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Abstract. Short distance optical interconnects are a pramisolution for tackling the
bandwidth and low energy consumption requiremehtseat generation Data Centers (DC)
and High Performance Computing (HPC) systems. €hkzation of optical switching should
offer scalability, allowing the interconnectionmiltiple racks and/or servers/compute nodes,
and quick reconfiguration times. To this end, fasiall-radix MicroRing Resonator (MRR)-
and Mach-Zehnder Interferometer (MZIl)-based spawdtcking devices, capable of
supporting multiple optical signals multiplexed ahgh Wavelength Division Multiplexing
(WDM) have been reported. Using such devices addibgi blocks we evaluate the
performance of a number of simple electro-optictdwiarchitectures based on successive
wavelength selection, WDM multiplexing and spacé&ding, attempting to achieve scalable
switching fabrics with good throughput performance average using little additional
hardware and few switching stages, thus lower tosgrtion losses as well as lower power
consumption. The price paid for such architectsmalplicity is that it introduces additional
constraints on the feasible permutation matricessoth switching fabrics, affecting
performance for some traffic patterns. We disciies ttade-offs between performance and
hardware requirements and based, on our findingspmpose alternative architectures that
overcome these limitations.

Keywords: optical interconnects; optical switches; silicdmonics; WDM; space switches;
scheduling

1. Introduction

The bandwidth requirements within Data Centers)(BXe increasing rapidly due to
both processor evolution and the continuous gravitBig Data analytics and cloud-based
applications: the annual global cloud traffic ieglicted to quadruple by 2019 (from 2.1 to 8.6
ZettaBytes [1]). Power consumption poses anothgioitant issue as global DC power
consumption is projected to rise to 1012 billion kW 2020 [2]. A similar trend is observed
in the High Performance Computing (HPC) communiteve off-chip bandwidth of tens of
Th/s will be demanded to meet future HPC requirdmf3].

Optics is a promising energy-efficient solutioyding terabit transmission through
Wavelength Division Multiplexing (WDM) that coulassfy the increasing bandwidth needs
of DCs and HPCs. Optics has already found its wayde DCs and HPC systems and is
expected to be deployed over ever shorter distafiiwesd-to-board, on-board, and even on-
chip) [4] in the near future, for both data transsion/reception and switching. A number of
hybrid and all-optical architectures for rack-t@kacommunication in DC and HPC systems
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can be found in [5] (and references cited theregr&lenergy consumption benefits from the
application of optics in such environments are discussed. An important part of this trend
is silicon photonics (Si-Pho), emerging as a powddchnology for optical connectivity in
integrated circuit environments [6]. The realizataf switching in the optical domain should
offer scalability in the interconnection of muléplacks and/or on-board compute nodes (in
HPC systems), while achieving fast reconfiguratiomes. In DCs in particular, the packet
sizes cluster around 200 and 1400 Bytes (see discum [5]). They are either small control
packets or parts of large files that are fragmetdetie maximum packet size of the Ethernet
networks (1500 Bytes). In order for a switch to rape at packet granularity, reconfiguration
times of a few nanoseconds or less are best (B¢@0packet needs 40 ns to be transmitted
assuming 40 Gb/s channels). Optical switching canrdmlized by configuring various
devices, such as Micro-Electro-Mechanical SystdviisNIS), MicroRing Resonators (MRR),
and Mach-Zehnder Interferometers (MZI). The typigaiitation of the former is their slow
reconfiguration times making them suitable only &wow optical circuit switching (OCS),
even though faster MEMS-based switches have beeenttg reported [7]. Since fast
switching times are required for DC and HPC, theettgoment of MZI- and MRR-based fast
Si-Pho switches is an area of intense researclsfdaiparticular, 4x4, 8x8, 16x16 MZI and
MRR space switches have been reported [8]-[13] dase multiple 2x2 MZI and MRR
switching elements, respectively delivering reggunfation times below 5 ns.

Architectures based on such photonic switches bawed with the WDM capability
of optics in order to achieve high connectivity s are described in [14]. [15] presents a
8x8 switch architecture where 2 groups of 4 dagmals are multiplexed using WDM in a
single signal that is then spatially (in the spdomain) switched using a 2x2 MZI switch. In
PhoxTrot project [16, 17] a similar approach isldaled, where 12 optical channels each
carrying a rate of 40 Gb/s are multiplexed in aglEirsignal that is then spatially switched
using a 4x4 MZI switch (and then demultiplexedpdimg to a 48x48 switch with near 2
Tbp/s maximum throughput. In what follows we wiifer to this approach as the PhoxTrot
switch. In [12] the scalability of MRR based switiérics for WDM signals is examined for
DC application, showing that a 128x128 switch wihvavelengths per port is feasible,
assuming however a large power budget (35dB).

In the present work, we examine a number of ditlegwvard switch architectures,
like the ones discussed above, where multiple alpfigputs are multiplexed in a WDM
signal, which is then switched in the space domaing a single (MZI- or MRR-based) chip,
and is demultiplexed at the output in order to hethe desired destination. In this way, high-
radix switches can be built with few optical switup stages, resulting in low total insertion
losses, thus addressing the main scalability liioibaof silicon photonic space switching
elements. We discuss the advantages in hardwaneeegents of these approaches compared
to other wavelength-space alternatives, such aartigtectures proposed in [18, 19] based on
Semiconductor Optical Amplifiers (SOA). We alsodaliss how these architectures can be
expanded in order to interconnect multiple statéhefart electronic switches leading to
larger electro-optic switching structures. Thespraaches offer scalability, achieving good
throughput on average with little additional hardsvand smaller optical paths in terms of
basic switching elements. The architectures distuésve different hardware requirements
and different functionality, in terms of the inpuitput permutations they can switch in a
single step without contention. Their blocking arah-blocking characteristics are discussed
based on the scheduling complexity they requirethadnaximum throughput they achieve.
We also discuss the performance-hardware requiresmie functionality limitations and the
blocking/non-blocking characteristics of them, tinade-offs involved and, based on our
findings, we propose alternative architecturesviercome these limitations.
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In Section 2, we define the class of switch agtiires to be studied, viewing the
PhoxTrot switch as a single case of this class,vemd@ompare them to other configurations
and architectures, in terms of hardware requiresjdahctionality and power consumption.
In Section 3, we discuss the implications on schieduhat limit throughput and lead to
speedup requirements. In Section 4, we examingdndrmance of such architectures (in
terms of throughput and required speedup) for wuaritraffic patterns. In Section 5, we
discuss a variation of these architectures intereoting multiple state-of-the-art electronic
switches that can lead to larger electro-optic avility structures. In Section 6, we present
alternative architectures without the aforementibroe®nstraints, while in Section 7 we
conclude this paper.

2. Electro-Optic Switch Architectures

In this section we first give some important, wiellown definitions regarding the
blocking/non-blocking properties of a switching ffiab(Section 2.1). We also discuss the
buffer organization in switching fabrics and theywthey relate to speedup (Section 2.2).
Then we briefly describe the PhoxTrot switch amttiire. We also define a class of similar
switch architectures, viewing the PhoxTrot switchaa instance of this class (Section 2.3),
investigate its merits and compare its hardwareirements to those of other configurations
(Section 2.4). We also discuss options for thisilfarof architectures regarding buffer
organization in the inputs and scheduling decis{@sstion 2.3.1).

2.1. Blocking and Non-blocking Switching Fabrics

The switching fabric is the heart of modern rositend switches. In what follows we
will assume packets of fixed and equal lengthechdlells. Aswitching patterns a particular
set of connections between input and output pdrthe switch. The following constraints
must be satisfied for any switching fabric provigljpoint-to-point connectivity:

Constraint C1) a single input is connected to at most one output

Constraint C2) at most one input is connected to a single output
If input i wants to connect to outpuf(i), i=1,2,...,N, constraints C1 and C2 basically state
thatz( ) should be germutation functionA switching pattern satisfying constraints C1 and
C2 (i.e., a permutation input-output pattern) isl@cking switching patterif the data cells
cannot be transmitted on all connections simultaslyo without collisions. A switch
exhibiting blocking switching patterns iskdocking switch while a switch that does not
exhibit such patterns is mon-blocking switcH20]. The number of switching patterns that
satisfy constraints C1 and C2 for switches of gieN is N!, equal to the input-output
permutations. We define thenctionality of a switch as the number of different input-odtpu
permutations it can handle. A non-blocking switcls e functionality ofN! A blocking
switch has reduced functionality, but possibly iezgilower cost and fewer components for
its implementation. Finally, a common distinctioor fnon-blocking switches, is between
Strictly Non-Blocking SNB) andRearrangeably Non-BlockinRNB) [20]. In the former, a
connection can always be set up between any iglg #&nd any idle output without disturbing
connections already set up. In the latter wherbéistdang a connection between an idle input
and an idle output, internal paths of existing @mtions may have to be rearranged to set up
that connection. SNB is desirable for circuit switg so as not to disturb existing circuits.
For packet switching, RNB switches work equally lwelssuming that an appropriate
algorithm is executed in every step to ensure Hooking switching configurations.



2.2. Buffer Organization in Switches and Speedup

A traditional distinction regarding the buffer ptanent and organization in switches
is betweennput-QueuedlQ), Output-QueuedOQ) andCombined Input and Output Queued
(ClIOQ) approaches [21, 22]. An important desigrapaater of switching fabrics speedup
SpeeduiS is defined as the ratio of the switch bandwidtovited to the minimum switch
bandwidth needed to support full throughput onirgluts and outputs [23]. ANXN switch
with speedup ofs can remove up t& cells from each input and transfer at m8stells to
each output in a time sldB>1 requires faster internal line rates (comparethéinput and
output port line rates), and memory with shorterzatess time and faster scheduling
decisions. Furthermor&>1 is required to perform output buffering, givémat the line rates
of the output ports are the same to those of thetiports. It is well known that OQ switches
require speeduf=N to achieve full throughput. 1Q switches can openaith S=1 applying
what is known as Virtual Output Queues (VoQ) comcep the inputs [24] to avoid
performance degradation due to Head-Of-Line (HObgking [21]. For 1 <S< N a CIOQ
approach is required. CIOQ switches can exactlyl@auhe behavior of an OQ switch using
a speedup of 2-W[25].

2.3. WS—mSS Switch Architectures

We first describe briefly the architecture of ax48 electro-optic router chip
currently pursued within the PhoxTrot project andhprising a 4x4 Si-Pho switching matrix
equipped with wavelength MUX/DEMUX stages at evefyts I/O ports. [16, 17]. The heart
of the PhoxTrot router chip is a 4x4 Benes photamittching fabric consisting of multiple
cascaded 2x2 switching elements. This photonicchwierforms Space Switching (SS), since
it does not consider/distinguish based on the vesgth of the switched traffic. The 2x2
switching elements are Mach Zehnder Interferom@itl) switches that have been so far
demonstrated in several switch matrix implementatias reliable and broadband switching
modules, usually exploiting electro-optic-switchingechanism [8]-[13]. MZI-based Si-Pho
switches have been shown also in higher radix gements co-integrated even with all
necessary CMOS driving circuitry on the same chi§l.[ Figure la depicts such a 4x4 non-
blocking switching matrix consisting of 6 symmetriingle-arm MZI-based switching
elements arranged in a Benes topology, while mawdlystvitching matrices can be combined
in larger switching topologies with a higher posuat, towards implementing larger photonic
nxn switching fabrics. The reconfiguration time ofgHix4 switch is 1.4 ns.

The overall router chip architecture that will dnporate the 4x4 SS, under study in
the framework of PhoxTrot, will route a stream @f rhultiplexed signals (using WDM) per
port of the 4x4 photonic non-blocking switch, leaglito 4x12 input and 4x12 output
multiplexed signals, creating a 48x48 switchingnedat. The transmitter and receiver
modules of the router chip will rely on flip-chippbded Vertical Cavity Surface-Emitting
Laser (VCSELSs) [26] and Photodetectors (PDs), sy, with every VCSEL of the 12-
VCSELs array emitting at different wavelength frdt820nm to 1580nm and supporting
multi-level modulation formats with a bit rate up40 Gb/s [27]. The 12 input channels are
WDM multiplexed (MUX) through a combiner or an Ayr8Vaveguide Grating (AWG) and
fed into the first input port of the 4x4 SS switdthey are demultiplexed (DEMUX) at the
output with an AWG, and thus each input pin is gdimrwarded to the corresponding output
pin. The router chip follows an IQ approach with @@rganization of the input buffers. A
ClOQ approach was not preferred, as it would requipto-electronic and electro-optic
conversions at both ends. An OQ approach requiresdsipgS=4, something not practical due
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to the high line rates, unless the input and outpainnel rates were reduced to 10Gb/s. An
illustration of the router chip architecture is éed in Fig. 1a. In order to allow Wavelength
Selection (WS) in the inputs, either a 12x12 etgotr switch is required in the input and/or
appropriate buffer organization (see Section 2.5ir)ce a Wavelength Selection (WS) stage
(implemented in the electronic processing padliswed by a Space Switching stage for the
multiplexed WDM signal (mSS), we will refer to sugh architecture as a WS-mSS switch.
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Fig. 1 a Single chip implementation of a 48x48 WS-mSS dwitt2 signals are multiplexed in each input of the
4x4 Space Switch (SS), and they are switched t@apipeopriate SS output port, where they are deptextéed.b
Alternative implementation of the 48x48 WS-mSS shuitd Linecards interconnected using the 4x4 olgivétch

on backplane or on a different cacdl92x192 switch constructed by using 4 48x48 aebadtrswitches, 4 4x4 SS

and 12 signals (de)multiplexed in a single (outjmyt.

An alternative implementation of the same WS-m&itecture is depicted in Fig.
1b. A key difference of this version is that thputs and outputs are electrical signals. Optics
is used only internally in the switch. This allowsffering and electronic processing at the
outputs as well, leading to a CIOQ approach, wienh provideS>1. In Fig.1b this version is
depicted using 4 linecards, corresponding to thietdrconnected groups of inputs-outputs
(wavelengths), and the 4x4 optical SS is locatetherbackplane or on a different linecard.

The aforementioned WS-mSS architectures can bergkzed assuming a singhen
optical Space Switch (SS) andnxm Wavelength Selection (WS) elements, wheres the
number of wavelengths that can be multiplexed single optical signal, leading t&xN
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swiching fabrics, witiN=n-m. In this case, input (or output) porf the NxN switching fabric
belongs to groug = [i/m] of the SS and to the input (output) gir- (j — 1) - m of the
respective WS group. PhoxTrot case can be seenspscial case of this architecture with
n=4, m=12 and\=48.

Ideally, EO and OE conversion would occur only the inputs and outputs,
respectively, of an all-optical DC or HPC netwankjng purely optical switching in-between.
However, since large DC and HPC networks contatugbnds of switches (as opposed to
long-haul and metro networks where 10-100 nodesfawmad) and short-range optical
transmitters are used, OEO conversion and/or a@psignal amplification is unavoidable.
The latter should be avoided as well due to powesemption: a 40 Gb/s VCSEL-based link
has a power consumption of 22.3 pJ/bit leading.892W [28], while an amplifier has a
power consumption of 0.5-1 W depending on the tfpamplifier ([2], p. 23, 24). Instead of
using amplification or OEO conversion between WSsméhips, OEO conversion was
incorporated in the chip architecture of Fig. 1asw“all-optical” DC and HPC architectures
presented in the literature (see [5]) are baseugmradix all-optical switches used to replace
the higher layers of the fat tree architecture®@ networks (aggregation, core), leading to
fewer tiers and flatter architectures. Thus, upthTop-of-Rack (ToR) layer is the electronic
domain and the highest layer is the all-opticat p&the fat tree, using the optical switches. A
similar approach using WS-mSS is described below.

Multiple WS-mSS switching elements can be usedrder to interconnect multiple
state-of-the-artkxk electronic switches, wittk=n-m, assumingn nxn SS and thatm
wavelengths can be multiplexed in a WDM signaldieg to anNxN switching element with
N=k-n=m-n®. In this way, in the first stage there ardxk electronic switches. The output
ports of thekxk switches are divided in=k/m groups, where then wavelengths of a single
group are multiplexed in a single signal. In theas®l stagen nxn SS elements are used. A
single groupj € [1,2,..,n] of multiplexed signals of a singlkexk electronic switchi €
[1,2,..,n] is connected to input parof SS element In the third stage there amggroups of
de-multiplexing elements. Output pere [1,2,..,n] of SSI € [1,2,..,n] is connected to de-
multiplexerl of groupo. Thus,n kxk electronic switches anmtnxn SS are required in total. In
Figure 1c an example is presented ke#8, n=4, m=12 leading to a 192x192 swiching
element requiring 4 48x48 electronic switches a4 SS. For comparison, a 192x192 fat
tree implementation based only on 48x48 electrewnitches requires 12 electronic switches
interconnected in a 2-layer fat tree. Using thincapt electro-optic switches with extremely
high radix can be realized, achieving port numifarsbeyond what current exclusively
electronic or exclusively photonic switches carenff

2.3.1Buffer organization at the inputs

In the following, we outline 2 architecture vaitats regarding the VOQ organization
at the inputs, to avoid HOL effects, as well agslwscheduler/allocators arrangements.

The first version of the architecture requiresitaidal n mxm electronic switches: a
singlemxm electronic switch (with itsn VOQs per input) is present after the PDs and lefor
the VCSELs in order to select the appropriate wength/VCSEL. In this version, after the
PD, there are VOQs for a single input, each corresponding taffarént desired output port
of thenxn SS element followed by thm VOQs for themxm WS electronic switches (thus
n+m VOQs/input port in total). This version lends ifde n+1 separate scheduling decisions:
1scheduler is used for timxn SS anch for the respectivenxm electronic switches (depicted
in Fig. 2b for the PhoxTrot case). The SS schedmiéconfigure thenxn SS and will decide
which groups of VOQs will be used to forward thddsce themxm VOQs that follow. Note
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that in this case, switching using the WS-mSS &t&isif two separate switching stages: the
SS must stay in a configuration for 2 cycles fdrestuling incoming cells. In order for a cell
to be able to be served in a single schedulingadlttie WS-mSS, a speedup value equahto
would be required for thexm switching elements.
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Fig. 2a 5 schedulers: 1 for the 4x4 SS and 4 for the miEel2x12 electronic switches and the respedfi€)
organization in the electronic part of the PhoxTaloip. b A single scheduler for both the WS and SS tasHstiam
respective VOQ organization in the electronic péthe PhoxTrot chip.

The speedup requirements of the electronic swigechbe eliminated il=n-m VOQs
are used for every input port. ThEVOQs are divided im groups ofm VOQs. Then groups
correspond to tha outputs of thenxn SS element. In principle thexm switches can be
avoided completely (Fig. 2b). The (single) scheduld configure thenxn SS matrix using a
specific scheduling algorithm. Based on this dedisit will use the respective groups rof
VOQs in order to determine which cells it will fihaforward to the chosen input ports of the
nxn SS. For example, if the scheduler in Fig. 2b decih connect the input port 4 of the SS
to SS output port 2, it will use the 12 VOQs coméa in VOQ groups 2 for all the 12 inputs
of group 4. Note that the scheduling decisions @¢@gain be broken in+1 schedulers: the
SS scheduler decides the VOQ groups that will leel urs the input ports while the remaining
n decide which cell will be forwarded from the seéet(by the first scheduler) VOQ groups.

2.4. Electro-optic Switch Architectures: Hardware Requirements, Functionality and
Power Consumption Comparison

In this section we compare the Ws-mSS architestpresented above with silicon
photonic switches employing only space switching, veell as other space-wavelength
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switching architectures, in terms of cost, funcsiity and energy consumption. We assume
that we have packet switching and that buffering) signal regeneration are used in all cases.
Thus, for allNxN packet switch architectures presented below (B&tand WS/SSN lasers
andN receivers are used. Finally, we also compare tBerW%S approach of Fig. 1c to an all-
electronic switching case.

The first two columns in table 1 present the tatamber (and the size) of basic
switching elements as well as the number of switghelements found in the worst case
optical data path for the respective architecturBise following columns present the
technology of the switches, the switching typeh@itSS or SS combined with WS, usimg
wavelengths), the functionality of the switch ahd minimum required speed@®to achieve
100% throughput, given that the HOL effect has beleninated through VOQs in the inputs.
For the WS-mSS case, tNeVOQ's/input are treated as described in Secti8ril2.

The first 3 architectures are common switch togiele implemented using MZI- or
MMR-based silicon photonics devices [9] assuminly &pace Switching (SS). A basic 2x2
MZI switching element consists of two interferomstéinked by two arms with an equal
length. By changing the phase difference of the @awas, the MZI is switched from “cross”
to “bar” state. A basic 2x2 MRR switching elemeonhsists of two silicon MRR’s and two
crossing silicon waveguides. The “cross” and “batates are implemented by actively
changing the on- and off- resonance of the MRRght input signal. The cross-point
topology is a crossbar-like configuration requirligbasic 2x2 switching elements arranged
in anNxN mesh. The Switch and Select topology is a treetdpology where the number of
switching stages is-®g,N for all paths, employing only 1x2 and 2x1 basictsng
elements. The Benes topology requires the minimiam ron-blocking design) number of
switches and switching stages, and this is why @rguably the most popular choice for such
switch implementations [8]-[13]. The RNB feature tfis topology requires that an
appropriate algorithm is executed at every step ettsure non-blocking switching
configurations. The main scalability limitation afl these approaches is the insertion loss.
Optimistically, each MZI has insertion losses dd B [9]. Taking into account a typical
laser output value of +3dBm for the transmittepi¢gl value for VCSELS) and that typical
receiver sensitivities hardly go lower than -11dBm >25Gb/s data rates [9], the available
power budget for >25Gb/s optical links turns oubw lower than 14dB. Relaxing the data
rate to 10Gb/s can increase the power budget teehidpan 20-25dB. Assuming=n=32, the
9 switching stages of a solely SS Benes-based agpgive 13.5 dB insertion losses, leaving
almost no margin for additional loss parametergioaiting from I/O coupling stages and for
additional parameters affecting signal qualityelidrosstalk, when targeting 40Gb/s data rate
links. The optical data path (the modules the apsagnal will meet) in a WS-mSS approach,
assuming amxn Benes SS, andh wavelengths per input/output consists of the mpldker
(mx1 MUX), followed by 2log,n-1 switching stages and the de-multiplexeriiBEMUX).
Assuming 1 dB insertion loss for the (DE)MUX [9h &I=32 WS-mSS witm=4 andm=8
requires 3 switching stages, yielding insertiorséssequal to 6.5 dB. The insertion losses for
SS and WS-mSS MZI switches of various sizes arewshan Fig. 3a, using the
aforementioned values for the MZI and the MUX/DEMUassuming Benes topologies for
the space switches. Already for=2 the WS-mSS approaches give fewer losses than the
respective SS approaches. Ferl6 the power budget requirements using WS-mSSkest
is less by 10dB than the respective SS implememisitiin Fig. 3b we present the power
consumption for the same cases of Fig. 3a. Sireetimber of transmitters and receivers is
the same for all architectures, their power condionps not taken into account. A MZI has a
power consumption of 2 mW [9] while the AWG (DE)MUafe passive. Since WS-mSS
switches increase the port number without additiactive elements, they are more energy
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efficient thanSS switchesFor m=16 the WS-mSS switches require Iélsan 96% power
compared to the Sigplementation.

Table 1: Electro-Optic Switch architectures: Cost and FunctionalityComparison.

# of switching data path Technology Switch Blocking/ S
elements (Worst case) Functionality
Benes N-logoN-N/2 2-log;N-1 (2%2 SS) MZI or SS RNB/N! S=1
(2x2 SS) MRR
Cross-point N?(2x2 SS) 2:N-1(2x2 SS) MZI or SS SNB/N! S=1
MRR
Sw. & Select N-(N-1) 2-logN (1x2 & 2x1 SS) MZI or SS SNB/N! S=1
(1x2 & 2x1 SS) MRR
SOA WS-SS N 1xn SS,nx1 SS SOA SS/WS  SNB/N! S=1
(1xn & nx1 SS) (m2's)
OSMOSIS AN mx1 MUX ,EDFA, 1x2 SOA SS/WS SNB/N! S1
(mx1 SS &mx1 splitter,mx1 SS, 1xm (m2's)
WS) DEMUX, 1 mx1 WS
WS-mSS nlogn-n/2 (2x2  mx1 MUX, 2log.n-1 (2x2 MZI or SS/WS  B/nt-(m)" S,
SS) SS), 1m DEMUX MRR (mA’'s) Smin(n,m)

As discussed aboy®/S-mSS approaches allow greater scalability, \fewer losses
and lower poweconsumptio than SS approacheBhe price paid is the reduced functiona
of the WS-mSS switchyhich isn!-(m!)" (<N!). The functionality of the W-mSS approach
and its impact on scheduling is examined in detailSection 3.This lower (blocking)
functionality can reduce throughput up to 1/rnm) in the worst case for certe
appropriately chosetraffic patterns. Vice ersa, assuminghe version of the architectu
depicted in Fig. 1b, where the optics reside inside switch, speedup equal to nn,m) is
needed to ensure 100% throughput for all ceHowever, on average (assuming i.i.d. .
uniformly distributed numkr of cells for every input/output port communicafip the
speedup requirements are much less (closer The impact of the blocking functionality
WS-mSS on throughput and speedup requirements issgisdun more detail in Section In
Figure 3c he maximum throughp (on average case) is depictedthe same cases of Fig.
and 3b. he number of cellsfor every input/output port communicat is uniformly
distributed from 1 to 1000After m=4, the maximum throughput increastswly. Forn=4,
m=32 and 64 (givindN=128 and 256) the respective throughput valued£@3 and 0.9
(not shown in Fig 3c)Thus, WmSS approaches can achieve high throughput onge
while exhibiting all the advantages described abhigh-radicesfewer losseslow power
consumption. It followsrbm the discussion above thn order to design a W-mSS switch
with 100% throughpuin all casesand relativelylow speedup requiremel, at least one
dimension § or m) should besufficiently small. As it will be argueth Section 43, it is
preferable to use smatl and largem than the opposite in order sxhieve lower speedt
requirements on averader large switch size. Alternative WS-mS&rchitecture where the
internal line rates of the switcare kept equal téhe input and output channel rai(no
speedup requirementade discussed iSection 6.

Losses

ption Maximum Throughput (All-to-all traffic)

Case Lass (dB)

Power Consumption (mW)

a
Wavelengths per port (m}

1 [ 1
Wavelengths per port (m) Wavelengths per port {m)

(a) (b) (c)
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Fig. 3a Comparison in terms of insertion losses for vari8@sand WS-mSS switchdsComparison in terms of
power consumption for various SS and WS-mSS swstah&laximum throughput on average for various WS-
mSS switches: all-to-all traffic with the number odlls for every input/output port communicationifarmly
distributed from 1 to 1000.

We also compare the aforementioned architectuliéfs two switch architectures,
presented in the literature, combining space angeleagth switching (SS and WS). Both
architectures are based on Semiconductor Opticglifiers (SOA). The wavelength-space
non-blocking architecture presented in [18] needs<m electronic switches for wavelength
selection without using any (DE)MUX. For the spawatching part, it requirell 1xn andN
nx1 space switches. For everynl8S,n SOAs are required (assuming32). For everynx1
SS, 1 SOA is required (assuming32). The total number of SOAsM(n+1): however, only
2N SOAs will be active for a full input-output permatipn (1 SOA active for every hxor
nx1 SS). The second architecture (OSMOSIS [19]pWdl a broadcast and select approach
implementing a\x2N switch (each output has two receivers, Rx, forrojied performance).

In the broadcast phase,broadcast units are used, each containingveh multiplexer, an
EDFA amplifier and an 1x2 splitter. In the select phaseN Zelect units are used, each
containing two stages ah SOA optical selector gates. A first SOA gate dslelce correct
fiber or spatial group. A second SOA gate, aftemdkiplexing, then selects the correct
wavelength within that fiber. The active elemerdsd full input-output permutation aréN2
SOAs andn EDFAs. Note that OSMOSIS architecture against whMZl WS-mSS
architecture is compared is the most energy efficad the architectures examined in [5]
(p.24). The disadvantage of both approaches destdbove is that they require large arrays
of SOAs which are expensive and power hungry.

Taking into account that an active SOA requiresiad 0.46W [18] folN=64, with
n=m=8, the SOA WS-SS and OSMOSIS switching matriceg ke power consumption of
59W and 67W, respectively (assuming 1W for the EDdMplifiers). A solely SS 64-port
Benes switch requires 0.704 W (352 2x2 MZIs andwitching stages) and a Benes-based
WS-mSS withn=m=8 requires 0.04 W (20 2x2 MZIs, 5 switching stagemsssive AWG
MUX/DEMUX). The WS-mSS approach can also be use8@#A-based switches in order to
reduce energy consumption. For instance the 20si&hes required for a 64-port SOA-
based WS-mSS with=m=8 require 36.8 W (assuming 4 SOAs for the impleiation of a
2x2 switch).

Finally, we compare an architecture based on WS-s\tches and an all-electronic
architecture assuming a small DC cluster of 768essr For the comparison we assume that
the 768 servers are interconnected using: a) fefattopology based on commaodity 48-port
electronic switches (the usual topology in mode@spand b) a topology based on WS-mSS
switches withn=16 andm=12. In order to implement a 768-server full bigactfat tree
topology using 48-port switches, 48 switches areded, arranged in 2-layers: 32 switches
are needed for the first layer (ToR) and 16 switcloe the second layer. Half of the ports of
the 48-port ToR switches are connected to the seraral the other half to the switches in the
second layer. Assuming that the typical operatiogygr of a commaodity 48-port electronic
switch is 390W [29], the total energy consumptidnihe all-electronic fat tree is 18.72 KW.
Using WS-mSS switches, the resulting 768-serveolty is similar to the one presented in
Fig. 1c. In this case however we have 16 48x48releic switches (instead of 4 as in Fig. 1c)
and 4 WS-mSS switches witlr16 andm=12 (instead of the 4 WS-mSS witk4 andm=12
of Fig. 1c). The energy consumption of the 16 ettt switches is 6.24 KW. The optical
switching matrix consists of 4 16x16 SS, each ooetasning 56 2x2 MZI switching
elements with 2 mW power consumption. Thus, thal tehergy consumption of the optical
switching matrix is 0.448 W. To perform a fair camnigon with the all-electronic
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architecture, the energy consumption ofkheptical links must be taken into account as well.
Assuming 22.3 pj/bit energy consumption for a 40GBCSEL-based link [28], we have
0.892W for a single link and 685,056 W for the ‘tgflical links required in the architecture.
Therefore, the total energy consumption of the W&Snscenario is 6.926 KW, leading to
63% energy savings compared to the all-electraaticrée architecture. If Valiant routing is
used (see Section 4.3) then the 768-server artinitebased on WS-mSS switches &d
will experience no throughput degradation compaoeabn-blocking switches.

3. WS-mSS Switch Scheduling

In this section we examine the restrictions tmatisposed on scheduling a WS-mSS
switch, due to its architecture peculiarities arduced (blocking) functionality. In 3.1 we
examine the constraints that a permutation matri¥v8-mSS switches must satisfy. In 3.2
we describe simple scheduling algorithms for the-M&S. In 3.3 we give a lower bound for
the number of required scheduling steps. Basetienwe derive the speedup and throughput
values for the architecture at hand.

3.1. Permutation Matrices

A permutation matriXPs is anNxN matrix representing a feasible configuration of an
NxN switch in scheduling cycle Entry (, j) in P is either 1 (indicating that in the current
time slot in-port will send a packet to out-pgjtor 0 (no communication between partnd
j). Permutation matrices for simple non-blockingtstwes have the following properties:

Constraint C1) there is at most one “1” along a single row, and

Constraint C2) there is at most one “1” along a single column
These are the same constraints C1 and C2 mentiangdction 2.1, expressed in terms of
permutation matrices. We will describe the pernmotamatrices for a WS-mSS switch by
defining first two more matrices: BR: annxn permutation matrix that describes the state of
the SS part of the WS-mSS switch in schedulingecgichnd 2)WP;; : anmxm permutation
matrix that describes the state of the WS patefWS-mSS switch for inpitand outpuj of
thenxn SS in scheduling cycle Entries in permutation matric®sfor a WS-mSS switch are
either 1 or 0 according to the following rule:

. 1,ifSP(i,j)=1and WP, (i—({'—1) m,j—(G'—1)rm)=1
PG = st .

0, otherwise
wherePs(i,j) denotes entryi|(j) in Pg, i, j €{1,2,....N}, i’ =[i/m] andj = [j/m]. Thus, in
addition to the restrictions C1 and C2 mentioneovalfor non-blocking switches, two more
constraints should be satisfied for permutationriced Ps for NxN WS-mSS switches:

Constraint C3) there is at most one “1” along a single rows#f, and

Constraint C4) there is at most one “1” along a single columisBf
An example forPs with n=4 andm=12 (the PhoxTrot case) is depicted in Fig. 4. Sitiere
arenl and m! SR, and WP;; configurations/permutations, respectively, amdnput (and
output) space-switching ports, a WS-mSS has aifumaltty of n!-(m!)", as opposed to thd!
functionality of anNxN non-blocking switch. The additional restrictiom®ming from the
smaller number of feasible input-output permutagjohave implications on the switch
performance that will be examined in Section 4.
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our WPI s our WPZ s our Wpi,s our WP4 5
1 N

Wt ™ T w)
: |

Fig. 4 Example of a specific permutation matrix for a -mSS switch withm=12 andn=4 (the PhoxTrot case
P«(48,27)=1 sinc&Py(4,3)=1 andNFs4 12,3)=1.

3.2. Simple Scheduling Algorithms

A (packet)switch scheduler must perform, for every scheduliggle, a matchin
between the input and the output ports of the $witcfabric, based on the request matrix
order forthe switch to be configured appropriately. A requestrix is anNxN matrix
containing a 1 in position,() if input porti wants to communicate with p¢ for scheduling
cycles, or 0 otherwise. Thmaximum (optimal) matchinfpr a single schedulinctep can be
found in time OK®? for an NxN switch [30]. In practicemaximal matchin is usually
performedsince it is simpler to implement and has a fasianing time. There exist seve
well known maximal matching heuristic<31]-[33]) as well aseuristics taking into accou
the VOQ sizes or the waiting times of the ce23]. Below we outline simple schedulil
algorithms for the (i) separate schedulers ands{iyle scheduler versions of the -mSS
architecture outlined in Section 2 basecthe scheduling algorithms mentioned abc

e Simple Scheduling algorithm for single schedulesien

Execute maximum matching algorithm ‘NxN request matrix: generaPs

View Ps as annxn matrix whose entryi(j) is the number of matchings achieved in
previous step fomxm block located in positiori,j) of thenxn matrix

3. Execute maximum matching algorithm nxn matrix: determiné&sk,

4. Based or5R, updatePs (set 0 in all entries of the unusmxm WP ;;submatrices oPs)

N

e Simple Scheduling algorithm for separate schedwersion

SS scheduler: execute maximum matching algorithrnxn request matrix: generaSk;
WS schedulers: execute maximum matching algoritimmxm request matrix: genera
WP ;; permutation matrice

3. Psis constructed based SR, andWP;;; generated in previous steps

N

The algorithms were described assuming that arinf@pt maximum matching algorithr
such as [3]) will be used in the individual steps outlinedoab. Any(suboptimal) maxime
matching algorithm could also be used inst

3.3. Lower Bound for the Required Scheduling Steps using WS-mSS switct
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First, we describe known results regarding a loweund on the number of
scheduling steps, assumiNgN non-blocking switches. Based on these results ilVal@rive
similar results folNxN WS-mSS switches. We will use the notion of traffiatrices. The
analysis that we follow is based on matrix deconjmws[20]. A traffic matrixD = [d;] is an
NxN matrix, where entryd; is thetotal number of cells that need to be transmitted from
switch porti to portj. In order to isolate the impact of the additiooahstraints of the WS-
mSS switch architecture on scheduling performamom fother factors, we will make the
ideal assumption that all VOQs are infinite indlses below (both for WS-mSS and simple
non-blocking switches), thus no cells are lost tudink overloads. LeR; = }.;d;; and
C; = X d;; be thei-th row sum angkth column sum, respectively, of the traffic matdxLet
us define a® = max; ;(R;, C;) thecritical sumof the traffic matrixD. A row or column of

sum of all its entries equal tois called acritical line. According to a well-known theorem
(shown in [34], p. 57):

Theorem 1:An NxN traffic matrixD can be written as a sumtopermutation matrices.

Thus, Tin=h where T, is the minimum number of scheduling steps assuramgptimal,
with respect to required steps, algorithm (suckthasmaximum matching algorithm in [30]).
The theorem presented above holdsNsiN switches with fully non-blocking functionality
and full throughput, i.e., switches exhibiting omlgnstraints C1 and C2 described in Section
3.1 and no additional constraints, due to HOL fetance.

Let T'in denote the minimum number of scheduling stepsnaisgua WS-mSS
switch (and optimal scheduling algorithms). ForNxN WS-mSS switch théxN traffic
matrix D can be viewed as amxn matrix, where each “entry”-block of the latteras mxm
traffic matrix. The entries in amxm matrix contain the traffic requirements betweepuin
ports located and multiplexed in the same inpurfate of thenxn SS, and the output ports
ocated and demultiplexed from the same outputfaterof the SS. LeR;,. = };d;; and
Circ = Xid;j be thei-th row sum ang-th column sum of thenxm block/submatrix of traffic
matrix D, located in rowr and columnc of the nxn matrix, wherei € [1 + (r — 1) -
m,..m+ (@ —1)-m]landj €[l +(c—-1)m,...m+ (c — 1) N]. Let h, =
max; ;(R; ¢, Cjrc) be the critical sum of thexm submatrix located in rowand columre of
thenxn matrix. Let us define anxn matrixD ' = [d ] where entrnyd ' in rowr and columrc
is the critical sumh,.. of the respectivanxm block in the original traffic matriXD. Let
R.=>.d". =Y.h andC, =),.d". =), h,. be ther-th row sum ana-th column sum
of thisnxn matrix andh’ = max, . (R, C.) be its critical sum. Then:

Theorem 2: An NxN traffic matrix D can be written as a sum bf permutation matrices
assuming atNxN WS-mSS switch composed ofmxm wavelength selection (WS) elements
and 1nxn space switch (SS), with = n-m.

Proof. Everymxm block of traffic matrixD is itself a traffic matrix. By applying theorem 1,
we obtain that scheduling the traffic in thrkm block of traffic matrixD, located in row
and columrc of thenxn matrix needs,. steps. Traffic matribD ' can itself be viewed as an
nxn traffic matrix where every entrg',. requiresh,. steps.D " will be scheduled by thexn
space switch exhibiting constraints C3 and C4. Bglyng theorem 1 again, this time for
traffic matrixD ', we obtain that the schedulingdf requires at least’ steps. o
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Note thath' is equal to or larger tham due to constraints C3, C4 which reduce the
switch functionality. The relation betwedri andh for various traffic cases is examined in
more detail in the following section.

In what follows we will make a distinction betweSmandSD). Sis the speedup of a
switch architecture as described in Section 2.llew{D) is the minimum speedup a WS-
mSS architecture requires in order to schedulédrafatrix D. We will also denote a®(D)
the maximum throughput that a WS-mSS v8til can achieve for traffic matr2. Note that
O(D) is the inverse 08(D). As mentioned in Section 2.%>1 can be provided only by CIOQ
or OQ approaches. Thus, from the two WS-mSS sweitchitectures presented in Section 2.2
only the CIOQ WS-mSS switch implementation of Fi@. can providéS>1. Nevertheless,
SD) is also an indicator of the performance of a WSSrswitch compared against a full
throughput switch for the same traffic matiix

Theorem 2 holds for WS-mSS switches with constsa@il, C2, C3 and C4 and no
additional constraints, due to HOL for instance i@ihis eliminated by using VOQ concept
appropriately adjusted, see Section 2.2.1). Thg difference betweeh andh’ is due to
additional constraints C3 and C4 mentioned in $ad@il. Sincéd is the minimum number of
scheduling steps that can be achieved by a fulh/biocking switch with 100% throughput
(without constraints C3 and C4), the minimum sp@eH(lD) required for scheduling traffic
matrix D and the maximum throughp@&(D) can be obtained by:

!

T'min h Tmin h
S(D) = =— andO(D) = =— 1
( ) Tmin h ( ) T'min h' ( )

4, WS-mSS Switch Performance

In this section we examine the performance ofnglsiWS-mSS switch in terms of
throughput and required speedup for the best andtwases (Section 4.1), an average case
assuming i.i.d. (independent and identically disttéd) and uniformly distributed number of
cells for every input/output port communication &en 4.2) and for various synthetic traffic
patterns (Section 4.3).

4.1. Best and Worst Case Performance

The performance of axN WS-mSS switch in terms of scheduling steps forthst
and worst case is given by the following theorem:

Theorem 3:The number of scheduling step$.in = h' that anNxN WS-mSS switch requires
to schedule any traffic matrix, is bound from belawd above ash < h' < min(n,m)-h,
assuming optimal scheduling in terms of requirepst

Proof. The proof is based on Theorem 2 and the congiruof the worst case and best case
traffic matrices.

We first prove the upper bound. In order to find torst case performance for IMIRN WS-
mSS switch we will construct a traffic matrix inckua way that a) it takes exactly 1
scheduling step for aNxN non-blocking switch without the constraints C3 abd (thus
h=1), and b) it takes the maximum number of stepshieNxN WS-mSS switch due to these
constraints. In order to achieve the maximum vébud' we will focus on a single line in the
nxn traffic matrix D' (see Section 3.3) and we strategically place ¢eliget the maximum
possible critical surh’. Without loss of generality we focus on a single/r of traffic matrix
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D' In this case the worst case traffic Of is when a single input port ofxn SS has to
connect to as many as possible output ports of 3Be(potentially with all of them),
maintaining at the same time critical sum equdi=th. This can be achieved by placing 1 cell
in entry {,i) of themxm block located in positiorr {) of thenxn SS, for all £i < min(n,m).
Thus, the critical suma,; for the respectivenxm block located in row and columnsg, 1<i

< min(n,m) will be at most 1. This can be shown by takingakes regarding andm sizes:

- n<m. In this case the size of the WS element is grahten the size of the SS and we
have critical surh'=n (andh=1). An example for the aforementioned traffic pattis
shown in Fig. 5a for the PhoxTrot case4, m=12) creating a critical line in the first row
of D' (r=1).

- n>m. In this case the size of the WS element is sm#tlan the size of the SS and we
have critical sunt'=m. An example is shown in Fig. 5b for4 andm=2.

Tcellin (1, 1) 1cellin (2, 2) 1cellin (3, 3) Tcellin (4, 4) 1cellin (1, 1) T cellin (2, 2)
ouT ' ouT ' ouT ' ouT ' ouT 0 ouT '
INJ7 IN IN IN N N
1 17 0 0 0

1

Fig. 5 aWorst case traffic matrix fan=4, m=12, andr=1. h'=n=4 (andh=1). b Worst case traffic matrix fan=4
andm=2 (r=1). h'=m=2 (andh=1).

From the discussion above we conclude that the twoese traffic pattern needs
h'=min(n,m)=min(n,m)-h steps using ahlxN switch composed af mxm WSES and hxn
SS. Now we remove the assumption that a single h@stto send at most 1 cell. Assuming
that there arey cells (instead of 1) in entry,i) of themxm block located in positiorr f) of
thenxn SS, for all 1& min(n,m), thenh = max; <j<min (n,m) @; and

min (n,m) min (n,m) min (n,m)
h' = Z a; < 2 max a; = Z h = h-min (n,m)
: 4 1<ismin (n,m) -
i=1 i=1 i=1
The upper bound is reached when= a, = --- = a. Note that this is also the case for the

initial scenario where=1.

Now we prove the lower bound. The best performdaacanNxN WS-mSS switch is
achieved for a traffic pattern that simply does remjuire additional steps due to constraints
C3 and C4. An example of best case traffic is umftraffic with exactlya cells in all entries.

In this casér = N - a for all rows and columns ang, = m-a forallr,candh’ =n - h,. =
n-m-a=N-a=h. |

Corollary 3.1: YD) and®(D) for a WS-mSS and a traffic matrix are bound from below
and above by < S(D)< min(n,m) and1/ min(n,m) < @(D) < 1 respectively.
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We can conclude that for the special case=@f andm=12 (the PhoxTrot casé)< h' < 4h
and1l < S(D)< 4, 0.25< ©(D) < 1. Thus, this architecture neefisn=4 in order to ensure
100% throughput for the worst case. Based on tre=sdts we can also estimate the tradeoff
between increased connectivity and worst case gimout for WS-mSS switches: the best
throughput is achieved for the trivial cases whet, N=m or m=1, N=n, in which switching

is performed entirely through wavelength selectmnspatially. Increasing either or m
increases the switch connectivity, limiting howethss worst case throughput to 1/nmim).

4.2. Performance on Average

In order to estimate the required scheduling sepsverage we assume that the
number of cells in traffic matrix’s entries are apkndent and identically distributed (i.i.d.)
variables obtained from the Uniform Distribution.eWollowed a Monte-Carlo approach,
generating 1 million of random traffic matrices wgkcentries were randomly selected integer
numbers froma to b and we estimated speedup and throughput. In treviog, we present
the results obtained via Monte-Carlo as well as tesults obtained using theoretical
approximations for speedup and throughput, whieh described in detail in Appendix A.
Finally, we give the asymptotic values f§D) and ®(D) for large values ob (anda=1),
derived using the aforementioned theoretical apprations (the details can be found in
Appendix B).

Figure 6 depicts the obtained PDFs fiox, and T, for a 48x48 non-blocking
crossbar switch and the PhoxTrot switch (WS-mS®& wid andm=12) for 3 different cases
for a andb obtained via Monte-Carlo estimation, as well asrédspective PDFs obtained with
the theoretical approximation (denoted as i.i.dorap.) of Eqg. (2)-(10) (Appendix A). In
Table 2 we present the valuesE{i 'nin), E(Tmin), the D) and®(D) for 5 various cases af
andb for both the Monte-Carlo approach and the thecaibtpproximation of Eq. (2)-(10).
The S(D) and ®(D) columns of Table 2 for the theoretical estimatwere calculated using
Eq. (10). The respective columns for the Monte-€adpproach were estimated as
E(T Imin/Tmin) and E(Tmir/Tlmin)- Note that E(Imir/Tmin)zE(TImin)/E(Tmin) and E(Tmir/T Imin)z
E(Tmin)/E(T 'min), indicating thafl ', and T, can be treated as i.i.d.

Fig. 6 PDFs forTi, andT ', for a 48x48 non-blocking crossbar switch and ad8WS-mSS switch witim=4
andm=12 (PhoxTrot case) for both theoretical approxioraof Eq. (2)-(9) assuming i.i.d. variables andrits
Carlo estimationa a=1,b=9.b a=1, b=50.c a=1, b=500.

Table 2 : E(T' min), E(Tmin), S(D) and @(D) for all-to-all traffic and a=1, estimated by
Eq.(2)-(10) as well as Monte-Carlo estimation.
b E(T 'min) E(Tmin) S(D) o(D)
2 87.2 80.51 1.083 0.92
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9 319.92 284.18 1.126 0.89
Monte Carlo 25 847.28 747.42 1.134 0.88
50 1670.9 1470.9 1.136 0.88
500 16494.2 14493.7 1.138 0.88
2 86.07 80.16 1.074 0.93
9 320.33 284 1.128 0.89
i.i.d. approx. 25 851.41 747.65 1.139 0.88
50 1680.76 1471.85 1.142 0.88

500 16607.33 14506.6 1.145 0.87

The results presented above indicate that the Rboxdrchitecture achieves maximum
throughput around 88% for the tested valuem@ndb. If a=b, then the all-to-all traffic
pattern degenerates in the best case uniformdrpéittern, where botgD) and ©(D) are
equal to 1. Assuming=1 andb—w, we show in Appendix B that 1.Z9D)<2.01 and
0.5<@(D)<0.56. We expect however th&D) and @(D) converge very slowly to the
asymptotic values ds increases. For instance, using the i.i.d. appration (Appendix A),
we found that fob=1C°, 10/, 510", the respective speedup values are 1.14497, 1215d
1.14513.

4.3. Monte-Carlo Estimation for Various Traffic Patterns

In this Section we present results we obtainedrémious traffic patterns following a
Monte-Carlo approach. We generated a large nunibenil{ion) of random traffic matrices
whose (specific and according to the traffic paftegntries were randomly selected integer
numbers frorma to b. In every iteration, we calculated critical sumandh'. Thus, we were
able to estimatee(T 'min) and E(Ty,p) for the respective traffic matrices. The resudre
depicted in Fig.7.

In Figure 7a we depict the results for all-to-gdiffic (the same case as in Section 4.2)
keepingm constant while varying the SS sizeSpeaking in terms of traffic matrices, the size
of traffic matrix D ' increases while the size of thexm blocks stays the same. As shown in
Fig. 7a, as increasesS increases slowly. For instance, for4 andn=4 yields anN=16
switch with speedup requirements around 1.16. f=k6 we get a 64-port switch with
speedup requirements of around 1.3 indicating gmadability of the WS-mSS architecture.
In Figure 7b we present the results for all-totadffic, for a constant value of varying the
number of wavelengths. In terms of traffic matrices, the size of traffitatrix D' is kept
constant while the size ofixm blocks increases. As increasesS decreases towards the
lower bound (=1). The results of Fig. 7b are simitathe results of Fig. 3c (expressed there
in terms of throughput). Since largeand largem are not both feasible at the same time due
to both losses and crosstalk (see design optiodssaalability studies in [12]), from the
discussion above follows that for lardé many wavelengths multiplexed in a single
input/output port and small space switches (langend smalih) are preferable to high radix
space switches with few wavelengths per port (largend smallm) for lower speedup
requirements on average.

In Figures 7c and d we present the respectiveltsefar various synthetic traffic
patterns [23]. Several of these patterns are basedommunication patterns exhibited by
particular HPC applications such as fluid dynansocsaulations, sorting applications, FFT.
The worst case traffic pattern is constructed a<rileed in Section 4.1. The traffic patterns
used in Fig. 7d are bit permutations requiring ploet numberN to be a power of 2. The
implied topology is a simple star network whédeéHPC compute nodes are interconnected
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using a singldNxN WS-mSS. Bit reverse and transpose are patholo@ieatst case) traffic
patterns while bit complement is a best case traffit rotation, shuffle, tornado and neighbor

traffic require§D) at most 2 in all examined cases.

Required Speedup
e o ». &~
- N w w B w

All-to-all Traffic (b=500)

——W5-mSs (N=4n)

WS-mSS (N=8n)
b WS-mSS (N=12n)
—#—WS5-mSS (N=16n)
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Fig. 7 Required speedup for various traffic patteanali-to-all traffic (a=1, b=500) for various WS-mSS switch
sizes whilen increases andh is constant (PhoxTrot case marked with rédAll-to-all traffic (a=1, b=500), while
mincreases and is constantc Tornado, Neighbor, Worst Case traffic for variouS\WWSS switch sizes with=4
(PhoxTrot case marked with red)Bit permutation traffic patterns for various WS-m8#&tch sizes witm=4.

In order to mitigate performance degradation inhsoases (or in larger networks
based on WS-mSS swithes) while keepBw, appropriate mapping algorithms must be
developed for the assignment of application tasksades connected to WS-mSS ports that
do not stress scheduling constraints C3 and C&-faprocessor assignment algorithms are
already used in HPC systems based on low degreétes, such as mesh/torus, in order to
reduce the hops traveled by messages [35]. In d&sebe one depicted in Fig. 1c, if Valiant
routing [23] is used, no performance degradatioexisibited in the former (assumirgrl)
compared to respective non-blocking architectutesValiant routing, for every packet
(alternatively for every flow), a top-layer switah a fat tree topology is randomly chosen as
an intermediate destination. In this way everyficapattern is transformed into uniform
traffic, achieving load-balancing while avoidingttdenecks, at the cost of increasing average
distance in terms of hops in cases where commuaicédcality exists. Therefore, the WS-
mSS switches in the highest layer will have to hanchiform traffic, which can do equally
well as non-blocking switches. Similar performamnesults to non-blocking switches are also
obtained assuming Valiant routing and direct nekwtopologies, such as mesh/torus, using
WS-mSS switches (in these topologies, in orderctoexe load-balancing, any other node in
the network can be chosen randomly as an interneedaale).

5. Multiple WS-mSS Switches
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In this section we examine the performance of thdtiple WS-mSS switching
elements architecture version presented in Fig\We.assume thdll VOQs are present in
every input port (see discussion in 2.3.1). In Selotions 5.1, 5.2, 5.3 we examine the switch
permutations, the lower bounds for scheduling dwedarchitecture performance for various
cases, respectively.

5.1. Permutation Matrices

An NxN permutation matri¥Ps for the multiple WS-mSS version is divided A
blocks of sizekxk each, where in the case of a single WS-mSS theytation matrices were
divided inn? blocks of sizemxm. P; is also divided im sub-matrices?, i € [1,2,...,n]. P!
corresponds to the state of WS-mSS switdor scheduling stes. EachP! is an Nxk
permutation matrix that has the same form as thayation matrices of a single WS-mSS as
described in Section 3.1, with the only differemeéng its size (the latter's size NxN). P!
contains columns[l1+m-(—-1)+k-(G—1),....i-m+k-(G—-1)], je[12,..,n] of
permutation matriXPs. A single ‘1’ in a row (column) ofP! (the permutation matrix that
describes the state of the SS part of the WS-mS&8hsiy prohibits another ‘1’ only in the
respective rows and columns $®!. An example for the form of a permutation maffixis
shown in Fig. 8 for the architecture of Fig. 1c wde=192 k=48, m=12,n=4

All-to-all traffic, a=1

1,16 ||~ single WS-SS switch

2 % Tl —e— 4 Ws-55 switches /._—--———I—l
T 1,12 |

1 2 4 9 25 50 500 1000
b

(b)

Fig. 8 a Permutation Matrix of arNxN switch, N=k-n composed ofn (=4) WS-mSS switching elements
interconnectingn kxk electronic switches witk = n - m, wherem wavelengths are multiplexed in a WDM signal.
b S(D) for All-to-all traffic, with traffic matrix entrés uniformly distributed foe=1 to b for a single WS-mSS
switch withn=4, m=12 (architectures of Fig. 1a, 1b) and for 4 WS-ns88ches withn=4, m=12 interconnecting
4 48x48 electronic switches (architecture of Fig). 1

5.2. Lower Bound for Scheduling Steps

In the case of multiple WS-mSS switches, traffiatmx D is divided inn sub-
matricesD;, i € [1,2, ...,n]. D is dividedin sub-matriced; similar to the way permutation
matrix Ps is divided in sub-matriceR!, and as so it has the same siz&adf we view Nxk
matricesD; asnxn matricesD’; whose entries are the critical sums of the resme&xm
blocks ofD;’s and denote the critical sums bf; ash';, then the following theorem gives the
lower bound for the required scheduling stepsHerrhultiple WS-mSS switch architecture:
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Theorem 4: An NxN traffic matrix D can be written as a sum of
T in = max(h,h'{,h'5, ..., h';)) permutation matrices assuming RN switch withn WS-
mSS switching elements interconnectimig<k electronic switches witk = n-m.

Proof. h found in the bound, above follows from the faatth is a traffic matrix that should
satisfy constraints C1 and C&'y,h’',,...,h',, arise as thea WS-mSS switches serve the
portions of traffic found in matrice; in parallel. Thus, for serving traffic matrix at leash
steps are required, unless one or more WS-mSS @asiichith h’'; = max(h'y, h',, ..., h'},)
responsible for scheduling the portion of traffantained inD; requiresh’; > h steps due to
constraints C3 and C4 fdy;. An example where the first term dominates is datraffic
pattern where a single input port needs to seaells in each output. In this calseN-a and
h'i=k‘a. O

5.3. Performance Estimation

The performance of akxN WS-mSS switch in terms of scheduling steps forthst
and worst case is given by the following theorem:

Theorem 5:The number of stepB'y, required by arNxN switch withn WS-mSS switches
interconnectingn kxk electronic switches is bound from below and aboyeh < T',,,;,, <
min(n,m)-h assuming optimal in terms of steps scheduling.

Proof. The proof follows the same line of argument foumdhe proof of theorem 3. The
worst case performance is exhibited when the woase traffic described in the proof of
theorem 3 occurs for at least one sub-md¥pgiving T ir=min(n,m)-h. A best case example
is again uniform traffic witta cells in allD entries. o

Corollary 5.1: D) and @(D) for an NxN switch composed oh WS-mSS switches
interconnectingn kxk electronic are bound from below and aboved byS(D)< min(n,m) and
1/ min(n,m) < O(D) < 1, respectively.

The best and worst case performance bounds of thiphla WS-mSS switches architecture
are the same to the bounds for a single WS-mSS&tswftthis architecture. Figure 8b depicts
the S values for all-to-all traffic with traffic matrientries uniformly distributed frora to b
(a=1 in all cases) for the 192x192 architecture of Ec (N=192,k=48, m=12,n=4) against a
single WS-mSS switch withm=12 andn=4 (Fig. 1a, 1b). As expected the multiple WS-mSS
architecture is closer to the lower bound for speethan the single WS-mSS architecture
(maximum throughput 95% and 88% respectivelylfet000), since as discussed in Section
5.1, in the former case a single ‘1’ in a row (eoh) of SP} prohibits another ‘1’ only in the
respective rows and columns$#! while the entries contained §iP/,Vj # i are unaffected.

For all the other cases the obtained speedup valequal for both architectures (we also
examined bit permutation traffic patterns withd, m=16 andk=64 givingN=256).

6. Alternative Switch Architectures

In this section we present two architecture aditmes to the single WS-mSS
architecture outlined in Section 2 without the &ddial scheduling constraints C3, C4 and we
discuss the trade-offs between performance andiawaiali hardware requirements.
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Fig. 9 aAlternative architecture for the 48x48 WS-mSS whitwe 4x4 SS has been replaced by point-to-point
optical links.b Load Balanced Birkhoff-von Neumann switch architeztequiring 2 switching stages.

The first architecture variation is based on theeovation that WS-mSS switches can
handle uniform traffic as well as simple non-bloakicrossbars without the additional
scheduling constraints C3 and C4 and relies orLtdasal Balanced Birkhoff-von Neumann
(LBBN) switch architecture [36]. The basic LBBN s$gh architecture is depicted in Fig. 9b.
The switch consists of 2 identical switching staged a single buffering stage between these
stages where every buffer is partitionedNirVirtual Output Queues (VoQ). All the switch
external lines are assumed to be synchronized Bafh switching stages follow a fixed
sequence of periodic configurations such as sirRgend-Robin scheduling (where ingut
connects to output port f s-1] modN +1 in scheduling steg. The first switch uniformly
balances the input traffic over all the VoQs of theermediate stage, thus transforms any
traffic in a pseudo-uniform traffic pattern. Thecerd stage is an input-queued crossbar
switch in which each VOQ is served at a fixed @ter the load-balanced input traffic. The
main advantage of the LBBN switch architecture hattit trivializes scheduling while
achieving 100% throughput for a large class offirgfatterns. The same architecture can be
realized using 2 successive WS-mSS switches withmatughput degradation due to the
additional scheduling constraints, while usiBgl. The first WS-mSS switch does not
maintain VOQs (the cells that arrive in an inputt@rye immediately forwarded to its output
port that happens to be connected in this scheglalmle), and the second switch uses VOQs
as described in Section 2.2.1. The WS-mSS switehesld execute a modified version of
round-robin scheduling that we will refer to “2-wround-robin” since a simple round-robin
cannot ensure that all inputs are connected with outputs (full switch configuration) in
every scheduling cycle for a WS-mSS switch duénéoadditional scheduling constraints. In
the 2-level round robin a round-robin algorithmpisrformed for the SS element. The SS
remains in every configuration fan scheduling cycles. For every SS configuration, the
“selected” mxm switching elements (represented by them blocks of the permutation
matrix for which SR=1) will concurrently perform a round-robin algtm. Thus, the
configurations of all “selectedhxm switching elements will be the same in every cxle
The 2-level round-robin ensures full switch confafions in every cycles for WS-mSS
switches. A disadvantage of the LBBN architectuesadibed above is that it requires more
opto-electronic and electro-optic conversions dudhe presence of 2 switching steps. In
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principle the first switching stage could be a denpxn SS executing a simple round-robin
algorithm, staying in a single switch configuratimm m scheduling cycles, omitting the first
opto-electronic and electro-optic conversion - asag that this is feasible with respect to
insertion losses for the given power budget (aitevely, amplification is needed). Thus, all
the electronic components for this architecturéatimn are placed between the two optical
nxn space switches. The load-balancimgn SS can dissolve the worst case traffic pattern
mentioned in Section 4.1, if such pattern occuosthat the WS-mSS switch in the second
stage can handle the (now) uniform traffic (as wlB® shown in Section 4.1). In this case
using only twonxn SS elements can guarantee full throughput forgelaumber of traffic
scenarios. It should be mentioned however that LBBMches do not guarantee the correct
cell sequencing in the output, while there are sqahological traffic patterns that reduce
throughput. Dealing with these issues requirestaadil buffering in the input as well as the
outputs stages or more complex buffer structuresicies between the 2 switches [38]-
[40].

The second variation of the WS-mSS switch architecdescribed in Section 2 can
be obtained by replacing thexn SS with n® fixed optical links and thenxm electronic
switches withmx(n-m) electronic switches. In every input, after thex(n-m) switching
elementn (identical) sets om WDM VCSEL arrays are required, instead of a sirsgieof 1
such set ofim=12 VCSELs as in the original architecture. Thgroups ofm multiplexed
signals are connected to alloutputs. In every output, a1 combiner is used to combine
the signals of then groups ofm multiplexed signals in a single signal which iserih
demultiplexed inm signals (collisions should be avoided by the salieg algorithm). This
architecture provideS=n (>min(m,n)) in the space domain: more than or equal toeleired
speedup for the worst case. An example for therraditive with parameters=4 andm=12
(PhoxTrot case) is depicted in Fig. 8a. Its disathige is that it requires times more
VCSEL setsifrn’ VCSELSs in total) and multiplexers?in total) than the original, as well as
nnx1 (passive) combiners.

7. Conclusion

Some of the most prominent devices for DC and Hip@lication are MZI- and
MRR-based, small radix Si-Pho space switches thabg fast reconfiguration times, and are
capable of supporting multiple optical signals ripldixed through WDM. In this work we
examined scalable electro-optic switch architestunéhich combine small port number
(radix) MZI or MRR space switching of multiplexed DM signals, to achieve large port
numbers and good throughput on average using faiwabgwitching stages and low total
insertion losses, which is the main scalability ifation for silicon photonic switching
elements. The price paid for multiplexing multigignals using WDM and then switching
that multiplexed signal in the space domain usiBgnatrices, is two additional constraints
which restrict the feasible permutation matriceghaf switching fabric in every scheduling
cycle. Therefore more scheduling steps are requiredder to schedule incoming traffic. We
showed that these constraints reduce the maximwoughput to 1/mingm) in the worst
case, or alternatively speedup requirements equahin(h,m) (assuming the architecture
version were optics reside in the internal of théch) in order to ensure 100% throughput in
all cases. Assuming=1, throughput more than 80% can be achieved foav@rage traffic
cases examined. Based on our analysis we also ggdternative switch architectures for
HPC and DC countering the performance degradatiaghe worst case traffic patterns in the
initial approach and we discussed the trade-offsvéen performance and additional
hardware requirements.
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Appendix
A. Theoretical Approximations for Throughput and Speedip (D with i.i.d. entries)

Let us defineN? i.i.d. discrete random variableX;; ~ U[a, b, i,j € [1,2,...,N],
representing the entries located in rovand columnj of traffic matrix D (with mean
u=(a+b)/2 and variance’=[(b — a + 1)-1])/12). LetY.,Y,...,Yon be random variables, with
variablesYy,Y,, Yy representing the sums of rows and variaMes,Yn+2,. Yoy representing
the sum of columns of traffic matri®. Then, the critical sum of traffic matri® (non-
blocking switch case) is

Tmin = Ymax = max(¥y, Y5..., Yap) (2)

If we denote the CDF (cumulative distribution funo) of a specificy; asF(y) = P(Y; <y)=
P(Y <y), then the CDF of ., is:

Fr, . () =PVpax <y)=PY1 <y Y, <y, .. Yoy<y)<
< P(Yl Sy,YZ Sy, ""YN Sy) 'P(YN+1 Sy,YN+2 Sy;---;YZN Sy) =

=P(Y; S Y)P(Y, <) .. P(Yoy < y) = Fy(0)*N 3)

The equality would hold ifY;,Y>,...,Yon were mutually i.i.d. The row sumsg,Y, Yy are
mutually i.i.d as well as the column suMs.;,Yn+2,. Yon, but variables belonging to one set
are not independent from variables of the other Bleé covariance between the sum of a
single rowY,, r € [1,2,...,N] and the sum of a single colunfg c € [N+ 1,N + 2,...,2N]

is cov(Y,., Y,) = E(Y,Ye) = E(V)E(Y) = E(X2cy) — EXren)* =0 = [(b—a+1)* -
covlinde) _ 0" _ 1 ytis well
Oy, 0y, VN-g2+/N-6Z N’
known that the probability distribution of the suoh N i.i.d uniform variables can be
approximated by a normal distributigh(N - 4, N - ¢2) whereyu and¢® are the mean and
variance of the uniform variables. Already fdr= 4 the difference between the normal
approximation and the exact distribution is oftegligible [41]. Thus)Y4,Y,,...,Ya, for N>4
can be viewed as normally distributed variablescokding to an important result [41], the
condition

1]/12. The respective correlation coefficientois y_ =

lim p,lnn =0 4
n—oo

for stationary standard normal random variab¥sYs,...,Y, with p,=cov(Y,, Y,) and
Yma=max(Y1,Ys,...,Y,), implies that the asymptotic distribution 8f..x behaves as ify;,
i €[1,...,n] werei.i.d. random variables. In our case

2InN
=0

lim —In2N = lim

2N—-w N-x

Thus, in principle, for larg®l we can treal:,Y,,...,Yoy as mutually i.i.d. withFy(y) = P(Y; <
Y)=P(Y<Y),i €[1,...,2N] where

and X~ U[a, b, j €[1,...,N] are i.i.d. and we can also take the equality i (@nce
Fr_. (¥) = Fy(¥)?". Then, the PDF (Probability Density Function) Bfn is fr_. (v) =
2N - fy(y) - F,(y)?"~1. Then, by definition,

E(Tmin) =2N [~y fr(y) - Fy(y)*N~1dy.



24

Following the same reasoning we can estimate theatrsumT ', of traffic matrixD ' (WS-
mSS switch), assuming i.i.d. variables in everps@onsider random variab¥e defined as:

Y,=X1 +X2+...+Xm (6)
where X;, X, ..., %, are i.i.d. variables obtained from the Uniform thsution as before
(U[a,b]). Then we define random variab¥e as:
X’ = Y,max = max (Yll, Y,2. ey lem) (7)

(whereY', Y'y,...,.Y »ny are all i.i.d.) representing the critical sum o§iagle mxm element.
Then, in a similar way we define:

Y”=X,1 +X,2 + X,Tl (8)
and finally
T’min = Y”max = max (YHIJ YHZ---: Y”2n) )

In order to estimate scheduling performance weldvbke to estimate the expected
values ofT'» and T, in order to obtain required speedup and maximuoutghput:

S(D) = E(T'min)/E(Tmin) and O(D) = E(Tyin )/E(T 'min) (10)

The probability distribution of the sum of i.i.dandom variables [Eqg. (5), (6), (8)] can be
obtained by convoluting the probability distribut® in pairs [43]. The probability
distributions of Eq. (2), (7), (9) can be calcuthtesing order statistics (the largest order
statistic) [44]. We developed a script using Mattesforming all necessary convolutions, the
largest order statistics calculations for Eq. (3), and (5)-(10) and the calculation of the
expected values of i, and T,,. Figure 6 and Table 2 (Section 4.2) present thaiodd
results forTi, andT i, for a 48x48 non-blocking switch and the PhoxTwiteh for various
cases fora and b, obtained via both Monte-Carlo estimation, as vwadl the theoretical
approximation of Eq. (2)-(10). Note that the estioma of T ', using Eq. (9) leads to a
slightly bigger error foE(T ') compared to the estimation f&T,). This is due to the fact
thatN=n-m andm andn are small in the examined case. For example, sméeby using Eq.
(9) where we treat '';,...,Y " 5, as i.i.d. we tend to overestimd€r ‘).

B. Closed Form Approximations for Throughput and Speedp (D with i.i.d. entries)

In this section we give closed form approximatiémsE(T,,), E(T 'min) and thus for
Eq. (10), treating the sums of traffic matrice$tge$ as i.i.d variables in every step as in the
theoretical approximation of the previous sectie also present the obtained values for the
same cases examined in Section 4.2 using Eq. @8%ed on these closed form
approximations we estimate the asymptotic valuesSfo) and ®(D) for large values ob
(anda=1).

The probability distribution of the sum dfl i.i.d uniform variables can be
approximated by a normal distribution as mentioireddppendix A. A handy and exact
closed form formula for the maximum of normal vatés cannot be easily obtained. The
largest order statistic & normal random variables has a probability disttdyualso known
as power normal distribution [45] (presented th&ye standard normal variables). The
expected value for power normal distribution iscadted there recursively using function:

2n+1

o (2n+ 1\ 1
L@ = Y- OF (T S b )
i=1



25

where

L= [0 p(x)dx

Below we give two approximations for the expectatle of Zn.,=max¢,Z,,...,Zy)
wherez, i € [1,2,...,n] are i.i.d. standard normal variables, and oneaqimation for the
variance and then we apply them to derive closenh flormulas forE(T,in) and E(T ‘min).
Given the closed form formulas for the expectedu@ahnd variance of standard normal
variablesz;, the respective formulas for normally distributeatiablesX; ~ N(u, 0%), where
Xi=o-Z+u can be easily obtained. NaturalKy,..=0-Zmaxtu. From basic properties of expected
value and variance we can obtainE(Xma)=E(c"Zmati)=0'E(Znay+u  and
Var(Xma)=Var(o-Zmastu)= o° Var(Zmay.

EVT approximation

An easy to use approximation for expected value \athnce for the maximum of i.i.d.
standard normal variables can be obtained by Extréaiue Theory (EVT). It is known that
standard normal distribution is in the max-domdimttraction of the Gumbel distribution. If
Zna=maxy,Z,,...,Z,) wherez, i € [1,2,...,n] are i.i.d. standard normal variables, then an
approximation (underestimation) for expected valaie be obtained by [46]:

E(Zmax) =V2-Inn-p(n) 11)
where:
In(4n - Inn)
) = [1_ 4-Inn ]
An approximation for variance with accuracy with% forn>10 is [46]:

2,

2 mwTe'n
Var(Zmax) = OZmax — 12 - Inn (12)

Eq. (11) gives foE(Tyn):
E(Tpin) = 0V2N -In2N-B(2N) + N-u (13)

since variables Y1,Y,,...,Yoy can be approximated as normally distributed with
Y;~N(N - u, N - 6?), i € [1,2,...,2N] whereu=(a+b)/2 ands’=[(b —a + 1)-1]/12. Similarly,
E(X") can be obtained by

E(X)=0oV2m-In2m-p2m)+m-u  (14)
sinceY’;~N(m - u,m - ¢2). Variance ofX ' can be approximated by Eq. (12):
_n?m-og? Is
=12 mem )
As discussed above ' [Eq. (7)], as well ag..,, are power normal variables. Power normal
distribution is actually a skewed normal distriloati{45]. We approximatX ' with a normal
distribution of mearE(X") and variances?. Thus,Y" which is a sum oh such random
variables can be approximated by a normal distobuty ~N(n - E(X"),n - aZ). Hence,
using Eq. (11) again we get:

oy
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E(T'

min

)=o0x-V2n-In2n-B@2n) +n-E(X) (16)
whereE(X") ands$. are given by Eq. (14), (15).

Jensen’s upper bound

An upper bound foE(Z,.) can be also obtained by Jensen’s inequality (§710), which
states that fof convex:

E(f(x)) = f(E(x))

Jensen’s equality fartZmax gives:
etFZmax) < F(etZmax) = maxe z E(et?)=n-e T

whereE (et%i) is the moment generating functionZ)f By taking natural logarithms we get:
Inn t
E(Zmax) < T + E

The minimumt for which this inequality holds is= v2 - Inn. Subtituting above, gives:
(Zmax) <V2-Inn a7

Using the same reasoning as bef@&@,») andE(T 'y, can be approximated combining the
upper bound from Jensen’s equation [Eq. (13)] apd B2). Eq. (17) gives f&(Tyi):

E(Tmin) < oV2N-In2N+ N -pu (18)
For E(T 'min) we have:

E(T'

min) < Ox " V2n-In2Zn+mn- E(X') (19)
wherea is given by Eq. (16) anB(X') is given by:
E(X') <oVvZm-InZm+m-p (20)

In Table 3 we present the values E{iT ‘win), E(Trmin), S(D) and@(D) obtained using
Eq. (13), (16) (EVT approximation) and Eq. (18)9XXJensen’s upper bound) for the same
cases of Table 2.

Table 3 : E(T" min), E(Tmin), (D) and @(D) for all-to-all traffic and a=1, estimated by
Eq. (14), (17) (EVT) as well as Eq. (18), (19) (Jsen).

E(T 'min) E(Tmin) S(D) o(D)
2 86.58 80.15 1.08 0.93
9 315.13 282.06 1.117 0.90
EVT Approx. 25 833.81 741.47 1.125 0.89
50 1643.9 1459.1 1.127 0.89
500 16224 14375 1.129 0.89
2 93 82.47 1.128 0.89
9 348.44 294 1.185 0.84
Jensen 25 926.9 774.95 1.196 0.84

50 1830.1 1526.1 1.199 0.83
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500 18086 15045 1.202 0.83

Asymptotic values forS(D) and @(D)

Using the above approximations we can estimatagiimptotic values fd&D) and®(D) for
large values ob (anda=1). Using Eg. (10), (13), (16), and substitutasd. we get:

2 N - InZ
S(D) = lim L min) _ \/ﬁ -B2n) +n-V2Zm-InZm - B(2m) 1)
b->x E(Tinin) \/Wﬁ(ZN)

For the PhoxTrot numbere¥12,n=4 andN=48), Eq. (21) yield§D)~1.79 and?(D)~0.56.
Using Eq. (10), (18), (19), and substitutiagl we get:

w2+ N-In2n
S(D) = lim E(Tmin) _ \/%"‘ n-v2m-In2m o
b—-x E(Tmln) oN - anN

For m=12, n=4 and N=48, Eq. (22) yields§D)~2.01 and @(D)~0.50. Therefore,
1.7%9D)<2.01 and 0.50(D)<0.56. Note that the approximations we presentetthignand
the previous section are the same (if not more rate) if variablesX;; were normally

distributed in the first place.
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