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ABSTRACT. We characterize Harbater-Katz-Gabber curves in terms of a family
of cohomology classes satisfying a compatibility condition. Our construction
is applied to the description of finite subgroups of the Nottingham Group.

1. INTRODUCTION

In this article we use and extend results from previous work of the first author
together with S. Karanikolopoulos [12] on HKG-curves. We will work over an alge-
braically closed field k of characteristic p > 5.

Definition 1. A Harbater-Katz-Gabber cover (HKG-cover for short) is a Galois
cover Xuxg — P!, such that there are at most two branched k-rational points
P, P, € P!, where Py is tamely ramified and Py is totally and wildly ramified.
All other geometric points of P* remain unramified. In this article we are mainly
interested in p-groups so our HKG-covers have a unique ramified point, which is
totally and wildly ramified.

Work of Harbater [9] and of Katz and Gabber [13] showed that any finite sub-
group G of Aut(k[[t]]) can be associated with an HKG-curve X. More precisely,
G is the semi-direct product of a cyclic group of order prime to p (the maximal
tamely ramified quotient) by a normal p-subgroup (the wild inertia group). We are
interested in the latter group, so from now on we will replace the initial group G
with the latter, finite p-subgroup of Aut(k[[¢]]). The HKG-curves play an important
role in the deformation theory of curves with automorphisms and to the celebrated
proof of Oort conjecture, [18, 19, 6, 4, 5, 20].

Working with the HKG-curve X allows us to use several global tools like the
genus, the p-rank of the Jacobian etc to the study of k[[t]]. In this article we will
employ the Weierstrass semigroup attached to the unique ramified point P, and we
will use the results of [12] on relating the structure of the Weierstrass semigroup to
the jumps of the ramification filtration.

More precisely, to the HKG-cover there is a Weierstrass semigroup H(P) attached
to the unique wildly ramified point P. An arithmetic semigroup, and in particular
the Weierstrass semigroup, is always finitely generated, i.e. there are mq,...,my €
N such that

H(P)=Zymy+ -+ Zimp.

We will denote by m; the i-th element of H(P), while m; will denote the i-th
generator of the semigroup. For every element m,; € H(P) we will select a function
fi with (fi)eo = m;P. Also each element /m; corresponds to some function fi in
the function field of the curve. This selection is not unique and we will study later
what happens by different choices either of f; or f;. The ramification filtration
gives rise to a series of subgroups of the group G, see eq. (3), which correspond
to a sequence of subfields k(X/G) = Fy C -+ C Fsp1 = k(X) of the function field
F = k(X) of the curve X. By the properties of the ramification filtration, each
extension Fy,1/F;, i =0,...,s is abelian. We will see that F; 1 = F;(f;).
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One of the main results of this article is the classification and description of the
Galois actions in HKG-covers in terms of group cohomology. Assume that X — P!
is an HKG-cover with a unique wildly ramified point P € X. Consider the ring of
holomorphic functions outside the point P

o0
A=JLwp).
v=0
This ring is equipped with a valuation corresponding to P and elements of A of
valuation smaller or equal than v, i.e. the Riemann-Roch space L(vP), give rise to
a vector space of finite dimension. Notice that these kind of rings are essential in
the general definition of Drinfeld modules, see [8, chap. 4].

Write s for the index of the biggest m;, such that m; < m. Every intermediate
extension Fji1/F; is elementary abelian hence; isomorphic to (Z/pZ)™i. Set n =
(n1,...,ns) € N®. In eq. (10) we define the vector space kn m[fo, - - -, fs] which will
be considered as a G-module and prove that it is equal to L((m - l)P).

The polynomial ring k[fo] is the semigroup ring corresponding to the Weierstrass
semigroup N of the projective line, which has bounded part the vector space k[ fo]
of polynomials of degree < m. The module ky n[fo,-- -, fs] plays a similar role for
the more general setting of the Weierstrass semigroup of the HKG-cover.

The action of G will be described by the following:

Theorem 2. The G-module structure of kn m|[fo,- -, fs] is described by a series of
cohomology classes C; € HY(Gal(Fyy1/F1), knm, [fo, fi,---, fi—1]). These classes
restricted to the elementary abelian group Gal(F;11/F;) define the additive poly-
nomials P;(Y) which in turn describe the elementary abelian extensions Fji1/F;.
Moreover, the additive polynomials P; define maps

HI(G7kn,mi[fO7f17 e 7.]?1'71]) — Hl(Gvkn,mi[.f07f17 s 7fi71])
and the cocycles C; are in the kernel of P;, that is
(1) Pi(Ci) =0€ HY(G, knm,;[fo, f1,- -, fi—1])-

Conversely every such series of elements C; € HY(G, kn.m, [fo, f1,- -, fi—1]), sat-
isfying eq. (1) defines in a unique way a HKG-cover.

Proof. We now sketch the ingredients of the proof. The precise proof will be given
in the next sections of the article. Notice that the element C; is the image of the
class f; € L(m; P)/L((m; — 1)P) under the § map in

.o = H(G, L(m;P)/L((m; — 1)P)) - HY(G, L(m;P)) = - --

coming from the group cohomology long exact sequence corresponding to the short
exact

Since the space L(m;P)/L((m;—1)P) is one dimensional the class f; can be replaced
by \f; for some X € k*. In lemma 12 we will explain further how the change of the
semigroup generators gives rise to coboundaries. It turns out that changing f; to
M\f; for X € k* changes the additive polynomial P; to )\pnFlPZ‘ and the cocycle C;
to AC;. This forces us to consider the projective space to the cohomology groups in
order to obtain an independent of the generators description, see corollary 3. The
definition of the additive polynomials P; and the compatibility condition is given in
theorems 15 and 17.

The statement of the above theorem requires the selection of elements fo, ..., fs
of corresponding pole orders m; generating the Weierstrass semigroup at the unique
ramification point P. The following corollary gives a description independent of such
a selection.
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Corollary 3. The HKG-cover X can be completely described in terms of classes
[Ci] € PH' (Gal(Fy41/Fy), L(m; P))
satisfying the compatibility conditions
[P)([Ci]) = 0 € PH'(Gal(Fj4+1/F), L(m; P)),

where [P;] is the map on projective spaces induced by the additive polynomials P;.
Once a selection of elements fy, ..., fs is made all actions can be expressed in terms
of this expression.

We will now indicate how we can construct the HKG-cover from the information
of the compatible classes C; € HY(G, knm,[fo, fi,-- -, fi—1]). We argued that the
additive polynomials can be constructed from the classes C;. The compatibility
equation P;(C;) = 0 gives us that the cocycle representative C; is a coboundary, that
is, there is an element D; € kn [fo, f1,--., fi_1]) such that B(C’i(a)) =(c—1)D;

for all 0 € G. But then the element f; satisfies the generalized Artin-Schreier
extension

(2) Pi(fi) = D,
see section 2.6. This essentially means that we can construct the HKG-cover step

by step, adding in each step the generator f; satisfying eq. (2).
O

In fact the above theorem states that all the information for the HKG-cover is
inside the sequence of compatible cohomology classes. This result is similar to the
cohomological interpretation of Kummer and Artin-Schreier-Witt extensions, see
[10, 8.9-8.11], [17, chap. VI, sec. 1-2]. Of course Kummer and Artin-Schreier-Witt
extensions are abelian, while the HKG-extensions are solvable. This fits well with
the Shafarevich philosophy as expressed in [22].

As an application of the above result we give the following description of finite
p-subgroups of the Nottingham group:

Theorem 4. Let G be a finite p-subgroup of the Nottingham group. There are
elements fo, ..., fs € k[[t]] acted on by G in terms of the cohomology classes C; as
described in theorem 2, and a local uniformizer t' = (fs)/™ so that

o) =t'(1+ Cs(o)(t)™)"H™ e k[[t'] = K[[t]], for every o € G.
Proof. See theorem 17 and the subsequent discussion. O

The above theorem is applied as follows: We start from a local action of a finite p-
group G on k[[t]] and we construct an HKG-cover from it. From this HKG-cover we
obtain the series of generators fo, ..., fs € k[[t]][t"!] and we define the cohomology
class Cy, which in turn gives an explicit form of the action of G on k[[t']]. Essentially
we describe the conjugation class of G C Aut(k[[t]]), since the group acting on k[[t]]
by

a(t) = t(1+ Cy(a)t™) =1/,
is conjugate to our original action.

We now describe the structure of this article. In section 2 we will introduce
the representation and ramification filtration and their relation and we will also
give a description of the Riemann-Roch space L(m;P) as polynomials of bounded
degrees. Then we give a cohomological interpretation of the action of the group G
and we also see how the polynomials of each successive abelian extension can be
recovered from this construction. In section 3 we apply these tools in the problem
of determining finite subgroups of the Nottingham group and in particular we give
explicit forms of elements of order p. In the cyclic group case the cohomology
group can be expressed in terms of coinvariants of group action, see proposition 25.
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It seems that in recent years interest on this problem has grown, see [14], [1], [16],
[24].
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2. GENERALITIES ON HKG-COVERS

2.1. Ramification filtration. Let X — P! be a HKG-cover, that is Galois cover
with Galois group a p-group G fully ramified over one point P € P'. In the associ-
ated HKG-curve X, the group G will coincide with the inertia group of the curve
at the unique ramified point, Gp(P) = {0 € G(P) : vp(co(t) —t) > 1}, where ¢ is
a local uniformizer at P and vp is the corresponding valuation. For more informa-
tion on ramification filtration the reader is referred to [21]. We define G;(P) to be
the subgroup of o € G(P) that acts trivially on €,/ miﬁl, obtaining the following
filtration;

(3) Gr(P) = Go(P) = G1(P) 2 Ga(P) 2 - 2 {1}.

Let us call an integer ¢ a jump of the ramification filtration if G;(P) 2 G;11(P) and
denote by

(4)

Go(P)=Gi(P) =+ =Gy, (P) 2 Go,11(P) =+ = Gu,(P) Z -+ 2 Go, (P) 2 {1}

the filtration of the jumps, assuming that there are exactly p jumps.

2.2. The Weierstrass semigroup. The Weierstrass semigroup H(P) is the semi-
group consisting of all pole numbers, i.e. m € N, such that there is a function f
on X with (f)sc = mP. For the Weierstrass semigroup H(P) we consider all pole
numbers m; forming an increasing sequence

O=mg<...<mMp_1 <My,

where m,. is the first pole number not divisible by the characteristic. If g > 2 and
p > 5 we can prove that m, < 2g — 1, see [15, lemma 2.1].

Let F' = k(X) be the function field of the HKG-curve X. For every m;, 0 <i <r
in the Weierstrass semigroup we denote by f; € F an element of F' that has a unique
pole at P of order m;, i.e. (f;)oo = m;P. For eachi € {0,...,r} the set {fo,..., fi}
forms a basis for the Riemann-Roch space L(m;P). The spaces

(5) k= L(moP) G L(myP) G -~ C L(m, P)

give rise to a natural flag of vector spaces corresponding to the Weierstrass semi-
group. Notice that if x is a pole number in H(P) we have p = Mgim (uP)—1-

2.3. Representation filtration. For each 0 < ¢ < r we consider the representa-
tions

(6) pi : G1(P) — GL(L(m;P))

which give rise to a decreasing sequence of groups

(7) G1(P) = kerpg D kerp; D kerpy D ... D kerp, = {1}.

Recall that r is the index of m,., the first pole number not divisible by p. In [15]
the first author proved that p, is faithful hence the last equality kerp, = {1}.
We shall call the last filtration the representation filtration of G.
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Definition 5. An index i is called a jump of the representation filtration if and
only if kerp; = kerp;41.

We will denote the jumps in the representation filtration by
<< ...<cp1<cp=1r—1,

that is
kerp., > kerpe,41.

The last equality ¢, = r — 1 is proved in [12, rem. 9]. We have now a sequence of
decreasing groups

(8) G1(P) =kerpy = ... =kerp,, > ...kerp., _, > kerp,, > {1}
which gives rise to the following sequence of extensions;

9) FGP) = pRetve, ¢ pRetpey ¢ .. pRepen ¢

2.4. A relation of the two filtrations in the case of HKG-covers. In [12]
Karanikolopoulos and the first author related the filtrations defined in eq. (4), (8)
and the Weierstrass semigroup in the following way;

Theorem 6. We distinguish the following two cases:
o If Gi(P) > G2(P) then the Weierstrass semigroup is minimally generated by
Me, 41 =P Ni, (Ni,p) =1, 1 <i < n and the cover F/F%(") js an HKG-cover as
well. In this case |Ga(P)| = m;.
o If Gi(P) = G2(P) then the Weierstrass semigroup is minimally generated by
Me,p1 = phiX;, (\,p) =1, 1 < i < n and by an extra generator p" = |G1(P)|,
which is different by all me, 41 for all1 <v <mn.

Especially when X — P! is an HKG-cover, the number of ramification jumps
W coincides with the number of representation jumps n, i.e. n = u. The integers
Ai, which appear as factors of the integers me,+1, 1 < ¢ < n are the jumps of the
ramification filtration, i.e. \; = b; and Gy, = Kerpe, for 2 < i <n. Summing up
we have the following options for the ramification filtration

Gi(P)=-=G\, 2Gr\11= =Gy, 2G\ 1 =-=Gy, 2 {1}
or
Gi(P)>Gao(P)=" =Gy, 2Gr\11= =G, 2 G011 = =G, 2 {1}
Proof. See [12, th. 13,th. 14]. O

Remark 7. The reader should notice that Kerp., = Kerpy = G1(P) = Gy, (P) by
definition, hence Gy, = Kerpe, for everyi € {1,...,n = pu}.

Theorem 6 allows us to use the well known fact that the quotients Gy, /G, , are
elementary abelian p-groups, hence the quotients Kerp., /Kerp,,,, are elementary
abelian too, and the corresponding sequence of fields in (9) is in fact, a sequence of
elementary abelian p-group extensions.

In [12, prop. 27] the first author and S. Karanikolopoulos observed that for a
o € Kerp,, — Kerp,,,, the following hold;

o(f,)=f, forall v <g¢

0(fe;41) = fes41 + C(0) for some C(o) € k™.
They also proved (prop. 20 & rem. 21) that for each i € {1,...,n} we have
errpci_,_l — errpci (ch_l). )
In order to simplify notation we set F; := F*TPei m; := m, 1 and f; == fe, 41,
see also eq. (10).
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Example 8. In the Artin-Schreier extension F' = k(x)(y) where y? —y = ™ only
the place P = oo is ramified with the following ramification filtration:

Z/pZL =Gy =---=Gp > {1},

i.e. the first and unique ramification jump is at m, see [23, prop. 3.7.8]. The
representation filtration is given by

Go = kerpg = - -+ = kerp,,—1 > {1},
that is, the first representation jump is at ¢y = m — 1 and fi = f., 11 = y, where

co=m—1andc,+1=m. Thus F = F, = Fi(f1), and fy is the generator = of
the rational function field k(x).

We will prove in section 2.6 the following

Proposition 9. For a given m € H(P), in the case of HKG-covers we have
L((m - I)P) = kn,m[.f()a fT17 s 7.]?8}7

where
(10) K [for fro---s f] = <

_go_fl"'f§5j0§a£<p”iforalllgigs,
and deg(f3ofi* - fo) =30 _sam, <m -

In the above equation deg(f;) is the pole order of f; at P. The integer s is determined
uniquely; it is the greatest index of m; such that m; < m holds. The quantity
n = (ny,...,ns) € N® depends on the ramification filtration, specifically n; is the
number of Z/pZ components in each elementary abelian group G;/G;y1 obtained by
quotients of the lower ramification filtration.

2.5. Groups acting on flags. An automorphism of a curve act on all “invariants”
of the curve including the Weierstrass semigroup of the unique ramified point. Usu-
ally this action on invariants provides useful information about the action. Unfor-
tunately the action of the group G on the semigroup H(P) is trivial. This is not
the case when we move to the action to appropriate flags of vector spaces. More
precisely we will consider flags of k-vector spaces

Vik=VoCWVC--CV, &
where V; = L(iP). We will say that a group G is acting on a flag V, if there is a
homomorphism B
p: G — Aut(V),
i.e. when p(g) is an isomorphism such that p(g)(V;) = V; for all V; in the flag.
Remark 10. Since the representation p, is faithful it makes sense to consider the

representation not on the whole flag but only up to L(m,P). The natural isomor-
phisms on this truncated flag are given by invertible upper triangular matrices.

Recall that s is the the greatest index of m; such that m; < m. For every
1 <i < s and for every 1 < j <7 we have that

o(fi) = fi + Ci(o), where C;(o) € L((m; —1)P)
o(fi) = fi + Ci(0), where C;(c) € L((m; — 1)P).

Proposition 9, which will be proved in the next section, implies that if oo fs
are fixed, then the values C; for 1 < i < s determine the action completely.
Also notice that for each ¢ € {1,...,r}, f; is a polynomial expression of the

fi...., fs. By proposition 9 we have C; € L((ﬁu — 1)P) = knm; [fos- -+ fi—1]- The
functions o +— C;(0) and o — C;(o) are cocycles, i.e.

Ci(o) = Ci(o) + oCy(T).
We plan to show that these cocycles define the action of G on X, and in particular
the finite subgroup of Aut(k[[t]]).
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Remark 11. The selection of the generators f; for 0 < i < s is not unique. Every
element a € kn m,[fo, f1,- -, fi_1] gives rise to a new generator flj— a.
The new cocycle C! which is defined in terms of the generator f; + a is given by

o(fi+a)=0o(fi))+o(a)=fi+a+Ci(o) +o(a) —a=f; +a+ Clo).
Therefore B B
Ci(o) = Cyi(o) + (0 — 1)a.

Also instead of selecting the generator fi, which has pole order m; at P we can
select \f; for any A € k*. This change leads to cocycle AC;. Therefore selecting the
generator amounts to giving an element in the projective space

G _
]P)Hl (kerp 17 nmevala"'afil})

This gives us the following

Lemma 12. The cocycles C;, C! corresponding to different generators fi, fi with
the same pole number m;, that is f! = \fi+a, a € kn m.[fo, f1,- .., fi_1] satisfy the
relation

Ci(o) = XCi(0) + (¢ — 1)Aa
and a generator free description of the action is determined by a series of classes
Ci mn

(11) Hl (kerp nmi[anflw~'7ﬁ71]>(¢>H1(Gvkn,mi[f07fla"'a.fifl}) .

| ]

PHl (kerp n R [vafla .. 'afi—l})le)PHl(G7kn,mz' [f07fla .. '7.f‘i—1])

These cocycles satisfy certain conditions which will be given in eq. (15) and
theorem 17. The monomorphism inf is the inflation map in group cohomology, see
[26, 11.2-3, p. 64], while inf[C] of the projective class [C] of the cocycle C' is given
by

inf[C] = [inf(C))].

Remark 13. The vector space kn,m, [fo, f1,- .., fi—1] has as base the space of mono-
mials fY° f{* ... 7", of degree smaller than m, where v; < p™. The action on them
can be described in terms of the binomial theorem, i.e.

(12)

Vi—1
7o U1 H1 Hi—1\ 7us Fli—1 A1 — 1 Vio1— i1
Vo friLLLfY § E . (R el Ol
V1 Vi—1
Hi—1

2.6. Describing an HKG-cover as a sequence of Artin-Schreier extensions.
It is known, see [7], that every elementary abelian field extension L/K, with Galois
group (Z/pZ)", is given as an Artin-Schreier extension of the form

L=K(y): ' —y=bbekK.

In our case, the elementary abelian field extension F;1/F; can be generated by an
element y € F;;1 but this element might not be the semigroup generator f;. We can
give a description of the Artin-Schreier extension F;/F; using a monic polynomial

AX) = X" an, 1 X7 4o+ a1 XP + agX — Dy,

which can be computed in terms of the Moore determinant [8]. Notice that this
polynomial is an additive polynomial minus a constant term. Let {o1,...,0,,} be
a basis of the Galois group Gal(F;11/F;) & (Z/pZ)™, seen as an F,-vector space,
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and let wy, ..., w,, be elements of k* such that o;(f;) = fi + w;. Let W be the
[F,-subspace of k spanned by the w;, j =1,...,n;. We have dimg, W = n;.

Let P;(X) = [[,ew (X —a). Since every w; is an element of k, Gal(F;1/F;) acts
trivially on P;(X) and we consider the polynomial

Ai(X) = Pi(X) = Pi(fa).
Notice that, for a o € Gal(F;,1/F;), we can write 0 = 0% 0 --- 0 0,'" and
o(fi+a)=fi +viwy + - +v,wp, +a, foralla € W C k.

This means that P;(f;) is Gal(Fi,/F;) invariant, i.e. belongs to F;. Therefore,
the polynomial A;(X) belongs to F;[X], is monic of degree p™ = [F;y; : Fi] and
vanishes at f; hence it is the irreducible polynomial of f; over F;. The polynomial
P;(X) is given by
Awy,wa, ... Wy, X)

(13) Pi(X) =

A(wl,wg,...,wni) ’
where A(wy,...,w,) is the Moore determinant;
w1 w2 Wn,
wl wh wh
Awy, ..., wy) = det . .
waHﬁI wgnifl Z;Li71

It is an additive polynomial of the form
P(X) =XP" + am—lXpni_l +- + a1 XP +agX,

where a; € k C F;. We have proved that the generator f; of the extension Fj,;/F;
satisfies an equation of the form

1

(14) fip i +ani—1f7ip v +"'+a1fip+aofi :Di7
for some a,,_1,...,a0 € k, D; = P;(f;) € F;.

Remark 14. Instead of fi we can use \f;. The additive polynomial corresponding

to A f; is equal to /\p"rlPi(X), where P;(X) is the additive polynomial corresponding

to fi. Indeed, when we change f; to \f; the F,-vector space W is changed to A- W,

that is the basis elements w; are changed to A\w;. Hence, the Moore determinant

in the numerator of eq. (13) defining P;(AX) is multiplied by AL+ e
—1

the denominator is multiplied by NP+ TP" " Therefore P,(AX) = AP Py(X)
follows.

We have the following:
Theorem 15. The cocycles C; € HY(Gal(Fi1/F1), kn.m,[fo, f1,-- -, fi_1]), when

restricted to the elementary abelian group Gal(Fi41/F;) < Gal(Fi11/Fy) describe
fully the elementary abelian extension F;y1/F; given by the equation

P,(Y)=D;.
Moreover the element D; = Pyi(f;) is described by the additive polynomial P;(Y)
and by the selection of f;. A different selection of f!, i.e. fl = \fi + a, for some
a € knm;[fo, f1,-.-, fi—1], X\ € k* gives rise to the same polynomial NP and
to a different D} given by D} = AP Dy 4+ AP Pia). The two extensions Fy(f;)

and F;(f]) are equal.

Proof. The only part we didn’t prove is the dependence of the additive polynomial to
the selection of the generator f;. We have seen that changing f; adds a coboundary
to C_’z

But when o belongs to Gal(F; 1 /F;), C;(c) belongs to k, and k admits the trivial
action. Therefore, all coboundaries are zero and the result follows by lemma 12. [
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The additive polynomial P;(Y'), which depends on the values of Cj(0) with o €
Gal(F;4+1/F;) gives also compatibility conditions for the cocycle C; on all elements
of Gal(F;;1/F;). Namely, by application of o to eq. (14) we obtain the following

(15) | P.(Ci(0)) = (0 — 1)D; for all 0 € Gal(Fi/Fy). |

So if o keeps D; invariant, for instance when o € Gal(F/F;), then Ci(0) € Fyn C k.
Equation (15) is essentially a relation among the cocycles C;j(o) and C, (o) for
v <. Indeed, the element D; € kn m,[fo, f1,. .., fi—1] is a polynomial expression

on the elements fy, ..., fi—1, and the action is given in terms of the elements C, (o)
for v < ¢ and f; as given in eq. (12).

Lemma 16. An additive polynomial P € k[Y] defines a map

(16) Hl(G7 knJYLi [f_07 f_17 RS ﬁ—l]) — Hl(G7 kn,mi [ny f_17 RS fTi—l])
d—s P(d),

Proof. Notice first that elements in the space L(vP), for some v € N, can be multi-
plied as elements of the ring A, so a polynomial expression P(d) of a cocycle d makes
sense. One has to be careful since the multiplication of two elements in L(vP), is
not in general an element of L(vP), since it can have a pole order greater than v.
Therefore the value P(d) is an element in L(pP) for some p € N for big enough .
However notice that eq. (15) implies that P(Ci(0)) € kn,m,[fo, f1,- .-, fi-1] so that
P;(Ci) € HY(G, knm,[fo, f1, -5 fi1l)-

Finally observe now that if d is a cocycle, i.e. d(o7) = d(0) + od(7), then

P(d(o7)) = P(d(c) + od(7)) = P(d(0)) + P(od(7)) = P(d(0)) + o P(d(T)).
On the other hand if d(¢) = (0 — 1)b is a coboundary, then
P(d(0)) = P((c — 1)b) = (o — 1)P(b)

is a coboundary as well. O

This allows us to give a cohomological interpretation of eq. (15):

Theorem 17. The cocycles C; given in eq. (11) are in the kernel of the map P;
acting on cohomology as defined in lemma 16. The corresponding element D; is then
the element expressing P(C;) as a coboundary. The elementary abelian extension
is determined by a series of cocycles C; € HY(Gal(Fy41/F), knym, [fo, f1,- -+, fi—1]),
which define a series of additive polynomials P; and extend to cocycles in C; €
HY(Gal(Fy41/F1), knm, [fo, f1,---, fi—1]) so that each C; is in the kernel of P;.

Remark 18. In remark 14 we have seen that by changing the generator fo to \fo
the additive polynomial is changed from P; to \P"*~
PH(G, knm.lfo. frs-- . fima]) — PH' G kngn, [fo. Fiv- - ict))

is not affected.

lPi. The corresponding map

3. NOTTINGHAM GROUPS

An automorphism o of the complete local algebra k[[t]] is determined by the
image o(t) of ¢, where o(t) = Yo, a;t’ € k[[t]]. We consider the subgroup of
normalised automorphisms that is, automorphisms of the form

o0
ottty at
i=2
S. Jennings [11] proved that the set of latter automorphisms forms a group under
substitution, denoted by .4 (k), called the Nottingham group. This group has many
interesting properties, for instance R. Camina proved in [2] that every countably
based pro-p group can be embedded, as a closed subgroup, in the Nottingham group.



10 A. KONTOGEORGIS AND I. TSOUKNIDAS

We refer the reader to [3] for more information regarding .4 (k). We would like to
provide an explicit way to describe the elements of .4#'(k). It is proved in [14, prop.
1.2] and [16, sec. 4, th. 2.2], that each automorphism of order p is conjugate to the
automorphism given by

(17) ts t(1+ ™)~ Ym =1t (i (_1y/m) c”t”m>

v=0
for some ¢ € k* and some positive integer m prime to p.

In [1] F. Bleher, T. Chinburg, B. Poonen and P. Symonds, studied the extension
L/k(t), where L := k({o(t) : ¢ € G}), where G is a finite subgroup of Autk[[t]].
Notice here that each automorphism of order p™ is conjugate to ¢t — o(t), where
o(t) € k[[t]] is algebraic over k(t). Also in [1] the notion of almost rational auto-
morphism is defined: an automorphism o € Aut(k[[t]]) is called almost rational if
the extension L/k(t) is Artin-Schreier.

The rational function field k(t), despite its simple form, is not natural with
respect to the group G acting on the HKG-cover. For example the determination
of the algebraic extension L/k(t) and the group of the normal closure seems very
difficult.

Here we plan to give another generalization, by using the fact that the “natural”
rational function field with respect to the Katz-Gabber cover is Xt and not k(t).

In [15, p. 473] the first author proposed the following explicit form for an auto-
morphism of an HKG-cover of order p™;

r —1/m
o(t)=t (1 + Z ci(a)uitm_m’) ,
i=1

where m is the first pole number which is not divisible by the characteristic p,
u; /t™ for 1 <i < r are functions in L(mP) (u; is a unit) and 1/¢t™ is the function
corresponding to m (¢ being the local uniformizer). In the latter function the unit
is absorbed by Hensel’s lemma.

3.1. A canonical selection of uniformizer. In an attempt to describe in explicit
form automorphisms of k[[t]] let us quote here some results from [15]. We will work

with the corresponding HKG-cover X G, pt corresponding to a finite subgroup
G C Aut(k[[t]]). Again let m, denote the first pole number not divisible by the
characteristic and f;, i = 1,...,dim L(m,P) = r a basis for the space L(m,P),
such that

(18) (fz)oo = my.

As we have seen this basis is not unique but eq.(18) implies that if the element f;
is selected, then f! = \;f; + a;, where a; € L((mi - 1)P) is also a basis element of
valuation m,..

This means that the base change we will consider, corresponds to invertible
upper triangular matrices, i.e. to linear maps which keep the flag of the vector
spaces L(m;P).

Recall that m = m,. is the first pole number not divisible by p. Let us focus on
the element f,.. This element is of the form f,. = u,,/t™, where u,, is a unit. Since
(m,p) = 1 we know by Hensel’s lemma that w,, is an m-th power so by a change of
uniformizer we can assume that f,. = 1/t"™. When changing from a uniformizer ¢ to
a uniformizer ¢’ = ¢(¢) = tu(t) (u(t) is a unit in k[[t]]), the automorphism o € k[[t]]
expressed as an element in k[[t']] is a conjugate of the initial automorphism, i.e.
¢od~'. By selecting the canonical uniformizer with respect to f. we see that the
expression of an arbitrary o can take a simpler representation after conjugation.
Also this result is in accordance with (and can be seen as a generalization of) the
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result of Klopsch and Lubin, [14], [16]. The selection of uniformizer ¢t = ¢y, is unique
once f, is selected.

1/m

Definition 19. We will call the uniformizerty, = fr the canonical uniformizer

corresponding to f.

What happens if we change the function f, to f. = f.+a, wherea € L((m—l)P)?
Then a = u/t*, with 0 < g < m and in this case the new uniformizer is given by

-1
ty = (fr + g) m_ t(1+ utm*“)*l/m =t (14at™) /™.

Keep in mind that the set of uniformizers for the local ring k[[t]] equals to tu(t),

where u is a unit of the ring k[[¢]].

Let my,...,ms be the generators of the Weierstrass semigroup H(P). These
elements correspond to a successive sequence of function fields F; = F;_4( fi,l) SO
that v(f;_1) = plGal(F/F)IN, | = m,. It is not clear that m,; > my for j < 4.
However if for some j we have m; < m; for some ¢ < j then

U(fj) = O'(fj) + Cj(U), where Cj S k[fo, ey fi, ceey fjfl],
that is, f; does not appear in any term of the polynomial expression of C’j (o), for
all o € G. This means that we can generate an HKG-cover with corresponding
function field generated by fewer elements than the initial one.
If we assume that among all HKG-covers which correspond to a local action of G
on k[[t]] we select one whose function field is minimally generated then m; < mg <
o < .

Lemma 20. Let m = m, be the first pole number not divisible by the characteristic
p. Then m = My, that is the pole number corresponding to the last generator fs.

Proof. Tt is clear that not all pole numbers are divisible by p since m € H(P), p { m.
So at least one generator must be prime to p. On the other hand F; = F;_1(fi_1),
thus the pole numbers 7m; of elements f; for i < s are divisible by p, see also [12,
eq. (6)]. Therefore only the last generator can be not divisible by p. O

Theorem 21. Let Cs € HY (G, knm|fo, f1,- .., fs—1]) be the cocycle corresponding
to m = mg, where m is the first pole number not divisible by p, see lemma 20.
We choose as uniformizer the canonical uniformizer t = f;l/m. We define the
representation:

oG — Aut(k[[f])
(19) o (t (1 + cs(a)tm)*l/m) .

The expression 1+ Cy(a)t™)~Y/™ can be expanded as a powerseries using the bi-
nomial theorem and determines uniquely an automorphisms of k[[t]]. We have that
forallo,71€G

O(r0) = O(0)P(7).
Furthermore ® is a monomorphism.

Proof. We begin by noticing that o(fs) = fs + Cs(c) and we can select ¢ so that
t~™ = fs. Using the above expression we can determine the value of o(t) using

1 1

——=—+4C
oy~ TG
see also [15, eq. 4]. In this way o coincides with the image of ®(0) € Aut(k[[t]]) in
eq. (19). B B
Recall that ¢ € G acts on the elements fy,..., fs—1 by definition in terms of

the cocycles C;(c). This was defined to be a left action. Also this action is by
construction assumed to be compatible with the action of G on k[[t]] in the sense
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that when we see the elements f; as elements in k[[t]][t™!], then o(f;) = ®(o)(f;),
that is the action of o on f; as elements in kn m,,, [fo, f1,-. ., fs—1] coincides with
the action of o on f; seen as an element in the quotient field of k[[t]]. In other words
we have

o(fi(t)) = fi(e(t)) = fi(t) + Ci(o).

We will prove first that this is a homomorphism i.e.
(20) t(1+ Cy(ro)t™) Y™ = t(1 + Cy(o)t™) "™ o t(1 + Cy(r)t™) Y™,

where o denotes the composition of two powerseries. The right hand side of the
above equation equals

_ -1 T(Cy(o)t™ \ ™ . . “1/m
t(1+Co(r)t™)™ (14 —————=— =1(1 Cs Cy t™m
(14 Cs(m)t™) ( +1+Cs(7)tm) (1+ (Cs(r) 4+ 7Cs(0))t™)
so eq. (20) holds by the cocycle condition for Cs.

_ The kernel of the homomorphism @, consists of all elements o € G such that
Cs(o) =0. But if Cs(0) =0 then o(t) =t and o is the identity. O

Remark 22. The above construction behaves well when we substitute f,, with f =
fm + a. In any case the representation given in eq. (19) is given in terms of the
canonical uniformizer ty, corresponding to the element fs = f. which gives rise to
the cocycle Cs.

Remark 23. Equation (19) implies that the knowledge of the cocycle Cy implies
the knowledge of o(t), which in turn gives us how o acts on all other elements f;
for all 0 < i < s—1. This seems to imply that C can determine all other cocycles
C, for all1 < v < s —1. This is not entirely correct. Indeed, Cs is a cocycle with
values on the G-module kn m.[fo, f1,- -, fs—1], therefore the action of G on f; for
0 <i<s—1is assumed to be known and is part of the definition of the cocycle Cs.
This means that C; are assumed to be known and part of the definition of C.

Proposition 24. Ifo € G, 0 # 1, then
vp(o(t) —t) =m —vp(Cs(0)) + 1 =I(0),

where —1(co) is the Artin character since k is algebraically closed, see [21, V1.2].
Therefore o € Gr(o) — Gr(o)+1-

Proof. The valuation of o(t) — ¢t comes from the binomial expansion of eq. (19).
The rest is the definition of the ramification group. ]

3.2. Application: Elements of order p" in the Nottingham group.

3.2.1. On the form of elements of order p. It is known that every element of order
p in Aut(k[[t]]) is conjugate to the automorphism

ts t(1+ct™) Y™ where ¢ € k,

for some m prime to p, see [14, prop. 1.2] and [16, th. 2.2].

We can obtain this result using theorem 21. Let o be an automorphism of k[[t]]
of order p. Let X — P! be the corresponding HKG-cover. The sequence of higher
ramification groups equals (0) = Go = Gy = -+ = G,,, > {1}, i.e. there is only one
jump in the ramification filtration. If m = 1 then G;(P) = {1} for ¢ > 2 and in this
case the genus gx = 0. This is a trivial case so we can assume that m > 1. From
theorem 6 we know that the Weierstrass semigroup is generated by p = |G1(P)|
and m,. If m; is a pole number less than m, then m; is a multiple of p, hence
the corresponding elements f; with pole order m; at P will be powers of f; where

(f())oo = pP.
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Since the ramification filtration jumps only once, the same holds for the repre-
sentation filtration, i.e.

G1(P) = Kerp., > {1}

So if o is not the identity then by [12, prop.27] we have that

o(fl) = fifori=0,1,...,|m,/p| and
0(fey+1) = o(fr) = fr + C(0) where C(o) € k™.

Compare also with the computation of proposition 24. To obtain the result we
notice the following; changing the local uniformizer to a canonical one imposes the
substitution of o by a conjugate which, by theorem 21, maps t to the desired form.

3.2.2. Application to the case of cyclic groups. Let us now consider an element o of
order p". As before the cyclic group

Go(P) = Gi(P) =+ = Gy, (P) 2 Gy 1 (P) = -+ = Gop (P) 2 -+ 2 G, (P) 2 {1}

Since a cyclic group has only cyclic subgroups and all quotients of cyclic groups are
cyclic, while Gy, /Gy, ., is elementary abelian, we see that the number of gaps y is
equal to h and p"~? is the exact power of p dividing each ;.

Observe that all intermediate elementary abelian extensions F;11/F; = Fi(f;)/F;
are cyclic. The additive polynomial describing the extension F;(f;)/F; is given by

YP—CPlY = fF-CPf,

by computation of the Moore determinant det (g,z) ;;
i

at a generator o of the cyclic group Gal(Fj11/F;) = Gy,,, /Gy, (ie. 0P (f;) =

fi + Ci(o?")). Since C; € k, if we rescale f; by f;/C;, we can assume without loss

of generality that the equation is an Artin-Schreier one:

), where C; is computed

YP —Y = ff — fi = D;, where D; € F;.

Let g be an automorphism of the HKG-cover X. Since g(f,) = f, + ¢, (g) and
¢,(g) € F,_1, the automorphism g gives rise to an automorphism g : F,, — F), for
all v. We have that

(21) Ci(9)? = Cilg) = (9= D)(fP = fi) = (9 — 1)D;.

Notice that eq. (21) has many solutions C;(g) for a fixed g, which differ by an
element ¢;(o) for some o € Gal(F;11/F;), since (go — 1)(D;) = (g — 1)(D;).

The representation filtration has the following form (the filtrations are collectively
depicted in the diagrams below)

FGUP) — ) — Fkerro « fy = FXe'p1 - ... C F, = FX'Pr =

We have p"~* = |kerp,,,| for 0 < i < n—1 and p" = |G1(P)|. The generators
of the Weierstrass semigroup are p", p"~A;,... . pA,_1,\,. We have the following
tower of fields:
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F = Fpy1 = Fu(fa) {1} 1
Z/pZ P P
Fy,=Fy_1(fn1) Gy, = ker p,, <Jph_1> (order=p)
Z/pZ P p
z/p"z Fp1 Gy, =kerpe, _, (0" 7) (order=p?)

Fy = Fl(fl) Gb2 = ker Pca <O’p> (order:ph_l)
Z/pZL P »
Fl*k fO _kerpm <0->
= FGi(P) Gy (P)

For every g € Gal (F/Fy) we have

9(fr—1) = fror = Cra(g).
For a cyclic group Z/p'Z the cohomology is given by:

{a€A:N(a) =0}

HY(Z/p'Z, A) = 0 —1)4

where o; is a generator of the cyclic group Z/p‘'Z and N = 1 +o0 + -+ + P 1
is the norm, see [25, th. 6.2.2, p. 168]. In view of theorem 17 we will consider
the groups Gal(F;;1/F1), which are generated by the generator o of the cyclic
group Gal(Fp41/F1) modulo the subgroup Gal(Fp41/Fi+1). Thus in the group
Gal(F;11/F1) the order of o equals p’.

Observe now that 7 = o' acts trivially on A = kn m, [fo, f1, - -, fi_1]. We now
compute the norm for Gal(F;11/F1):

p—1 p171—1

iy
l4+o+---+oP 1t :p o’ = o™ g
soeSy

=0 v=0
P11

—ZT 2 "

where 7 := apifl, and observe that the above equation restricted on A gives

71 -1
l+o+-- apfl—p Z o

which is zero on A. So we finally arrive at the computation:
Hl (Z/plZ> kn,’ﬁli [fO? fh sy fi*l]) = kn,'r_ni [f07 .fl? DR .fifl]Z/piZa
where the latter space is the space of Z/p'Z-coinvariants.

Proposition 25. A cyclic group of the Nottingham group is described by a se-

ries of elements C; € ky ml[fo, oo i 1)z/piz 50 that C’p C; is zero in the space
kn,mi [va ) fz—l]Z/pll'
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In order to ensure that the element o has order p" we should have, C’S(O'py) #£0,

for all0 <v < h i.e.

(1]
2]
3]
[4]

[5]

[9]
(10]
(11]

(12]

(13]
(14]
(15]
(16]

(17]

(18]

(19]
20]

(21]
(22]

23]
[24]
[25]

[26]

(1+a+~~~+a”"*1)(3(0)¢0'
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