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ACTIONS ON SYMMETRIC CURVES FROM THE ARITHMETIC
TOPOLOGY VIEWPOINT

ARISTIDES KONTOGEORGIS AND PANAGIOTIS PARAMANTZOGLOU

ABSTRACT. We give an explanation of the MKR dictionary in Arithmetic
topology using Thara’s theory of profinite braid groups. Motivated by the anal-
ogy we perform explicit computations for representations of both braid groups
and the absolute Galois group Gal(Q/Q) for cyclic covers of the projective line
and generalized Fermat curves.

1. INTRODUCTION

Arithmetic topology is concerned with the similarities between several notions
and theorems in algebraic number theory and the theory of 3-manifolds. In this the-
ory there is the Mazur-Kapranov-Reznikov dictionary (MKR-dictionary for short)
and a short part of it is displayed at the next table:

Number Theory Topology
prime ideals knots
ideals links
Number Fields 3-manifolds
class group H,(M,7Z)

Riemann’s (-function  Selberg’s (-function
Algebraic extensions  Ramified Topological covers
Galois groups, 7$'(X) (X, x0)

For a nice introduction and a detailed explanation see [35]. Motivated by arith-
metic topology we would like to provide and expand a common framework, so that
representation of Braid groups and Galois representations fit together. As far as
the authors know there is no explanation of the existence of MKR-dictionary. We
will attempt such an explanation in section 2] by interpreting both primes and knots
as certain conjugation classes.

Knot theorists study braid groups representations, in order to provide invariants
of knots (after Markov equivalence, see 2.2) and number theorists study Galois
representations in order to understand the absolute Galois group Gal(Q/Q).

Of course understanding braid groups and knots has the advantage that also
3-manifolds can be understood, either by surgery representations of 3-manifolds or
by presenting them as ramified extensions of S® with ramification locus a link by
Alexander theorem, [38, th. 22.3].

Y. Thara in a series of articles [23], [24] proposed a method to treat elements in
the automorphism group of the profinite free group as “profinite braids” and in this
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way he got a series of Galois representations similar to classical Braid representa-
tions. The main focus of Thara was the understanding of the absolute Galois group
Gal(Q/Q) and for this aim the theory of coverings of Pg — {0,1,00} was enough
by Belyi’s theorem. Here we mainly focus on the similarity of equivalence classes
of Braids (i.e. topological links) and primes (equivalence classes of Frobenious ele-
ments) so we have to extend our point of view to ramified covers of the projective
line minus s-points removed, s > 3. In other words the braid group By which acts
on covers of ]P’b —{0,1, 00} is not a very interesting braid group. Notice that when
the number s of points we remove is s > 3, then we expect that their configuration
might also affect our study. So in this article we study in an explicit way represen-
tations of both Braid groups and the absolute Galois groups on homology groups
of highly symmetrical curves. More precisely:

In section Bl we focus on Arithmetic Topology and motivated by Thara’s theory
we give an explanation for the similar behaviour of knots and braids. They can
both be realized as conjugacy classes of elements in the automorphism group of
the profinite free group. From this point of view the absolute Galois group is an
arithmetic analogon of the mapping class group as it is explained in

In section Bl we introduce IThara’s ideas on representations on automorphisms
groups of pro-£ groups following [27]. We pursue this analogy further: Actions of the
absolute Galois group on vector spaces coming out naturally from algebraic curves,
for example (co)homology groups, is a very active topic of Arithmetic Geometry.
The same holds for actions of mapping class groups. Algebraic curves over the
field of complex numbers are equivalent to Riemann surfaces, which in turn can
be described as ramified covers of the projective line or - if their genus g > 2 - as
quotients of the hyperbolic plane by a discrete subgroup.

Finding the fundamental group of such a Riemann surface involves the Reide-
meister - Schreier method and this will be explained in section[dl We will be able to
compute this group for covers of the projective line ramified above s-points. If the
fundamental group of a surface is known, then the action of both the braid group
Bs_1 and the absolute Galois group can be computed. A tool which unifies these
actions in terms of module action of certain commutative rings was developed by
R. Crowell [I1] for the discrete case and has also a pro-¢ analogon [27, sec. 9.4].

Section [l is devoted to examples and explicit computations. As we explain in
[AT13] if we know how a group acts on homology we can pass to the dual space of
holomorphic differentials. In this way we explain how we can recover certain results
of C. McMullen on cyclic covers of the projective line by computing explicitly the
fundamental group of both open and closed curves using the Reidemeister -Schreier
method. In 53T we give an arithmetic analogon of the fact that the braid action
on the homology of the curve respects the canonical intersection form.

In £.4] we study the Fermat curve, this curve gives rise to one of the most in-
teresting Diophantine equations but it is clear that it also plays a significant role
within the theory of abelian covers of the projective line minus three points as Ihara
proved, see [23] part II, p.63]. This curve fits within the theory of cyclic covers of
the projective line but it has much more algebraic automorphisms, see [41]. The
action on homology of Fermat curves is recently studied in [12], [1], [3]. We then
proceed to the case of generalized Fermat curves, which will play the role of the
Fermat curves in the setting of covers of the projective line minus s points, s > 3.
These curves are highly symmetric and the group of their algebraic automorphisms
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was recently studied, see [I7], [21]. Also holomorphic differentials and the Jacobian
are interesting objects of study, see [20], [9].

The Tate module for the generalized Fermat curves is also studied in terms
of the corresponding Alexander module 47;, which can be seen as an .2/-module
over a complete polynomial ring introduced by IThara, see definition [l and section
[Tl The situation is different in comparison to the classical Fermat curves. More
precisely, the Tate module is not a free o/-module as in the case of Fermat curves
but it contains a free .&/-submodule TP™™ of rank s — 1. We therefore have a
representation

F : Gal(Q/Qpe=)) — GLq_1 (),

which is an interpolation of the analogous Braid representation
p: BS,1 — GLsfl(A),

where A = k[x1,...,25]. We then show how the computations for the generalized
Fermat curves fit together with the theory of cylic covers of the projective line.

As Thara observed in [24] the profinite braid action corresponding to Fs—1/F%_1
gives rise to the analogon of the profinite Galois Gassner representation and simi-
larly on the action on the Tate module of the Jacobian. The reduction to the case
of cyclic covers is the passage from the Gassner to the Burau representation. We
believe this is a fascinating similarity illustrating the unity of Mathematics.

In conclusion, it seems that geometric group theory, i.e. understanding free
subgroups of a free group (both in the classical and pro-f) cases, seems to be a
tool to handle arithmetic questions concerning the Tate module, the homology and
group actions on them.

2. PRIMES AND BRAIDS

In order to give an explanation for MKR-dictionary we will give some alternative
but equivalent definitions for primes and knots.

2.1. What is a prime? Consider a number field K, i.e. an algebraic extension
of the rational field Q. Let Ok denote the ring of algebraic integers of K. It is
a Dedekind ring, so every ideal is uniquelly decomposed into a finite product of
prime ideals. In scheme theory the set of primes Spec(&k ), which equals to the set
of prime ideals of Ok, gives rise to a geometric point of view of primes of K.

On the other hand every such prime ideal gives rise to an non-archimedean valua-
tion and the set of non-archimedean valuations is completed by adding the “infinite
primes” to the set of all valuation of the field archimedean and non-archimedean.

Consider a prime ideal pZ of Z = 0g. This ideal can be extended to an ideal
pOk and this ideal is decomposed into prime ideals P, ... P,, so that

pOk = P/t - P,
Choose a P among the prime ideals P;, i = 1,...,r. The extension Gal (ﬁ—g/%)
is a cyclic extension of finite fields generated by the Frobenius map op) : x — xP.
Assume now that K/Q is a Galois extension with Galois group G. We have the
following short exact sequence of groups:
Ok

1—>I(P)—>G(P)—>Ga1<?/pzz> -1,
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where
G(P) = {oeG:0(P)=P}
I(P) = {oceG(P):o(x)—=xe€ P}

The generator of the cyclic group op, lifts to an element Fp of G(P) C G. This
element depends on the choice of the prime P which lies above pZ. We know that if
P, P" are both prime ideals lying above pZ, then the elements Fp, F, are conjugate.
By taking the inverse limit in all Galois groups of all Galois extensions of Q we
can define Frobenius elements in Gg = Gal(Q/Q). Such a selection corresponds to
a selection of a prime ideal Pg in all number fields K, which are Galois extensions
of Q. But the conjugate class of Fp in Gg depends only on the prime pZ.
Therefore, it seems natural to identify the set of primes to the set of conjugate
classes of Frobenius elemens in Gig. So we can see a “geometric element” p €
Spec(Z) as a conjugation class inside a group. We will see that the same situation
holds for knots, which will be mapped as conjugation classes of braid groups.

Definition 2.1

A prime is a conjugation class of Frobenius elements in Gal(Q/Q).

2.2. What is a knot? It is known that every knot in the three-dimensional sphere
Ss can be obtained as the closure of a braid in the braid group B; for some s € N.
Moreover by Markov theorem two braids give equivalent knots if one corresponds
to the other by a sequence of Markov moves. One Markov move involves adding an
extra strand on the braid and the other move is conjugation. For more information
on the representation of knots and links as closure of braids we refer to [42] I11.6.7].

Definition 2.2

A knot in S5 is a Markov equivalence class of braids B,,. If two knots have
the same number of strands then they are Markov equivalent if and only if
the corresponding braids are in the same conjugation class.

To summarize, we have the following table which illustrates how geometric ob-
jects (elements in Spec& or knots) become algebraic objects in certain groups (the
braid group or the absolute Galois group) but at the cost of having to consider
conjugation classes.

‘ Number Theory Topology
Geometric Object | prime ideals knots
conjugacy classes in conjugacy classes

Algdbiie Olbyest absolute Galois groups in Braid groups

We will explain one more similarity in [3.6] but first we have to introduce the
pro-¢ braids.

3. PROFINITE ACTIONS

In this paragraph we review the theory of Thara’s representation following the
exposition of [27].
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3.1. Artin representation. The group of braids can be identified with the sub-
group of automorphisms of the free group Fs_; in terms of the Artin representation.
More preciselly the group Bs_1 can be defined as the subgroup of Aut(Fs_1) gen-
erated by the elements o; for 1 <7 < s — 1, given by

Tk if k#4d,14+ 1,
oi(wy) = { miwix; itk =1,
x; iftk=i+1.

The free group Fs_; is the fundamental group of X, defined as

(1) X, =P' —{P,...,P,_1,00}.

In this setting the group Fs_; is given as:

(2) Foo1=(z1,...,x5|lx120 - 25 = 1),

the elements z; correspond to homotopy classes of loop circling once clockwise

around each removed point P;, and distinguish the homotopy class y = x, of the
loop circling around infinity.

3.2. Pro-{ case. Let { be a prime number. Let S be a set of s, s > 3, points in
Q on the projective line ]P)(l}. Consider the field K := Q(S\{cc}) generated by the
coordinates of the points in S\{co}. The set S is assumed to be acted on by the
group Gal(Q/Q), i.e.
I =-P)eqll
PeS—oco

The group ﬂ'{’m*l(Pé\S) >~ &,_1. If the elements in S — {co} do not satisfy any
algebraic relations then the induced action on S is just the symmetric group S,_1,
otherwise it is a subgroup of Ss_.

Assumption: We will assume from now on that P € Q for all P € S — {o0}, so
that the action on S is the trivial one. In this way the absolute Galois group cor-
responds to “pure braids”. Thara in [23] introduced the monodromy representation

Thg : Gal(k/k) — Aut(Fs_1).
Here the group §,—1 admits a presentation, similar to eq. (2,
(3) Fso1=(x1,...,Ts|lx122 -5 = 1).

Thara was mainly interested for the case S = {0,1,00} and k = Q, since by Belyi’s
theorem [5] the branched covers of P! — {0,1,00} are exactly the curves defined
over Q. The image of the Thara representation is inside the group

P(3s_1) = {¢ € Aut(§o_1)|d(z:) ~ 2N (1 <i < 5) for some N(¢) € Z;;} :

where ~ denotes the conjugation equivalence. This group is the arithmetic analogon
of the Artin representation of ordinary braid groups inside Aut(Fs_1). Notice that
the exponent o(x;) = ¢ depends only on ¢ and not on z;. Moreover the map

N :P(§.-1) — Z;
is a group homomorphism and N o Ihg : Gal(Q/Q) — Z} coincides with the cyclo-

tomic character.

Remark 1. The relation z1 ---x5_12s = 1 implies that P(%s,l) also acts on the

free group §s since x4 = (21 - w5_1)" L.
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3.3. The outer Galois representation. Consider the free group Fs_1 on s — 1
letters 1, ..., zs—1 which admits a presentation given in eq. ([2) and §s—_1 the pro-¢
completion of Fs_1. Any abstract automorphism of Fs_; is bicontinuous [I3] cor.
1.22] and Aut(Fs—1) is virtually a pro-£ group [13, th. 5.6].

Consider the group H := §s-1/[Fs—1,5s—1]- We will denote by [f] the image of
f € §s—1 in the abelianization H. We will write H as an additive Z;-module. So
H is the free Zs-module generated by [z1], ..., [rs—1] with the relation:

(1] + -+ + [ws—1] + [zs] = 0.

Every automorphism ¢ € Aut(Fs—1) gives rise to a linear automorphism of the free
Zg-module H and we will denote it by [¢] € GL(H). The effect of changing a base
point of ]P’}@\S is given by an inner automorphism of §;_;. We finally arrive at a
continuous outer representation

D : Galp — Out(Fs—1) := Aut(Fs—1)/Inn(Fs—1)-

3.4. Belyi’s lifts. Counsider the subgroups P(Fs—1) < 15(3’571) of Aut(Fs—1) de-
fined by

(4)
P(Fs-1) = {qS € Aut(Fs_1)

o(x;) ~ xﬁv(¢), (1<i<s—2),¢(xs—1) = a:iv_(f)
d(zs) = xév(¢), for some N(¢) € Z, ’

where ~ denotes conjugacy by an element of the subgroup of §s generated by the
commutator §’, and z1,...,7,_3. We also denote by P(Fs_1) the kernel of N
restricted to the subgroup P(Fs—1).

Proposition 2. The natural homomorphism Aut(Fs—1) = Aut(Fs—1)/Inn(Fs-1)
induces an isomorphism P(Fs—1) = P(Fr—1)/Inn(Fs—1).

Proof. See [23| prop.3 p.55], |27, prop. 2.2.2]. O

We can describe the above construction in terms of Galois theory as follows:
Consider the maximal pro-¢ extension .# of Q(t) unramified outside the set S.
The Galois group Gal(.# /Q(t)) is known to be the pro-¢ free group Fs_1 of rank
s — 1. A selection of generators xi,...,xs_1 corresponds to an isomorphism i :
Fs—1 — Gal(#/Q(t)), such that i(x,) (1 < v < s) generates the inertia group of
some place &, of .# extending the place P; of Q(t).

We have the following exact equence:

(5) 1 —— Gal(.#/Q(t)) — Gal(.#/Q(t)) — Gal(Q(t)/Q(t)) — 1
|| 1=
Ss—1 Gal(Q/Q)
Every element p € Gal(Q/Q) gives rise to an element p* € Gal(.#/Q(t)), and to an
automorphism z — p*zp~! € P(Fs_1), as it is proved by Thara [22 p.52] . Using

a Mobious transformation we can assume that the set S consists of the elements
Oa 17 >\15 Tty A5737 Q.
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3.5. The profinite representations.

3.5.1. Magnus embedding. We will explain now the Magnus embedding following
[27]. This is given by the map
3571 — Zl[[ula uz, ... 7u571]]nc

of §s—1 into the “non-commutative” formal power series algebra (z; — 1 + w; for
1<i<s—1). Let $ denote the abelianization of Fs_1, and H the abelianization
of Fs—l

H:=gr(Fs—1) = Hi(Fs-1,Z)  $H=:gr(Fs-1) = H1(Fs-1,2Z¢) = H @7 L.
The term gr; above has its origin on the graded Lie algebra corresponding to a
(pro-¢) free group, see [23, p. 58] and [31]. Following [27], [35] we consider the
tensor algebras

T(H)=PH, T(H) =",
n>0 n>0
where §° = Zy and H%" := H Rz, -+ @z, H (n-times) (resp. H’ = Z, H®" =
H®y---®zH)). Ifug,...,us—1 is a Zy basis of the free Z;-module §, then
T(fj) = Z5<u1; B 7u571>5
is the non-commutative polynomial algebra over Z;.

We will denote by T'($)) the completion of T'($)) with respect to the m-adic
topology, where m is the two sided ideal generated by ui,...,us—1 and £. This
algebra is the algebra of non-commutative formal power series over Z, with variables
ULy, Ug—17"

() = [[ 2" = Zelur, . .. usr).

n>0
Let Z¢[[§s—1]] be the complete group algebra of §Fs_1 over Z;, and let
€z,((5. 1)) * Zel[Ss—1l] = Ze

be the augmentation homomorphism. Denote by Iz,(z,_,) := kerez, 3 the aug-
mentation ideal. The correspodence x; — 1 + u; for 1 < ¢ < s — 1 induces an
isomorphism of topological Z-algebras, the pro-f Magnus isomorphism.

0 : Z[For]] — T(5H).

For an multiindex I = (iy,...,is—1) we set o1 = x4, ---a;._,. The coefficient of z;
in ©(«) is called the Magnus coefficient of o and it is denoted by

O() = ez, (3. (@) + > pll,e)zr.
1121

For certain properties of the Magnus embedding and a fascinating application to ¢-
adic Milnor invariants we refer to [35] chap. 8], [27] sec. 3.2]. Consider the Magnus
powerseries of w;(g)

(6) wilg) =1+ Y g, D),

I=(i1,.. - i¢)
1<iq .y ig<s—1

the coefficients ju(g, I) are called the ¢-adic Milnor numbers of g € Gal(k/k).
The group P'(Fs_1) can be fully described in terms of the map:

(7) D:PYFs 1) 20+ D(0) = (wi(0),wz(0),...,ws_1(0)),
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with the additional condition

(8) o(x1+ Ts_1) =1 Ts_1.

Remark 3. Observe that each w; (o) satisfies the derivation condition:
(9) wi(oT) = ow; (T)w; (o).

3.5.2. The commutative Magnus ring. In this article we will consider actions of
Aut(Fs_1) or Aut(Fs—1) on certain Z-modules (Z;~modules) M defined as quotients
of subgroups of the (pro-£) free group. For example on F2; or on §2P,. Since M is
an abelian group (we also choose to write M additively) we have that M = R/R/,
where R < §s—1 (or R < Fs_1).

Remark 4. For us the commutator is given by [a,b] = aba='b~1.

By considering the action of w; € T(H) on Fs_; (resp, the action of u; € T(.V))
on Fs_1) by conjugation by the element x; = 1 4 u; we can see that the conjuga-
tion action of the free group is equivalent to a T'(H)-module (resp. T'($)-module)
structure on M. We would like to have the following property:

(10) ab-m =ba-m, for all a,b € T(H) and m € M.

Lemma 5. If M = R/R' and §,_, C R (resp. F,_, C R). then the induced
conjugation action on M satisfies eq. (I0).
Proof. We compute
abrb™ra™t = bala 0" rlam 07 e 0T
So a necessary condition for eq. ([I0) to hold is [R,§,_;] C R” (resp. [R,F!_4] C

R"). This condition is satisfied if §,_; C R (resp. Fs_1; C R) then eq. (I0)
holds. 0

Therefore, if the assumption of lemma [B] holds, instead of considering the action
of the non-commutative ring T'(H) (resp. T($)) it makes sense to consider the
action of the corresponding abelianized ring.

Definition 6. Consider the commutative Z-algebra of formal power series
o = Zoflui:1<i<s]]/{(1+u)(1+uz) - (1+us)—1)
(11) & Zollu;: 1 <i<s—1]].

The algebra &7 is the symmetric algebra of §) over Z,, and there is a natural map

T($) = Sym(9H) = <.

Remark 7. As we noticed already the action of o € Gal(Q/Q) can be described

in terms of the cocycles wy(0),...,ws—1(c). But then we can find elements
wl(g)a s awsfl(o') €

such that

(12) o(zi) = wi(o) - 25,

Therefore, in order to understand the action of Gal(Q/Q) on M (keep in mind that

M is a quotient of §s_1) it makes sense to consider the o/-module structure of M.

If M is not a quotient of §s_1 but a quotient of a subgroup of R <1 §s_1, fitting
in a short exact sequence

1-R—>3Fs1—>1T—1
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then we will consider instead of the ring .« the ring &% = Z,[[R/TY], see section
A1l Notice also that the ring &/l is commutative if and only if R/T is abelian.

Remark 8. We can also consider the ring

A Zlug =1 <4 < s/ (T +ur)(14+u2)--- (1 +us) — 1)
(13) > Zu:1<i<s—1].

The later ring can play the role of ./ for the case of mapping class group actions
on surfaces. The inclusion A C & is in the formal closure with respect to the zero
ideal, [19] 11.9].

Remark 9. In the classical theory of Magnus representations we consider auto-
morphisms a of the free group Fs_; and a map ¢ : Fs_1 — A (resp. §s—1 — &),
such that a keeps invariant the fibres of ¢, see [6, p. 115]. This restriction implies
that the multipication interpretation of the braid and absolute Galois group gives
rise to a linear representation on the module M, i.e. the ring A (resp. &) is left
invariant under the action of braid (resp. absolute Galois group). For instance the
action as given in eq. (I2)) is not given by a module action, unless ¢(c) = 1. In
particular such an action does not give representations in general linear groups but
cocycles.

Following Thara we will analyse several Braid and Galois representations using
the ring &7 as we will explain in section [5.G.11

3.6. Absolute Galois group as a mapping class group. Consider a surface
S (connected, closed, orientable), and let Homeo™ (S) be the group of orientation
preserving homeomorphisms of S and let Homeo” (S) be the connected component
of the identity in the compact-open topology. The mapping class group Mod(S) is
the quotient
Mod(S) = Homeo™ (S)/Homeo?(S).

Let Dy_; denote the disc with s — 1 marked points and Ds_; be the disc with
n-holes seen as boundary components.

The mapping class group Mod(D;_1) is the pure braid group, while the mapping
class group Mod(D,_1) is the framed pure braid group J%_1 = Z*~ x P,_1, [1],
[42] th. 7.6], [I4, chap. 2 p. 45].

Remark 10. The spaces Ds_1 and D._1 have the same fundamental group, but
different mapping class groups.

Remark 11. We would like to point out that the framed pure braid group 5¢;_1 is
a subgroup of the frammed braid group Z*~! x B,_;. The quotients Z/dZ x Bs_1
were proposed by Kapranov and Smirnov [25] as analoga of GLs_1(IFy4[t]), where
F; is the mythical “field with one element”. In this sense Zy x Bs_1 is the analogon
of GLs_1(F;). We believe that arithmetic topology should provide intuition for a
definition of ;.

We can now provide one more similarity between knots and braids: Both are
isomorphism classes of group elements in either B,_; or Gal(Q/Q). Moreover
elements in the braid group are acting like elements in the mapping class group of
the punctured disk i.e. on the projective line minus s-points. The braid group acts
like the symmetric group on the set of removed points ¥ and acts like a complicated
homeomorphism on the complement D,_; of the s — 1 points. In exactly the same
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way, the group Gal(Q/Q) acts by permutations on the set of the s — I-points
(infinity is invariant) according to the action of the galois group Gal(K/Q) and on
the complement ]P’(lQ — Y acts in a quite mysterious way.

Remark 12. The pro-£ free group and the corresponding automorphism group is
an interpolation of the discrete group, i.e. Fs_1 < §s_1. The situation is analogous
to rigid or formal geometry, [I9, chap. 9], [16].

4. UNIFORMIZATION OF RAMIFIED COVERS OF P!

Consider a curve Y which can be seen as Galois ramified cover 7 : Y — P! with
Y ={P,..., P;} ramified points and with Galois group Gal(Y/P') = G. The open
curve Yy = Y — 7 1(X) is a topological cover of X, = P! — ¥ and can be seen as a
quotient of the universal covering space X, by a free subgroup Ry of the free group
m1(Xs, o) = Fs—1, where s = #3X.

The free group Ry can be effectively computed using the Reidemeister-Schreier
method [33] sec. 2.3 th. 2.7]. Notice that there is also a profinite version of
the Reidemeister-Schreir method, see [39, th. 3.6.1]. In this way we arrive at a
presentation of the group Ry. We also know that the group Ry admits a presentation

Ro = (a1, b1,...,ag,bg, 71, -, ¥s[7172 - 7s - [a1, bu][az, ba] - - [ag, bg] = 1),
where g is the genus of Y. By the short exact sequence
1> Ry—Fs 1 —G—1,

we see that there is an action of G on Ry modulo inner automorphisms of Ry and
in particular to a well defined action of G on Rg/R{, = H1(Yy,Z). Therefore the
space Hi(Yp,Z) can be seen as a direct sum of indecomposable Z[G]-modules. But
H,(Yp,Z) is not just a Z[G]-module. It is also equipped with an action of the braid
group. For example the Burau representation appears in this way.

We will use two methods in order to see the group RSb as a G-module. The
first one is to compute in an explicit form R, as a subgroup of the free group using
the Reidemeister-Schreier method and the other one is using the Crowell exact
sequence.

The completed curve Y has a fundamental group which admits a presentation
of the form

R = (a1,b1,a2,ba, ..., a4,bgl[ar, b1][az, bo] - - [ag, bg] = 1)
<Fyla' . 575>'
There is the following short exact sequence relating the two homology groups:
(14) 0= (n,..y7s) = Hi(Yo,Z) ———— N1 (Y, Z) ——— 0
1= =

Ro/R) — R/R = Ro/Ry(71,..-,7s)

We are also interested for the action of the group GG, and the action of the braid
group and the action of the absolute galois group on the homology of the complete
curve Y.

Convention 13. Given ey,...,e; elements inside a group E we will denote by
(e1,...,e) the closed normal group generated by these elements. In the case of
usual groups the extra “closed” condition is automatically satisfied, since these
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groups have the discrete topology. This condition has an meaning only in the pro-¢
case.

The elements 71, . .., are fixed by some 1 # g € G. Indeed, every such element
circles around a branch point so it is fixed by an element of the Galois group G.
This is in accordance to the fact that the action of the automorphism group of a
compact Riemann surface on the homology is faithful [15, V.3 p.269], so the fixed
elements have to be factored out. More precisely we can compute the group I' as
follows: The elements x1,...,xs correspond to small paths circling around each
point in S. Therefore we can take v; = x;*, where e; is the ramification index in
the branched cover Y — PL. Consider the group

I' = the smallest closed normal subgroup of §s_1

containing all v; for 1 <4 < s. Conversely, the group Rg is given by R+ {71, ...,7s)-
Consider the space X, = P! — {Py, ..., P;} with fundamental group

7T1(]P)1 —{Pl,...,PS}): <{E1,...,IS|I1 Xy Tg = 1> ngfl.

The open curve is a quotient of the universal covering space X, by Rop and the
closed curve is given as the quotient H/R,

X, H
N
Y

For the sake of simplicity we will write only the pro-¢ case and the case of usual
discrete groups can be treated in a similar way, one has to replace all Z, with Z in
the discrete case.

4.1. Crowell exact sequence. The group Fs_; is isomorphic to §s/{x1 - xs).
We have the short exact sequence

(15) 1= Ro/T=R—§s1/T -5 H— 1.

If we also assume that §._; C Ry, then the group G = §s_1/T" admits the presen-
tation:

(16) G=(x1,...,zx5lz7' = =z =x1- x5 =1),

therefore the group H is isomorphic to a quotient the abelian group Z/e1Z x - - - x
Z/es_lz.
We will use the Crowell Exact sequence [35] sec. 9.2, sec. 94],

(17) 0 (R)™ =R/R 25 a7 2 BT 247, 0,
where
o0 = 7,([H]],

and ﬁ%f’r is the Alexander module, a free Zg-module

At = P ¥ dg | /(d(g192) — dgr — ¥ (g1)dga : g1, 92 € Fo1), -
9gESn
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The map 6; : R* — ﬁ%f’r is given by
(18) R 51— dn.

Proposition 14. The module szf’r admits the following free resolution as an
B -module:
(19) A N P A

where s is the number of generators of G, given in eq. (I8) and s+ 1 is the number
of relations. Let B1,...,Bs11 € V. The map Q is expressed in form of Fox
deriatives [0, sec. 3.1],[35, chap. 8], as follows

ozt ox2? dzcs Oy -er
B ’lb’]T amll d]ﬂ- 8:621 e ’lb'ﬂ' amml ’lb'ﬂ' Iémlws /B
1 ozt dx? oz Oxq--- 1
. wﬂ— 8LE12 '(/Jﬂ- 6122 e wﬂ— 822 wﬂ— malwgms .
A Bt . . . i
Bst1 Bs+1

;r)mel émez s m ..
wﬂ—(amls) ’@/17T(8;5> ’lﬁﬂ' (%ml) ’lﬁﬂ' (8 ézs S)
where 7 is the natural epimorphism §s — G defined by the presentation given in
eq. (I4).

Proof. See [35, cor. 9.6]. O

Ifineq. @) R=3. , and I = {1}, then @S-t} = Z[[uy, ..., us_q]] = #,
as defined in eq. (II)).

To summarize, the Alexander module .;sz T can be computed as a cokernel of
the function Q:

s+1 s s s

(200 T =cokerQ,  (0)T = Z[H]FT L Z[[H]) = (7T)".
The exponents in the above formula reflect the fact that the group G is generated

by s + 1-relations over s-free variables.

Proposition 15. If T' = {1} in eq. (I3) the Crowell exact sequence gives the
Blanchfield-Lyndon exact sequence:

s—1 {1}
0— (R)™ — (%R*{l}) Ay B2 7, 0.

Proof. See [35, p.118] for the discrete case and the pro-£ case follows similarly. O

Example 16. Assume that in eq. (5 the group H = (Z/¢*Z)*~!. Let My be the
smallest closed normal subgroup of F._; generated by z¢ ...z’ . The group
G =Fs-1,1 = Fs—1/Rk admits the presentation:

4
5571,k2<l“1,---,33s|331 ==z :3:1-~-3:S:1>.

Denote the images of the elements z; in H by Z;. It is clear that Jz{fs’l’m’“ is a
free Zg-module of rank s(£#)(*~1) — rank(Q). Observe that o7 Ss-1:% = 7,[[H]| is
a free Zy-module of rank (£¥)5~1 since it contains elements

F-1 _ .
(21) Z ai17...)i371j111 o jz55—7117 where Qiy,.onyig—q € Ly.

i150e0yts—1=0
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By induction for 1 < j < s can prove

8fo 2 k-1
dx; =0i(l+mi+ai+-Fa )
0r1x0 - - Ty
(22) % =2y T
J

Set ¥y =1+x;+ -+ asz_l. The map Q in eq. (20) is given by the matrix [35]
cor. 9.6]

X 0 -0 1 8 X181 + Beta1
RN YoBo + x18s41
Do o0 ; :
0 e 0 ES T1To - Ts_q ﬁs"l'l Esﬂs+$1"'l‘571ﬂs+l

where §; € /St for 1 <i < s. Let Z; denote the image of z; in the group H.
Observe that

k k
(I+Z+22 4+ +2 D =1+34+---+z0 !

If B; is expressed by eq. (2I)), then the product §;%; is given by

k-1 - k-1
. . — _il..._iv..._i‘sfl Y. -
Bi%; = E , Ly z; Ts_1 E X% iy, -
i1,eidyeeyis—1=0 v=1
k-1 - k-1

_ —i1 —7:1' —is—1 oy X
= E , R | E iy, iy -
v=1

B yeenylyennybs—1=0

In the above product the = symbol denotes omitting the corresponding factor.
Therefore, the space of the above quantities depends on (¢¥)*~2 parameters and
is an element of the module

i Ze[(Z/072)° 1)) = Z[[(Z/072)° ).
The image of the map @ equals to the space generated by elements

Y16 1
9B x1

. s+1
Esﬁs Ty Ts—1

The first summand is a free Z,-module of rank s(¢#)*~2 and the second summand
is a free Zg-module of rank (¢¥)*~!. Also their intersection is just Z,.

We therefore arrive at the computation of the rank of Q{fsflﬁk:
(24) rankz, o/0 T = 5(0F)71 < 5(08)7% - ()1 41
= (5= DE) T = ()T 1

From the exact sequence given in eq. (I7) and the rank computation given in eq.
@4)) in example [T6] we have:

(25) rankg. /30, = rankzzdfs’l’m" — rankzz.dgsfl’m’“ +1
= (s —2)(£")*71 42 — s(LF)s2,
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This result coincides with the formula given in eq. ([@2]).

ok Rk

Example 17. Let us now compute .;sz and Ryx is the the pro-£ completion

of the group generated by
{xixjxfifl :2<j<s— 1,0<i</ek— 1}.

These groups will be studied in detail in section We have the short exact
sequence
1 = Rpe = Fs1/Rp — Z/1F7 — 0.
We compute o7 BBk = 7,[7/FZ], which is an Z,-module of rank ¢¥. On the other
hand observe that the Z,-module ,Q{f"k Mg given by exactly the same cokernel as
the module .&7Ss-1:%%_ The only difference is that Jz{fs’l’m’“ is a Z[[(Z/0kZ)*~1])-
module while ﬁ%fs’l’m’“ is a Zy[[Z/¢*Z])-module.
So following exactly the same method as in example [I6 we conclude that
rankze%f”’%k =slF—s—F41=(s—1)F—s+1.

Also, as in the previous example exact sequence given in eq. ([T) and the rank
computation given in eq. ([24]) in example [I6 we have:

ok Rk

rankRyx /Ry = rankzldf — rankg, .o/ B e 41 = (5 — 2) (0% — 1).

This result gives twice the genus of the curve corresponding to R« and is in accor-
dance with the formula given in eq. (32).

4.1.1. Alexander modules after quotients. Let T" be a normal closed subgroup of
Fs—1. Consider the diagram:

1 ./9—1 gsfl 3571/3;_1 —1
%’{57 - 33— 175'57
1 Fl T - 5’571} 1
We have
S0 = Zy[[Fo1 /ooy  T]
and

St = Z,[[F20 )] = Zlfua, - usa]] = .

We also consider the free resolution of Alexander modules

Ql "Q{S 1111 JZ{571 0

L

, s+1 , s ’ r
e R e I A

o

where Q1, Q2 are the maps appearing in eq. ([9). In particular the map @ sends
%96’—}6-(1,,%1,...,1:1 '$2"'$S_1)

according to the computation done in eq. ([22). The vertical map ¢ is onto. The

image ¢3(a) for a € Jz{fs’l’{l} is defined by selecting b € &7° such that 1, (b) = a,
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and then ¢s(a) = 13 0 ¢a(a). This definition is independent from the selection of
b. The vertical maps are reductions modulo I'. We have

(26) ker(¢s) = 11(¢; ' Im(Q2))-
The corresponding Crowell sequences are given:
(27)
0 —g%*l o5 o Ze 0
s—1
J¢ J/¢3 J{modl‘
’ ab ’ / ’
06— (B57) = fr T ST 0
Vs—1
We have

Fo_1 TNFy
1! °
s—1

kerg =

4.1.2. Relating Alexander Modules. Assume that §._; C R C §s—1. To the com-
mutative diagram

1 R Fei/T—2 23 /R T— 1

| ]

l—b S/sfl—>Ss—1/1—‘—>gs—l/gl5,1'F—>1

we can attach two related Crowell sequences:

0 R ot o BT Z 0

Joood T

’ T ,
0——3F._,/ '5'71—%‘2{5 —— St — 7, ——— 0

s—12

The map 60 is well defined with kernel R’/F”_;. The map 65 is defined from the
two corresponding free resolutions:

ZollR/T)H —2 Z[[R/T) —— T —— 0

T

Zal[§s 2/ =2 Zal[§ o /TI)* T ) ——0

Indeed, for a € @7~ we select any b € Z[[F,_,/T]]* and we set
O2(a) = 71 o Pa(b).
Then 65 is well defined, i.e. independent from the selection of b. The kernel of 65 is
ker(fa) = mach; * (Im(Q1))-

The map 6 is onto. Indeed, for a y € Jz{f’r we choose an element b € ;' ({y}) C
Z[[R/T)]* and since ¢y is onto and element b’ € ¢ (b). Then, Oa(m (b)) = y.
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Observe also that both ﬁ%f’r and @/%+-1T are the cokernel of the same set of
equations since the matrix @) depends only on the quotient §Fs_1/I". The difference
is that they are modules over different rings.

4.1.3. Holomorphic Differentials. We can pass to representations to spaces of holo-
morphic differentials by dualizing:

H,(Y,Z¢) = R* = (Ry/T)* = Ro/R\T = H, (Yo, Z)/T.

Short exact sequence in eq. ([IT) can be dualized to an exact sequence as

0 — Homyg, (ker(e ), Q¢) = Homg, (4, Q¢) - Homg, (R*™ ®z Q¢, Q) = 0

i%

HO(Y,Qy)

5. APPLICATIONS TO CYCLIC COVERS OF THE PROJECTIVE LINE

In this section we will perform explicit computations for the case of cyclic ram-
ified covers of the projective line. The first author considered the automorphism
group of these in [28] and also considered the field of moduli versus field of definition
in [, [29].

There is a recent interest for these curves with respect to the action of mapping
class groups. In [34] C. McMullen considered unitary representations of the braid
group acting on global sections of differentials of cyclic covers of the projective
line. Also W. Chen in [I0] motivated by the fibration of cyclic groups studied the
homology H.(Bs,Vs), where V, = C[t,t~1]*72, where B acts on C[t,t"!] in terms
of the Burau representation.

Here we will see a more natural approach using the action on homology and
Thara’s philosophy. This aproach was also mentioned in the article of McMullen on
page 914 after th. 5.5. We believe that the details of this computation are worth
studying.

Let S be a compact Riemann-surface of genus g. Consider the first homology
group Hi(S,Z) which is a free Z-module of rank 2g. Let H°(S,{s) be the space of
holomorphic differentials which is a C-vector space of dimension g. The function

H(S,Z) x H°(S,Q5) — R
YW = <%w>:Re/w
v

induces a duality H;(S,Z)®R to H°(S,Qs)*, see [30, th. 5.6], [18, sec. 2.2 p. 224].
Therefore an action of a group element on H;(S,Z) gives rise to the contragredient
action on holomorphic differentials, see also [15, p. 271].

Recall that X denotes the projective line minus s-points and X, denotes the
universal covering space. Let Y be the covering coresponding to the commutator
group F!_;, therefore Gal(Y/X,) & Fs_1/F._y = Hi1(S,Z). The braid group
Bs_1 C Aut(Fs_1) acts on Hy(X,,Z) and leaves a rank 1 subspace I invariant.

In this section we choose to work with the discrete groups Fs_;. The pro-¢ case
follows similarly.

Definition 18. Consider the projection
0—=1— H(Xs,Z) 5 Z—0
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and let Cs be the curve given as quotient Y/I, so that Gal(Cs/X,) = Z. The map
w is the winding number map which can be defined both at the fundamental group

and its abelianization by: (1 <41,...,4t < 8,4;,,...,4;, € Z)
0, 0 :
i i £
w:m(Xs) —Z xillxi; syt ey Z&u'
p=1

We have the following commutative diagram:

Xs ~_ Then Hy(Cy,Z) = Ro/R), where Ry = m1(C}) is the

free subgroup of Fs_; corresponding to Cs. Moreover
H,(Cs,7Z) is a Z]Z])-module acted on also by Bs_1 giv-
ing rise to the so called Burau representation:

\Y
/ p:Bs 1 — GL(s — 1,Z[t, t7]).
C

It is known that the space H1(Cs,Z) is a free Z[Z)-
module of rank s — 2. Keep in mind that Z[Z] =

y x.z LIt t~1]. In what follows will give a proof using the
Reidemeister-Schreier algorithm.

Ry

stl

S

Lemma 19. The group Ry (is an infinite rank group) is given by
(28) Ry = {ziwje; ™ 1icZ,je2,...,s—1}.

Proof. Consider the epimorphisms

’

Foy —— FoyJFl_ ——Z= (Y, X,)/T.
\/

Set w = p” o p’ Let y be an element in w=!(1z). By the properties of the winding
number we can take as y = x1. Moreover w(z;) = y for all 1 < j < s—1
since the automorphism x; <+ z; is compatible with I and therefore introduces an
automorphism of Z, so w(z;) = y*!, and we rename the generators z; to 3:;1 if
necessary.

Let T := {yl 11 € Z} C Fs_1 be a set of representatives of classes in Fy_1/Rg &
Z. For every x € Fy,_1 we will denote by Z the representative in 7. Moreover for
alli € Zand 1 <j <s—1 we have ﬁ = ¢*1 and by the Reidemeister-Schreier
algorithm [33] sec. 2.3 th. 2.7] we see that

_ -1 _ _ _ ,
{y'z; (ylxj) =ylajy Yy = {2lwe T i€ Z,5 €2, 5 — 1)
O

Remark 20. The action of y on Ry/Rj is given by conjugation. A generating set
for Hy(Cs,Z) is given by the s — 2 elements 3; := x;x;'. Moreover the action is
given by

1

n -1 _ n —n—
t" - riry T = wiwiry ,

i.e. that Hy(Cs,Z) is a free Z[Z]-module of rank s — 2.
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Let us now consider a finite cyclic cover Y,, of X

X, which is covered by Cs, i.e. we have the
diagram on the right bellow: Ro v
I

Lemma 21. The group R, = m1(Y;,) D Ry is /
the kernel of the map wy,

Cs
/”x
m(X) - Z —— Z/nZ. z i/L
Proof. This is clear from the explicit descrip- /
Z/nZ Hy(Xs,Z)

tion of the group Ry given in eq. (2J). O X,
Lemma 22. The group R, is generated by

Rn:{xixjxl_i_l :Ogign—2,2§j§s—1}U{x7f_1:17j 1 <j<s—1}.
which is a free group on v = (s — 2)n + 1 generators.

Proof. In this case the transversal set equals T = {y*: 0 < i < n — 1}. Moreover

: {y“‘l ifi<n-—1
y'ry =

1 ifi=n-—1.
The desired result follows. O

Remark 23. The above computation is compatible with the Schreier index formula
[8, cor. 8.5 p.66] which asserts that

(29) r—1=n(s—2).

Remark 24. The space H1(Y,,Z) is a free Z[Z/nZ]-module of rank s — 2 with

basis 8; = zjx] .

Proposition 25. The action of the braid group on Hy(Y,,Z) is given by special-
ization of the Burau representation to t — (,.

Proof. Consider the short exact sequences for the free groups Ry, R,, corresponding
to the curves Cy and Y,,:

1— Ry —— Fs1 Z 1

]

l— R, —— Fs 1 ——Z/nZ ——1

which gives rise to the sequence of Alexander modules

0—— Hy(Cy,Z) = R&> — L zj7)s1 Z[Z] Z 0

L

0 —— Hy(Yp,Z) = R — 5 2[2/nZ)* —— Z[Z/nZ) —— 7 —— 0

The image of the elements §; = x;z; " under dy and d,, are given by the vec-
tors (—1,0,...,0,1,0,...,0) where the “1” is at the j-th position. The vertical
maps 61,0 are both reduction mod n sending an element Z[Z] = Z[t,t 7] to the
corresponding element in Z[(,] by evaluating ¢ — ,. d
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5.1. The Burau Representation. Consider the action of a generator o; of B,
seen as an automorphism of the free group, given for 1 <1i,7 < s—1 as

x; ifj#4d,i+1
oi(z;) = ¢ z; itj=i+1
.IiIiJrl.Ii_l lf] =1
Therefore the conjugation action on the generators ; = azj:zl_l of R, seen as a
Z|Z)-module, is given for j > 2 by:
0j(Bj+1) = 0j(zja2y") = zjay’ = B,

_ N N T | 2.2 1 1
0j(Bj) =0j(xjay ") =xj - Tjp1 ;X =Xy TITj1T] TIT,; Ty

= Bjw1Bjpzy ' Byt = B85, B
Also in the special case where j = 1 we compute:
01(B2) = o1 (o) = @1 - vy ey = By,
and if 4 > 2
o1(8i) = o1 (e ) = @y - wyay eyt = wppy - mm ey tey = BByt

We now compute the action on the Z-module R/R/, so the §;, 3; are commuting
and we arrive at the matrix of the action with respect to the basis {82, ..., 8s—1}:

Id 1—t —t —t
1—¢t 1 0 1 0

gj " 0  if j;élandoll—>

Id () .0 1
Lemma 26. The action of t on B; commutes with the action of the braid group.
Proof. It is obvious that for o; j > 2 and a € Ry we have
oj(a") = oj(z1a27") = w105(a)a’ = (0(a))".
For o1 we observe that
oj(a") = or(zraxy") = mazoxy tor(a)zray !t = 31 Br01 (a)By !
= z101(a)z; ' = (01(a))’,
since o1(a) is expressed as product of 3, and the elements §; commute modulo
Ry. O

5.2. The profinite Burau representation. Let C; be the curve given in defini-
tion I8 The fundamental group Ry of the curve C; is computed in lemma 2§ and
fits in the small exact sequence
1— Ry — Fs—1 — Zy — 0.
We will now employ the Blanchfield-Lyndon exact sequence given in proposition
LLO)
ab 0 s—1 d ez,[1Z,]]
0= (Ro)™ 2 (Z[[Ze]]) " 5 Z[[Z2]] 5" 2y — 0,
since &/ fo-l1} = 7,[[Z,]]. The image of R3® in Z,[[Z]], according to eq. (I8) is
generated by the images of the elements, for 2 < j <s—1

d(z; - 2y") = daj —p(a;)day ' = dxj — day.
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The above elements form a basis of the image of ; in the free module Z[[Z]]*~*.
In this way we see the profinite Burau representation as a linear representation:

p: Gal(Q/Q) — GLs_2(Ze[[Z4]]).

Remark 27. The Z,-algebra Z[[Z]] is a ring containing all formal infinite expres-
sions of the monomials t*, a € Z,. It contains the Z-algebra Z[Z] = Z[t,t~'] which
appears in the discrete topological Burau representation.

Lemma 28. We have
(30) wpay" = B 8L B B

Proof. Indeed, for n =1 the result is trivial while by induction

n,_—n "2 1 -1 tn2 1 t  qt? gt

O
We would like to study the dependence of the matrix of p with respect to the
N (o)=L, Let us
analyse w;(0) € §s—1: Assume that w;(o) = lim, wgn), with wgn) € Fy_1. We
write

Magnus powerseries in eq. (6). We have that o(z;) = w;(0)z

(n) ai; Qi Gigi

w; =T 71 [N

Let us introduce the following notation: For a word
L Lo

w =T {E“ Ty Tt

denote the contribution to exponents corresponding to the generator x;, by

and the total contribution
igl
[T
Blw) = e = 3T
i =i i =i
We have assumed that w; (o) starts with a power of 21 with possibly a zero exponent.
We write

-1 Nt o it o
(n) _ a1 @ip,i —@i,i—01: a1,i+0iq,i D=1 Gigei g, T 2eig=1 g Dii—n Gigi
w; =Ty Ty Xy Ty Ty i, L1 Ty
-1 i
t $i1,i T 01, + $%ig,i L tzijzl @it Zij-:l Giji
— By - B, - Bl Y (B, - B B ) )
Therefore

o n o n - o @ig,i T 49,0
=t ) (o) 0

i1

t (i, il =1 Pig,i " (N (e)—1 tzi;-:l Pig,i
(B B BT (BB
it—1
t paigi=ty g D TRi=1 g t tdini Tt _gN(@)ta1i  N(o) —N(o)
(Bi- i Piy ) o (Biy i Py ) ]

o a1 o ~
B ﬁﬁQ (wgn))(l—tN(U)) Zuié 1 w ﬁ5871(w£71))(1_tN(o)) ZU(ZbO it Btv” (w;")) Zi\’:(g) 1y
e 2 PR S_l . 1/

We have proved the following:
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Proposition 29. The matriz of the representation of o acting on H1(Cs,Z) is
given by:

N(o)—1
(l—tN("))- lim Ay, + Z ¥ - diag (£72¢, %, V0, 10D
v=0
where .
(n)y 2 () 2 (n)y 22T
va(wy) D tr wa(wy ) X t¥ Us—1(wy ) Xt
v=0 v=0 v=0
aj2—1 .1113*1 aj,s—1—1
A= | wm@™) £t @) Lo sea@) L
v=0 v=0 v=0
(n) as—1,2—1 (n) as—1,3—1 (n) as—1,5—1—1
v(wgy) > tros(wgy) Y.t vsoa(wgly) > tv
v=0 v=0 v=0

5.3. The compactification of cyclic covers. Consider the complex compact
Riemann surface corresponding to the cyclic cover of the projective line given by:

S

(31) y' =l  (din)=1
i=1
S
where > d; =0 mod n, so that there is no ramification at infinity.
i=1
Riemann-Hurwitz theorem implies that

(n—1)(s—2)
(32 g=tt=2
which is compatible with the computation of » = 2g + s — 1 given in eq. (29) and
also with the results in example [I7
This curve can be uniformized as a quotient H/T" of the hyperbolic space modulo

a discrete free subgroup of genus ¢, which admits a presentation
r= <CL1, blv az, b27 -5 Qg b9|[a17 bl][QQa b2] T [a!]v bg] = 1>
On the other hand side, when we remove the s-branch points we obtain a topolog-
ical cover of the space X, defined in the previous section. This topological cover
corresponds to the free subgroup of R,, < Fs_; given by
Rn = <a17b17a27b27 .. '7agab97717 cee 7’78|7172 s [a’l7b1] o [a’gubg] = 1>
Proposition 30. The Z-module R, /R, as Z[Z/nZ]-module is isomorphic to

Ry/R;, = Z|Z/nZ)* > P Z.

Proof. Set 8; = xjxy " for 2 < j < s — 1. Then the action of Z/nZ = (g) on B; is
given by
'l
By = gla a7
It is clear that for each fixed j, 2 < j < s —1, the elements ﬁ;.]e generate a copy of
the group algebra Z[Z/nZ]. By the explicit form of the basis generators given in
lemma [22] we have the alternative basis given by

(33) {glzja;"1:2<j<s—1,0<i<n—1}uU{a}}.
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The result follows. g

Lemma 31. The Z/nZ-invariant elements of R, /R., are given by multiples of
{z}:1<i<s—1}.
Proof. Observe that an element in the group algebra Z[{g)] is g-invariant if and

only if it is of the form E;:Ol ag® for some a € Z. Hence the invariant elements are
multiples (powers in the multiplicative notation) by

2 n—1
939 g _ M
BBy By - By =xja
Since x7 is invariant the result follows. O

The elements ~; are lifts of the loops x; around each hole in the projective line.
Thus v; are Z/nZ-invariant. Set ; = z'. The quotient Z[Z/nZ]/ (Z?:_Ol g') is the
augmentation representation.

Lemma 32. We have
_ _ 2 n—1 n _4n _yn—1 42 _
l’Zﬂﬂil’knl’ll :[3k.g£.g£ g;; .gf .5kt .5kt ...gkt .5kt
Moreover in the abelian group R/R’ we have
1—t"

n —n_ . —1 __ pt"
rprixy "y =B By

Proof. Write

Ry "oyt = afay " ataey tey e e !
—1
_ t . gt "t ong —n t . gt A -1
= Br-BL-pL Bl al By éUl(Bk'Bk' ..t a7

tnfl

- 5k.5]§.5;€2... ’ .Bf".ﬁk—t".5l€—t"*l...gk—t2.5k—t

Lemma 33. The subgroup of R, /R, generated by Z/nZ-invariant elements
{of,2fey":2<j <s-1}
is tnvariant under the action of the braid group.

Proof. By lemma 28 we have

1 n—1

1\n n,,—n
) =T Xy Ay

o1(2]) = (w1xex] )" =21 - 2§ - 2]
t  at? tn -1 t  at? n
=a1-P2- By Py By cay ) =0y By By
n—1 _
=P2-By---f5 -ab =aba" -y =ah

o1(zh) =zt o1(a}) = 2 (i > 2).

1

. . (T _ o -\n,.,—n _ . _..n =1 —n
For j > 2: oj(afay™) = (vjzjpmxy )"oy" =z 2, -2 -2

-1 n —n\,—1 n -1 -n

= mjzy cw(afay ey may a

n —n
Tj+121

n

oj(z}) = oj(xja")o;(al) = x4,
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Consider now the space

- R, R,
Hy(Y,,Z) = = .
i ) R - {v1,...,ys) R -(xf,....27)
Observe that R, /R., - (v1) = Z[Z/nZ])*~2. Since (y1,...,7s) is both Z/nZ and B
stable we have a natural defined action of By on the quotient. We compute now

the action of the braid group on Bfi = xﬁxjxfifl. We can pick as a basis of the
Z-module Hy(Y,,Z) the elements

{[3? =iz T 2<j<s-1,0<i<n-2}
and equation ([B0) written additively implies that [3;»%1 =— Zg;g B;V.
Consider the augmentation map

Z[Z/nZ) ———— 7
S aig —— Y a

which has kernel the augmentation ideal I,z generated as a Z-module by elements
(¢v =1:1 < v <mn-—1). Observe that [3;-”_1 = [z}, x;]. It is well known (see,
[36, Prop. 1.2]) that Z[Z/nZ] = Iz, & Z. Therefore Hy(Y,,Z) = 12732- Notice
that the above Z-module has the correct rank 2g = (n — 1)(s — 2). The direct
sum is in the category of Z-modules not in the category of Bs-modules. Also on
the augmentation module /7,7 the generator of the Z/nZ is represented by the
matrix:

0 0 -1
(34) A= 1

0o . 0 -1

0 0 1 -1

which is the companion matrix of the polynomial 2"~ + --- 4+ 2 + 1. One way to
represent Iz/,7 is in terms of the Z-module Z[¢], where ( is a primitive n-th root
of unity, i.e.

n—1
zi() = Pz,
v=0

and the Z[Z/nZ]-module structure is given by multiplication by ¢. This means that
eachﬁf for2<j<s—1and0<i<n—1ismapped to ('

Since the Z/nZ-action and the braid action are commuting we have a decompo-
sition (notice that 1 does not appear in the eigenspace decomposition below)

n—1

Hy(Yn,Z)22C =PV,

v=1

where V,, is the eigenspace of the (V-eigenvalue. Each V, is a Bs-module of dimen-
sion s — 2. In order to compute the spaces V,, we have to diagonalize the matrix
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given in eq. ([B4). Counsider the Vandermonde matrix given by:

Lo @ g
e e
1 Gr G - GO

where {(1,...,(n—1} are all n-th roots of unity different than 1. Observe that
P - A=diag(¢,C,...,Cn) - P

Thus the action of the braid group on the eigenspace V,, of the eigenvalue (¥ can
be computed by a base change as follows: Consider the initial base 8;, 5%, .. ., ;nﬂ
for 2 < j < s — 1. The eigenspace of the (¥ eigenvalue has as basis the k-element

of the 1 x (n — 1) matrix

(8),85...8 ") - P

for all j such that 2 < j < n — 2. These elements are C-linear combinations of the
elements 3; and the action of the braid generators on them can be easily computed.

Remark 34. A cyclic cover given X in eq. (BI) might have a bigger automorphism
group then the cyclic group of order n, if the roots b; form a special configuration.
Notice also that if the number s of branched points satisfies s > 2n then the
automorphism group G fits in a short exact sequence

(35) 1=-2Z/nZ—-G—H-—1

where H is a subgroup of PGL(2, k) [28] prop. 1]. The first author in [28] classified
all such extensions.

Observe that the action of the mapping class group of homology is of topological
nature and hence independent of the special configuration of the roots b;. If these
roots have a special configuration then elements of the mapping class group become
automorphisms of the curve. This phenomenon is briefly explained on page 895 of
[34).

Similarly, the action of elements of Gal(Q/Q) which keeps invariant the set of
branch points {b; : 1 < ¢ < s} on homology is the same for all cyclic covers. For
certain configurations of the branch points elements of Gal(Q/Q) can be seen as
automorphism of the curve.

If the branch locus {b; : 1 <4 < s} is invariant under the group H then H; (X, Z)
is a Z|G] module, where G is an extension of H with kernel Z/nZ given by eq. (35).
In next section we will treat such highly symmetrical curves.

C. Mc Mullen in [34] sec. 3] considered the Hodge decomposition of the DeRham
cohomology as

HY(X) = Home(H(X,Z),C) = HY*(X) @ H*(X) =2 Q(X) @ Q(X).

Of course this decomposition takes place in the dual space of holomorphic differen-
tials, and is based on the intersection form

(36) (o, B) = i/2/ aAp.

X
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In this article we use the group theory approach and we focus around the homology
group Hi(X,Z). Homology group is equipped with an intersection form and a
canonical symplectic basis a1,...,a4,b1,...,bs such that

<a17bJ>:6’LJ7 <a”ua’]> = <b’LabJ> =0.
Every two homology classes v,7’ can be written as Z-linear combinations of the

canonical basis
g

g
v =" (Niai + pibs) Z (Njai + p1;bs

i=1
and the intersection is given by

0 I
<77’71> = ()\17"'7)\97M17"'7/'Lg) <_]Ig O(]) ()\1177)\;7/1/177,“;)16

This gives rise to a representation

P Bs—l — Sp(297Z)

since (a(7),0(y")) = (v,7'). Indeed, a topological homeomorphism keeps the in-
tersection multiplicity of two curves. The relation to the unitary representation on
holomorphic differentials (and the signature computations) is given by using the
diagonalization of

(0 Hg):P-diag(z',...,i,—i,...,—i)-P_l,
g g

and the extra“” put in front of eq. (B4).

5.3.1. Arithmetic analogon:

Lemma 35 (Galois Descent). There is a canonical basis {a;, b;,1 < i < g} such
that for all o € Gal(Q/Q) and for v,~' in the canonical basis we have

(07,07) = (7,7)-
Proof. According to [26] 1.7.3] we have trivial Galois cohomology

H'(Gal(Q/Q), Spay (Q)) = {1}
The desired result follows by Galois descent. O

Let us now consider the elements ~,~’ given by
q A
Z Aaz""ﬂzﬁz) )\iuﬂiez

/

V=S WNas i1, Nopled

I
'MQ I

i=1

in a Gal(Q/Q)-invariant symplectic canonical basis. The action of o € Gal(Q/Q)
on the intersection form is given by:

g
0’770’7 ZU zMz )<azabz> = <'77’7/>U'
1=1
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5.4. Fermat Curves. These curves are ramified curves over P! — {0, 1, 00} with
deck group Z/nZ x Z/nZ. We have m(P* — {0,1,00},20) = F» = {(a,b). A
transversal set T for Z/nZ x Z/nZ in F; is given by a'b?, 0 < 4,5 < n—1. We also
compute:

ipitl i _
T — a‘b %fj.<n 1
a’ ifj=n-1
and
— atly  ifi<n—1
atbla = ) i
b ifi=n—-1
Thus
-1 ihiph—Ii—1gq—t = if 4 _
aibb (aibjb) _ a.b bb et = 1 1f] <n-—1
a’b"a™" ifj=n-1
. a'blab=Ja=""1 ifi<n—1,j#0
aiba (aiba‘a) = {1 ifi<n—1,j=0,

a" iabI fi=n-1

Consider the generators «, 8 of the cyclic group Z/nZ x Z/nZ. Let Rp be the
fundamental group of the Fermat curve, seen as a subgroup of the free group Fs.
Observe that there is a well defined action of « (resp. ) on Rp/Ry given by
conjugation, i.e.
% = 2% = aza™? ? =z = bab™!
for all x € Rp/R). Notice that this is indeed an action which implies that
(xa)ﬁ _ Iaﬁ _ Iﬁa _ (Iﬁ)a

i.e. the actions of o and § commute. We can consider the conjugation action of
Z/nZ = {(a) and then we have the following sets of generators, of the free group
RF:

Alz{(bn)ai;ogign—l}, #Alzn
AQ:{[bj7a]ai;1§j§n—1,0§i§n—2} #A2:(n_1)2
Az ={a"[a ", ¥/]:0<j<n—-1} #A3=n

We finally arrive at n? + 1 generators as predicted by Schreier index formula since
HA +H#HAs+H#A3=n+n—-1)2+n=n2+1.
Lemma 36. For any two elements of a group and any positive integer j we have
. j—1 j—2
(1) [, y) = oyl [y ) )
. i
2) [z,y'] = [z,y] - [z,y]Y - [z, y]"
Proof. See [13, 0.1 p.1]. O
Fix 0 <4 < n — 2. We will prove that the Z-module generated by the elements
Y= {[t,a]*,1<j < n — 1} is the same with the Z-module generated by the
elements ¥y := {[b,a]*?’ 1 < j < n — 2}. Indeed by lemma B8 (1) we have the

identities (written aditively):

[b,a)*" = [b,a]*
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1%, = [b,a]” + [b,a]”
P a] = [bal® " 4 [b,a) + [b,a)™
ie. forl1<j<m—1and 0<i<n-—2we have
7, a]® = [b,q] @+ HBDE

This proves that the elements of the set ¥; are transofrmed to the elements of
the set Y in terms of the invertible n x n matrix with entries in Z:

1 1
: . .0

Therefore 31 and Y5 generate the same Z-module.
Notice also that
(@) = a1t~ qvLiab™ = B, a1 + g Lbiab
A
€A3

- n—2 n—3 . .
= [, a)™ T et g lpigh

The above computation shows that (a”)Bj can be written as a Z-linear combination
of elements of Yo (which generate A3) and As. Moreover

n—2 A)

"1, b] = (™) — b, a)(Ek=o ) (ER=5 e
We have shown that
Lemma 37. The free Z-module Rp/Rw can be generated by the nZ + 1 elements
(@), (0", 0<i<n—1and [a,0]* " ,0<i,j<n—2.

We will now prove that in Rp/R} there are exacty 3n elements which are fixed
by an element of Z/nZ x Z/nZ.

The 2n elements are (a™)? (resp. (b)®") which are fixed by (o) (resp. (8)).

The other n-elements are the elements ((ab)")"‘i which are fixed by (ab). It is a

simple computation to verify that we can write the elements ((ab)™)® as follows:

(ab)” — [b, a]an—l(zz;g u)+...+a2(5+1)+aanbn
Hence

(ab)™)*" = b, )" T (ZIZ8 B )+ k(B D+al gn (e

We can now consider the homology group as the rank n? + 1 free Z-module
Rrp/R%. Since Rp is a characteristic subgroup the group G = Z/nZ x Z/nZ =
(a) x (b) acts on Rp/R by conjugation making Rr/R} a G-module.

So far we have computed the open Fermat curve addmitting a presentetation

Rp = (a1,b1,...,ag,bg,71, s V3nlV172 - - 730 - [a1, b1][az, b2] - - - [ag, by] = 1),

where g is the genous of the closed Fermat curve which equals to (n —1)(n —2)/2.
Every ramification point of the Fermat curve is surrounded by a path ~; and there
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)1

PL — {0,1, 00} v

FIGURE 1. Open Fermat curve as cover of the projective line

are 3n such paths. For the computation of the genus of the closed curve, i.e. we
added the 3n missing points, we observe
n?+2-3n (n—1)(n—-2)

20+3n—-1=n’+1=¢g= =
g+ 3n n° + g 5 5

We can see that the trasformation matrix from elements [b7,a]* to clements
of the form [b,a]”’®" is invertible. This allows us to prove that the elements in
the sets As and A3 can be written as linear combinations of elements of the form
[b, a]o‘i'@j and (a")ﬁj for1<j<n-—1,0<4i<n-—2 Itis clear that the elements
(a™)®, (™), ((ab)")®" as given in the table below are fixed by the cyclic group
mentioned in the third collumn. The elements ; are the n-elements (b")o‘i fixed by
3, the n-elements (a™)?" fixed by « and the n invariant elements ((ab)")® in the
module generated by commutators. In the following table we enumerate the fixed
elements 7;:

Invariant element v; Index Fixed by
(a")'@f 1<i<n (a)
(b”o‘l_ n+1<i<2n (B)
((ab)™) n+1<i<3n (ab)
We have that Re/R
H\(X,Z) = #
<717 e 7/7377,)

In order to compute the quotient we change the basis of Rr/R% by replacing each

one of the elements [b,a]®” """ by ((ab)™)®' for all 0 < i < n — 1. In this way

we form the following basis:

Proposition 38. A basis for the Z-module Hy(X,Z) consists of the set:
{[b,a)*® modT:0<i<n—20<j<n-—3}

where T is the free Z-module generated by (y1,...,73n)-
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5.4.1. Braid group action. We will now consider the action of the Braid group Bj
on Hi(X,Z) of the closed Fermat surface. We recall first that the braid group in
three generators is generated by elements o1, 09 where

o1(a) = aba™* o2(a) =a o1(b) =a o2(b) =atb?

Notice that the above two automorphism in the abelianized free group with two
generators acts like the matrices

01:(0 1) 02:<1 —1>7
10 0 -1
in GL(2,Z), reflecting the fact that Bs/Z(Bs) = PSL(2,Z). Therefore,
o1la,b] = [aba™',a] = [b,a]® = —[a,b]*
oola, b = [a,a 07 = [b~ 1, a1
and more generally
or(b,a”?) = P,al ™ oa( ) = 0

We also compute
o al@)?) =T
(")) = (b)) oa((a™)?) = (@)

5.5. The Generalized Fermat Curve. A generalized Fermat curve of type (k, s—
1), where k, s — 1 > 2 are integers, is a non-singular irreducible projective algebraic
curve F 51 defined over K admitting a group of automorphisms H & (Z/kZ)*~*
so that Fj s_1/H is the projective line with exactly s branch points, each one of
order k. Such a group H is called a generalized Fermat group of type (k,s — 1).
Let us consider a branched regular covering 7 : Fjs—1 — P!, whose deck group
is H. By composing by a suitable Mobius transformation (that is, an element of
PSLo(K)) at the left of m, we may assume that the branch values of 7 are given by
the points

00,0,1, )‘17 . '7)\5—37

where \; € K — {0,1} are pairwise different. A generalized Fermat curve of type
(k,s — 1) can be seen as a complete intersection in a projective space defined by
the following set of equations

xlg—l—x’f—l—xlg =0
k k koo
(BT)  CFOuyer Aeg) = S R QY
Ap_gzk +ak 42k, = 0

The genus of Fj,,, can be computed using the Riemann-Hurwitz formula:

s—2

(s —2)(k—1)—2).

It is known [I7] that generalized Fermat curves, have the orbifold uniformization
H/T in terms of the Fuchsian group

(38) Iiks—1) = 1+

(39) F:<I1,I27---7$s|$]1C:"':33§:I1332"~Is:1>-
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The surface group is given [17], [32] as Fo_1- (%, ...,2% | (21 25_1)F). We will
compute the genus of the generalized Fermat curves by two more different methods
in eq. and in section (£.6.3

5.5.1. Application of the Reidemeister-Schreier method.

Consider the curve X = P! — {0,1,00,A1,..., As—3} X Fly
with fundamental group Fs_1 = {(x1,...,25—1) and
univeral covering space X. We compute H;(X,Z) = Re o

Z*~'. We have the picture on the right. We will

now employ the Reidemeister-Schreier method in or- |p |
der to compute the free subgroup Ry s—1 C Fs_1. A
transversal set is given by

Tf 11 .02 Gs—1 : . Hk,sfl
=ziry o ,0<; <kE-1,1<5<s—-1;.

For given 1 <v < s —1 we have

. igia il e if 4 -
i1 .02 ts—1 _ )T T2 Ty Ts—1 ifi, <k-1
LyLy =Ty q "Ly = i1, 2 Ty—1_ fut1 ls—1 ifi =k —1
Ty Ly vy 1Ty Ty Ll =k—
72 _ il i2 . is—l
Denote by 7' = z7'z5 - - -z, . We now compute

Case I Forl1<v<s-—1:

i iy —i i —ig_ e
- — -1 Toxy, cay My ifi, <k-1
.IZ.,IV. xt-x, =4 = i —i liil/71 —iu+sl —de_1 e

Ty ewy ey P, U, T ifi, =k—1.

Case II For v = s — 1:

1 ifis 1 <k—1
(l‘zfxéz . 3:;5:22) cxbg (gﬂfgg;z ...lﬂ::;)—l e
The generators of the free group Ry s—1 are falling in the following categories:
(40) As1 = {(w’i_l)m?'--rii?}
Ay =211 2 Tpirs1 - T ;v;il)s_l gl 'xl_,llj_l
= {[IVJrl,Sfl, Iy]mlvu—l-wf} }

I i1 ly—1 k—1 Gy41 Gs_1 1 1
A _{‘rl -.-‘r -I .‘ry+1.-.xs 1.IU.‘IV+17571'1211 }

v v—1 v - v—1
kr —1 T1,0-1
= {(‘/I;V[:Eu 7$U+1,S—1]) } b)
where xp, o, = 2, x, 0 2,2, We now count the sizes of the above sets.
1,62 £y l+1 Lo
#Asfl = ks_2

#A, =k —1)- k(5 —1), for 1<v<s—2
H#A, =k T =k for 1<y <s—2
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which gives in total

s—2 s—2
(41) HA+ > H#A DY H#A, = (s-2) kT + 1
v=1 v=1

5.5.2. Elements stabilized. Observe first that the group generated by zs_; stabilizes
(z%_;)*rs=2. In this way we see that all k=2 elements of A, _; have non trivial
stabilizer. Now we observe that

k—1 -1 -1
Tlv—1"Ty  ~To4ls—1 Ty Tyiq -1 Trp_1 =

_ [xk_laxu-i-l s 1]11,u71 . (xk)ml,u—l'wu+l,s—1
3 174 *

v

Observe that (z,) stabilizes the k*~2 elements of A/, of the form (z¥)¥1v—1-%v+1.5-1

v

and the element (z; - --x,_1) stabilizes all elements ((x1 - - - 251 )*)%1*~2, which are
ks=2,

Invariant element 7; Cardinal Fixed by
(z5_y)*re ko2 (Ts—1)
(zhymrv-ravine—r (5 )52 (2,), where 1 < v < s—2
((xl e xsil)k)zl,5*2 k572 <x1 e x571>

In total we have sk*~2 fixed elements ~;. Because of the above relations and the
following computation

i
T1,p-1T,)

[xu-i-l,s—la :I:V]
e e e JE ) A A R ) e W
We can also take a new basis insteed of the old one. This is the following:
Aoy = {(f_y)™ 2}
A, = {(zF)Trv-1@viie1l for 1 <p <s—2
Al = {[xj,a:l,]zl’”*l'xiu'x”+1’5*1}, forl<v<s-—2.
Remark 39. For the homology of the closed curve we have:
Rkﬁsfl/R;c,sfl
<715 cee 575k5*1> .

Using eq. (B8) and the fact that rankH;(Fys—1,Z) = 2gF, ,_, it is easy to verify
that

(42) (s—2)k* ' +1—(s k" 2=1)=2gp,, .

Hy(Fys-1,Z) =

In the above formula we have subtracted one from the number of invariant elements
vi since ¥y -+« - Yops—2 = 1.

5.6. The group §,_,/37_, as an &/-module.
5.6.1. Alexander modules for generalised Fermat curves. It is clear that the group

§._1/8%_, is generated as an &/-module by the elements [z;,z;] for 1 <i < j <
s—1.
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The structure of §,_, /F7_; as an &/-module is expressed in terms of the Crowell
exact sequence, see section 4.1l related to the short exact sequence:

"
18 = Feo1 — P, — 1,

0= (§01)™ =1 /81 = Ay = Zel[ur, . usa]] = Ze 0,

where A, = Azs’l’{l} is the Alexander module and

.Q{ _ d&s—l;{l} = Zg[[’(},l, ey us—l]]'

Remark 40. The submodule of a free module is not necessarily a free module and
§._1/F"_ is not necessarily free. It contains the free module (see [37],[27, Th.
5.39])

s—1
Aoy = (Fama [Fe_)™™ = {()‘jul g U 1) =1t A €, Y N = 0} '

Jj=1

Set w = wuy---us—1 a basis of A;_; is given by

t t
wow w w

m (20 0) = (0 )
Uy u2 Us—2 Us—2

In the case of Fermat curves, i.e. s = 2 we have that Ay = (§F,_,/F7_,)P"™ =
§._1/8_, and §._, /8", is a free &/-module.

The injective map d : §,_/F"_q 4 s lis given by sending a representative
(@i, zj] = d([zi, z;]) = (1 — x)dzy; — (1 — x;)dx;
=u; - dx; —uj - dz;.
Set w;; = w/(u;u;). The elements
wij - d([z4, z5]) = w/uj - dzj —w/u; - dz; € Ag_.
This means that the image of the commutators d([z;, z;]) there is some contribution

to the torsion part of F._,/F7_;.

5.6.2. Application to Generalized Fermat curves. Consider the the smallest closed
normal subgroup Ry of §s_1 containing all xfk for 1 <i < s — 1. Define also

Ss—l,k = Ss—l/mk-
Set A = {0,1,00,A1,...,As_3} and let .# be the maximum pro-¢ extension of

K = k(t) unramified outside the set of points A. Consider the function field of the
generalized Fermat curves

K. =K (t%’“,(t— 1)1/e’c, (t — /\1)1/ek,...,(t— /\573)1/%) '

Let K* and K};rab be the maximal unramified and maximal abelian unramified
extensions of K}, respectively. Also let K’ be the maximum unramified extension of
K and K" be the maximum unramified extension of K’. By covering space theory
the fields K’, K" correspond to the groups §,_; and §_;, respectively. The
function field K} corresponds to the group §._;%Rx and is equal to the function
field of the generalized Fermat curve.

We have
K' =K, K' NK = Ky
k
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K" — U Kkurab, K'n K;clr _ K;:rab
k
The Galois correspondence is given as follows:
M {1}
—[(‘V/I \ K—;(:lr '15‘/71 \ mk
K/\ / = . Fea 2
Ky TR

szl
Using standard isomorphism theorems in group theory and the definitions we see
Srlsfl,k/glslfl,k = /571/ (5271 N Slslflmk) = Slsflmk/glslflmk = Gal(Klchab/Kk)

is an abelian group, a free Zy,-module of rank 2g, where g is the genus of the
generalized Fermat curve, Fyx ;1 so that

(43) 290k -1y = 2+ FETI((s = 2)(¢F — 1) — 2).
Observe that according to eq. (89) we have
Seo1k/To—1p = Hi(Fys-1,2Z0).

The last genus computation also follow from the following proposition which iden-
tifies unramified Z/¢*7Z extensions of a curve X with the group of #*-torsion points
of the Jacobian J(X).

Proposition 41. Let Y be a complete nonsingular algebraic curve defined over a
field of characteristic prime to £. The étale Galois covers of Y with Galois group
ZJ*7 are classified by the étale cohomology group HL (Y, Z/(*Z) which is equal to
the group of £*-torsion points of Pic(Y).

Proof. See [19, Ex. 2.7], [40, sec. 19]. O

5.6.3. Crowell sequence for generalized Fermat curves. Here we use the presentation
Tso1=3s/(x1---xs). Let Hy = (Z/¢*Z)*~!. We have the short exact sequence

1= g = (Fam1/B0) = For/PRe 5 Hy, — 1
We will use the Crowell Exact sequence [35, chap. 9]
(44) 0= (B )™ =T n/T 1k 4 Q{f%hm L2y e g, g,

where
/5 = 2([HL]) = Ze((@/6°2) 7))
and

(45) 9{5371’9% = coker@, ZelH ) L 2 [H,)
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The Alexander module for Fs_1/9R; was computed on example Notice that

.;sz +=17% and the Crowell sequence know the genus of the generalised Fermat curve,

see eq. (29).

5.6.4. Representation theory on Generalized Fermat Curves. These are representa-
tions on the free Z,-modules

pr G — GL(Hy(F s-1,Z¢))

Where G is either the absolute Galois group or the braid group Bs_1 or Bs.
Let us now consider eq. (21 for T' = Ry:

dy

(46) 0 — (F. )™ =F,_1/F. . o1 o Zg—0

| Lok

_1d
0= (§1 0™ = By /B (/8 ™) T /S 7, 0

It is clear that §’,_,/&"_; can be considered through the vertical map w as an
o/-module.

In order to understand §’,_, /F"_; we will use its § embedding in (42{33*1’9"“)8_1.
The map 0 sends [x;, z;] to d[z;, z;] = (1 — z;)dx; — (1 — zj)dz;. Observe that the
elements of the form

n
> a, 1<i<s
v=0
annihilate [x;,z;]. We can see this by direct computations or by observing that

Yi B = Bst121 - Ti—1.

and the image 0[z;, z;] has S,4+1 = 0. The above observation generalises the defini-
tion of ideal a,, in eq. (8) in the article of Thara, [23].

5.6.5. On Jacobian variety of Generalized Fermat curves. Consider the ¢-adic Tate
module T'(Jac(Fy s—1)) of the Jacobian of the generalized Fermat curves Fj, ¢_1:
!

T(JaC(Fk)S_l)) = HOIn(Qg/Zg, JaC(Fk7s_1))(@) = Hl(Fk,s—hZ) K Ly = Sf,_l’k

s—1,k

Following Thara we consider

T := lim T (Jac(Fje—1)) = lim = 1*
k

k s—1,k

where the inverse limit is considered with respect to the maps T'(Jac(Fi41,5-1)) —
T(Jac(Fy,s—1)), which is induced by the map

(z0,...,Ts 1) (2,..., 25 ).
Let F‘k)s_l = Fi.s—1 ®SpecQ SpecQ. Consider also the inverse limit
lim Gal(Fy s—1/P5) = lim(Z/£72)*~" = 2.
k k

Therefore
lim Z[Gal(Fy/ /Pg)] = o
k
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and T can be considered as an «/-module. Using eq. (46) we obtain

SINT

s—1

See [2] sec. 13] for the explicit isomorphism in the case of Fermat curves.

This construction leads to the definition of a subspace TP*™ C T which is a free
&/-module of rank s — 1.

An element in g € Gal(Q/Q) induces an action on both T and TP*™. In partic-
ular the subspace TP™™ is a free /-module. Thus we have a representation

p: G — QL1 ()
o — (ai;(0))

This matrix representation is defined by writing

o(wi;dx;, z;]) g ay (O )wypd(zy, ).
v<p

5.6.6. From generalized Fermat curves to cyclic covers of P*. We will now relate
the Crowell sequences for the generalized Fermat curves and cyclic covers Y. of
the projective line as where defined in section [5l using the results of section [{.1.2)
Set

Rop = R JT = <(x2xf1)15, (s )T i 0< v < €k>

and recall that
R= <(xj:vl_1)zl 7S Z>

The fixed field of R/T is the function field Ky« of the curve Yy, K(C,) is the func-
tion field of the curve C,. The group R’ corresponds to the maximal unramified
abelian extension K (C5)" of K(Cs) while T'yx corresponds to the maximal unram-
ified extension K (Cs)"*2P. The group R’ T corresponds to the maximal abelian
unramified K" extension of K. The groups F/_; - Iy and F)' | - Tyr corre-
spond to the generalized Fermat curve Fj ;_; and the maximal unramified exten-
sion I ,‘;f;rf}) . The groups F._,, F."_; correspond to the maximal abelian unramified
extension of K and the maximal abelian unramified extension of K’ respectively.

K// ab K(Cs)unrab ng
K’ Fpey — Kperab K(Cs) FS’ , Fl Yy TSR -Tw
Hl(c:ek,V \ ‘ Hl(c:,gk ) /
Fkﬁsfl e ng s ngc—) R- ng

N

Ko = k(t)

stl
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As in the case of generalized Fermat curves we can form the Tate module

T = lim(Jac(Ypr)) = lim(Rpe /93"
k k

We now compare the Crowell sequences for the cyclic covers and the Fermat
covers:

0 0

T |

0—— R =Tp —— ;" ——— B = L[[Z/* L] —— Ly — 0

¢2T ¢73T
0— (§._1)™ = Tey — wféfl’“k s TP = L2/ L) ] — Ze — 0

The map T — Tg on Tate modules is given by the first vertical map. The action
module structure is given by the commutating diagram

A xT——T

L]

J AR Tr —— Tg

where the horizontal maps are the module actions and the first vertical map sends
(a,t) — (d3(a),$1(t)). The map ¢3 is the reduction identifying the variables
T1,%2,...,Ts—1. In particular from the reduction T — Tx we obtain the diagram

G——GL,_1 ()

|

GLS_l (ﬂR’%k)
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