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THE RELATIVE CANONICAL IDEAL OF THE
ARTIN-SCHREIER-KUMMER-WITT FAMILY OF CURVES

HARA CHARALAMBOUS, KOSTAS KARAGIANNIS, AND ARISTIDES KONTOGEORGIS

ABSTRACT. We study the canonical model of the Artin-Schreier-Kummer-Witt flat family of
curves over a ring of mixed characteristic. We first prove the relative version of a classical theorem
by Petri, then use the model proposed by Bertin-Mézard to construct an explicit generating set
for the relative canonical ideal. As a byproduct, we obtain a combinatorial criterion for a set
to generate the canonical ideal, applicable to any curve satisfying the assumptions of Petri’s
theorem.

1. INTRODUCTION

1.1. The canonical ideal. Let X be a complete, non-singular, non-hyperelliptic curve of genus
g = 3 over an algebraically closed field F' of arbitrary characteristic. Let {x,r denote the sheaf of
holomorphic differentials on X and, for n > 0, let Q§7F denote the n—th tensor power of Qx,p.
The following classical result is usually referred to in the bibliography as Petri’s Theorem, even
though it is due to Max Noether, Enriques and Babbage as well:

Theorem 1.

(1) The canonical map

¢ = Sym(H(X, Qux/r)) — D HO (X, Q)
n>0
18 surjective.
(2) The kernel Ix of ¢ is generated by elements of degree 2 and 3.
(8) Ix is generated by elements of degree 2 except in the following cases
(a) X is a non-singular plane quintic (in this case g = 6).
(b) X is trigonal, i.e. a triple covering of P
The standard terminology for the algebro-geometric objects relevant to Petri’s Theorem uses
the adjective canonical: the sheaf Qx,p is the canonical bundle, the ring €P,,~ HO(X, Q?}’;F) is
the canonical ring, the map ¢ is the canonical map and the kernel Ix = ker ¢ is the canonical ideal.

More details on the canonical map will be given in section 2} for a modern treatment over a
field of arbitrary characteristic we refer to the article of B. Saint-Donat [19].

The problem of determining explicit generators for the canonical ideal has attracted interest
by researchers over the years. A non-exhaustive list of techniques employed includes the use of
Weierstrass semigroups [I5], the theory of Grobner bases [2], minimal free resolutions and syzygies
[1]. The latter are also central to Green’s conjecture, solved by Voisin in [28]. The purpose of this
paper is to study Petri’s Theorem in the context of lifts of curves as discussed below.

1.2. Lifts of curves. Let k be a field of prime characteristic p > 0. A lift of k to characteristic
0 is the field of fractions L of any integral extension of the ring of Witt vectors W (k), a classical
construction by Witt [29], [I8] that generalizes the p—adic integers Z, = W(F,). In what follows
the field k will be assumed to be algebraically closed. Note that integral extensions of W (k) are
discrete valuation rings of mixed characteristic, with residue field k.
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Now consider a projective, non-singular curve 2 over k and let R be an integral extension of
W (k). A lift of Zo/k to characteristic 0, is a curve Z; over L = QuotR, obtained as the generic
fibre of a flat family of curves 2"/ R whose special fibre is Z/k. Such lifts have been extensively
used by arithmetic geometers to reduce characteristic p problems to the, much better understood,
characteristic 0 case. Maybe the idea of lifting has his origin in the approach of J.P.Serre in [25],
who used used these ideas, before the introduction of étale cohomology, in his attempt to define an
appropriate cohomology theory which could solve the Weil conjectures. The lifting of an algebraic
variety to characteristic zero is unfortunately not always possible and Serre was able to give such
an example, see [27]. The progress made in deformation theory by Schlessinger [20] identified the
lifting obstruction as an element in H2(X, T ), see [24, prop. 1.2.12], [10, 5.7 p.41].

1.3. Lifts of curves with automorphisms. Let 25 /k be a projective, non-singular curve as in
the previous section. Such a curve can always lifted in characteristic zero, since the obstruction
lives in the second cohomology which is always zero for curves. However, one might ask if it is
possible to deform the curve together with its automorphism group, see [5]. This is not always
possible, since Hurwitz’s bound for the order of automorphism groups in characteristic 0 ensures
that the answer for a general group G is negative, see [8][I3]. In the same spirit, J. Bertin in [3]
provided an obstruction for the lifting based on the Artin representation which vanishes for cyclic
groups. Note that, even in positive characteristic, the order of cyclic automorphism groups is
bounded by the classical Hurwitz bound, see [12]. The existence of such a lift for cyclic p—groups
was conjectured by Oort in [I6] and was laid to rest three decades later by Obus-Wewers [14] and
Pop [17].

In the meantime, the case for G = Z/pZ was studied by Oort himself and Sekiguchi-Suwa
[21] 23] 22], who unified the theory of cyclic extensions of the projective line in characteristic p
(Artin-Schreier extensions) and that of cyclic extensions of the projective line in characteristic 0
(Kummer extensions). The unified theory is usually referred to as Kummer-Artin Schreier- Witt
theory or Oort-Sekiguchi-Suwa (OSS) theory. Using these results, Bertin-Mézard in [B] provided
an explicit description of the affine model for the Kummer curve in terms of the affine model for
the Artin-Schreier curve. Following this construction, Karanikolopoulos and the third author in
[11] proposed the study of the Galois module structure of the relative curve 2"/ R. As a byproduct,
they found an explicit basis of the R—module of relative holomorphic differentials H°(2",Q4),
using Boseck’s work [6] on holomorphic differentials.

The main result of this paper is the determination of an explicit generating set for the relative
canonical ideal of the unified Kummer-Artin Schreier-Witt theory, using the Bertin-Mézard model
and the relative basis of [11] for 1—differentials. We conclude the introduction by giving an outline
of our arguments and techniques.

1.4. Outline. In Section 21 we give details on the canonical map and we prove a combinatorial
criterion for a subset of the canonical ideal to be a generating set. The main result of this section
is Proposition [3] which says that to check if a set G of homogeneous polynomials of degree two
generates the canonical ideal, it suffices to check whether dimp (S/(in<(G))), < 3(9 —1). The
above criterion reduces the problem of finding a generating set for the canonical ideal to counting
initial terms; we note that the criterion is applicable to any curve satisfying the assumptions of
Petri’s theorem, with the exception of plane quintics and trigonal curves.

In Section [3] we formalize the lifting problem for the canonical ideal of the relative curve. First,
we review the results of Bertin-Mézard on the explicit construction of the relative curve 2" /R,
then, in Theorem Ml we define the relative canonical map and prove an analogue of Petri’s Theorem
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for the relative curve 2"/ R, by constructing a diagram

Cbn =~ n
0 Iy, C St ::L[wl,...,wg]—»-@HO( 77,Q%/L)—>O

®rL ®rL ®rL

O Iy S B W) e @ 05, 0

X /R
®RR/m ®RR/m ®RR/m
0 I,C Sy = k[wy, ..., w, @HO (20,957 ,) —=0

whose rows are exact and where each square is commutative. In Lemma Bl we give a Nakayama-
type criterion that reduces the problem of finding a generating set for the relative canonical ideal
I 4 to finding compatible generating sets for the canonical ideals on the two fibres. In short, we
prove that if G is a set of homogeneous polynomials in I such that G @ L generates I4; and
G ®r k generates Ig, then G generates I g .

In Section [ we state and prove results on the generators of the canonical ideal which are com-
mon for the two fibres. To facilitate the counting, we set a correspondence between the variables
of the polynomial ring in Petri’s Theorem and a discrete set of points A C Z2. In Proposition [T
we find a binomial ideal contained in the canonical ideal, leading us to build the generating sets
for the two fibres on sets of binomials. Further, in Proposition [[1l we extend the correspondence
between the variables and the set A to a correspondence between the binomials and the Minkowski
sum A+ A - see [30, p. 28]. The cardinality of the Minkowski sum is too big, so Proposition
is not applicable to the binomials; in Definition [[4] we find appropriate subsets of A + A whose
cardinalities are bounded by 3(g — 1).

It turns out that these subsets of the Minkowski sum match exactly to the missing generators
for the canonical ideals of the two fibers. The non-binomial generators differ for each fibre, as
they are determined by the affine model of each curve and thus, we describe them separately, in
Sections Bl and [6l The missing generators, given in Definition [20] for the generic fibre and Defini-
tion 25l for the special fibre, are grouped in each case with the binomials of Definition Bl and give
the full generating sets in Theorem 2I] and Theorem respectively. The proofs of the two the-
orems are combinatorial in the sense that they are based on the counting criterion of Proposition[3l

Section [7 contains the main result of this paper, Theorem [31} The generators of the canonical
ideal of the relative curve are either binomials of the form

Wi Wit wt — Wiy e W

1M1 27“2

or polynomials of the form

p=1 (p—i)
WN”U.WN/”U/ — W ", N/// m 4+ E E )\Z p( )ij ZWNjyﬂiWN]{,#4-

i
i= 1.7 ]mln(z)

The reader will have to refer to Section [7] for the details on the indices of the variables and the
coefficients. For the proof of Theorem [BI] we make essential use of our Nakayama-type Lemma
and Theorem [ our analogue to Petri’s Theorem, as reduction and thickening - & la Faltings [7] -
are checked on the category of vector spaces, instead of the category of rings.
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2. A CRITERION FOR GENERATORS OF THE CANONICAL IDEAL

Throughout this section, X is a complete, non-singular, non-hyperelliptic curve of genus g > 3
over an algebraically closed field F' of arbitrary characteristic, which is neither a plane quintic nor
trigonal. As in the introduction, let {2x,r denote the sheaf of holomorphic differentials on X and,
forn > 1, let Q?}?F be the n—th exterior power of {2x,p; its global sections HO(X, QE%?F) form an

F—vector space of dimension d,,,, where

g, ifn=1
1 dp.g =
M 9 {(2n—1)(g—1), if n > 1.

The direct sum of the F—vector spaces H'(X, Qe ) is equipped with the structure of a graded

X/F

ring: multiplication in @ HO(X, Q?}?F) is defined via

n>0

HO(X,Q%,) x HO(X,0%7,) — H(X,030™)

fdil?®n -gd$®m N fgdil?®(n+m).
Choosing coordinates wy, . . . ,wy for P%_l one can identify the symmetric algebra Sym(H°(X, Qx,/r))
of Petri’s Theorem with the graded polynomial ring S := Fwy,...,w,] and we have that
(2) Sz@SnwhereSn:{fES:degfzn}.
n>1

Choosing a basis v = { fidz, ..., fydz} for H*(X, Qx/r) allows us to extend the assignment w;

fidx and define a homogeneous map of graded rings

¢: Flw,...,wg] — @HO(ng?}?F)
n>0

ai a ay a ®(a1+---a )
wy ...wgg — fl ...fgydx 9),

Note that when an emphasis on the basis v is desired, the map ¢ will be denoted by ¢,. The
kernel of ¢, denoted by Ix, is a graded ideal, so that in analogy to eq. (2) we may write

Ix :@(IX)n where (Ix)n = {fEIX degf:n}

n>1

In the context we are working, Petri’s Theorem can be rewritten as follows:

Theorem 2. The canonical map ¢ is surjective and Ix = ((Ix)a2).

We fix a term order < and note that each f € S has a unique leading term with respect to <,
denoted by in<(f). We define the initial ideal of Ix as ins(Ix) = (in<(f) : f € Ix). If S,, (Ix)n
and in(Ix )y are the n—th graded pieces of S, Ix and in.(Ix) respectively, then both (Ix), and
ing(Ix), are F—subspaces of S,, and, since quotients commute with direct sums, we have that

(S/I),, = Sp/1, and (S/ins(I)), = Sp/in<(I),.
The proposition below gives a criterion for a subset of the canonical ideal to be a generating set:
Proposition 3. Let G C Ix be a set of homogeneous polynomials of degree 2 in Ix. If

dimp (5/(in<(G))), <3(g — 1),

then Ix = (G).
Proof. We note that since G C Ix, (in<(G))2 is a subspace of in4(Ix)2. Therefore
(3) dimp (S/in<(Ix))y = dimg Sa/in<(Ix)2 < dimp So/(in<(G))2 = dimp (S/(in<(G))),
Moreover, by [26][Prop. 1.1]
(4) dimpg (S/in4(Ix)), = dimp (S/Ix), and dimp (S/(in<(G))), = dimg (S/(G )), -



THE RELATIVE CANONICAL IDEAL 5

By Petri’s Theorem and eq. (), we have that

(5) dimp (S/Ix), = dimp H*(X, Q%7 ) = 3(g — 1).

Combining equations (@), @), (), and the hypothesis dimp (S/(in<(G))), < 3(g — 1) gives
dimp (S/Ix)2 = dlmF (S/<G>)2 = (Ix)2 = <G>2 = IX = <(Ix)2> = <G>

completing the proof. O

3. THE CANONICAL IDEAL OF RELATIVE CURVES

Let k be an algebraically closed field of prime characteristic char(k) = p > 0. Denote by W (k)[(]
the ring of Witt vectors over k extended by a p-th root of unity ¢ and let A = (—1. By [18] W (k)[(]
is a discrete valuation ring with maximal ideal m and residue field isomorphic to k. Let m > 1 be
a natural number not divisible by p; for any 1 < /¢ < p — 1 we write m = pg — £ and denote by

R_{W(k)[g][[xl,...,xq]] ite=1
W)z, xq—]] ifLH#1

the Oort-Sekiguch-Suwa factor of the versal deformation ring as in [I1} sec. 3], which is a local
ring with maximal ideal mp = (m, {z;}). We write

Quot (k[[z1, ..., z4]]) ifl=1

K = Quot (R/m) = {Quot (k[[21, . yaql]]) i L#1

and consider the extension of the rational function field K (z) given by the affine model

(6) Zo: XP—-X =

a(z)?

2+ 2?4, x4 ifl=1
(7) a(I)—{ ! !

xq—I—xlxq_l—i—---—i—xq_lx if £ 1.

Bertin-Mézard proved in [4] sec. 4.3] that the curve of eq. (@) lifts to a curve over L = Quot(R)
given by the affine model

(8) Dy yP = N2t +a(x)P, for y = a(x)(AX +1)

which is the normalization of R[z] in L(y). This gives rise to a family 2" — SpecR, with special
fibre Zo and generic fibre %,:

Spec(k) Xspec(r) 2 = 20 A Zy = Spec(L) Xgpec(r) £

©) | | |

Spec(k) ———  Spec(R) «———  Spec(L)

For n > 1, we write Q%”/ r for the sheaf of holomorphic polydifferentials on 2. By [9 lemma

11.8.9] the R—modules HO(%,Q%"/R) are free of rank d, 4 for all n > 1, with d, 4 given by
eq. ([@). We select generators Wy,..., W, for the symmetric algebra Sym(H%(2', Q4 /r)) and
identify it with the polynomial ring R[W7,...,W,]. Similarly, we identify the symmetric alge-
bras Sym(H (23,2, /1)) and Sym(H (20, Q4 k) with the polynomial rings Llwy, . . ., wy] and
kw1, ..., wy] respectively. Our next result concerns the canonical embedding of the Bertin-Mézard
family:
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Theorem 4. Diagram ([3) induces a deformation-theoretic diagram of canonical embeddings

(10) 0 I%n( St = L[wlv"'v g @HO Q%/L) 0
QrL ®rL \J\®RL
0— > T9pC = Sp:= R[I\//Vl,---awg]—qb»@Ho Z Q%Z/R)—>O
®rR/m ®rR/m i@?RR/m
0 T,C Sk := kw1, ..., wy @HO (20,0 ﬂf/k) —0

where 19 := ker L9 :=kero, 19, = ker ¢g, each row is exact and each square is commutative.
n YR ) 0 ’ q

Proof. Exactness of the top and bottom row of diagram (I0) are due to Theorem [I] the classical
result of Enriques, Petri and M. Noether. For the middle row, we select generators fidz,..., fodr
for HY(Z , Qg /r) and note that the assignment W; — f;dx gives rise to a homogeneous homo-
morphism of graded rings

¢ N
¢:R[W1,,..,Wq]—>@HO( Q%/R)

[o ]
We prove surjectivity of ¢ by diagram chasing: let r € @ HY (% Q%ll/R) and write 7 = r®prlr/m €
n=0

@HO Q%{"/k Since ¢ is onto, there exists 5 € Sym(H"(Z0, 2, /x)) with ¢o(5) = T. Simi-

1ar1y, since Sym(H(%", Qa2 /r)) — Sym(H® (20, Q2,/k)) is onto, there exists s € Sym(H (2, Qa2 /r))
with s ®r 1r/m = 3. By construction, ¢(s) = r, proving that ¢ is onto as well. |

We proceed with establishing a Nakayama-type criterion for a subset of the kernel I 5 to generate
the relative canonical ideal:

Lemma 5. Let G be a set of homogeneous polynomials in I such that G @gr L generates 1o,
and G ®r k generates Ia,. Then:

(i) For any n € N, the R—modules (Sr/{G)), are free of rank dy, 4.

n

(ii) Lo = (G).

Proof. For (i): Let n € N. Since by assumption G ®r L and G ®r k generate I, and Iz,
respectively, we have that

(SR/<G>)n ®r L= (SL/Igfn)n and (SR/<G>)n Rpr k= (Sk/fggfo)n.
By Petri’s Theorem [ we get that
(St/1z,), = H(2.Q5" ) and (Sk/12,), = H (20,95 )

and by eq. ()

dimg H%(23,9%" ) = dimy H*(25,9Q3 ) = dn,g.

The result follows from [, lemma I1.8.9].

For (ii): let s € Io~ and assume for contradiction that s ¢ (G). Since s ® 11, € I, and G ®g L
generates Iz, , there exist g; € G and s; € Sy, such that s® 17, = > gisi ® 11,. Choosing d € R to
be the ged of the denominators of the coefficients of the s;, we may clear denominators to obtain
ds®1p = > gids; ® 1, with ds; € Sg or equivalently ds = 3 g;ds; with ds; € Sg, implying that
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ds € (G). If s ¢ (G), then s is a torsion element of Sg/(G), with its homogeneous components
being torsion elements of the free R—modules (Sr/(G)),, for some n € N. By (i), the latter are
free R—modules, so we conclude that if s ¢ (G) then s must be zero, completing the proof. O

Lemma [B] reduces the problem of determining the generating set of the relative canonical ideal
to determining compatible generating sets for the canonical ideals of the two fibers. Thus, in the
next section we study the canonical embeddings of the two fibers, while compatibility is studied
in section [7l

4. THE CANONICAL EMBEDDING OF THE TwoO FIBERS

The family’s generic fibre, given by %5, : y? = NPz’ + a(z)P, for y = a(z)(AX + 1), is a cyclic
ramified covering of the projective line and, by assumption, the order of the cyclic group is prime
to the characteristic p. Boseck in [6] gives an explicit description of a basis for the global sections
of holomorphic differentials of such covers. Following the notation of [I1], Boseck’s basis b for
HO(2,,Q4,) is given by

(11) b—{xNy_”dxiV—KJSNSMCJ—ZlSuSp—l}.
p

Using this analysis, the authors of [I1] found an explicit basis for the global sections of holomorphic
differentials on the special fibre, compatible to b in the sense of Lemma The basis € for
H°(25,9Q4,) is given by

(12) c= {a:Na(a:)plﬂXpl“d:r : VL—KJ <N<pug—2,1<pu<p- 1} .
p

The bases b and T are both determined by the values of (N, u), so we proceed with the study of
the respective index set.

4.1. The index set A and the corresponding multidegrees. Let

(13) A—{(N,m:V—gjgzvm—zmus;)—l}gw.
p

and note that by [6l eq. (34) p. 48]

p—1 ul
(14) A= (a2 1) =
—~ P
"
If {zn, : (N,u) € A} is a set of variables indexed by A, to each variable zy,, we assign the
multidegree mdeg(zn,,) = (1, N, ) € N3. Thus, if S = F[{zn,,}] is the polynomial ring over F,
by assigning the multidegree (0,0,0) to the elements of I, we get a multigrading on S via

(15) mAeg (2N, .y 2Najuz *** 2Nawa) = (dy N1+ Na - Na, i + o + -+ + pia).
We will refer to the first coordinate of the multidegree (IH]) as the standard degree.

Next, we consider the two polynomial rings L{{wn,,}] and k[{wn ,}] with variables indexed by
the points (N, u) € A. The results of this subsection apply to both fibers, so we introduce the
following notation: We will write X to refer to either curve %, or £y, I to refer to either field
L or k, {zn,.} to refer to either set of variables {wn,,} or {wn .}, S := F[{zn}] to refer to
either polynomial ring L{{wn ,}] or k[{wn,,}] and fn, ,dz to refer to the basis elements of either
b or ¢. Note that the multiplication in the canonical ring in particular implies that for any two
1-differentials fN”ud:E, fN/”u/d:E we have fN”udx . fN’,,u’ dx = fN+N/1#+#/dx®2.

Definition 6. Let <; be the lexicographic order on the variables {zn , : (IV, 1) € A}. We define
a new term order < on the monomials of S as follows:

(16) ZNi ZNaus " ENaupa = ANy ZNg i o ZNg e, i and only if
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(i) d < sor

(ii) d=sand Y p; > > u, or

(ili) d=sand Y pu; = > ) and Y, N; < > N/

(iv) d=sand > pu; = > piand > N; = > N/ and
ZN1,p1#Napa " ENgypa St EN]py ENGply 0 BNl

s

4.2. The binomial part of the canonical ideal. For each n € N we write T" for the set of
monomials of degree n in S and observe that the binomials below are contained in Ix.

ses 2 _
Proposition 7. Let 2N, 2N7 1) s 2Nz ,uz 2Ny € T° e such that mdeg(zn, 2y ) = mdeg(2n, s 2Ny ) -
Then 2Ny i ZNJ iy, — ZNoupua ZN4 0, € Ix-

Proof. Since mdeg(2n, u, 2n7 1) = mdeg(2n, 12Ny, ), We have that Ny + N = Nz + N3 and
pa + gy = p2 + iy, 0

_ ®2 ®2 __
(2N 1 2NJ iy, = ZNayuz 2NG i) = SN0 AN, a4y 0857 = N NG, oy da®™ = 0.

We collect the binomials of Proposition [7lin the set below.
Definition 8. Let

G1 = {2Ny i NI = ZNospa 2Nty €S 1 ZNy s 2N il s ZNg i EN iy € T?

and mdeg (2, iy 2N/ ) = Mdeg (2N, o N5, 4 ) }-
Next, we consider the Minkowski sum of A with itself, defined as
A+ A={(N+ N p+p) : (N,p),(N', i) € A} C 22
and note the following correspondence between points of A + A and monomials in T?:
Corollary 9.
(p,T) € A+ A 2y znw € T? such that mdeg(zn 2N ) = (2,p,T).
Proof. Follows directly from the definition of A given in eq. (I3), since
(N,p) € A 3 zny,, € F[{zn,,}] such that mdeg(zn,,) = (1, N, p).

The correspondence of Corollary [@ is not one-to-one: for any (p,T) € A+ A, we set
By = {znpenw € T2 0 (p,T) = (N + N u+p')}
and observe that the differences of elements of B, r are in G;. Next, we define the map of sets:
Definition 10.
o A+A — T?
(p,T) m<in B, r

We will use the o to show that A+ A is in bijection with a standard basis of (S/(in<(G1))),:

Proposition 11. |[A + A| = dimp (S/(in<(G1))),

Proof. Let (p,T) € A+ A. By Corollary @ B, r is non-empty and, since < is a total order, it
has a unique minimal element. Hence, the map o is well-defined, 1 — 1 and it is immediate that
o(A+ A) = T?\ ing(Gy). Since (in<(G1)) is a monomial ideal generated in degree 2 we remark
that dimp (S/(in<(G1))), = |T? \ in<(G1)|, completing the proof. a
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4.3. A subset of A+ A of cardinality 3(g — 1). We start with the following definition:
Definition 12. Let T € Z such that (p,T) € A+ A. We define the quantity

L%J, if Vo, >1with T = pu+ i/ we have VTKJ + VT;EJ = {%J

WT) =

~

{Tﬂ 1, i3, > 1 with T = g+ 4 and L%J + VT/J = [Tﬂ _1
Definition [I2] allows us to give an alternative description of A + A:
Lemma 13. A+ A= {(p,T):2<T <2(p—1),b(T) < p<Tq—4} CN?
Proof. By definition
(p,TYeEA+As I (N,pu),(N',p1)e Ax Awith (p,T) = (N, u) + (N, u').

Hence, both bounds for T" as well as the upper bound of p are directly given by the respective
bounds for N and p in the description of A given in eq. ([I3]). The formula for b(T) is deduced by
the well-known property of the floor function |z +y| — 1 < |z] + |y| < |z + y]. O

For 0 < i < p we let jmin(i) be 0if £ =1 and p — i if £ # 1, and consider the following subsets
of A+ A:

Definition 14. Let
Ci)={(p,T)e A+A : (p+{,T+p)and (p+45,T+p—i)c A+ A
for jmin(i) < j < (p —i)q}
First we study the case for i = 0:
Lemma 15. C(0) ={(p,T) € A+ A : b(T)<p<Tq—4,2<T<p-2}
Proof. By definition, for all j,in(0) < 7 < pg we have that
(p,T)eC(0)= (p,T)EA+A, (p+{,T+p)eA+Aand (p+j,T+p eA+A
Using Lemma [[3] we rewrite
(0, T)eC(0)=2<T<p-—2and max{b(T),b(T +p) — 6, b6(T +p) — jmin(0)} < p < Tq—4.
We distinguish the following cases for max{b(T),b(T + p) — £, b(T + p) — jmin(0)}:
o If { =1 then jnin(0) = 0 and b(T) = b(T + p) = 0 since {%J =0foralll <pu<p-1.
Hence max{b(T),b(T + p) — £,b(T + p) — jmin(0)} = b(T).

e If £ > 1 then jmin(0) = p, so b(T + p) — jmin(0) < b(T + p) — £. Choosing an appropriate
decomposition T' = u + ' we observe that

b(T) = {T—EJ —1eb(T+p) = {

Finally, since {(T;p)éJ — (= LT?@J , we deduce that b(T + p) — ¢ = b(T), so that
max{b(T), (T + p) = £,b(T + p) = jmin(0)} = b(T).
We conclude that in both cases max{b(T),b(T + p) — £, b(T + p) — jmin(0)} = b(T), meaning that
(0, T)eC0) = bT)<p<Tq—4,2<T<p-2.
0
We are ready to show that G; does not generate the canonical ideal:

Lemma 16. |(A+ A)\ C(0)| <3(g—1).
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Proof. We successively have

[(A+A\NCO)] = [A+A]-]C(0)]
2(p—1) p—2
= Z (Tq—b(T Z Tq—b(T)—3), by Lemma [[3 and Lemma [T5
T=2 T=2
2(p—1)
= ) (Tg—b(T)-3)
T=p—1
ey 10 i
< ) <Tq— {—J —2) , since by Def. (@), b(T) > {—J -1
T=p—1 p p
2(p—1)
TY — 1) 14
o 5 o 4))
5 p p p
We wish to use the relation
p—1
TY
STOEE
T=1 p
so we change the index in the sum of eq. () by setting T/ =T — p:
2(p—1) p—2
TY ! L
> (m=[5]-2) - 2 (oem- |55 )
T=p+1 p T'=1 p
p—2
T
= Z (T'q—i—pq— —J —£—2)
T'=1 L P
p—2 ’
= Z (T'q— e +m—2>,sincepq—€=m
T'=1 L P
p—2 ’ p—2
T
= > (T'q— — —1>+ > (m—1)
T'=1 L P T'=1
p—2 7
T
(19) = (T'q— — —1) + (m—1)(p—2).
T'=1 L P

Next, we observe that

o 5 (e [2]4) s (oo 252 ) 8 (ro- |21

Combining relations (I7), (I8), @) and ) gives:
araico) < (T’q— [Tﬂ —1) 14 (m-T)(p—-2)+ <pq— V’ﬂ —2)

T'=1
g—1+mp—2m—p+2+m-—2

= g+(m-1(p-1)-2
= 39g—2

and changing < to < gives the desired
[(A+A)\C(0)] <39-3
completing the proof. O
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We conclude this section by extending the result of Lemma to the intersection of the sets
C(#). First, we prove an auxiliary lemma:

Lemma 17. For any a € N, b(T + «a) < b(T) + .

Proof. If a =0, the result follows trivially. For @ > 1, and since ¢ < p, we have that

(T +a) < {WJ = {T?E—F%EJ < {T?g—i-aJ = {T?[J +a<biT)+1+a«

so that b(T' + ) < b(T) + a. O
We proceed with showing that C(0) is contained in C(4) for all 0 <14 < p:
Lemma 18. C(0) C C(4) for all 0 < i <p.

Proof. Let (p,T) € C(0), so that, by Lemma[I5 6(T) < p < Tqg—4and 2 < T <p—-2. To
show that (p,T) € C(i), by Definition [[4] it suffices to show that (p+ j, T +p —1i) € A+ A for
Jmin(?) < j < (p —i)q. First, we observe that
2<T<T+p—i<p—2+p—i<2p-—1)
and
pti<p+p—i)g<Tq—4+(p—i)g<(T+p—ijg—4

For the lower bound of p, we distinguish the following cases:

o If £ =1, then juin(¢) = 0 and

WT+p—i)<b(T+p)<p<p+]
e If ¢/ > 1 then jmin(i) = p — 4, and, by Lemma [I7]
WT+p—i)<bI)+p—i<p+p—i<p+j

We conclude that 2 < T < 2(p — 1) and that b(T +p —i) < p+j < (T +p—i)g — 4 for
Jmin(i) < j < (p—1)q. Lemmal[I3limplies that (p+j, T +p—1i) € A+ A, completing the proof. O

5. THE CANONICAL IDEAL ON THE GENERIC FIBRE
The affine model for family’s generic fibre given in eq. (&) is equivalent to
(21) Iy 1= Naty™ —a(z)Py™P =0
for y = a(x)(AX + 1), where a(z) is given by

(2) 2l + 2ttty tx,, =1
a(x) =
:Cq—l—xlxq_l—i—---—i—xq_lx, if £=£1.
As before, we let jmin(0) be 0 if £ =1 and p if £ # 1. By taking the p-th power of a(z) we get
Pq
(22) a(z)? = Z cjypxj
j:jmin(o)

where for any jmin(0) < 7 < pq

q
Go= D (to, p ,tq> gxf

0<t;<p
ty+2to+qtg=j

Let b be Boseck’s basis for H%(25,Q4, 1) as in eq. () and let

buo S = Li{wnull — D H(2, 95" ,),
n>0

aqg a1N1+"'+ade)y*(a1#1+"'+ad#d)dx®(a1+"'+ad)

ar N (
YN, YNy, pa z

be the canonical map. We write 14, := ker ¢, for the canonical ideal and note that the following
polynomials are in I, :
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Proposition 19. For juin < j < pg, let Wy jwNe uwy WNe wrwnm g and WN; ;W be any

monomials in T? satisfying

(23) mdeg(wN//#anm#m) = mdeg(wN#wN/#/) + (0,6,[)) and
mdeg(wNjﬁﬂijJ’w#;) = mdeg(wNﬁuwN’#’) + 0’jvp)'
Then
Pq
C,UN wN/ /—)\pr// NwN/N "no— C; -wN_ CWN GI%
o o S o J>p kg PN n
j:jmm(o)
Proof. Let
pq
f = WN uWN’ 1/ — )\po.}N// WNHE 1t — C; s WN ,QJN/ & S
sH M oM e E : 7P R oMy
j:jmin(o)

be a polynomial whose terms satisfy the relations of eq. (23)) or, equivalently,
(24) N//+N/N:N+N/+€ , M//+M///:M+M/+pand

Nj+N;j=N+N'+j , pj+up;=p+u +p.
Applying the canonical map ¢, to f gives

pq
! ! 1 "t 1" 1" ! !
(25) NN y—(u+u Ydg®2 — \PpN'+N y—(u ) e ®2 — E Cip - xNj+Njy_(Nj+Mj)dx®27

j:jmin(o)

and using the relations of eq. (24)) we may rewrite eq. (28) as

g
(26) $N+N'y—(u+u')d$®2 _ )\p;CN+N'+€y—(u+u'+p)dx®2 _ Z Cip- xN+N/+jy—(M+HI+p)dw®2'
j:jmin(o)
Factoring out 2NtV ¢y~ (i) 4z:®2 from eq. (26) gives
, , Pq _
VN yf(‘“L“ )dz®? . | 1— NPy =P — Z cipr’y?
j:jmin(o)

and combining with the expansion of a(z)? in eq. [22)) we get
NN =) 4082 (1 €raly P — a(a)yT)
which is 0 by eq.(2I]), completing the proof. |

We collect the polynomials of Proposition [I9 in the set below.
Definition 20. Let

pq
Gb = {WN’#MN/“M/ - prN””u.”wN”’”u.’“ - § : Cj,p ’ wval‘ijJ/'vﬂ'} € S :
j:jmin(o)
mdeg(wn s ooy ) = mdeg(wy pon ) + (0.4.p),

mdeg(wvaﬂij],‘vll;) = mdeg(wN,HwN’w’) + (Ovjvp)v
for jmin(0> < ] < pq }

We write GP for the set of binomials in Definition B The main result of this section is the
following:

Theorem 21. Iy, = (G* UGY).
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To prove Theorem 2T] we will use the dimension criterion of Proposition[3land a series of lemmas.
We consider the subset C'(0) of A+ A given in Definition [T4]
CO)={(p,T)eA+A|(p+¢,T+p)e A+ Aand (p+j, T +p) € A+ A for jmin(0) < j < pq}.
and study its image under the map o : A + A — T? given in Definition
Lemma 22. ¢(C(0)) C in<(GY)

Proof. If (p,T) € C(0) then by definition (p,T) € A+ A, (p+{,T+p) € A+ Aand (p+j,T+p) €
A+ A for all jinin(0) < j < pg. Hence, the monomials

W uwn = 0(p,T), wnr yrwnm g = o(p+ 0, T + p), WN 1y WNY il 5= olp+4,T+p)

give rise to a polynomial

Pq
g = WNpWN = APONT o ON o o — E Cjop " WNj s WN s
J=Jmin
which, by construction, satisfies g € G5 and in<(g) = o(p, T). O

Lemma 23. dimj, (S/(in.<(G'f U G'2°)>)2 < |[(A+ A)\ C(0)].
Proof. By Proposition [Tl we have that o(A + A) = T? \ in4(GP?) and by Lemma 22] we have that
a(C(0)) Cing(GY), so
(27) a((A+A)\ C(0)) DT\ (ing(GY) Uin(GR)) .
Since o is one-to-one, eq. [27) gives

(A4 A)\ C(0)] = [o((A+ A)\ CO)] = 12\ (in<(G?) Uin<(GE) |.
Finally, (in4(G®?) Uin<(GY)) is a monomial ideal generated in degree 2 so

dimy, (S/(in<(G?) Uins(GB))), = T?\ (in<(GY) UinL(GY)) |,

completing the proof. 0
Proof of Theorem [Z1. By Proposition [1 and Proposition T we get that (GY U GY) C Iy,. By

Lemma 23 and Lemma [[6 we get that dimp, (S/(in<(GPUGY))), < 3(g — 1). Proposition
implies that 14, = (G} UGS). O

6. THE CANONICAL IDEAL ON THE SPECIAL FIBRE
The affine model for the family’s special fibre given in eq. (6]) is equivalent to
(28) 2o:1—zata(z)PX P - X"V =0
where a(x) is given by eq. (). Let jmin be 0if £ =1 and p — 1 if £ # 1. By taking the (p — 1)-th
power of a(z) we get that

(p—1)q
(29) a(l‘)p_l = Z Cj,p—lxja
J=Jmin (1)
where for jmin(1) <j < (p—1)g

q
. — p_l t;
Cip—1 = Z <t0, o ,tq> izoxi :

(tg,-.. tq)ENT
ty+2to+qtg=j

Let € be the basis for H(25, Qg /%) as in eq. (I2) and let

¢0,E : S == k[{wN7M}] — @HO(%’Q%Z/k)
n>0

a1 % s plarNi+-+aaNa) a1(p—1—p1)+--aa(p—1—pq)
WNy N, pa z (CL((E)X)
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be the canonical map. Write Ig; := ker ¢y for the canonical ideal and note that the following
polynomials are in Ig;:

Proposition 24. For jmin(1) < j < (p—1)q, let wy, WN7 wy WN» prWNe i and WN, iy WNY g

be monomials in T? satisfying

(30) mdeg(wy rwne o) = mdeg(wy pwne ) + (0,4, p)
mdeg(wy, ywny,y) = mdeg(wn ) + (0., — 1).
Then
(p—1)q
WN QN = WN o WN o e = ) Cjp—1WN; i, WN oty € L2z,
j:jmin(l)
Proof. Let
(p—1)q
f = ’LUN)H’LUN/)H/ — wNN#/L//wNIN)HIN — E ij—lej,uij]’.,u;- = S
j:jmin(l)

be a polynomial whose terms satisfy the relations of eq. [B0) or, equivalently,
(31) N//+N//// — N"—N/ +€ , 'LLN +ILL/// — ,LL""LL/ +p

Nj+N;j=N+N'+j , p+p;=p+p +p-1
Applying the canonical map ¢g s to f gives

(32) 2NtV (a(:E)X)2p_(“+”/) da®2 — N7 +N" (a(x)X)%_(“NJr“W) dx®?

(p—1)gq ) ,
= Y e (a(a) X)) 42

j:jmin(l)
and using the relations of eq. ([BI]) we may rewrite eq. (32) as

(33) 2NtV (a(:E)X)2p_(“+”/) dz®? — NN+ (a(:E)X)2p_(”+“/+p) dax®?

(p—1)gq
_ Z cj7p_1$N+N’+j (a(x)X)2p—(u+u’+p—l) dr®?

J=Jmin (1)
Factoring out Y+ (a(z)X) 2~ ") 4292 from eq. (33) gives
(p—1q
2NV (a(@) X)) @2 (1 -2l (a(@)X) T = YD egpaaa? (a(z)X) TPV
J=Jmin(1)

and combining with the expansion of a(x)?~! in eq. (29) we get

= VN (a(@) X)) 0 (1 - 2 (a(2)X) P~ a(@)’ ! (al@) X))

= VN (g(z) X)) gg®2 (1 —za(z)PX P~ X_(p_l))
which is 0 by eq. ([28)), completing the proof. a

We collect the polynomials of Proposition ([I9)) in the set below
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Definition 25. Let

(p—1)q
Géf w WN! 0 — WN! g 1t N1 010 — Cs w ’Uj//GS'
2= N,p N p N7t NI Jp—=1WN;,pu; WNI ! :
j:jmin(l)
mdeg(wN/g#anug#m) = mdeg(wNyuqu#/) + (O,Z,p),

mdeg(wvaﬂijy/‘xHQ) = mdeg(wN,HwNUM’) + (Ovjvp - 1)7
for juin(1) <7 < (p - 1>q}.

We write G$ for the set of binomials in Definition Bl The main result of this section is the
following:

Theorem 26. 4, = (GSUGS).

To prove Theorem 26 we will use the dimension criterion of Proposition[Bland a series of lemmas.
We consider the subset C'(1) of A+ A given by Definition [I4]

C)={(pT)eA+A: (p+{,T+p)and (p+j,T+p—1) € A+ Afor jmn(1) <j < (p—1)q},
and study its image under the map o : A + A — T? given in Definition
Lemma 27. o(C(1)) C in<(GS).

Proof. 1If (p,T) € C(1) then by definition (p,T) € A+ A, (p+¢,T+p) € A+Aand (p+j,T+p—1) €
A+ A for all jmin(1) <j < (p—1)g. Hence the monomials

WN, L WN7 = 0(p, T), wne yrwn = o(p+ €, T+ p), N,y WNT ity 3= olp+45,T+p—1)

give rise to a polynomial

(r—Dq
g = WN QAN o = WN G WN g =Y 1N,y WN
J=Jmin (1)
which, by construction, satisfies g € GS and in<(g) = o(p, T). O

Lemma 28. dimy, (S/(in< (G§UGS))), < [(A+A)\ C(1)].

Proof. By Proposition [[1l we have that o(A + A) = T? \ in<(GS) and by Lemma 27] we have that
o(C(1)) C in<(GS), so

(34) o((A+A4)\C(1)) 2 T2\ (in(GF) Uin< (GF))
Since o is one-to-one, eq. ([B4) gives
(A4 A)\ C)| = o ((A+ A)\ C1)| = 12\ (in<(GF) Uin<(GE)) |
Finally, (in<(G%) Uin<(GS)) is a monomial ideal generated in degree 2 so
dimy, (9/(in<(G§) Uin(GS))), = |T?\ (in<(GF) UinL(GS)) |,
completing the proof. O

Proof of Theorem [26. By Proposition [7] and Proposition 24 we get that (G§ U GS) C Ig,.
LemmaP8and Lemma[I8we get that dimy, (S/(in<(G§ U GS))), < [(A+ANC(1)| < [(A+A)\C(0
so Lemma [G gives dimy (S/(inx(G§UGS))), < 3(g —1). Proposition Bl implies that I,
(G$ U GS), completing the proof.

2

0O \:5
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7. THICKENING AND REDUCTION

Let 2 — SpecR denote the family of curves with generic fiber given by
Dy yP = Nzt + a(x)?

and special fiber given by

2t

a(x)p
Recall that for 0 < i < p we let jmin(i) be 0if £ = 1 and p — i if £ # 1. By taking the (p — i)-th
power of a(z) we get that

2o XP - X =

_ (p—i)q _
(35) a(x)P™" = Z Cjp—i®’

where for jmin(i) <j < (p—i)g

R O )

(tg,--- tq)ENT
t1 42ty Fatg=j

In [11] the authors prove that a basis for the free R—module H(2",Q4 5) is given by
eNa(x)P-tmrXPlon
B { a(z)P~H(AX + 1)p—t

dw : VL—KJNSMI—Z léuﬁp—l}-
p

Let
¢S =R{Wn,}| — EPH'(Z Q5 1)
n>0
(alNl"F'”ade)( ( )X)lll(P—l—ul)-i----ad(P—l—Md)
a . a xz a\x ®(a1+...+aq)
WNII;Hl WNiMd — a(x)(m-‘r...-i-ad)(lﬂ—l)()\X + 1)(a1+~.+ad)(P—1) = ‘

be the canonical map. We write I := ker ¢ for the canonical ideal and note that the following
polynomials are in Ig-:

PI‘OpOSition 29. Let 1 S 7 S pP— 1 FOT .]mm(l) Sj S (p— Z)q, let WN,,U,WN’”u/, WN//1#//WN///7#///
and Wy, . WNJ/_”% be any monomials in T? satisfying

mdeg(WNn,HuWNm,Hm) = mdeg(WN7MWN/7M/)+(O,€,p),
mdeg(WNj1}LiWN]/~,,LL;) = mdeg(WN,,uWN’,,u’)+(0;j7p_i)-
Then
p—1 (p—%)
W W = W W o + Z AT ”( )cjp W, Wiy € Lo
1=1 j=Jmin (%)
Proof. Let
-1 (p—i)g
Fi= Wy Wi — W W, +Z > P< >cm N, W
i=1 j=jmin(?)
where
(36) N'4+N" =N+N' +7¢ ’ N/I+N/I/:N+Nl+pand

Nj+ N, =N+N'+j , pit+p=p+p +p—i
We note that f € R[{Wny ,}], since by [5, sec. 4.3]

0 modm, for —(p—1)<s<0
—1 mod m, fors=—(p—1),

(37) p-A° = {
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which implies that \‘~P (f) emCmp C Rforalll <i<p-—1. Applying the canonical map ¢,
to f gives

NN (a(x)X)Q(Pfl)f(,quu’)
(38) < (a(z)(AX + 1))2—1) dz®* — (a(z)(AX + 1))2(—1)

N +N" (a(x)X)Q(pfl)*(#”Jru”’) 82

p—i)q N,.+N]/. 2(p—1)— (i +1l)
+Z Z ¥ p( ) Cjp—i : (a(z) X) 2(p—1 d:v®2>7
i=1 j=jmin (a(z)(AX + 1))2(p-1)

and using the relations of eq. (36) we may rewrite eq. (3]) as

2 N+N (a(x)X)2(p—1)—(u+;/) pNAN'+e (a (x)X)2(p—l)—(u+u'+p)

dz®? — dz®?
(@)X + 1) (@)X + e
(p—9)q NN +j 2(p—1)— (p+u'+p—i)
+Z Z )\’L P p Cip Z_I (a(I)X) - d$®2.
=1 j=j Z (a(a:)()\X+1))2(P 1)
If we write _— :
/ 2(p—1)— (g’
. aNHN (a(2)X)2P Bt i 152
(@)X + 1))
then
p—i)q .
dc(f)=h 12t a(z)X +Z Z AT p( >CJ7P i’ (a(x)X)Z_p
=1 j=Jmin

and combining with the expansion of a(z)?~% in eq. (35) we get

¢c(f)=h<1—:v (a(x)X +Z)\1P<>le>'

We simplify the expression as follows:

h (1 — 2 (a(z)X) 7" + ZM P( )X’ P) =h (—xf (a(z)X)" + ix—? (f)Xi‘p>

h (—xf (a(x)X) P = APX 7P+ Z NP (Z:) X“”)

=0

e (f)

39) = & (—xf (a(@)X) P — APX P £ ANPXP(AX + 1)?) .

Finally, since y = a(x)(AX + 1), eq. (39) is equivalent to eq.([21l), so ¢c(f) ®r 1 = 0, completing
the proof. O

We collect the polynomials of Proposition (29) in the set below:
Definition 30. Let

p—1 (p—i)gq

GS = {WN;HW [y —W ", N/// 1" +Z Z )\Z p( )C_]p lWN],HzWN, ’, S S .
=1 j=jmin (%)

mdeg(WN””u.” WN///7#///) = mdeg(WN,p,WN/”u.') + (O7 é,p),
mdeg(W, ., Wit ) = mdeg(Wi Wi ) + (0,5, p — 1),

for 0 < ) < D, jmin(i) < .7 < (p 7’)‘]}

We write GY for the set of binomials in Definition [l The main result of this section is the
following;:

Theorem 31. Iy = (G UGS).
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To prove Theorem BIl we will use the Nakayama-type criterion of Lemma [l and a series of
lemmas. We first prove compatibility with the special fibre:

Lemma 32. GS®r k = GS.
Proof. Eq. 1) implies that in the expression

p—1 (p—i)gq

DDA (2;) =i WN; s Wt

=1 j=Jmin
only the term for ¢ = 1 survives reduction, giving that

p—1 (p—i)g (p—1)g

i-p(P\. — .
E E A (i)cj,p—lWNj,mWNJ’-,ué Qrk = E : Cjp—1WN;,p; WNL s
=1 j=jmin J=Jmin
and equivalently
p—1 (p—i)g »
WN#’LWN,)HI — WN”)MWN,N#'L,N + )\ p (i>cj7p_iWNj7NiWNJ{7N2 ®R k =
=1 j=Jmin
(r—1)q
w w —w w — E Cip—1WN.: 1. WN! 1
N,u N’ ! N WN L J,p—1WNj,pu; Nj7ﬂj7
J=Jmin
completing the proof. O

Finally, we examine compatibility with the generic fibre: Let C(i) denote the subsets of A + A
given in Definition [[4, where 0 < i < p. By Lemma[I8 C(0) C C(z). Thus, if (p,T) € C(0) then
(p,T) e A+ A, (p+4,T+p)ec A+Aand (p+j,T+p—1i) € A+ Aforall jmin(i) <j < (p—i)g.
Hence the monomials

WN”LLWN’”L/ = U(paT)aWN”“uWN”/”u.’” = U(p—|—€,T—|—p), WNj”U«iWN]{”U.; = U(p+],T—|—p— ’L)

give rise to the polynomial

p—1 (p—i)g
i—p (P
g=Wn, Wnt w — Wy Wy o + Z Z A p<i)cj7piWNj”u‘iWNj’.”u,; € G5.

1=1 j=Jmin
We comment that in(g) = o(p, T).
Lemma 33. dimy (S/(in< (G UGS))), ®r L < |[(A+ A) \ C(0)].

Proof. By Proposition [[I] we have that (A + A) = T? \ (inx(G$) ®g L) and by the preceding
comment we have that o(C(0)) C in<(GS) ®r L, so

(40) o((A+A)\ C(0) 2 T2\ (i1 (GS) 9 L Uin<(GS) @r L)
Since o is one-to-one, eq. ([@Q) gives
[(A+A)\C(0)] = [o((A+ A)\ C(0))| > |T*\ (inx(GF) ©r LUnL(GS) @r L) .
Finally, (in4(G§) ® g LUin<(GS) ®g L)) is a monomial ideal generated in degree 2 so
dimy, (S/{in< (G§UGS))), ®@p L = |T?\ (in<(GS) ®r L Uin<(GS) @r L),
completing the proof. O
We close with the proof of Theorem [3T}

Proof of Theorem[Z1l By Lemma B2 we get that ((GS ®g k) U (GS ®r k)) = I2,. By Proposi-
tion 29 we have that ((Gf ®r L) U (GS ®r L)) C Ia,. Lemma B3] and Lemma [I8 imply that
dimy, (S/(in< (Gf UGS))), ®r L < |[(A+ A)\ C(0)] < 3(g — 1), so by Proposition [B] we have that
(G ®r L)U(GS®Rr L)) = I12,. Hence, Lemma [3l gives that 1o = (G U GS). O
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