]). Equivalently, we have

zxx: ke E®  and x*x*x:k‘%tr(egk)eg) (3.3)

Definition 3. We say that the (d — 1)—tuple of complex numbers (z1,...,x4_1) satisfies the E—-
condition if x1, ..., xq_1 satisfy the following system of non-linear equations in C, the E—system:
EM = x,E (1<m<d-1). (3.4)

More precisely, in [16, Appendix|, Gérardin achieved to solve the E-system by interpreting
each equation of (3.4) as the value at m of the convolution product of the functional = : s — x5 by
itself in the complex algebra CCy and then using some tools of harmonic analysis on finite groups.
It turns out that the solutions of the E—system are parametrized by the non—empty subsets of
the cyclic group Z/dZ, that is, given a non—empty subset D of Z/dZ, the corresponding solution
is:

Ty = 5 2 (3.5)

keD

Remark 2. It is worth noting that the formula for the solutions of the E—system can be in-
terpreted as a generalization of the Ramanujan’s sum. Indeed, by taking the subset P of Z/dZ
consisting of the numbers coprime to d, then the solution parametrized by P is, up to the factor
|P|, the Ramanujan’s sum cq(k) (see [21]).
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Notice now, that the characters of Cy are given by t* — xx(a), where k runs in Z/dZ; thus,
we shall denote also this character as x;. We note also that the solutions x, can be seen as
elements in CCy, namely:

T, =Y xt! (3.6)

where z; = ﬁ > men Xm(J)-
We finish this section with a theorem which yields the main connection among the solutions
of the E-system and the trace tr.

Theorem 3 ([13] Theorem 7). If the trace parameters (x1,...,xq-1) satisfy the E—condition,
then

tr(ae,) = tr(a)tr(ey) (a € Ygn(u)).

4. A FRAMIZATION OF THE TEMPERLEY—LIEB ALGEBRA

As discussed during the Introduction, the Yokonuma—Hecke algebra can be interpreted as the
framization of the Iwahori-Hecke algebra, which is a knot algebra. Thus a natural question
arises, the definition of a framization for the knot algebra Temperley—Lieb. Considering the fact
that the Temperley—Lieb algebra can be defined as a quotient of the Iwahori-Hecke algebra,
it is natural to try and define a framization of the Temperley—Lieb algebra as a quotient of
the Yokonuma-Hecke algebra. Recall now that the defining ideal of the Temperley—Lieb algebra
(Definition 1) is generated by the Steinberg elements which are related to the subgroups (s;, s;11)
of Sy, for all 7. These subgroups can be also regarded as subgroups of Cy,,. Therefore, using the
multiplication rule of Eq. 2.14 we are able to define the analogous Steinberg elements g; ;1 in

Yd,n(u)v
Gijit1 = Z Juw for all 4

WE(Si,Si+1)

In [6, Definition 5| we defined a potential candidate for the framization of the Temperley—Lieb
algebra, the Yokonuma—Temperley—Lieb algebra, denoted YTL,(u), which is the quotient of
Y (u) over the 2-sided ideal generated by all the g; ;11’s for all 4. It is not difficult to show that
this ideal is in fact principal and it is generated by the element g1 2. Moreover, the necessary
and sufficient conditions for the trace tr to pass through to YTL,(u) were studied [6, Theorem
5]. Unfortunately, these conditions turn out to be too strong. Namely, the trace parameters x;
must be d roots of unity, furnishing obvious, special solutions of the E-system and resulting
in loss of the framing information on the level of the invariant. Thus, the framed analogues of
the Jones polynomial obtained from the algebras YTLg,(u) turn out to be of no interest. For
this reason, YTLg ,(u) is discarded as framization of TLy,(u). However, using the results of [1],
the classical Jones polynomial can be still recovered through these algebras by representing the
Artin braid group By, in Y4, (u), considering the t;’s as formal generators, and then taking the
quotient over the ideal that is generated by the g;;41’s [6, Corollary 2|. Finally, we note that
the representation theory of this algebra has been studied extensively in [2].

Given the fact that Y4, (u) can be considered as a u-deformation of CCy , (recall the discussion
in Section 2.3), it is natural to consider subgroups of Cy,, that involve in their generating set
the framing generators of the i-th and j-th strands along with (s;,s;). Therefore, we have
considered the following subgroups of Cy,:

Ci,i-i-l = (ti,ti+1,ti+2> X (Si, Si+1> for all 4.
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Further, notice that these subgroups are isomorphic to Cy3 and thus analogous to the classical
case. We define now the elements ¢; ;41 in Yg,,(u) as follows:

Cii+l = E Je

c€Ci it

We then have the following definition:

Definition 4. For n > 3, we define the algebra CTLg,, (u) as the quotient of the algebra Y4, (u)
by the two-sided ideal of generated by the ¢; ;41’s, for all i. We shall call CTLg,,(u) the Complex
Reflection Temperley—Lieb algebra.

As it will be shown in Theorem 6 the necessary and sufficient conditions such that tr passes
to CTLg(u) are, contrary to the case of YTLg,,(u), too relaxed. In particular, the E—condition
does not appear on the trace parameters x;, which is necessary for the definition of link invariants
through tr (see [16, Section 4] for details). Thus, in order to define link invariants from the
algebras CTLg,(u), the E-condition must be imposed on the x;’s resulting in invariants that
are naturally obtained from a different construction (see below). Therefore, both of the natural
definitions for the framed analogue of the Temperley-Lieb algebra that are derived from Y4, (u)
should be discarded as possible framizations of the Temperley—Lieb algebra.

Since the conditions such that the trace tr passes to the quotient algebras are either too strong
or too relaxed, it indicates that the desired framization of the Temperley—Lieb algebra should
be an intermediate algebra between YTLg,(u) and CTLg,(u). Regarding the definitions of
these two algebras, it is reasonable to construct the framization in an analogous way using an
intermediate subgroup between (s;, si+1) and Cj ;1. Thus, we consider the following subgroups
of Cd,n)

Hi,i—l—l = <titi_+117tz’+1ti_+12> A <S,’, Si+1> for all 7.
We now introduce the following elements:

Tiit+l = Z g for all 7.

z€H; i1

Definition 5. For n > 3, the Framization of the Temperley-Lieb algebra, denoted FTLg (u), is
defined as the quotient Y4, (u) over the two-sided ideal generated by the elements r; ;1 1, for all
i

The reason of considering FTLg,(u) as a framization of the Temperley-Lieb algebra is due
to the fact that through this algebra the definition of a non-trivial framization of the Jones
polynomial is possible. Therefore, the necessary and sufficient conditions for the trace tr to pass
to FTLg ,(u) are determined in Theorem 6, while in Section 7 we discuss the invariants derived
from this algebra.

Remark 3. Notice that when d = 1, the Yokonuma-Hecke algebra collapses to the Iwahori—
Hecke algebra, hence it follows that YTL; ,(u) also collapses to TLy(u). Moreover, in this case
the subgroups H; ;11 and C; ;41 also collapse to (si,si+1). Hence, FTLq ,(u) and CTLy ,(u)
collapse to TL, (u) too.

4.1. We shall now show how the algebras defined above are related. We start noting that
Ciit1 = Hiit1 % Cq

Indeed, we have a homomorphism ¢ from C; ;11 onto Cy defined by ¢(z) = t§+b+c, where Cy is

regarded as the cyclic group generated by ¢; and x is written uniquely as = = t?ti? 1t ow, with
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w € (si, Siy1). Thus, ker¢ = H; ;41 and qb’Hl T idg,, then C; ;41 = H; ;41 % Cg. Therefore,

given x € C; ;41 we have a unique decomposition z = tfy, where 0 <k <d-—1and y € H; ;1.
This decomposition of the elements of C;;y1 together with the multiplication rule Eq. 2.14,

implies g, = tf gy- Then
k
Ciitl = E i 9y
0<k<d—1
YyEH; ;11

hence
d—1
Ciit1 = (Z t?) Tijit1 (4.1)
k=0

Notice that every x in H; ;41 can be written in the form z = tftlfltf+1tl+2w = t?tf+ftlf2w

where w € (52, Si+1). Therefore, by using again the multiplication rule of Eq. 2.14, we have that
Gz tatb “tH_ng Then,

i+1
d—1
.. — atb—a _ arb—a;—b
Tii+l = Z t; tz+1 tz+2.qw - Z tz tz+1 tz+2 Z Jw
a,b=0 a,b=0 w€<si,si+1)
WE(S;,5541)

hence
Tiitl = €i€it1Giit1 (4.2)

Equation 4.1 implies that CTLg,(u) projects onto FTLg,(u) while Eq. 4.2 implies that
FTLg,(u) projects onto YTLgy,(u). Moreover, we have the following commutative diagram
of epimorphisms:

Yin(u) — CTLgp(u) — FTLg p(u) — YTLg (1)

Hni(u) TL,lL (u)‘///

where the non—horizontal arrows are defined by mapping the framing generators to 1.

4.2. It is known that the defining ideal of the Temperley—Lieb algebra is principal. We are going
now to prove that the defining ideals of FTLg,,(u) and CTLg,(u) respectively are principal ideals
too. The method used in the proof is standard and we start with two technical lemmas.

Lemma 2. The following hold in Y g, (u) for alli=1,...,.n—1landj=1,....n
(1) tj= (91 gn-1)’" 1t1 (91 Gn—1)"U"
(2) gi= (91 Gn-1)""g1 (g1 gn1)" 07V

Proof. The statement (1) is true for j = 2. Indeed:

(g1 gn-1)t1(g1-- gn1) =git1g2- . gn-1(g1-- . gn-1)""

=t2(91. - gn-1)(g1-- - Gn—1)""
= to.
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Suppose that the statement is true for j = k. We will show that the statement holds for j = k+1.
We have:

(91---gn-1) 101 gn-1) " = (g1 gn-1)(g1 - - gn-1)" Mt1(g1 - gn1) " F V(g1 gn1) !
= (g1 Gn-Dtr(g1 . gn1) "
= g1 Gh 10k bk Gt 1+ 1 (g1 - Gno1)
=ti1(91- - gn-1)(g1 - Gn1) "
= th+t1-
The second statement of the Lemma has been proved in [6, (2) Lemma 5].
g

Lemma 3. The following hold in Yq,(u) foralli=1,...,n—2 and 0 < a,b,c < d—1:

(1) ttz+1tf+2 = (91 gn- 1)2 ltatbtc (91 Gn-1)" (=1
(2) tatz+1t2+291 = (91 gn-1)"" ltatb 91 (91 gn—1)~ (7D
(3) ttz+1tz+2gl+1 = (91 gn1)" ltatbtc 2 (g1 gno1)
(4) 7 tz+1tz+2glg%+1 = (91 gn1)"” lt“t” 59192 (91 gn—1) "0
(5) ¢ tz+1tl+292+1gz = (g1...9n-1)" 1tatbtcgzgh( gn 1) (=
(6) 010,145, 29igit19i (g1 gn1)"" 515919201 (91' )¢

Proof. We will demonstrate the proof the statement (1) and (6). The other statements are proved
in an analogous manner. For statement (1) we have from Lemma 2:

4 e = (g1 gn1) g1 1) V(01 g 1) (1 gn1)”

(g1 gn) TG (g1 - gpr) T
= (g1 gn-1)""t(g1 - GG - Gn1) TG+ gn1) Y
(i-1)

(g1 1) g1 gt (91 gn-1) 2 (g1 Gne1)”
= (g1 Gn1)" 5525 (g1 - - gn1) 0D,

For statement (6) we have from Lemma 2:

8 1800914195 = (91 Gn1) (g1 - 9n1) TV (g1 gne1) g1 - 1) T

(g1 .. .gn_l)thC(gl gn_l)f(iﬂ)(gl - -9n—1)i7191(91 N -gn—l)i(iil)
(g1 90191091 -+ Gne1) (g1 - gum1) g1 (91 -+ guoa) 0TV
= (91 gn1)" (g1 g0 D) (g1 gn1) g1 gn1) Y
(g G ) g1 g )P gn1) 2 (g1 gna) D
(9190101091 gn-1) (g1 gnm1) g1 - gn1)
g1 (g1 )01 gn) " (G gae) g1 (g1 e gnt) "D
= (g1 gn—1) 155919201 (91 - - . gn1) ",
]

Theorem 4. The defining ideal of FTLg,,(u) is generated by any single element r; ;1.
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Proof. 1t is enough to prove that 7 ;41 = (g1 .. .gn,l)(i_l)rlyg(gl .. .gn,l)_(i_l). Expanding 7 2,
we have

(91 gn-1)" 191 g0-) " = YT (01 gno) T S g (g1 gna) Y

a+b+c=0
wES3

Applying now Lemma 3 in each factor of the summation, we arrive to

(g1 Gn-1) 112001 gne1) Y =10 (4.3)

Therefore the proof is concluded. O

From Theorem 4 we have the following corollaries:

Corollary 1. FTLg,,(u) is the algebra generated by ty,...,ty,g1,...,9gn—1 which are subject to
the defining relations of Y q,(u) and the relation:

T2 = 0. (4.4)

Corollary 2. The defining ideal of CTLgyy,(u) is generated by any single element ¢; j+1. Hence
CTLgn(u) can be presented by ti,...,tn,g1,...,9n—1 together with the defining relations of
Yain(u) and the relation:

c12 =0. (4.5)

Proof. As in the proof Theorem 4, it is enough to prove that c¢;;11 = ver oy *

(g1-.-gn-1)""t. From Eq. 4.1, we have

where v =

yey Tt = D0 Aty iy
0<k<d-1

By using now (1) of Lemma 2 and Eq. 4.3, it follows that 76172’7_1 = ¢ji+1- The rest of the
statement is now clear. U

4.3. By using the analogous transformation to Eq. 2.3, we obtain presentations for FTLg,(u)
and CTLg,(u) through non-invertible generators. More precisely, set

(i +1).

LR |
Then, by a direct computation, which is not necessary to reproduce here, we obtain the following:

Proposition 3. The algebra FTLg,(u) can be presented with generators:

El7"')£n—17t1)"'atn
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th=1, tit; =tit;
Eitj = tjfi, for |Z —j| >1
Eigj = Ejgi, for ’Z - ]| >1
1
lit; = tip14; + m(ti —tit1)
1
Gtipy =tili + —— 1 (tiv1 — i)
2 (u—l)ei+2£'
! u+1 v
(u — 1)6,‘ +1 (u — 1)6,‘4.1 +1
Cili1l; — TS by = Lig1lilip1 — Tt liy1
u
eieir1lilip1l; = wri)y eieir1l;

Proposition 4. The algebra CTLg,(u) can be presented with generators:

61,...,&1,1,751,. "atn
subject to the following relations:
td=1, tit; =tjt;
fitj = tjfi, for |l *j| >1
fifj = fjfi, for ”L - ]| >1
1
biti = tiprbs + —— 1 (ti — tiv1)
1
Gitipy = tili + —— 1 (tiy1 —ti)
2= M 0,
u+1
(u—1)e; +1 (u—1)ej41 +1
Cili1ly — TS by = Lig1lilipy — s Cit1
d—1 d—1 u
k k
Z 61(- )€¢+1fifi+1fi = 61( )€i+172 ¢
(u+1)
k=0 k=0

Remark 4. We know that a linear basis of the Temperley—Lieb algebra can be constructed from
the interpretation of the generators f; as diagrams. In virtue of Remark 3, then it is desirable to
construct a basis of FTLg,(u) from the presentation given in Proposition 3. Unfortunately, we
do not have a diagrammatic interpretation for the generators I; yet. Also, an explicit linear basis
for both FTLg ,(u) and CTLg,,(u) is still an open problem. Indeed, the construction of such a
basis for FTLg,,(u) seems like a non-trivial task. However, in |3], by using the representation
theory of Yokonuma-Hecke algebra (see [4]), Chlouveraki and Pouchin have found a formula for
the dimension of FTLg,,(u). More precisely, they proved:
2
> Clka] - - - Clkal

n!
Z <|k1|!...kd|!

|k1]+|k2|+...+]kq|=n

dimFTLg,, (u) = (4.6)
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where n = (k1,...,kq) is a d—partition of n, k; is a usual partition whose Young diagram has at
most two columns and ¢ is the k-th Catalan number. We shall show an explicit basis for the
case n = 3 and d = 2. To do that, we shall use the Corollary 1 to describe FTLg ,,(u). Therefore,
we have that the inductive basis of Y3 3(u) described in Proposition 1 spans FTLg 3(u). From
Eq. 4.6 it follows that the dimension of FTLy 3(u) is 46. Thus, a linear basis of FTLy 3(u) can be
obtained by omitting 2 linearly dependent elements, from the 48 elements of the inductive basis
of Yo 3(u). Now Eq. 4.2, implies that t]"ejeag1,2 = 0, for m = 0, 1. Therefore, it follows that the
elements 1 and ¢; can be expressed, in FTLg 3(u), as a linear combination of the standard basis
of Yo 3(u). Thus, we have a basis of FTLy 3(u) obtained from the inductive basis FTLy 3(u) by
omitting the monomials 1 and #;.

4.4. We finish this section with two technical lemmas which will be used in the proof of Theo-
rems 5 and 6.

Lemma 4. For the element g1 2 we have in'Yq,(u) the following:

(1) gi912 = [1+4( )

(2) g2912 = [1+( )

(3)  gqigeg12 = [L+(u—1)er + (u—1)er s+ (u—1)%erea]gro

(4) G91012 = [L+(u—1)ea+ (u—1)er s+ (u—1)%e1ea]g12

(5) 919201912 = [14( J(e1 +ea+e13) + (u—1)%(u+2) erea)gr 2

Proof. See [6, Lemma 5|. Cf. [12, Lemma 7.5 |. O

Lemma 5. For the element 112 we have in Y g, (u):

(1) girie = [+ (u—1er]rie
(2) gor12 = [1+ (u—1)ea]ris

(3) gigeri2 = [14+(u—1)er+ (u—1)e13+ (u— 1)26162]7,172

(4) 9291712 = 14 (u—1)e2+ (u— Deis + (u— 1)26162]7“172

(5) 91929112 = [L+(u—1)(er +e2+ers) + (u—1)*(u+2)erea]ro.

Proof. In order to prove this lemma we will make extensive use of Lemmas 4 and 1. For statement
(1) we have:

giT12 = g1€1€291,2 = €1€1.339191,2
=erez[l + (u—1)e1]g12
=[1+ (u—1)eileregi 2
=14 (u—1)e]rio

In an analogous way we prove statement (2). For statement (3) we have that:

g1927T1,2 = g192€1€29g1,2 = €2€1,3919291,2
=erez[l+ (u—1)e; + (u—1)er s + (u — 1)26162]91,2
=[1+4 (u—1)es + (u—1)ers + (u—1)*eres]ereagr o
=[1+4 (u—1)er + (u—1)er s+ (u—1)%erea]rin
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In an analogous way we prove statement (4). Finally, we have for statement (5):

91929171,2 = g19291€1€2391,2
= €1€291929191,2
=erez[l+ (u—1)(e1 +e2+e13) + (u— 1)2(u +2)ere2]g12
=1+ (u—1)(e; + ez +e13) + (u—1)*(u+2) erea]ereagr o
=1+ (u—1)(e1 +e2+er3) + (u—1)*(u+2) erea)ry 2.

O

Lemma 6. For the element c1 2 we have in Yqp,(u):

(1) gicre = [1+(u—1eler

(2) goc12 = [+ (u—1)esfer

(3) gigaCie = [1 + (u — 1)61 + (u — 1)6173 + (u — 1)26162]0172

(4) gg1c12 = [1+ (u—1)ea+ (u—1)ers + (u—1)%erealer o

(5) qig2g1c12 = [L4+ (u—1)(e1 +e2+e13) + (u—1)*(u+2)erezer 2
Proof. The proof is completely analogous to the proof of Lemma 5. g

5. MARKOV TRACES

The main purpose of this section is to find the necessary and sufficient conditions in order that
the trace tr defined on Y, (u) [11] passes to the quotient algebras FTLg,(u) and CTLg, (u).
Since the defining ideal of FTLg,,(u) (respectively of CTLg,(u)) is principal, by the linearity of
tr, we have that tr passes to FTLg,(u) (respectively to CTLg,(u)) if and only if we have:

tr(mry2) =0 (respectively tr(meig) =0) (5.1)
for all monomials m in the inductive basis of Y4, (u). So, we seek necessary and sufficient

conditions for (5.1) to hold. The strategy is to find such conditions first for n = 3 and then
generalise using induction.

5.1. Recall that elements in the inductive basis of Y4 3(u) are of the following forms:

1565, tgithts,  tit3gaonts,  tit3gat5,  tigitigats,  tigitigagnts, (5.2)
where 0 < a,b,c < d—1 (see Proposition 1). We need now to compute the trace of the elements
mry 2, where m runs the monomials listed in (5.2). To do these computations we will use the

following lemma and proposition.

Lemma 7. For all 0 < m <d—1, we have:

tr (egm)@gl:?) = (u+1)222, + (u+2)2 E™ + tr(egm)eQ)
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Proof. By direct computation we have:
tr (egm)€2g172) = tr (egm)€291> + tr <€§m)6292> + tr <6§m)€2g192>

+ tr <€§m)6292g1> + tr (egm)egglgggl) + tr (egm)eg)

d—1d—1 d—1
1
_ ﬁ tr(tm+st2 s+kt3 g1 Z Z tr tm+st2 s+kt3 92)
5=0 k=0 5=0 k=0
| d=ld-t | d=ld-t
b S ) g S S e )
s=0 k=0 s=0 k=0
| dld-l
+ 5 2 2wty e gigag) + tr ( (m )€2>
s=0 k=0
= 2282222, + 4+2E™) 4 (u— 1)2E™ 4+ (u — 1)2%x,,

= (u+1)2%xm + (u+2)2zE™ + <€§m)€2) .

Proposition 5. For all 0 < a,b,c < d— 1, we have:
(1) If m = t{t3t5
tr(mryo) = (U4 1)2%Tasppe + (u+ 2)E@HT 5 (el ey)
(2) If m = t$g115t5 and m = t§t5gotS,
tr(mry2) =u [(u + 122201 pre + (u+ 2) BT 4 tr(e (a+b+c)eg)}
(3) If m = t4t3gogit§ and m = t$ g1t} got$,

tr(mry2) = u [(“ +1)2%Zatbre + (u+ 2) BTz 4 tr(e (a+b+c)€2)}

(4) If m = 9 g1t gogn 15,
tr(mr2) = u® [(u+ )20 pee + (u+ 2Bz 4 (e ey)|

Proof. We will prove claim (1). According to Eq. 4.2 we have: mry o = = 951§ §rie = t“t2t36162g1 9.

b
But t‘ftb sere = eg at +C) e2, hence

a+b+c
2 = €§ )6291,2

Thus, claim (1) follows by applying Lemma 7.

The proofs for the rest claims use Lemmas 5 and 7 and follow the same argument, so we finish
the proof of the proposition by proving only one more representative case. We shall prove claim
(3) for m = t¢g1t8gots. This monomial can be rewritten as t¢t5t$g1g2. Now, by using Lemma 5
on gigor1,2, we obtain:

mnry

mriz = t%tgtggngTLQ = tclbtgtg [1 + (u — 1)61 + (u — 1)6173 + (U — 1)26162] 1,2
then using now Eq. 4.2 and the fact the e;’s are idempotent, follows that:
mriy = t‘ftgtg [6162 + (u—1)eres + (u — 1)ejes + (u — 1)26162] 91,2

24a4b4c
= u“tytytzereagr 2.
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Then, applying Eq. 2.17 we have:

mry o = u’t{t5t5e1eag1 0 = U2€§a+b+c)€2gl,z-
Therefore, by using Lemma 7, we obtain the desired expression for tr(mr; o). ]

The following lemma is our main result for n = 3.

Lemma 8. The trace tr passes to FTLg3 if and only if the parameters of the trace tr satisfy:

1
|Supi| + (u+ 1)|Sups|’

Tp=—2 Z x(km) + (u+1) Z x(km) and z=

meSup, meSupy

where Sup; U Supy (disjoint union) is the support of the Fourier transform of x, and x is the
complez function on Z/dZ, that maps 0 to 1 and k to the trace parameter xy (cf. Subsection

Proof. Recall that the trace tr passes to FTL, 3 if and only if the Eqgs. 5.1 hold, for all m in the
inductive basis of Y43. By using Proposition 5 follows that the trace tr passes to the quotient
algebra FTLg,,(u) if and only if the trace parametersz, x1,...,24_1 satisfy the following system
of equations:
Eg=E =-=E;1=0

where

B = (u+ 1)2%2, + (u+2)EMz + tr(egm)eg) =0, 0<m<d-1
We note now that this system of equations above is equivalent to the system:

Ey=0

E,—xm,2E)=0 where 1<m<d-1 (5.3)

We will solve this system of equations, obtaining thus the proof of the lemma.
Recall that 2o := 1, £ = E and 650) = e;, hence Eg = (u+ 1)2%2 + (u + 2)Ez + tr(ejez).
Then the (d — 1) equations E,, — z,,Eg = 0 of Eq. 5.3 become:

z(u+ 2)(E(m) —zpE) = — <tr(e§m)eg) — Ty tr(eleg)) , 1<m<d-1. (5.4)

Interpreting now the above equation in the functional notation of Section 3 and having in
mind Eq. 3.3, it follows that Eq. 5.4 can be rewritten as:

1 1
(u+2)z <d$ * T — Ex) =— <d2x KT KT — tr(eleg)x> .

Applying now the Fourier transform on the above functional equality and using Proposition 2,
we obtain:

(u+2)z @2 - Ef) = @2 - tr(e162)fc\> (5.5)

Let now = = Zg;:lo Ymt™. Then Eq. 5.5 becomes:
3

Y2 y
(u+2)z <d — Eym) = — <d2 — tr(eleg)ym>
Hence

Ym <y’2” + (u+ 2)2%71 —(u+2)zE — tr(€1€2)> =0 (5.6)
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Now, from equation Eq = 0, we have that —(u + 2)2E = (u + 1)2? + tr(ejez). Replacing this
expression of —(u + 2)zE in Eq. 5.6 we have that:

Y y
Ym (m + (u+ 2)2% + (u+ 1)22) =0

or equivalently:
Ym (Ym + d2) (ym + dz(u+1)) =0 (5.7)
Denote Sup; U Sup, the support of Z, where

Sup, :=={m € Z/dZ; y,, = —dz} and Supy:={m € Z/dZ; yy, = —dz(u+1)}

hence
T = Z —dzt"™ + Z —dz(u+ 1)t™
meSup, meSupy
Then
T=—dz Z gm—dz(u+1) Z gm
meSup; meSup,

thus from argument (4) of Proposition 2 we have:

Tz Y i) Y i

meSup; meSupy

Therefore, having in mind now (5) of Proposition 2, we deduce that:

mo=—2 | S xkm)+@+1) Y x(km) (5.8)

m&ESup, meSup,

Having in mind that xg = 1, one can determine the values of z. Indeed, from Eq. 5.8, we have
that:

1 =x9 = —2z(|Supi| + (v + 1)|Supz|)

or equivalently:
1

z=— )
|Sup1| + (u + 1)|Supe|

(5.9)

Keeping the same notation with the above lemma, we have:

Theorem 5. The trace tr defined on Yq,(u) passes to the quotient algebra FTLg,,(u) if and
only if the trace parameters z,x1,...,x4-1 satisfy the conditions of Lemma 8, i. e. Eqs. 5.8 and
5.9.

Proof. The proof is by induction on n. The case n = 3 is the lemma above. Assume now that
the statement holds for all FTLg(u), where k& < n, that is:

tr(agri2) =0

for all ar, € Yqr(u), & < n. We will show the statement for k = n + 1. It suffices to prove that
the trace vanishes on any element of the form a,4171,2, where a,41 belongs to the inductive basis
of Yqpnt1(u) (recall Eq. 1), given the conditions of the theorem. Namely:

tr(ans1712) = 0.
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Since a,41 is in the inductive basis of Y ,41(u), it is of one of the following forms:

k k
Ont1 = Gngn ---Git; OU  Apy1 = Aplyig

where ay, is in the inductive basis of Y4 ,(u). For the first case we have:

tr(any17m12) = tr(angn gitl~€ r12) = ztr(angn_1 - git;f r1,2) = ztr(ary2),

where @ := angn_1- - - gitt. Notice now that @ is a word in Y, (u) and so, by the linearity of the
trace, we have that tr(a 7’172) is a linear combination of traces of the form tr(a, r12), where a,, is
in the inductive basis of Yq,(u). Therefore, by the induction hypothesis, we deduce that:

tr(5 7‘1’2) =0
if and only if the conditions of the Theorem are satisfied. Therefore the statement is proved.

The second case is proved similarly. Hence, the proof is concluded. O

Corollary 3. In the case where one of the sets Sup; or Sup, is the empty set, the values of the
xk’s are solutions of the E-system. More precisely, if Sup, is the empty set, the xy’s are the
solutions of the E—system parametrized by Supy and z = —1/(u+ 1)|Supy|. If Supy is the empty
set, then xy’s are the solutions of the E—system parametrized by Sup, and z = —1/|Sup,|.

Proof. The proof follows from Eq. 3.5 and the expression given in theorem above for the x;’s. [

5.2. The method of finding the necessary and sufficient conditions for tr to pass to the quotient
algebra CTLg,,(u) is completely analogous to that of the previous subsection. Thus, we will
need the following analogue of Proposition 5.

Proposition 6. Define G, as followS'

d—1 d—1
(u+1)z Z:CkJr (u+2 ZZE() Ztr(egk)eg)
k=0 k=0

Then for all0 < a,b,c < d—1, we hcwe:
(1) tr(mei2) =G for m = 43¢5
(2) tr(mey2) =uG  form =1t§ gltbtc and m = tt5got$,
(8) tr(mer o) = u?G  for m = tithgogit and m = tg1t8 gots,
(4) tr(mer o) = G for m = t4g1t8 gagnts.
Following now the analogous reasoning that was used to prove Theorem 5 and having in mind
Eq. 5.1, Corollary 2, Lemma 6 and Proposition 6, we obtain the following theorem.

Theorem 6. The trace tr passes to the quotient if and only if the parameter z and the x;’s are
related through the equation:

(u+ 1)z Z 2+ (u+2)z Z E(k)+2tr ‘31 62 (5.10)

keZ/dZ keZ/dZ kEZ
6. COMPARISON OF THE TRACE CONDITIONS

In this section we will compare the conditions that need to be applied to the trace paramaters
zand z;, i =1,...,d — 1 so that tr passes to each of the quotient algebras.

In [6] we found the necessary and sufficient conditions so that tr passes to YTLg,(u). Indeed,
we have the following:

Theorem 7. The trace tr passes to the quotient YTLg,,(u) if and only if the x;’s are solutions
of the E—system and one of the two cases holds:
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(i) For some 0 <my <d— 1 the x;’s are d' roots of unity and z = _%H orz=—1.

(1i) For some 0 < mqy,mg < d—1, my # mq, the x;’s are expressed as:

1
Te=g (exp(mif) +exp(mal)) (0<¢<d—-1).
In this case we have z = —%.
The conditions for the x;’s in this case are particular solutions of the E-system. Thus, the
conditions such that tr passes to YTLg ,(u) are contained in those of Theorem 5.
Moreover, Theorem 5 can be rephrased in the following way:

Theorem 8. The trace tr passes to the quotient algebra FTLgyy,(u) if and only if the parameter
z and the x;’s are related through the equation:

(u+1)222) + (u+2)zE® + tr(egk)eg) =0, Vk € Z/dZ

This implies that the conditions such that the trace passes to the quotient algebra FTLg,,(u)
are contained in those of Theorem 6. All of the above can be summarised in the following table:

| Ygn(u) — CTLgn(u) — FTLg,(u) —  YTLgn(u)
z free
T; free

< Theorem 6 < Theorem 8 < Theorem 7

TABLE 1. Relations of algebras and trace conditions.

The first row includes the projections between the algebras while the second shows the inclusions
of the trace conditions for each case.

7. KNOT INVARIANTS

7.1. The 2-variable Jones or Homflypt polynomial, P(\, u), can be defined through the Ocneanu
trace 7 on Hy,(u) [9]. Indeed, for any braid a € Uy By, we have:

POv@) = (- A2 (V) rtata,
N\ = 1—u+(¢

e T is the natural epimorphism of CB,, onto H,(u) that sends the braid

where:
generator o; to h; and («) is the algebraic sum of the exponents of the o;’s in a. Further, the
Jones polynomial, V' (u), related to the algebras TL,(u), can be redefined through the Homflypt
polynomial, by specializing ¢ to —u%rl [9]. This is the non—trivial value for which the Ocneanu
trace T passes to the quotient algebra TL, (u). Namely:

V@ -

1+u
Vu

7.2. In [16] it is proved that the trace tr defined on Yg,(u) can be re-scaled according to the
braid equivalence corresponding to isotopic framed links if and only if the z;’s furnish a solution
of the E-system (recall discussion in Section 3). Let Xp = (x1,...,xXq—1) be a solution of the
E—system parametrized by the non—empty set D of Z/dZ. We have the following definition:

n—1
) (V)" 7(n(a)) = P(u, u)(@).

Definition 6 (Definition 3 [1]). The trace map trp defined as the trace tr with the parameters
x; specialized to the values x;, shall be called the specialized trace with parameter z.
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By normalizing trp, an invariant for framed links can be obtained [16]:

n—1
()@ = (- LN (V)1 ) (1)

where: D is a non—empty subset of Z/dZ which parametrizes a solution of the E-system, w =
algebra Yg,(u), and a € U Fy,.

Further, in [15] Juyumaya and Lambropoulou represented the classical braid group B,, in the
algebra Y, (u) by regarding the framing generators t; as formal elements. This is equivalent to
restricting I'p to classical links, seen as framed links with all framings zero. This gives rise to
an invariant of classical oriented links, denoted Ap(@), where o € Uoo B;,. Namely:

— wu el e(a
Ap(wa@ = (~C 2 (V)1 o), (72

where: D, w, E as above, ¢ the natural homomorphism of the classical braid group algebra CB,,
to the algebra Yg,(u) and o € Uy By,. Further, in [14] the invariant Ap(w,u) was extended to
an invariant for singular links.

Note that for d = 1 the traces tr and trp coincide with the Ocneanu trace 7, so the invariants
I'p(u,w) and Ap(u,w) coincide with the Homflypt polynomial. Moreover, in [1] it is shown
that for generic values of the parameters u, z the invariants Ap(w,u) do not coincide with the
Homflypt polynomial except in the trivial cases u = 1 and F = 1. Yet, computational data [5]
indicate that these invariants may be topologically equivalent to the Homflypt polynomial.

In [6] the invariants that are defined through the Yokonuma-Temperley—Lieb were studied.
More precisely, it was shown that in order that the trace tr passes to the quotient algebra
YTLg(u) it is necessary that the x;’s are d" roots of unity. These furnish a (trivial) solution
of the E-system and in this case £ = 1. So, by [1], the invariants we obtain from YTLg,,(u)
coincide with the Jones polynomial. This is the main reason that the algebras YTLg,,(u) do not
qualify for being the framization of the Temperley—Lieb algebra.

In this section we will define the invariants for framed and classical links that can be obtained
from the algebras FTLg,,(u) and CTLg, (u).

, B = ﬁ, ~ the natural epimorphism of the framed braid group algebra CF,, onto the

7.3. Invariants from FTLg,(u). As it has already been stated, the trace parameters x; should
be solutions of the E-system so that a link invariant through tr is well-defined. Moreover, the
conditions of Theorem 5 include these solutions for the x;’s. In order to define a link invariant
on the level of the quotient algebra FTLg,(u), we discard any value of the x;’s that does not
comprise a solution of the E—system. Using Corollary 3 we choose a solution of the E—system
and denote with D the subset of Z/dZ that parametrizes the said solution. This leads to the
following values for z:

1 1
=———— or z=——
(u+1)|D| D]
Further, we do not take into consideration the case where z = —ﬁ, since important topological

information is lost. Indeed, the trace tr gives the same value for all even (resp. odd) powers of
the g;’s, for m € 7> [16]:

m—1 m_1\ 1
tr(g") = (uu+1 >Z+ <uu+1) @—i—l if m is even (7.3)

u™ —1 u™ —1 1 1
tr(g") <u+1>z+<u+1>\Dl D if m is odd (7.4)

and
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From the remaining case where the x;’s are solutions of the E-system and z = —m we
deduce that w = u in Eq. 7.1. We then have the following definition:

Definition 7. Let Xp be a solution of the E—system, parametrized byt the non—empty subset D

of Z/dZ and let z = —m. We obtain from I'p(w, u) the following invariant for o € UsoFin:

() @@ = (~EI2)" ()t (3(0)) = Tl u)(@),

Further, from Ap, we obtain the following invariant for o € Uso By:

.. ~ WD\ 1 e(a ~
(i) op()@ = (—SHE)T (Vi @ e (3(0) = Ap(u,u)(@),
The invariants ¥p(u) are analogues of the Jones polynomial in the framed category.

Remark 5. If the invariants Ap(w,u) on the level of the Yokonuma-Hecke algebras turn out
to be topologically equivalent to the Homflypt polynomial [5| then the invariants 6p(u) will be
topologically equivalent to the Jones polynomial, and the invariants ¥p(u) framed analogues of
the Jones polynomial.

7.4. Invariants from CTLg,(u). The conditions of Theorem 6 do not involve the solutions of
the E-system at all, so in order to obtain a well-defined link invariant on the level of CTLg,(u)
we must impose this condition on the z;’s. Recall that the solutions of the E-system can be
expressed in the form:

T, Z i, € CCy
’ keD

where i = Z;l;é xx(5)t, xx is the character that sends m +— cos2Z&™ 2”’”” +1 szn2”§m and D is
the subset of Z/dZ that parametrizes a solution of the E system Let now € be the augmentation
function of the group algebra CCy, sending z 0 x]t to z = 0 x;. We have that:

i if 0D
o ! 7.5
e(@p) |D|Z ik) |DyZZXJ { 0 if 0¢D (7.5)

keD j=0 keD

From this we deduce that:

= T 1 d_if 0eD
B — — P R '
]Z; 6( d ) d|DJ? ée(lk k) |D‘2 > <) { 0 if 0¢D (7.6)

keD

and also that:

d—1 .
G) \_ _[THT*IT . if 0€D
E tr(e;”’ e2) fs< pE ) dQ\D\?’ E e(ip * ig * i) |D|3 E e(ix) { it 0¢D (7.7)

=0 keD keD

Using now Egs. 7.5, 7.6 and 7.7, Eq. 5.10 becomes for the case where 0 € D:

d ( 9 (u+2) 1
— ([ (u+1)z*+ z+ = 0.
D) D] |DJ?
Therefore, the trace tr passes to the quotient for the following values of z:

1 1
—Y Oor z=-—-—"=.
(u+1)[D] D]
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Much like the case of FTLg,(u), the value z = —ﬁ is not taken into consideration, since
from Eq. 5.10 we deduce that ' = ﬁ and therefore from Eqs. 7.3 and 7.4 the trace tr gives the

same value for all even (resp. odd) powers of the g;’s.
We have the following definition:

Definition 8. Let Xp be a solution of the E—system, parametrized byt the non—empty subset D
of Z)dZ and let z = —m. We obtain from T'p(w,u) the following invariant for a € UsoJy,:

i) Wo@ = (~E2)" (@ ip (1(0)) = Tplu w)(@),

Further, from Ap, we obtain the following invariant for a € Use By, :
n—1
() Wow(@ = (-0 () e (5(0)) = Ap(u, u)(@),

Remark 6. It should be clear that the invariants Wp and Wp that are obtained from tr on the
level of the quotient algebra CTLg,(u) coincide with the invariants ¥/p and p on the level of
FTLg ,,(u). More precisely, the conditions that are applied to the trace parameters are the same
for both of the quotient algebras and, consequently, so are the related invariants.

Furthermore, the solutions of the E-system (which are the necessary and sufficient conditions
so that topological invariants for framed links can be defined) are included in the conditions of
Theorem 5, while for the case of CTLg,,(u) we still have to impose them. These are the main
reasons that lead us to consider the quotient algebra FTL,,,(u) as the most natural non-trivial
analogue of the Temperley—Lieb algebra in the context of framed links.

The following table give a full overview of the invariants for each quotient algebra:

d,D Fan | Bn ‘ U ‘ w

Yan(u) T'p |Ap|u|w d=1 ‘ B, ‘ U ‘ w
YTLgn(u) | Vo | Vb |u | u Ho(u) | P lulA
FTLgn(uw) | Up | 0p |u|u TLp(u) | V |u| u
CTLgp(uw) | 9p | Op |u | u

d,|D|=1 | Fan|Bn|u|w d,|D|>1 | Fan| Bn | u|w
Yan(u) I'p | Plul|A Yan(u) I'p [Ap|u | A
YTLgn(u) | Vo | V |u | u YTLgn(u)| no | no | — | —
FTLan(u) | Vo | V | u|u FTLqn(u) | Op | 0p | u | u
CTLdm(u) VD |4 u|lu CTLd’n(u) 19D QD u Uu

TABLE 2. Overview of the invariants for each algebra.

7.5. Concluding note. The knot invariants from the algebras FTLg,(u) and CTLg,(u) still
remain under investigation. If the invariants from the Yokonuma—Hecke algebras prove to be
topologically equivalent to the Homflypt polynomial, then the invariants from FTLg,(u) and
CTLg,(u) will be topologically equivalent to the Jones polynomial. If not, it would be then mean-
ingfull to consider the corresponding 3-manifold invariants (as obtained from work of Wenzl [24]).
In the case of the algebras YTLg,(u) the Witten invariants of 3-manifolds can be recovered,
since the related knot invariants recover the Jones polynomial [6].
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