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Abstract

In this paper we investigate the connection between relations among various invariants of number
fields L# corresponding to subgroups H acting on L and of linear relations among norm idempotents.
© 2007 Elsevier Inc. All rights reserved.

1. Introduction

Let C be an algebraic curve defined over an algebraically closed field of arbitrary characteris-
tic and let G C Aut(C) be a subgroup of the full automorphism group. For a subgroup H of G,
let C¥ be the quotient curve and let g and yy be the genus and the p-rank of the Jacobian
of CH . In the group algebra k[G] the norm idempotents ez are defined by

1

SHZHZ}L

heH

E. Kani and M. Rosen [3,4] studied the action of automorphisms on the Jacobian variety of
the curve, and they proved that every linear relation among the norm idempotents coming from
subgroups H of G implies the same relations for gz, yg. This is a generalization of results
proved by R. Accola [1].
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They also have proved that such a linear relation implies the same relations for the zeta func-
tions of the corresponding fields L, where L is the function field of an algebraic curve or a
number field [4, Proposition 1.2], i.e.,

Y oruen=0 = [leney"=1. (M

There is an analogy between the theory of numbers fields and the theory of non-singular curves.
In this analogy one completes the spectra of the rings of integers of number fields by adding the
infinite primes. For more information concerning the similarities of number fields and the theory
of curves we refer to [6, 1.13] or to the more elementary [5]. One can define for number fields
the analogues of the notions of genus [6, II1.3], Jacobian variety [6, III.2] and Tate module.

It is known that a lot of information concerning a number field, can be obtained from the
corresponding zeta function. Let L/LC be a Galois extension of number fields. Let L be the
number field corresponding to the subgroup H, of the Galois group G. Using the characterization
of the residues of the zeta functions for number fields at s = 1, Kani and Rosen arrived at a
formula, involving the class number %, 1, the regulator Reg(LH ), and the number wgy of roots
of unity of finite order in L%:

[T0hnReg(z))y™ =T

where H runs over the subgroups of G. The last equality was also proved by R. Brauer [2]
in 1950.

In this paper we express the dependence of several group invariants of the subfields L, cor-
responding to the Galois subgroups H, in terms of the linear relations among norm idempotents
defined by the subgroup H.

In order to do so we give a generalization of the notion of Tate modules for the “Jacobian” of
a Number Field, and we consider the action of the Galois group on it. In our study arise problems
that are similar to those stemming from wild ramification of the action of a group on a curve
defined over a field of positive characteristic.

Consider a number field L. Fix a subfield K such that the extension L/K is Galois with Galois
group G. For every subgroup H of G we define, as usual, the fixed field L. The following
functions from the set of subgroups G to Z are defined:

(1) Let ry, 25y be the number of real and imaginary embeddings of L¥ to Q. We set Ay =
rg +sg — 1.
(2) Consider the class group CI(L*). It is a finite Abelian group, hence it can be written as

achy= g ar),

plICIL)]
where CI(L) p is the p-part of the Abelian group CI(LH). The group CI(LH) p in turn can

be expressed as a finite direct sum of Abelian groups CI(L) p.n that are sums of Ay p
summands of cyclic groups p(p”) of order p”, i.e.,

cL), = éa(ﬂ)m = é ’ n(p").
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Notice that in the above formulas Ay , , = O for all but finite triples (H, p,n), and that
CI(LH), , are free Z/ p"Z-modules of rank A g, ..

(3) Consider the group w(L*") of units of finite order in the field L. It is a cyclic group and
can be written as

/L(LH): @ M U(Hp) @ @M kan

plin@)] pliw@my| pn

where v(H, p) denotes the valuation at p of | (L)|. The number kH,p,n can be seen as
the rank of the Z-submodule of ,U,(LH ) isomorphic to a direct product of p(p™) summands.
Notice that since (L) is a cyclic group, for a fixed prime p there is only one pair (p, n)
so that kg p », # 0 and for this particular (p,n) = (p, v(H, p)) we have ky , , = 1.

We will show that the above functions Ay, Ay p ., ku, p,n behave like the p-ranks of the Jaco-
bians of algebraic curves. Namely, we prove that every linear relation among norm idempotents
of the subgroup implies the same relations for the above functions:

Theorem 1.1. Let L/ K be a Galois extension with Galois group G. Every relation Y rgeyg =0
among norm idempotents implies the relation Y rgip = 0. If moreover in the sum Y _rpgeg =0,
rg =0 for all subgroups H of G with (p,|H|) # 1 then ) ryiu pn=0and ) rykpy pn,=0.

Let L be a number field of discriminant /Dy, group of units of finite order p(L), and let r, 2s
be the numbers of real and imaginary embeddings of L, respectively. Let wy denote the order of
w(L). The Arakelov genus is defined by

wr/|DL]
gr =log ————.
2" (2m)s
It is interesting to ask whether a relation among norm idempotents implies the same relation
among Arakelov genera. The answer is yes provided we have “tame ramification” in the group
of units that are contained in L, i.e.,

Proposition 1.2. Let L/K be a Galois extension with Galois group G. Consider the set S of
subgroups H < G, such that (|[H|, wr) = 1. Every linear relation )y g ruen = 0 among norm
idempotents corresponding to subgroups H € S, implies the same relation among the Arakelov
genera g u, of the fixed fields L™ . In particular; if the order of the Galois group is prime to wy,
then ) ryey =0 implies Y rpgpn =0.

In [7] G. van der Geer and R. Schoof introduced the notion of effectivity of an Arakelov
divisor, a notion that is close to the definition of the effectivity of a divisor on an algebraic curve.
This notion gives rise to a new notion of H O(D), for Arakelov divisors D and leads naturally to
a new invariant 7, for the number field L. Let M (L) be the Minkowski space of the field L (for
all definitions we refer to Section 5) and let A be a divisor supported on the set of infinite primes
of L. For every such A Eq. (11) gives rise to a metric || - ||z,4 on M (L). The invariant i, is then
defined as

nL = < Z enllxl%‘Y())’

)CEOL
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where || - || 1,0 is the metric on the Minkowski space of the number field L defined by

1613 0= > Jo (.

Given a relation Y ngyey = 0, we will prove a formula for the n-invariants corresponding to
subfields L of L. In order to do so we have to change the model at the infinite primes by
considering a different metric || - || ., 4 on the Minkowski vector space. We introduce the invariants

na(L) :=( > e‘”'x'iA),
XGOL

for every divisor A supported at infinite primes. We will prove the following

Proposition 1.3. Let Y nyey = 0 be a linear relation among norm idempotents. If P(L*, R)
(respectively P(L™ | C)) denotes the real (respectively complex) infinite primes and

log(|H|) |H]
B(H) = ——=— > o —log—- >
oeP(LH R) oeP(LH,C)

is a divisor supported on infinite primes of the field L™, then the following formula holds

0= Z)\HUB(H)(LH)~
H

2. Notation

Let K be a number field with ring of algebraic integers Ok . We are following the notation of
the book of J. Neukirch [6]. An Arakelov divisor of K, is a formal sum

DZZV[JP,
p

where p runs over the finite and infinite primes of K, and v, € Z if p is a finite prime and v, € R
if p is an infinite prime. We will denote by

Div(Ok) = Div(Ok) x P Rp

ploo
the set of Arakelov divisors on K. There is a canonical homomorphism
div: K* — Div(Ok)

sending f € K* to ) U p(f)p, where v,(f) is the normalized p-adic valuation of f if p
is a finite prime, and v,(f) = —log|t(f)|, where T € Homg(K, Ok) is the monomorphism
corresponding to the infinite prime p. The Arakelov class group CH' (Ok) is defined as

Div(Ok)

L, ) —
CHO0) =Gk
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and it is equipped with the quotient topology. Since [] » | flp =1 we can define on CH!(O)
a continuous function

deg:CHl(@K) — R

sending D =) v, p to Zp v, log(N(P)), where N(P) denotes the norm of P. The kernel of

the degree map is a compact group denoted by CH' (O )? =: Jk. It can be proved [6, Satz 1.11]
that Ji is given by the short exact sequence

= H/T > Jg 5 Clk) > 1,

where H/I" is homeomorphic to a torus of dimension r + s — 1 and CI(K) is the ordinary class
group of the number field K.
Following the theory of Jacobian varieties on a curve we set

Jg pn = {Elements in Jx annihilated by p" }
where p is a prime number of Z. For the p-part of Jx we have the following short exact sequence:

1> (2/p"Z) 7" > Tk = CUK) pr — 1,

where CI(K) pn = EB?;( {' Z/ p"Z is the subgroup annihilated by p". Using the classification the-
orem of finite Abelian groups we can write

r+s—1+Ag ,
kp= @ z/pL

i=1

The groups Jg p» form an inverse system and we can define the inverse limit forming the Tate
module of Jg at p. Namely, we set

Tp(Jk) =lim Jg pr. 2)

The Tate module is a free Z,-submodule of rank s + r — 1. Since the order of the ordinary class
group CI(K) is finite Ak , = 0, for large n, and this implies that the information of the p-part of
the class group is lost after taking the inverse limit. We will study the p-part C1(K), of the class
group separately.

The action of G on the primes of L induces a representation

p:G— End(Jy),

and since endomorphisms of J; preserve the orders of the elements in the class group we can
define representations

pp:G— End(JL p).
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Every p, gives rise to a representation

pp 1 Qp[G] — End’(T, (1)) :=End(T,(J1)) @2 Q, 3)
and to a representation
,5[, : Z(p)[G] — End(Cl(L)p) X7 Z(p), 4)

where Zp) denotes the localization of the integer ring with respect to the prime ideal p. Observe
that for the Q,, vector space T)(JL) ®z, Q, we have EndO(T,,(JL)) = End(T,(J1) ®z, Qp)-
Since there is p-torsion on the Z-module CI(L), we cannot tensor by a field, without trivializing.
The closest structure to vector space we can obtain without trivializing, is by tensoring with the
localization Z,). Therefore the representation (4) can be seen as a representation on the Zp)-
module CI(L) , ®z Zp).

The p-part of the class group can be factored, by the classification theorem of Abelian groups,
as follows:

0o M)
CUL), =P D nlr").
v=1l p=I1
and
oo Aiypw
CUL)y Rz Zipy =D D Zp/P"Zip)-
v=1 pu=l1

Since endomorphisms that came from Z,)[G] preserve the order of the group, the representation
pp can be factored as a sum of matrix representations

oo Lip[G1— My, , (L) /P L) o)

where M, (R), denotes the r x r matrices with coefficients from the ring R. We define the trace
of p,, to be the sequence tr(0,) := (tr(0p,1))v. Obviously, tr(p,, ) = 0 for all but finite v.

3. Field extensions

Let K, L be two number fields and let 7 : K — L be a field inclusion. For an Arakelov divisor
D=7} pvpP of L we define

(D) = Z(Z vpfp/p) p € Div(Op).
p Plp

where fp,, denotes the inertia degree of P over 7K and P | p means that Tp = P|;g. Con-
versely for an Arakelov divisor D=} v, p of K we define

(D)= Y vpep;pP €Div(OL).

P Plp
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where ep,, denotes the ramification index of P over T K. The maps T, ¥ induce maps
7, : CH'(Or) — CH' (Ok)

and
t*:CH'(Ok) — CH' (Oy)

such that 7, o t* = [L : K] and deg(z, D) = deg(D), deg(t*D) = [L : K]deg(D) [6, p. 204].
We can therefore construct the following homomorphisms:

To:Jp = Jg and TF:Jg — JL. (6)

Definition 3.1. Let Z(,) denote the localization of the ring of integers with respect to a prime
ideal. We will denote by R either a field of characteristic zero or Z).

Lemma 3.2. Let V., W be two finitely generated R-modules. Suppose that there are two R-
module homomorphisms fy.w:V — W, fwv: W — V, such that

fv.wo fwy =nldy

and with (n, p) =1 if R = Zp). Then there is a map: ¢ : End(W) — End(V), such that tr(a) =
tr(¢ (a)). In particular, if a =1dw, then ¢ (Idw) € End(V), has trace equal to rank(W).

Proof. For every a € End(W) we define ¢ (a) € End(V) by

1
¢(a) 3:;fW,V ocao fyw. (7N

Since #n is an invertible element in R the map fy, w is onto. We consider the following short exact
sequence of R-modules:

fv.w
0 —— ker fy,w Vv w 0.
~_

1
AN

By construction, ¢ (a) is zero on ker fy w, and tr(a) = tr(¢(a)). In particular, for a = Idy we
have that tr(Idy ) = rank(W), hence tr(¢ (Idw)) =rank(W). O

Remark. Let V be an R[G] module associated to a representation p : R[G] — End(V). For
every element « € R[G] we will denote by tr(«) the element tr(p(«)).

Lemma 3.3. For a given group G, let S be the following set of subgroups of G:

g all subgroups of G if R is a field,
" |H <G, ptlH]| if Ris Zp).
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Let V be an R[G]-module that is a free R-module. Assume that for every H € S we can find an
R-module V(H) and two R-module homomorphisms fH :V(H) > Vand fg:V — V(H),
such that

fruof¥=H| 1y

and

ffofu=>"h

heH

Let ¢ : End(V (H)) — End(V) denote the map defined in (7). We have ¢ (Idy (i) = €p, tr(ey) =
rankg V(H), and, if ) yesnnen =0then )y gnprankg V(H) =0.

Proof. We apply Lemma 3.2 for W = V(H), fwv = fH and fyv.w = fg. We compute
o(dym)) = ﬁf” oldynyofu =¢em,sotr(ey) =rankg(V (H)) again by Lemma 3.2.

Observe that tr(}_ ;ycgnueH) = ) yesnurankg V(H) and the desired result follows by ap-
plyingtrto ) y.gnuen =0. O

Remark. In the above lemma it was necessary to restrict ourselves to subgroups of order not
divisible by p. The problems that appear for groups divisible by p, are of similar nature with the
problems that appear in wild ramified extensions of rings. Indeed, in the case of wild ramification
of an extension of rings S/R with Galois group G, the ring S is not R[G]-projective.

Proposition 3.4. Let L/L" be a Galois extension with Galois group H, and let T : K :=
LH < [ be the natural inclusion. Let T,(Jk) and T, (JL) be the Tate modules defined in (2),
and p, be the representation defined in (3). There is a map ¢ : End(T,(Jx) ®z, Qp) —
End(T), (J1) ®z, Qp) such that:

o pplen) =¢ddr,x))s
e forany a € End(T,(Jx) ®z, Qp) we have

tr(¢(a)|JL®Zpr) = tr(“|f}(®zp(@l,);
o trp,(ep) =Am.
Moreover; every linear relation Y rgep = 0 in norm idempotents implies that Y rgip = 0.

Proof. The homomorphisms defined in (6) can be extended linearly to maps fp := 7, ® Id,
fH:=1*®1d from Jg ®z, Qp to Ji ®z, Qp. The first assertion is a direct application of
Lemma 3.3 if we set V(H) =T, (Jk) ®z, Qp, V=T,(Jr) ®z, Qp. The second assertion is an
application of 3.2. The rest assertions follow by Lemma 3.3. O

Proposition 3.5. Let L/L" be a Galois extension with Galois group H, and let T : K :=
LH < L be the natural inclusion. Let p be a prime number, p { |H|. Let Pp.n be the repre-
sentation defined in (4). There is a map ¢2 : End(Cl(K) p.» ®z Z(p)) — End(CI(L) p.n ®7 Z(p))
such that:
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o ppalen) =¢2(Idcix),,)s
o for every a € End(CI(K) ., ®z Z(p)) we have

tr(p2(@)lciL) no22,) = (@lCiK),) @27}
o trppn(en) =Ag py-
Moreover, every linear relation Z(p,|H|)=1 ruen = 0 implies that ZrH)\H,p,v =0.
Proof. Observe that since (p, |H|) =1 the norm idempotent is a well-defined endomorphism.

As before, the homomorphisms defined in (6) can be extended Zp)-linearly to maps f H.—
* ®7 Z(p), fH =1 Q7 Z(I’) from Cl(K)pn ®z Z(p) to CI(L) p,n ®z Z(p), where

o0 )\H‘p,u Z( )
CUK) pn ®2 Zpy =D P #
v=1 p=lI P Sip)

The desired result is a direct consequence of Lemma 3.3 if we set V(H) = CI(K)p » ®z Z(p),
V= Cl(L)p’n X7 Z(p). O

We will now study the action of the Galois group on the groups (L), u(L) of units con-
tained in the fields L, L, respectively.

Proposition 3.6. Let L/LC be a Galois extension with Galois group G. Let wy, be the order
of the group (L) of units of finite order. Let v(H, p) be the valuation at p of the order wyn
of the group of units w(L™) of L¥ that have finite order. Every linear relation of the form
> (H,py=1 "HEH =0, implies the same relation Y nyv(H, p) = 0.
Proof. Consider the norm

Npjpn (L) — (L"),
and the inclusion function iy n ; : w(L7) — w(L). We have

NL/LH OiLH,L == |H| IdM(LH)

and

iLH,LONL/LH = Zh.
heH

The group (L) is a cyclic group of order m, and (L) is a subgroup of the cyclic group (L).
The group (L) can be considered as a direct sum

r o0
M(L) — @M(pl‘)({l}[’l)) — @ @ll/(p}’l)k(l),lhn7
P n=l1

i=1
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where p; are the different prime divisors of m. Let u(L#), = @5 | w(p™)*H-rn denote the p-
part of M(LH). Each direct summand (L), gives rise to a Z,)-module (L), ®z Z(p). We
can decompose in a similar way (L) p ®z Zp) as a direct sum of Z,)-modules:

e¢]

7
M(LH)p ®zZp =P p"(Tp(),,)

kH,p,n
n=1

The Ny, n and ij ;n group homomorphism give rise to Z,)-module homomorphisms from

w(L)p ®z Zp) to M(LH),, ®z Z(p). The desired result follows by Lemma 3.3 by taking fz =
NL/LH ®Idande=l.LH’L®Id. D

4. Analytic methods

In this section we give an analytic proof of Proposition 1.2. Consider the zeta function of an
algebraic number field L,

1
L(s)= )y N Re(s) > 1,

A€l

where A runs over the integral ideals /7, of the ring of integers of L. It is known that {7 (s) admits
a meromorphic extension in C \ {1} with only one pole at s = 1. Moreover the residue at s = 1
can be computed [6, Satz VII 5.11]

Resy_1 £2(s) = lim (s — D (s) = —on) Reelh),
s=1L0(s) = s — s)=——"—"""hj.
S t AN

The Arakelov genus g7 of the number field L is defined by

ln(L)|V1DL]

=1
T oy

3

therefore
Resg—1 {1 (s) =e 8- Reg(L)hy .

Let Y rgen = 0 be a norm idempotent relation. The product formula (1) implies that
Jlim 3 log((s = D () = 3 ra lim log(s = 1).

The left-hand side is finite (the regulator of every number field is not zero), therefore Y " ry =0
and moreover

Y ru(—gpn +log(Reg(LMVhyn)) =0 = Y rugin =y nylog(Reg(L")h;n).
®)
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Remark. The relation Y ry = 0 can also be proved by applying the character of the trivial
representation on the sum Y ryep.

On the other hand, using the functional equation of the {; » (s) we can prove that

Spu(s) hyn Reg(LH)

s—0 sTFsH=1 = g (LH)]

)

therefore since Ay =ry + sy — 1 and > ryipy =0 we have

> rulog(hyn Reg(L?)) = "ryloglu(LY)|. 9)

Combining (8), (9), we arrive at

ZngLH :ZrHlog(/L(LH)). (10)

nikmy, pin

For every H, such that (|H|, |u(L)|) = 1, we write |u(L7)| = [T 1 D . The right-hand
side of (10) is written

,
ZrH log |/L LH Zry 10g<1_[ ikH.pin ) = Zlog(p?i)ZerH,pi,n =0
H i=1 H

by Proposition 3.6 and the proof of Proposition 1.2 is now complete.
5. The 5 invariant

In order to apply the proof given in previous sections we would like to realize the function

2
3 el

xeO L
as the trace of a suitable linear operator.

If L is a number field we will denote by r the number of real embeddings and by s the number
of complex nonequivalent embeddings. The Minkowski space is defined by

M(L)=R" x C*,
and it can be seen as a real vector space of dimension r + 2s. We will define the set of real infinite
primes of L by P(L,R) and by P(L, C) the set of complex infinite primes. The field L can be
embedded on the Minkowski space by the map
ir:L— M(L),

X (al(x), ce s 0p(X), 0p 41 (%), ..., 0,+s(x)).



1598 A. Kontogeorgis / Journal of Number Theory 128 (2008) 1587-1601

For more information about the Minkowski space we refer to [6, 1.5]. Every divisor

A= Z a,o + Z a, 0,

oeP(L,R) oeP(L,C)

supported on the set of infinite primes gives rise to the metric

IXIZa= Y Ixole ™+ Y |xgl*2e, (11)

oelP(L,R) oelP(L,C)

where x = (x,) is an element of the Minkowski space M (L).
Let L/K be a Galois extension of number fields with Galois group Gal(L/K) = H. An infi-
nite complex prime o of K is extended to |H | infinite primes of L, i.e.,

|H|

o=Y a. (12)
i=1

On the other hand, an infinite real prime t of K gives rise to a(r) real infinite primes
{01, ey Ua(r)} of L and to b(l’) pairs {Ua(r)—H s oo Oa(r)+b(1)s Oa(t)+1s -+« Ua(t)-i—b(r)} of com-
plex infinite primes of L, where a(t) + 2b(t) = |H|. So the real infinite prime ¢ is decomposed
in L as follows:

a(t) b(t)

2
U=ZGi+ZGLI(T)+j' (13)
j=1

i=1

Lemma 5.1. Let L/K be a Galois extension of number fields, with Galois group H. Consider
the set P(L, 00) (respectively P(K, 00)) of infinite primes of L (respectively K) and let ry, sy,
(respectively ri, sx) denote the number of real and complex embeddings of K (respectively L).
Let D be a divisor supported at the infinite primes of L, such that D is H-invariant, i.e.,

D= Z ay0 = Z a,Zo.

oelP(L,00) telP(K,00) olt

Let us denote by DY the divisor

D = Z arT.

reP(K ,00)
If I - |L.p is the metric on the Minkowski space R™ x C°L introduced by D and | - | g pn is

the metric on the Minkowski space R'% x C*K introduced by D", then for every x € K C L
considered as an element on the spaces R'L x C’L and R'% x C*K we have

lieol; p=1H1- ik )| pu- (14)
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Proof. Let x € K C L. We compute

lik@lpr= 2 Fr@fe+ Y [rof2e .

7eP(K,R) 7eP(K,C)

Observe that all infinite primes of L extending t give on x € K the same value. Therefore,
if T € P(K,R) then the contribution to the norm of the infinite primes a; >, o above 7 is
according to (13):

olt

[z ()P (a()e ™ + b(1)2e72) = o (x)|* | H|e 2.

On the other hand, if 7 is a complex prime, then the contribution to the norm of the infinite primes
above t is according to (12)

(o) P | H |2e ™.

The desired result follows by adding all the contributions of primes of L above each infinite
prime T of K. O

To every number field L we attach the Hilbert space V. consisting of functions f : Op — R,

such that 3", .0, |f (9> < o0.
Let H be a group acting on the number field L. The space V is acted on by H as follows:

f"(x) = f(hx), forh e H.

Let V; u be the Hilbert space of functions f : O;» — R such that ZveOLH | f(M)]? < oo.

The norm idempotent € induces a map €j; : V; u — Vy, sending the function f: Oy n — R
to the function f o €y : O — R. Moreover we will consider the restriction map rest : Vo, —
Vo, u sending a function f : Op, — R, to the restriction on O n.

Since the vector spaces we treat are of infinite dimension we cannot use the trace of the
identity map. Instead, we consider the diagonal linear operator

Tp: V@L — V@L,

sending a function f(x) to the function Tp f(x) = e " I¥ 1.0 f(x). Let 8,(-) denote the basis
functions

)1 ifx =y,
8X(y)_{0 ifx #y.

We observe that the trace of the linear operator Tp o € is given by

a(Tpoel)= Y (ToehG 8= > e Mlin, (15)

JCEOL XEOLH
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Indeed, if x € O, is an element of O, 1 then ey (x) = x, and if x € O \Opn then ey (x) # x
since ey (x) € Opn. We compute

. . 1 ifx EOLHa
(€778, 8x) = {0 ifxeO\Opn

and the formula (15) follows. Suppose now that D is an H-invariant divisor. Then Eq. (14)
together with (15) gives that

w(Tpocy)= Y ool (16)

XEOLH

Proposition 5.2. Given a number field K and a divisor A supported on infinite primes, define
the numbers

maK)i= Y eIk,

xEOK
If >y Auen =0 is a linear relation among norm idempotents, and D is a divisor supported on

infinite primes of L and moreover it is H -invariant for all groups H that appear on the sum, then
the following relation holds

0= Z ranpysan (LY,
H

where

B(H):——lOg(2|H|) Z o—log% Z .

ceP(LH R) ceP(LH )

In particular if D =0 then

0= Z)\HnB(H)(LH)-
H

Proof. The desired result follows by linearity of the trace map composed by Tp, the relation
> yAiren =0and Eq. (16). O

Observe that Proposition 1.3 is a special case of Proposition 5.2 for D = 0.
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