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1. Introduction

Let X be a projective nonsingular curve, defined over an algebraically closed field K of positive
characteristic p. The study of the curve X is equivalent to the study of the corresponding function
field F.

An open question in positive characteristic is the determination of the Galois module structure
of the space of holomorphic differentials of X. This problem is still open and only some special
cases are known [17,18,9,13,2] where restrictions are made either on the ramification type or on the
group structure of G. R. Valentini and M. Madan [20] computed the Galois module structure of the
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space of holomorphic differentials for the case of a cyclic group action G, where G was a cyclic p-
group of order either prime to p or a power of p. One of the aims of this paper is to extend the
result of Valentini Madan to the more general case of a cyclic group that has order p‘n, (n, p) = 1.
We will characterize the indecomposable summands V (1, k) (see Section 2 for a precise definition in
terms of the Jordan indecomposable blocks of the generator) and we will decompose the space V of
holomorphic differentials as:

n—1 p//

@@ Vr, k)d?k (1)

A=0 k=1

The numbers d(}, k) will be described in terms of the ramification of the extension F/FC¢ in Theo-
rem 7.

The G-module structure is expressed in terms of the Boseck invariants. These are invariants intro-
duced by Boseck [3] coming from the construction of bases of holomorphic differentials. The Boseck
invariants have rich connections with other subjects in the literature: computation of Weierstrass
points, [3-5]; the computation of the rank of the Hasse-Witt matrix, [10]; the classification of curves
with certain rank of the Hasse-Witt matrix [12]; the study of the Artin-Schreier (sub)extensions of
rational functions fields, [19], etc. Here we choose to focus only on the G module structure as well as
on the structure of the Weierstrass semigroup that is attached to a ramified point.

The complicated notation needed in order to state the main results prevents us from presenting
our main theorem here.

The paper is organized as follows: In Section 2 we introduce a notation for the places that are ram-
ified in the extensions F/FP/FC and give a filtration of the module of holomorphic differentials used
in the computations. Next section is devoted to dimension computations with the aid of Riemann-
Roch formula. In the final section we see the relation to the Weierstrass semigroup. We tried to relate
our results to known results in the literature. This way we discovered an inaccuracy in the work of
Boseck [3] in the case of a Z/pZ-extension of the rational function field ramified above one point.
Finally we extend results from characteristic zero relating the Galois module structure of the space
of holomorphic differentials and the Weierstrass semigroup attached to a ramified point in positive
characteristic.

2. Notation

Let G = (g) be a cyclic subgroup of automorphisms acting on the space of holomorphic differen-
tials V := HY(X, §2x). The group G can be written as a direct product of a group T = (gpé) of order n
and a cyclic p-group P = (g"). We consider the tower of function fields F/F"/F¢. Let np® = |G|,
(n,p) =1 and consider a primitive n-th root of unity ¢, € K. By Jordan decomposition theory we
see that we can decompose V as a direct sum of K[G]-modules V (,k). The modules V (A,k) are

k-dimensional K-vector spaces with basis {v1,..., v} and action given by
gvi=¢tvi+ vy foralll1 <i<k—1 (2)
and
gV = Vi

The action of the generator g on V (A, k) is given in terms of the matrix:
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g1 0 - 0
0 ¢ 1 :
A= .
: " .0
0 0 ¢ 1
0 o o0 ¢

Observe that for a cyclic group G of order np® generated by g the module K[G] can be decomposed
as K[G] = EBK;Q) V (%, pY). Indeed, the characteristic polynomial of g acting on K[G] is up to +1 equal

to xP —1= X" — 1)1”[, and every root of unity in K appears as a character in K[G].

Remark 1. The indecomposable K[P]-modules of a cyclic p-group of order p’ and with generator o
are given by the quotients K[P]/(c — 1)%, where k =1, ..., p¢ [20]. In our notation these are the
modules V (0, k) i.e. the indecomposable Jordan forms of dimension k.

Proposition 2. The indecomposable K[G]-module V (A, k) seen as a K[T]-module is a direct sum of k char-

acters of the form ¢ +— ;P“, where ¢ = ¢, denotes a primitive n-th root of unity. The module V (1, k) seen as
K[P]-module is indecomposable and isomorphic to the module K[P]/(c — 1k,

Proof. We will use the following idea: The action of G on the indecomposable summand V (1, k) is
described by the action of the generator g of G. We would like to view the module V(A k) as a
P and T module respectively. A generator for the T group is given by gpz. Write the matrix A as
A = diag(¢*) + N where N is a nilpotent k x k matrix with k < p®. Therefore, the generator ng of
the T group is given by the matrix AP = diag(;’\p[). This means that V (A, k) seen as a T module is
decomposed as a direct sum of k characters of the form ¢ — {“’5. Since (p%,n) =1 raising an n-th
root of unity to the p’-power is an automorphism of the group of n-th roots of one.

On the other hand, the action of the generator g" on the module V(A,k) is given by the n-th
power of A. We observe first that all eigenvalues of A" are 1. We will prove that A" is similar to the
matrix Id + N, i.e. a Jordan indecomposable block. Since all eigenvalues of A™ are 1 the characteristic
polynomial of A" is (x — 1). The minimal polynomial of A" is (x — 1)¢ for some integer 1 <d <k.
Since A is an indecomposable Jordan block the minimal polynomial of A is (x — £*)X. On the other
hand, since (A" — 1) =0 we have that (x — ¢*)* divides (x* — 1)¢ and this is possible only if d = k.
This implies that A" is similar to an indecomposable Jordan form of dimension k. O

2.1. Fields and ramification

We will introduce some notation on the ramification places in the extensions F/F" and F/FC. Let
us denote by P, ..., Ps the places of FP that are ramified in F/FP. The places of F that are above P;
will be denoted by P, v, 1< v < pt/e;, where e; = p€i is the common ramification index e(P;, v/ Po).

The different lef(F/FF) is supported at the places P;, while the discriminant D(F/FP) is sup-
ported at the places Py, ..., P. Let us denote the different exponent of P;, over P] at each ramified
place by §;. The discriminant is then computed:

D(F/FP) Zp‘ €i8;Pj,

while the different is given by

Diff(F/FP) ZaJZP”
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The cyclic group extension FP/FC¢ is a Kummer extension with Galois group T and it is defined by
an equation of the form:

FP=F%y), y"=b, beF". 3)

Let Q1,..., Q; be the places of FC that are ramified in extension F/FC¢. We define Q;,, 1< v <
n/eg to be the places of FP which are above Q;, where e§ denotes the common ramification index,
e;=e(Qi/Qi).

Assume that the set of places {Q1,..., Q¢,} extend to places Q;, of FP that do not ramify on
F/FP and that each place Q; of the places {Q¢y11,..., Q) extends to places Q;, that ramify in
F/FP. The total number of places of the form Qiv to+1<i<tequals

t

o= 3

i=to+1

=[{Qiv: to+1<i<t, 1<v<n/el}].

S =

We enumerate the places P; such that {Ps,11,..., Ps} do not ramify in FP/FC and {P1,..., Ps,} =
{Qiyv: to+1<i<t, 1<v<n/ef).

F Pl,u Pt,u P30+1,v Ps,v
P eq et €sg+1 es
FP Q],v th.v Qt0+1,u Qt,v I_Jso+1 135
T e e €1 e,

F¢ Qi Qto Qio+1 Q¢

We can select b in Eq. (3) such that [20, Sect. 2]
t -
divpe () =ne/ + ) $iQi, (4)
i=1

where 0 < ¢; <n, < is a divisor of F¢. The ramification indices are given by e;=n/(n, ¢;), and the
discriminant is given by

D(FP/F®) Z(n— —) (5)

We also define &; = ¢;/(n, ¢;).
2.2. Modules

Let us now focus on the cyclic p-group extension F/FF. The G-module structure on holomorphic
differentials on a cyclic p-group is studied by R. Valentini and M. Madan in [20]. Let o := g" be a

generator of the cyclic group P. Recall that V denotes the set of holomorphic differentials. Following
the article of Valentini Madan we consider the set of subspaces V' C V defined by

vi= {wev: (0—1)iw:0} fori=0,...,p.
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We compute that (the set {v1,..., vy} is the basis of V(u, m) given in Eq. (2))

V(x,m) ifm<i+1,

i+1 —
74 ﬂV()»,m)—{Wm,i,,,.,vm) 1fm>l+l

Since G is a commutative group there is a well defined action of T = (gp[) on the quotient space
Vil /vi and the natural map

Vi+1 N Vi+1/vi

is T-equivariant. The images of the spaces VI*1 NV (1, m) under this map are 0 for m < i and are one
dimensional if m > i.

The space Vit1/Vi is decomposed into characters of the group T. Let d(x,k) be the number of
V (%, k) blocks in V. Let c(x,i), 0 <i< p’—1 be the number of characters of the form gw = ¢*® in
Vi+1/vi.

We have that

cn,i) = Z d(n, k).

k>i+1
Therefore
d(r,p*) =c(r, p* = 1),
do, k) =ch,k—1) —c(r, k). (6)
Lemma 3. There is a basis {wo, ..., Wpe_q} of F over F? such that:

(1) For 0 <k < p* — 1 with p-adic expansion k = aX +a¥p +--- +akp‘~1, we have

k ky -k k
(o —D'wp=ajlay!---ay! wy.

(2) Every w € V can be written as

p—1
w= Z cywy dx
v=0

with x, ¢, € FP and with the additional property that
weVl o Ci=Ciy1=-=Cp_1=0.
(3) There are numbers ® (4, j) prime to p such that
¢

Ve, (W) ==Y dsd(u, Hp*.
j=1
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Proof. The definition of the basis is given in [20, p. 108] while the second assertion is proved in the
same article in the proof of Theorem 1. The existence of the numbers @ (u, j) follows by the construc-
tion of the extension F/FP in terms of successive Artin-Schreier extensions (see [20, Sect. 1]). O

Recall that §,, denotes the different exponent of P, over P,. We define the integers:
Su+vp,, (W)
Vy k= \‘—M J . (7)
€u

Notice that the valuation vp, ,(wg) does not depend on the selection of the place P, , over 13;;-

Let T = ng be a generator of the cyclic group T. Assume that ty =¢]y. For each . =0,...,n—1
we select 0 < o) <n—1 such that

ro; = A mod n. (8)

Definition 4. Let (x) = x — |x] denote the fractional part of a real number x. Define the Boseck invari-
ants:

t

@ ! ®;—1 -

o) Pi oPi — Vi

N O R o
J n=1

i=1 l Jj=to+1

Remark 5. If n =1, then
N
I, =Tk= Z Yy k-
n=1

This is the Boseck invariant for the p cyclic case, see [3] and [7]. If p¢ =1 then

t

oD
=T = Z<— - >

j=1 j

This is the Boseck invariant for the cyclic tame case. These invariants coincide with the ones intro-
duced by [3], and used by [7], after letting r = 1, to Eq. (8) (this can be done without loss of the
generality).

Recall that the p-part P of the whole cyclic group is generated by g". Is there a place of F that
is fully ramified in extension F/F‘¢")? If not then we consider the place P;, of F with maximal
ramification index. Set r = ¢ — max{¢;}. The wild decomposition group (g")(P; ,) at this place is cyclic
and we will denote the corresponding fixed field by E,. Call E the fixed field of the wild part (g").
Then we will have a tower of fields F/E,/E such that in extension E,/E there is no ramification at
all. Notice that r =0 and E, = E if and only if there is a place P; , fully ramified in extension F/F'&".

In next section we will prove the following:

Proposition 6. Recall that €; are integers such that p€i = e(P,',v/l_’i). Consider the integer r = £ — maxe;.
For 0 <k < p* — p", we have

c(h k) =gpe — 1+ Iy + Agi.

The integer Ay is given by the following rule: If I ; = 0 then Ay, = 1. In all other cases A ) =0.
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For p¢ — p" <k < p* — 1 we have

o (ggr =1+ Tky) ifk>p"—p +10rr#0,
grc ifk=pt—p and A =0.

c(A, k)= {
This will allow us to see:
Theorem 7. [fr = 0 then
d(h, p*) =gpe — 1+ Ty, + Ape .
For all the values of r and for k < p* — p" we have:

dx, k) = Te—1 5 — Tiep + My,

where {—1,0, 1} 3 My := Ag—1,5 — Ak -
Ifk=pt—p thenk—1=p*—p" —1and

d(x, p* —p") = gre = 1+ Ik + Ak—1.2 — (A, p* = p")

_ { N1 = o Tiea+ Akera, i #£0,
Ti—10+ Ak-10—1, ifA=0.

Forr#0and p* — p" <k < p®—1, we have:

1 ifk=p‘—p"+1, A=0,
Ak =1 Jr(ger — 1+ ) ifk=p",
0 otherwise.

Proof. The proof is a simple application of Proposition 6. O

2.3. Computation of ¢(A, k)

This section is devoted to the proof of Proposition 6.

(10)

Lemma 8. Let G be a group of order pn acting on the curve X, with only tame ramification, i.e. every point

that is ramified has decomposition group G(P) C <gpf). Let T = <ng) be the tame cyclic part of the group G.
Consider the integers ¢;, ®;, a;,, €} describing the Kummer extension F/FT and let gt denote the genus of FT.

Then the decomposition of the space V of holomorphic differentials is given by

4
1
V= Vi, kR,
k=1 0

3
|

>
I

where d*(0,1) =1,

" ¢ 1 ! —o) Dj
d(x,p):? grr—1+) (—

i=1 1

and d* (X, k) = 0 in all other cases.
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Proof. Group actions on curves without branched points on spaces of holomorphic differentials were
studied by T. Tamagawa [17]. Tamagawa proved that the space of holomorphic differentials is decom-
posed as

V:=K @ K[P]&x/~ 1

where gx,p is the genus of the quotient curve X/P.
Actions with tame ramification where studied by E. Kani [6]. Kani proved that:

V:=K®K[G]®*~1 g R%,

where R’g is a k[G]-module such that nf?’g = R{ and R{ is the contragredient module of the tame
ramification module (for precise definition see [6, Sect. 1]).
The result of Tamagawa for the action of the p-group P = (g") gives that

n—1
v=ko@v( p) . (11)
=0

The integers d*(x, p*) can be computed by a careful look at the definition of the tame ramification
module. We will instead compute them using the results of Valentini and Madan for the extension
F/FT, T = (gP").

The extension F/FT is a cyclic Kummer extension with Galois group generated by o = gpl and it
is characterized by the integers ¢, @, e}, o, introduced in Section 2.1. For the module of holomorphic
differentials the multiplicities m;, of the character A given by the action o/(v) = ¢*v are equal to

t
m,\ngT—1+Z< e); l>, 1fA7é0

i=1 1

and

t
mOZgFT+Z< ; ’>=gFT, if . = 0.

e
i=1 1

—®P;
e

For the last equality it is enough to notice that as (®;,e}) =1 then Zf:]( y = 0, since the

condition e; | arg is equivalent to e} | O for all i’s (see [20, p. 115]).
From Tamagawa result we have that d*(0, 1) = 1, while for the remaining mo — 1 = ggr — 1 repre-
sentations give us that in both cases (A =0 and A # 0) we have

and d*(x, k) = 0 in all other cases. Notice that the eigenvalue ;* appears p’ times in every component
V(a, k). O

Remark 9. Applying Riemann-Hurwitz formula, we obtain:

1 K~ ®;
d*()»,pz):gFG—1+FZ< e l>.
i=1 i
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o If F/FT is unramified, i.e. when e; =1 for all i, then this coincides with the result of Tama-
gawa, [17].

o If pf =1, ie. FS =FT, then this coincides with the result of Hurwitz [11, Theorem 3.5, p. 600],
after letting r =1, to Eq. (8).
For the study of the spaces V¥t1/Vk with k=0, ..., p¢ — 1, we will distinguish two cases:

Casel. k< p’—p'.

Lemma 10. Assume that k < pt — p". If the differential w = Zl;:o cowydx € VK1 representing a class in
vk+1 vk is holomorphic then

S
Cx € Lgr (diVFP (dx) + Z v/L,kI_J[L) .
n=1
The space V¥+1/ V¥ is of dimension ggr — 1433, _; V0 k-
Proof. See the proof of Theorem 1 and p. 112 in [20]. O

In order to study the k[T]-module structure of the space V we will apply the previous argument
with f in place of the ¢, and we focus our study to the space of differentials which have poles at
> Ji=1 VukPy, ie. differentials of the form:

N
w=fdx suchthat diver(fdx)>— v Py (12)
n=1

We may choose the function x € FP to be a function in FC. Let T = gpk be a generator of the cyclic
group T. Recall that we assumed that Ty =¢;y and we have selected «; such that ra; = A mod n.
Assume that

T(fdx) = c* fdx.

By Eq. (8) we have
T(f/y™) = f1y*,

so f =hy% with h € FC. Therefore, Eq. (12) is satisfied if and only if

S
Nge e (div(fdx)) > Nir o (— > vu,kﬁu) (13)
n=1

We compute:
N po (div(fdx)) = ndivee h + o divie (b) + ndivge (dx) + D(FF/F).

Remark 11. Whenever we write down a reduced divisor &/ = ) «;P; (i.e. P; # P;) with a; € Q we
mean the divisor Y ;| P;. Notice that if o/ = > o; P; is a divisor (with possible rational coefficients)
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and # =73 B;P; is a divisor with integer coefficients, then since for« € Q,8€Z |+ B8] = |a| + B
we have that

g+ B=Y lail Pi+ Y BiPj,

i.e. we don’t have to write down < + % in reduced form, before taking the integral part of its
coefficients.

Using Eqgs. (4), (5) we see that Eq. (13) is equivalent to

t .
div(h) > — divge (dx) — .o — Z(“*T‘pf +1- )Q] - 1NFP/FG ( > v, ,{PM)

j=1 n=1

i.e. h e L(W + Eg). Notice that the norm Ngr e (Py,) is just the place of FC lying below P,. We
proved the following

Lemma 12. The subspace of V¥*1/V* of elements where g acts by multiplication by ¢* is isomorphic to the
space Lgc (W + Ey ,), where W is a canonical divisor on F¢ and

o 1
Ek» —awﬁrZ( A¢]+1——>Q1+ NFP/FG<Z"M’<PM)

n=1
is an effective divisor.

We will now write Ey; as a sum of an integral divisor and of a divisor in reduced form. We can
assume that {Q1, e, Qro} is the set of ramified places such that their extensions in FP do not ramify
further in F/FP. We will denote by {Q,+1,- .., Q¢} the rest of the ramified places.

Notice that there are s — so places of F” that are not ramified in FP/FC. These places are all
decompose completely in the extension F’/F¢. Denote with [T, := Ngr pc(Py), for each 1< <

s — so. Note that these places of F© are not all different. However there are =% different I7,,’s, with
n=|T|.
Now Ej ; can be written:

to / t / =0 Uu.k
e ej—T1\ - .9+ Vjk
Ex,=oo + E <—n ! ]e’ Qj+ 2 ]n 2 ]e’. 2 : .
j=1 j=to+1 u=1

The divisor E , as it is written above is not necessarily in reduced form. We don’t know whether the
divisor 7 is prime to Q; or IT,. But since it has integer coefficients and since all the divisors with
possibly rational coefficients are prime to each other, we arrive at

t /
o). Pj -1 api+vjxk €—1]_
E — d . i .
k. = O +§ L _ JQ]J’_‘Z { - T Qj
j=1 J j=to+1 j

5—s0

+ Y vy (14)
n=1
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Lemma 13. The degree of Ey ; equals

5=

t t o
o) D; o P —1 Vjk
dEg(Ek,k):Z<_ o/ >+Z L<T +T +Zvu,k~
i=1 1 j=to+1 J n=1
Proof. Following Valentini and Madan we see that
¢ ¢ ¢ @
deg()=—Y ==Y - 15
g(/) Zn > (15)
(recall that @; = ¢;/(¢;, n)).
Doad ! api+vi €i—1 P =
2 Pj 1P Js j A
R (St [ B
j=1 J j=to+1 J J n=1
We will use
Ot)\da] _ LOQQ%’J <Ol)\q§j>
/ / /
e e; e;
We have
\‘akd’j—i-vj,k_i_e/j_]J_aAq)j
/ !
n e; e;
axqu ak¢j+e/j_1 Vjk Ot)L‘Dj
:<_ e >+ e +T - e’
J L J J
=<_akq)j>+ {ak@j—ke;_lJ+<ak¢j+e;_1>+ﬂJ+L—alq}jJ
/ / / !
e; L e; e; n e;
@i\ [ad; a,@j+e—1\ P
Rl E e RN
e; e; e; n e;
oD P —1 Vi
R Ml b B
e; e n

j
Proposition 14. If k < p¢ — p", we have
c(A, k) =dimL(W + E ;) = gpc — 1 +deg(Ekx) + A
Moreover, if
deg(Ey,.) =0

then Ay, = 1. In all other cases Ay ) =0.
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Proof. By the Riemann-Roch theorem and Lemma 13 we see that
dimL(W + Ex ) = gpc — 1+ degEg , +dimL(—Ey ;).
If the divisor deg(Ek ;) > 0 then dimL(—Ej ;) =0 and the result follows.
Assume now that deg(Ey ;) = 0. Since Ey , is effective this means that E;; =0 and in this case
Ap=£20)=1. O
Case2. p' —p" <k<pf-1.
In this case we will apply the same procedure as we did in Case 1 and then we will apply Lemma 8

for the extension E,/FC. Write k =k; +tp” with 0<k; < p" and t = p*" — 1. Set kg =tp" =p* —p".
Let o = g" be a generator for the p-cyclic part of G. Let Vk be the space of holomorphic differentials

of E, that are annihilated by (o — 1). Valentini and Madan [20, pp. 111-112] proved that
(0 — Do vk vk vt v (16)
is an isomorphism. We will now consider the extension E,/F¢ and we will apply Lemma 8 in order

to compute the decomposition into indecomposable G/(gPr)—modules. Let c*(A, kq) be the number of
characters ¢ +— ¢* in the module V'E:“/V’E‘:. We compute that c(A, k) is equal to:

0T\ _ % _ * _Jar@, ) ifky >1orA#0,
(ki +p" = p)=c"(r. k) = ;Hd (A,M)_[ B0, B 4 1= grc, ks 20, amd A0,
=k

Therefore, for k = p! we compute:

1 Sy
d()“PZ):C()"PZ_l):d*(x’p[):F<gErT_1+Z< 02 1>>

i=1 !

by Lemma 8. Moreover for p¢ — p" <k < p® — 1 and from Eq. (6) and the isomorphism given in
Eq. (16) we obtain:

dr,k)=c(A,k—1)—c(r, k)
F(hk=1—(p" = p") =" (h.k = (p° — p"))
:d*(x,k—(p —-p"))=0
unless k= p¢ — p"+1 and A =0. In this case d*(0,1) =1=4d(0, p* — p" +1).

Remark 15. Notice that when k > p¢ —p’, then v,k =0 (see also [20, p. 110]). Thus Boseck invariants
(Definition 4) take now the form

! —(X)L(P'
Fk,xzf)\zz< o l>~

i=1 1

With this in mind, we take that

1
d(r,p") = F(gErr =1+ Ip).
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This completes the proof of Theorem 7.

Example 16. Suppose that F¢ = FP ie. n =1 then, from Egs. (9) and (10) respectively, we get that
the regular representation of G occurs

o ¢y _ ) 8F¢ -1, 1fr7£0,
d(r, p*)=d(p) = {ch, otherwise,

times in the representation of G in V. This result coincide with the results obtained in [20].

3. Relation to the theory of Weierstrass semigroups

Aim of this section is to find a relation between the Galois module structure of the space of
holomorphic differentials and the Weierstrass semigroup attached to a ramified point. In charac-
teristic zero there are results [11] relating the structure of the Weierstrass semigroup at P to the
subgroup G(P). For example there is a theorem due to J. Lewittes [8, Th. 5] which relates the struc-
ture of the semigroup to the module structure of holomorphic differentials. Also 1. Morrison and
H. Pinkham [11] considered the case of Galois Weierstrass points, i.e. covers of the form X — P! with
cyclic cover group in characteristic 0.

Let us start with a convenient description of a numerical semigroup: Let X ¢ N be a semigroup
and let d be the least positive number in X. For 1 <i<d— 1 we denote by b; the smallest element
in X' congruent to i mod d, and define v; by the equation:

b; = vid + 1, (17)

ie. v = L%J. The numbers v; are equal to the number of gaps ay for which a; =i mod d, and the
semigroup X' is characterized by them.

Notice that the b; together with bg = 0 form the Apéry set Ap(X,d) of d in X see [1, p. 149,
Par. 7.2.2].

From now on X will be the Weierstrass semigroup attached to a point P. Let f be a function on X
such that (f)e, = dP. This gives rise to a map f: X — P! and we assume that this map is a Galois
cover with Galois group G(P). In characteristic 0 the group G(P) is always cyclic and the space of
holomorphic differentials is described by a theorem due to Lewittes and Hurwitz [11, Th. 1.3, Th. 3.5].

In this paper we assume that G(P) is a cyclic group of order np®. The following theorem is a gen-
eralization of the theorems of Lewittes and Hurwitz written in the language of Brauer characters [14].

Proposition 17. Let T be the tame cyclic part of G(P). Let L be a complete local ring that contains the n-th
roots of unity, let O} be its valuation ring and let m| be the maximal ideal of O such that 0} /m; = K. For
example we can take L = W (K)[¢,], the Witt ring of K with one primitive n-th root of unity attached to it.
The modular character of p : Greg — O induced by the K[G]-module of holomorphic differentials can be
written as

d—1
=y wix',
i=1

where x is a generator of the character group Greg of the cyclic group Greg = Z/nZ and (1; are equal to the
number of gaps at P that are equivalent to i mod n.

Proof. The proof we will write is a modification of the characteristic zero proof given in [11, Th. 1.3].

By construction for every o € T we have o (T) =T. Let T be the generator of T. By the lemma of
Hensel we might assume that there is a local uniformizer t at P such that o (t) = ¢t where ¢ is a
primitive n-th root of unity.
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Every gap a; corresponds by the Riemann-Roch theorem to a holomorphic differential wj with
a root of order ax — 1 at P. Observe that the flag of vector spaces (wg, ..., w) are invariant under
the action of G and by a trigonal change of coordinates we might assume that wj can be selected in
such a way so that wy = t%~1dt. For this selection of w; we have that Ty = (% and the result
follows. O

This proposition does not describe completely the relation of the semigroup and the K[G]-module
structure since it gives information of the number gaps modulo n and not modulo np® as required.
Notice that by construction d :=np* is the smallest nonzero pole number.

Definition 18. For every i, 0 < i < np® we consider the reductions of i modulo p‘ and n respectively,
namely: ig =i mod n and i; =i mod p’. We will denote by

t(ip, i1) = the number of gaps at P that are equivalent to i mod np®.

Of course these quantities are related to the w; defined in Proposition 17. For an ip with 0 <ip <n
we have

pt-1
Mg =Y _ C(io.i1).
i1=0

We will give an independent and complete description in terms of the decomposition given in Eq. (1).

Proposition 19. Recall that §,, denotes the different exponent of P, ,, over Pu- Let ry, . be the remainder of
the division of 8, + vp,, , (wy) by p, ie.

Tk =8u +Vp,, (W) — ply k. (18)

The holomorphic differentials in V¥ have roots at Py of orders
N
ruk+p'E withg€10,1,....> v =21 UB . (19)
n=1

where B, i is a subset of natural numbers with ggr elements, all greater than ZZ:1 Vv, k- The dimension of
the space of holomorphic differentials in V¥*1 that have roots of order x such that:

_ ¢
x=r, x mod p°,

x=a, modn (20)

isequal to c(A, k) =C(an + 1,1+ 1).

Proof. By Lemma 10 the differential Z’f):o cywydx is holomorphic if the elements ¢ are in . :=
L(divgr (dx) + ZL:1 v, kPy). What are the possible valuations of such elements at a fixed P;,?
Fix (o and consider the divisors:

N
dj=divee @)+ Y VP + Py,
n=1,u#po
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for j < v,k We have that L(&}) C L(mfv#o_k). There is an element ¢, with Vi, (cp) =
Vb, (diver (dx)) — j if and only if £(27j) — €(<Zj—1) = 1: Indeed, by using the Riemann-Roch theorem
we see that

N S
L) =gppr — 1+ Z vu,k+j+5(— Z vu,kﬁu—jﬁﬂo).

n=1,u#uo n=1,u#Ho
Therefore,

N N

it Y vukti—1 >0thenz<— > vukPy —jl_’m)) =0
w=1, 410 w=1, £ 1o

and £(#7}) — £(</j—1) =1 and there is an element ¢, with valuation at I_’M0 equal to Vb, (divgr (dx))

— j. This proves that possible valuations v = Vb, (divgr (dx)) — j of elements in .Z at l_’,L0 satisfy

N
~Viok =V, (divee (dx)) < v < Z Vuk=1=vp, (divee (dx)),
p=1, 1o

s
0<V/,c0,k_j< Zvu,k_l- (21)
n=1

The valuation at P, of the differential c,wdx of F equals:
PV, (€dX) + 8y + Vg, (Wi). (22)
Recall that 6;,, + VP,LO,U(Wk) =Tuok +p£vuo,k by Eq. (18), so (22) becomes
£, ¢
p Vpu0 (crdx) + Tuok + P Vyuo.k

which in turn by using (21) implies that the possible valuations of differentials in V¥t contain the
set

s
Tio.k +PZ§, 0<é< Z vk — 1.
n=1

If grr =0 then there are no other possible valuations for the elements cj since the above valuations
are different, the corresponding functions are linear independent and have the correct dimension
given in Lemma 10. If ggr > O then there are grr more possible valuations, but their exact values
cannot be easily described. Indeed, notice that always £(<7;) — £(2Zj_1) < 1 by [16, 1.4.8].

Using Lemma 12 and Proposition 14 we compute that the dimension of the differentials satisfying
the conditions given in (20), is equal to c(k, 1).

It is a well known application of the Riemann-Roch theorem that the existence of a differential
with root of order a—1 at P implies that a is a gap at P. Therefore if we add 1 to the natural numbers
appearing in Eq. (19) then we obtain all the gaps at P coming from holomorphic differentials in V¥*1,
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All of them are equivalent to r, , + 1 modulo pt. Moreover, if a is a gap at P then there is a one-
dimensional subspace of V such that the action of the tame part is given by ¢ — ¢9 [11, Th. 1.3]. This
proves the equality c(A, k) =c(ay + 1,1,k +1). O

Remark 20. Notice, that now we are able to describe completely X' at P, , by the method introduced
by I. Morrison and H. Pinkham [11] and explained in Eq. (17), when P, , ramifies completely. Indeed:

(1) The numbers c(A, k) =c(a; + 1,7,k + 1) are equal to the number of gaps x+ 1 for which x4+ 1=
i mod d and thus from the Chinese remainder theorem are equivalent to «; + 1 (or equivalently,
see (2), to A+ 1) and ry x + 1 modulo n and pt respectively.

(2) 1k forms a complete system modulo pt as k takes all the values 0, ..., p® —1, and thus takes all
the values from 1 to d — 1. Moreover, let r =1 to Eq. (8) (we use this argument widely through
this paper). Then, in the same way we see that o, forms a complete system modulo n, as A runs
through O, ...,n—1.

4. The case of a cyclic p-group

We will now focus on the case of cyclic extensions of the rational function field of order p¢. We
will also assume that every ramified place is ramified completely and that the place at infinity does
not ramify. In this case we construct explicitly a basis of holomorphic differentials as follows:

We denote the ramified places of K(x), by Q; = (x — a), 1<i<s, since in a rational function
field every ramified place corresponds to an irreducible polynomial, which is linear since the field K
is algebraically closed. We set

200 =] Jox— .

i=1

Definition 21. For k=0, 1, ..., p* — 1, we define

N
Iy = Z Vik.
i=1
Proposition 22. Let X be a cyclic extension of degree p* of the rational function field. The set

[0 = (x—a)"" g0 Twidx: 0<v® < —2, 0<k< p" —2)

forms a basis for the set of holomorphic differentials for a cyclic extension of the rational function field of
order pt.

Proof. We take the basis of [7, Lemma 10], set m =1 and modify it in order to evaluate holomorphic
differentials in the ramified primes of the extension. The same construction is given by Garcia in
[5, Theorem 2, Claim] where the elementary abelian, totally ramified case is studied. The proof is
identical to the one given there. O

Keep in mind that the natural number i is a gap at P if and only if there is a holomorphic
differential w with root at P of order i — 1.

Lemma 23. The remainders r, ; for different values of i are different modulo pt and form a full set of repre-
sentatives modulo p¢.
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Proof. Observe first that the valuations of the functions wy as k runs over O, ..., p‘Z — 2 are all differ-
ent, since
K .
Ve, (W) ==Y did(u, jpt.
j=1

Therefore the values &, + vp,,(Wg) = 8, — Z§:1 a’;q)(u,j)p“j take all possible values mod-
ulo pt. O

Definition 24. For every natural number 0 < a < p® define by ¥ (a) the natural number such that

Ty (@).u =0a.

Such a number exists by Lemma 23.

Remark 25. Recall that r, , was defined in Eq. (18) to denote the remainder of the division of &, +
vp,., (Wk) by pt. Boseck in his seminal paper [3, Satz 18], where the G = Z/pZ case is studied, states
that as k takes all the values 0 <k < p — 2 the remainder of the Boseck’s basis construction r, j takes
all the values 0 <r, < p —2 and thus all the numbers 1,...,p — 1 are gaps. This is not entirely
correct as we will show in Example 28. The problem appears if there is exactly one ramified place in
the Galois extension.

Lemma 26. If all I, > 2 then all numbers 1, ..., p¢ — 1 are gaps. If there exist Boseck invariants I, = 1, then
the set of gaps smaller than p* is exactly the set {rue: 0<k< pt =2, >2).

Proof. As k runs in 0 <k < p®—2ther, , runin0,..., p*—2. But the I} that are equal to 1 have to
be excluded since they give not rise to a holomorphic differentials in Proposition 22, see [7, Eq. (21)]
and Example 28. O

Remark 27. Notice that elements I, =1 can appear only for primes p > @ (u, j) and only if there is
only one ramified place.

Example 28. We consider the now the case of an Artin-Schreier extension of the function field k(x),
of the form yP — y = 1/x™. In this extension only the place (x—0) is ramified with different exponent
81 = (m+ 1)(p — 1). The Boseck invariants in this case are

= {‘m“m’ D ’“"J fork=0.....p—2.

p
The Weierstrass semigroup is known [15] to be mZ, + pZ.. Let us now find the small gaps by using
Lemma 26. If p <m then all numbers 1,..., p—1 are gaps. If p > m then m is a pole number smaller
than p. Indeed, I',_» =1 and the remainder of the division of (m+ 1)(p — 1) — (p — 2)m by p is
rp—2 =m—1. But then rp_» +1=m is not a gap.
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