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GALOIS ACTION ON HOMOLOGY OF GENERALIZED FERMAT
CURVES

ARISTIDES KONTOGEORGIS AND PANAGIOTIS PARAMANTZOGLOU

ABSTRACT. The fundamental group of Fermat and generalized Fermat curves
is computed. These curves are Galois ramified covers of the projective line
with abelian Galois groups H. We provide a unified study of the action of
both cover Galois group H and the absolute Galois group Gal(Q/Q) on the
pro-£ homology of the curves in study. Also the relation to the pro-¢ Burau
representation is investigated.

1. INTRODUCTION

In [T2] we have studied the actions of the braid group and of the absolute Galois
group on a cyclic cover of the projective line. In that article we have exploited
the fact that in a ramified cover X — P! of the projective line when the ramified
points are removed, then we obtain an open cover X° — P! — {P ... P} = X,
of the projective line minus the ramified points. By covering space theory the open
curve X can be described as a quotient of the universal covering space X, by the
fundamental group of the open curve m (X, zf) < m1(Xs, z0) = Fs_1, where Fs_;
is the free group in s — 1 generators. Also the group m (X°, ) can be described
as a subgroup of Fs_; by using the Reidemeister-Screier technique, see [12] sec. 3].

Y. Thara in [10], [9] observed that if we pass to the pro-¢ completions of the fun-
damental groups of the above curves, then the the absolute Galois group Gal(Q/Q)
can be realized as a group of automorphisms of §s—1 and it can also act on certain
subgroups §s_1, corresponding to topological covers of X;. The fundamental group
of X, admits the presentation

m(Xs.20) = (x1,...,xs|T122 - - 5 = 1).

In this way we can unify the study of both Braid group and the absolute Galois
group on (co)homology spaces of cyclic curves. In [I2] thm. 1] the fundamen-
tal group Ryx of the open cyclic cover Y,, of the projective line minus s-points is
computed to be equal to

(1)  Rp=(@iza; ™ 0<i<b—22<j<s—1,2 l2;,1<j<s—1).
In this article we continue this study by focusing on the case of certain abelian

coverings of the projective line.

Theorem 1. Let o, 8 be the generators of the group Hy = Z/nZ x Z/nZ. Also
for an element x € Fs_1 we will denote by x® (resp. xﬁ) the element & = axa™?!
(resp. x = bxb™'). The fundamental group of the open Fermat curve seen as Hy =
7.)nZ x 7.)nZ-cover of Pt —{0,1,00} is the subgroup of the free group F» = (a,b)
on the generators
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Alz{(b”)aizogign—l}, #A1 =n
AQ:{[bj,a}D‘i:1§j§n71,0§i§n72} #4;5 = (n—1)2
Az ={a"[a ', b]:0<j<n—1} #A3=n

The module Rp /Ry is generated as Z[Hp)-module by the elements a™,b", [a,b)].
More preciselly we have

Rr/Rp = Z[()] D Z[(6)) D ZIHol /1,
where I is the ideal of Z[Hy)] generated by Z;:Ol al, Z?:_ol B¢, or equivalently
Z[Ho]/I = Lia) ® I(p).-

Finally, let Xp be the corresponding closed curve, and K a field which contains
the n-different n-th roots of 1, then

(2) H\(Xr,2)@2K = @P Kxij,
i,j=1
i+]j7fn

where x; ; is the character of Hy such that x; j(a”, ") = (vFin,

The generalized Fermat curves plays the role of Fermat curve in the more general
setting of abelian coverings of the projective line, minus more that three points re-
moved. Their automorphism group was recently studied by R. Hidalgo, M. Leyton-
Alvarez and the authors in [7].

A generalized Fermat curve of type (k,s—1), where k, s —1 > 2 are integers, is a
non-singular irreducible projective algebraic curve Fj, ;1 defined over K admitting
a group of automorphisms H 2 (Z/kZ)*~! so that Fy s_1/H is the projective line
with exactly s branch points, each one of order k. Such a group H is called a
generalized Fermat group of type (k,s — 1). Let us consider a branched regular
covering 7 : Fj s—1 — P!, whose deck group is H. By composing by a suitable
Mobius transformation (that is, an element of PSLo(K)) at the left of 7, we may
assume that the branch values of 7 are given by the points

00507 15 Alv o '7)\5735

where \; € K — {0, 1} are pairwise different.
A generalized Fermat curve of type (k, s — 1) can be seen as a complete intersec-
tion in a projective space P*~!, defined by the following set of equations

sh4+ab+ab = 0
Mak+azb+ak = 0

(3) CF(M\,. o Aeg) == oo c Pl
As_zzf +ab+2k, = 0

Observe that topologically the construction of generalized Fermat curves does not
depend on the configuration of the ramification points. On the other hand the
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Riemann surface/algebraic curve structure depends heavily on this configuration.
For instance the automorphism group depends on the configuration of these points,
see [1].
The genus of Fj,, can be computed using the Riemann-Hurwitz formula:
s—2

((s =2)(k—=1)=2).

It is known [5] that generalized Fermat curves, have the orbifold uniformization
H/T" in terms of the Fuchsian group

(4) Iiks—1) = 1+

= X1,22,...,Ts | T] =+ =Ty =T1T2" " Ts = .
(5) I'={ K . 1)

The surface group is given [5], [15] as Fs_1 - (z¥, ..., 2% | (21 - 2s_1)F). We will
compute the genus of the generalized Fermat curves by two more different methods
in eq. [ and in section (.1.2]

Theorem 2. Let Ry o1 be the fundamental group of the generalized Fermat curve
of type (k,s —1). It is a free group generated by the elements

Asr = {(=5_)0o2}
A, = {(zF)Prv-1@vtie1] ) for 1<y <s—2

v

A, = {[9%wu]zl"’fl'ziu‘m"“’rl}, for1<v<s—2,
where x4, o, = IZI xz’il_:ll . ,-3;22, 0<4;<k—-1,1<j<s—1. In particular, in
our pro-{ setting we are interested in generalized Fermat curves of type (8,5 —1).
The pro-f homology of the closed curve is given by

Ri,s—1 N fﬁk>ab B o1k

" ’
mk s—1,k

Hl(F€k7s—laZ) Qz Ly = <

where Ry 51 is the pro-L completion of the group Rer 1, Ry, s the smallest closed

subgroup containing all elements xfk,O <i<s and Ry s—1 = Fs—1/Rk-
Let K be a field containing Zy and the £*-roots of unity. We have the following
decomposition:

k-1
Hy(Fys1,K)= € Clir,... is)xin. ...

1yeeels

where

C(Z i)i S—Z(il,---uis)_2 if(i1,~--ais)7é(07"'70)
Tyeeeyls) = s — 2(i1, ... is) if (i1,...,is) = (0,...,0)

Moreover
rankz, Hy (Fy,s—1,%¢) = (s — 1) (ﬂk)s_l +2—3 (fk)s_2 .

Fiz the number of ramified points s. If Ky is the function field of the generalized

Fermat curve then
!

s—1,k ura
m R = Gal(Kk b/Kk)a
s—1,k
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where K} is the maximal abelian unramified extension of the function field K.

We can consider the curve Fy which is a Galois I
cover of the projective line ramified over the set of s

. . . 1 o s—1 (ekZ@)571
s-points with Galois group Gal(F,/P') = Z; " and

can be approached as the limit case of the general-

ized Fermat curves Fj .1 as shown in the diagram z;t Fis1
on the right. In this way instead of considering a sim-
ple generalized Fermat cover we consider all of them, ﬂ"z)sl
together. Pt
The limit
!
T := lim T(Jac(Fys—1)) = lim ——2*
k k s—1,k

corresponds to the Z, homology of the curve F and all the knowledge of the Galois
module structure of all Tate modules of the curves Fj s—1 is equivalent to the
knowledge of the Galois module stucture of T.

The situation is similar with the pro-¢ Burau representation, defined in [12].
We also in section how we can pass from the ijl—covers corresponding to
generalized Fermat curves, to the Z,-case corresponding to the pro-¢ Burau repre-
sentation, using the ideas of [13]. Section [Blis an introduction to Thara’s ideas on
the study of the absolute Galois groups as a profinite braid [9], [10] following [IT].
In section L.Ilwe compute the Alexander module for the generalized Fermat curves,
while section [l is devoted to the ZTl cover of the projective line, seen as a limit
of F}, s—1-curves and the relation to the Tate modules of them. Finally we consider
the passage to the Burau representation by comparing the corresponding Crowell
sequences, in terms of the viewpoint developed in [13].

1.1. Geometric Interpretation. We consider a Galois covering 7 : Y — P! of
the projective line ramified above the points in S C PL, and the corresponding

covering of compact Riemann surfaces. We also assume that the genus g of Y is
> 2. The curve Yy = Y — 77 1(S) is a topological covering of X, = PL — S, which
can be described in terms of covering theory and corresponds to a subgroup Ry of
7m1(Xs). We have seen in [I2] and we will see in section [ZI] how this group can
be computed by using the Schreier lemma. For an application of this method to
cyclic covers of the projective line we refer to [I2]. In order to pass from the open
curve to the corresponding closed Riemann surface we consider the quotient by the
group I', which is the closure of the subgroup of §s_1 generated by the stabilizers

of ramification points, that is
(6) I'=(z7,...,2%),

where ey, . .., e, are the ramification indices of the ramification points of 7 : ¥ — P
The group R = Ry/Ro NT corresponds to the closed curve Y as a quotient of the
hyperbolic plane.

This geometric situation can be expressed in terms of the short exact sequence
of groups
Ry _Ro-T'  Jsa N Ss—1

_>

7 1—-R= =
(7) I'N Ry r T Ry-T

— 1.
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In this article we focus on the study of Fermat and generalized Fermat curves.
Namelly, in sections 2.1l and 2.3] we compute the fundamental group of the cor-
responding curves. We also treat the classical Fermat curves s = 3 since this
computation is elementary, while for the generalized Fermat curves s > 3 more ad-
vanced tools are needed, namely the usage of Alexander modules and the Crowell
exact sequence.

2. GENERALIZED FERMAT CURVES

2.1. Fermat Curves. These curves are ramified curves over P! — {0, 1, 00} with
deck group Z/nZ x Z/nZ. We have 7 (P* — {0,1,00},z0) = F2» = (a,b).

We will employ the Schreier lemma for describing the fundamental group of the
Fermat curve, as explained in [12] sec. 3|. A transversal set T for Z/nZ x Z/nZ in
Fy is given by a’b’, 0 < 4,7 <n — 1. We also compute:

57 {aibj"’l ifj<n-—1

at ifj=n-1
and
— iyl ifi<n—1
abia = .
b ifi=n-1
Thus

S | ipiph—Ii—1g—% = if 4 —
aibih (aibﬂ'b) _ a.bjbb e 1 lf] <n-—1
a*b™a”" ifj=n-1

. a'blab a1 ifi<n—1,7#0

ata (aibja) = 1 ifi<n-—1,7=0,

a" 1bab—d ifi=n-1
Consider the generators a, § of the cyclic group Z/nZ x Z/nZ. Let Rp be the
fundamental group of the Fermat curve, seen as a subgroup of the free group Fs.
Observe that there is a well defined action of a (resp. ) on Rp/R} given by
conjugation, i.e.
% = 2% = axa”" 2’ =z =bab~!
for all z € Rp/R. Notice that this is indeed an action which implies that
(.%'a)B _ ,TQB _ x,@a _ (,T'@)a

i.e. the actions of a and 8 commute.

Remark 3. The commutator [a,b] of two elements a,b in a group is defined as
[a,b] = aba=1b~ 1.

We can consider the conjugation action of Z/nZ = («) and then we have the
following sets of generators, of the free group Rp:

Alz{(bn)ai;ogign—l}, #Alzn
Agz{[bj,a]o‘i:1§j§n—1,0§i§n—2} H#A5 = (n—1)2
Az ={a"[a ", b]:0<j<n—1} #A3=n

We finally arrive at n? 4+ 1 generators as predicted by Schreier index formula since
HA +H#A+H#H#A3=n+(n—-1)2+n=n%+1
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Lemma 4. For any two elements of a group and any positive integer j we have

1) [2,9) =yl oyl gl
(2) [‘Tvy]] = [$,y]-[$,y]y-[$,y]y] :
Proof. See [4, 0.1 p.1]. O

Fix 0 <4 < n — 2. We will prove that the Z-module generated by the elements
Y= {[V,a]*,1 <5 < n — 1} is the same with the Z-module generated by the
elements Yo := {[b,a]*?’'1 < j < n — 2}. Indeed by lemma A () we have the
identities (written aditively) for 1 <j<mn—1and 0 <i<n — 2 we have
(8) [07,a]®" = [b, ] HB B+

This proves that the elements of the set ¥; are transofrmed to the elements of the
set Yo in terms of an invertible block matrix where each block is the invertible
(n—1) x (n — 1) matrix with entries in Z:

1 0 0
1 1

: . .0
1 1 1

Therefore 31 and Y5 generate the same Z-module.
Notice also that

(a")f@j =va" b e @ W ab T = (W, 0"+ a" D ab Y
A
€A3
=¥, a]o‘n72+°‘n73+”'o‘+l +a" tabI.

The above computation shows that (a”)ﬁj can be written as a Z-linear combination
of elements of Yo (which generate Ay) and As. Moreover

a’la~ 1, ¥] = (a™)¥ — b, a](Zf;(Iu F)(3825 o).
We have shown that
Lemma 5. The free Z-module Rp/R. can be generated by the n* + 1 elements
(@), (™) 0 <i<n—1and [a,b] ¥ 0<i,j<n—2.

2.2. Structure as a Z/nZ x Z/nZ-module. We can now consider the homology
group as the rank n? + 1 free Z-module Rp/R}. Since Rp is a characteristic
subgroup the group G = Z/nZ x Z/nZ = (&) x (B) acts on Rp /R’ by conjugation
making Rp /R a G-module.

For a finite group G the coaugmenation ideal Jg is defined as the quotient
Jo = 2GS e 9)

Lemma 6. Set Hy = Z/nZ x Z/nZ. The module Rr/R is generated as Z[Hy]-
module by the elements a™,b™,[a,b]. More preciselly we have

Ry /Ry = Z[(e)] D ZI(5)| D Z[Hol /1,
where I is the ideal of Z[Hy| generated by Z?:_Ol al, Z?:_Ol B, or equivalently
Z[Hol/T = Jia) © Jig)
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Proof. This is evident from the Z-basis given in lemma[5l Notice that the elements
[a,b]*'#" are subject to the condition given in eq. (8) which implies that for all 4

[a7 b]ai(l+5+52+“'5n71) — [a7 bn]ai —0.

This means that the operator 1 + 38 +--- + 8" ! is zero. A similar equation to eq.
[®) holds which forces Z?:_ol a' = 0. Therefore, in the Z[Hy]-module generated by
[a,b] we have that 1+ 38+ ---+ 3"t and 1 +a+---+«a""! both annihilate [a, b].
We compute that

n—1
ZIHol/(1+ B+ B+ 8" = @ a' Ty
1=0

The result follows. O

We will now prove that in Rp/R} there are exacty 3n elements which are fixed
by an element of Z/nZ x Z/nZ.. _

The 2n elements are (a™)?" (resp. (b™)*) which are fixed by (@) (vesp. (8)).
The other n-elements are the elements ((ab)™)® which are fixed by (ab). It is a
simple computation to verify that we can write the elements ((ab)™)®" as follows:

()" = [ ale" (287 b st 5 sy,

Hence i n—1+41 n—2 puv 241 k3 .
((ab)n)a _ [b, a]a (ZV:O B )+~~~+a (B+1)+a a” (bn)az ]

We can see that the trasformation matrix from elements [bj,a]o‘i to elements
of the form [b,a]'@jo‘i is invertible. This allows us to prove that the elements in
the sets As and A3 can be written as linear combinations of elements of the form
[b, a]o‘i'@j and (a")Bj for1<j<n-—1,0<1i<n-—2 Itis clear that the elements
(a™)?, (™), ((ab)™)*" as given in the table below are fixed by the cyclic group
mentioned in the third collumn. The elements ; are the n-elements (b")o‘i fixed by
3, the n-clements (a™)?" fixed by a and the n invariant elements ((ab)™)® in the
module generated by commutators. In the following table we enumerate the fixed
elements ~;:

Invariant element v; Index Fixed by
(a")'@f 1<i<n (a)
(b”o‘l_ n+1<i<2n (B)

((ab)™) n+1<i<3n (aB)

So far we have computed the open Fermat curve addmitting a presentetation

RF = <(L1,b1,. o 7agabgu/717" '77371'71’72 o Y3n [alubl][a/QabQ] e [agubg] = 1>7

where g is the genus of the closed Fermat curve which equals to (n — 1)(n — 2)/2.
Every ramification point of the Fermat curve is surrounded by a path ; and there
are 3n such paths. We can verify that our computation so far, by computing the
genus of the closed Fermat curve. We add the 3n missing points and we observe
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PL—{0.1,00}\(_/

FIGURE 1. Open Fermat curve as cover of the projective line

that the rank of Rp equals 2g 4+ 3n — 1 so the Schreier index formula implies:

2+2-3 —D(n—2
29+3n—1:n2+1¢g:n+2 n:(n )2(n )

We have that
Rr /Ry
(Y1,---780)
Proposition 7. A basis for the Z-module H\(Xp,Z) consists of the set:

H(Xp,Z) =

{b,a*" modT:0<i<n—20<j<n-—3}

where T is the free Z-module generated by (y1,...,7vsn). Let K be a field that
contains n different n-th roots of 1, then

n—1
H\(Xp,Z)®z K = @ Kxi,j,
ij=1
i+j7#n
where x; ; s the character such that x; j(a”, B#) = (¥ +in,

Proof. The first assertion follows by considering the action modulo the elements
which are invariant by an element of G. Indeed, in order to compute the quotient
we change the basis of Rp/ R}, by replacing each one of the elements [b,a]®” 7"
by ((ab)™)*" for all 0 < i < n — 1, which belongs to the group (v1,...,73,) and is
considered to be zero.

For the second assertion let us write

n—1 n—1 n—1
Siay ® Jipy = (@ KXi,O) QP Exo; | = P Kxiy
=1 Jj=1 i,j=1

We are looking for the elements which are stabilized by «f, that is x; ;j(a8) =
¢"7 = 1. This is the module @'~ ' K'x; i, which has n-elements. The desired
result follows. (I

Observe that the above computation agrees with dimyx H1(Xp,Z) ®z K = (n —
1)(n —2).
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2.2.1. Braid group action. We will now consider the action of the Braid group Bj
on Hy(Xp,Z) of the closed Fermat surface. By the faithful Artin representation we
observe that the braid group in three strings is generated by the elements o1, 09,
where

o1(a) = aba™* o2(a) =a o1(b) =a oa(b) =a ot

Notice that the above two automorphism in the abelianized free group with two
generators acts like the matrices

_ 0 1 N 1 -1
01:(1 0) 02:<0 _1>,
in GL(2,Z), reflecting the fact that B3/Z(B3) = PSL(2,Z). Therefore,
o1la,b] = [aba™',a] = [b,a]® = —[a,b]*
oola,b] = [a,a 07 = b1, a7 1]
and more generally
(b, a* ) = b () =
We also compute
a1 (b)) = (a")° (@™
a2 (0)) = (b)) ™ oa((@™)P') = ()5

2.3. The Generalized Fermat Curve.

i n a3+1

Il
—~

(=
~—

2.3.1. Application of the Schreier lemma.

Consider the curve X = P! — {0,1,00,A1,...,As_3}
with fundamental group Fs_1 = {(x1,...,25-1) and
univeral covering space X. We compute Hy(X,Z) =
7Z*~1. We have the picture on the right. We will now
employ the Schreier lemma in order to compute the
free subgroup Rjis—1 C Fs—_1. A transversal set is
given by

T:{x?m?---xitf,ogijgk—1,1§j§s—1}.

For given 1 <v < s — 1 we have

: Bpla L piv Ll gt if 4 -
i pia s-1 o {331 A Ts—1 ifi, <k-—1
L, =

1
12 s—1 i1 12 fy—1 Tyl Gs_1 e
iy exy )y gy i, =k —1

Denote by 7% = zi' 2% .. :615:11 We now compute
Case I Forl1<v<s-—1:

_7 —i1 —1 VS —ls— ep -
3 — -1 Toxy, oy My ifi, <k-—1
x x| x*-x = - ) X . . .
v v =1 —11,,—12 —lw—1_ — 41 —ls—1 f s k 1
T exy, oy My, e, T ifi, =k—1.

Case II For v = s — 1:

. S |
T xe_q - (i‘z . ,Ts_l) =
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1 ifis.1 <k-—1
= o . o . -1
11 .0 1s—2 k 1 .0 1s—2 ep . o
(a:fxf . ~-x572) Sxe g (1711:1722 x ~x572) ifig1=k—1.
The generators of the free group Ry ;1 are falling in the following categories:
_ k xil---xif\*z
9 Acr = {@h)n s
i 1 —i,—1  —1
A, = {iﬂl,u—l ST Tyt1,e—1 Ty - Tyt1,5—1 " Ly " Ty -1
. il/
=l ot )
r_ i1 iy—1 k—1 Tyt Gs—1 -1 -1
A, = {951 oy Ty Tpgy Ty T Ty g1 551,1/—1}

- {(gcfj[x;l, $u+1,s—1])11’%1 } )

e, e i .
where x4, o, =z, x, 2 - x,2. We now count the sizes of the above sets.
1,€2 0y Yl +1 Lo
#As—l = ks_2

#HA, = k-1 -k (Y 1), for 1<v<s—2
HA =k T =52 for 1<y <5 —2

which gives in total

s—2 s—2
(10) HA1+ D H#A DY H#A, = (s-2) KT+ 1
v=1 v=1

2.3.2. Elements stabilized. Observe first that the group generated by zs_; stabilizes
(xF_)®1s=2. In this way we see that all k=2 elements of A,_; have non trivial
stabilizer. Now we observe that
T1,0—1 '5513_1 “Ty+l,s—1 " Ty 'x;il,sfl 'fcillz—l =
= (2w, e ()T e

Observe that (z,) stabilizes the k=2 elements of A/, of the form (z¥)¥1v-1-%v+1.:-1

v

and the element (z; - - - x5_1) stabilizes all elements ((x1 - - - x5_1)*)%1+~2, which are
k=2,

Invariant element v; Cardinal Fixed by
(xh_q)7he2 ko2 (Ts-1)
(pFymrv—reviie—r (s = 2)E572 (z,), where 1 <v <s—2
(1 wgn)F)moe2 ko2 (T1 - 2s-1)

In total we have sk*~? fixed elements ;. Because of the above relations and the
following computation

[$u+1,571,$u]11’"71m? =

(i)™ + g w =™ o ol Py,
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Similarly to the computation of the classical Fermat curves we change to a more
suitable basis. This is given by the following sets:

A1 = {(af_y)™ 2}
A, = {(zF)Trv-1@viiaa1l for 1 <p < s —2

A:/ — {[xj,xy]zl,;;—l~miﬂ.m,,+1,s—l}7 for 1 <py<s— 2.

Remark 8. For the homology of the closed curve we have:

Rk,s—l/R/ s—
e el T

Using eq. (@) and the fact that rankH;(Fy,s—1,%Z) = 2gF, ., it is easy to verify
that

(11) (s=2)k" ' +1— (s k2 —1)=2gp, ,.

In the above formula we have subtracted one from the number of invariant elements
v since yp - - Ygps—2 = 1.

Describing the action in this case is not as straightforward as it was for the case
of classical Fermat curve. We will use the theory of Alexader modules instead and
postpone this computation to section 1]

3. ON THE REPRESENTATION OF IHARA

3.1. Pro-{¢ braid groups. Let £ be a prime number and let §s denote the pro-¢
free group with s free generators. Let S C IP’}@ be a set consisted of s points, s > 3,
on the projective line and suppose that P € Q for all P € S — {oc}. In this way
the absolute Galois group corresponds to “pure braids”. Thara in [9] introduced the
monodromy representation

Ths : Gal(Q/Q) — Aut(Fs_1).

Here the group §s—1 = wfm_g(IP’%l) — S) is the pro-£ étale fundamental group and is

known to admit a presentation
(12) Fso1=(x1,...,2s|lx122 -5 = 1).

Given a set {x;,4 € I} in a topological group we will denote by (z;,i € I) the
topological closure of the group generated by the group elements z;, ¢ € I. Thara
was mainly interested for the case S = {0,1, 00}, since by Belyi’s theorem [2] the
branched covers of P! — {0, 1, 00} are exactly the curves defined over Q but the case
of s > 3 is also interesting. Using a Mobious transformation we can assume that
the set S consists of the elements 0,1, A1, -, As_3, 00.

The Thara representation can be explained in terms of Galois theory as follows:
Consider the maximal pro-¢ extension .# of Q(t) unramified outside the set S. The
Galois group Gal(.# /Q(t)) is known to be the pro-¢ free group §s—_1 of rank s — 1.
A selection of generators x1,...,Ts_1 corresponds to an isomorphism i : Fs—1 —
Gal(#/Q(t)), such that i(z,) (1 < v < s) generates the inertia group of some
place &, of .# extending the place P; of Q(t), corresponding to the i-th element of
the set S.
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We have the following exact equence:
(13) 1 —— Gal(#Z/Q(t)) — Gal(.#/Q(t)) — Gal(Q(t)/Q(t)) —— 1

|| 1=
- Gal(Q/Q)

Every element p € Gal(Q/Q) gives rise to an element p* € Gal(.#/Q(t)), and to
an automorphism x — p*xp~! € P(Fs_1), where

P(§. 1) = {¢ € Aut(Fs—1)|d(x;) ~ :Civ(qb)(l <4 <s) for some N(¢) € ZZF} )

where ~ denotes the conjugation equivalence. -
Thara [8, p.52], proved that the action of ¢ € Gal(Q/Q) on the topological
generators of §s_1 is given by

(o)

(i) = wi(o)z; P wi(o) !

where N (o) € Z;. In this way the outer Galois representation

dg: Gal(Q/Q) — P(Fs1)/Int(Fs1)

is defined. }
By selecting the representatives of elements P(§s—1) we can define the Ihara
representation

Thg : Gal(@/@) — P(Fs—1) C Aut(Fs—1),
where
(14)

P(Fs-1) = {qS € Aut(Fs-1)

$zi) ~zp P (1 <i < s —2),¢(wsmr) 22l
d(zs) = 2@ for some N(¢) e Z) ’
where = denotes conjugacy by an element of the subgroup of §s generated by the
commutator §, and x1,...,z,_3. The composition N o Ihg equals the cyclotomic

character ¢ : Gal(Q/Q) — Z;. For more details on these constructions see [J,
prop.3 p.55], [I1] prop. 2.2.2].

3.2. Magnus embedding. We will explain now the Magnus embedding following
[11]. This embedding is given by the map
3571 — Zl[[ula uz, ... 7u571]]nc
of §s—1 into the “non-commutative” formal power series algebra (z; — 1 + w; for
1<i<s—1). Let $ denote the abelianization of Fs_1, and H the abelianization
of Fs—l
H :=gr(Fs_1) = Hi(Fs_1,7Z) H=:1gr1(Fs-1) = Hi(Fs-1,Z¢) = H ®z Zy.

The term gr; above has its origin on the graded Lie algebra corresponding to a
(pro-¢) free group, see [9, p. 58] and [14]. Following [11], [16] we consider the

tensor algebras
T(H)=@H®", T(H)=EPH"",
n>0 n>0
where §° = Zy and H%" := H Rz, -+ @z, H (n-times) (resp. H° = Z, H®" =
H®y---®zH)). Ifug,...,us—1 is a Zy basis of the free Z;-module §, then

T(‘VJ) = Ze<u15 s 7u571>a
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is the non-commutative polynomial algebra over Z;.

We will denote by T'(§)) the completion of T(§)) with respect to the m-adic
topology, where m is the two sided ideal generated by ui,...,us—1 and £. This
algebra is the algebra of non-commutative formal power series over Z, with variables
ULy, Ug—1"

() = [[ 9% = Zefua, ... uas)).
n>0

Let Z¢[[§s—1]] be the complete group algebra of Fs_1 over Zy, and let
€z, * Lel[§s—1]] = Ze

be the augmentation homomorphism. Denote by Iz,(z,_,)) := kerez, 3 the aug-
mentation ideal. The correspodence x; — 1 + u; for 1 < i < s — 1 induces an
isomorphism of topological Z,-algebras, the pro-f Magnus isomorphism.

0 : Zu[[Fo1]] — T(8).
Example 9. The map O sends Z[Z] = Z[t,t ] to Z[[u]] by mapping O(t) = 1+u
and Ot ') = (14+u)~! =372, (—1)u’. The image O(Z[t,t]) is not onto 7'($),
but Z[[Ze]] = Z¢[[F1]] is mapped isomorphically to 7'($)) by ©.
For an multiindex I = (i1,...,4s—1) we set ur = wu;, - - u;,_,. The coefficient of

uy in ©(«) is called the Magnus coefficient of « and it is denoted by u(1, &), that
is

O() = ez,(3. (@) + > pll,e)ur.
1121

For certain properties of the Magnus embedding and a fascinating application to
¢-adic Milnor invariants we refer to [16] chap. 8], [IT] sec. 3.2].

3.3. Milnor invariants. Consider the group $ := §*; = §._1/[Fs—1,Fs_1]. For
f € Fs—1 denote by [f] its image in ). We will write $ as an additive Z;-module,
which is generated by [u1], ..., [us—1]. Notice that the following relation holds:

[ur] + - + [us—1] + [us] = 0.

Every automorphism ¢ € Aut(Fs—1) gives rise to a linear automorphism of the free
Zp-module $ and we will denote it by [¢] € GL($).

Lemma 10. The elements w;(c) € §s—1 can be selected uniquely so that

(1) Ths(o)(z;) = wi(a)xfe(g)wi(a)_l, where Xy s the ¢-cyclotomic character.
() (9 (@

(2) I@ the expression [wi(o)] = ¢;’ur + -+ + ¢ qus—1,¢;” € Z¢, we have
cl(-l) =0.

Proof. See [11 lemma 3.2.1] O

For a multiindex I = (i1,...,%,), 1 < 41,...,4, < s — 1 the f-adic Milnor

number for o € Gal(Q/Q) is defined as the f-adic Magnus coefficient of w; (o), for
I = (il, NN ,Z.nfl), that is
N(Uv I):= /J'(Ilv Wi, (U))7

see [L1, eq. 3.2.2]. It is clear that the selection of w;(o) describes completely the
action of Gal(Q/Q) on Fs_1.
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3.3.1. The commutative Magnus ring. In this article we will consider actions of
Aut(Fs_1) or Aut(Fs—1) on certain Z-modules (Z;~modules) M defined as quotients
of subgroups of the (pro-f) free group. For example on F2P; or on F2P,. We would
like for M to be an abelian group (we also choose to write M additively) and we
will entirely focus on the case M = R/R’, where R < §s—1 (or R < Fs_1).

The group Fs_1 (resp. §s—1) acts on itself by conjugation. This action can be
translated as an T'(H) (resp. T'($))) module structure on M, by setting

awa™t = 0(a) - w,

for w € Fs_1 (resp. w € Fs—1).
Lemma 11. If M = R/R' and §,_; C R (resp. F._, C R), then the induced
conjugation action on M satisfies eq.

(15) ab-m = ba-m, for all a,b e T(H)(resp. T(H)) and m € M.
Proof. For a,b € §s—1 and r € R we compute
abrb~ta™t = bala", b rfa™ 07 a0
So a sufficient condition for eq. (I3 to hold is [R,F.,_;] C R’ (resp. [R, F._;] C R').
This condition is satisfied if §,_; C R (resp. Fs_1 C R) then eq. (IT) holds. O

Therefore, if the assumption of lemma [Tl holds, instead of considering the action
of the non-commutative ring 7'($)) (resp. T(H)) it makes sense to consider the
action of the corresponding abelianized ring.

Definition 12. Consider the commutative Z,-algebra of formal power series

o = Zoflui:1<i<s]]/{(1+u)1+u) - (1+us)—1)
(16) >~ Zyflui:1<i<s—1].
The algebra &7 is the symmetric algebra of ) over Z,, and there is a natural quotient
map 7'($) — Sym($) = .
Remark 13. As we noticed already the action of o € Gal(Q/Q) can be described
in terms of the cocycles wy(0),...,ws—1(c). But then we can find elements

wi(0) = O(w1(0)),...,ws—1(0) = O(ws_1(0)) € o

such that
(17) o(x;) = wi(o) - a7,
Therefore, in order to understand the action of Gal(Q/Q) on M = . 1/F%_; it

makes sense to consider the &/-module structure of M.

4. ALEXANDER MODULES

4.1. Definition and Crowell exact sequence. Consider the short exact se-
quence in eq. (@). The group G = Fs—1/I" admits the presentation:

(18) G=(x1,...,¢5z{t ==z =x1---xs=1).

On the other hand since we assumed that §,_; C Ry, see lemma [[I] the group
§s—1/Ro-T is isomorphic to a quotient of the abelian group Z/e1Z X - - - X Z/es—1Z.
We will use the Crowell Exact sequence [I6] sec. 9.2, sec. 9.4],

(19) 0 R = R/R s ool B2y Rl 24,7, s,
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where
"Q{RU’F = Z[[[jsfl/RO ’ F]]’

and %f"’r is the Alexzander module, a free Zy-module

gt = @ Fldg | /{d(g192) — dgr — (91)dga < 91,92 € Fs1/T) ymg.r-
g€Fs—1/T

The map 6, : R*® — %f"’r is given by
(20) R*® 35— dn.

For a description of the Alexander module in terms of differentials in non-commutative
algebras we refer to [13]. Notice that when the group §s—1/Rp - T is finite then we
will write Z¢[Fs—1/Ro - T'] instead of Z[[§s—1/Ro - T].

Proposition 14. The module %f“’r admits the following free resolution as an
o/ Fo T _module:

(21) (BT Ly (Bl T 0

where s is the number of generators of G, given in eq. (I8) and s+ 1 is the number
of relations. Let f1,...,Bs;1 € @BV, The map Q is expressed in form of Fox
derivatives [3, sec. 3.1],[16], chap. 8], as follows

ozt dx5? Oxs Oxq---xs
ﬁ ’(Z)ﬂ' 8LE11 1/}7T 6121 T ’(Z)ﬂ' 8LE1 ’(Z)ﬂ' éiﬂl /3
1 9zt 95?2 dz’s Oxy -z 1
. ’(Z)ﬂ' 89012 1/}7T > e wﬂ- (‘;Iz ’(Z)ﬂ' xém;t .

. Oxo

)

ﬂerl ﬂerl

m (%) wm (%) ym (%) ym (2
where 7w is the natural epimorphism §s — G defined by the presentation given in
eq. (18).

Proof. See [16, cor. 9.6]. O

Ifineq (@) Ro=3,_, and T = {1}, then &%~ 111} = Zy[[us, ..., us_1]] = #,
as defined in eq.

To summarize, for Hy = §s—1/Ro - I', the Alexander module .;szR’F can be com-
puted as a cokernel of the function @Q:

(22) o = cokerQ,  (/"0F)" = Z[[HO]* s Z[[H])* = (0T

The exponents in the above formula reflect the fact that the group G is generated
by s + 1-relations over s-free variables.

Proposition 15. If T' = {1} in eq. (7)) the Crowell exact sequence gives the
Blanchfield-Lyndon exact sequence:

0 —— R* — (o7 Fool1})"! SLEN R /SN

Proof. See [16], p.118] for the discrete case and the pro-£ case follows similarly. O
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4.1.1. Alezander modules for generalised Fermat curves. 1t is clear that the group
§._1/84_ is generated as an o/-module by the elements [z;,z;] for 1 <1i < j <
s—1.

The structure of §,_, /F"_; as an &/-module is expressed in terms of the Crowell
exact sequence, see section .1l related to the short exact sequence:

) .
1% =81 — TP, =1,

0= (§e1)™ =T 1/8a = Ay = Zellun, - usa]] = Ze = 0,
where Ay = Ais’l’{l} is the Alexander module and

o =S = 7y, ... usq]].
Example 16. Assume that in eq. (7)) the group Hy = (Z/¢*Z)*~! and the open
curve Ry = §,_; in this case. Let Ry = I’ be the smallest closed normal subgroup

of §Fs_1 generated by x‘{k, . ,:Cﬁlil. The group G = Fs—1,5 = §s—1/NRk admits the
presentation:

_ ok ¢ 1
Ssc1e =(T1,..., 25|z} = =5 =x1--x5=1).
T 1Rk

Denote the images of the elements x; in Hy by Z;. It is clear that .;sz is a
free Zy,-module of rank

ranky, (cokerQ) = s(£5)~1 — rankz, (Q).

Observe that o7%s-1%% = 7,[Hy] is a free Zs-module of rank (¢%)s~1. By induction
we can prove

ozt 2 k1
T =0t ai el bl D for 1<) <s
€Lj
0x12T9 -+ X
(23) —— 8235- =Ty T
j

Set ¥y =1+ Z; + -+ a_sz_l. The map Q in eq. [22) is given by the matrix [16,
cor. 9.6]

L 0 - 0 1 8 X181 + Bet
IR 7 YoB2 + T18s41
S 0 : :
0 - 0 N, Fi1fg- Te i Pos1 EsBs + T Ts—1Bs41

where 3; € @/S:-1:% for 1 < i < s. Observe that
Yzl =%, forall 0 <v < —1.

Lemma 17. For 1 <i < s—1 the following equation holds

s—1
i - Ze(Z/0° L)) = % - Zo | D 2/ L
o
On the other hand the module ¥3Z¢[Hy| contains all elements invariant under the
action of the product Ty ---Ts—1 and is a free Zo-submodule of Ze[Hy).
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Proof. Write

Zyo[Ho) = Zy

aal Z/ekZ] = (§) Z¢ [2/6"Z)] .

Therefore the multiplication by ¥; gives rise to the tensor product

((Eé Ze [Z/ékZ]> ) (ize [2/0%2]) Q) < é Ze [Z/ﬁ’%}) _

v=i+1

i—1 s—1
(®2 22| @20 @  ® =Lz
v=1 v=1+1
and the desired result follows.
For the case of X3Z[Hp) invariance under the action of Z; = :Efl - -f;ll is clear.
The rank computation follows by changing the basis of Hy from Z1,...,Zs—1 to the
basis Zs, ..., Zs and arguing as before. O

The image of the map @ equals to the space generated by elements

Y161 1
Y22 71
. + : ﬂerl-
Esﬂs -fl "'1_7571
For different choices of §1,...,08s € -1k the first summand forms a free Ly~

module of rank s(¢¥)*~2 and the second summand is a free Z,-module of rank
(€¥)s=1. Also their intersection is just Zj.
Indeed, if for some S, ..., Bsy1 € Ze[Ho] we have

Bor1(1,Z1,..., &1 ZTs—1) = (E161,...,5s0s)

then by comparison of the first coordinates we see that [si; is invariant under
the action of ;. So comparison of second coordinate gives us that Z18s41 = Bs+1
is invariant under the action of Za. By continuing this way we see that [s11 is
invariant under the whole group Hy, that is 8541 belongs to the rank one Z,;-module
generated by Y1, - -+ ¥,. In this way we see that

Lemma 18.
(25) Im@ = (@ EZ—ZZ[HO]> @Ze[Ho]/Ze21 Y
v=1

Also
rankz, Q = s(€%)*72 4+ (£%)571 — 1.

We would like to compute the cokernel of Q as Zy[Hp]-module. This computation
lies within the theory of integral representation theory. This seems a very difficult
problem since a complete set of representatives of the classes of indecomposable
modules for groups of the form (Z/¢*Z)! seems to be known onlt for ¢ = 1 and
k = 1,2, see [I§]. In this article we will not consider the problem in the integral
representation setting and instead we will consider the simpler problem of deter-
mination of the Hyp-action on the space Hy(Fj s—1,K), where K is a field which
contains Z; and the £*-roots of unity. We have the following
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Lemma 19. Consider the character xi,,...i, , on Hy given by

. . Y1
Xi1,eoyis—1 (xl yeea s q

where (o is a primitive £*-root of unity. The decomposition of

_1 .
—Vs—1Y\ __ Zi:ﬂjuzu

)_ ok )
k-1

Im(Q) ® K = @ Cit vyt Xityeonsio—1

1 4eenyts—1=0
where ¢y ... i, , € N is the multiplicity of the corresponding character. For the

s — 1-tuple of integers i = (i1,...,i5-1), 0 < i1,... 051 < £F — 1 let z (i) be the
number of i1,...,i5-1,11 + -+ + is—1 that are equal to zero modulo k. We have

1+2(i) if0<z(i)<s—1
Ciy,iyis—1 — = . =
v ' s=2z() ifz(i)=s.
Proof. Consider the decomposition given in lemma[I8 The module K[Hy] contains
once every possible character, therefore

(26)

k-1
K[Hl= € Kxi ..
i1yeeeris—1=0
On the other hand the modules ¥; K[Hp] for 0 < ¢ < s — 1 are trivially acted on by
elements z;. This means that
k1
EZK[HO] == @ KXLq,...,ui,l,O,vi+1,...,us,l-
VlyeooyliyeeeyVs—1=0
Also the module X;K[Hy] contains elements which are invariant by elements of
the group generated by z1 ---Zs_1, since T, = :Efl e 50;_11. This means that all
characters which appear in the decomposition of ¥;K[Hy] on ZY¥ ---Z%_; should
give 1, which is equivalent to
s—1
Xivsian (B 22 y) = (VX0 = 1 = Ziu =0 mod ¢".
p=1
Therefore, the decomposition into characters is given by
k1
SK[H) = @ K

15.eyts—1=0
i1+ +is—1=0

Given a character x;,,... ;. , we now count the number of times it appears. It ap-

pears on the summands ¥; K[Hy| for 0 < j < s—1 when i; = 0 and in the summand
Y K[Ho] when i; + - +i,_1 = 0 mod ¢*. Also it appears on K[Ho]/%1--- X,

only if (i1,...,is-1) # (0,...,0). -
Lemma 20. We have
27 rank, )T = (s = () = s(9) 241
and
3/ R AN
(28) %1/, TR o | = @ (s — Citrooris ) Xi1senris

01,0085 =0
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!
s—l)mk

Proof. The rank computation follows since .;sz is the cokernel of @, so

rankzedf;’l’%k = s(0F) T —s(0F) T2 () T R = (s = 1) (£F) T = s(0F) T2 4 1.

Similarly the decomposition in eq. [28]) follows by the decomposition of K[Hj] into
characters. g

Proposition 21.

|
Hy(Fro1,K)= € Cliv,. . i)Xir i
i1,000yis=0
where
Clin,...is) = s—z(z:l,...,zis)—2 z:f(zil,...,zis)yé((),...,())
s—2(t1,. .., 1s) if (i1,...,is) = (0,...,0)
Moreover

vanks, Hy (Fy o 1,%¢) = (s — 1) ()7 42— 5 (65)°7%

Proof. From the exact sequence given in eq. (I9) and the rank computation given
in eq. (27) in example [I6 we have:

29 rank (R /(Ri N Ry )*) = ranky, ﬁ%gé’l’%k — ranky, e ALNIE AL |
4 4 12ag)] 0
= (5 = 2)(£")* 71 £ 2 — s(£F)s2,

The above abelianization corresponds to the Z,-homology of the generalized Fermat
curves of type (k,s —1). The above rank coincides with genus computation given

in eq. (.

Let us write

k-1
Hi(Frs1, K)= @ Clin,. s 1)Xir, i s
T genns 15—1=0
for some integers C(iy,...,4s—1). By lemma 20 and the short exact sequence given
in ([9) we have

S — ci1,~~,i371 -1 1f (il, . ,is_l) 75 (O, . .,0)
S—Ci1 vvvvv Gs_1 lf (il,...,is,l):((),...,())

The first assertion follows by the values of ¢(iy,...,i5—1) given in eq. (28]). O

O(il,...,isl)_{

Remark 22. For the case of classical Fermat curves we have s = 3. The character
Xo0.0 has 2(0,0) = 3 and Cy o = 0. Similarly the characters x4, xi0 for 1 <i < £¥—1
and the character x;; with i +j = 0 mod ¢* have 2(0,i) = 2(i,0) = 2(i,j) = 1
so their contribution C(0,4) = C(3,0) = C(4,5) = 0. All other characters x; ; have
z(i,7) = 0 and their contribution is C(i,7) = 1. In this way we arrive to the same
result as in eq. (2.

Example 23. Let us now compute Jz{f T and Ryx is the the pro-f completion
of the group generated by

{xixjfol:2§jSs—l,OﬁiSék—Z}U{xfkflxj:1§j§s—1}.
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This group corresponds to the open cyclic cover of order ¢* of P! ramified fully
above s-points of the projective line, see [12] lemma 11]. Let Ry = I be the
smallest closed normal subgroup of §s_1 generated by x{k, . ,xﬁk_l. We have the
short exact sequence

1 — Rye /Ry N Ry — Fs1/Rp — Z/IF7 — 0.
We compute o7 BBk = 7,[7/FZ], which is an Z,-module of rank ¢¥. On the other

hand observe that the Z,-module %f"k P s given by exactly the same cokernel as

the module &73:-1"%_ The only difference is that Mf;’l’%k is a Ze[(Z/0FZ)*~1)-
module while .o fier- %% is a 7Z,[Z/¢%Z)-module.
So following exactly the same method as in example [16] we conclude that
rankze,ga/f”’mk =s- s —Fp1=(s—1)F—s+1.
Also we compute the rank
rank (R /(R N %k)ab) = rankzlssz‘k Ak ranky, o7 B M 41 = (5 — 2)(£F — 1).

The module (ng / Ryx ﬁiﬁk)ab corresponds to the Zy,-homology of the above curves,
corresponding to Ryr and its rank is twice the genus of the curve, in accordance
with the genus formula given in [I2] eq. 21].

5. (GALOIS MODULES IN TERMS OF THE MAGNUS EMBEDDING

5.1. The group §._,/F"_, as an &/-module. In this section we will study the
o/-module structure of F._,/F7_,. This is the arithmetic analogon of the Gassner
representation, as Thara points out in [I0]. This consideration leads to the Galois
representation of the Tate module, see section .14l Finally in section we
will study the passage from the Gassner representation to the Burau by seeing the
generalized Fermat curve as a cover of the projective line.

5.1.1. Application to Generalized Fermat curves. Consider the the smallest closed
normal subgroup Ry of §s_1 containing all xfk for 1 <i < s — 1. Define also

szl,k = &sfl/mk-

Set 5\_2 {0,1,00,A1,...,As—3} and let .# be the maximum pro-/ extension of
K = k(t) unramified outside the set of points A. Consider the function field of the
generalized Fermat curves

K. =K (t%’“,(t— 1)1/e’c, (t — /\1)1/ek,...,(t— /\573)1/%) '

Let K}* and K}"* be the maximal unramified and maximal abelian unramified
extensions of K, respectively. Also let K’ be the maximum abelian unramified
extension of K and K" be the maximum abelian unramified extension of K’. By
covering space theory, the fields K’, K correspond to the groups §._; and §/_,,
respectively. The function field K}, corresponds to the group §._;%j and is equal
to the function field of the generalized Fermat curve.

Aim of this section is the following characterization of the maximal unramified
abelian extension K}*#" of the function field Kj of the generalized Fermat curve.
This is a generalisation of a similar construction by Ihara for the classical Fermat
curves, see [9] sec. II, p. 63|
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Theorem 24. We have that Gal(K**?/Ky) =2 §._, W/

Indeed, we have

K' =K, K'NK" = Ky
k

K// _ U K]lclrab, K// N Kllcll‘ _ K]lcll‘ab
k

The Galois correspondence is given as follows:

////\ N \
‘TH \ K;CH /51*1 \ R
Kurab ;_1 S;/_lmk
\ A Kb /Ky \ /
‘ Slsflmk
K 3571

Using standard isomorphism theorems in group theory (see also [I3] sec. 1.2.1])
and the definitions we see
(30)

T 1, k/gs 1, k=S 1/( s—1 ﬂ& ) = Slsflmk/glslflmk = Gal(Klchab/Kk)

is an abelian group, a free Zy,-module of rank 2g, where g is the genus of the
generalized Fermat curve, Fyr ;1 so that

(31) 20k 51y = 2+ LD ((s — 2) (0% - 1) — 2).
Observe that according to eq. (B]) we have

S/ 1p = Hi(Frs1,Zy).

The last genus computation also follows from the following proposition which iden-
tifies unramified Z/¢*Z-extensions of a curve X with the group of ¢*-torsion points
of the Jacobian J(X).

Proposition 25. Let Y be a complete nonsingular algebraic curve defined over a
field of characteristic prime to €. The étale Galois covers of Y with Galois group
Z/U*Z are classified by the étale cohomology group HL (Y, Z/(*Z) which is equal to
the group of £¥-torsion points of Pic(Y).

Proof. See [0, Ex. 2.7], [19, sec. 19]. O



22 A. KONTOGEORGIS AND P. PARAMANTZOGLOU

5.1.2. Crowell sequence for generalized Fermat curves. Here we use the presentation
Tso1 =Fs/(@1 - x5). Let Hy, = (Z/€*Z)*~*. We have the short exact sequence

1= § = Bot/R0) = Fot /Ry — Hy — 1
We will use the Crowell Exact sequence [16, chap. 9]

/ 7% ,
(32) 0= (Fooy )™ =y /By s ST By S g, g,

where
S = Zy[Hy] = Z[(2/02)° 7],
and
(33) AT cokerQ,  Zu[HiH L Zo[Hy)*

The Alexander module for §,_1/9R, was computed on example Notice that
Jz{f =17 and the Crowell sequence know the genus of the generalised Fermat curve,

see eq. (29).

5.1.3. Representation theory on Generalized Fermat Curves. These are representa-
tions on the free Z,-modules
Pk G — GL(Hl(Fkﬁsfl,Z[)).

Where G is either the absolute Galois group or the braid group Bs_1 or Bg.
Let us now combine the two Crowell sequences together.

dy

(34) 00— (F1)™ =T/ o 4 Le—0

J | L

0 / ab _ ot 17 0 d&;,l,ﬂk dl’k%g{s—l7mk 7 0
= (B )™ =1 /o1 — (Fy - g —

For an explanation of these two combined sequences in terms of the “cotangent
sequence” we refer to [13)].

Lemma 26. The group Ry, is invariant under the action of Gal(Q/Q).

Proof. For every generator :vfk and o € Gal(Q/Q) we have

o(af") = olw)" = (wilo)a) <”>wi<a>*1)ék

Let a,, be a sequence of integers such that a, — N(o). We have
(wilo)a? wi(e) ™) = (wil@)al wi(e ™))

The later element is in Ry since by definition is normal in Fs_1. The limit a, —
N(o) is in MRy since this group is by definition closed. The result follows. 0

An,

ék

It is clear that «/%:-1%% = Z,[Ho] can be considered through the vertical map w
as an /-module and inherits an action of Gal(Q/Q) by w, by writting o € .7 3:-1%%
as image of an element o/ € &7, that is & = w(’) and define

o(a) = o(w(a)) = w(oa).



GENERALIZED FERMAT CURVES 23

By lemma[206]this action is well defined. On the other hand an element ¢ = [z;, z;] €
s;_l)k/gg_m =F._1/(Fc1 NFs—1-Rk) is sent to the element

6‘(¢) = d[i‘i,i‘j] = —’ﬁjdl‘i + ’ﬁid,fj S %jsil’%k.

The module Jz{f =0T 6 a @7Fe-1 M module, described by the sequence given in
eq. ([2I) and by the matrix @ given in eq. (24)) and is naturally acted on by the
absolute Galois group. Observe also that the map 6 sends the class of [x;, z;] to
dlz;, z;] = u;dxj; — ujdz;, and this element is annihilated by the elements ¥; =

k
Zf;ol z¥ for 1 <7 < 5. We can see this by direct computations or by observing

. )
that in .;sz‘*’l * we have

Xi Bi = Bsg1®1 - Ti—1.
and the image 0[x;, z;] has the s + 1 coordinate 8541 = 0. The above observation

generalises the definition of ideal a,, in eq. (8) in the article of Thara, [9].

Therefore,
. 3L,
Hi (Fs1,Z0) 2 0((F_1 1)) € 0™
is acted on by @/S:-1%k /(2,11 <i < s), and Gal(Q/Q) acts on it in terms of the

action given in eq. (7). Indeed, Jz{f =17 g identified with the cokernel of the

~1%% 4s the class of an s-tuple which is sent to

o: (B, Bs) +Im(Q) — (o1, ... 08s) + Im(Q).

This action is well defined since the space Im(Q) is left invariant under the action

of Gal(Q/Q). Indeed, in the commutative ring &/ Ss-1:%  the action o(Z;) = ifv(g)

so o(X;) = %;, and invariance follows by eq. (23]).

matrix @, i.e. an element in .;sz

5.1.4. On Jacobian variety of Generalized Fermat curves. Consider the ¢-adic Tate
module T'(Jac(Fy s—1)) of the Jacobian of the generalized Fermat curves Fj, s_1:
7

T(Jac(Fr,s—1)) = Hi(Frs—1,72) @ Ly = /5/_1716
s—1,k
Following Ihara we consider
!
(35) T = lim T(Jac(Fy,.—1)) = lim ",
k k s—1,k

where the inverse limit is considered with respect to the maps T'(Jac(Fit1,5-1)) —
T (Jac(Fk,s—1)), which is induced by the map
¢

(20, o) = (x5, 28 ).
Let Fk,sq = F} s—1 ®Spec Spec@. Consider also the inverse limit
lim Gal(Fy 51 /Pg) = lim(Z/£"2)°~" = 2.
k k
Therefore -
li(kgn Ze[Gal(Fy, s 1/Pg)] = o

and T can be considered as an o/-module. Using eq. (34) we obtain

!

s—=1 ~

— =T.
s—1
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See [II, sec. 13] for the explicit isomorphism in the case of Fermat curves.

The geometric interpretation of this construction is that for fixed s-number of
points we can consider all generalized Fermat curves seen as (Z/¢*7)* ramified
covers of the projective line, for k € N. In this way we obtain a curve Fy, which is
a Zz_l cover of the projective line. The Burau representation and the pro-¢ Burau
representation can be defined in terms of such an infinite Galois cover, see [12].

This construction leads to the definition of a subspace TP™ C T which is a
free .o/-module of rank s — 2. Observe that the submodule of a free module is not
necessarily a free module and F.,_, /§7_, is not necessarily free. For example in the
following short exact sequence

0= (F )P =F_ /5 =o' 7,0
' _1/T"_, is contained in the free &/-module &/*~! but is free itself. The .o/-
module §,_,/F"_, contains the free module of rank s — 2 (see [17],[I1}, Th. 5.39])

s—1
Tprim = ()\jul . 'ﬁj s us_l)j:17,,,75_1 : /\j < d, Z )\j =0

j=1

Set w = uy - - us_1 a basis of (F,_;/F/_,)P'™ is given by

t t
wow w w
v1_<——,—,0,...,0> ,...,v52_<0,...,0,— , ) .
Uy u2 Us—2 Us—2

In the case of Fermat curves, i.e. s =2 we have that (§,_;/F/_,)P"™ =5F._, /3",
and §._,/F"_, is a free &/-module, generated by |21, z3]. Notice that the injective

map d: §._1/F7 4 2 s Lis given by sending a representative
[l‘i,l'j] — d([l‘l, xj]) = (1 — ,Tj)dl'l — (1 — LL‘l)dLL']
= —Uj . dIl —|—’UJ1 . dxj.
Proposition 27. Let G be either Gal(Q/Q) or the braid group Bs. An element in

g € G induces an action on both T and TP™. In particular the subspace TP*™ is
a free of -module. Thus we have a cocycle map

p: Gal(Q/Q) — GLy_o(o)
o — (ai;(0))

This cocycle can be given in terms of the matriz

o(wijdes, z;]) =Y ayu(0)wyudla,, z,).

v<p

Remark 28. In [I1] sec. 5.3] this cocycle is identified as the Gassner representation
and the relation with the classical definition in terms of Fox derivatives see [3]
chap. 3] is studied. The Gassner cocycles when restricted to a certain subgroup
Gal(Q/Q)[1] C Gal(Q/Q) give rise to a representation instead of cocycle, see [11].

5.1.5. From generalized Fermat curves to cyclic covers of P'. We will now relate
the Crowell sequences for the generalized Fermat curves and cyclic covers Yy of
the projective line as they were defined in [I2] using the results of [13]. This will
provide the relation of the Gassner representation to the Burau representation. The
analogon of the Burau representation was defined in [11l p.675] by reduction of the
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Gassner representation. Here we also consider this reduction with respect to the
curve definition of the Burau representation.
We have the following diagram of ramified coverings of curves

Fk,s—l YVE"

Pl

- {0717007)\17' "7)\8—3}

The passage for the corresponding representations from Fj, s_1 to Yy corresponds
to the passage from the Gassner representation to the Burau representation, see [3,
prop. 3.12] and [I1] sec. 5].

Set Ry« be the fundamental group of the closed curve Yy, which can be computed
using the Reidemeister-Schreier method, see [12]:

Rype = Ry )T = { (zox7?! ””T,..., Tz 0<v<lF—1).
1 1

Let also Cy be the Z cover of the projective line ramified over s-points. Let R be
its fundamental group, which by [12] equals

R = <(3:ja:1_1)zl{ NS Z>

The fixed field of R/Ry, is the function field K« of the curve Yy, K (Cs) is the func-
tion field of the curve C,. The group R’ corresponds to the maximal unramified
abelian extension K (Cs)" of K(C;) while %y corresponds to the maximal unram-
ified extension K (Cj)""2P. The group R’ - Ry corresponds to the maximal abelian
unramified K" extension of Ky.. The groups F,_, - Ry and F/_ | - Ry corre-
spond to the generalized Fermat curve Fj ;_; and the maximal unramified exten-
sion F'm™P. The groups F,_;, F/'; correspond to the maximal abelian unramified
extension of Ky and the maximal abelian unramified extension of K’ respectively.

/\ N

K//\ ab K(Os)unrab FVS/L1 SR]C/R/
K e K“““‘b K(Cy) I, F %SGSR % R
Hl(czk / \ ‘ Hl(c:ek,z)/

Fk,s—l —)ng F;,l 'ka)R'ka

Ko = k(t) Fy s

As in the case of generalized Fermat curves we can form the limit

Tr :=lim(Jac(Yyr)) = im(Rex /Ri)* = R*™ = H' Yy, Zo).
k k
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We now compare the Crowell sequences for the cyclic covers and the Fermat
covers, following [13]

0 0

| |

0— R =Tp —— o7 ——— /B = 2,([2/1° 7)) ——— Zy — 0

1 ¢2T ¢3T

0—»(;_Q%::T—»gf;“mk—aw“?v%k:ZAKZﬂ%Zﬁ‘HL—+Zg—+O

The map ¢; : T — Tgr on Tate modules is given by the first vertical map. The
action module structure is given by the commutating diagram

A XT——T

]

N AR Tr —— Tgr

where the horizontal maps are the module actions and the first vertical map sends
(a,t) — (d3(a),$1(t)). The map ¢3 is the reduction identifying the variables
r1,%2,...,Ts—1. Let G be as in proposition In particular from the reduction
T — Tpr we obtain the diagram

G —— GLy_o()

|

GLS—2 (JZ{Ry%k )

corresponding to the free parts of T and T g respectively.
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