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PREFACE

This Euler's commemorating volume entitled :

Functional Equations , Integral Equations, Differential Equations and Applications (F.l.D. A),
is a forum for exchanging ideas among eminent mathematicians and physicists, from many parts of
the world, as a tribute to the tri-centennial birthday anniversary of Leonhard Paul Euler (April
15,1707 A.D., b. in Basel — September 18, 1783 A.D., d. in St. Petersburg).

This 998 pages long collection is composed of outstanding contributions in mathematical and
physical equations and inequalities and other fields of mathematical, physical and life sciences.

In addition, this anniversary volume is unique in its target, as it strives to represent a broad and highly
selected participation from across and beyond the scientific and technological country regions. It is
intended to boost the cooperation among mathematicians and physicists working on a broad variety
of pure and applied mathematical areas.

Moreover, this new volume will provide readers and especially researchers with a detailed overview of
many significant insights through advanced developments on Euler's mathematics and physics. This
transatlantic collection of mathematical ideas and methods comprises a wide area of applications in
which equations, inequalities and computational techniques pertinent to their solutions play a core
role.

Euler’s influence has been tremendous on our everyday life, because new tools have been developed,
and revolutionary research results have been achieved , bringing scientists of exact sciences even
closer, by fostering the emergence of new approaches, techniques and perspectives.

The central scope of this commemorating 300birthday anniversary volume is broad, by deeper
looking at the impact and the ultimate role of mathematical and physical challenges, both inside and
outside research institutes, scientific foundations and organizations.

We have recently observed a more rapid development in the areas of research of Euler worldwide.
Leonhard P. Euler (1707-1783) was actually the most influential mathematician and prolific writer of
the eighteenth century, by having contributed to almost all the fundamental fields of mathematics and
mathematical physics. In calculus of variations, according to C. Caratheodory, Euler's work: Methodus
inveniendi lineas curves...(1740 A.D.) was one of the most beautiful works ever written. Euler was
dubbed Analysis Incarnate by his peers for his incredible ability. He was especially great from his
writings and that produced more academic work on mathematics than anyone. He could produce an
entire new mathematical paper in about thirty minutes and had huge piles of his works lying on his
desk. It was not uncommon to find Analysis Incarnate ruminating over a new subject with a child on
his lap.

This volume is suitable for graduate students and researchers interested in functional equations,
integral equations and differential equations and would make an ideal supplementary reading or
independent study research text.

This item will also be of interest to those working in other areas of mathematics and physics. It is a
work of great interest and enjoyable read as well as unique in market.

This Euler’s volume (F. I. D. A.) consists of six (6) issues containing various parts of contemporary
pure and applied mathematics with emphasis to Euler’s mathematics and physics.

It contains sixty eight (68) fundamental research papers of one hundred one (101) outstanding
research contributors from twenty seven (27) different countries.

In particular, these contributors come from:

Algerie (1 contributor); Belgique (2); Bosnia and Herzegovina (2); Brazil (2); Bulgaria (3); China (9);
Egypt (1); France (3); Greece (2); India (8); Iran (3); Italy (1); Japan (7); Korea (7); Morocco (3); Oman
(2); Poland (3); R. O. Belarus (8); Romania (2); Russia (3); Saudi Arabia (1); Serbia and Montenegro
(5); The Netherlands (3); U. A. Emirates (1);U. K. (2); U. S. A. (15); Uzbekistan (2).

First Issue (F. E. I.) consisting of 14 research papers, 181 pages long, contains various parts of
Functional Equations and Inequalities,

namely:

Euler’s Life and Work, Ulam stability, Hyers — Ulam stability and Ulam — Gavruta - Rassias stability of
functional equations, Euler — Lagrange type and Euler — Lagrange — Rassias quadratic mappings in
Banach and Hilbert spaces, Aleksandrov and isometry Ulam stability problems, stability of Pexider
and Drygas functional equations, alternative of fixed point, and Hyers - Ulam stability of differential
equations.
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Second Issue (MT. PDE) consisting of 9 research papers, 117 pages long, contains various parts of
Mixed Type Partial Differential Equations,

namely:

Tricomi - Protter problem of nD mixed type partial differential equations, solutions of generalized
Rassias’ equation, degenerated elliptic equations, mixed type oblique derivative problem, Cauchy
problem for Euler — Poisson - Darboux equation, non - local boundary value problems, non-
uniqueness of transonic flow past a flattened airfoil, multiplier methods for mixed type equations.

Third Issue (F . D . E.) consisting of 9 research papers, 146 pages long, contains various parts of
Functional and Differential Equations,

namely:

Iterative method for singular Sturm - Liouville problems, Euler type boundary value problems in
quantum mechanics, positive solutions of boundary value problems, controllability of impulsive
functional semi-linear differential inclusions in Frechet spaces, asymptotic properties of solutions of
the Emden-Fowler equation, comparison theorems for perturbed half-linear Euler differential
equations, almost sure asymptotic estimations for solutions of stochastic differential delay equations,
difference equations inspired by Euler’s discretization method, extended oligopoly models.

Fourth Issue (D. E. I.) consisting of 9 research papers, 160 pages long, contains various parts of
Differential Equations and Inequalities,

namely:

New spaces with wavelets and multi-fractal analysis, mathematical modeling of flow control and wind
forces, free convection in conducting fluids, distributions in spaces, strong stability of operator—
differential equations, slope — bounding procedure, sinc methods and PDE, Fourier type analysis and
quantum mechanics.

Fifth Issue (DS. IDE.) consisting of 9 research papers, 159 pages long, contains various parts of
Dynamical Systems and Integro - Differential Equations,

namely:

Semi-global analysis of dynamical systems, nonlinear functional-differential and integral equations,
optimal control of dynamical systems, analytical and numerical solutions of singular integral equations,
chaos control of classes of complex dynamical systems, second order integro-differential equation,
integro-differential equations with variational derivatives generated by random partial integral
equations, inequalities for positive operators, strong convergence for a family of non-expansive
mappings.

Sixth Issue (M. T. A.) consisting of 18 research papers, 231 pages long, contains various parts of
Mathematical Topics and Applications,

namely:

Maximal subgroups and theta pairs in a group, Euler constants on algebraic number fields,
characterization of modulated Cox measures on topological spaces, hyper-surfaces with flat r-mean
curvature and Ribaucour transformations, Leonhard Euler's methods and ideas live on in the
thermodynamic hierarchical theory of biological evolution, zeroes of L-series in characteristic p,
Beck’s graphs, best co-positive approximation function, Convexity in the theory of the Gamma
function, analytical and differential — algebraic properties of Gamma function, Ramanujan’s
summation formula and related identities, ill — posed problems, zeros of the g-analogues of Euler
polynomials, Eulerian and other integral representations for some families of hyper-geometric
polynomials, group C*-algebras and their stable rank, complementaries of Greek means to Gini
means, class of three- parameter weighted means, research for Bernoulli’s inequality.

Deep gratitude is due to all those Guest Editors and Contributors who helped me to carry out this
intricate project. My warm thanks to my family:

Matina- Mathematics Ph. D. candidate of the Strathclyde University (Glasgow, United Kingdom),
Katia- Senior student of Archaeology and History of Art of the National and Capodistrian University of
Athens (Greece), and Vassiliki- M. B. A. of the University of La Verne, Marketing Manager in a FMCG
company (Greece). Finally | express my special appreciation to:

The Executive Editor of the International Journal of Applied Mathematics & Statistics (IJAMAS)
Dr. Tanuja Srivastava for her nice cooperation and great patience.

John Michael Rassias

Special Editor-in-Chief of Euler’'s volume F. I. D. A. — IJAMAS.
National and Capodistrian University of Athens, Greece
E-mail: jrassias@primedu.uoa.gr; jrassias@tellas.gr

URL: http://www.primedu.uoa.gr/~jrassias/
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Abstract

Leonhard Paul Euler (April 15, 1707 - September 18, 1783) was born in Basel, Switzerland and died
in St. Petersburg, Russia. He married and fathered thirteen children, one of which, Jean Albert, was a
good applied mathematician. Leonhard was a student of John Bernoulli. In 1735 he lost sight in one
eye, but even this did not stay his output. In 1741 he went to Berlin, at the call of Frederick the Great.
In 1766 he returned from Berlin to St. Petersburg, at the request of Catherine the Great, where he
soon went totally blind. Nevertheless, sustained by an uncommon memory and a remarkable facility in
mental computation, he became the most prolific mathematician of all times. He averaged about 800
printed pages a year throughout his long life. Some of the books and 400 of his research papers were
written after he became totally blind. He was the central figure in the mathematical activities of the
18" century. Although interested in all fields of mathematics, Euler was primarily an analyst. via his
work analysis became more easily applicable to the fields of physics. He contributed much also to the
progress of algebra and number theory, as well as to differential geometry and topology. Euler had,
however, little concern for rigorous foundations. He was superbly inventive in methodology and a
skilled technician. His collected works, although still incomplete, have been published by Teubner and
O. Fiissli in seventy-two big volumes.

Key words and phrases: Euler formula, Euler method, Euler equation, Euler numbers, Euler-Lagrange
quadratic identity, Euler Monte Carlo Method for SDEs .

AMS (MOS) Subject Classification: 00, 01.

1 LIFE OF LEONHARD PAUL EULER
The key figure in eighteenth-century mathematics and the dominant theoretical physicist of the
century, the man who should be ranked with Archimedes, Cauchy, Gauss and Newton is

Leonhard Paul Euler (1707-83).
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Born near Basel to a preacher, who wanted him to study theology, Leonhard entered the

university at Basel and completed his work at the age of fifteen.

While at Basel he learned mathematics from John Bernoulli. He decided to pursue the subject
and began to publish papers at eighteen. At nineteen he won a prize from the French Académie
des Sciences for a work on the masting of ships. Through the younger Bernoullis, Nicholas
(1695-1726) and Daniel (1700-82), sons of John, Euler in 1733 secured an appointment at the St.
Petersburg Academy in Russia. He started as an assistant to Daniel Bernoulli but soon succeeded

him as a professor.

Though Euler passed some painful years (1733-41) under the autocratic government, he did an
amazing amount of research, the results of which appeared in papers published by the St.

Petersburg Academy. He also helped the Russian government on many physical problems.

In 1741, at the call of Frederick the Great, he went to Berlin, where he remained until 1766. At
the request of Frederick the Great, Euler worked on state problems of insurance and the design of
canals and waterworks. Even during his twenty-five years in Berlin he sent hundreds of papers to

the St. Petersburg Academy and advised it on its affairs [3].

In 1766, at the request of Catherine the Great, Euler returned to Russia, although fearing the
effect on his weakened sight (he had lost the sight of one eye in 1735) of the rigors of the climate
there. He became, in effect, blind shortly after returning to Russia, and during the last seventeen
years of his life was totally blind. Nevertheless, these years were no less fruitful than the

preceding ones.

Euler’s mathematical productivity is incredible. His major mathematical fields were the calculus,
differential equations, analytic and differential geometry of curves and surfaces, the theory of
numbers, series, and the calculus of variations. This mathematics he applied to the entire domain
of physics. Chemistry, geography, and cartography also interested him, and he made a map of
Russia. The applications were said to be an excuse for his mathematical investigations; but there

can be no doubt that he liked both [3].

Euler wrote texts on mechanics, algebra, mathematical analysis, analytic and differential
geometry, and the calculus of variations that were standard works for a hundred years and more
afterward. The ones that will concern us in this paper are the two-volume Introductio in Analysin
Infinitorum (1748), the first connected presentation of the calculus and elementary analysis; the
more comprehensive Institutiones Calculi Differentialis (1755) ; and the three-volume

Institutiones Calculi Integralis (1768-70) ; all are landmarks.
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All of Euler's books contained some highly original features. His mechanics, as noted, was based
on analytical rather than geometrical methods. He gave the first significant treatment of the

calculus of variations.

Beyond texts he published original research papers of high quality at the rate of about eight
hundred pages a year throughout his long life. The quality of these papers may be judged from
the fact that he won so many prizes for them that these awards became an almost regular addition

to his income.

Some of the books and four hundred of his research papers were written after he became totally

blind.

A current edition of his collected works, when completed, will contain about eighty volumes.
Euler did not open up new branches of mathematics. But no one was so prolific or could so
cleverly handle mathematics; no one could muster and utilize the resources of algebra, geometry,

and analysis to produce so many admirable results.

Euler was superbly inventive in methodology and a skilled technician. One finds his name in all
branches of mathematics: there are formulas of Euler, polynomials of Euler, Euler constants,

Eulerian integrals, Euler lines, and Euler circles [3].

One might suspect that such a volume of activity could be carried on only at the expense of all
other interests. But Euler married and fathered thirteen children. One of his sons, named Jean
Albert Euler, was born on November 16, 1734. This man was a good applied mathematician.
Always attentive to his family and its welfare Leonhard Euler instructed his children and his
grandchildren, constructed scientific games for them, and spent evenings reading the Holy Bible
to them. He also loved to express himself on matters of philosophy. On September 18, 1783,

after having discussed the topics of the day,

"He ceased to calculate and to live".

2 WORK OF LEONHARD PAUL EULER

Leonhard Euler was a student of John Bernoulli at the University, but he soon outstripped his
teacher. His working life was spent as a member of the Academies of Science at Berlin and St.
Petersburg, and most of his papers were published in the journals of these organizations. His
business was mathematical research, and he knew his business [7]. He extended and perfected

plane and solid analytic geometry, introduced the analytic approach to trigonometry, and was



Int. J. Appl. Math. Stat.; Vol. 7, No. Fe07, February 2007 11

responsible for the modern treatment of the functions Inx and e*. He created a consistent theory
of logarithms of negative and imaginary numbers, and discovered that Inx has an infinite number

of values. It was through his work that the symbols

e=lim(l+lj =1+1+i+.‘.;2.71828...,
n—0 n 1 2
r=3.14159...,

i=v-1,
became common currency for all mathematicians, and it was he who linked them together in the
astonishing relation

=-1.
This is merely a special case of his famous formula

" = cost + isind ,0=m,
which connects the exponential and trigonometric functions and is absolutely indispensable in
higher analysis. Among his other contributions to standard mathematical notation were sinx,
cosx, the use of f{x) for an unspecified function, and the use of  for summation. Good notations
are important, but the ideas behind them are what really count, and in this respect, Leonhard’s
fertility was almost beyond belief. He preferred concrete special problems to the general theories
in vogue today, and his unique insight into the connections between apparently unrelated
formulas blazed many trails into new areas of mathematics which he left for his successors to
cultivate. He was the first and greatest master of infinite series, infinite products, and continued
fractions, and his works are crammed with striking discoveries in these fields. James Bernoulli
(John’s older brother) found the sums of several infinite series, but he was not able to find the
sum of the reciprocals of the squares,
l+l+l+i+... .
4 9 16

He wrote, “If someone should succeed in finding this sum, and will tell me about it, I shall be

much obliged to him.” In 1736, long after James’s death, Euler made the wonderful discovery

that

1 1.1 7’
I+—+—+—+..=—.
4 9 16 6
When John heard about these feats, he wrote, “If only my brother were alive now.”
His work in all departments of analysis strongly influenced the further development of this

subject through the next three centuries.
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He contributed many important ideas to differential equations, including substantial parts of the
theory of second-order linear equations and the method of solution by power series. He gave the
first systematic discussion of the calculus of variations, which he founded on his basic
differential equation for a minimizing curve. He introduced the number now known as

Euler’s constant,

y = lim[l+;+;+...+1—lnnj:0.57721... ,

n—o n

which is the most important special positive real number in mathematics after = and e. He

discovered the integral defining the gamma function

I'(x)= J‘tl’"le”dt ,
o

which is often the first of the so-called higher transcendental functions that students meet beyond
the level of calculus, and he developed many of its applications and special properties [9].

He also worked with Fourier series, encountered the Bessel functions in his study of the
vibrations of a stretched circular membrane, and applied Laplace transforms to solve differential
equations-all before Fourier, Bessel, and Laplace were born [7].

E.T. Bell, the well-known historian of mathematics, observed that

“One of the most remarkable features of Euler’s universal genius was its equal strength in both
of the main currents of mathematics, the continuous and the discrete.” In the realm of the
discrete, he was one of the originators of number theory and made many far- reaching

contributions to this subject throughout his life.

In addition, the origins of topology-one of the dominant forces in modern mathematics-lie in his
solution of the Konigsberg bridge problem and his formula

V-E+F=2
connecting the numbers of vertices, edges, and faces of a simple polyhedron. In the following

paragraphs, we briefly describe his activities in these fields.

In number theory, Euler drew much of his inspiration from the challenging marginal notes left by
Fermat in his copy of the works of Diophantus, and some of his achievements are mentioned in

our account of Fermat.

He also initiated the theory of partitions, a little-known branch of number theory that turned out
much later to have applications in statistical mechanics and the kinetic theory of gases. A typical

problem of this subject is to determine the number p(n) of ways in which a given positive integer
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n can be expressed as a sum of positive integers, and if possible to discover some properties of
this function.
For example, 4 can be partitioned into
4=3+1=2+2=24+1+1=1+1+1+1,
so p(4) =5 and similarly p(5) =7 and p(6) = 11.
It is clear that p(n) increases very rapidly with ». Euler began his investigations by noticing that
p(n) is the coefficient of x" when the function
[(1-0A-)A-x)... 71"

is expanded in a power series:

1+ p(D)x + p2)x* + p(3)x* + ...
By building on this foundation, he derived many other remarkable identities related to a variety

of problems about partitions.

The Konigsberg bridge problem originated as a pastime of Sunday strollers in the town of
Konigsberg (now Kaliningrad) in what was formerly East Prussia. There were seven bridges
across the river that flows through the town. The residents used to enjoy walking from one bank
to the islands and then to the other bank and back again, and the conviction was widely held that
it is impossible to do this by crossing all seven bridges without crossing any bridge more than
once. Euler analyzed the problem by examining the schematic diagram, in which the land areas
are represented by points and the bridges by lines connecting these points. The points are called
vertices, and a vertex is said to be odd or even according as the number of lines leading to it is
odd or even. In modern terminology, the entire configuration is called a graph, and a path
through the graph that traverses every line but no line more than once is called an Euler path. An
Euler path need not end at the vertex where it began, but if it does, it is called an Euler circuit.
By the use of combinatorial reasoning, Euler arrived at the following theorems about any such
graph: (1) there are an even number of odd vertices; (2) if there are no odd vertices, there is an
Euler circuit starting at any point; (3) if there are two odd vertices, there is no Euler circuit, but
there is an Euler path starting at one odd vertex and ending at the other; (4) if there are more than
two odd vertices, there are no Euler paths. The graph of the Konigsberg bridges has four odd
vertices, and therefore, by the last theorem, has no Euler paths. The branch of mathematics that
has developed from these ideas is known as graph theory; it has applications to chemical
bonding, economics, psychosociology, the properties of networks of roads and railroads, and

other subjects [7].
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In our note on Euclid we remarked that a polyhedron is a solid whose surface consists of a
number of polygonal faces, and of that note displays the five regular polyhedra. Then it remained

for Euler to discover the simplest of their common properties:

If V, E, and F denote the numbers of vertices, edges, and faces of any one of them, then in every
case we have
V-E+F=2

This fact is known as Euler’s formula for polyhedra. This formula is also valid for any irregular
polyhedron as long as it is simple-which means that it has no "holes" in it, so that its surface can
be deformed continuously into the surface of a sphere. However, Euler’s formula must be
extended to

V-E+F=2-2p
in the case of a polyhedron with p holes (a simple polyhedron is one for which p = 0). The
number V' — E + F has the same value for all maps on our surface, and is called the Euler
characteristic of this surface.
The number p is called the genus of the surface. These two numbers, and the relation between
them given by the equation

V-E+F=2-2p,
are evidently unchanged when the surface is continuously deformed by stretching or bending.
Intrinsic geometric properties of this kind-which have little connection with the type of geometry
concerned with lengths, angles, and areas-are called fopological. The serious study of such
topological properties, has greatly increased during the past century, and has furnished valuable
insights to many branches of mathematics and science.

Euler numbers EE,,E.,... :

2 4 6
secx:1+Elx—+E2x—+E3x—+...
2! 4! 6! T
2 4 6 > x<5,
sechle—Elx—+E2x——E3x—+
2! 4! 76!
such that
E =1,FE =5FE =61,
E, =1385, E; =50,521, E,=2,702,765, ...
and

2n+2

1 1
E, = = (2m){1- 32l + g2l —.b
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Euler differential equation (or Cauchy equation):

X %+P(x)x%+Q(x)y =R(x).

3 TERMS CARRYING EULER’S NAME
Euler angles: Three angular parameters that specify the orientation of a body with respect to
reference axes [5].

Euler characteristic of a topological space X:
H0=3 11 4,.
where S, is the gth-Betti number of X.

Euler diagram: A diagram consisting of closed curves, used to represent relations between

logical propositions or sets; similar to a Venn diagram.

Euler equation: Expression for the energy removed from a gas stream by a rotating blade system

(as a gas turbine), independent of the blade system (as a radial- or axial-flow system).

Euler equations of motion: A set of three differential equations expressing relations between the

force moments, angular velocities, and angular accelerations of a rotating rigid body.

Euler force: The greatest load that a long, slender column can carry without buckling, according

to the Euler formula for long columns.

Euler formula for long columns: A formula which gives the greatest axial load that a long,
slender column can carry without buckling, in terms of its length, Young’s modulus, and the

moment of inertia about an axis along the center of the column.

Euler-Lagrange equation: A partial differential equation arising in the calculus of variations,
which provides a necessary condition that y(x) minimize the integral over some finite interval of

fx, v, y")dx, where y'=dy/dx; the equation is

(Oftx, y, y")0y) — (dldx)(fix, y, y')Oy") = 0.

Also known as Euler’ s equation.

Euler method: A method of studying fluid motion and the mechanics of deformable bodies in
which one considers volume elements at fixed locations in space, across which material flows;

the Euler method is in contrast to the Lagrangian method.
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FEuler number 1: A dimensionless number used in the study of fluid friction in conduits, equal to
the pressure drop due to friction divided by the product of the fluid density and the square of the
fluid velocity.

Euler number 2: A dimensionless number equal to two times the Fanning friction factor. Euler-
Rodrigues parameter: One of four numbers which may be used to specify the orientation of a

rigid body; they are components of a quaternion.

Euler transformation: A method of obtaining from a given convergent series a new series which
converges faster to the same limit, and for defining sums of certain divergent series; the
transformation carries the series
av—a) tay—az + ...
into a series whose nth term is ([4], [6], [8]):

1
(_ 1)r (n;ljar /2",

r=0

n—

Eulerian coordinates: Any system of coordinates in which properties of a fluid are assigned to
points in space at each given time, without attempt to identify individual fluid parcels from one

time to the next; a sequence of synoptic charts is an Eulerian representation of the data ([1]-[2],
(5D

Eulerian correlation: The correlation between the properties of a flow at various points in space

at a single instant of time. Also known as synoptic correlation.

Eulerian equation: A mathematical representation of the motions of a fluid in which the behavior

and the properties of the fluid are described at fixed points in a coordinate system.
Eulerian path: A path that traverses each of the lines in a graph exactly once.

Eulerian wind: A wind motion only in response to the pressure force; the cyclostrophic wind is a
special case of the Eulerian wind, which is limited in its meteorological applicability to those

situations in which the Coriolis effect is negligible.

Euler’s expansion: The transformation of a derivative (d/df) describing the behavior of a moving
particle with respect to time, into a local derivative (6/6¢) and three additional terms that describe

the changing motion of a fluid as it passes through a fixed point. Euler’s formula [3]:
" =cosx+isinx, i=+-1.

Euler’s theorem: For any polyhedron, V—FE + F=2,
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where V, E, F represent the number of vertices, edges, and faces ,respectively.

Euler-Lagrange quadratic identity ([6]-[12]):
2 2 2 2
|x+y| +|x—y| = 2[|x| +|y| 1.
Euler scheme approximation and Euler Monte Carlo Method:

For numerical solution of ordinary and partial Stochastic Differential Equations ( SDEs), [5].
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ABSTRACT
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1 INTRODUCTION

Let X,Y be groups. A mapping f: X — Y is said to be quadratic iff it satisfies the following

functional equation
fle+y)+ fla—y) =2f(z) +2f(y)

for all z,y € X. We define Qf, the quadratic difference of f, by the formula
Qf(@,y) = flx+y)+ flz —y) — 2f(x) = 2f(y) (1.1)

forall z,y € X.
Assume that X and Y are normed spaces. For a function f: X — Y we put

[[fllsup := sup [Lf ()]
rzeX

Let X,Y be a real normed space and a real Banach space, respectively. By Ny, N, R we



Int. J. Appl. Math. Stat.; Vol. 7, No. Fe07, February 2007 19

denote the sets of all nonnegative integers, positive integers and real numbers, respectively.
Let f: X — Y be an n-times differentiable function. By D" f, n € N, we denote n-th derivative
of f and D°f stands for f. The space of all functions f: X — Y that are n-times differentiable
on X will be denoted by D"*(X,Y). By C"(X,Y) we denote the space of n-times continuously
differentiable functions and C*°(X,Y) stands for the space of infinitely many times continuously
differentiable functions. By 9} f, k = 1,2, we denote, as usual n-th partial derivative of f: X x
X — Y with respect to the k-th variable.

Following an idea of J. Tabor and J. Tabor [9] we assume that we are given a normin X x X
such that ||(z1, 22)|| is a function of ||z || and ||z2|| and the following condition is satisfied

[[(z, O = 11(0, 2)[| =[]

forallz € X.
Leti;: X — X x X, i2: X — X x X be injections defined by

11(z) = (z,0),

ZQ(y) = (07y)
forall z,y € X.

Let L: X x X — X be a bounded linear mapping. It follows directly from the assumed condi-
tions on the norm in X x X that

Lol < L] liall = IILII,
(1L odzl| < |ILI| |li2ll = [IL]].
Therefore if F: X x X — Y is n-times differentiable for n € N, then
01F (z,9)|| = || DF (z,y) o is|| < | DF(z,y)],

||82F(rc,y)|| = HDF(x,y) oig“ < ||DF(:E,y)||

and ‘ ‘
|03203F (2, y)|| < || DIF(,9)|,

(1.2)
02052 F (z,y)|| < || DF(x,y)||
forallz,ye Xand:=2, 3, ..., n.

Letn € Nand let f: X — Y be n-times differentiable. Then Qf is n-times differentiable and
by (1.2), we have

|D*f(z+y) + D*fx —y) — 2D f(y)|| < || D*(QS) (=, v)|| (1.3)
for all x,y € X. Moreover, for n > 3, we obtain from (1.2)

|D'f(z+y)+ D f(x—y)|| < ||DQF) (=) (1.4)

forallz,y e Xandi=3, 4, ..., n.
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2 PRELIMINARIES

In the present section we will prove some lemmas that will play an essential role in further
considerations.

Lemma 2.1. Let X,Y be abelian groups and f: X — Y be a function. Then @Qf given by
formula (1.1) satisfies the following functional equation

Qf(x+s,y+1)+Qf(x— s,y —1) +2Qf(z,5) +2Qf (1)
=Qf(@+y,s+1)+Qf(x —y,s =) +2Qf (z,y) + 2Qf (s, 1) (2.1)

for all x,y,s,t € X.

Proof. Using the definition (1.1) and calculating left and right sides of the equation (2.1), we
get the desired conclusion. O
As a corollary from above lemma we obtain well know functional equations (cf. [2]).

Corollary 2.1. Let X,Y be abelian groups and f: X — Y be a function. Then Qf given by
formula (1.1) satisfies the following functional equations

Qf(z+y,8) +Qf(x—y,8) +2Qf (x,y) = Qf (x + 5,y) + Qf (x — 5,y) +2Qf(x,5), (2.2)
Qf(x+y,t) + Qf(x —y,t) +2Qf(x,y) = Qf (x,y +1) + Qf (x,y —t) +2Qf(y,t)  (2.3)

for all ,y,s,t € X.

Proof. Setting ¢t = 0in (2.1) and again s = 0 in (2.1) and using the definition of Q f, we easily
obtain (2.2) and (2.3), respectively. O

Lemma 2.2. Let X,Y be normed spaces and let f: X — Y be such a function that Qf €
D%(X x X,Y). Then we have for all z,y € X

2(Qf)(x +y,0) + 93(Qf)(x — ,0) = 203(Qf ) (x,y) + 203(Qf)(,0), (2.4)

3(Qf) (@ +y,0) + BZ(QF)(x —y,0) = 205(Qf)(z,y) + 205(QS)(1,0). (2.5)

Proof. Differentiating two times both sides of the equalities (2.2) and (2.3) with respect to s at
the point s = 0 and with respect to ¢ at the point ¢ = 0, respectively, we obtain equations (2.4)
and (2.5), which concludes the proof. O
From Lemmas 2.1 and 2.2 we easily obtain the following one.
Lemma 2.3. Let X,Y be normed spaces and let f: X — Y be such a function that Qf €
D%*(X x X,Y). Then we have

91(Qf)(0,0) =0, (2.6)

915(Q)(0,0) =0, 2.7)
95(Q)(0,0) = 0. 2.8)
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Proof. Differentiating both sides of the equality (2.3) with respect to = at the point x = 0, we
obtain (2.6) for y = t = 0. Differentiating two times both sides of the equality (2.3) with respect
to z at the point z = 0 and next with respect to ¢ at the point ¢ = 0, we get (2.7) for y = 0. From
(2.5), we easily obtain (2.8) forx =y = 0. O
S. Czerwik (see [2]) proved the following lemma for an even function f: X — Y such that
f € D*(X,Y). We prove this lemma for a weaker condition Qf € D?(X x X,Y), where f is
any function.

Lemma 2.4. Let X,Y be normed spaces and let f: X — Y be such a function that Qf €
D%(X x X,Y). Then we have for all 7,y € X

2055(Qf)(x,y) = 05(Qf)(z +y,0) — A3 (Qf)(x — y,0). (2.9)

Proof. Differentiating two times both sides of the equality (2.1) with respect to s at the point
s = 0 and next with respect to ¢ at the point ¢ = 0, we obtain

20%(Qf)(x,y) = B(Qf)(z +y,0) — 3(Qf)(z —y,0) +205,(Q)(0,0).

Since from (2.7) we have 9%,(Qf)(0,0) = 0, so we get the desired conclusion. d

3 DOUBLE QUADRATIC DIFFERENCE PROPERTY

Let X and Y denote a real normed space and a real Banach space, respectively. We will prove
that the class C™(X,Y) has so called the double quadratic difference property, i.e. if f: X - Y
is such a function that Qf € C™(X x X,Y), then there exists exactly one quadratic function
K: X — Y suchthat f — K € C"(X,Y). The problem of the double difference property for a
Cauchy difference C'f € C™(X x X,Y’) has been investigated in the paper [9]. For more details
about the double difference property the reader is referred to [6].

Lemma 3.1. Let f: R — Y be a function and let K: R — Y be a quadratic function such that
f— K € C?*X,Y)and D?(f — K)(0) = 0. Then
_ 1 .. 9 x x
K(w) = 5 Jim o[£ (20) = 2f (7)) + 0]
for all z € R.
Proof. Since D?(f — K)(0) = 0, we have forallz € R, z # 0

|| f(2h) — K (2R) — 2f(h) + 2K (h) + f(0) — K(0)||

lim

h—0 h?
i | £(2h) — 2f(h) — 2K (h) + f(0)||
T h0 h2
o @D -2 @) -2k )+ r0)]
o () o
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Then we have

1 9 T T
K@) = 5 Jim o[£ (27) =27 (7)) + /(0]
for all z € R. It obviously also holds for z = 0. O

Theorem 3.1. Letn € NU{cc} andlet f: R — Y be such afunction that @ f € C"(RxR,Y’) for
n > 2. Then there exists exactly one quadratic function K: R — Y such that f — K € C*(R,Y)
and D2?(f — K)(0) = 0. Moreover

|D4(s — K)@)]| < S PH@NE O, ke NV}, k<n

forall z € R.

Proof. Let fi(z) := f(xz) — f(0) forall z € R. Then Qf;1 = Qf +2f(0) € C*"(R x R,Y’) and
Qf1(0,0) = 0. Let us fix arbitrarily =,y € R and consider a function

o(t) = Qfi(te, ty)
for all t € R. Obviously ¢ € C™(R,Y’). Then we have
Dp(t) = 01(Qf1)(tw, ty) (z) + 02(Qf1) (tz, ty) (y)

for all ¢ € R. Hence and from (2.6), we get

Dp(0) = 02(Q£1)(0,0)(y).

Therefore we obtain

Qfi(e.y) = o(1) — o(0) = / Dip(t)dt = / / D2p(u)dudt + Dp(0)
0 00

1t

- / / DX(Qy) (ur uy) (. y)dudt + o(Qf1)(0,0)(y)
0 0
1

t 1t
- / / Q) (ur, uy) (22)dudt + 2 / / 0% (Q 1) (e uy) (ey) dudt
00 00

1t

+ / [o3(@) )P dudt + 0:(Q1)0.0/w)

00
Thus

1 t 1t
Qfi(wy) = / / Q1) (ur, uy) (e2)dudt + 2 / / 0% (Q 1) (e, uy) (ey) dudt
0 0 0 0

1 ¢t
+ / / BR(Q ) (e, uy) ()t + B5(Q 1) 0, 0)(v) (3.)
00



Int. J. Appl. Math. Stat.; Vol. 7, No. Fe07, February 2007 23

for all z,y € R. We define the function K: R — Y by the formula

1t
K(@) = i) + 50:(Q)0,0)0) - 5 [ [03(@f)(ue,0) ) dud
00

for all z € R. We show that K is a quadratic function. Making use of (2.4), (2.5), (2.9) and
(3.1), we obtain for all z,y € R

K(z+y) + K(z—y) - 2K(z) - 2K(y) = Qfi(z,y) — 02(Qf1)(0,0)(v)

1t 1t
=5 [ @ e+ w0+ ydudt — 5 [ Q1) - uy.0)(o ~ y)Pduds
00 00
1

//OQ(Qfl (uz,0)(x 2)dudt+//82 Qf1)(uy, 0)(y*)dudt

00

1 t 1 t
- / / Q) (e, uy) () dudt + 2 / / R (Q ), uy) () dudt
00 00
1t 1 1t
+ [ [ @ s, u)wPyduds 5 [ [ @A) o + 0.0 duc
0 0 0 0

1t 1t

—// 2(Q f1) (uz + uy, 0)(zy)dudt — ;/ 2(Qf1)(uzx + uy, 0)(y?)dudt
0 00

1

¢
/02 (Qf1)(uz — uy, 0)(zy)dudt

00

1t
%//0 (Qf1) (uz — uy, 0)(x?)dudt +
00

—

Lt 1t
,é //8§(Qfl)(uxfuy,O)(yZ)dudtJr//ag(Qfl)(ux70)(x2)dudt
00 00
1t
// 2(Q 1) (uy, 0)(y*)dudt
00

1t
// 81 (Qf1)(ux,uy) — 32(Qf1)(u:1:+uy, )—%8§(Qf1)(u:c—uy,())
00

+05(Qf1)(uz, 0)] (z*)dudt

1 t
+ / [ 120%(Qs0) . ug) — Q) -+ 0. 0) + Q) — uy, )] o)
00

- / / [GB(@1) () — S3R(Q 1) sz + uy,0) — S3R(@fs) (s — )

00

+03(Qf1) (uy, 0)} (y?)dudt = 0.
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Therefore K is a quadratic function.
Now we prove that f— K is differentiable. Applying the definition of the derivative of the function
f1 — K and using the substitution method for the double integral, one can prove the formula

1t

/ / a%(czfm(uaow)dudt} - / B3(Q )5, 0)ds (32)
0

00

D

forall z € R.
Now applying (3.2) we see that f — K = f; — K + f(0) is differentiable at every point z € R
and that

D(f = K)(@) = [03(@1)(s.0)ds — 30:(Q1)(0,0),
0

D(f ~ K)(x) = 333(QS) 0.
Then 92(Qf)(z,0) € C"2(RxR,Y), and hence 92(Qf)(z,0) € C"2(R,Y). Therefore D?(f —
K)e C"2([R,Y),ie. f— K € C*(R,Y). Moreover, from (2.8) we have

DA(f — K)(0) = 533(Q1)(0,0) =0.

The proof of the uniqueness part of the theorem follows directly from the Lemma 3.1.
We claim that

|D4(s — K)@)| < S DH@NE O, ke NV}, k<n (33)

forallz € R. Let f; := f— K. Then f; € C"(R,Y) and consequently Q f1 = Qf € C"(RxR,Y).
Making use of (1.3) and the fact that D?(f — K)(0) = 0, we obtain for all z € R

|DA@)]| = [P*A1(@) - D*£0)] < 5[1D*@) (0]

which proves (3.3) for k£ = 2. For 3 < k < n, k € N, (3.3) follows directly from (1.4). The prove
is complete. O

Corollary 3.1. Under the assumptions of Theorem 3.1 we have
1
ID*( = K)©O)| < 5[DH@NO.0)], k€ No\{1}, k <n,

DK = Bl < 5IDH@DNy K ENNIY B <
Theorem 3.1 states, in particular, that the class of infinitely many times differentiable functions
has the double quadratic difference property. We show that the class of analytic functions also
has this property.
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Corollary 3.2. Let f: R — Y be a function such that @ f is analytic. Then there exists exactly
one quadratic function K : R — Y such that f — K is analytic and D?(f — K)(0) = 0.

Proof. By Theorem 3.1 there exists exactly one quadratic function K: R — Y such that F :=
f—K € C®(R,Y) and D?F(0) = 0. Then obviously QF = Qf and hence QF is analytic.
Making use of the equality

%8§(QF)(33, 0) = D2F(x) — D2F(0)

for all z € R, we obtain that D?F is analytic, and consequently that F is analytic. O

Theorem 3.1 can be applied to the problem of Ulam-Hyers stability of the quadratic functional
equation in some special class of differentiable functions with special norms (see [1]).

Remark. Theorem 3.1 can be also proved for a function defined on a normed space X.
For more information concerning similar problems and applications to the stability of functional
equations the reader is referred to [3], [4], [5], [7], [8].
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ABSTRACT
We will investigate the Ulam-Gavruta-Rassias stability of the Pexider functional
equation
Ni@+y) + folz +o(y) = fs(z) + faly), z,y€E,
where FE is a vector space and o: E — E is an involution.
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1 Introduction

In 1940, S. M. Ulam [36] posed the following problem. Let F; be a group and let E, be a
metric group with a metric d(.,.). Given ¢ > 0, does there exist a § > 0 such that if a function f:
E, — E; satisfies the functional inequality d(f(zy), f(z)f(y)) < ¢ for all z and y in E;, then
there exists a group homomorphism h: E; — E5 with d(f(z), h(x)) < e for any x € Ej.

The case of approximately additive mappings was solved by D. H. Hyers [8] under the as-
sumption that G; and G5 are Banach spaces.

In 1978, Th. M. Rassias [29] gave a generalization of the Hyers’s result which allows the
Cauchy difference to be unbounded, as follows:

Theorem 1.1. [29] Let f : V — X be a mapping between Banach spaces and let p < 1 be
fixed. If f satisfies the inequality

1f(z+y) = f@) = F)ll < 0l]” + [|=[1”) tL.1)
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forsome § > 0 and for all z,y € V (z,y € V' \ {0} if p < 0). Then there exists a unique additive
mapping 7' : V' — X such that

20

I5@) =Tl < 55

[l” 1.2)

forallz e V (z € V\ {0} if p < 0).
If, in addition, f(tz) is continuous in ¢ for each fixed z, then T is linear.

In 1990, Th. M. Rassias during the 27th International Symposium on Functional Equations
asked the question whether such a theorem can also be proved for values of p greater or equal
to one. Gajda Z. [6] following the same approach as in [29] provided an affirmative solution to
Th. M. Rassias’question for p strictly greater than one. However, it was shown independently
by J. Gajda [6] and Th. M. Rassias and P. Semrl [32] that a similar result for the case of value
of p equal to one can not be obtained.

In 1982, J. M. Rassias [15] provided a generalization of Hyers’s stability Theorem which al-
lows the Cauchy difference to be unbounded, as follows:

Theorem 1.2. [15] Let f : E — E’ be a mapping from a normed vector space E into a Banach
space E’ subject to the following Cauchy-Gavruta-Rassias inequality

If(z+y) = @) = FWIl < ellzl”lyl”

for all z,y € E, where ¢ and p are constants with ¢ > 0 and 0 < p < 1/2. Then the limit

f(2"z)

omn

L(z) = lim

n—--+00

exists for all z € F and L: E — E’ is the unique additive mapping which satisfies

=] ()

1) - L) < 5=

forall z € E. If p < 0 then the above Cauchy-Gavruta-Rassias inequality holds for z,y # 0 and
inequality (x) for = # 0.
If p > 1/2 then the Cauchy-Gavruta-Rassias inequality holds for all z,y € E and the limit

)

Alz) = lim 2"f(=

n—s+00 2n
exists for all x € F and A: E — E' is the unique additive mapping which satisfies

15
220 — 2

‘2])

[f(z) = Al)]| <

[l|

for all z € E. Ifin addition f: E — E’ is a mapping such that the transformation t — f(tx) is
continuous in ¢t € R for each fixed = € E, then L is R-linear mapping.

The case p = 1/2 in Cauchy-Gavruta-Rassias inequality is singular. A counter-example has
been given by P. Gavruta ("An answer to a question of John M. Rassias concerning the stabil-
ity of Cauchy equation”, in: Advances in Equations and Inequalities, in: Hadronic Math. Ser.
(1999), 67-71).
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In 1994 P. Gavruta [7] provided a generalization of the above theorems by replacing the func-
tions:

(,9) — 0(| 2 [P + || v [7); (z,5) — 6(| = |[P|| v ?) by a mapping ¢ (x, y) which satisfies the
following condition

.- —n n T - i z y
22 p(2%z,2"y) < oo OFZQ @(27l+1,ﬁ)<m (1.3)

n=0 n=0
for every z,y € E;.

However in 1992; 1994, J. M. Rassias [18]-[19] provided stability results analogous to Gavruta’s
stability results [7] achieved in 1994.

Theorem 1.3. [18] Let X be a real normed linear space and let Y be a complete normed
linear space. Assume in addition that f: X — Y is an approximately additive mapping for
which there exists a constant § > 0 such that f satisfies generalized Cauchy-Gavruta-Rassias
inequality

n n

IO i) =Y f(@i) 1< 0K (21,22, ., )

i=1 i=1
for all (z1,z2,...,2,) € X™ and K: X" — RT[J{0} is a non-negative real-valued function
such that

R, = R,(z) = ZnﬂK(nJm,njm, eyl 2) (< 00)
j=0
is a non-negative function of x, and the condition
lim n ™Kz, n™zy,...,n"x,) =0
m——00

holds. Then there exists a unique additive mapping L,: X — Y satisfying

| £(2) = Ln(a) 1< 2 Ba2)

for all z € X. If in addition f: X — Y is a mapping such that the transformation t — f(tx) is
continuous in ¢ € R for each fixed z € X, then L,, is an R-linear mapping.

Theorem 1.4. [18] Let X be areal normed linear space and let Y be a complete normed linear
space. Assume in addition that f: X — Y is an approximately additive mapping such that f
satisfies generalized Cauchy-Gavruta-Rassias inequality

FOMIED DN

N(X1, T2, ..., Tp) forall(Xy, za, ..., z,) € X™ and N: X" — RT|[J{0} is a non-negative real-
valued function such that N (z, «, ..., z) is bounded on the unit ball of X, and

N(tzy,tag, ... tay) < k()N (21,22, ..., Tp)

for all t > 0, where k() < co and

o0
RO =RY(z) = Zn_jk(nj) < 00.
j=0
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If in addition f: X — Y is a mapping such that the transformation ¢t — f(tz) is continuous
int € R for each fixed z € X and f: X — Y is bounded on some ball of X, then there exists
a unigue R-linear mapping L,,;: X — Y satisfying

| f(z) — Ln(2) | MN(z,z,...,z),
for all x € X, where M = Zfrf:o n*(m+1)k(nm)_

Stability problems of various functional equations have been extensively investigated by a num-
ber of authors. The terminology Hyers-Ulam-Rassias stability originates from these historical
backgrounds. For more detailed definitions and further developments of stability concepts one
is referred to [5], [9], [10], [12], [15], [16], [17], [19], [20], [21], [22]...

The generalized quadratic functional equation

fl+y)+ flz+o(y) =2f(z) +2f(y) z,y€ kb, (.4)

where ¢ is an involution of Ey, i.e. o(z +y) = o(z) + o(y) and o(o(x)) = = was solved
by H. Stetkaer in [35]. More precisely, a mapping f: E1 — FE, between vector space is a
solution of the quadratic functional equation (1.4) if and only if there exists an additive function
a: By — FE5 and a biadditive, symmetric mapping b: E; x E; — Fs such that a(o(z)) =
—a(x), b(z,0(y)) = —b(z,y) and f(z) = b(x,x) + a(z) forany z € E, and y € E; . This
formulas is explained in [35] for the case where E; is an abelian group and FE; is the set of the
complex numbers, but the some proof holds for functions between vectors spaces.

A stability theorem for the functional equation (1.4) with o = —I was proved by F. Skof [34] for
functions f: 1 — Es, where E; is a normed space and E5 a Banach space. Her proof also
works if E is replaced by an abelian group G, the theorem was proved by P. W. Cholewa [3].
In a previous papers [1], [2] the authors and Th. M. Rassias deal with the Hyers-Ulam stability
of the functional equation (1.4). It is convenient to state the stability theorem obtained in [1],
the result will be used later.

Theorem 1.5. [1] Let (E1,||||) be a real normed space and let (E», ||||) @ Banach space. Let ¢:
E, x By — [0, 00) a mapping such that

) =3 20T Yo Lype 0@ v Wy
n=0

2n+1 ? 2n+1 ) ( - 2n+1 )%0( 27L+2 2n+2 ’ 2n+2 2n+2

forall z,y € Ej.
Assume that the function f: E; — E> satisfies the inequality

I flz+y)+ flz+o(y) —2f(z) = 2f(y) [I< o(z,9) (1.6)
for all z,y € E;. Then, there exists a unique solution ¢: E; — FE5 of equation (1.4) satisfying
I £(z) — a(a) ll< 36(z,2) (L7)

forall x € Ej.
In the present paper the stability problem in the spirit of Gavruta of the Pexider functional
equation

fil@+y) + folz +o(y) = fs(@) + fa(y) 1.8)
shall be proved. The results are a natural extension of the ones obtained by the authors and
Th. M. Rassias in [1] and [2] and by S.-M. Jung [13].
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2 Stability of the Pexider functional equation

Throughout this section (Ey, ||||) be a real normed space and (F», ||||) a Banach space, ¢:
E,xE, — [0, 00) is a given mapping which satisfies the following conditions: ¢(z,y) = ¢(y, x);
p(x,0(y)) = ¢(x,y) and

R 1 x o) y oy
Pz, y) = E :)2 ( )[(’9(2n+1’ 2n+1) +(1 - on+l )‘P(2n+2 T ont2 gurz T o2 )] <00 (2.1)
n=C(

forall z,y € .
It is easy to verify that ¢(0,0) = ¢(0,0) = 0.

For any function ¢ which satisfies the above conditions, we introduce the new functions

d(z,y) = 2p(z,y) + o(x +a(y),0) + ¢z +y,0)

NP Y
In this section, we will prove the Ulam-Gavruta-Rassias stability of the Pexider functional equa-
tion
filz +y) + folz+0(y) = fs(z) + faly) @,y € Er (2.2)

by following some ideas from the papers [1] and [13].
Theorem 2.1. If the functions f1, fa, f3, fa: E1 — E» satisfy the inequality
| iz +y) + falz +0(y) — fs(x) = fa(y) < o(z,y), (2.3)

for all z,y € Ei, then there exists a unique function ¢: E; — E, solution of equation (1.4),
there exists a function v: £; — FE5 solution of equation

vizx+y) =v(z+o(y), z,y€ E, (2.49)

there exist exactly two additive functions a, as: F1 — FE5 suchthata; oo = —a; (i = 1, 2),

I F1@) — gor(@) — gaa(e) — 3(z) — 3a(e) = 7(0) | (25)
< ) + (e, 2) + 36(,0) + 65, 5) +20(5,0) + p(2,0),
I o) — gar(@) + gas(a) + gv(x) — 3a(a) — F20) | (26)
<l ) + J0(@2) + 50(,0) + o5, 5) +20(5,0) + (2,0,
I (@) — aa(e) = a(e) = f5(0) IS 9(2,0) + 5000 2) +6(2,0) Fwlwz) @)
and .
I @)~ aa(e) = a(e) = F2(0) 1S 9(2,0) + 5900 2) +6(2,0) +wlwz). (28)

forall x € Ej.
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Proof. In the proof, we use ideas and methods that are analogous to those used in [1] for the

case where ¢(z,y) = 4, for some ¢ > 0. For any function f;: £y — E», we put F; = f; — fi(0)
Fi(x)+F;(o(x

and we denote by Ff (resp. F?) the even part Ff(z) = w and the odd part F?(z) =

Fi(z)*gz‘(g(r)) of F.

By replacing = and y in (2.3) by o(z) and o(y), respectively, we obtain
| Fi(o(x) +0(y)) + Falo(z) +y) — Fi(o(z)) — Fu(o(y)) < plo(z),0(y)) = ¢(z,y).  (2.9)
Consequently, from inequalities (2.3)-(2.9) and the triangle inequality, we get
| FY(z +y) + F3(z + o(y)) — F5(z) — F{(y) < o(z,y) (2.10)

and
| Fi(z +y) + Fi(z+o(y) — F5(z) — F{(y) [I< ¢(z,y), (2.11)

forall z,y € Ey.
Thus, substituting y = 0 in inequality (2.11), one gets

| Fi (z) + F3 (2) = F5(2) [|< (2, 0), (2.12)

forallz € E;
Taking = = 0 in inequality (2.11)

I F1(y) + F5 (y) = FL(y) [|< #(0,9), (2.13)

forally € E.
Hence the inequalities (2.3)-(2.12)-(2.13) imply

| Fi (2 +y) + F3(z + o(y)) = (FT + F5)(x) — (F7 + F5)(y) || (2.14)
<| Fi(z +y) + F5(z + o(y)) - F5(2) = Fi(y) |
+ 1 (@) + Fy () = F5(2) (| + (| Fi (y) + F3(y) = Fi(y) ||

< ¢(,y) + ¢(z,0) + ¢(y,0).

If we add (subtract) the argument of the norm of the inequality (2.14) to the like inequality by
replacing y by o(y), we obtain

I (Ff + F3) (2 +y) + (F] + F5)(x + o(y)) — 2(FT + F5)(x) = 2(FT + F5)(y) | (2.15)

< 2¢(x,y) + 2¢(x,0) + 2p(y, 0)

and
| (Ff — F5)(x +y) — (Ff — F)(z +0(y)) | 20(x,y) + 20(x,0) +20(y,0).  (2.16)
Hence, there exists v: E; — E» defined by v(z) = (Ff — F;)(%) solution of equation

vie+y)=v(e+oy), zy€ kb (2.17)
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that satisfies the inequality
rz

I (FY = F5) () —v(z) [|< 20(35, 5

)+ 4@%,0) (2.18)

forall z € 4.
Applying Theorem 1.5 and the inequality (2.15), one gets that there exists a unique mapping ¢
solution of equation (1.4) such that

I (Ff + F3)(x) — q(2) [|I< %’w(x,m) +¢(x,0) forevery z € Ey. (2.19)

Therefore, from (2.18)-(2.19) and the triangle inequality, we obtain

| 275 () — a(e) + v(z) | (2.20)
< S0(@0) +6(,0) + 265, 3) +40(5,0),

| 2F (@) ~ a(a) ~ (@) | (2:21)
< 30(e,2) +9(@,0) + 20(5, 5) + 4p(5,0).

Thus, from inequalities (2.12)-(2.13) and the triangle inequality, we establish

| F5(@) = 4(@) 1< o(,0) + 3w, ) + 0(,0) (2.22)

| Fi(z) — q(z) [I< ¢(z,0) + %w(m ) +1(x,0). (2.23)
Now, if we put y = 0 resp. z = 0 in (2.10), one finds
| F5(x) — FT (x) — F3(2) [|< ¢(x,0) (2.24)
resp.
I F7(y) — FY(y) + F5(y) [[< ¢(0,y), (2.25)

forall z,y € F.
Thus, from inequalities (2.3)-(3.25) and the triangle inequality, we get

| Ff(x +y) + F{(z + o(y)) — 2F(2) | (2.26)
< Ff(z+y) — F(z+y) + Fy(z+y) |
+ I Fi(z+o(y) - F(z+0o(y) + F5(@+a() |
+ I FY(y+2) + FP(y + o(x)) — F3(y) — F{(2) ||
+ [ FY(o(y) + 2) + F3(o(y) + o(x)) — F5(o(y)) — FL(z) |
< o(@,y) = 2¢(x,y) + o(x + 0 (y),0) + (z +y,0)

forall z,y € Ej.
Functional inequalities (2.3)-(2.24) and the triangle inequality imply

I B3 (x +y) + F(z + o(y)) — 2F5(2) || (2.27)
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< F(x+y) - F(z+y) - F(@+y) |l
T F(z+oy) - F(z+o(y) - F@+oy) |
+ | FY(z+y) + Fi(z +o(y) — F§(x) — F{(y) |
+ | Fi(z+o(y) + Fi(z +y) — Fg(x) — FY(o(y)) |
< oz,y) = 20(x,y) + (x + 0(y),0) + ¢(x +y,0)

forall z,y € F.
Next, we will prove the stability of the functional inequalities (2.26) and (2.27). The inequality
(2.27) imply

| F5(y+ ) + F5(y + o(x)) — 2F5(y) [|< ¢(z,y) (2.28)

then, from (2.27)-(2.28) and the triangle inequality, we obtain

| F5(z +y) — F3(2) — F(y) < ¢(z,y) (2.29)

forall z,y € Ej.
By using now [7], there exists an unique additive function
ay. By — FEs, such that
| F5(2) — a1(z) [|< w(z,z) (2.30)

for all z € E;. Furthermore, ai(o(x)) = —ai(x), because p(x,0(y)) = ¢(z,y), FS(o(z)) =
—F9(x) forall z,y € E; and a; is the unique additive function which satisfies (2.30).
By similar proof, we deduce that there exists another additive function ay: £y — E» such that
az(o(z)) = —az(z) and

| F{(x) — az(x) [|< w(z,z) (2.31)

for all z € E;. Thus, from inequalities (2.24)-(2.25) and the triangle inequality, we obtain

| 2F7 (z) — F3/(x) — Fi(z) [|< 2¢(x, 0) (2.32)

| 25 (x) — F5(x) + F (2) [|< 2¢(z,0), (2.33)
for all z € E,. Consequently, from inequalities (2.30)-(2.31), we obtain
| 2F5 (z) — a1(x) + az(z) || < 2¢(z,0) + 2w(x, x) (2.34)
and
[ 2F7(z) — a1(x) — az(z) [|< 20(x,0) + 2w(z, x). (2.35)

Now, According to the inequalities (2.20)-(2.21)-(2.22)-(2.23)-(2.30)-(2.31)-(2.34)-(2.35), one
gets the inequalities (2.5)-(2.6)-(2.7)-(2.8).

The uniqueness of ¢,a;, (: = 1,2) follows by applying some argument used in [13]. This
completes the proof of the theorem. O

From Theorem 2.1, we can deduce the well known results obtained in [4], [13], [15], [16], [17],
[37],...
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Corollary 2.2. If the functions f1, fo, fs, fa: E1 — FE5 satisfy the inequality

| filz+y) + falz +o(y)) — fa(@) = faly) 1< O 2 1P+ [y [IP) (2.36)
for all z,y € F4, for some § > 0 and p > 2, then there exists a unique function ¢: £ — F»
solution of equation (1.4), there exists a function v: E; — FE5 solution of equation

v(iz+y)=v(z+o(y), z,y€E,

(2.37)
there exist exactly two additive functions a;, as: £y — Es suchthata; o0 = —a; (i = 1,2)

I A1)~ a1() — yoale) - ga@)

1
51(®) = 5v() = f1(0) | (2:38)
4420 2 2 1 2

29[72(2p_2)+2 —1 % H|x|| +20[ +

R | RO

<>+§a2< %)~ 3a(a) + 3v(@) — £0) | (2:39
< g e P Wl + e e o @ P,
I fsta) — aa(e) — a(x) ~ F5(0) | (2.40)
Ik =7 | e+ o@ I
and
I () —ar(@) — q(a) ~ (0) | (2.41)
Ik w7 | e+ I
forall z € Ey.

Corollary 2.3. If the functions fi, fo, fs, fa: E1 — E» satisfy the inequality

[ fi(z+y) + falz +o(y) — falz) — faly) 1< 0 = P y IP) (2.42)
forall z,y € Ey, forsome 6 > 0, p > 1, then there exists a unique function ¢q: £, — FE5 solution
of equation (1.4), there exists a function v: E; — E» solution of equation

vz +y)=v(z+oy)), .y € L, (2.43)
there exist exactly two additive functions a1, as: F1 — FEs suchthata; oo = —a; (1 = 1,2)
1 1 1 1
| £i(@) = Ja1(@) = Faz(2) = 5a(a) = 5v(@) = H1(0) | (2.44)
1 1 2
9[22p tom o g Ilel™+

(2% — 4) | &+ o) |
I o) - pa1(2) + yaz(a) - 5a(e) + 30(2) ~ £200) | (245)



36 International Journal of Applied Mathematics & Statistics

2 1 1 ) 0 )
Som—stom gl lel p‘*‘m | z+o() |7,
I f3(z) — az(z) — q(z) — f3(0) || (2.46)
1 1 0
D e — 2p 2 2
< ‘9[22p —1 Tt 2} 2| +22p(22p Y 2+ o) |
and
I fa(z) —ar(z) — q(z) — f1(0) || (2.47)
1 1 ) 20 )
§29[m+m] 2| p‘f’m | z+o(@) [
forall z € Ej.

Corollary 2.4. Let 0 = —1I. If the functions f1, fa, fs, f4: E1 — E» satisfy the inequality

| filz+y) + fole —y) — fa(z) — faly) < o(z,9) (2.48)

for all z,y € Ei, then there exists a unique function ¢: E; — E, solution of equation (1.4),
there exists o € Es, there exist exactly two additive functions ay, as: E; — FE5 such that

| @)~ gor(e) — 5aa(e) - gale) ~ 1(0) ~ | (2.49)

< ) + (0, 7) + 56(,0) + 65, 5) +20(5,0) + p(2,0),

| fol@) — 5ea(a) + 3aa(e) ~ 5a(@) — £2(0) +a | (250)

2 2) 4 20(2,0) + o(x,0),

< (e, 7) + 700w 2) + 39(@,0) + p(5, 2) + 20(2

I fa(e) = 50a(e) = 3a(@) = fo(0) € 50(e,0) + 36(e,2) + 36(2,0) + Jlw ) (25D)

and

I ) = 5ou(e) = Sa@) = Fa(0) € 50(2,0) + 3(e,2) + 36(2,0) + (e 2).  (252)

2
forall z € Ey.
Corollary 2.5. Let o = I. If the functions f1, f2, f3: E1 — F» satisfy the inequality
I iz +y) = folz) = f3(y) 1< o(z,9), (2.53)

for all z,y € E1, then there exist exactly three additive functions a1, as, az: E1 — E» such that

| f1(z) = az(x) — az(z) = £1(0) || (2.54)

< 20w, 7) + 50(a, ) +0(w,0) + 205, ) +4p(2,0) + 2(x,0)
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| fol@) — ax(a) — as(z) — Fo0) 1< ol 0) + 50(w, ) + (a,0) +w(ww)  (255)
and

I fs(w) — ax(e) — as(e) — F5(0) 1< ol 0) + 30z, 2) + 9w, 0) + wlma)  (2.56)
forall z € Ey.

In the following corollary, we generalize the stability result obtained in [14] for Drygas functional
equation.

Corollary 2.6. If the function f: F; — E, satisfies the inequality

I fz+y) + f@+oy) —2f(x) = fy) = o) < elz,y), (2.57)

for all z,y € E, then there exists a unique additive function
a: By — E» and a unique quadratic function ¢: £y — FE> such that a o 0 = —a and

| £(2) ~ a(a) — al@) ~ F(0) IS ¢(x,0) + S @) +6(z,0) + w(z.a)  (2.58)

forall z € Ey.
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ABSTRACT

We present Ulam-Hyers-Bourgin stability theorems for functional equations of quadratic-
type, slightly extending some results in [12], [17], [18], [22], [26], [27], [29], [30] and [31].
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1 INTRODUCTION

Different methods to obtain stability properties for functional equations are known. The direct
method revealed by Hyers in [19], where the Ulam’s problem concerning the stability of group
homomorphisms was affirmatively answered for Banach spaces, arrived at a very large extent
and successful use (see, e.g., [3], [5], [34], [15], [12], [22] and [32]). The interested reader may
consult [16], [20], [13], [14] and [21] for details.

On the other hand, in [28], [8] and [7] a fixed point method was proposed, by showing that
many theorems concerning the stability of Cauchy and Jensen equations are consequences of
the fixed point alternative. Subsequently, the method has been successfully used, e.g., in [9],
[10], [33] or [24]. It is worth noting that the fixed point method introduces a metrical context and
better clarifies the ideas of stability, which is seen to be unambiguously related to fixed points
of concrete contractive-type operators on suitable (function) spaces.

We present some stability results of the Hyers-Aoki-Bourgin type for functional equations of
additive-quadratic type and bi-quadratic type. By using both the direct method and the fixed
point method we slightly extend the results in [26], [27], [12], [18], [22], [29], [30] and [31].
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2 FUNCTIONAL EQUATIONS OF AddQ-TYPE

Let X7, X5 and Y be real linear spaces and consider the cartesian product Z := X; x X»
together with the linear selfmappings Px,, Px, and S, where Py, (u) = (u1,0), Px,(u) =
(0,u2), Yu = (u1,u2) € Z, and S = Sx, := Px, — Px,. Afunction F : Z — Y is called
an AddQ—type mapping iff it satisfies, for all u, v € Z, the following equation:

Dp(u,v) := Flu+v)+ F(u+ S(v))—

5 <F(u) +F@) 4 F (quS(u);rU fS(v)> R (ufS(u) ;errS(v))) Y 1)
Notice that, whenever Z is an inner product space, F(u) = a - ||Px,ul| - ||Px,u||? defines a
solution of (2.1) for each a € R. If F is a solution of (2.1) for X; = Xy = X, then X x X s u =
(z,2) — f(z,z) :== F(u) € Y is an additive-quadratic mapping on X, i.e. it verifies the following
equation [27]:

f(x+y,z+w)+f(x+yz—w):
=2(f(z,2) + f(y,w) + fz,0) + f(y, 2)), Va,y,2,w € X. (22)
Recall that a mapping g : X — Y, between linear spaces, is called additive if it satisfies the

Cauchy equation
9z +y) =g(x) +9(y), Va,y € X, (23)

and h : X — Y is called quadratic if it satisfies the following equation:
Mz +y) + h(z —y) = 2h(z) + 2h(y),Vz,y € X. (2.4)

Remark 2.1. Any solution F of (2.1) has the following properties:

(i) £(0) = 0 and F is an odd mapping;

(i) F(2" - u) = 23" - F(u), Yu € Z, ¥n € N;

(i) Fo S =F;

(iv) FoPx, =FoPx,=0.

Moreover, if f(z,z) = F(u), where v = (z,z), then f is additive in the first variable and
quadratic in the second variable. We also have:

Lemma 2.1. Suppose F : Z — Y is of the form
F(u) = fa(2) fi(z), Yu = (z,2) € Z = X1 X Xy,

with arbitrary nonzero mappings f; : X; — Y and f5 : X5 — R. Then:
(i) Fis of AddQ—type if f; is additive and f is quadratic;

(i) f1 is additive if F' is of AddQ—type and f» is quadratic;

(iii) f2 is quadratic if F' is of AddQ—type and f; is additive.

2.1. The Ulam-Hyers-Bourgin Stability for AddQ-Type Equations

Consider a control mapping @ : Z x Z — [0, c0) such that

o S
(2%, 2"
U(u,v) = Z % < o0,Yu,v € Z, (2.5)
=0

and suppose Y is a Banach space.
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Theorem 2.2. Let F': Z — Y be such a mapping that F' o Px, = 0 and suppose that
[|1DF(u,v)|| < ®(u,v),Vu,v € Z. (2.6)
Then there exists a unique AddQ—type mapping B : Z — Y for which
[|[F(u) — B(u)|| < ¥(u,u), Yu € Z. (2.7)
Proof. We shall use the Hyers’ (direct) method. Letting v = v in (2.6), we obtain
H” P >H Vuez.
In the next step, one shows that

m_] B h
D(2"u, 2'u)
= ~ ’ <3 22 ez, (2.8)

81,+1

i=p

for given integers p,m, with 0 < p < m. Using (2.5) and (2.8), { 2 u) tn>0 is a Cauchy se-

quence for any u € Z. Since Y is complete, we can define the mapplng B:Z Y,

F(2n
B(u) — nlggo (Sn 7L) ,

for all w € Z. By using (2.8) for p = 0 and m — oo we obtain the estimation (2.7).
By (2.6), we have

HF(2"(U tv) | F@'ut S@)

_9 (F(Q;(u)) (25;)) e 1z <2n (8:+ S(u);v - S(v))) L
%F (2,1 (u ~ S(w) -; vt S(v)))) ’ By <1>(2n;22%)7

for all u,v € Z. Using (2.5) and letting n — oo, we immediately see that B is an AddQ—type
mapping.
Let By be an AddQ—type mapping which satisfies (2.7). Then

1B(u) = Bi(u)]| <

- HB(Q”u) _F(2")
S|l P

F(2™u)  By(2"u)
+ gn ]n

<

2k
<2 Z 8:‘*'1 ) — 0,for n — oc.
Hence the uniqueness claim for B holds true. (J

We show that the stability result in ([27], Theorem 7) is a direct consequence of our theorem.

Let us consider a mapping ¢ : X x X x X x X — [0, 00) such that

2z, 2z, 2%y, 28
Y(x, z,y, w Zw<oo,Vx,y,z,wEX.

gi+1
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Corollary 2.3. Suppose that X is a real linear space and Y is a real Banach space. Let
f: X x X — Y be amapping such that

f(z+y 2 +w) + flz+y, 2 —w)-

=2(f(z,2) + [y, w) + (2, w) + f(y, 2)|| < o(2, 2,9, w)

and f(z,0) = 0, for all z,y,z,w € X. Then there exists a unique additive-quadratic mapping
b: X x X — Y, such that

||f(I7Z)7b(l'7Z)HS'[Z)(I7Z7I7Z)7 Vx,ZEX (29)
Proof. Let us define, for X; = Xo = X, u,v € X x X,u = (z,z) and v = (y,w),
F(u) = f(z,2) and ®(u,v) = p(z, z,y, w).

Since ¥(u,v) = ¥(z,z,y,w) < oo, then we can apply Theorem 2.2. Clearly, the mapping b,
defined by b(x, z) = B(u) is additive-quadratic and verifies (2.9). O

2.2. Stability Results of Aoki-Rassias Type

For particular forms of the mapping ® in (2.5), we can obtain interesting consequences. We
identify stability properties with unbounded control conditions invoking sums (T. Aoki, [3]) and
products (J. M. Rassias, [29, 30, 31]) of powers of norms.

Let X1, X, and Y be real linear spaces. Suppose that Z := X; x X, is endowed with a norm
|lu||z and that Y is a real Banach space.

Corollary 2.4. Let F : Z — Y be a mapping such that
IDF(u, v)lly < e(llullly + [[v]%), Yu,v € Z,

where p,q € [0,3) and e > 0 are fixed. If F'o(I+5) = 0, then there exists a unique AddQ—type
mapping B : Z — Y, such that

3
||F(u) — B(u) Nullz + 55— - llullz, Vue 2.

3
T 2

Proof. Consider the mapping @ : Z x Z — [0, 00), ®(u,v) = e(||u|[%, + [|v]|%). Then

O (2. 2° P q
W) = 30 2020 el el

Qi 2 _ op 23 _ 91 < 00, Yu,v € Z,

=0
and the conclusion follows directly from Theorem 2.2. O
Corollary 2.5. Let F': Z — Y be a mapping such that
IDp(u,0)lly <e-[lully - [l Yu,v € Z,

where €,p,q > 0 are fixed and p+ ¢ < 3. If Fo (I +S) = 0, then there exists a unique
AddQ—type mapping B : Z — Y, such that

[|F(u) — B(u) Nl 5T, Yu € Z.

3
ly < 5—oprq



44 International Journal of Applied Mathematics & Statistics

Proof. Consider the mapping ® : Z x Z — [0, 00), ®(u,v) = ¢ - ||u]| - |[v]|%. Then

— P(2'u,2') [[ull - 1lvl|%
U (u,v) ::Z g =c- 33 ovtq < o0, Yu,v € Z,
i=0

so that we can apply Theorem 2.2. O

Now, suppose that X; = X, = X, where X is a real normed space, and consider the function
X xX >3u=(z,2) — F(u) = f(z,z), where f is mapping X x X into the real Banach
space Y. Although the functions of the form v — ||u|| := (]|z||" + ||z||5)% may not be norms, the
above proofs work as well, and we obtain the following stability properties for additive-quadratic
equations:

Corollary 2.6. Let f : X x X — Y be a mapping such that f(x,0) =0 and
lfz+y,z+w)+ flety,z—w)+flz-yz+w) + flz-yz-w)-

=4 (f(z,2) + fly,w) + f(@,w) + f(y, 2)lly <elzlP + [yl + [[2]17 + [[w]|7) ,
for all z,y,z,w € X and for some fixed ¢,p,q > 0 with p,q < 3. Then there exists a unique
additive-quadratic mapping b: X x X — Y, such that

2e 2e

15 2) = b, 2)lly < g ol P+ 55—

|z]|9, Y,z € X.
Corollary 2.7. Let f : X x X — Y be a mapping such that
Ifx+y,z+w)+ flety,z—w) + fle—y,z+w)+ fl@—y,z—w)—

—4(f(z,2) + [y, w) + f@,w0) + f(y, 2)ly < e ([l +[2[17) - Ayl + [Jwl]?),

for all z,y, z,w € X and for some fixed €,p,q > 0, with p + ¢ < 3. If f(z,0) =0, forall z € X,
then there exists a unique additive-quadratic mapping b : X x X — Y, such that
. €
1f(z,2) = bla, 2)lly < oy - (N2l + [[2]P) - (2[[* + [I2]1%), Yz, 2 € X.
2.3. Applications to Additive Equations and to Quadratic Equations

For the sake of convenience, we recall the following Ulam-Hyers-Bourgin stability properties of
the additive and quadratic functional equations:

Proposition 2.8. ([18]) Let X be a real normed vector space and Y a real Banach space. If @
and ¢ : X x X — [0, 00) verify the condition

bz, y) = Z M < oo, forallz,y € X (2.10)

and the mapping f : X — Y satisfies the relation

then there exists a unique additive mapping @ : X — Y which satisfies the inequality

| f(z) —a(@)|| < ¢z, z), forallz € X. (2.12)
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Proposition 2.9. ([22], Theorem 2.2) Let X be a real normed vector space and Y a real Banach
space. If gand ¢ : X x X — [0, o0) verify the condition

oo

27 2l
Pz, w) == Z 4f+1 < oo, forall z,w e X (2.13)

and the mapping f : X — Y, with f(0) = 0, satisfies the relation
Hf(z Fw) + flz—w) — 2f(2) — 2f(w)H < (2 w), forall z,w € X, (2.14)
then there exists a unique quadratic mapping ¢ : X — Y which satisfies the inequality
Hf(z) - g(z)H < 4(z,2), forall = € X. (2.15)
As a matter of fact, we can show that Proposition 2.8 is a consequence of our Theorem 2.2.
Namely, we have

Theorem 2.10. The stability of the equation (2.1) implies the Ulam-Hyers-Bourgin stability of
the additive equation (2.3).

Proof. Let X,Y, % : X x X — [0,00) and f : X — Y as in Proposition 2.8. We take X; = X
and consider a linear space X, such that there exist a quadratic function » : X; — R, with
Rh(0) = 0 and an element z, € X5, such that 2(z9) # 0 (In inner product spaces such a function
is, €.9., z — ||z]|?). If we set, for u = (v, 2),v = (y,w) € X x X,

O(u,v) = &, 2,y,w) = 2|h(2) + h(w)| - G(z,y)

and

F(u) = F(z,2) = h(2) - f(2),
then by using (2.10) and the properties of the quadratic mapping we easily get:

P(28x, 2iy)
U(u,v) = {h 2) + h(w \Z g < 0%
=0

for all u,v € X x X5. At the same time, by (2.11),
|DF(u,v)]| = 2(2) + h(w)] - ||f(z +y) + f(2) = f)l <

< 20h(2) + h(w)| - @(z,y) = ®(u,v), Yu,v € X x Xa.

Therefore, by Theorem 2.2, there exists a unique mapping of AddQ—type, B: X x Xo — Y,
such that ||F(u) — B(u)|| < ¥(u,u) and

( )

B(u) = 1i F(Q”u)

n—o0 n n~>oo (Z) NVu=(2,2) € X x Xo.

We know that h(z) # 0. Therefore the limit
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exists for every x € X and, moreover, B(u) = h(z) - a(x),Yu = (x,2) € Z. Since ||h(2) f(z) —
B)|| < h(z) - d(z,x), Yu = (z,2) € X x Xz, then the estimation (2.12) is easily seen to hold.
By Lemma 2.1, @ is additive. If an additive mapping a, satisfies (2.12), then (z, 2) — h(z)a1(z)
is of AddQ—type ( again by Lemma 2.1) and has to coincide with B, that is h(z)a;(z) =
h(z)a(z), for all u = (x,2) € X x Xo. Since h is nonzero, then a;(z) = a(z), for all 2 € X.
Hence a is unique. O

As very particular cases, we obtain the results in (T. Aoki, [3]) and (J. M. Rassias, [29]) for
additive equations:

Corollary 2.11. Let f: X — Y be a mapping such that

[f(@+y) = F@) = F)| < e (ll=]P +lylIP), forallz,y € X,

and for any fixed ¢, p > 0, with p < 1. If f(0) = 0, then there exists a unique additive mapping
a : X — Y which satisfies the estimation

2e
2-2p

[£(z) —a(@)]| <

[|z||P, forall xz € X.

Proof. Leth : R — R, h(z) = z2 and f : X — Y, where X is a normed space and Y a Banach
space. We apply Theorem 2.2 for X; = X, Xo = R, u,v € X x R, with u = (z,2),v = (y,w)
and the mappings

F(u) = F(z,2) = 2° - f(2),

O(u,v) = ®(x, 2,y,w) = 2(z° +w?) - (||z]|” + [y |P),
to obtain the existence of a unique additive mapping a and the required estimation.
Corollary 2.12. Let f : X — Y be a mapping such that
17+ ) = () = Fw)| <0 (llall - llyll#) , for all z,y € X,

and for any fixed 6,p > 0, with p < 1. If £(0) = 0, then there exists a unique additive mapping
a : X — Y which satisfies the estimation

0
= [|z|[P, forallz € X.

[/ (@) —a(@)]| <
Indeed, one can use either the mappings F(u) = F(xz, z) = 22 f(z), and ®(u,v) = &(x, z,y,w) =
2022+ w?) - 0-|lal[% - |}y]|%, or the means inequality: 6 (|lz1|% - [jyll¥ ) < § (Ila]” + Ily|?) in the
preceding corollary.
Remark 2.2. As it is wellknown ( see [17, 20]), Gajda showed that the additive equation (2.3)
is not stable for g(z, y) of the form e(||z|| + ||y||), & being a given positive constant. In fact, he
proved that there exists a mapping f, : R — R such that (2.11) holds with the above @, and
there exists no additive mapping a to verify

||f0(z) - Fz(a:)” < c(e)||z||, for all z € R.
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This suggests the following:

Example 2.1: Let X; be a real normed space, Y a Banach space, and h : X, = R — R
a quadratic function with h(0) = 0, k(1) = 1. Then the equation (2.1) is not stable for

®(u,v) = (x, 2,y, w) = 2e - (||| + ||yl (h(2) + h(w)). (2.16)

In fact, we can show that there exists an F for which the relation (2.6) holds and there exists
no AddQ—type mapping B : X; x X5 — Y to verify

[|[F(u) — B(u)|] < c(e)h(2)||z]], Yu = (z,2) € X1 x Xa. (2.17)
Indeed, for F(u) = F(z,2) = h(2) - fo(z), and ® as in (2.16), (2.6) holds. Therefore
[ fola+y) — folz) = fo(y)|| < e (llz[| +lyll), forall 2,y € X;.

Let us suppose, for a contradiction, that there exists an AddQ—type mapping B which verifies
(2.17). By Remark 2.1, the mapping @ : X; — Y,a(z) := B(z,1) is a solution for (2.3). The
estimation (2.17) gives us

|Ifo(z) = a(@)l] < c(e)llz]], Vo € X,
in contradiction with the assertions in Remark 2.2.
We can also show that Theorem 2.2 does imply Proposition 2.9:

Theorem 2.13. The stability of the equation (2.1) implies the Ulam-Hyers-Bourgin stability of
the quadratic equation (2.4).

Proof. Let XY, ¢ : X x X — [0,00) and f: X — Y asin Proposition 2.9. We take X, = X and
consider a real linear space X; together with an additive function . : X; — R and an element
xo € X1, such that h(zp) # 0. If we set, for u = (z, 2),v = (y,w) € X x Xo,

B(u,v) = Bz, 2,y,w) = |h(z) + h(y)| - $(z,w) and F(u) = F(x, 2) = h(x) - f(2),
then we easily get, by using (2.13) and the properties of the additive mappings:
1,- - 2 (207,20
U(u,v) = §|}L(.L) + h(y)| Zw < o0, Yu,v € X1 x X.
=0

At the same time, by (2.14),
1Dk (u,0)|| = [a(z) + h(y)| - [|F(z + w) + f(z = w) = 2f(2) = 2f (w)]| <

< |h(z) 4+ h(y)| - §(z, w) = B(u,v), Yu,v € X1 x X.

Now, by our Theorem 2.2, there exists a unique mapping B : X; x X — Y, of AddQ—type,
such that
1F(u) = B(u)|| < ¥(u,u),

and

B = tim T _ iy iy LD gy 52y e x % x.

n—o0o n n—oo 4n
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Since h(zg) # 0, then the limit §(z) = lim %

4(2),Yu = (z,2) € X1 x X. Since ||h(2) f(z) — h(2)§(z)|| < M(z)-d(z, z), ¥(z,2z) € X1 x X, then
the estimation (2.15) holds. By Lemma 2.1, ¢ is quadratic. If a quadratic mapping ¢; satisfies
(2.15), then (z,2) — h(z)q(z) is of AddQ—type ( again by Lemma 2.1) and has to coincide
with B, that is h(x)di(z) = h(z)§(z), for all uw = (x,z) € X; x X. Since h is nonzero, then
01(2) = 4(2)Vz € X, hence q is unique. O

exists for every z € X and B(u) = h(z) -

In particular, we obtain a stability property of type Aoki for quadratic equations ([12]):

Corollary 2.14. Let f be a mapping, from a real linear space X into a real Banach space Y,
such that

Hf(z w) 4 Fz—w) — 2f(2) — Qf(w)H < e (|I2l1P + ||w|P) , for all z,w € X,

and for some fixed e,p > 0, with p < 2. If f(0) = 0, then there exists a unique quadratic
mapping ¢ : X — Y which satisfies the estimation

~ - 2¢e »
Hf(z) - q(z)H < 5 - lEIl, forall 2 € X.

For the proof, let . : R — R, h(z) = . We apply Theorem 2.2 for X, = X, X; = R, u,v € Rx X,
with uw = (, z),v = (y, w) and the mappings F(u) = F(z, z) = z- f(2), ®(u,v) = ®(z, z, y,w) =
|z+y|-e(]|z][P+||w||?), to obtain the existence of a unique quadratic mapping ¢ and the required
estimation.

Similarly, by choosing F(u) = F(z,z) = = - f(z) and ®(u,v) = &(x, z,y,w) = |z +y| - - ||z||? -
[|w]|?, we obtain a stability of type J. M. Rassias [31]:

Corollary 2.15. Let f mapping a real linear space X into a real Banach space Y such that
f(0)=0and

7+ w) + Fo = w) = 2f() - 27 (w) | < & 112l |, vz, € X,

for some fixed ¢,p,q > 0, with p + ¢ < 2. Then there exists a unique quadratic mapping
G : X — Y which satisfies the estimation

~ 3
F) = i2)|| £ gy - I2IP*Y, V2 € X.

Remark 2.3. As shown in [12, 20], the quadratic equation (2.4) is not stable for $(z, w) of the
form £(22 + w?), ¢ being a given positive constant. In fact, Czervick proved that there exists
a mapping fo : R — R such that (2.14) holds with the above @, and there exists no quadratic
mapping g to verify

Hfo(z) - (j(z)H < c(e)||z|2, forall z € R.

This suggests the following:

Example 2.2: Consider a real normed space X,, a real Banach space Y and an additive
function & : X; = R — R, with 2(1) = 1. Then the equation (2.1) is not stable for

®(u,0) = &(z,2,y,w) = e - (|[2[[* + [Jwl®) - [h(x) + h(y)|- (2.18)
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In fact, we shall construct an F' for which the relation (2.6) does hold, and there exists no
AddQ—type mapping B : X1 x X2 — Y which verifies

||F(u) — Bu)|| < ce) - |h(x)] - ||2][%, Yu = (z,2) € X1 x Xo. (2.19)

Indeed, if we set F(u) = F(z, z) = h(z)- fo(z) and ® as in (2.18), then (2.6) holds. Suppose, for
a contradiction, that there exists an AddQ—type mapping B which verifies (2.19). Then, by Re-
mark 2.1, the mapping ¢ : Xo — Y, G(z) = B(1, 2), is a solution for the quadratic equation (2.4).
Moreover, the estimation (2.19) gives: [|fo(z) — §(2)|| < c(e)||z|[?, Vz € Xa, in contradiction
with the assertions on f; in Remark 2.3.

3 A SECOND STABILITY RESULT BY THE FIXED POINT METHOD

We will show that Corollary 2.4 and Corollary 2.5 can be essentially extended by using a fixed
point method. As we already remarked, the method is seen to be a meaningful tool, and is
plainly related to some fixed point of a concrete operator. Specifically, each of our control
conditions is perceived to be responsible for three fundamental facts: Actually, they ensure

1) the contraction property of a Schrdoder type operator J and

2) the first two successive approximations, f and J f, to be at a finite distance.

And, moreover, they force

3) the fixed point function of .J to be a solution of the initial equation.

For the sake of convenience, we recall a celebrated result in fixed point theory, namely the
fixed point alternative (compare with [23]):

Lemma 3.1. Suppose we are given a complete generalized metric space (X,d) (i.e. d may
assume infinite values) and a strictly contractive mapping J : X — X, that is,

d(JI,Jy) SLd(‘T’y)7VI7y€X’ (Bl)

for some L < 1. Then, for each fixed element z € X, either (A1) d(J"z, J"1z) = +o00, Vn >
0,0r (Ag) d(J"z, J"x) < +00,¥n > ng, for some natural number ng. In fact, if (A2) holds,
then:

(A21) The sequence (J™z) is convergent to a fixed point y* of J;

(A22) y*isthe unique fixed pointof JinY = {y € X,d(J™z,y) < +oo};

1
(Az3) d(yy") < 7—7d(y,Jy), Yy €Y.

Let X, X5 be linear spaces, Z := X; x X»,Y a Banach space, and consider an arbitrary
mapping ® : Z x Z — [0, c0).

Theorem 3.2. Let F': Z — Y be a mapping such that F' o (I + S) = 0 and suppose that
[|1Dp(u,v)|| < @(u,v), Yu,v € Z. (3.1)

If there exists L < 1 such that the mapping

U u

u— Qu) =2 (5 5)



50 International Journal of Applied Mathematics & Statistics
verifies the condition

Q(u)gL.23-Q(%),\meZ, (H)
and the mapping ® has the property

@ n n
lim 7(2 1.%2 v)

n—00 23n

=0,Yu,v € Z, (H*)
then there exists a unique AddQ@—type mapping B : Z — Y, such that
1F(w) ~ Bl < -270(), Vu e 2 (Est)
Proof. We introduce a complete generalized metric onthe set ¥ := {G: Z — Y'}:
d(G,H)=dq (G ,H)=inf{K € R, ||G (u) — H (u)|| < KQu),Yu e Z}.

Now, we consider the (linear) operator of cubic type

G (2u)
23

J:F—F, JG(u) =
We have, forany G, H € F :

d(G H) < K = ||G (u) — H (u)]| < KQ(u),Yu € Z =

1

] G (2u) — iH (2u)

< LKQ(u),YVu € Z =

d(JG,JH) < LK.

Therefore
d(JG,JH)<L-d(G,H) ,VG,H € F,

that is J is a strictly contractive self-mapping of F. If we set v = v = ¢ in the relation (3.1), then
we see that
| F(2t) — 8F(t)|| < Q(2t),Vt € Z.

Using the hypothesis (H) we obtain

H @) _ t)H ) _ romvie 2.

which shows that d (F, JF') < L < co. Thus, we can apply the fixed point alternative and we
obtain the existence of a mapping B : F — F such that:
e Bis afixed point of the operator J, that is

B (2u) =8B (u),Vu € Z. (3.2)

The mapping B is the unique fixed point of .J in the set {G € F, d(F,G) < cco}. This says that
B is the unique mapping with both the properties (3.2) and (3.3) , where

3K € (0,00) such that| B (u) — F (u)|| < KQ(u),Vu € Z. (3.3)
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Moreover,
e d(J"F, B) —— 0, which implies the equality
n—oo

13
lim F (2"u) _

n—oo 230

B(u),Vu € Z. (34)

e d(F,B)< ﬁd(F, JF), which implies the inequality
L
<
d(F7 B) = 1— L7
thatis (Est) is seen to be true. The statement that B is an AddQ—type mapping is easily seen:
If we replace u by 2™u and v by 2™v in (3.1), then we obtain

HF(Z"(LL +)) N F(2™"(u+ S(v)))

Qn gn
i <F(2;(u)) N F(z;(v)) N % (2" (u+S( u) +v—S(v) )) N

S%F <2" (u—S(u);—v-‘rS v )))H 2”u o(2.2'0)

for all u,v € Z. By using (3.4) and (H*) and letting n — oo, we see that B satisfies (2.1). O

Example 3.1: If we apply Theorem 3.2 with the mappings ® : Z x Z — [0,00) given by
(w,v) — e(||ully + [|vl|%) and (u,v) — &|lu|% - |[v]|%, then we obtain the stability results in
Corollary 2.4 and Corollary 2.5, respectively.

Remark 3.1. In [10], we used the cubic type operator and essentially the same method as
above in order to prove a generalized stability theorem for the following equation, considered
by J. M. Rassias in [32]:

fl@+2y) =3f(x+y)+3f(x) = fla—y) - 6f(y) =
We only note the following Aoki type extension of the result of J. M. Rassias:

Corollary 3.3. Let F be a (real or complex) normed space, F' a Banach space and the numbers
g,p > 0 with p # 3. Suppose that the mapping f : E — F verifies, for all z,y € FE, the following
condition:

1f(z+2y) = 3f(z +y) +3f(x) = flx —y) =6 W) < e(ll«]” + [lylI”). (Cp)

Then there exists a unique cubic mapping C : E — F which satisfies the estimation

1) - Cla)) < = L

Lg'm'HIHKWGE- (Esty)
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4 FUNCTIONAL EQUATIONS OF BiQ-TYPE

A function F': Z — Y is called a BiQ—type mapping iff it satisfies the following equation
Flu+v)+ Flu—v)+ F(u+ S(w)) + F(u—S(v)) =

:4(F(u)+F(U)+F(u+S(u)—2|-v—S(v)) +F<U—S(u)—2|—v+3(v))> (1)

for all u,v € Z. Notice that, in inner product spaces, the function

Z3u— F(u)=a-||Pxull*||Px,ull? (4.2)
is a solution of (4.1) for any a € R. If F verifies (4.1) for X; = Xy = X, then u = (z,2) —
f(z, 2) := F(u) is a bi-quadratic mapping, verifying the following equation [26]:

fa+u,z+w)+ fetyz—w) + f@—y,z+w)+ flo -y —w) =

= 4(f(x Z) + f(va) + f(CL‘ ’LU) + f(yv Z))v vayv Z,w € X. (43)

Remark 4.1. Every solution F' of (4.1) has the following properties:
(i) F(0) =0 and F is an even mapping;

(i) F(2" - u) = 2. F(u), Yu € Z and Vn € N;

(iiy Fo S =F;

(iv) FoPx, = FoPx, =0;

(V) If f(z,2) = F(u), then f is quadratic in each variable.

We also note the following easily verified result:
Lemma 4.1. Suppose that F': Z — Y is of the form
F(u) = fo(2) fi(z), Yu = (2,2) € Z = X1 X Xo,

with arbitrary nonzero mappings f1 : X1 — Y and f» : X5 — R. Then F'is of BiQ—type if and
only if f; and f» are quadratic.

Let us fix the following notation, related to (4.1):
Qr(u,v):=Flu+v)+ Flu—v)+ F(u+ Sw)) + F(u—S(v))—

» (F(u) CF) 4 F </U+S(u)42rvf S(v)) L F (uf S(u);errS(v))) . (4.4)

4.1 The Ulam-Hyers-Bourgin Stability For Big—Type Equations

Let us consider a control mapping ® : Z x Z — [0, c0) such that
oo

(2, 20v)
U(u,v) = Z T < 00, Yu,v € Z, (4.5)
=0

and suppose Y is a Banach space.
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Theorem 4.2. Let F: Z — Y be a mapping such that F'o Px, = F o Py, = 0 and suppose that
1QF (u,v)|| < ®(u,v),Yu,v € Z. (4.6)
Then there exists a unique BiQ—type mapping B : Z — Y, such that
[|F(u) — B(uw)|] < ¥(u,u), Yu e Z. (4.7)
Proof (sketch). We shall use the Hyers method. Letting u = v in (4.6), we obtain
H” FUH uez.

In the next step, as usual, one shows that

1 . X
F@w) _ F@Mw|| 3 2@t 2w)
- < _ 7 < 4
H 167 16m - — 16i+1 Vue Z, 0<p<m, (4.8)

so that we can define the mapping B: Z — Y,

F2n
B(u) = lim (2"u)

, Yue Z.

By using (4.8) for p = 0 and m — oo we obtain the estimation (4.7). By (4.6) and (4.5),
we immediately see that B is a BiQ)—type mapping. Let B; be a BiQQ—type mapping, which
satisfies (4.7). Then

1B(u) — Bi(u)|| <
F(2™u)  Bi(2"u)

B(2"u)  F(2"u)
< — + <
- 16™ 16™ 16m 16m -
®(2ku, 2Fu)
<2 E BT — 0,forn — co.
k=n

Hence the uniqueness claim for B holds true. (J

Remark 4.2. In the above proof we actually used the following fact only:
F‘OP’X1 +F‘OF’X,2 =0.
Let us consider a mapping ¢ : X x X x X x X — [0,00) such that

Z (28, 212, 2%y, 2tw)

6T < o0,Vz,y, z,w € X.

(x, z,y,w) =

As a direct consequence of Theorem 4.2, we obtain the result in ([26], Theorem 7):

Corollary 4.3. Suppose that X is a real linear space, Y is a real Banach space and let f :
X x X — Y be a mapping such that

Ity z+w)+ flet+y,z-w) + fle—y,z4+w) + flz—y,z—-w)-

—4(f(z,2) + [y, w) + f(z,w) + f(y, )| < e(x, 2,9, w),

and let f(z,0) + f(0,z) = 0, for all z,y,z,w € X. Then there exists a unique bi-quadratic
mapping b: X x X — Y, such that

|f(z, 2) = bz, 2)|| < Y(z,z,2,2), Vo, z € X. (4.9)
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Proof. Let consider X; = Xy = X, u,v € X x X,u = (z,2),v = (y,w), F(u) = f(z,z), and
D(u,v) = ¢(z,z,y,w). Since ¥(u,v) = ¢¥(z, z,y,w) < oo, then we can apply Theorem 4.2.
Clearly, the mapping b, defined by b(z, z) = B(u) is bi-quadratic and verifies (4.9). O

In the next two corollaries we give stability results of Aoki type for the equation (4.1). Let us
consider a Banach space Y, the linear spaces X; and X,, and suppose that Z := X; x X5 is
endowed with a norm ||ul|z.

Corollary 4.4. Let F: Z — Y be a mapping such that
1Qr (u, v)lly < e(llully + lv]5), Yu,v € Z,

where p € [0,4) and e > 0 are fixed. If Fo (I —S)=0and F o (I +5) =0, then there exists a
unique BiQ—type mapping B : Z — Y, such that

2e
[[F(u) — B(u)|ly < 9 o ||U||p, Yu € Z.
Proof. Consider the mapping @ : Z x Z — [0, 00), ®(u,v) = (||u|[, + ||v|[%). Then

2. B(2'u, 2) [[ull?, + [|v][%,
W (u,v) = 16+t € 24 _9p Vu,v € Z,
=0

and we can apply Theorem 4.2. OJ

Now, let us consider, as in Corollarry 4.4: X; = X, = X, where X is a normed space,
uwv € X x X,u=(z,2),v=(y,w), Fu) = f(z,2), with f : X x X — Y and ||u|| = ||u]|, :=
¢/N|=|P + [|2]]P,p > 0. Although the functions || - ||, is not a norm, the above proof works as
well. Actually, we obtain the following

Corollary 4.5. Let f: X x X — Y be a mapping such that

—4(f(z,2) + [y, w) + flz,w) + Fly, 2D < e (P + yll” + (1217 + [[w] ),
for all z,y, z,w € X and for some fixed ¢,p, 0 < p < 4,¢ > 0. If f(x,0) =0and f(0,y) = 0, for
all z,y € X, then there exists a unique bi-quadratic mapping b : X x X — Y/, such that

2¢e

1£(@,2) = bl 2| < 57—

“(l2lP + [1zIP)
forall z,z € X.

Furthermore, by using the means inequality or directly, two interesting results of J. M. Rassias
type can be obtained for products:

Corollary 4.6. Let F': Z — Y be a mapping such that
Qr(u,v)lly <e-[lully-1lvlly), Yu,v € Z,

where p € [0,2) and € > 0 are fixed. If F'o (I —S) =0and F o (I +S) = 0, then there exists a
unique BiQ—type mapping B : Z — Y, such that
&

2
[|F(u) — Bu)|ly < 5% [|ul|F, Yu € Z.
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Corollary 4.7. Let f : X x X — Y be a mapping such that

—4(f(z,2) + f(y,w) + flz,w) + f(y, ) < e (][ [yl - [12]7 - [Jw][P),
for all z,y,z,w € X and for some fixed ¢ > 0, p € [0,1). If f(x,0) = 0 and f(0,y) = 0, for all
x,y € X, then there exists a unique bi-quadratic mapping b: X x X — Y, such that

&
1£(,2) = bla, )| < gy -l |2, Y,z € X

Remark 4.3. Leth: R — R, h(z) = 2% and f : X — Y, where X is a real normed space and Y
a real Banach space. By using Lemma 4.1, we could apply Theorem 4.2 for X, = X, X; = R,
u,v € R x X, with u = (z,2),v = (y,w) and the mappings given by F(u) = F(z,z) =
22 f(2), ®(u,v) = ®(x, z,y,w) = (22 + 3?) - $(z,w), to obtain a new proof of Proposition 2.9.

5 THE FIXED POINT METHOD FOR BiQ-TYPE EQUATIONS

Let Y be a real Banach space and @ : Z x Z — [0, c0) be an arbitrary given function.

Theorem 5.1. Let FF: Z — Y besuchthat Fo(I —S)=0, Fo(I+S)=0and
1QF(u,v)|| < ®(u,v), Yu,v € Z. (5.1)

If, moreover, there exists L < 1 such that the mapping v — Q(u) = @ (%,%) verifies the
condition
4 u
Qu) < L-2 ~Q<7>,VUEZ (H)
2
and the mapping ® has the property
n n
lim D (2"u, 2™v)

n—o0 24"

=0,Yu,v € Z, (H*)
then there exists a unique BiQ—type mapping B : Z — Y, such that
1F(w) ~ Bl < -220), Vu e 2 (Est)
Proof. We define a complete generalized metric onthe set 7 := {G: Z - Y} :
d(G,H) =dq (G, H) =inf {K € Ry, ||G (v) — H (v)|| < KQ(u),Yu € Z}

and the (linear) operator of quartic type

G (2u)

24
Itiseasytoseethatd (JG,JH) < L-d(G,H),YG, H € F,sothat J is a strictly contractive self-
mapping of F. If we set u = v = ¢t in the relation (5.1), then we see that || F' (2t) — 16F(t)]| <
Q(2t),Vt € Z. Using the hypothesis (H) we have

J:F—F,JG(u) =

HF(Qt)

Q(2t)
_ < —2 K
T F(t)H < SLemviez,
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hence d(F,JF) < L < co. We can apply the fixed point alternative, and we obtain the exis-
tence of a mapping B : F — F such that:
e Bis a fixed point of the operator J, that is

B (2u) = 16B (u) ,Vu € Z. (5.2)

The mapping B is the unique fixed point of .J in the set {G € F, d(F,G) < oc}. Thus B is the
unique mapping with both the properties (5.2) and (5.3) , where

3K € (0,00) such that||B (u) — F (u)|| < KQ(u),Yu € Z. (5.3)

Moreover,
e d(J"F,B) —— 0, which implies the equality
n—0o0
F 277«/
lim ; n“) = B(u),Yu € Z. (5.4)

n—oo 4

1
e d(F,B)< ﬁd(F, JF) , which implies (Est).
The statement that B is a BiQ—type mapping follows from (5.1).00

Example 5.1: Consider a real Banach space Y and the real linear spaces X, X, such that
Z := X1 x X5 is endowed with a norm ||u||z. If we apply Theorem 5.1 with the mappings
D ZxZ — [0,00) given by (u,v) — e(|[uly + |[v][%) and (v,v) — &|lu|[%, - ||v]|%, then we
obtain the stability results in Corollary 4.4 and Corollary 4.6, respectively.
Acknowledgement. We are indebted to Professor J. M. Rassias for helpful comments and
suggestions.
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ABSTRACT

Drygas (1987) introduced the functional equation f(zy) + f(zy~!) = 2f(z) + f(y) +
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1 Introduction

Drygas (1987) obtained a Jordan and von Neumann type characterization theorem for quasi-
inner product spaces. In Drygas’s characterization of quasi-inner product spaces the functional

equation
@)+ 1) = fa - +2{r (552) -1 (454}

played an important role. If we replace y by —y in the above functional equation and add the
resulting equation to the above equation, then we obtain

flz+y)+ flz—y)=2f(x) + f(y) + f(~y) (1.1)

for all z,y € R (the set of real numbers). This functional equation was studied by Szab6 (1983)
and Skof (2002). The Drygas functional equation (1.1) on an arbitrary group G takes the form

Flay) + flay™) = 2f(2) = fly) = fly™) =0 (1.2)



60 International Journal of Applied Mathematics & Statistics

for all z,y € G. The stability of the functional equation (1.1) was studied by Jung and Sahoo
(2002). For stability of other functional equations the interested reader referred to Rassias
(1982, 1984, 1989, 2001, 2002), and Rasiass and Rassias (2003). In Ebanks, Kannappan and
Sahoo (1992), the system of equations

flay) + flay™) = 2f(x) = fly) = fFly™") =0,  flzyz) = f(zay) (1.3)

for all z,y,z € G was solved without any regularity assumption on f. It was shown there that
the general solution f : G — K (a commutative field with characteristic different from two) of
the functional equation (1.3) is given by

f(z) = H(z,z) + A(x)

where H : G x G — K is a symmetric bihomomorphism and A : G — K is a homomorphism.
In this paper, we consider the following system of equations:

{ flay) + flzy™) = 2f(2) = fy) — fly~") =0,
Flyz) + fly~'e) = 2f(x) = fy) = fly) =0

for all z,y € G. Here f : G — R is an unknown function to be determined. The main goal of
this paper is to study the system of functional equations (1.4) on groups.

In this sequel, we will write the arbitrary group G in multiplicative notation so that 1 will denote
the identity element of G.

(1.4)

2 Jensen, Quadratic and Drygas equations on groups

The functional equation

flay) + flay™") —2f(x) =0 (2.1)
for all z,y € G is called the Jensen functional equation on a group G. A function f : G — R is
said to be a Jensen function if f satisfies (2.1).
It is evident that a constant function satisfies the equation (2.1). The set of Jensen functions
will be denoted by J(G), and the subset of J(G) consisting of functions f satisfying condition
f(1) = 0 will be denoted by Jy(G). Itis clear that the linear space J(G) is direct sum of its
subspaces C(G) and Jy(G). Here C(G) denotes the set of constant functions on G. The
subspace of Jy(G) consisting of real additive characters will be denoted by X (G).

Lemma 2.1. If G is an arbitrary group and f € Jy(G), then f(z") = nf(x) for any € G and
any n € Z (the set of integers).

Proof. If we put y = z, then from (2.1) we get

f(a®) = 2f ().

From (2.1) it follows

fary) + faby™h) —2f (") =o.
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Now if we put y = z, then we get
FEP) + f@h —2f @) =0
Now by induction on k we get f(z") = nf(x). O

Lemma 2.2. If G is an arbitrary group, f € Jy(G), and f is constant on every class of conjugate
elements, then f € X(G).

Proof. From (2.1), for any z,y € G, we get

flay) + fley™") = 2f(x) =0
and
flyz) + flya™") = 2f(y) =0,
respectively. Taking into account relations f(xy) = f(yz) and f(yz~1) = — f(zy~!), we get

2f(zy) = 2f(x) = 2f(y) =0

which is
fly) = f(@) + f(y).

This completes the proof of the lemma. O
Corollary 2.3. For any abelian group G we have the relation Jy(G) = X (G).

Corollary 2.4. Let G be an arbitrary group and x, y be elements of G such that zy = yx. Then
for any f € Jy(G) the following relation holds f(zy) = f(z) + f(y).

A functional equation of the form

flay) + flay™) = 2f(x) = 2f(y) =0 22)

for all z,y € G is called the quadratic equation. If a function f : G — R satisfies the quadratic
equation, then f is called a quadratic function. The set of functions satisfying (2.2) will be
denoted by Q(G).

Lemma 2.5. If G is an arbitrary group and f € Q(G), then f(1) = 0 and f(z~!) = f(z) for any
z €QG.

Proof. If z =y = 1, then (2.2) implies f(1) = 0. Now if z = 1, then (2.2) implies f(y) + f(y~!) —
2f(1) — 2f(y) = 0. Hence it follows that f(y) = f(y~!) for any y € G. O

Lemma 2.6. If G is an arbitrary group and f € Q(G), then
1. fisconstant on any class of conjugate elements of G.
2. f(z") =n%f(z), Vzre GandVncecZ
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Proof. 1. Since f € Q(G), we have

flay) + flay™") = 2f(x) = 2f(y) =
and

Flyx) + flya™") = 2f(x) = 2f(y) =
for all z,y € G. Thus, we see that

flay) + fley™) = flyz) + flyz™1). (2.3)

Since f(yz~Y) = f((xzy~1)~1), from Lemma 2.5 and (2.3), we get

fzy) = fyx), (2.4)
forany z,y € G.

2. If y =z, then from (2.2) and Lemma 2.5 it follows that
f(z?) = 4f(x).
Now suppose that for : = 1,2,..., k the formula

F(a') = 2f(x)

has been already established. Let us check it for i = k£ 4+ 1. We have

fata)+ f@ha ) = 2/ (@) + 2/ @)
F@ )+ @) = 20 (@) + 24 @),

Therefore

fa*h) = —fa*
=[-(k-

)+ 2f(2F) + 2f ()
)2
= (k+1)*f(z

+ 2k% + 2] f(2)
)

and the proof of the lemma is now complete. O

Lemma 2.7. If f satisfies (1.4), then ¢(x) = f(z) + f(z~!) belongs to Q(G) and (x) =
f(z) — f(z~!) be belongs to Jo(G).

Proof. Since

e(zy) + plzy™") — 20(x) — 20(x)
= f(xy) + flay™') —2f(z) — 2f(y)
+fy e + flyah) = 2f (@) = 2f(y )
= flzy) + fley™') = 2f(x) - f(y) fy™
+fy ) 4 flya™) = 2f (@) = fly) = fly™)
:O7



Int. J. Appl. Math. Stat.; Vol. 7, No. Fe07, February 2007 63

¢ € Q(G). Itis clear that (1) = 0, and since
U(ay) + ey ™) — 2¢(x)

= fzy) + flzy™") — 2f(z)

—[fy~ ™) + flyz~h) = 2f(a71)]
1
)

= flay) + flay™") = 2f(2) = fly) = fy™")
—[flyra™) + flya™") = 2f (=) — fly) — fly™)]
=0,
¢ € Jo(G). The proof of the lemma is now complete. O

Let D(G) denote the set of all functions satisfying the system (1.4). It is evident that D(G) is a
linear space.

Theorem 2.8. The linear space D(G) is a direct sum of Jo(G) and Q(G), that is D(G) =
Jo(G) & Q(G).

Proof. Letus show that Jy(G) belongs to D(G). Let f € Jo(G). Then we have f(z~!) = — f(z)
for all z € G. In order to show that f satisfies the system (1.4) it is necessary and sufficient to
show that f satisfies the system

{ flay) + flzy™) — 2f(z) =
flyz) + fly ‘o) —2f(2) =

for all z,y € G. The first equation in (2.5) is the Jensen equation. Let us show that the second
equation of this system is equivalent to the first one.
If we interchange z by 27! in the second equation in (2.5), we get

fyr™ )+ fly el —2f(@ ) =0

The last equation can be rewritten as

Fay™) ™)+ fzy)™h) —2f(a™) =0

(2.5)

or
~[f((xy™)) + flay) - 2f(2)] =

or
Fllzy™)) + flzy) — 2f(2) = 0

or

flay) + flay™) —2f(z) =

So, Jo(G) € D(G). ltis clear that every quadratic function on G satisfies the system (1.4),
so Q(G) C D(G). Let us show that Jo(G) N Q(G) = {0}. Indeed, if f € Jo(G) then for any
xr € G we have f(z71) = —f(x), and if f € Q(G) then for any = € G we have f(z~!) = f(z),
therefore for any f € Jo(G) N Q(G) we have f(z) = —f(z). Hence f = 0. Let f € D(G).
Then by Lemma 2.7, f = %(p + %UJ: where ¢ and ¢ are functions as defined in Lemma 2.7. So
D(G) = Jo(G) & Q(G) and the proof of the theorem is now complete. O
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Let n be an integer. A group G is said to be an n-Abelian group if (zy)™ = 2™y for every z
and y in G. For more on n-Abelian groups the interested reader should refer to Levi (1944,
1945), Baer (1953), Gallian and Reid (1993), and Li (1998). For any n € N (the set of natural
numbers), let K,, denote the class of groups G satisfying the relation

(zy)" = a"y" = y'a" (2.6)

for any x,y € G. Obviously, the class I, is a subclass of the class of n-Abelian groups. For
n € N, let G™ be the subgroup of G generated by the set { z" | z € G}.

Theorem 2.9. Let G belong to the class K,,. Then

1 J(G)=X(G).

2. Any element f from Q(G) is representable in the form f(z) = n—lggp(x”),
where ¢ € Q(G™). Further Q(G) = Q(G™).

3. D(G) = X(G)® Q(G™).

Proof. 1. The subgroup G" is abelian. Hence Jy(G™) = X (G"). Let f € Jy(G). Then for any
r € G, the element z" belongs to G™. Thus by Lemma 2.1, we have
fay) =L n f(ay)

=5 f(l@y)™)

=5 fla"y")

= @)+ 5 fy)

= f(x) + f(y)-
2. LetfeQ(G),and ¢ = f|.,. Then ¢ € Q(G"). Now for any ¢ € Q(G") define a function

f:G—>Rby f(z) = n%go(a:”). Let us verify that f € Q(G). Taking into account Lemma 2.6
item 2, we get

)~ 2f(a) - 2£(0) 2
flz ) o flzy™ 1)*222f( ) — 2% f(y)
[o((zy)™) + e((zy™)™) — 20(z") — 20(y™) ]
[

n n _,'_99 n( 71)n) _ 250( n) _ 299(:’;’")]

and thus f € Q(G). Itis easy to check that the mapping f — ¢ is an isomorphism of Q(G)
onto Q(G™). So we have Q(G) = Q(G™).

fzy) +

(
_n?
T on
- 1
=

7
— 1
nZ

3. Follows from Theorem 2.8, and items 1 and 2 of this theorem.
The proof of the theorem is now complete. O
3 Quadratic equation on groups with two generators

Lemma 3.1. Let G be a group with two generators a,b. If f € Q(G) and f(a) = f(b) = f(ab) =
0, then f = 0.
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Proof. We may assume that
fla) = f(b) = f(ab) = f(ab™") = 0. (CHY)
Since f € Q(G), we have
F@ ™) + f(ab™ ) — 2 (a"b™) — 2£(b) = 0.

Thus using (3.1), we obtain

F@" ™) + f(a"b"Y) = 2f (a"b™). 3.2)
Similarly we get

F@ ™) + f(a0™) = 2f(a"b™). (33)

Using (3.1), (3.2), and (3.3) and by induction on n and m we see that f(a"b*) = 0 for all
n,m € 7.

Let A and B be subgroups of G generated by elements a and b, respectively. Every nonunit
element of G is conjugate to an element of the form

a1by - -apby Where a; € A and b; € B. 3.4)

Now by induction on k we show that if an element g has the form (3.4), then f(g) = 0.
We have

flarby - agbragsabesr) + flarby - - agbg(ar1ber) ™)
—2f(a1by - - - agby) — 2f(ag410k+1) = 0.

That is

flaiby - - apbragi1bgs1) + f(arby - - akbkbl:ila’l;il) (3.5)

—2f(aiby - - - apby) — 2f(arq1bg41) = 0.

From induction hypothesis we have f(a1b; - - - axbr) = f(ar+1br+1) = 0. It is clear that element
arby -+ - agbpbj | ap L, is conjugate to (aj!;a1)by - - ax(brby ), hence by induction hypothesis
we get f((aj ) a1)by - - ag(beby 1)) = 0. Now from (3.5) it follows that f(a1b; - - - arbrasi1besr) =
0. Therefore f = 0 on G and the proof is now complete. O

Theorem 3.2. Let F' be a free group with two generators a and b. Then every element f in
Q(F) is representable in the form f(x) = ¢ (7(x)), where ¢ € Q(A), A = Z x Z is a free abelian
group of rank two, and 7 : F — A is an epimorphism such that 7(a) = v and 7(b) = w. Here v
and w denote the free generators of A.

Proof. Let f(a) = a, f(b) = 8, f(ab) = 7, and let v and w be the free generators of A. Let
¢ be an element of Q(Z x Z) such that ¥(v) = a,¥(w) = B,¢(vw) = . Then we have
p=f—vor e QF) and p(a) = ¢(b) = ¢(ab) = 0. Now from Lemma 3.1 we get ¢ = 0.
Hence f =y or. O
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Theorem 3.3. Let G be a group with two generators, and G’ be the commutator subgroup of
G and T : G — G/G’' be the natural epimorphism from G onto G/G’. Then every element f in
Q(G) is representable in the form f(z) = p(7(x)), where ¢ € Q(G/G").

Proof. Let us verify that f is constant on every coset G’ of group G. Suppose that there are
z € Gandu € G’ suchthat f(xu) # f(z). Let 7 : F — G be the natural epimorphism of F' onto
G and let o = fon. Then for some ¢t € F and v € F’ (the commutator subgroup of F) we have
m(t) =z, 7(v) = u. Therefore 7(tv) = zu and ¢(tv) = f(7(tv)) = f(zu) # f(x) = f(x(t)) =
o(1).

Thus it follows that f is constant on every coset G’ of G and we can define ¢ € Q(G/G’) such
that f=por. O

Theorem 3.4. Suppose {a, b} is a basis of the free abelian group Z x Z of rank two. Then any
element f € Q(Z x Z) is uniquely representable in the form f(a™v™) = n’a + m?3 + nm for
some a, 3, A € R.

Proof. Let {a,b} be a basis of G = Z x Z. Denote by A and B subgroups of G = Z x Z
generated by elements a and b respectively. Let 7; and m, be canonical projections of G onto
A and B respectively. Denote by &; and & additive characters of A and B respectively such
that & (a") = n and &(b") = n. Itis easy to see that the functions e;(z) = &*(m;(x)) are
quadratic functions on G. Denote by e3(x) a function defined by the rule: es(z) = e1(z)ea(z).
It is easy to verify that e is also a quadratic function on G. Let us verify that functions e;, ez, e3
form a basis of the space Q(G). First let us verify that these functions are linearly independent.
Suppose that there are ay, a2, as € R such that aje; + ases + ages = 0. It follows that

are1(a) + azez(a) + azes(a) = 0. (3.6)

But e2(a) = e3(a) = 0. So we see that a; = 0. Similarly e;(b) = e3(b) = 0 and we get ay = 0.
Now from relations (3.6) and e3(ab) = 1 it follows that a3 = 0.

Now let us verify that every element ¢ € Q(G) is a linear combination of the functions e;, i =
1,2,3. Let p(a) = a,p(b) = B,p(ab) = ~, consider the function ¢ (z) = aei(x) + Bea(z) +
(v — a — B)es(x). Then the function f(z) = ¢(z) — ¥(z) is an element of Q(G), such that
f(a) =0, f(b) =0, f(ab) = 0. Lemma 3.1 implies that f = 0. So, ¢ = ¢, or p(z) = aei(z) +
Bea(z) + (v — a — B)es(x), and the proof of the theorem is complete. O

4 Drygas equation on a certain group with two generators

Let G be an arbitrary group. For a,b,c € G, we define [a,b] = a~'b~'ab. Consider the group H
over two generators a, b and the following defining relations:

[b,ala = alb,a], b[b,a] = [b,alb.

If we set ¢ = [b, a] we get the following presentation of H in terms of generators and defining
relations:
H={ab|c=[ba, [ca=][cd=1). (4.1)
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It is well known that each element of H can be uniquely represented as g = a™b"c*, where
m,n, k € Z. The mapping

1
g=a"b"* - | 0
0

S~ 3

k
m
1
is an isomorphism between H and UT(3,7Z).

Lemma 4.1. A function ¢ : H — R defined by the formula ¢(a™b"c*) = mn — 2k is an element
of Jo(H)

Proof. Itis clear that ¢(1) = 0. Now letz = a™b"cF, y = a™b™M M, then zy~! = a™bcFeFp—m g™
= gm—™m bnful(,mlnlfml’lH»kfkl Hence

o(zy) + oy~ — 26(x)
=(m+mi)(n+n)—2(min+k+ k)
+(m —mi)(n—ny1) —2(ming —min +k — ki) — 2(mn — 2k)
-0

and the proof of the lemma is now complete. O
Lemma4.2. Let f € Jy(H) and f(a) = f(b) = f(c) =0, then f = 0.
Proof. Since H has the presentation

H={a,b|c=bya], [c,a]=]c,b=1),

we have ba = abc. Further it follows that dPa? = a2bPcP4.
Let z = a™b"c*, y = ™ b™ cF1. Hence we see that

zy = @Mt gmantktk (4.2)
and

Yo = T R (4.3)

Element ¢ belongs to center of H. Therefore from the Corollary 2.4 and relations (4.2) and
(4.3) we get

flwy) = fla™Tmpmenn) 4 f(mnththn (4.4)
and
Flyz) = f@m My 4 (e, (4.5)
Now taking into account equality f(c) = 0 we obtain
flay) = flam ) 4.6)
and
flyz) = flamTmpmm). (4.7)

From the two last relations we see that f(zy) = f(yx) for any z,y € H. Then by Lemma 2.2,
f € X(H).But f(a) = f(b) =0. Hence f = 0. O
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Theorem 4.3. Every element f € Jyo(H) is uniquely representable in the form f(z) = &(z) +
no(x), where € € X(H), p € R and ¢ is the function defined in the Lemma 4.1.

Proof. Let & be an element of X (H) such that £(a) = f(a) and &(b) = f(b). Further let
f(e) = A\. Note that £(¢) = 0 since ¢ belongs to the commutator subgroup of H. Define
Y(z) = &(z)— %)@(x) then ¢ € Jyo(H) and the function f(z)—(x) is equal to zero on elements
a,b,c. By Lemma 4.2 we get f(z) = ¢(x) and hence f(z) = {(x) — %/\qb(x). This completes
the proof of the theorem. O

Now from Theorems 2.8, 4.3, 3.2 and 3.4 we have the following theorem.
Theorem 4.4. Let the group H has the presentation
H={a,b|c=bal, [c,a]=]c,b]=1).
Then every element f in D(H) is uniquely representable in the form
F(a™d™e®) = £(a"b™e®) + pd(a"v™ ") + an® + fm?* + ynm (4.8)

for some ¢ € X(H) and «,(,v,1 € R. Here ¢ : H — R is the function as defined in the
Lemma 4.1, and m,n € Z.

Remark 4.1. The function ¢ is a solution of the system (1.4). It is clear that ¢ is not a constant
function on conjugacy classes in H, so ¢ is not a solution of (1.3).

Remark 4.2. If a function f satisfies system (1.3), then it satisfies system (1.4).

Proof. From the relation f(zzy) = f(zyz) it follows that f(zy) = f(yz). Now from this relation
and the first equation of (1.4) we get f(yz) + f(y~'z) — 2f(z) — f(y) — f(y~!) = 0. O

So, we see that the system (1.4) is a generalization of the system (1.3).
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ABSTRACT

In this paper, we study the stability of the system of functional equations f(zy) +
flay™) = 2f(x) + f(y) + fy~") and fyz) + f(y~'z) = 2f(z) + f(y) + f(y~') on non-
abelian group 7'(3,R). Here f is a real-valued function that takes values on a group. We
show that this system is stable on the group 7'(3, R).
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1 Introduction

Given an operator T" and a solution class {u} with the property that T'(v) = 0, when does
IT(v)|| < dforad > 0imply that ||u—v|| < e(d) for some u and for some ¢ > 0? This problem is
called the stability of the functional transformation (see Ulam (1964)). A great deal of work has
been done in connection with the ordinary and partial differential equations. If f is a function
from a normed vector space into a Banach space, and || f(z+y)—f(z)— f (y)|| < ¢, Hyers (1941)
proved that there exists an additive function A such that || f(z) — A(x)|| < ¢ (cf. Rassias (1978)).
If f(z) is a real continuous function of z over R, and |f(z +y) — f(z) — f(y)| < 4, it was shown
by Hyers and Ulam (1952) that there exists a constant & such that | f(x) — kz| < 20. Taking
these results into account, we say that the additive Cauchy equation f(x +y) = f(z) + f(y) is
stable in the sense of Hyers and Ulam. The interested reader should refer to Rassias (1982,
1988, 1989, 1992, 1994, 2001, 2002), Rassias and Rassias (2003, 2005), and the book by
Hyers, Isac and Rassias (1998) for an in depth account on the subject of stability of functional
equations.
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Drygas (1987) obtained a Jordan and von Neumann type characterization theorem for quasi-
inner product spaces. In Drygas’s characterization of quasi-inner product spaces the functional

f(z)+f(y>:f(x—y)m{f(l‘;y) ,f<w;y)}

played an important role. If we replace y by —y in the above functional equation and add the

equation

resulting equation to the above equation, then we obtain

flx+y)+ flz—y) =2f(x) + f(y) + f(=y). (1.1)

The Drygas functional equation (1.1) on an arbitrary group G takes the form

flay) + flay™) = 2f(x) = fly) = fly~1) =0 1.2)

for all z,y € G. The stability of the equation (1.2) was studied in Jung and Sahoo (2002) when
the domain of f was a real vector space and the range was a Banach space. In Yang (2004),
the stability of (1.2) was treated when the domain of f was an Abelian group and the range of
f was a Banach space.

In Ebanks, Kannappan and Sahoo (1992) the system of equations

flay) + fley™") = 2f(2x) = fly) = fly™) =0,  flzya) = f(zzy) (1.3)
for all z,y, 2 € G was solved without any regularity assumption on f. It was shown there that
the general solution f : G — K (a commutative field with characteristic different from two) of
the system of functional equations (1.3) is given by

f(z) = H(z,z) + A(z)
where H : G x G — K is a symmetric bihomomorphism and A : G — K is a homomorphism.

In this sequel, we will write the arbitrary group G in multiplicative notation so that 1 will denote
the identity element of G. In Faiziev and Sahoo (2005c), it was shown that on an arbitrary
group G, the system of equations

{ Flay)+ fley™) = 2f(@) - fy) - Fy™") =0, L

Flyz) + fly~'e) = 2f(2) = f(y) = fly") =0

forall z,y € G, is a generalization of the system (1.3). Here f : G — R (the set of real numbers)
is the unknown function to be determined.

The system (1.4) is said to be stable if for any f satisfying the system of inequalities

. . —1 g g -1
{f(:cy) + flay™) = 2f(x) — Fly) — Fy M <0, s

[fyz) + fly~'w) = 2f(x) = fly) — Fly™")| <0

for some positive number ¢ there is a ¢, a solution of (1.4), and a positive number ¢ such that

[f(z) —p(z)| <e, VzeG.
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In Faiziev and Sahoo (2005d), the stability of the system (1.4) was studied on an arbitrary
group G. It was shown that the system is stable on Abelian groups. It was also shown that the
system (1.4) is stable on Heisenberg groups and n-Abelian groups. In this paper, we examine
the stability of the system (1.4) on the noncommutative group 7'(3,R). To establish the stability
of the system (1.4), we first show the stability of quadratic functional equation as well as Jensen
functional equation on T'(3,R).

2 Definitions and preliminaries

Let G be a group. A function f : G — R is said to be a quadratic function if f satisfies the
guadratic functional equation

flay)+ fley™") =2f(x) +2f(y) Vz,yed.

A function f : G — R is said to be a Jensen function if f satisfies the Jensen functional
equation
flay) + flay™) =2f(z) Va,yeq.

Definition 2.1. The function f : G — R is said to be a quasijensen function if the set
AT = {f(zy) + f(zy™") = 2f(x) | Va,yecG}

is bounded. A quasijensen function f : G — R is said to be a pseudojensen function if it
satisfies the condition f(z") = nf(z) for all n € Z (the set of integers). The set of quasijensen
functions will be denoted by K.J(G). The set of pseudojensen functions will be denoted by
PJ(G).

Definition 2.2. The function f : G — R is said to be a quasiquadratic function if the set
AQ = {f(zy) + flay™") —2f(x) —2f(y) | Va,y€ G},
is bounded. The quasiquadratic function f : G — R that satisfies the condition f(2") = n?f(z)

for all n € Z will be called a pseudoquaratic function. The set of quasiquadratic functions will
be denoted by KQ(G). The set of pseudoquadratic functions will be denoted by PQ(G).

Definition 2.3. The function f : G — R is said to be a quasidrygas function if the sets

ADy = {f(zy) + flzy™) = 2f(x) = fy) = fw™") | Va,yeG}
ADy = {f(yx) + f(y~'z) = 2f () = fy) = fy™") | Va,yeG}

are bounded. A quasidrygas function f : G — R is said to be a pseudodrygas function if there
is a decomposition f(z) = ¢(z) + ¥(z), such that ¢ € PQ(G) and ¢ € PJ(G). The set of
quasidrygas functions will be denoted by K D(G), where as the set of pseudodrygas functions
on G will be denoted by PD(G).

The following lemma was established by authors in Faiziev and Sahoo (2005d), and it will serve
as one of the main tools for proving the stability of the system of Drygas equations.



Int. J. Appl. Math. Stat.; Vol. 7, No. Fe07, February 2007 73

Lemma 2.1. The system (1.4) is stable over group G if and only if PD(G) = D(G). In other
words the system (1.4) is stable if and only if PQ(G) = Q(G) and PJ(G) = Jo(G).

Let R* be the set of nonzero real numbers. Let G denote the group 7'(3,R) consisting of
triangular 3-by-3 matrices. That is,

G=T(@3,R) = a,B,v€R*; z,y,t €R.

o o °
S W e
= 8 o

We denote by H, D the subgroups of T'(3, R) consisting of the matrices of the form

1 =z =z a 0 0
01 y /|, 0 b 0],
0 0 1 0 0 ¢

respectively, where a,b,c € R* and z,y,z € R. Itis clear that H < G. We have the following
semidirect product: G = D - H.

3 Stability of Jensen equation on T'(3,R)

Let
-1 0 0 0 1 0 O
E= 0 101],]0 —-10 01 0
0 01 0 0 1 00 —1
It is easy to see that the following relations holds:
1 00] [1y0] [-100] [1 =y 0]
Of-10 1 0|~ 0 1 0]=]0 1 0/f; (3.2)
0 01 0 0 1
(1 0 o] [to0] [1 0 0] [10 0]
-1 0(-10 1 2|10 -1 0O|=]01 -z |; 3.2)
0 01 0 0 1
10 0 t] (10 0] [10 ¢
01 0 0 0O(-10 1 0 =101 0 |. (3.3)
00 —1 0 0 1 0 0 —1 00 1

Let f € PJ(G). Itis easy to see that every element of E has the order two. Hence by
Lemma 3.12 in Faiziev and Sahoo (2005a), we have f¢ = f for any e € E. Here f¢ denotes
f(z°) for z € G, and z¢ denotes e~ lxe. Denote by A, B, C the subgroups of G consisting of
matrices of the form

1y 0 100 10 ¢t
010 01 2|; |010
00 1 00 1 00 1
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-1

respectively. Letting v = and e = 0 and using the relation (3.1) and
0

o = e
— o O
o = o
_ o O

1
0
0
the fact that f € PJ(G), we get

J@) = 1) = feve) = f0) = —f().

Hence f(v) = 0 forall v € 4, and f|A = 0. Similarly, from (3.2) and (3.3) one can show that
f|g =0and f|, =0, respectively. Hence, we obtain f|, . . = 0. Let ¢ be the restriction of
ftoH. Theny € PJ(H).

Let M be a subgroup of G generated by B and C. ltis clearthat M = B x C = R x R. The
group M is an abelian group so, by Theorem 3.11 in Faiziev and Sahoo (2005a), we have
PJ(M) = X (M). Now from (3.1), (3.2), (3.3) it follows that ¢ = 0 on M. We have semidirect
product H = A- M. Letw : H — A an epimorphism defined by the rule: 7(au) = a, where
a € A,u € M. Then the mapping 7* : PJ(A) — PJ(H) defined by the rule 7*(¢)(z) = ¥(n(z))
is an embedding of PJ(A) into PJ(H). Let ¢ € PJ(H) and ¢ = ¢|,. Then 7*(¢)(z) =
Y(n(z)) = p(x) forany z € A. So, w = ¢ — 7*(¢) is an element of PJ(H) such that w|A =0.
From the relations (3.1), (3.2), (3.3) it follows that w|M =0, so, = 0. Let 0 be a positive
number such that

w | AUM

lw(zy) + w(zy™!) — 2w(z)| <6 forany =z,yeG. (3.4)
Now let z = au and y = bv, where a,b € A and u,v € M. Then

sy =abubv and wzy = ab~H(uw™

l)b’l.
Now from (3.4) it follows that
lw(abu®v) + w(ab™ (ww™)?") = 2w(au)| < 6
If we put a = b and v = 1, then from the last inequality we get
(@) + (™)) = 2w(a)] < 4.
Since w|4 = 0 and w|aunm = 0, the last inequality yields
lw(a®v)] < 6.

From the last inequality it follows that for any a € A and v € M

)] = 3 lo((@u)?)] = 3 lo(auu)| < 55

Therefore w is a bounded function on H. Since w € PJ(H), it follows that w = 0 and ¢ =
7*(¢) € X(H). Taking into account (3.1), (3.2), (3.3)we getp =0and PJ(H) = X(H).

We have G =D -H, f € PJ(G)and ¢ = f\H = 0. Let 7 : G — D an epimorphism defined
by the rule: 7(au) = a, where a € D,u € H. Then the mapping 7* : PJ(D) — P.J(G) defined
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by the rule 7*(¢)(z) = ¥ (7(z)) is an embedding of PJ(D) into PJ(G). Let ¢ € J(G) and
Y= @\D. Then 7*()(z) = ¥ (7(x)) = ¢(z) forany z € D. So, w = ¢ — 7*(¢) is an element of
PJ(G) such that w|, = 0.

Arguing as above we get f € X(G). So PJ(G) = J(G) = X(G). Hence we have the following
theorem:

Theorem 3.1. If G = T'(3,R), then PJ(G) = J(G) = X(G).

Remark 3.1. By Corollary 3.3 in Faiziev and Sahoo (2005a) we see that Jensen functional
equation is stable on T'(3, R).

4 Stability of quadratic equation on T'(3,R)

In this section we establish that PQ(G) = Q(G).

Let f € PQ(G). We will assume that f|D = 0. One can check that the following holds:

-1

a x z 1 a ¢ a x z l%%-ﬁ-%%
0 8y 01 b 0 8 yl=]0 1 %7
0 0 ~ 00 1 0 0 ~ 0 0 1

1 a ¢
From the last equality we see that if an element g is conjugate of [ 0 1 b | ,then g has the
0 01

form
R
0 1 L . 4.1)
0 0 1
1 a ¢ 1 10
Lemmad4.l. Ifa#0andb#0,then | 0 1 b | isaconjugateof [ 0 1 1
0 0 1 0 0 1

Proof. We must show that there are o, 3,7 € R* and z, y, z € R such that

aB _q
« b
=1, (4.2)

2

T+d-ag=0.
If =1 we get

a—_1q,

«
by =1,

ay + ¢y — baxy = 0.

So,a=a,v= %, and ay—&-c% — bx% = 0. If we put y = 0 we get c% = bx%, orz = 7. Hence the
system (4.2) has a solution, and the proof of the lemma is now complete. O
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1 a
Lemmad4.2. Ifa#0andb=0,then | 0 1

c 1
0 | is aconjugate of | 0
0 0 1 0

[
= o O

Proof. We must show that there are «, 8,y € R* and z,y, z € R such that

8 _
{ %_17
Yrd=0.

Let 3 =1, then a = a and ay + ¢y = 0. Let v = 10, then we get y = —<. This completes the

proof of the lemma. O
1 0 ¢ 1 00
Lemma4.3. fa=0andb#0,then | 0 1 b |isaconjugateof | 0 1 1
0 0 1 0 0 1
Proof. We must show that there are o, 3,y € R* and z,y, z € R such that
by _
{ b /H - 1,
C L
o - a—g =0.
Let3=1,then~y = % and ¢ = bz, x = {. The proof of the lemma is now complete. O
1 0 ¢ 1 01
Lemmad.4. Ifa=0,b=0andc#0,then | 0 1 0 | isaconjugateof | 0 1 0
00 1 0 0 1
Proof. We must show that there are o, 3,7 € R* and z,y, z € R such that
B8 _
“
by _
b? Y
R At
That is, % =1,and we see thatwe canputa=1,v = % is a solution. The proof of the lemma
is now complete. O
Lemma 4.5. Let matrix A belongs to the set
1 10 1 10 0 0 10
P = O11},{0 10/, 117, 0
0 01 0 01 01 01
then A? conjugate to A.
Proof. From the relations
2 2
1 10 1 2 1 11 2
011 =10 2 0 1 = ,
001 0 01 0 1 0 1
2 2
100 10 101 10
0 1 =101 10 =

o
o
—
o
o
—
[en)
—
o
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and from Lemmas 4.1 — 4.4 it follows that A2 is conjugate to A. The proof of the lemma is now
complete. O

Lemma 4.6. Let matrix A belongs to the set

110 110 1 00 1 01
P = 011 010 011 010
0 01 0 01 0 01 0 01

then for any f € PQ(G) we have f(A) = 0.

Proof. The function f is constant on every class of conjugate elements in G. From Lemma 4.5
it follows f(A?) = f(A). On the other hand f is a pseudoquadratic function. Therefore f(A?) =
2f(A). Hence we have 2f(A) = f(A), and f(A) = 0. This completes the proof. O

Lemma 4.7. For any f € PQ(G) we have f|,, = 0.

Proof. Any element g of H is conjugate of an element of the set P. Therefore by Lemma 4.6
we have f(g) = 0. Hence f|H = 0 and proof of the lemma is now finished. O

We have G = D - H. Suppose that f € PQ(G) and f}DUH = 0. Then for some positive number
¢ the following relation holds:

[f(ay) + flay™) —2f(z) - 2f ()| <&, Vr,y€G. (43)
If we put x = aua, y = u, a € D, u € H, then we obtain
|f(auan) + f(auau™) — 2f(aua) — 2f (u)| < e.
Since f|DUH = 0, hence from the last inequality we have
[4f (au) + f(a®u®u™") = 2f(a®u®)| < e. (4.4)
Similarly, letting z =vand y = afora € D and u € H in (4.3), we get
|f(ua) + f(ua™") = 2f(u) = 2f(a)| <e.
Therefore
|f(ua) + flua™ )| < e
forallw € H and all « € D. Replacing u by a, and a by ="' in the last inequality we have
flau™) + flau)| < e. (4.5)
Again letting z = au, y = a fora € D and v € H, we obtain
|f(aua) + f(aua™) — 2f(au) — 2f(a)| <e.

Since f|,, ;; = 0, we obtain
|f(a®u®) — 2f(au)| < e. (4.6)
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From (4.4) and (4.6) it follows that
[4f(au) + f(a®uu™") — 4f (au)| < &+ 2.

Therefore we have
f(@®uu™")| < 3e. (4.7)

Since f is invariant relative to inner automorphisms (see Proposition 2.12 in Faiziev and Sahoo
(2005d)), we get from (4.6) that

|f(a*u) —2f(au)| <e. (4.8)
Substituting u®u~" for « we get
|f(a2uau*1) - 2f(auau71)\ <e.
Now using (4.7) in the last inequality, we get

|2f (auu"1)| < 4e

which is
|f (au®u™")| < 2e. (4.9)
1 z =z a 0 0
Letu=|0 1 y |anda=]| 0 0 |,then we have
0 0 1 0 0 v
a”l 0 0 T oz a 0 0 1 a8z alyz
ut = 0o /1 o0 0 Yy 0 8 0 0 1 B vy
0 ~°! 01 0 0 « 0 0 1
So
a 0 0 1 a8z alyz 1 —z 2y—=z
awnvt=10 8 0]|-]0 1 Byl |0 1 —y
0 0 v 0 0 1 0 0 1
a (B-a)z (a—PBry+(y—a)z
=10 B (v=By
0 0 ¥
From (4.9) it follow that the function f is bounded on the set
a (B-a)z (a—PBry+(y—a)z
AIl: 0 /8 (7_/8)1/ a7ﬁ776R*7 I7y7Z€R i

0 0 o1

and
[f(g)| <2, forany ge M. (4.10)
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o
Lemma 4.8. If «, 3, v are pair wise distinct elements, then the matrix | 0
0
a (B-a)z (a=PBlry+(y—a)z
represented in the form | 0 g (v—=RBy € M.
0 0 vy

Proof. We must show that the system
B-—a)z=u
(y=Bly=v
(a=Play+(y—a)z=w
has a solution. It is clear that x = ﬁ y= (wiiﬁ) and

L, wt(B-aay

(y—a)
_ vt B8-S
(y—a)
_ Wt o
(-
w uv

-a) O -B—a)

This completes the proof of the lemma.
Lemma4.9. If f € PQ(G) and f|, =0, then f =0onG.
Proof. Forany a,b € D and any u,v € H we have
| (aubv) + flauv™b7Y) — 2f (au) — 2f (bv)| < e,
that is

|f(abubv) + flab~ b (071! = 2f (au) — 2f (bv)| < e.

o » &

2 < &

79

can be

Let («, 3,v) be the diagonal elements of the matrix a« and (a4, 51,71) be the diagonal elements
of the matrix b. Let us choose the matrix b such that the numbers (a1, 51,71) be pair wise
distinct. So let aay, 561, vv1 be pair wise distinct. Similarly, let the numbers aa;l,ﬁﬁfl,’y’yfl

be pair wise distinct too. Then by Lemma 4.8 and inequality (4.10), we obtain

12f (au)| = |f(abubv) + fab~lu?"" (v=1)"") = 2f (au) — 2f (bv)
ff(abubv) — f(ab_lulf1 (U‘l)bfl) + 2f(bv)|
< | f(abubv) + flab~tub (v)P) — 2f (au) — 2f (bv)|
+|f(abubv) + flabtub™ (0= 1)) — 2f (bv)|
< | f(abubv) + flab~tub (v™H)PY) — 2f (au) — 2f (bv)|
I (abubo)| + [ fab~ b (01| + [2£ (bv)|
< e43-2 =Te.

Therefore f is bounded function on G. Hence it follows that f = 0 on G. The proof of the

lemma is now complete.

O
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Theorem 4.10. If G = T'(3,R), then PQ(G) = Q(G).

Proof. We have semidirect product G = D - H. Let 7 : G — D an epimorphism defined by the
rule: w(au) = a, where a € D,u € H. Then the mapping 7* : PQ(D) — PQ(G) defined by the
rule 7 (¢)(z) = ¢(w(x)) is an embedding of PQ(D) into PQ(G). Let p € PQ(G) and ¢ = | .
Then 7*(¥)(x) = ¢¥(n(z)) = ¢(z) forany x € D. So, w = ¢ — 7*(¢)) is an element of PQ(G)
such that w|,, = 0. From Lemma 4.9 it follows that w = 0 on G. So, ¢ = 7*(¢)) € PQ(D) C
PQ(G). The group D is abelian therefore ¢ € Q(G) and PQ(G) = Q(G). The proof of the
theorem is now complete. O

Remark 4.1. By Theorem 3.2 in Faiziev and Sahoo (2005b) we see that quadratic functional
equation is stable on T'(3, R).

5 Main result

Now we are ready to establish our out main result.
Theorem 5.1. Let G = T'(3,R). The system (1.4) is stable on G.

Proof. The proof of the theorem follows from Lemma 2.1, Theorem 3.1, and Theorem 4.10. [J
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ABSTRACT

In the context of multifractal analysis, more precisely in the context of the study of Hélder
regularity, Stphane Jaffard introduced new spaces of functions related to the distribution
of wavelet coefficients, the S* spaces. From a functional analysis point of view, one can
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their properties. The results lead to construct probability Borel measures with applications
in the context of multifractal analysis.
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1 Introduction

The representation of a signal by means of its wavelet coefficients is a widely used tool; in
this context, we say that a property of signals is robust if it has an expression in terms of
wavelet coefficients independent of the chosen wavelet basis. In that case, such a property
can be intrinsically studied using sequence spaces with the functional analysis point of view.
The pointwise Holder regularity is an example of such a property; this has applications in
multifractal analysis.

In various domains, the natural and classical functional setting to study signals consists is
considering Besov spaces. Nevertheless, it appeared that these spaces are not sufficient
to handle all the accurate information contained in the distribution of the wavelet coefficients
or histograms ([9]), which is usually the data which is concretely accessible. In this context,
spaces of type S” have been introduced by S. Jaffard ([9]).

The goal of this paper is to study these spaces as sequence spaces. These new spaces
constitute a suitable setting for our purpose since they do not depend on the chosen wavelet
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basis. In what follows, we will present the main results of [4],[3], focusing on the functional
analysis point of view. We present topological results about these spaces, as well as results
involving probability theory. Consequences of these results for typical multifractal analysis
considerations can be found in [3], [6]. In the present paper, we just introduce a link between
the two points of view.

Nevertheless, in order to give more motivation to the reader, let us briefly introduce “multifractal
analysis”.

Multifractal analysis is concerned with the computation of the spectrum of singularities d  of a
locally bounded function f, that is to say

dg(h) =dim{z € R : hy(z) =h}

where ditn means “Hausdorff dimension” and where hy(x) is the Holder exponent of f at
x. In this context, multifractal formalisms are formulas which give estimations for d ([5]).
Multifractal analysis was certainly motivated by problems occurring in turbulence; in particular,
an important problem is to study the possible multifractal properties of solutions of some PDEs
([10]). The importance of multifractal analysis and formalisms is also especially underlined by
recent results in the context of the study of DNA sequences ([1],[13] and references therein).

2 The S” spaces: definition and topological properties

For convenience and simplicity of notations, we will only consider functions of one real vari-
able; natural generalizations concerning definition, topology and measure results on S” can be
directly obtained for functions defined on R™.

2.1 The context

If ) is a mother wavelet of L2(RR) which is also in the Schwartz class, we consider the periodic
functions
Gin(@) =223 "0 (P(x—1)—k), j >0, ke{0,...27 —1};
lEZ
it is well known that with the constant function 1, they form an orthonormal basis of L2([0, 1]).
In what follows, to simplify formulas and notations, we use a L°° normalization for wavelets
and, for a signal f, we define its wavelet coefficents by

1
cjp =2 /0 f@)Yp(x) ds, 7>0, ke{0,...29 —1}.

Somehow, since the characterization of the Holder regularity amounts to examine the asymp-
totic behaviour of the sequences 27%|c; ;| for all « € R, and since practical information about
wavelet coefficients is often given by histograms of coefficients, it is then rather natural to define
the sets

Ej(C.o)(f) = {k+ [ex] > C2799}

and the wavelet profile of f
ve(a) = lim <1imsup (ln(#Ej(llrigj+ E)(/)))> , a€elR

e=0% \ jo4o0
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This definition formalizes the idea that there are about 2¥7(*) coefficients larger than 2=7¢. The
function v, takes its values in {—co} U0, 1], is nondecreasing and right-continuous. Moreover,
it contains strictly more information than the Besov spaces whenever it is not concave (see
[9]). Note that since we deal with periodic signals, one gets the existence of ag such that
sup; 1, 2°%9|c; | < 400 hence

vi(a) = —oo, Va < .

In order to provide a new context in which more accurate information about signals and mul-
tifractal properties could be derived, S. Jaffard proposed the following definition ([9]). Given a
nondecreasing and right-continuous function v : R — {—o0} U [0, 1], a function f belongs to
the space S” if its wavelet coefficients satisfy the following properties

Ya € R, Ve >0, VO > 0,3J >0 : #E;(C,a)(f) < 2W(@+i yj > .

S. Jaffard also proved that these spaces are robust, which allows a specific study as sequence
spaces (i.e. only considering wavelet coefficients). Multifractal analysis is concerned with
Holder exponent of signals; this exponent can be characterized by means of the wavelet coef-
ficients. It follows that the results obtained in the specific functional analysis context (sequence
spaces) can thus be interpreted in terms of wavelet series and lead to applications in multifrac-
tal analysis ([3],[6]).

2.2 Sequence spaces S” and related spaces

Letv : R — {—o0} U0, 1] be a nondecreasing and right-continuous function and ay € R be
such that v(a) = —o0 iff & < .

The space of all sequences of complex numbers & = (c; k) j>0,=0,..2i—1 Will be denoted by Q.
The natural product topology on this space will be referred as “pointwise topology”.

Definition 2.1. Given such a function v, we define the sequence space S” (just in the spirit of
[9]) as the set of all sequences ¢ such that

Va € R, ¥e >0, YC > 0,3] >0 : #E;(C,a)(@) <20+ vj> g

where
Ej(C,a)(@) = {k : |ej| = C277}

Just as before, we also define the profile vz of any sequence ¢ € Q.

Definition 2.2. If ¢ € Q, we define

vg(a) = lim+ vi(a+e)

e—0

where
In(#E;(1,0)(2) ) a€R.

vi(a) = limsup ( 0%

j—4oo
The function vz is nondecreasing, right-continuous and such that
vi(a) < vg(a) < vi(d)), Va,d eRa<d.

The following characterization of the space S holds.
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Proposition 2.3. ([4]) The space S” is a vector space and satisfies
S ={ceQ :vza) <v(a) Va € R}

Let us also give the following remarks, which illustrate some other properties of the function vz
and then of the set S”.
1. For any sequence ¢, one has

sup2%cj x| < 400 = vg(@/) = —coVa' <a and  vza) = —00 = sup2%¥|c; | < +oo.
Jik Ik
In particular, every sequence ¢ with only a finite number of non zero coefficients satisfies
vg(a) = —o0 Va, hence belongs to S¥. Indeed, if sup; , 2%|¢; | < R, then for every e > 0
there is a J such that sup;, 2/%|¢; x| < 27, Vj > J, hence E;(1,a — ¢) = 0 and finally
vz(a/) = —o0, Va! < a. Conversely, if vz(a) = —oo, then there is an e > 0 and there is a
Jsuch that In(#FE;(1,a +¢)) <0, Vj > J; it follows that E;(1,a +¢) =0, Vj > J, hence
supy, |cj x| < 27(@+e) < 279 5 > J, which concludes the proof.

2. Forevery o € R, the sequence ¢ = (27%); ;, is such that vz(«) = 1. In particular, if o < ag
it does not belong to S.
3. The set §” is not closed under the product topology (i.e. the pointwise topology).

Indeed, it is clear using the two particular cases of the previous remarks.

In order to endow the vector space S with a natural (metric, complete) topology and examine
its properties, let us focus on steps leading to the general definition of S¥, i.e. to spaces
denoted by E(a, 8) which are defined in what follows. At this point, let us mention that since
S” is not a closed set of 2 endowed with the product topology, the classical distance derived
from this (i.e.  is a Frechet space, hence metrizable) does not define a complete metric
distance on S” and then is not a good candidate for our purposes.

Definition 2.4. Let o € R, 8 € {—oc} U [0, +oc[. The set E(a, j3) is defined as follows
€ B, B) & 3C,C">0:#E;(C,a)(@) < C'2%, vj > 0.
Let us remark that

1. in case 3 = —oo, then E(«, ) is the set of all sequences such that sup ; 27%|¢; x| < +oo
(i.e. E(a, B) is the Holder sequence space C%);

2. incase S € [1,+o00[, we have E(a, 3) = Q (i.e. E(a, 3) is the set of all sequences).

The following property clearly shows the natural link between these related spaces and S”.
Proposition 2.5. (Theorem 5.1, [4]) We have
S”:ﬂ m (o, v(a) +¢) ﬂ ﬂ (an, v(am) +em)
e>0 a€R meNneN

for every sequence «,, (n € N) dense in R and every sequence &, (m € N) in ]0, +o0o[ which
converges to 0.
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This result is also true if one considers a sequence «,, dense in [ay), +oo| wWith oy < ay. Indeed,
it suffices to improve the proof of Theorem 5.1. remarking that, in case v(a) = —oo, one has
a < ag and

E(a,v(a) +e) =C*D C = E(an,v(oy) +¢)

for some a, € [, ap.

In order to go on with the definition of a natural topology on S%, let us give the following propo-
sition, defining a natural distance on each “step” E(«, ) and presenting some of its properties,
very useful to get the desired results on S”.

Definition 2.6. The function d,, g is defined as

- -

do (. d) =inf{C+C’ : C,C" > 0and #E,(C,a)(c—d) < C'2% Vj >0
8 J

for & d € E(a, ).

Proposition 2.7. ([4]) If « € R, 5 € {—00} U [0, +00], the set E(«a, §) is a vector space and the
function d,, s is a distance on this space, which is translation invariant and satisfies

do,3(AZ,0) < sup{L, |A[}da,5(c, 0).
Moreover,

1. The sum is a continuous operation on (E(«, 3),da); however, if 5 € [0,1], then the
product
C x (E(aaﬂ)7du,ﬂ) - (E(aaﬁ)7d(1ﬂ) (/\,5) — AC

is not continuous.

2. If 8 = —oo, then the distance d,, s is defined by the sup norm ||| = sup, ; 2/%|c; x
the natural norm of the Hélder sequence space C?).

(i.e.

3. If 8 > 1, the topology defined by the distance d,, s is equivalent to the pointwise topology.

4. The space (E(«, §),dq,g) has a stronger topology than the pointwise topology and every
Cauchy sequence in (E(w, 3),dqg) is also a pointwise Cauchy sequence; however, the
bounded sets are different,

5. The metric space (E(«, (), dq,g) is complete.

In fact, in the terminology of [12], the function ¢+ d, (¢, 0) fulfils each required property to be
an F-norm' on E(a, 3), but one: in case 3 € [0,1], the property (A, — 0 = do g(Amé, 0) — 0)
is not satisfied (see [4]). To illustrate this, let us simply give the following example: if @ > 0
and 8 = 1, then for every A # 0, d,1(AT,0) = 1, where T denotes the sequence with each
coefficient equal to 1.

The properties of each space (E(«, 3),da,g) can then be regarded as a little bit strange and
useless. Nevertheless, because of natural links between all these topologies (see [4]) and the

'A function ||.|| on a vector space is called an F-norm if the following properties are satisfied: (F1) ||z| > 0;
(F2) z = 0if ||lz|| = 0; (F3) [[Az| < |||l if [A] < 1; (F4) [lo + yl| < [lz]| + [lyll; (F5) [[Azn]l — O if [[zn]| — 0; (F6)
[Anzll — 0 A — 0.
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natural way they were defined, they can be used to define a very useful (and natural) metric
topology on the space §”, which in fact is our goal (for prevalent results in the context of
multifractal analysis, see [3], [6]). A key point to obtain this is certainly the following property,
which brings some converse to the following fact (straightforward to prove)

ifo/ <o, B> PBthen E(a, 3) C E(d/, ) and dp g < dp 3.

Property 2.8. ([4]) If o/ < «, 8’ > 8 and B is a bounded set in (E(«, 3),da,3), then every
sequence in B which converges for the pointwise topology also converges in (E(a’, 3'), dos gr).
In particular, if ¢ € E(a, 8) and A, — 0, then du g (A&, 0) — 0.

Now, let us give the general topological results obtained on S* thanks to these auxiliary spaces
E(a, ).

Proposition 2.9. Let o, (n € N) be a dense sequence in R and let ¢,,, (m € N) be a sequence
of strictly positive numbers which converges to 0. Let

dm,n = dan,y(an)ﬁ—em; E’m,n = E(Oén: V(an) + 5m)7 m,n €N

then

1
d= 27('m,+n) Um,n
Z 1+ dmm

m,n

is a distance on S” with the following properties

1. The function d is a distance on S, defining the weakest topology = on S” such that the
identity maps (S”,7) — (Em,n,dm,n) are continuous.

2. The topology defined by the distance d is stronger than the pointwise topology.
3. The metric space (S”,d) is a topological vector vector space, complete and separable.

In fact, it can be showed directly that the topology defined by d is independent from such
sequences a,,, e, Moreover, this result can be generalized using the closed graph theorem
for metrizable topological vector spaces: all distances on S, defining a complete topological
vector topology stronger than the pointwise topology, define equivalent topologies.
Let us also mention that the compact sets of (S”, d) have been completely characterized (see
[4]).
In the same reference, the following (density) result has also been proved: for every ¢ € S”,
one has limy_+ &' = &in the metric space S”, where &V is defined as c}vk =c; forall k
if j < N and cf’k = 0 for all k£ if j > N. This leads to the following remark: if « > «y, the
application

(8",d) = {00} U[0,1] &= vifa)

is not continuous. Indeed, let ¢ be the sequence defined as follows: for every j, c;, = 2720
for a set of index k with cardinality equal to the entire part of 2(®0)i and 0 for the others. Then
va(a) = —o0 if a < v, vz(a) = v(ag) € [0,1] if @ > ap; in particular, it belongs to S¥. We can
then conclude since vy (a) = —oo for all N and all a.
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3 An appropriate measure on the sequence space S”

3.1 Notion of prevalence

The concept of prevalence allows to define a notion of “almost surely” or “almost everywhere”
in infinite dimensional spaces. For more informations about this, we refer to [8], [3] and refer-
ences therein. Nevertheless, let us briefly recall some definitions and properties related to this
concept.

In R™, the Tonelli-Fubini theorem shows that a Borel set A has Lebesgue measure zero iff there
is a compactly supported probability Borel measure P such that P(z + A) = 0 for all z € R™.
This result suggests the following infinite-dimensional extension.

Definition 3.1. Let X be a complete metric vector space. A Borel set A C X is called shy if
there exists a Borel measure P, strictly positive on some compact set K C X, such that

Pz 4+ A) =0, VrelX.

A subset of X is prevalentif its complement is included in a shy Borel set.

With this terminology, to show that a Borel set A of X is prevalent, it suffices to construct a
Borel probability measure P on the space X such that P(x + A) = 1 forall z € X.

In case X is a metric and complete topological vector space which is separable, then the
requirement concerning the existence of K in the previous definition is automatically fulfilled
(see [8], [14] ).

3.2 Measure on the sequence space S

In order to get prevalent properties in the context of multifractal analysis, we are now going to
consider the set of the sequences ¢ such that vz = v (see [5], [3]). The key point is to construct
a Borel probability measure on the (metric, complete and separable) space S” for which

P({c?e S¥ :ucidﬂzy}) =1, vdes”,

which means that the set of elements of S¥ whose profile is equal to v is prevalent. For
applications in the context of multifractal analysis, we refer to [5], [3]. Let us also remark that
in this context, i.e. to apply our results to multifractal analysis which involves Hélder exponents
of functions, we assume that oy > 0.

3.2.1 On the sequence space (2

The first step is to construct a suitable probability Borel measure on the space 2 of all se-
quences.

For each j > 0, let
277 sup{j27 21”(“)} if > ag
Fj(a) = .
0 if @ < g
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and

pi(la, B) == F;(B) — Fj(a), o, B ER, a < S, pi({+00}) :=1— lim Fj(o).

a——+00
With this definition and because of the conditions imposed on v, the function p; defines a Borel
probability measure on | — oo, +-o0]; in case lim,—, 4o ¥() = 1, which gives p;({+oc}) =0, let
us remark that it is also a Borel probability measure on R. The measure satisfies

J (] —
lim sup logy (2 pj(i, o)) _ v(a), YaeR

Jj—+oo

which will be crucial in what follows. For each j > 0, let also g; be the function

277y ifaeR

i 1] —o0,+o0]xC — C ,
9 1] =00 toc] (au)H{o if o = +oo.

If u is the standard uniformly distributed measure on the unit cercle C, then for each j > 0, the
function Pr; defined as

P;(B) = (p; x ) (57(B))

is a Borel probability measure on C such that

B ({ceciiazz}) = n-a) - B

and

P; ({0}) = pj({+o0}).
The uniformity of 1 is a key point in the proof of the result concerning prevalence in this context
([31)-
As illustrations, let us give some examples.
The IP; measure of a point different from the origin is 0, as well as the P; measure of a line
which does not contain the origin.
If H denotes the closed half-plane of all complex numbers with positive imaginary part (resp.
with negative imaginary part), then g; (H) = (] — 00, +oo[x{e : 6 € [0,7]}) U ({+o0} x {e? :
6 € [0,27]}). It follows that P () = “re(ireol)
The P; measure of a closed half-plane determined by a line containing 0 is greater or equal to
% (obtained using the rotation invariance and the previous example). It follows that P;(B) > %
where B = {c € C : |c— 29| > |c|}; this example is important in the proof of the prevalent
result below (see also [3]) and is simply due to the fact that, for instance, we have the following
description (with xg = Rz, yo = S20)

B={(z,y) €R* : (& —z0)° + (y —y0)* = 2* +¢*} = {(x,9) € R? : 2§ + 4§ > 2(z0x + yoy)},

which shows that B is the closed half-plane containing 0 and determined by the line containing
z0/2 and orthogonal to the one containing 0, zo.

Now, using a classical result of measure theory and using the P°; constructed above, one gets
a probability measure P on the sequence space (2, ) where F is the Borel c—algebra for the
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topology of pointwise convergence (i.e. the product topology). For each «, let us now consider
the function
(F) =R & #E;(1,0)(0).

This function is P—measurable (it is a sum of Borel functions), thus defines a random variable
with expected value equal to 27;(] — oo, a]) for every j > 0 and a € R (which is equal to 2/¥()
if j is large enough and v(«a) > 0).

3.2.2 Some questions of measurability

In order to consider IP directly on S and to show that it defines in fact a Borel measure on this
metric space, we have first to examine the measurability of some “key sets”.
Let us first remark that because of the nondecreasing property of vz one has

{e 1 vala) <v(a)Va>ayt ={ceQ : vza) <v(a)Val,
where «;, is any real number strictly smaller than «.The same equalities between sets hold
with “> =".
Property 3.2. a) For every a € R, the following sets are P—measurable
{F€Q: via) < v(a)}), {F€Q: vla) > v(@)}, {FeQ : vea) =v(a)}.
b) It follows that
{CeQ : v(a) < (resp. >,=)v(a),Ya € R}
are P—measurable. In particular, S¥ is P—measurable.

Proof. Let us first prove item a) with v instead of vz Let us consider the case “="; the other
ones are analogous.
Forany a € R,r > 0, we have

{eeQ:vi(a)=—oco} = ] ({ceQ: #E;(1,0)(e) =0}
JENj>J
and
feeQ:i=rt=UN {Ee Q: 20 < LEi(1,0)@) < 2-7‘<"+1/"'/>}.
meN JeN j>J

Using the measurability of the function ¢ — #E;(1, «)(¢) we conclude.
Using the definition of vz by means of v/%, we then obtain item a).
b) If a,, (n € N) is a dense sequence in R, then

{eeQ : va) < v(a),YaeR} = ({F€Q : vi(an) < v(om)}
neN

since v and v; are right-continuous. Hence the conclusion using item a).0]
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3.2.3 Some computations of measures

Let us also recall the following lemma (see [5], [15]).

Lemma 3.3. There is C > 0 such that for all 0 < a < band j > 0 such that 27 p;(]a, b)) > j2, we
have

. o L i . 2 .
P ({c €Q: 2 pi(lab]) < #{k: 27 < |eju <279} < 2J+1pj(}a,b])}) >1-Coe o
Let us remark that with our hypothesis, we have p;(] — oo, b]) = p;(]0,b]) for all b > 0 and all ;.

Property 3.4. For every a < a9, one has
P ({56 Q: va) = —oo}) =1.
It follows that
P <{5€ Q : vga) = —coVa < a0}> =P ({56 Q : vga) = -0 Vae [so,ao[}> =1

for any sg < ap.

Proof. Let a < o’ < ay. Using the definition of P, one gets

IP’({E‘EQ : #Eju,a/)(c*):o}) =1,Vj

hence
Pl {¢e: #E;(1,d) &) =0} | =1
J>0
Since
N {Ee Q : #E;(1,d)(@) :0} c{feQ : via)=—o0}
J>0
we are done.

For the second part, it suffices to remark that

{eQ : ve(a) = —c0Vsp < a<ag} = ﬂ{6€§2 s ve(am) = —o0}
neN

for any sequence a,,, dense in [sg, ap[.0

Property 3.5. For every « > «, one has P ({56 Q : vza) = u(a)}) = 1. It follows that

P ({5’6 Q : vz(a) =v(a) Va > a0}> =1
Proof. If a,, (n € N) is a dense sequence in [«g, +oo[, we have

{€eQ : v(a) =v(a) Va > o} = ﬂ {€eQ : ve(an) =v(an)}

neN

because of the right-continuity of the functions vz, v. Hence it suffices to show the first equality.
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Let us fix a > ag. Using the definition of the p;, we have 27p;(] — 0o, a/] > 52 forall j > 1 and
o' > . From Lemma 3.3, it follows that

, . i
P ({Ee Q- %QJpj(} —00,d]) < #E;(1,a')(8) < 227p;(] — oo,a’])}) > 1—C§—Qe—cﬂ2, Vo' > a,j > 1.

By the Borel-Cantelli lemma, it follows that

1=P (U N {Ee 0: %Qﬂ'pj(} —00,0']) < #E;(1,0/)(2) < 227p;(] — oo,o/])}) , Vo' > a.

J>15>J
Since
o 1_. .
U {c eQ: 52];)]-(] —00,d]) < #E;(1,d')(€) <227 p;(] — oo,o/])}
J>1j>J
C e Q:v(d) <uvi(d) =limsup w < V(o/)}
j—+oo J

we get

1=P({ceQ:v(a) =vid)}), Vo' > a.
Using a dense sequence and the relation between v, v%, we finally get
1=P({Z€Q:v(a) = ve(a)})
as announced.O
As a consequence of the previous properties, we get
P({ce Q:vza) =v(a), Va}) =1.
and also

P(SY) =1.

In [3], the following result is proved.

Theorem 3.6. ([3]) For every d € Q, we have
P ((Z+ (e Q : va) > v(a), \m}) =P ({Fe Qv {a) > v(a), \m}) =1.

O
It follows that

P(J+ (e : vila) = v(a), Va}) - P({éeQ - v, A{a) = v(a), \m})
> P ({56 Q v, fa) <v(a), Va}) .
If d € S¥, we get

IP({(‘:’E Qv fa) = v(a), \m})

Y

P({Ee S i v fa) < v(a), \m})
P <J+ {¢e 8 : vza) <v(a), Voz})
= P& =1
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hence also

P ({EE S v, fa) =v(a), Va}) =1
At that point, since S” is not a metric complete space under the product topology, we can not
conclude immediately and say that the set of sequences in S” for which the profile is equal
to v is prevalent. In fact, as will be showed in the next section, P defines a probability Borel
measure on the metric (complete and separable) space S§¥; hence the previous result indeed
means that the set of all sequences ¢in S” such that vz = v is prevalent.

3.2.4 Probability measure on the metric sequence space S¥

In the paper [3], the following result is proved.
Proposition 3.7. All the open subsets of the metric space S” belongs to F. O

Since P(S”) = 1, this implies that P defines a probability Borel measure on the (complete and
separable) metric space S¥. As mentioned in the introduction about prevalence, this implies
the following result.

Theorem 3.8. The set of all sequences ¢in §” such that vz = v is prevalent.

For related results in the context of random wavelet series and multifractal analysis (involving
Holder exponent), we refer to [5],[3],[6]. Nevertheless, let us briefly mention some properties
concerning fundamental links between signals expressed in terms of their wavelet coefficients
and sequences spaces introduced here above.

4 A link with random wavelet series and multifractal analysis

In this section, we use the notations introduced in section 2.1 (untitled “The context” ) of this
paper.

We recall that a 1— periodic function f on R belongs to the Hélder space C* (where o >
0) if and only if sup;; 2%/|c; x| < +oo. In that case, the Holder exponent of f at = is given
by lim sup,_.; o infy, ﬁk;ﬁ%m provided that the wavelet has enough vanishing moments
(see for example [9], [5]).

Assume now that we have a sequence p; of Borel probabilities on | — oo, +c0]. Then, using a
standard procedure of measure theory, one can construct a Borel probability P on the sequence

space (2 such that
P ({5 s el > Z_O‘j}) =pi(] —o0,q]), Vke {0,...,2j — 1}, Vj >0 (%).

In this context, the events |c;z| > 2%, k =0,...,27 — 1, 5 > 0 are independant; using
Borel-Cantelli lemmas, it follows that

+00 ] = fo00 B o 1
> " 27p;(] — 00, q]) = P () ULE:3k:[ep] =279} | =

i=0 < Feo 20527 0
which can be interpreted as the fact that with probability 1, we have |c;;| > 277 for infinitely
many coefficients (resp. |c;z| < 27 but for a finite number of coefficients) if the series
32750 27p;(] — 00, ) diverges (resp. converges).
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Considering multifractal analysis and Hoélder regularity in the context of probability theory, it is
then natural to say that

[ =22k cik¥ji is a random wavelet series

in case the coefficients are random variables such that (*) and

+oo
Jag >0 Z2jpj(] —00,a]) < +o0o Va < ap
j=0

(see [5]). In this context, the study of the profile v, also leads to the following definition

log,(27p;(] —
v(a) = lim sup 0g3( p]Q OO’OCD, a €R.
j—+oo J

This function is nondecreasing, right-continuous and v(a) < 0 if & < ay.

This can be considered as a starting point for the study of S¥ (nothing is changed if one
considers v = —oo on | — 0o, ag|).

Finally, in the context of multifractal analysis (see the introduction for the definition of d ) and
random wavelet series, let us mention the following result, obtained using Theorem 3.8 and
results of [5].

Proposition 4.1. ([3],[6]) If hg = inf{y%) .1 > ap} and
v(h! i

d,(h) = hSllp{ (h,’) h E]O,h}} if h < hg

1 if h > ho

then the following set is prevalent

{f €8 : dg(h) =d,(h),Yh < hy, df(h) = —o0, Vh > ho}.
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ABSTRACT

Let X be a complex Banach space and let I = (a,b) be an open interval with —co < a <
b < co. Suppose ¢ : I — [0,00) is a function and e~ #*(t) is integrable on each subinterval
of I, where p is a fixed complex number. In this paper, we will prove that if a differentiable
function f : I — X satisfies | f'(t) — uf(t)|| < ¢(t) for all t € I, then there exists a unique
x € X such that || f(t) — ettz|| < ™ ‘ftb e”“’go(v)dv’ forallt e I.
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1 Introduction

In 1940, S. M. Ulam gave a wide ranging talk before the Mathematics Club of the University of
Wisconsin in which he discussed a number of important unsolved problems (ref. [18]). Among
those was the question concerning the stability of homomorphisms:

Let G, be a group and let G2 be a metric group with a metric d(-, -). Given any ¢ > 0,
does there exist a 6 > 0 such that if a function h : G; — G, satisfies the inequality
d(h(zy), h(z)h(y)) < 6 for all z,y € G, then there exists a homomorphism H :
G1 — Ga with d(h(z), H(z)) < eforallz € G1?

In the following year, D. H. Hyers affirmatively answered in his paper [6] the question of Ulam
for the case where G; and G+ are Banach spaces. Furthermore, the result of Hyers has been
generalized by Th. M. Rassias (ref. [16]; see also [2]). Since then, the stability problems of
various functional equations have been investigated by many authors (see [3, 4, 5, 7, 8, 9]).

Let X be a normed space and let I be an open interval. Assume that for any n times differen-
tiable function f : I — X satisfying the inequality

llan(€) f™ () + an-1(8) fTD (@) + -+ ar () f'(£) + ao(t) f(£) + h(D)]| < &
for all ¢t € I and for some ¢ > 0, there exists a solution f;, : I — X of the differential equation

an(O)y"™ () + an-1 Oy () + -+ ar(t)y (1) + ao(t)y(t) + h(t) = 0



Int. J. Appl. Math. Stat.; Vol. 7, No. Fe07, February 2007 97

such that || f(t) — fo(t)|| < K(e) for any t € I, where K (¢) is an expression of ¢ only. Then, we
say that the above differential equation has the Hyers-Ulam stability.

If the above statement is also true when we replace ¢ and K(e¢) by ¢(t) and ®(t), where
v, ® : I — [0,00) are functions not dependent on f and f, explicitly, then we say that the
corresponding differential equation has the generalized Hyers-Ulam stability (or the Hyers-
Ulam-Rassias stability).

We may apply these terminologies for other (linear or nonlinear) differential equations. For
more detailed definitions of the Hyers-Ulam stability and the generalized Hyers-Ulam stability,
we refer the reader to [3, 7, 8, 9].

C. Alsina and R. Ger were the first authors who investigated the Hyers-Ulam stability of differ-
ential equations: They proved in [1] that if a differentiable function f : I — R is a solution of the
differential inequality |y/(t) — y(¢)| < &, where I is an open subinterval of R, then there exists a
solution f; : I — R of the differential equation ¢/(¢) = y(t) such that | f(t) — fo(t)| < 3e for any
tel.
This result of Alsina and Ger has been generalized by S.-E. Takahasi, T. Miura and S. Miya-
jima. They proved in [17] that the Hyers-Ulam stability holds true for the Banach space valued
differential equation

y'(t) = py(t) (1.3
(see also [11, 12]):

Let X be a Banach space, let  be a complex number with %(u) # 0, and let I be
an open interval. If a differentiable function f : I — X satisfies || f'(¢t) — uf(¥)|| < e
for all ¢ € I and for some ¢ > 0, then there exists a solution fy : I — X of the
differential equation (1.1) such that

. 1> m
I1£(t) = folt)ll < RG] (1 - M) (forany t € I),

where m = inf{e~®W* : ¢t € T} and M = sup{e~RW! : ¢ € T}.

Recently, T. Miura, S. Miyajima and S.-E. Takahasi [13] investigated the Hyers-Ulam stability of
linear differential equations of n-th order, a,y™ (t) + an_1y™ D () + - - - + a1/ (t) + ao = 0, with
complex coefficients.

In [14], T. Miura, S. Miyajima and S.-E. Takahasi also proved the Hyers-Ulam stability of linear
differential equations of first order, y/(t) + g(¢)y(t) = 0, where g(¢) is a continuous function.
Indeed, they dealt with the differential inequality ||y/(¢) + g(t)y(¢)|| < e for some ¢ > 0.
Recently, the author proved the Hyers-Ulam stability of differential equations of the form ¢(¢)y/(t)
= y(t) (see [10].)

The aim of this paper is to investigate the generalized Hyers-Ulam stability of the first order
linear differential equation (1.1). That is, this paper deals with a direct generalization of the
paper [17].

We assume that X is a complex Banach space, . is a fixed complex number, and that I = (a, b)
is an arbitrary interval with —oo < a < b < co. We moreover assume that ¢ : I — [0,00) is
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a function such that e #¢(t) is integrable on every subinterval of I. We will prove that if a
differentiable function f : I — X satisfies the inequality

I1£'(t) = nf @I < o(t) (1.2)

for all t € I, then there exists a unique = € X such that

1F(0) - ertal] < R0

b
/ e "o(v)dv
¢

(1.3)

for all t € I, where (1) denotes the real part of p.

2 Main Results

Throughout this section, let I = (a, b) be an open interval, where a,b € RU{+o0} are arbitrarily
given with a < b.

Following ideas of the papers [11, 12, 15, 17] (see also [1]), we will prove the generalized
Hyers-Ulam stability of the linear differential equation (1.1).

Theorem 2.1. Let X be a complex Banach space, let i be a complex number, and let I = (a, b)
be an open interval as above. Suppose ¢ : I — [0,00) is a function and e #t(t) is integrable
on each subinterval of I. If a differentiable function f : I — X satisfies the inequality (1.2) for
all ¢ € I, then there exists a unique = € X such that the equality (1.3) holds for every ¢ € I.

Proof. We denote by X* the dual space of X. For any given A € X*, we define a function
fa: I — Chy fia(t) = M(f(t)) for all ¢ € I. Since X is continuous, we can easily verify that
(fa)'(t) = A(f'(t)) forevery ¢t € I.

Let us define a function 2 : I — X by 2(t) = e # f(t) for any ¢t € I. It then follows from (1.2)
that

IA(z(t) = 2(s))| = e M fa(t) — e " fals)|
t

= /S dii [e™" fr(v)] dv

= | e @) - ufie))do

S

t
< |[ e o) - ufe)]d
< / " AN ) — f () o
< Al / e (0)dv

for any s,t € I. Since A € X* was selected arbitrarily, we may conclude from the above

inequality that
t
/ e Mp(v)dv
S

[l2(t) — z(s)|| < (2.1)

for all s,t € I.



Int. J. Appl. Math. Stat.; Vol. 7, No. Fe07, February 2007 99

Due to the integrability hypothesis, for any given ¢ > 0, there exists a ¢, € I such that ||z(¢) —
z(s)|| < e forany s,t € I with s,t > t9. Thus, {z(s)}ser is a Cauchy net and hence there exists
an z € X such that z(s) converges to z as s — b, since X is complete.

Therefore, it follows from (2.1) that

1F(t) = ezll = [le"(2(t) — )|
P 2(t) = 2(s)I| + " 2(s) — |

¢
Rt / e M o(v)dv

s

A

IA

+ M 2(s) — 2

for all s, € I. If we let s — b in the above inequality, then we obtain

£ (t) = etal| < R0

¢
/ e "o(v)dv
b

for each ¢ € I, which proves the validity of inequality (1.3).
Now, it remains to prove the uniqueness of z. Assume that inequality (1.3) holds for another
z1 € X in place of z. It then follows from (1.3) that

S oy —al| < ((f(8) - ea) - (f() — )|
< Nf@) = ezl + 11 £ (1) — e
b
2 /S‘E(p)t ,—H d
< 2e /t e M op(v)dv

for all ¢ € I. If we divide by ¢™(¥! both the sides of the above inequality and if we let t — b
in the last inequality, then the integrability hypothesis implies that x = z;, which means the
uniqueness of x. O

Remark 2.1. We may now remark that y(¢t) = e*!z is the general solution of the differential
equation (1.1), where x is an arbitrary element of X.
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ABSTRACT

Let X, Y be Banach modules over a C*-algebra and let r, s be positive real numbers. We
prove the stability of the following functional equation in Banach modules over a unital C*-
algebra:

rf(s@—y))+sf(rly—2)) +(r+s)f (re+sy) = (r+s) (rf(z) +sf(y)).  (0.1)

We show that if » = s and an odd mapping f : X — Y satisfies the functional equation
(0.1) then the odd mapping f : X — Y is Cauchy additive. As an application, we show that
every almost linear bijection h : A — B of a unital C*-algebra A onto a unital C*-algebra
B is a C*-algebra isomorphism when h((2r)%uy) = h((2r)%u)h(y) for all unitaries u € A, all
ye A,andall d € Z.

Keywords: Euler—Lagrange—Rassias type additive mapping, stability, isomorphism be-
tween C*-algebras.

2000 Mathematics Subject Classification: 39B52, 46L05, 47B48.

1 Introduction

J.M. Rassias [6] introduced and solved the stability problem of Ulam for the Euler-Lagrange
type quadratic functional equation

flrz +sy) + f(sz —ry) = (r + 8°)[f(2) + f(v)], 1.1
motivated from the following pertinent algebraic equation
laz + by|* + [ba — ay|* = (a® + V) (|z* + |y]). (12)

The solution of the functional equation (1.1) is called an Euler—-Lagrange type quadratic map-
ping. J.M. Rassias [7, 8] introduced and investigated the relative functional equations. In
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addition, J.M. Rassias [9] generalized the above algebraic equation (1.2) to the following equa-
tion

mn|azx + by|* + [nbz — may|* = (ma® + nb?)(n|z|? + mly|?),

and introduced and investigated the general pertinent Euler—Lagrange quadratic mappings.
Analogous quadratic mappings were introduced and investigated in [10, 11].

These Euler-Lagrange mappings could be named Euler-Lagrange—Rassias mappings and
the corresponding Euler—Lagrange equations might be called Euler—-Lagrange—Rassias equa-
tions. Before 1992, these mappings and equations were not known at all in functional equa-
tions and inequalities. However, a completely different kind of Euler—Lagrange partial differ-
ential equations are known in calculus of variations. Therefore, we think that our introduction
of Euler—Lagrange mappings and equations in functional equations and inequalities provides
an interesting cornerstone in analysis. Already some mathematicians have employed these
Euler-Lagrange mappings.

Recently, Jun and Kim [1] solved the stability problem of Ulam for another Euler—Lagrange—
Rassias type quadratic functional equation. Jun and Kim [2] introduced and investigated the
following quadratic functional equation of Euler—Lagrange—Rassias type

Z’!‘Z‘Q ZI](.LZ —zj) | + (Z IZ> Q <Z Il.LZ>
i=1 i=1

i=1 j=1

n 2 n
= <Z ﬁ) Zﬁ:Q(mi)y
=1 =1

whose solution is said to be a generalized quadratic mapping of Euler—-Lagrange—Rassias type.
In this paper, we introduce the following functional equation

rL(s(x —y))+sL(r(y—x)) + (r+ s)L (rx + sy) (1.3)
= (r+s) (rL(z) + sL(y)), r,s € (0,00)

whose solution is called an Euler-Lagrange—Rassias type additive mapping. We investigate
the stability of an Euler-Lagrange—Rassias type additive mapping in Banach modules over a
C*-algebra. These results are applied to investigate C*-algebra isomorphisms between unital
C*-algebras.

2 Stability of an Euler-Lagrange—Rassias type additive mapping in Banach
modules over a C*-algebra

Throughout this section, assume that A is a unital C*-algebra with norm | - | and unitary group
U(A), and that X and Y are left Banach modules over a unital C*-algebra A with norms || - ||
and || - ||, respectively.
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For a given mapping f : X — Y and a given u € U(A), we define D, f : X?> — Y by
Dyf(x,y) =rf (s(uzx —uy)) + sf (r(uy — uz)) + (r + ) f (ruz + suy)
—(r+s) (ruf(z) + suf(y))

forall z,y € X.

Lemma 2.1. Assume that a mapping L : X — Y satisfies the functional equation (1.3) and that
L(0) = 0. Then we have

L((r + 8)*z) = (r + s)*L(x) (2.1)
forallz € X and all k € Z.
Proof. Putting = = y in (1.3), we get ( + s)L((r 4 s)x) = (r + 5)2L(z) for all € X. So we get
L((r + s)kz) = (r + s)* L(x) (2.2)
for all z € X by induction on k& € N.

It follows from (2.2) that
T 1

K (r+ s)k) - (r+ s)kL(x)
forall z € X and all k£ € N. So we get the equality (2.1). O

We investigate the stability of an Euler—Lagrange—Rassias type additive mapping in Banach
spaces.

Theorem 2.2. Let f : X — Y be a mapping satisfying f(0) = 0 for which there is a function
¢ : X% — [0, 00) such that

_ > 1 .
B(x,y) = ; TPt ea it s)*y) < o, (2.3)
1D1f (2, 9)l < o(x,y) (2.4)

for all z,y € X. Then there exists a unique Euler-Lagrange—Rassias type additive mapping
L : X — Y such that

1) - L(z) ;)295(90,3:) (2.5)

<
=< (r+s
forall z € X.

Note that if » + s = 1 in (2.3), then ¢ is identically zero. So f = L is itself an Euler—Lagrange—
Rassias type additive mapping. Thus we assume that r + s # 1.

Proof. Letting x = y in (2.4), we get the following inequality

6+ )£ ((r + )2) — (r + )2 £ (@)]| < o, ) (2.6)
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for all z € X. It follows from (2.6) that

f((r + s)x)
r+s

Wmf

< paetea) @7

for all z € X. Now applying a standard procedure of direct method [4, 5] to the inequality (2.7),
we obtain that for all nonnegative integers k, [ with k£ > [

Hf r+s z)  fl(r+s)kx)
(r+s)*

(r +5)2 Zl (r+s P((r+s)a, (r+ sY2) (2.8)

for all x € X. Since the right hand side of (2.8) tends to zero as I — oo, the sequence

{f (:iz)k } is a Cauchy sequence for all x € X, and thus converges by the completeness of
Y. Thus we can define a mapping L : X — Y by

o D 9))
L(z) = 1320 T

forall z € X. Letting I = 0 in (2.8), we obtain

F((r + 5)*x)
(r+s)k

’ k—1

! Z(l o((r + sV, (r + s)z) 2.9)

Hf(“’) N NGO~ SCEE

forall z € X and all k € N. Taking the limit as £ — oo in (2.9), we obtain the desired inequality
(2.5).
It follows from (2.3) and (2.4) that

D1 L(z, y)l T p DU ((r + 8) e, (r 4 9)"y)| (2.10)

1

L )
< lim #w((r + s)Fz, (r + s)Fy) = 0.

k—oo (T + s)F
Therefore, the mapping L : X — Y satisfies the equation (1.3) and hence L is an Euler—
Lagrange—Rassias type additive mapping.
To prove the uniqueness, let L’ be another Euler-Lagrange—Rassias type additive mapping
satisfying (2.5). By Lemma 2.1, we get L' ((r +s)*z) = (r+s)*L/(z) forallz € X and all k € N.
Thus we have, for any positive integer £,

L) - L@l < e [E+ 9t = 10+ )

+Hf r+s)z) — L((r + s)k:c)H}

2 & 1 " ;
< . s)F iy s)Ftig).
< G L el o )
Taking the limit as £ — oo, we conclude that L(z) = L'(z) for all z € X. O

Corollary 2.3. Lete > 0 and let p be a real number with 0 < p < 1ifr+s > 1 and with p > 1 if
r+ s < 1. Assume that a mapping f : X — Y satisfies the inequality

1D1f (@, )l < e([|=]]” + [y]1")
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for all z,y € X. Then there exists a unique Euler—Lagrange—Rassias type additive mapping
L : X — Y such that

2¢
_ < p
| f(z) — L(z)|| < S (T+S)p+1||:1:||
forall z € X.
Proof. Define ¢(z,y) := e(||z||” + ||y||"), and apply Theorem 2.2. O

Theorem 2.4. Let f : X — Y be a mapping satisfying f(0) = 0 for which there is a function
¢ : X2 — [0, 00) such that

g}

5 — j i y
[1D1f(z, y)ll < ¢(z,y) (212)

for all z,y € X. Then there exists an Euler—Lagrange—Rassias type additive mapping L : X —
Y such that

1 ~
— < - .
[f(z) — L(z)|| < (TH)Qw(zw) (2.13)
forallz € X.
Proof. It follows from (2.6) that
1 1 T x
e < .
Hf 7+é)f(r+SL)H L T+s,r+8) (2.14)

for all z € X. Now applying a standard procedure of direct method [4, 5] to the inequality (2.14),
we obtain that for all nonnegative integers k, [ with k£ > [

(r+5)'f( ) = (r+9) (=)

‘ (2.15)

o E

x
(r+s Z(r—f—s r+5) (T+5)j)
=l+1
for all z € X. Since the right hand side of (2.15) tends to zero as I — oo, the sequence {(r +

S)kf((r+s) )} is a Cauchy sequence for all z € X, and thus converges by the completeness of
Y. Thus we can define a mapping L : X — Y by

L(z) = Jim (r+ )" ( )

(r=+s)k
for all z € X. Letting I = 0 in (2.15), we obtain

@) - 4 910

k
(7"+5) ‘ (r 3)2 ;(T‘+8)190((7,+5)j»m) (2.16)

forallx € X and all £ € N. Taking the limitas £ — oo in (2.16), we obtain the desired inequality
(2.13).
The rest of the proof is similar to the proof of Theorem 2.2. O
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Corollary 2.5. Lete > 0 and let p be a real number with 0 < p < 1ifr + s < 1 and with p > 1 if
r+ s > 1. Assume that a mapping f : X — Y satisfies the inequality

[1D1f ()| < e((l=][” + [lyl”)

for all z,y € X. Then there exists a unique Euler—Lagrange—Rassias type additive mapping
L : X — Y such that

2€
c) — L < x||P
15) =~ L)l < o sl
forallz € X.
Proof. Define ¢(z,y) := e(||z|[” + ||y||"), and apply Theorem 2.4. O

3 Stability of linear mappings in Banach modules over a C*-algebra

Throughout this section, assume that » = s € (0,00). Let A be a unital C*-algebra with norm
| - | and unitary group U(A), and let X and Y be left Banach modules over a unital C*-algebra
A with norms || - || and || - ||, respectively.

Lemma 3.1. If an odd mapping L : X — Y satisfies (1.3) for all z,y € X, then L is Cauchy
additive.

Proof. Assume that L : X — Y satisfies (1.3) for all z,y € X.
Note that L(0) = 0 and L(—z) = —L(xz) for all z € X since L is an odd mapping. It follows from
(1.3) that

2rL(rz +ry) = 2r*(L(z) + L(y)) (3.1)
for all z,y € X. Letting y = 0in (3.2), 2rL(rx) = 2r2L(z) forall z € X. So
2r’L(z +y) = 2r*(L(z) + L(y))
for all z,y € X. Thus L is Cauchy additive. O

Theorem 3.2. Let f: X — Y be an odd mapping for which there is a function ¢ : X2 — [0, 00)

such that
B, y) = ; ﬁmzmix? (2r)Yy) < oo, (32)
1Duf (@ 9)] < p(z.y) (33)

forallu € U(A) and all z,y € X. Then there exists a unique A-linear Euler—Lagrange—Rassias
type additive mapping L : X — Y such that

1£(x) - L) < ﬁ&( 2) (3.4)

forall z € X.
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Proof. Note that f(0) = 0 and f(—z) = —f(x) for all z € X since f is an odd mapping. Let

u=1¢€ U(A). By Theorem 2.2, there exists a unique Euler-Lagrange—Rassias type additive

mapping L : X — Y satisfying (3.4).

By the assumption, for each v € U(A), we get
1

1

Dy L(z,0)|| = lim —— || Dy f((2r)% < lim ——o((2r)%z,0) =

1Du(z,0)l| = Jim 755 1Duf((2r) ", 0) < Jim oiol(2r),0) =0
forallz € X. So

2rL(rux) = 2r - rul(zx)
forallu € U(A) and all z € X. By Lemma 3.1,
1
L(uz) = ;L(rux) =ulL(z) 3.5

forallu e U(A) and all z € X.
By the same reasoning as in the proofs of [4] and [5],

L(az +by) = L(ax) + L(by) = aL(x) + bL(y)

forall a,b € A(a,b#0)and all z,y € X. And L(0z) = 0 = 0L(z) for all z € X. So the unique
Euler-Lagrange—Rassias type additive mapping L : X — Y is an A-linear mapping. O

Corollary 3.3. Let ¢ > 0 and let p be a real number with 0 < p < 1if 2r > 1 and with p > 1 if
2r < 1. Let f : X — Y be an odd mapping such that

[1Duf (2, y)|| < e(ll2][” +[[yll)

forall w € U(A) and all z,y € X. Then there exists a unique A-linear Euler—Lagrange—Rassias
type additive mapping L : X — Y such that

2¢
z) — L(2)]| € ———||2|]P
19) ~ L@ < gz gryzerllel
forall z € X.
Proof. Define ¢(z,y) = ¢(||z||” + ||y||?), and apply Theorem 3.2. O

Theorem 3.4. Let f: X — Y be an odd mapping for which there is a function ¢ : X2 — [0, o)
satisfying (3.3) such that

= Coo1 1
> — J
Pla,y) : ;(27‘) A ™ ) <
for all z,y € X. Then there exists a unique A-linear Euler—Lagrange—Rassias type additive
mapping L : X — Y such that

1£(z) — L) < ﬁax z) (3.6)

forallz € X.
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Proof. The proof is similar to the proofs of Theorems 2.4 and 3.2. O

Corollary 3.5. Let e > 0 and let p be a real number with 0 < p < 1if 2r < 1 and with p > 1 if
2r > 1. Let f : X — Y be an odd mapping such that

[1Duf (z, y)ll < e(ll” + [ylIP)

forall w € U(A) and all z,y € X. Then there exists a unique A-linear Euler—-Lagrange—Rassias
type additive mapping L : X — Y such that

2¢
o 2
19) ~ L@ < G — gyl
forall z € X.
Proof. Define ¢(z,y) = ¢(||z||P + ||y||?), and apply Theorem 3.2. O

4 Isomorphisms between unital C*-algebras

Throughout this section, assume that r = s € QN (0, 00). Assume that A is a unital C*-algebra
with norm || - || and unit e, and that B is a unital C*-algebra with norm || - ||. Let U(A) be the set
of unitary elements in A.

We investigate C*-algebra isomorphisms between unital C*-algebras.

Theorem 4.1. Leth : A — B be an odd bijective mapping satisfying 2((2r)%uy) = h((2r)%)h(y)
forallu € U(A), all y € 4, and all d € Z, for which there exists a function ¢ : A2 — [0, 00) such
that

i L.4,0((21“)7':17, (2r)y) < oo, 4.1)
& oy |

[1Dph(z, y)ll < o(z,y),
[IR((2r) %) = h((2r) u)*|| < e((2r)u, (2r)"u) (4.2)

forallpe St:={ e C| |A\=1},alluecU(A),ald e Zandall z,y € A. Assume that

(4.1) linn

Jim @h((m)de) is invertible.

Then the odd bijective mapping h : A — B is a C*-algebra isomorphism.

Proof. Consider the C*-algebras A and B as left Banach modules over the unital C*-algebra
C. By Theorem 3.2, there exists a unique C-linear Euler-Lagrange—Rassias type additive
mapping H : A — B such that
1
) — H@)|| € —=¢(z,x 4.
1) = H(z)| < (5,550 2) (43)
for all z € A. The Euler-Lagrange—Rassias type additive mapping H : A — B is given by

H(x) = dllm

0 ﬁh((w)%)
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for all z € A.
By (4.1) and (4.2), we get

H) = lim @h(m)du*):d{% @h((%)du)*
( Jim Wh((%)du))* = H(u)"

forall w € U(A). Since H is C-linear and each = € A is a finite linear combination of unitary
elements (see [3]), i.e., z = 37, Aju; (A € Cuy € U(A)),

H(z") = H(Z?U}f) =Y NH()) = ZTJH(W)* = (Z AjH (ug))*

I
Ms
>/
h@
<
I
o
=
8
&

forall z € A.
Since h((2r)%uy) = h((2r)%u)h(y) for allu € U(A), ally € A,and all d € Z,
H(uy) = lim

1 1
d=oo (2r)d % 2y h((2r) u)h(y) = H(u)h(y) (4.4)

forallu € U(A) and all y € A. By the additivity of H and (4.4),

R((2r)%uy) = hm

(2r)H (uy) = H((2r)"uy) = H(u((2r)")) = H(u)h((2r)"y)
forallu € U(A) and all y € A. Hence
H(wh((2r)%y) = H(w) 7

H(uy) = h((2r)%y) (4.5)

L

(2r)¢ (2 )
forallu € U(A) and all y € A. Taking the limit in (4.5) as d — oo, we obtain

H (uy) = H(u)H(y) (4.6)

forallu € U(A)and all y € A. Since H is C-linear and each x € A is a finite linear combination
of unitary elements, i.e., x = >7"" | Aju; (\; € C,u; € U(A)), it follows from (4.6) that

H(zy) = HO_ MNuwy)=> NH(uy) =Y \Hu)H(y) = H_ Auj)H(y)
j=1 j=1 j=1 j=1

H(x)H(y)

forall z,y € A.
By (4.4) and (4.6),
H(e)H(y) = H(ey) = H(e)h(y)

for all y € A. Since limy_.« ﬁh((%)de) = H(e) is invertible,
H(y) = h(y)

forally € A.
Therefore, the odd bijective mapping 4 : A — B is a C*-algebra isomorphism. O
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Corollary 4.2. Let e > 0 and let p be a real number with 0 < p < 1if 2r > 1 and with p > 1 if
2r < 1. Leth : A — B be an odd bijective mapping satisfying h((2r)%uy) = h((2r)%u)h(y) for
allue U(A), ally € A, and all d € Z, such that

Dbz, y)|| < e(ll2][” +[[yll),
1R((2r)%u*) = h((2r) )| < 2- (2r) e

forall pe St allu e U(A), alld € Z, and all z,y € A. Assume that limgy_, Wl)dh((Qr)de) is
invertible. Then the odd bijective mapping h : A — B is a C*-algebra isomorphism.

Proof. Define ¢(x,y) = e(||z|[” + ||y||?), and apply Theorem 4.1. O

Theorem 4.3. Leth : A — B be an odd bijective mapping satisfying a((2r)%uy) = h((2r)%)h(y)
forallu € U(A), ally € A, and all d € Z, for which there exists a function ¢ : A2 — [0,00)
satisfying (4.1), (4.2), and (4.i) such that

[Duh(z, y)ll < ¢(z,y) (4.7)

for u = 1,4, and all z,y € A. If h(tz) is continuous in ¢ € R for each fixed = € A, then the odd

bijective mapping h : A — B is a C*-algebra isomorphism.

Proof. Put = 1in (4.7). By the same reasoning as in the proof of Theorem 2.2, there exists
a unique Euler-Lagrange—Rassias type additive mapping H : A — B satisfying (4.3). By the
same reasoning as in the proofs of [4, 5], the Euler-Lagrange—Rassias type additive mapping
H: A— BisR-linear.

Put © =i in (4.7). By the same method as in the proof of Theorem 3.2, one can obtain that

L h((2r)tr) = iH ()

. . 1 . .
H(iz) = lim ——h((2r)%z) = dlggc W

d—o00 (2T‘)d
for all z € A.
For each element A € C, A\ = s + it, where s,t € R. So
H(\x) = H(sz+itx) =sH(z)+tH(iz) = sH(x) + itH(z) = (s + it)H(x)
AH ()

forall N e Candall z € A. So
H(Cx +ny) = H(Cx) + H(ny) = CH(x) +nH(y)

for all {,n € C, and all z,y € A. Hence the Euler—Lagrange—Rassias type additive mapping
H: A— Bis C-linear.
The rest of the proof is the same as in the proof of Theorem 4.1. O
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ABSTRACT
Let X, Y be Banach modules over a C*-algebra and let r, s be positive real numbers. We
prove the stability of the following functional equation in Banach modules over a unital C*-
algebra:
rf(s(x—y))+sf (rly —2) + 0+ 8)f (rz + sy) = (r+ ) (rf(2) + 5f (). (01)

We show that if » = s and an odd mapping f : X — Y satisfies the functional equation
(0.1) then the odd mapping f : X — Y is Cauchy additive. As an application, we show that
every almost linear bijection h : A — B of a unital C*-algebra A onto a unital C*-algebra
B is a C*-algebra isomorphism when h((2r)%uy) = h((2r)%u)h(y) for all unitaries u € A, all
ye A andalld € Z.

Keywords: Euler-Lagrange type additive mapping, Hyers—Ulam stability, isomorphism be-
tween C*-algebras.

2000 Mathematics Subject Classification: 39B52, 46L05, 47B48.

1 Introduction

In 1940, S.M. Ulam [19] gave a talk before the Mathematics Club of the University of Wiscon-
sin in which he discussed a number of unsolved problems. Among these was the following
guestion concerning the stability of homomorphisms.

We are given a group G and a metric group G’ with metric p(-,-). Given ¢ > 0, does there
exista § > 0 such thatif f : G — G’ satisfies p(f(zy), f(z)f(y)) < ¢ for all z,y € G, then a
homomorphism h : G — G’ exists with p(f(z), h(z)) < e for all z € G?
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By now an affirmative answer has been given in several cases, and some interesting variations
of the problem have also been investigated. We shall call such an f : G — G’ an approximate
homomorphism.

In 1941, D.H. Hyers [1] considered the case of approximately additive mappings f : E — F/,
where E and E’ are Banach spaces and f satisfies Hyers inequality

1f(z+y) = fl@) = fly)l <€

for all z,y € E. It was shown that the limit

n—o00 on

exists for all z € E and that L : E — E’ is the unique additive mapping satisfying

[f(z) = L(z)|| < e

No continuity conditions are required for this result, but if f(¢z) is continuous in the real variable
t for each fixed x € FE, then L is linear, and if f is continuous at a single point of E then
L : E — E'is also continuous. A generalization of this result was proved by J.M. Rassias [7,
8, 9, 13]. J.M. Rassias assumed the following weaker inequality

1f(@+y) = fl@) = Fl <6 [l=[[”-[lyll*,  Vo,y ek,

involving a product of different powers of norms, where § > 0 and real p,q such that » =
p+q # 1, and retained the condition of continuity f(tx) in ¢ for fixed . J.M. Rassias [11]
investigated that it is possible to replace ¢ in the above Hyers inequality by a non-negative
real-valued function such that the pertinent series converges and other conditions hold and
still obtain stability results. In all the cases investigated in this article, the approach to the

f@2"x)
on

or L(z) = lim, . 2" f(5%). However, in 2002, J.M. Rassias and M.J. Rassias [17] considered

existence question was to prove asymptotic type formulas of the form L(z) = lim,

and investigated quadratic equations involving a product of powers of norms in which an ap-
proximate quadratic mapping degenerates to a genuine quadratic mapping. Analogous results
could be investigated with additive type equations involving a product of powers of norms.

Theorem 1.1. ([7, 8, 13]) Let X be a real normed linear space and Y a real complete normed
linear space. Assume that f : X — Y is an approximately additive mapping for which there
exist constants 6 > 0 and p € R —{1} such that f satisfies inequality

If(z+y) = f(z) = F@)ll < 0-[lz]|% - [lyl|2

for all z,y € X. Then there exists a unique additive mapping L : X — Y satisfying

[f(z) = L(z)|| <

0
m“xﬂp

for all z € X. If, in addition, f : X — Y is a mapping such that the transformation ¢t — f(tx) is
continuous in ¢ € R for each fixed = € X, then L is an R-linear mapping.
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Theorem 1.2. ([9]) Let X be a real normed linear space and Y a real complete normed linear
space. Assume that f : X — Y is an approximately additive mapping for which there exist
constants > 0 and p,q € R such thatr = p+ ¢ # 1 and f satisfies inequality

1f(z+y) = f@) = Flu)l <0 [l]” - [ly[|*

for all z,y € X. Then there exists a unique additive mapping L : X — Y satisfying

1f(z) = L{z)[| < ||

W 2|
for all z € X. If, in addition, f : X — Y is a mapping such that the transformation ¢ — f(tx) is

continuous in ¢t € R for each fixed z € X, then L is an R-linear mapping.

Theorem 1.3. ([11]) Let X be a real normed linear space and Y a real complete normed linear
space. Assume that f : X — Y is an approximately additive mapping for which there exists a
constant § > 0 such that f satisfies inequality

”f Z Zf 'I.’L ” <9K(°Ll> , L )
i=1 =1

for all (z1,---,2,) € X" and K : X" — R* U{0} is a non-negative real-valued function such
that
< 1 . )
— Kz, - ,n'z) < 00
0 n
=

is a non-negative function of x, and the condition

1
lim — K(n™xy,-- ,n"z,) =0
m—oo N

holds. Then there exists a unique additive mapping L,, : X — Y satisfying

0
I () = Ln(@)Il < ~Ba()

for all z € X. If, in addition, f : X — Y is a mapping such that the transformation ¢ — f(tx) is
continuous in ¢t € R for each fixed = € X, then L,, is an R-linear mapping.

Example 1.4. If we take n = 2,21 = x,22 = y and thus K(x1,z2) = K(x,y) = ||z|P - ||y]|?
such that —co < r = p + ¢ < 1; and respectively, » > 1, then we obtain

2

Ry(z) = m””iw (r<1);
2 T

Ro(z) = man (r>1).

Therefore, we get the following inequality

[f(2) = La(@)]| < lz]I",  r#1

0
[2r—2]

with Ly, = L and hence the stability result of Theorem 1.2 is achieved.
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Theorem 1.5. ([11]) Let X be a real normed linear space and Y a real complete normed linear
space. Assume that f : X — Y is an approximately additive mapping such that f satisfies

inequality
IFQ i) =Y f@ll < N(aw,--- ,zn)
i=1 i=1
forall (z1, -+ ,z,) € X®and N : X® — R* U{0} is a non-negative real-valued function such

that N(z,--- ,z) is bounded on the unit ball of X, and
N(txy, - tay) < k@E)N(x1,- -, 2n)

for all t > 0, where k(t) < oo and
RY = S k(n?
= ]z::() pvd (n) < o0.
If, in addition, f : X — Y is a mapping such that the transformation ¢ — f(¢tz) is continuous in
t € R for each fixed z € X and f : X — Y is bounded on some ball of X, then there exists a
unique R-linear mapping L,, : X — Y satisfying

If(x) = Ln(z)| < MN(z,--- @)
forall 2 € X, where M = Y"0°_( —Lrk(n™).

Example 1.6. If we take n = 2,21 = z,z9 = y and thus N(z1,22) = N(z,y) =0 - [|z|]” - ||y]|9,
then we obtain N(tz1,txe) = [t|"N(x1,z2) With k(t) = |t|” < oo and N(z1,z2) = 6 on the
unitball U = {# € X : ||z|| = 1} and, in general, N(z1,z2) = 0||z||" for all z € X, where

—oo < r =p+q < 1; and respectively, » > 1, such that

2

B = iy o<,
1

M = 5o (r<1),
o r

MN(z,z) = s—5llll (r<1);

2

Ry = T (r>1),
1

M = 735 (r>1),
o r

Therefore, we get the following inequality

0
[f(z) = La(a)]| < mllzwv r#l

with Ly = L and hence the stability result of Theorem 1.2 is achieved.
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J.M. Rassias [10] introduced and solved the stability problem of Ulam for the Euler—-Lagrange
type quadratic functional equation

flra + sy) + fsz —ry) = (r* + ) [f(2) + f(v)], (11
motivated from the following pertinent algebraic equation
laz + by|? + |bz — ay|® = (a® + b*)(|z|® + |y|*). (1.2)

The solution of the functional equation (1.1) is called an Euler—-Lagrange type quadratic map-
ping. J.M. Rassias [12, 14] introduced and investigated the relative functional equations. In
addition, J.M. Rassias [15] generalized the above algebraic equation (1.2) to the following equa-
tion

mnlaz + by|? + |nbz — may|? = (ma® + nb?)(n|z|? + m|y|?),

and introduced and investigated the general pertinent Euler—Lagrange quadratic mappings.
Analogous quadratic mappings were introduced and investigated in [16, 18].

These mappings could be named Euler—Lagrange mappings and the corresponding equations
might be called Euler—Lagrange equations. Before 1992, these mappings and equations were
not known at all in functional equations and inequalities. However, a completely different kind
of Euler—Lagrange partial differential equations are known in calculus of variations. Therefore,
we think that J.M. Rassias’ introduction of Euler—-Lagrange mappings and equations in func-
tional equations and inequalities provides an interesting cornerstone in analysis. Already some
mathematicians have employed these Euler—Lagrange mappings.

Recently, Jun and Kim [2] solved the stability problem of Ulam for another Euler—Lagrange
type quadratic functional equation. Jun and Kim [3] introduced and investigated the following
guadratic functional equation of Euler-Lagrange type

n

ZriQ er(asi —xzj) | + (Z 7"1-) Q <Z 7%%)
i=1 j=1 i=1 i=1
n 2 n
= <Zm) > riQ(w),
i=1 =1

whose solution is said to be a generalized quadratic mapping of Euler—Lagrange type.
In this paper, we introduce the following functional equation

rL(s(x —y))+sL(r(y—x)) + (r+s)L (rx + sy) (1.3)
= (r+s) (rL(z) + sL(y)), r,s € (0,00)

whose solution is called an Euler—Lagrange type additive mapping. We investigate the Hyers—
Ulam stability of an Euler—Lagrange type additive mapping in Banach modules over a C*-
algebra. These results are applied to investigate C*-algebra isomorphisms between unital
C*-algebras.
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2 Hyers—Ulam stability of an Euler-Lagrange type additive mapping in Banach
modules over a C*-algebra

Throughout this section, assume that A is a unital C*-algebra with norm | - | and unitary group
U(A), and that X and Y are left Banach modules over a unital C*-algebra A with norms || - ||
and || - ||, respectively.

For a given mapping f : X — Y and a given u € U(A), we define D, f : X?> — Y by

Duf(z,y) i=rf (s(ur —uy)) + sf (r(uy — uz)) + (r + ) f (ruz + suy)
—(r+s) (ruf(z) + suf(y))

forall z,y € X.

Lemma 2.1. Assume that a mapping L : X — Y satisfies the functional equation (1.3) and that
L(0) = 0. Then we have

L((r + s)*z) = (r + s)"L(x) (2.1)
forallz € X and all k € Z.
Proof. Putting = = y in (1.3), we get (r + s)L((r + s)x) = (r + 5)2L(x) for all z € X. So we get
L((r + s)F2) = (r + 5)*L(x) 2.2)

for all x € X by induction on k € N.
It follows from (2.2) that

T 1
L = L
((r + s)k) (r+s)k (z)
for all z € X and all £ € N. So we get the equality (2.1). O

We investigate the Hyers—Ulam stability of an Euler—Lagrange type additive mapping in Banach
spaces.

Theorem 2.2. Let e > 0 and let p be a real number with 0 < p < % if r +s > 1 and with p > % if
r+ s < 1. Assume that a mapping f : X — Y satisfies inequality

[D1f (2, 9)ll < e [a][” - [[y]]” 23)

for all ,y € X. Then there exists a unique Euler—Lagrange type additive mapping L : X — Y
such that

€

(r+s)2 = (r+s)%rtl [ (2.4)

1f(2) = L(z)|| <

forall z € X.
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Proof. Letting x = y in (2.3), we get the following inequality
[[(r + ) f((r + s)a) = (r + )* f(@)]| < el|||*? (2.5)

for all z € X. It follows from (2.5) that

f((r+ s)x)
r+s

Hf(w) - (2.6)

’ el [*
<

= (r+s)?
for all z € X. Now applying a standard procedure of direct method [1, 5] to the inequality (2.6),
we obtain that for all nonnegative integers k&, with k& > |

H»”CIV” @7

Hf ((r+ s)kx) f((7*+s)k.)
(r + s)! (r+s)k

(7 +s)2z (7‘+S

for all x € X. Since the right hand side of (2.7) tends to zero as | — oo, the sequence

{f (ZIZ) 2) } is a Cauchy sequence for all # € X, and thus converges by the completeness of

Y. Thus we can define a mapping L : X — Y by
k
L(z) = lim 7]”((7“ +5)°2)
k—oo  (r+ s)k
forall z € X. Letting I = 0in (2.7), we obtain

k— 1
r+s

- 2
' 7-‘1—9 =0 7-‘1—9

f((r+ s)kx)

2
o e 28)

Jro-

for all x € X and all £ € N. Taking the limit as £ — oo in (2.8), we obtain the desired inequality
(2.4).
It follows from (2.3) that

IDiLy)| = ggTijﬂ&ﬂW+$%ﬂ+@%w 29)
. e(r+s)wh -
< I}E&ﬁ‘” z|[* = 0.

Therefore, the mapping L : X — Y satisfies the equation (1.3) and hence L is an Euler—
Lagrange type additive mapping.

To prove the uniqueness, let L' be another Euler—Lagrange type additive mapping satisfying
(2.4). By Lemma 2.1, we get L'((r + s)¥2) = (r + s)*L'(z) for all z € X and all k € N. Thus we
have, for any positive integer £,

[L(z) = L' (@)]]

IN

wmv+@k 1+ 9)a)|
+Hf((r+5) )= L((r+5))]|}

(1 + 5)2Pk+2pi o
(r+s)2—(r+s) 2p+1z (r + s)Fti (]|

Taking the limit as £ — oo, we conclude that L(z) = L'(z) for all z € X. O
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Theorem 2.3. Lete > 0 and let p be a real number with 0 < p < 5 lf r+s < 1landwithp > 3 Lif
r+ s > 1. Assume that a mapping f : X — Y satisfies mequallty

[1D1f (@, y)ll < e [l - |ly[]” (2.10)

for all z,y € X. Then there exists a unique Euler-Lagrange type additive mapping L : X — Y
such that

€

(r+s)%tt — (T+s)2”x”2p (2.11)

1f(z) = L{z)[| <

forall z € X.

Proof. It follows from (2.5) that

Hf —(r+8)f( (2.12)

€ 2
< P
+s$)H - (7*-i-.<:)21’+1HJSH
for all z € X. Now applying a standard procedure of direct method [1, 5] to the inequality (2.12),
we obtain that for all nonnegative integers k, [ with k£ > [

X

X Nk
)= +5) f(—(r o

(r+s)f(

)

(TT’S)Z ‘ (2.13)

Z (sl e
- r-l—s’zl’“ (r+ )i

for all z € X. Since the right hand side of (2.13) tends to zero as I — oo, the sequence {(r +
s)kf(ﬁ)} is a Cauchy sequence for all z € X, and thus converges by the completeness of
Y. Thus we can define a mapping L : X — Y by

La) = lim (r+9)" (5

for all z € X. Letting I = 0 in (2.13), we obtain

Hf ()

(r+s) 2
(r+s) ’— (r+s) 2p+12 2p7H z|[*F (2.14)

forall z € X and all & € N. Taking the limit as £ — oo in (2.14), we obtain the desired inequality
(2.112).
The rest of the proof is similar to the proof of Theorem 2.2. O

3 Stability of linear mappings in Banach modules over a C*-algebra

Throughout this section, assume that » = s € (0,00). Let A be a unital C*-algebra with norm
| - | and unitary group U(A), and let X and Y be left Banach modules over a unital C*-algebra
Awith norms || - || and || - ||, respectively.

Lemma 3.1. If an odd mapping L : X — Y satisfies (1.4) for all z,y € X, then L is Cauchy
additive.
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Proof. Assume that L : X — Y satisfies (1.4) for all z,y € X.
Note that L(0) = 0 and L(—z) = —L(x) for all z € X since L is an odd mapping. It follows from
(1.4) that

2rL(ra +ry) = 2r*(L(z) + L(y)) (3.1)
forall x,y € X. Letting y = 01in (3.1), 2rL(rz) = 2r2L(x) forall 2 € X. So
2r’L(z +y) = 2r*(L(z) + L(y))
for all z,y € X. Thus L is Cauchy additive. O

Theorem 3.2. Let ¢ > 0 and let p be a real number with 0 < p < % if 2r > 1 and with p > % if
2r < 1. Let f: X — Y be an odd mapping such that

[Duf (@, y)ll < €|l - [[yl” (32)

for all w € U(A) and all z,y € X. Then there exists a unique A-linear Euler—Lagrange type
additive mapping L : X — Y such that

€

W||IH2P (3.3)

[ f(z) = Lz)| <
forall z € X.

Proof. Note that f(0) = 0 and f(—z) = —f() for all z € X since f is an odd mapping. Let
u=1¢€ U(A). By Theorem 2.2, there exists a unique Euler—Lagrange type additive mapping
L: X — Y satisfying (3.3).

By the assumption, for each u € U(A), we get

. 1 o e(2r)2pd
IDuL(a,2)] = Jim s IDuf (@), (2r)")]| < Jim, ((22)61 2] = 0
forallz € X. So
2rL(2ruz) = 2r - 2rul(x)
forallu € U(A) and all z € X. By Lemma 3.1,
1
L(ux) = ﬂL(?’I‘U.’L’) =uL(x) (3.4)

forallu e U(A) and all z € X.
By the same reasoning as in the proofs of [5] and [6],

L(ax + by) = L(az) + L(by) = aL(z) + bL(y)

forall a,b € A(a,b # 0) and all z,y € X. And L(0z) = 0 = 0L(x) for all z € X. So the unique
Euler—Lagrange type additive mapping L : X — Y is an A-linear mapping. O
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Theorem 3.3. Let ¢ > 0 and let p be a real number with 0 < p < % if 2r < 1 and with p > % if
2r > 1. Let f : X — Y be an odd mapping such that

[Duf(z,y)l| < e lz[[” - lly[[” (3.5
for all w € U(A) and all z,y € X. Then there exists a unique A-linear Euler—Lagrange type

additive mapping L : X — Y such that

€

[ f(z) = Lz)| < MWHZP (3.6)
forallz € X.

Proof. The proof is similar to the proofs of Theorems 2.2 and 3.2. O

4 Isomorphisms between unital C*-algebras

Throughout this section, assume that r = s € Q N(0,c0). Assume that A is a unital C*-algebra
with norm || - || and unit e, and that B is a unital C*-algebra with norm || - ||. Let U(A) be the set
of unitary elements in A.

We investigate C*-algebra isomorphisms between unital C*-algebras.

Theorem 4.1. Let e > 0 and let p be a real number with 0 < p < 1 if 2r > 1 and with p > 1 if
2r < 1. Leth : A — B be an odd bijective mapping satisfying h((2r)%uy) = h((2r)%u)h(y) for
allue U(A),ally € A, and all d € Z, such that

|Duh( Il < e Il - iyl @.1)
IR((2r)hut) — h((2r) )| < 2- (2r)%e “2)

forallpe St:={AeC| [N\ =1},alluecU(A),aldecZ, and all z,y € A. Assume that

1 i
}E{; Wh((%) e) is invertible. (4.3)

Then the odd bijective mapping h : A — B is a C*-algebra isomorphism.
Proof. Consider the C*-algebras A and B as left Banach modules over the unital C*-algebra

C. By Theorem 3.2, there exists a unique C-linear Euler—Lagrange type additive mapping
H : A — B such that

[h(z) — H(z)]| < pllzl (4.4)

(2r)? — (2r)%*

for all z € A. The Euler-Lagrange type additive mapping H : A — B is given by

1
H(z) = lim

Jim Wh((?r)dw)

forall z € A.
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By (4.2), we get

H@) = lJm @h((w)du*):dlggo @h((%)du)*
= (Jim ggrsh(2n) ) = Huy

for all w € U(A). Since H is C-linear and each z € A is a finite linear combination of unitary
elements (see [4]), i.e., z =37 Aju; (A € C, u; € U(A)),
m

Z)\u :Z *)—Z)\Huj Z)\Huj

H(z")

m

H(Y Ajuy)* = H(x)*
j=1

forall x € A.
Since h((2r)%uy) = h((2r)%u)h(y) for allu € U(A), ally € A, and all d € Z,

H(uy) = Jim ooosh(2r)uy) = Jim issh((2r)")h(y) = H)h(y) (45)

forallu € U(A) and all y € A. By the additivity of H and (4.5),
(2r)*H (uy) = H((2r)"uy) = H(u((2r)"y)) = H(u)h((2r)"y)
forallu € U(A) and all y € A. Hence

H(uy) = H(u)h((2r)"y) = H(u) h((2r)%y) (4.6)

L 1
(2r)¢ (2r)
forallu € U(A) and all y € A. Taking the limitin (4.6) as d — oo, we obtain

H (uy) = H(u)H(y) (4.7)

forallu € U(A) and all y € A. Since H is C-linear and each = € A is a finite linear combination
of unitary elements, i.e., x = 371" | Aju; (\; € C, u; € U(A)), it follows from (4.7) that

H(zy) = HQ_ Nuy) =) NH(uy) = Z/\H uj)H(y) = ZA uj)H(y)
j=1 j=1

H(x)H(y)

forall z,y € A.
By (4.5) and (4.7),
H(e)H(y) = H(ey) = H(e)h(y)

forall y € A. Since limy_., mi7h((2r)%) = H(e) is invertible,

H(y) = h(y)

forally € A.
Therefore, the odd bijective mapping 4 : A — B is a C*-algebra isomorphism. O
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Theorem 4.2. Let ¢ > 0 and let p be a real number with 0 < p < % if 2r < 1 and with p > % if
2r > 1. Let h : A — B be an odd bijective mapping satisfying h((2r)%uy) = h((2r)%u)h(y) for
alueU(A),ally € A, and all d € Z, (4.1) and (4.2). Assume that

(2r)?

(2r)¢h( ) is invertible. (4.8)

lim
d—o0
Then the odd bijective mapping h : A — B is a C*-algebra isomorphism.

Proof. The proof is similar to the proof of Theorem 4.1. O

Theorem 4.3. Let e > 0 and let p be a real number with 0 < p < 1 if 2r > 1 and with p > 1 if
2r < 1. Let h : A — B be an odd bijective mapping satisfying h((2r)%uy) = h((2r)%u)h(y) for
alue U(A),ally € Aand all d € Z, (4.2) and (4.3) such that

[Duh(z; )l < e [lz[[” - lly[[” (4.9)

for u = 1,i, and all z,y € A. If h(tx) is continuous in ¢t € R for each fixed = € A, then the odd
bijective mapping h : A — B is a C*-algebra isomorphism.

Proof. Put u = 1in (4.9). By the same reasoning as in the proof of Theorem 2.2, there exists
a unique Euler-Lagrange type additive mapping H : A — B satisfying (4.4). By the same
reasoning as in the proofs of [5, 6], the Euler—Lagrange type additive mapping H : A — B is
R-linear.

Put u =7 in (4.9). By the same method as in the proof of Theorem 3.2, one can obtain that

H(iz) = lim ——h((2r)%iz) = Jim

i (2ryd oaah((2r)'z) = iH (x)

(2r)
for all z € A.
For each element A € C, A\ = s + it, where s,t € R. So
H(M\x) = H(sx+itr)=sH(x)+tH(ix) = sH(x)+ itH(xz) = (s +it)H(z)
AH ()

forall A e Candall z € A. So
H(Cx +ny) = H(Cx) + H(ny) = CH(x) + nH(y)

for all ¢,n € C, and all z,y € A. Hence the Euler-Lagrange type additive mapping H : A — B
is C-linear.
The rest of the proof is the same as in the proof of Theorem 4.1. O

Theorem 4.4. Let ¢ > 0 and let p be a real number with 0 < p < % if 2r < 1 and with p > % if
2r > 1. Let h : A — B be an odd bijective mapping satisfying h((2r)%uy) = h((2r)%u)h(y) for
allu e U(A), ally € Aand all d € Z, (4.2), (4.8) and (4.9). If h(tx) is continuous in ¢t € R for
each fixed x € A, then the odd bijective mapping » : A — B is a C*-algebra isomorphism.
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Proof. The proof is similar to the proofs of Theorems 4.1 and 4.3. O

By the same method as above, one can obtain similar results to Theorem 1.2 for the case
p,g e Rsuchthatr =p+q # 1.
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Abstract

We have introduced the Euler-Lagrange quadratic mappings, motivated from the
pertinent algebraic equation | a,x, + a,x, |’ +|512xl —a1x2|2 =(a’+a)|x [ +|x2|2],
for the special case a, =1 (i=1,2). Thus we introduced and investigated the

relative functional equation in our publications. In addition we generalized the
above algebraic equation to the following equation

2 2 2 2 2 2
mm, |a1x1 +a2x2| +|m2a2xl—m1a1x2| =(m, |al| +m, |a2| )m, |xl| +m, |x2| ]
Therefore we introduced and investigated the general pertinent Euler-Lagrange
quadratic mappings via our paper. Analogous quadratic mappings were
introduced and investigated through our following publications. Before 1992
these mappings and equations were not known at all in functional equations and
inequalities. However, a completely different kind of Euler-Lagrange partial
differential equations is known in calculus of variations. We are now introducing
the general Euler-Lagrange type equation

||ax + by"2 + ||bx + ary"2 + ||ax - by"2 + ||bx - ay"2 =2(d’ + 172)[||x||2 + ||y||2] which holds

in real Hilbert spaces and establish the refined Ulam stability for these mappings.
Key words and phrases: Euler-Lagrange mapping; Ulam stability; Hilbert space.
AMS (MOS) Subject Classification: 39B.

1. Introduction

We note that we have introduced the Euler-Lagrange quadratic mappings, motivated from
the following pertinent algebraic equation

2 2
|ax, +a,x, [ +|azx1 —alx2| =(a} +a})[| x, [ +|x2| 1, (1.1)
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for the special case a, =1 (i=1,2). Thus we introduced and investigated the relative

functional equation in our publications below ([1]-[3]). In addition we generalized the above
algebraic equation (1.1) to the following equation

2 2 _ 2 2 2 2
mm,|a,x, +a2x2| +|m2a2x] —mlalle —(mllall +m2|a2| )m, |x]| +m, |x2| ] (1.2)

Therefore we introduced and investigated the general pertinent Euler-Lagrange quadratic
mappings via our paper [4]. Analogous quadratic mappings were introduced and
investigated through our following publications ([5]-[6]).

Before 1992 these mappings and equations were not known at all in functional equations
and inequalities. However, a completely different kind of Euler-Lagrange partial differential
equations is known in calculus of variations. Therefore we think that our introduction of
Euler-Lagrange mappings and equations in functional equations and inequalities provides
an interesting cornerstone in analysis. Already some mathematicians have employed these
Euler-Lagrange mappings.

We are now introducing the general equation

||ax + by"2 + ||bx + ay"2 + ||ax - by"2 + ||bx - ay"2 =2(a*+b* )["x"2 + ||y||2] (1.3)
which holds in real Hilbert spaces. Motivated from this equation we introduce the

general Euler-Lagrange type quadratic difference operator

D, (x,y)= fax+by)+ f(bx+ay) + f(ax—by)+ f(bx—ay) =2ALf()+ f(»] ~ (14)

with 0<A=a’+b* #1;a,b e R/{0} and R = (-0, ) the set of all real numbers.

Definition 1.1. Amapping f:X —>Y is called quadratic if f satisfies equation
J+p)+ f(x=y)=20f(x)+f(»]=0 (1.5)
forall x,yeX.

Let us denote by N the set of all natural numbers. Substituting (0,0);(x,x) on

(x,¥) in functional equation (1.5) ,one gets (0)=0 and f(2x)=2"f(x)and by induction
on neN, weobtain f(2"x)=2"f(x) forall xeX.

Furthermore substituting (0, x) on (x,y) in (1.5), one obtains f(—x)= f(x) forall xe X.

Definition 1.2. Amapping f:X —>Yis called Euler-Lagrange if f satisfies functional
equation

Slax+by)+ f(bx—ay) = AL (x)+ f(»)]=0 (1.6)
forall x,ye X where 0<A=a>+b>#1; acR/{0}. ([3]-[6])

Substituting (0,0);(x,0);(ax,bx) on (x,y) in functional equation (1.6) ,one gets f(0)=0
and f(ax)+ f(bx)=Af(x)as wellas f(Ax)=A[f(ax)+ f(bx)]. Thus

f(Ax)=A"f(x) for all xe X and by induction on ne N, we obtain f(1"x)= 1> f(x) for
all xeX.

Furthermore substituting (0,x);(x,0) on (x,y) in (1.6), one obtains
f(=ax)+ f(bx)=Af(x)and f(ax)+ f(bx)=Af(x).Therefore f(-x)= f(x) forall xe X.

Equation (1.5) is called also Euler-Lagrange equation as a special case of (1.6). ([1]-[2]).
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Definition 1.3. Amapping f:X —>Y is called Euler-Lagrange type if f satisfies
functional equation

D, (x,y)=0 (1.7)
forall x,yeX.

Let us denote x=a’ —b> #0,v =2ab, such that u*+v*> =A* and introduce the quadratic
weighted means of first and second form, respectively:

Ty =L@ g T L)+ 100 1)
Let us assume quadratic mean condition
70 =71() )
forall xe X.
Substituting (0,0);(x,0);(ax,bx) on (x,y) in functional equation (1.7) ,one gets f(0)=0
and f(ax)+ f(bx)=Af(x)as wellas f(Ax)=2A[f(ax)+ f(bx)]—/lzf(=x)
=/12[2f(x)—ﬁ]. From the mean condition (*), one now gets f(Ax)=A’f(x) for all

x € X and by induction on ne N, we obtain f(A"x)=A"f(x) for all xe X. Furthermore
substituting (ax, bx);(bx,ax) on (x,y) in (1.7), one obtains

SAx)+ f(ux)+ f(vx)+ [(0) =24[ f(ax)+ f(bx)] and
JAX)+ f(=ux)+ f(vx)+ f(0) =2 f(ax)+ f(bx)] forall xe X.
If we assume a#+b (or #0)then we get f(—x)= f(x) forall xeX.

Letus denote  §>0,5,>0and &=(A+1)5+6,+(24%+1)| £(0)| and

r=p+q,reR/{2); l9=5|a|p|b|q ;6 =8+0,.

Throughout this paper, let X be a real normed space and Y a real Banach space in the case
of functional inequalities, as well as let X and Y be real linear spaces for functional equations.

2. Hyers - Ulam stability
We state and prove our following theorem on the Hyers - Ulam stability.

Theorem 2.1. Assume that a mapping f:X —Y satisfies the Euler-Lagrange type
quadratic inequality

|D; ey <6 (2.1)

forall  x,ye X. If the condition

||ﬁ—f(x) S% (2.2)

holds for A>1 and all xe X, then there exists a unique Euler-Lagrange type quadratic
mapping Q: X — Y which satisfies the following inequality
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&

[/ () -0 <= (2.3)
A -1
for A>1 and all x € X ,such that the general inequality
2n n & —2n
[re =27 s s = a-2" (2.4)
holdsfor A>1 and all neN and xe X aswell as Q satisfies the formula
O(x) =lim A" f(A"x) (2.5)

for A>1and all xe X .

Proof. Substituting  (ax, bx) on (x, y) in the functional inequality (2.1), we obtain
|7 (Ax)+ f(ux)+ f(vx)+ £(0)=2ALf(ax) + f(bx)]| < & (2.6)
or

|2 sy F-27] < L

, A>1 2.7)

Substituting (x,0) on (x, y)in the functional inequality (2.1), we obtain

[7@)- 7)< % |7, 2>1 (2.8)
Therefore from the condition (2.2) and (2.7) and (2.8), one gets
lFen-27 7Gx =27 £ - £
<[ ren+ - 27|+ 2f G- s+ - s 0 29)

& &
< (==Lt _@-1?), i1>1
e (=27

By induction on n e N we prove from (2.9) that (2.4) holds. The rest of the proof is standard.
We note that substituting (0,0) on (x,y) in the functional inequality (2.1), one obtains

lroy<—2

, A>1
4(1-1)

Furthermore substituting (ax, bx); (bx, ax) on (x,y) in inequality (2.1), one obtains
|7 Ax)+ f(ux)+ f(vx)+ £(0)=2ALf (ax) + f(bx)]| <5 and

[/ (Ax)+ f(~ux)+ f(vx)+ f(0) =22 f(ax)+ f(bx)]|< S forall xeX.

If we assume |a[#b| (or 2 #0)then we get || f(—ux)— f(ux)| <25, or

[£(=x)=f(x)|<25 forall xeX.

3. Refined Ulam stability
We state and prove our following two theorems on a refined Ulam stability.
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Theorem 3.1. Assume that a mapping f:X —Y satisfies the Euler-Lagrange type
quadratic inequality

|2, G| < Il Il (3.1)
for p,geR and all x,y e X. If the condition

r

7= re (3.2)

1)
< /1—‘2||x

holds for A>1,r=p+qg<2,0r0<A<l,r>2 or A°<1 and all xe X, then there
exists a unique Euler-Lagrange type quadratic mapping Q:X — Y which satisfies the
following inequality

8]
A=A

’

|lx (3.3)

|70 -0 <

for A>1,r=p+qg<2,or0<A<l,r>2, or A" <1, and xe€ X , such that the general
inequality

gl
YRy

r

[1-AC2"|x

|lre=a7" )| < (3.4)

holds for A>1,r=p+q<2,0r0<A<l,r>2, or A<l and allneN and xe X
as well as Q satisfies the formula

O(x)=lim A"/ (2"x) (3.5)

for A>1,r=p+q<2,0r0<A<l,r>2, or A’ > <1 and all xe X .

Proof. Substituting (0,0) on (x, y) in the functional inequality (3.1), one gets f(0)=0.

Substituting (ax, bx) on (x, y)in the functional inequality (3.1), we obtain

|, (ax.bx)| = | £ (Ax)+ f(uex) + £ (vx) + £(0) = 2L f (a) + £ (bx)]| < S x

or

-

(3.6)

r

||,1*2 (%) +ﬁ-2ﬁ" < %"x 3.7)

Substituting (x,0) on (x, y) in the functional inequality (3.1), we obtain

J()=7(x) (3.8)
Therefore from the condition (3.2) and (3.7) and (3.8), one gets

|lren=47r@x)| =27 r(x - £
<|a s+ 700270 2 F - s+ HT -] )

’

£
< /1—’2||x

By induction on n € N we prove from (3.9) that (3.4) holds. The rest of the proof is standard.
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Theorem 3.2. Assume that a mapping f:X —Y satisfies the Euler-Lagrange type
quadratic inequality

|2 ey < 8" 1A (3.10)

for p,gqeR and all x,y € X. If the condition

holds for 0<A<l, r=p+qg<2,0rA>1,r>2, or A’ <1 and all xe X, then there
exists a unique Euler-Lagrange type quadratic mapping Q:X — Y which satisfies the
following inequality

r

<

f(%)—f(%) flz < (3.11)

&

|70 =0 < === (3.12)

ir
for 0<A<l, r=p+qg<2,orA>1,r>2, or A*" <1, and x e X, such that the general
inequality

»

|G- 22120 < 1= 20"

8]
3.13
A =2 ( )
holds for 0<A<l1, r=p+q<2,0rA>1,r>2, or A’ <1 and all neN and xe X
as well as Q satisfies the formula

O(x)=lim A*" f(17"x) (3.14)
for 0<A<l, r=p+q<20orA>1,r>2 or A" <land all xeX.

Proof. We replace %onx through the above proof of Theorem 3.1 to obtain the

corresponding proof of Theorem 3.2.

Corollary 3.1. Assume that a mapping f:X — Y satisfies the Euler-Lagrange type
quadratic inequality

RCSYEL

forall x,ye X. If the condition

x X 1)
f(z)—f(z) 37

holds for 0<A<l1 and all xe X , then there exists a unique Euler-Lagrange type

quadratic mapping Q : X — Y which satisfies the following inequality

&
1-A°

for 0<A<1 and all x e X ,such that the general inequality

|/ (0= 0] <
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&
1- A2

(1-27")

holdsfor 0<A<1 and all neN and xe X as well as Q satisfies the formula
O(x) = lim A*" f(A"x)

for 0<A<land all xe X .

OPEN QUESTIONS.

1.

To investigate pertinent Theorems 4.1 and 4.2 with inequalities (3.1) and (3.10)
controlled by a general nonnegative phi mapping ¢: X? 5[0,00) .

Suggestion: One might employ our above substitutions.

2. To establish stability in restricted domains.

3. To achieve stability in Banach modules.
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ABSTRACT
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1 Aleksandrov and Rassias Problems

The theory of isometry had its beginning in the important paper by S. Mazur and S. Ulam
(cf. [1]) in 1932. Let X,Y be two metric spaces, d,ds the distances on X,Y. A mapping
f: X — Y is defined to be an isometry if da(f(x), f(y)) = di(z,y) for all elements z,y of X.
Mazur and Ulam [1] proved that every isometry of a normed real vector space onto a normed
real vector space is a linear mapping up to translation.

Given two metric spaces X and Y and a mapping f : X — Y, what do we really need to know
about f in order to be sure that f is an isometry?

A mapping f : X — Y is called preserving the distance r if for all z,y of X with dy(z,y) = r
then da(f(z), f(y)) = r. A. D. Aleksandrov (cf. [2]) has posed the following problem:
Aleksandrov Problem. Whether the existence of a single conservative distance for some
mapping f implies that f is an isometry .
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Let X, Y be two normed vector spaces. Consider the following conditions for f : X — Y
introduced for the first time by Rassias and Semrl [3]: distance one preserving property (DOPP)
and strongly distance one preserving property (SDOPP).

(DOPP) Letz,y € X with [z — y|x = 1. Then || f(z) — f(y)lly = 1.

(SDOPP) Letz,y € X. Then ||f(z) — f(y)|ly = 1ifand only if |z — y|| x = 1.

A number of authors have discussed Aleksandrov problem under certain additional conditions
for a given mapping satisfying DOPP in order to be an isometry and have posed several inter-
esting and new open problems (cf. [2-12,15-24]). Even if X,Y are normed vector spaces the
above problem is not easy to answer. For example, the following question posed by Rassias
(cf. [15]) has not been solved yet: Is a mapping f from R? to R? preserving unit distance
(simply DOPP) necessarily an isometry?

Aleksandrov problem has been solved for Euclidean spaces X =Y = R". If n = 1, Beckman
and Quarles [4] pointed out that such a mapping f does not need to be an isometry. For
example ([4]), let f : R — R be defined by

x+ 1, ifxisaninteger,
f(z)= .
x, otherwise.

f satisfies (DOPP) but f is not an isometry.

If 2 < n < oo, f must be an isometry due to the theorem of Beckman and Quarles [4], Bishop
[5] and in a special case Zvengrovski [8, Appendix to Chapter Il] independently:

Theorem 1.1. Let f be a transformation (possibly many-valued) of R*(2 < n < o0) into itself.
Let d(p, q) be the distance between points p and ¢ of R", and let f(p), f(q) be any images of p
and ¢, respectively. If there is a length a > 0 such that d(f(p), f(¢)) = a whenever d(p, q) = a,
then f is a Euclidean transformation of R™ onto itself. That is, f is a linear isometry up to
translation.

For X = R the Hilbert space of infinite sequences of real numbers = = (z1, z, - - - ) satisfying
Z;";l r? < oo, an example of a unit distance preserving mapping that is not an isometry has
been given by Beckman and Quarles [4].

For f : R® — R™ in case n # m, up to now, the Aleksandrov problem is only partially solved.
Rassias in [16] gave some interesting counterexamples for f : R2 — R® and f' : R? — RS
that f and f’ satisfy (DOPP) but f and f’ are not isometries. Generally, Rassias [16] proved
the following result:

Theorem 1.2. For each positive integer n > 1, there exists an integer k(n) such that there
exists a non-isometric mapping f : R™ — R*(™ satisfying (DOPP).

A geometric interpretation is that for a mapping f : R™ — R'™, and for arbitrary three points p;,
p2, p3 in R™ forming an equilateral triangle with unit length, if f(p1), f(p2) and f(p3) also form
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an equilateral triangle with unit length and 1 < m = n < oo,

P3 f(p3)

D1 P2 f(p1) f(p2)
Fig. 1.1

Then f must be a linear isometry up to translation. If m = n =1 orm = n = oo or m # n, for
arbitrary three points p;, p2, ps in R forming an equilateral triangle with unit length, if f(p1),
f(p2) and f(p3) also form an equilateral triangle with unit length, f may be not an isometry.

What happens if we require, instead of one conservative distance for a mapping between
normed vector spaces, two conservative distances? An answer to this question was given by
Benz and Berens [6] who proved the following theorem and pointed out that the condition that
Y is strictly convex can not be relaxed.

Theorem 1.3. Let X and Y be real normed vector spaces. Assume that dimX > 2and Y is
strictly convex. Suppose f : X — Y satisfies that: f preserves the two distances p and \p for
some integer A > 2. That is, for all z,y € X with ||z — y|| = p, ||f(z) — f(y)]| < p; and for all
z,y € X with [z — y|| = Ap, | f(x) — f(y)|| > Ap. Then £ is a linear isometry up to translation.

Rassias Problem. If f preserves two distances with a noninteger ratio, and X and Y are real
normed vector spaces such that Y is strictly convex and dimX > 2, whether or not f must be
an isometry (cf. [15]).

Let X and Y be real Hilbert spaces.

Definition 1.4. Suppose f : X — Y is a mapping. The distance r is called contractive
by f if and only if for all z,y € X with [z — y|| = r, it follows that ||f(z) — f(y)[| < r; The
distance r is called extensive by f if and only if for all 2,y € X with || — y|| = r, it follows that
(@) = Fw)ll = .

It is obvious by the triangle inequality that if the distance r is contractive by f, then the distance
nr is contractive by f, n = 1,2,...; and that if the distance r is contractive by f, and the
distance nr is extensive by f for some positive integer n, then the distances r and nr are both
preserved by f.

Theorem 1.5. Suppose that f : X — Y satisfies (DOPP) and the dimension of X is greater
than or equal to 3. If one of the distances

4k 1 41
mi|n2(2 - 4k — )4l —
3 3

or

4k—1 41—1
1\ [ n2(3 -4k — 4t —
m\/n( 3 ) 3

is preserved by f, m,n=1,2,...and k,1 = 0,1,2,.... Then f must be a linear isometry up to
translation.
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A geometric interpretation is that for f : X — Y, X and Y being Hilbert spaces, and for
arbitrary three points p1, pe, p3 in X constructing an isosceles triangle with ||p; — pa|| = v2
(©r [[pr = p2ll = V3), o1 = psll = 1 = [[p2 = psll = 1, if f(p1), f(p2) and f(p3) also constructs
an isosceles triangle with the same size ||f(p1) — f(p2)|l = V2 (or ||f(p1) — f(p2)|| = V3),
[1f(p1) = fps)ll = £ (p2) = flps)ll =1,

then f must be an isometry.

Corollary 1.6. Suppose that f : X — Y satisfies (DOPP) and the dimension of X is greater
than or equal to 3. If the distance r is contractive by f and one of the distances

4" —1 4 -1
m\/n2(2-4k )4l — +gr

3 3
or
4k 1 4t -1
2(3.4k — gl _ 1
m\/n (3 3 ) 3 +Jr
is extensive by f, m,n =1,2,...and k,l,j5 = 0,1,2,.... Then f must be a linear isometry up

to translation.

Remarks 1. By Corollary 1.6, if f : X — Y satisfies (DOPP) and the dimension of X is infinite
and one of the distances

4k 1 4t —1 g q4h
m\/n2(2~4k— 3)4l—3+m1\/n%(2~4k1 -—3 ydh — +3J

3
or

L 4t —1 L qh
m\/n2(3~4k—3 )41—3+m1\/n%(3~4k1— 3 yah — 3 +J

is extensive by f, m,n,=1,2,...,and k, 1, k1,11, m1,n1,7 =0,1,2,.... Then f must be a linear
isometry up to translation.

If f preserves two distances with a non-integer ratio, and X and Y are real Hilbert spaces with
dimX > 2, the Rassias Problem is also true for the following special case.

Theorem 1.7. Let X and Y be real Hilbert spaces with the dimension of X greater than one.
Suppose that f : X — Y is a mapping and the distance « is contractive by f, the distance
ﬁj‘—la is extensive by f, where « is a positive number. Then f must be an isometry.

The above result can be extended to

Corollary 1.8. Let X and Y be real Hilbert spaces with the dimension of X greater than one.
Suppose that f : X — Y is a mapping and the distance « is contractive by f, the distance
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% V4k2+3a is extensive by f for some positive integer k, where a is a positive number.
Then f must be an isometry.

Corollary 1.9. Let X and Y be real Hilbert spaces with the dimension of X greater than one.
Suppose that f : X — Y is a mapping and the distances a and b are contractive by f, the

/A2
distance %ﬁla‘%a + b is extensive by f, where a and b are positive numbers. Then f
must be an isometry.

Remark 2. From Corollary 1.9, suppose that f : X — Y is a mapping and the distance

Jarz 13 1+kiy/4k? +3
a is contractive by f, and one of the distances 1+ ]22 -Z»l-kl 34+ ;2 T 11
1
extensive by f, where a is a positive number, £ = 1,2,... and k1,1 = 0,1,2,.... Then f must

be an isometry.

a+lais

For mappings which preserve the area of any planar convex hull of any points in [0, 1], or
preserve the volume of any convex hull of any points in [0, 1]3. Mike Th.Rassias [13] posed the
following problems:
(PROBLEM 5053 (Mike Th.Rassias [13])) Let [0, 1]? be the unit cube in R3. Find all transfor-
mations

T:[0,1® —[0,1)*

which preserve the area of any planar convex hull of any points in [0, 1]3.
(PROBLEM 5054 (Mike Th.Rassias [13])) Let [0, 1]? be the unit cube in R3. Find all transfor-
mations

T:[0,1® —[0,1)®

which preserve the volume of any convex hull of any points in [0, 1]3.
Define the mappings from [0, 1]3 to [0, 1)? as follows:

I(x,y,z) = ('T7y7 Z)7II('T7 Y, 2) = (1 —-T,Y, Z)7Iy(m7 Y, 2) = (’(1’,7 1- Y, 2)7

Iz(%?hz) = (Ivyvl - Z)v-[l‘y('rvyv Z) = (1 - 337]. - Y, Z)vjyz = (.T,l - Y 1-— Z)v

and
IZ?C:(171'73/71775)7]13/,2:(1*$,1*y,1fz)4

It is easy to verify that each one of the above mapping preserves the area of any convex planar
subset in [0, 1]3 as well as the volume of any closed subset in [0, 1]3, and that its inverse is the
mapping itself.

Theorem 1.10. Let [0, 1]? be the unit cube in R? and T : [0,1] — [0, 1] preserve the area of
any planar convex hull of any points in [0,1]3. Then T' must be a composition of the rotation
transformation with some of the following mappings: I, I, Iy, L., I4y, Iy, L.z, Isy., Where
the rotation transformation is rotation about the central point (%, %, %) and the rotation angle is
km /2 for some integer k.

Theorem 1.11. Let [0,1]® be the unit cube in R and T : [0,1]* — [0, 1]* which preserves the

volume of any convex hull of any points in [0, 1]3. Then T must be a composition of the rotation
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transformation with some of the following mappings: I, I, I, L., I.y, Iy, Lo, Izy., Where

the rotation transformation is rotation about the central point (%, %, %) and the rotation angle is

kw /2 for some integer k.

2 Triangle perimeter isometry stability on bounded domains

In 1940 S. M. Ulam gave a talk before the mathematics Club of the University of Wisconsin in
which he discussed a number of unsolved problems. Among these was the following question
concerning the stability of homomorphisms:

Ulam Problem. We are given a group G and a metric group G’ with metric p(-, -). Given € > 0,
does there exist a § > 0 such that if f : G — G’ satisfies p(f(zy), f(z)f(y)) < é for all z,y in
G, then a homomorphism & : G — G’ exists with p(f(x), h(z)) < € for all z in G?

Let X and Y be real Banach spaces. A mapping I : X — Y introduced by John M. Rassias, is
called a triangle perimeter isometry if I satisfies the triangle perimeter identity

11(x) = L) + @) + @) = [lz =yl + =]l + [yl (%)

forall z,y € X.
In this section, we establish isometry stability results pertinent to the famous Ulam stability
problem and the triangle perimeter mapping 7 : X — Y,

Ti(z,y) =T(2,y) = [z — yll + [l=]| + [y
with respect to a triangle ABC of vertices A(0), B(z), C(y) , and the corresponding mapping

Ti(z,y) = T(f(2), f(y) = [1f (@) = F) + I F @) + £ )l
as well as the difference operator D such that
Dy(z,y) = Ty(z,y) = Tz, y) = /() = SO+ I @1+ 1@ = Iz =yl + llell + [lyl]

inthe ball B = {z € X : ||z|| <r}(0 < r <1) of areal Hilbert space X associated with an inner
product < .,. >, where the norm ||| is given by the formula ||z|? =< =,z >.
Theorem 2.1. If a mapping f : X — X satisfies the following triangle perimeter inequality

|Dy(z, y)| < Il —ylIP (2.1)

for all z,y € B(C X) and some 0 < ¢, and p > 1, then there exists a unique linear triangle
perimeter isometry I : X — X such that the following inequality

o(p—1)/2
[ f(z) = I()]| < 9m”$”(1+p)/2 (2.2)

holds for all z € B, where

0:\/1>9\/1+%19TP*1(§ ?\/5< L5VIif0 <9 <1), (2.3)

and I(z) = lim, o0 2" f(27"z) for all z € B.
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Proof. Let z,y € B. Substituting z = y = 0 in (2.1), one obtains f(0) = 0. Putting y = z in
(2.1), we get || f(x)|| = ||z| for all z € B. Therefore replacing y = %x in (2.1) and then applying
the triangle inequality, yields the following inequality

17) ~ FG)I < el +2-Poljal” (2.4
forall z € B. Thus
(Gllel+ 2770l > 1) ~ PGP = @I+ I GoI? ~2 < f(@), f) > (25)

for all z € B. Employing || f(z)|| = |||l and (2.5) and the following quadratic identity

1 1 1 1 1
SIF@) —2£ G = =S IF @2 + 1 GNP + 1) = £GP (26)
we get
L7 — 20 ()l = =315 @)I2 + 1/ ()2
< @I + Gllal +2720)alP)? = 20| P + 27202 ]
or

1£(2) = 2f(32)|?

< 28Ry ||HP 4 2122 |2||2P < 9(1 + A9rP )|z 1P

or the fundamental inequality
1 Lip
17 () = 2 (52l < Bl = (27)

for all zx € B, where 6 is given by the afore-mentioned relation (2.3). Therefore, by (or without)
induction on n, we obtain the general inequality

n(1=p)
2

n—1
noro—n (-p) 1-2
1f(x) —2"f(2 x)<9[§ 27 ]le‘”p)”ﬁl = (2:8)
=0 :

on every natural number n and all x € B and some 0 < ¢, and p > 1.
From (2.8) it is obvious that the sequence {I,(z)}, with I,,(z) = 2" f(27"z), is a Cauchy se-
quence, because X is a complete space and p > 1. Therefore the limit

I(z) = nlggo I,(x) = nth;o 2" f(27"x)

exists and satisfies () for all z € B, yielding the existence of a triangle perimeter isometry
I: X — X. The proof for the linearity and uniqueness of this mapping I : X — X follows
standard techniques.

3 Ulam-Gavruta-Rassias stability

In 1941 D. H. Hyers considered the case of approximately additive mappings f : E — E’ where
E and E' are Banach spaces and f satisfies Hyers inequality

If(z+y) = fl2) = fyll <e
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for all z,y in E. It was shown that the limit
L(z) = lim 27" f(2"x)
n—oo
exists for all z € E and that L : E — E’ is the unique additive mapping satisfying
[f(x) = L(z)|| <e.

Two generalizations, Hyers-Ulam- Rassias stability and Ulam-Gavruta-Rassias stability, of this
result were proved. Hyers-Ulam- Rassias stability [14] refers to the case that the initially con-
sidered inequalities are controlled by

1f(z+y) = f@) = FI < e(ll=]” + lyl?), Ve,ye E

And Ulam-Gavruta-Rassias [9,10,11,12] stability refers to the case that the initially considered
inequalities are controlled by

1f(z+y) = f@) = F)ll < e(l=l"ly]), Y.y € E.

In 1982, J. M. Rassias [9,10,11,12] provided a generalization of Hyers’ stability Theorem which
allows the Cauchy difference to be unbounded, as follows:

Theorem 3.1 ([9,10,12]). Let f : E — E’ be a mapping from normed vector space E into a
Banach space E’ subject to the inequality

If(z+y) = f@) = FWIl < ellzl”lyl” 3.1)
for all z,y € E, where ¢ and p are constants with e > 0 and 0 < p < 1/2. Then the limit
L(z) = lim 27" f(2"z)
n—oo

exists forall z € F and L : E — E’ is the unique additive mapping which satisfies

[f(z) = L(z)|| < =1 (3.2)

g
2 — 22
forall z € E. If p < 0 then inequality (3.1) holds for z,y # 0 and (3.2) for z # 0. If p > 1/2 then
inequality (3.1) holds for all z,y € E and the limit

A(z) = lim 2" f(27"x)

n—oo
exists for all z € E and A : E — E’ is the unique additive mapping which satisfies

[f(z) — A(z)]| <

1>
220 — 2

[l (3.3)

for all z € E. If in addition f : X — Y is a mapping such that the transformation ¢t — f(tz) is
continuous in t € R for each fixed z € X, then L and A are R-linear mappings.

Theorem 3.2 ([11]). Let X be a real normed linear space and let Y be a real complete normed
linear space. Assume in addition that f : X — Y is an approximately additive mapping for
which there exist constants § > 0 and p, g € R and f satisfies inequality such thatr = p+q¢ # 1
and f satisfies inequality

1f(z+y) = [F (@) + FWII < Ollz|Pllyll|*
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for all z,y € X. Then there exists a unique additive mapping L : X — Y satisfying

1f(z) = L{z)[| < )" (3.4)

0
2 -2

for all z € E. If in addition f : X — Y is a mapping such that the transformation ¢t — f(tz) is
continuous in ¢ € R for each fixed « € X, then L is R-linear mapping.

References
1. Mazur S, Ulam S., 1932, Sur les transformations isométriques d’espaces vectoriels norms.
C. R. Acad. Sci. Paris,194: 946-948.
2. Aleksandrov A D., 1970, Mapping of families of sets. Soviet Math. Dokl., 11: 116-120.
3. Rassias Th M, Semrl P,, 1983, On the Mazur-Ulam theorem and the Aleksandrov problem
for unit distance preserving mapping. Proc. Amer. Math. Soc., 118: 919-925.
4. Beckman F S, Quarles D A., 1953, On isometries of Euclidean spaces. Proc. Amer.
Math. Soc., 4: 810-815.
5. Bishop B., 1973, Characterizing motions by unit distance invariance. Math. Mag., 46:
148-151.
6. gfnésw" 1987, Berens H. A contribution to a theorem of Ulam—Mazur. Aeq. Math., 34:
7. Mielnik B, Rassias Th M., 1992, On the Aleksandrov problem of conservative distances.
Proc. Amer. Math. Soc., 116: 1115-1118.
8. Modenov P S, Parkhomenko A S. 1965 Geometric Transformations. Vol. 1, Academic
Press, New York.
9. Rassias J. M., 1982, On approximation of approximately linear mappings, J. Funct. Anal.
46: 126-130.
10. Rassias J. M., 1984, On approximation of approximately linear mappings, Bull. Sci.
Math., 108: 445-446.
11. Rassias J. M., 1989, Solution of a stability problem of Ulam, J. Approx. Th., 57: 268-273.
12. Rassias J. M., 1992, Solution of a stability problem of Ulam, Discuss. Math., 12: 95-103.
13. :Fseggsias M. Th., 2004, Problems 5053 and 5054, Octogon Mathematical Magazine, 12(1):
14. Rassias, Th. M., 1978, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Soc. 72:297-300.
15. Rassias Th M., 1983, Is a distance one preserving mapping between metric spaces
always an isometry? Amer. Math. Monthly, 90: 200.
16. Rassias Th M., 1987, Some remarks on isometric mappings. Facta Univ., Ser. Math.
Inform., 2: 49-52.
17. Rassias Th M. 1990, Mappings that preserve unit distance. Indian J. Math., 32: 275-278.
18. Rassias Th M., 1990, Remarks and Problems. Aeq. Math., 39: 304.
19. Rassias Th M(ed.)., 1998, Properties of isometries and approximate isometries, Recent
Progress in Inequalities, MIA. Kluwer Academic Publishers.
20. Rassias Th M., 1998, Remarks and Problems. Aeq. Math., 56: 304-306.



142

21.

22.

23.

24.

International Journal of Applied Mathematics & Statistics

Rassias Th M., 1998, On the Mazur-Ulam theorem and the Aleksandrov problem of con-
servative distances. Short Communications, Section 8 (Analysis), Intrnational Congress
of Mathematicians, Berlin, 151.

Xiang S., 2001, Mappings of conservative distances and Mazur-Ulam theorem. J. Math.
Anal. Appl., 254: 262-274.

Xiang S., 2004, Small into isomorphisms on uniformly smooth spaces, J. Math. Anal.
Appl., 290: 310-315.

Xiang S., 2004, On the Aleksandrov-Rassias problem and the geometric invariance in
Hilbert spaces, Nonlinear Funct. Anal. Appl., 9: 369-388.



International Journal of Applied Mathematics & Statistics,
IJAMAS; February 2007, Vol. 7, No. Fe07, 143-156
ISSN 0973-1377, Copyright © 2007, IJAMAS, CESER

On The ULAM-Gavruta—Rassias Stability Of The
Orthogonally Euler-Lagrange Type Functional Equation

K. Ravi' and M. Arunkumar?

! Department of Mathematics, Sacred Heart College,
Tirupattur-635 601, TamilNadu, India.
' shckravi@yahoo.co.in

2 Department of Mathematics, Sacred Heart College,
Tirupattur-635 601, TamilNadu, India.
2 annarun2002@yahoo.co.in

ABSTRACT

In 1940 S. M. Ulam proposed at the Mathematics club of the University of Wisconsin the
problem: “Given conditions in order for a linear mappings near an approximately linear
mappings to exists.” In 1941 D. H. Hyers solved the Ulam problem for linear mappings. In
1951 D. G. Bourgin solved the Ulam problem for additive mappings. In 1982-2004 J. M.
Rassias, M. J. Rassias established the Hyers-Ulam stability for the Ulam problem for
different mappings. In 1992-2000, J. M. Rassias investigated the Ulam stability for Euler-
Lagrange mappings. In 2005 J. M. Rassias solved the Ulam problem for Euler-Lagrange
type quadratic functional equations.On the other hand, the orthogonal Cauchy functional
equation with an abstract orthogonality relation, was first investigated by S. Gudder and D.
Strawther. J. Rétz introduced a new definition of orthogonality by using more restrictive
axioms than of S. Gudder and D. Strawther. Moreover, he investigated the structure of
orthogonally additive mappings. J. Rédtz and Gy. Szabo investigated the problem in a
rather more general framework. The orthogonally standard quadratic equation was first
investigated by F. Vajzovic when X in a Hilbert space, Y is the scalar field. Many more
mathematicians like H. Drljevic, M. Fochi, M. S. Moslehian, Gy. Szabo generalized this
result. In this paper the authors wish is to prove the Ulam-Gavruta-Rassias stability for the
orthogonally Euler-Lagrange type functional equation.

Key Words: Hyers — Ulam stability, Ulam- Gavruta- Rassias stability, Orthogonally Euler-
Lagrange functional equation, Orthogonality space, Quadratic mapping.
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1.INTRODUCTION

In 1940 S. M. Ulam [49] gave a wide ranging talk before the Mathematics club of the
University of Wisconsin in which he discussed a number of important unsolved problems.

Among those was the question concerning the stability of group homomorphisms:

Let G, be a group and let G, be a metric group with the metric d(.,-). Given

& > 0,does there exist a 6 > 0 such that if a function h: G, — G, satisfies the inequality



144 International Journal of Applied Mathematics & Statistics

d(h(xy), h(x) h(y)) < 6 forall x,y € G,, then there exists a homomorphism H : G, - G,
with d(h(x), H(x)) <& forall x € G,?

The case of approximately additive functions was solved by D. H. Hyers [18] under
the assumption that G, and G, are Banach spaces. In 1978, a generalized version of the
theorem of Hyers for approximately linear mappings was given by ~ Th. M. Rassias [39]. In
1982 and in 1987, L. Feny6 [9,10] established the stability of the Ulam problem for quadratic
and other mappings. In 1987 Gadja and Ger [13] showed that one can get analogous
stability results for sub additive multi functions.

In 1982-2004, J. M. Rassias [26-39] solved the Ulam problem for different mappings.
In 1992, J. M. Rassias introduced the Euler-Lagrange quadratic mappings using the

algebraic identities the of form
2 2 2 2 2
|a]x]+a2x2| +|a]x|—a2x2| = (a] +a2) |x]| +|x2| . (1.1)
and
2 2 2 2 2 2
mm, |alxl +a2x2| +|mzalxl—mla2x2| = (ml |al| +m, |a2| )(m1 |x1| +m, |x2| ) (1.2)

and investigated the relative functional equations, one can refer to [34,38]. J. M. Rassias [38]
solved Euler- Lagrange type quadratic functional equation of the form

Q(max, + mya,x, ) +mm,Q(ax, —azxz):(mlal2 +m2a22) (ml O(x,)+m, Q(xz)) (1.3)
and discussed its Ulam stability problem.

In 1992-2000 [29-36] J. M. Rassias introduced many Euler- Lagrange type quadratic
mappings analogous to quadratic mappings and solved the Ulam stability problem. The
stability of different functional equations were obtained by numerous authors (see, for
instance, [4,5,14,26-40,45,46] ).

F. Skof [46] was the first author to solve the Ulam problem for additive mappings on a
restricted domain and he investigated the stability of the quadratic functional equation

S+y)+ f(x=y)=2f(x) +2/(y) (1.4)
by considering f from a normed space X into a Banach space Y. Quadratic functional
equations were used to characterize inner product spaces [3,20]. A square norm on an inner

product space satisfies the important parallelogram law
e+ = = 2(< [ +1 1)
The orthogonal Cauchy functional equation

f(x+y)=f(x)+f(y),xJ_y (1.5)
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in which L is an abstract orthogonally was first investigated by S. Gudder and D. Strawther
[17]. R. Ger and J. Sikorska discussed the orthogonal stability of the equation (1.5) in [16].
The orthogonally quadratic functional equation (1.4) was first investigated by F. Vajzovic [50]

when X in a Hilbert space, Y is the scalar field, f in continuous and L means the Hilbert

space orthogonality. This result was then generalized by H. Drljevic [8], M. Fochi [11], Gy.
Szabo [48].

We now introduce the concepts of orthogonality, orthogonality space and then
proceed to prove results for the orthogonally Euler — Lagrange functional equation.
DEFINITION 1.1. A vector space X is called an orthogonally vector space if there is a
relation x L y on X such that
(i) x LO,0 Lx forall xe X ;

(ii)if x L y andx,y#0, then x, y are linearly independent;
(iii) x L y,thenax L by forall a,beR;
(iv) if P is an two-dimensional subspace of X ; then
(a) for every x e P there exists 0 # y € P such that x L y;
(b) there exists vectors x,y#0 suchthat x L y and x+y Lx—y.
Any vector space can be made into an orthogonally vector space if we define x L 0,0 L x

for all x and for non zero vector x, y define x L y iff x, y are linearly independent. The
relation L is called symmetric if x L y impliesthat y L x forall x,y e X . The pair (X,J_)
is called an orthogonality space. It becomes orthogonality normed space when the

orthogonality space equipped with a norm.

In this paper, we introduce a new type of Euler- Lagrange functional equation of the
form

f(2x+y)+f(2x—y)=2f(x+y)+2f(x—y)+4f(x)—2f(y) (1.6)
and study the Hyers-Ulam Stability in the concept of orthogonality and Ulam -Gavruta —
Rassias stabilty. Note that the functional equation (1.6) is equivalent to the standard Euler —
Lagrange equation (1.4).

A mapping f:X —>Y is called orthogonal quadratic if it satisfies the quadratic
functional equation (1.6) for all x,y € X with x L y where X be an orthogonality space and

Y be a real Banach space.
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2. STABILITY OF THE ORTHOGONALLY EULER- LAGRANGE TYPE FUNCTIONAL
EQUATION (1.6)

In this section, let (E, L) denotes an orthogonality normed space with norm |-||.
and (F,||||F) is a Banach space.
THEOREM 2.1. Let 6 and p(p<2) be nonnegative real numbers. Let f:E— F be a
mapping fulfilling
| (25 3)+ £ (2x=9)=27 (x4 )=27 (x=1) =41 (x)+2/ ()],
<0 {Il; +I17)

for all x,ye E with x L y. Then there exists a unique orthogonally quadratic mapping

(2.1)

Q:E — F such that

0 »
||f('x)_ Q('x)"F < 8_2p+l ||x||E (22)
forall x € E.

Proof. Letting x=y =0 in (2.1), we get /(0)=0. Setting y =0 in (2.1), we obtain

[ (2x)-87 (), < o {Jl; (2.3)
forall xe E. Since x L. 0, we have

‘M—f(x)

0w
< —lx 24
; Il 2.4
for all xe E. Now replacing x by2x and divided by 4 in (2.4) and summing the resulting

inequality with (2.4), we arrive

f(2%x 0 22w
LAGE T PR @9)
F
for all xe E. Using the induction on »n, we obtain that
f(2"x _o& 2 0 & 2"
) ) < 08 s 03 2o 29
' e =

for all xe £. In order to prove the convergence of the sequence {f(Z”x)/Zz”} replace

x by 2" x and divide by 2*” in (2.6), for any n,m >0 we obtain,
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Hfgijm)x)_f(zzzmx) - L %_ £(2x) F
1
< %%z §—||2"“x||
<25 T
< §3 S - @

As p<2,the RH.S of (2.7) tends to 0 asm— oo forall xe E. Thus {f(z"x)/z“} is a

Cauchy sequence. Since F' is complete, there exists a mapping Q:E — F such that

f(22:x)’ VxeE.

Q(x):lim
Letting » — o in (2.6), we arrive at the formula (2.2) for all xe E . To prove Q satisfies
(1.6), replace (x,y) by (2"x, 2"y) in (2.1) and divide by 2°" then it follows that

1
22n

7(2"(2x+9))+ £ (2" (2x-»))-2/ (2" (x+y))—2f(2" (x—y))—4f(2"x)—2f(2”y)||F

<0 »
22 { E}
Taking limit as » — o in the above inequality, we get
|0(2x+y)+0(2x—y)-20(x+y)-20(x-y)-40(x)-20(»)|, <

which gives

2n

+(2"y

Q(2x+y)+Q(2x—y):2Q(x+y)+2Q(x—y)+4Q(x)—2Q(y)
for all x,y € E withx L y. Therefore Q:E — F is an orthogonally quadratic mapping

which satisfies (1.6).
To prove the uniqueness: Let Q' be another quadratic function satisfying (1.6) and the

inequality (2.2). Then
’ 1 n ’ n
lo(x) - 0'(x)], ZZT 0(2 x) -2,

sy (lo@) - 1))+l () - 2 ()], )
120

92 g ot
g 2

LT,
—>0 asn—>w

P
E

n

< —
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forall x € E. Therefore Q is unique. This completes the proof of the theorem.
THEOREM 2.2. Let 6§ and p(p>2) be nonnegative real numbers. Let /:E — F be a
mapping fulfilling
|7 (2x+p)+ f(2x=y)=2f (x+y)=2f (x=y) =41 (x)+2/ (¥),
<0 {J; + o1}

for all x,yeE with x L y. Then there exists a unique orthogonally quadratic mapping

(2.8)

Q:E — F such that

o
I7 (-2, < Sl (2.9)
forall x e E.
Proof. Replacing x by % in (2.3), we get
6
H S(x)=47 @ < 2o Pl (2.10)
F

for all x € E . Now replacing x by % and multiply by 4 in (2.10), we arrive

40 |x
4f(fj—42f(ij < 215 (2.11)
“ 2 22 )l 27 20,
From (2.10) and (2.11), we obtain
f(x)—4zf(izj < f(x)—4f[fj + 4f(x)—42f(izj
27 )\» 2 )\» 27 )|,
o 40 | x|”
= 2p+l ||x||1b)'+2p+l 5
E
Hence , we get
. 2 X o 4
H £(0)-(27) f(z_] <2 {1+?} ! (2.12)
F
forall x€ E. Using the induction on n, we obtain that
. X 12] n-1 2k 2l 0 22k ,
lrw-2s(3) smE ks sm s b @
r = -

for all xe E. In order to prove the convergence of the sequence {22"f[2—)2]}, replace

x by % and multiply by 2*" in (2.13), for any n,m >0 we obtain,
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2(n+m X m X m n X X
2 ).f(W)—ZZ f(zmj = 2|22 f(22m+2n] —f(zm) )
- 2p+l part 2pk 22m .
0 & 2% »
< 2p+l ; 2(1)—2)m x"E' (2'14)

As p>2,the RH.S of (2.14) tends to 0 as m —> o for all xe E . Thus {22”f(§j} is a

Cauchy sequence. Since F is complete, there exists a mapping Q:E — F such that

0(x)=lim 22"f(2—xn), Vxek.

n—»w

Letting » — o in (2.13), we arrive (2.9). To show that Q is unique and it satisfies equation

(1.6), the proof is similar to that of Theorem 2.1.

3. STABILITY OF THE ORTHOGONALLY EULER- LAGRANGE TYPE FUNCTIONAL
EQUATION (1.6) INVOLVING PRODUCT OF POWERS OF NORMS

We state the following Theorem 3.1, which is due to J. M. Rassias [26], without proof.

THEOREM 3.1. [26] Let f:E — E' be a mapping from a normed vector space E in to a

Banach space E' subject to the inequality

|7 Geey)=r ()= r ) < elol” I )
forall x,y e E where ¢ and p are constants with £ >0 and 0< p <1/2. Then the limit
2}’1
L(x)=lim f(zn x)

exists forall x,ye E, and L:E — E' is the unique additive mapping which satisfies

17 ()= ()] < =S| *)
2-2

forall x € E.If p <0 then inequality (*) holds for x,y#0 and (**) for x#0.

If p>1/2 then inequality (*) holds for all x,y € E and the limit

A(x)=lim 2f(zij

n—o

exists forall x € E and 4:E — E' is the unique additive mapping which satisfies

()= (] = 25l
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for all x € E .If inaddition f:X — Y is a mapping such that the transformation t—>f(tx)

is continuous in f € R for each fixed x € X, then L is R — linear mapping.

In 1982, J. M. Rassias [26] for the first time introduced this Theorem 3.1 involving the
product of powers of norms. He proved this theorem has a generalization of Hyers stability
theorem which allows the Cauchy difference to be bounded. We use the above theorem 3.1

to prove our following theorems.

THEOREM 3.2. Let f:E— F be a mapping from a normed vector space E in to a

Banach space F subject to the inequality
|/ (2x+3)+ £ (20 y) =21 (x4 3) =2/ (x=p) =4 (x)+ 2/ (D), <ell ol @)

forall x,ye E,where ¢ and p are constants with, e >0 and 0< p <1. Then the limit

0(x)=lim (3

n—w 32”

exists forall x e £ and Q:E — F is the unique quadratic mapping such that

7= 00, < 55l (2)
forall x e E.

Proof. Letting y=x in(3.1), we get

7397 (<), < [I) 63

for all x € E which gives

3 2p
) =g 60

for all x e E. Now replacing x by 3x and divided by 9 in (3.4) and summing the resulting

3%
< g {HT} N (3.5)

P

inequality with (3.4), we arrive

f(32x)
92

- /(%)

for all x e E. Using the induction on n, we obtain that

7(3x S
) ) < 28 5 <

pIERN (36)

k=0

\olm

F
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for all xe £. In order to prove the convergence of the sequence {f(S"x)/SZ"} replace

x by 3”x and divide by 3*” in (3.6), for any n,m >0 we obtain,

f(3"3"x f(3"x 1 /(373" x ”
H :Ez(mm) )_ (32»1 ) - 32_m % - f(3 x)
a r
1 n-1 32p .,
< gre 2 Bl
0 32p(k )
S SN
Z 1
< EZ S Il (3.7)

As p<1, the RH.S of (3.7) tends to 0 as m —> oo for all xe E. Thus {f(3”x)/32”} is a

Cauchy sequence. Since F' is complete, there exists a mapping Q:E — F such that

0(x)=lim f(;::x) , VxeE.

Letting #n — oo in (3.6), we arrive at the formula (3.2) for all xe E. To show that Q is

unique and it satisfies equation (1.6), the proof is similar to that of Theorem 2.1.

THEOREM 3.3. Let f:E— F be a mapping from a normed vector space FE in to a

Banach space F' subject to the inequality
|/ (et y)+ s (2e-p)=2f (xry) =27 (x=y) =47 (x)+ 2/ ()], <l ol 3.8)

forall x,ye E,where ¢ and p are constants with, £ >0 and p >1. Then the limit

0(x)=lim 32”f£ xj

n—w 3"

exists forall x e E and Q:E — F is the unique quadratic mapping such that

[r)-0@l, < 5 (39)

forall x e E.

Proof. Replacing x by % in (3.3), we get

| re-o(5)

< 3i I (3.10)

F
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for all x € E . Now replacing x by % and multiply by 9 in (3.10) and summing the resultant

inequality with (3.10) we arrive
2\2 X & 9 2p
H /(x)=(3) f(;zj 3 {1+3Tp} [ (3:11)
F
forall x e E. Using the induction on n, we obtain that

|re0-s(5) -

for all xe E. In order to prove the convergence of the sequence {32” f[%)} replace

n-1 32k e & 32k
TS S en)

k=0

&

2p
3=

x by 3% and multiply by 3*” in (3.12), for any n,m >0 we obtain,

32(n+m)f( X )_ 32»1](‘[1) — 32”1 32”f( X j — f(ij
3 3" )\» 3 3" e
. & 3 x|
ERE (3.13)
3 ? 3 3",

©
m| p z p || ||
2 l 2/ ]

32/7 3

k=0
As p>1, the RH.S of (3.13) tends to 0 asm —> o for all xe E. Thus {3“]‘(%)} is a
Cauchy sequence. Since F' is complete, there exists a mapping Q:E — F such that
0(x)=lim 3f[31j VxeE.
Letting » — o in (3.12), we arrive (3.9). To show that Q is unique and it satisfies equation

(1.6), the proof is similar to that of Theorem 2.1.

THEOREM 3.4. Let £ be a real normed linear space and F be a real complete normed

linear space. Assume in addition f:E — Fis an approximately quadratic mappings for

which there exists a constant >0 and p,g €R suchthat r=p+¢g#1 and f satisfies

[/ (2x+3)+ 1 (20=y) =21 (x+3) =2/ (x= ) =4 (x)+ 2/ (»)], <Ol ] 314)
for all x,y e E . Then there exists a unique quadratic mappings Q:E — F such that

0

-0, < 5%

_9||x ' (3.15)

E

forall x € E. In addition f:E — F is a mapping such that the transformation 7 — f(1x) is

continuous.
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THEOREM 3.5. Let £ be a real normed linear space and F' be a real complete normed

linear space. Assume in addition f:E — F is an approximately quadratic mappings for

which there exists a constant € >0 such that f* satisfies
||f(2x+y)+f(2x—y)—2f(x+y)—2f(x—y)—4f(x)+2f(y)||F < HK(x,y) (3.16)

forall (x,y)e E*and K : E* > R* U{0} is a non negative real valued function such that

R(x)= 23’2"K(31x,3/x)(< o) (3.17)
is a non negative function on x , ané::he condition
lim 37K (3"x,3"x) =0 (3.18)
holds . Then there exists a unique quadratic mappings Q:E — F such that
17 (- 0(x)], < gR(x) (3.19)

forall x € E. In addition f:E — F is a mapping such that the transformation 7 — f(1x) is

continuous in f € R for each fixed x € E, then Q is R — linear mapping.

Proof. Letting y=x in (3.16), we get
|7 (3x)-97(x)|, < 6K (x.x) (3.20)
for all x e E which gives
|37 7 (3x)-1 (%)), <376K(x.x) (3.21)
for all xe E. Now replacing x by 3x and multiply by 37 in (3.21) and summing the
resulting inequality with (3.21), we arrive

[ £ (3x)- £ ()], <32 00K (x,x)+37 k(3x,3%)} (3.22)

for all xe E. Using the induction on »n, we obtain that

o) o, <370 E3 ka3 @2

for all xe E. In order to prove the convergence of the sequence {3’2"'f(3”x)} replace
x by 3" x and multiply by 37" in (3.23), for any n,m >0 we obtain,

| = 32732 £(3737x) - £ (3"x)

F

370 £ (3737 x) =37 £ (3"x)

-
<3mg 23-2(#1) K(3/"x,37"x) (3.24)
=0

—>0 as m—> o
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forall xe E. Thus {B’Z”f(S”x)} is a Cauchy sequence. Since F' is complete, there exists
a mapping Q:E — F such that
O(x)=lim 37" £(3"x), VxeL.

Lettingn — oo in (3.23) and using (3.17) we arrive at the formula (3.19) forall xe E.

REMARK: 3.6.
If we take K (x,y)=K (x,x)=|x| x| such that —oo<r=p+q =1 and respectively,

r >1 then we obtain obtain that

© © 201
R(x)=> 37 K(3x3x)=) 3|3« = —; "x!r for —0<r=p+q#1(3.25)
Jj=0 J=0 -
and
© © 2|, |I"
R(x)=Y3"K(3¥x3x) =2 3"[3x] = % for 1>1. (3.26)
=0 =0 -
Using (3.25) and (3.26; in (3.19), we get ,
ol|x|
-0, < g
Hence the stability result for Theorem 3.4 is proved.
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ABSTRACT
In this paper, we give the Hyers-Ulam-Rassias stability of the linear functional equation
fle+y+a)+ fla+y+b)=2f(x) +2f(y), =,y € By,

where f : £y — FE, and a, b are two arbitraries elements of a vector space F; and E, is a
Banach space.
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1 Introduction

In [15] S. M. Ulam proposed the following stability problem: Under what conditions does there
exist an additive mapping near an approximately additive mapping ?

In 1941 D. H. Hyers (see [6]), gave an answer to the Ulam'’s stability problem . More precisely,
he proved the following theorem.

Theorem 1.1. Let E; be a vector space, let E; a Banach space and let § be a positive number
and f : Fy — FE5 afunction that satisfies the inequality

[f(z+y) = fl@) = fyll <o

for every z,y € E;. Then there exists a unique additive function g : £y — E» such that

[ f(z)—g()]| <6

for every = € Ej.
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Stability problems of various functional equations have been extensively investigated by a num-
ber of authors including D. H. Hyers [6,7,8], Th. M. Rassias [14], Z. Gajda [3], P. Gavruta [4,5]
and J. M. Rassias [9,10,11].

The modified Hyers-Ulam stability problem with the generalization control function was proved
by Gavruta in the following way.

Theorem 1.2. Let £ be a vector space, let F; a Banach space and let ¢ : E; x By — [0, +00[
be a function satisfying

[ee)

1
U@y =) W@D(?%?’“y) < +oo

k=0
forall z,y € E;. If afunction f : E; — E, satisfies the functional inequality || f(z +y) — f(x) —
f(y)H < QD(T77/)7 T,y € E17
then there exists a unique additive function 7' : E; — E» which satisfies || f(z) — T'(z)| <
Y(z,z) forall z € E;.
In [9,10,11,12,13] J. M. Rassias gave generalizations of the Hyers’result in the following way

Theorem 1.3. Let X be areal normed linear space and let Y be a real complete normed linear
space. Assume in addition that if f : X — Y is a mapping for which there exist constant § > 0
and p,q € R suchthatr = p+ ¢ # 1 and f satisfies the inequality

If(z+y) = f@) = F)ll < 0ll«]”lly]*

for all ,y € X. Then there exists a unique additive mapping L : X — Y satisfying

0

I7) = L) < ey

[l]"

forall z € X.

The main purpose of this paper is to generalize the results obtained in [3], [4] and [9] for the
linear functional equation

fl@+y+a)+ fle+y+b) =2f(2)+2f(y), z,y € Er. (1.1
A particular case of this functional equation is
fl@+y+a)=f(z)+ f(y), z,y € Er. 1.2)

In a previous papers [1] and [2] we dealt with the stability problem of the functional equation
(1.2) and

fla+y+a)+ flx+y+b)=2f(2)f(y), .y € Er. 1.3)
When a = b = 0, (1.1) reduces to the Cauchy equation
fle+y)=f@)+ f(y), 2,y € Er (1.4)

If fis a solution of (1.4) it is said to be additive or satisfies the Cauchy equation.

This paper is organized as follows: In the first section after this introduction we establish the
general solution of (1.1). In the others sections we prove the stability problem in the spirit of
Hyers-Ulam, P. Gavruta and J. M. Rassias for the Cauchy linear functional equation (1.1).
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2 Solution of (1.1)

In this section we present the general solution of (1.1)

Theorem 2.1. A function f : F1 — E5 between vectors spaces satisfies the functional equa-
tion (1.1) if and only if f(x) = w for all z € E4, where A is an additive function of
El.

Proof. If A : E; — E, is an additive function, then it's elementary to verify that f(z) =
w is a solution of (1.1). Conversely, let f be a solution of (1.1). By setting x = —a,
y = —bin (1.1) we get that f(—a) + f(—b) = 0. Now let B : E; — FE» be the new function
given by B(z) =: w Firstly, we show that B is an addtive function. For all z,y € F,
we have

2(B(z) + B(y)) fl@—a)+ flx=b)+ fly—a)+ fly—D)

= [fle—a)+ fly=D)]+[flz —b) + fly —a)]
f(-77+y—b)+f(-?f+y—a)+f(-%+y—b)+f(:r+y—a)
2 2

= fla+ty—a)+ flz+y-b)

= 2B(z+y).

Since f(—a) + f(—b) = 0 it follows that

2(B(x+a)+B(x+b) = flz)+fz+a—-b)+flz+b—a)+ f(z)
2f(x)+ f(x+a—"0b)+ f(x+b—a)
2f(z) + f(z) + 2f(—a) + f(z) + 2f(=b).

B(z+a)+B(xz+b
(z) = ( )2 (z+b)

Hence f forallz € E;. O

3 Hyers-Ulam stability of (1.1)

In this section, we give the Hyers-Ulam stability for the linear Cauchy functional equation (1.1).
The results obtained here extend the ones obtained by D. H. Hyers in [6].

Theorem 3.1. Let E; be a vector space and E, a Banach space. If a function f : By — FE»
satisfies the functional inequality

l1f(z+y+a)+ flx+y+Dd)—2f(x) —2f(y)| < 26, (3.1

for all z,y € Eq, for some 6 > 0, then the limit

T(z) = lim { 1" D> f@+ (2" = m)a+ (m— 1)b)} (3.2)

n—soo = 22
exists forallz € F; and T : E; — E» is the unique function such that

Tx4+y+a)+T(x+y+b) =2T(x)+ 2T (y) (3.3)
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and
I f(z) —T(@)| <6

forany x,y € Ej.
Proof. By letting z = y in (3.1), one obtain the inequality

If(2z +a) + f(2z 4+ b) —4f(z)|| < 26. (3.4)
Now, make the inductive assumption

Ho(a) = (@) g 3 F@a 4 @ —m)at (m- DD <50 )  (35)

m=1

for some positive integer n. Clearly the inductive assumption is true for the case n = 1, since
replacing » by 1 in (3.5) would give (3.4). for n + 1 we get by using the following identities

an+l 2n 2n—1
D F(m)=> F@2p)+ Y F(2p+1), (3.6)
m=1 p=1 p=0

271 2n

> F(m)=> F(m-1)

m=0 m=1
for any mapping F : N — Ej,

2n+1

Z fE e 4 2" —m)a + (m —1)b)
m=1

on on—1
= Z fE e+ 2" — 2m)a + (2m — 1)b) + Z fE" e+ (2" — 2m — 1)a + 2mb)
m=1 m=0

on
=Y @ e+ (27T = 2m)a+ (2m — 1)b) + f2" e + (27T = 2m + 1)a + (2m — 2)b)].
m=1
Hence
2n+1

Hor (@) = 17(@) ~ g D0 72 4+ (27— m)at (m — DB

»
12272 f(2) — 43" (2" + (2" = m)a+ (m — DY)

m=1

S 22n+2

on
1 ,
Tome § [l F(2" e 4 (27T — 2m)a+ (2m — 1)b) + f(2" Tz + (27! — 2m 4 1)a + (2m — 2)b)

m=1

—4f(2"z + (2" —m)a + (m — 1)b)|.
By setting X, = 2"z + (2" — m)a + (m — 1)b, we get
2Xpm +a=2""2 + (2" —2m + L)a + (2m — 2)b

and
2Xpm+b= ontly 4 (2"“ —2m)a + (2m — 1)b.
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Therefore
1 on
Hpii(z) < Ha(z)+ 2tz Z I1f(2Xnm + a) + f(2Xnm + ) — 4f (Xnm) ||

m=1

1 on
m=1

1 1 1
+1s
< 01— )+ g2t = 60— o).

We claim that the sequence

.
Tu(e) = {55 D F(2+ (2" = m)a-+ (m — D) hnen

m=1

is a Cauchy sequence. Indeed for all positive integer n we have

1Thr1(z) — Tu()|l 3.7)

-
1
< gz O 1@ e+ (27— 2m)a+ (2m — 1))
m=1

+f2" e 4+ (27— 2m + 1)a + (2m — 2)b) — 4 (2" + (2" — m)a + (m — 1)b)||

on
1
= W Z ”f(QXn,m + a) + f(QXn,m + b) - 4f(Xn,m)”

m=1

1 & 5
< gmrz 2 20 = o

m=1
where X, ,, = 2"z 4 (2" — m)a + (m — 1)b. As n — +oo the right-hand side converges to
zero. The limit of this sequence exists and is in Es. Define T : E; — E5 by

.
T()= lm = 5" f(2% + (2" —m)a+ (m — )b).
m=1

n—so0 2

According to (3.5) it follows that || f(z) — T'(x)|| < ¢ for every z € E,. For all z,y € E; and for
all positive integer n we get by using (3.6)

To(x+y+a)+Th(z+y+Db)

on

= 2% Z [f(2"z + 2"y + (2" —m)a + (m — 1)) + f(2"x 4+ 2"y + (2" —m)a + (2" +m — 1)b)]
m=1
1 2’",7]

= 5o Z [f(2"x+2"y+ (2" —2m)a+ (2m —1)b) + f(2"z + 2"y + (2" —2m)a+ (2" +2m — 1)b)
m=1

+F(2M 42"y 4+ (2" —2m 4 D)a+ (2m —2)b) + f(2 2 + 2"y + (2" — 2m+ D)a+ (2" 4 2m — 2)b)].
On the other hand

21L—1 on
1 1
T, (z) = Jon E f(2"x+(2"fm)a+(mfl)b)+27n Z F@2"z+ (2" —m)a+ (m—1)b)
m=1 m=2n—141



162 International Journal of Applied Mathematics & Statistics

271—1
= Z [f(2"z + (2" —m)a+ (m — 1)b) + f(2"z + (2" —m)a + (m + 2"~ = 1)b)].
m=1
By setting
Xnmz =2"z+ (2” - m)a + (m — 1)1)7

Yom =2"y+ (2" —m)a+ (m — 1)b,

X o=z (2" —m)a+ (m+27 - 1)b

n,m

and
Y =24 (2" —m)a+ (m+ 277 —1)b,

n,m

then we have
To(e +y +a) + To(z +y +b) = 2T (x) — 2To(y)
- Qi [F(2"+2"y + (2" = 2m)at (2m—1)b) + F (2" +2"y+ (2 —2m+ D)a-+ (2m —2)b)
m=1
~2f(2" + (2" —m)a+ (m — 1)) = 2/(2"y + (2" ~m)a+ (m — 1b)
2f[f (2"z+2"y+ (2" —2m)a+(2"+2m—1)b)+ f (2" z+2"y+(2" —2m+1)a+(2"+2m—2)b)
m=1

—2f (2" + (2" L —m)a+ (m + 2" —1)b) — 2£(2"y + (2" —m)a+ (m + 2"~ — 1)b)].

1

+ﬁ

Then
(38) Tz +y+a)+To(z +y+b) — 2Th(x) — 2T (y)
on—1
1
= QTn Z {f(Xn,m + Yn,m + a) + f(Xn,m + Yn,m + b) - Qf(Xn,m) - Qf(Yn,m)}
=1
1 =
+ 2% Z {f(X’:L,"L + Y'ri,rn + (l) + f(X’:L,HL + Y’li,m + b) - Qf(X’:L,"L) - Qf(Y,,i,m)},
m=1
SO
1 32 5
Tl +y + a) + Tu(w +y +b) = 2Tn(2) = 2Tn ()| < 5 D (20 +20) = o
m=1
As n — +oo0 if follows that
(3.9) T(x+y+a)+T(x+y+b) =2T(x) +2T(y), x,y€c kb

which establishes (3.3). In the next we will show the uniqueness of T'. Suppose there exists an
other mapping 7" : E; — E, solution of (3.3) with the property || f(z) — T’(z)|| < 4. By setting
x =y in (3.9) it follows that

(3.10) AT (x) =T(2x 4+ a) + T(2z + b).

By induction we will show that

on
2"T(z) = Y T(2"x + (2" — m)a+ (m — 1)b), for z € Ey.

m=1
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The case n = 1 is clearly obtained from (3.10). For n + 1 we have

2202 () = 422" T (2 Z 4T (2% + (2" — m)a + (m — 1)b)

m=1

= Z [Tz + (2" = 2m 4 1)a + (2m — 2)b) + T2z + (2" — 2m)a + (2m — 1)b))]
m=1
gn+1
=Y Tz 4 2" —m)a+ (m— 1)b).
m=1

Consequently, it follows that

1T(x) fT’( I
1 on on
=5z > Tz + (2" = m)a+ (m — 1)b) 22n ST+ (2" = m)a+ (m—1)b)|
m=1 m=1
on o

gHQ%ZT(QnH(zn—m)H(m )b 22n2f " 4+ (2" — m)a+ (m — 1)b)]

m=1

on on
+|| oo > @+ (2" = m)a+ (m—1)b) — o ZT’ 2"z + (2" — m)a + (m — 1)b)|
m=1 m=1

1 = 1 = 5
§ﬁ26+ﬁ25: on—1
m=1 m=1

Thus lim,, | T'(z) — T'(z)|| = 0 for any = € E;. This completes the proof of Theorem. O

4 Gavruta-Rassias stability of (1.1)

In this section, we obtain stability in the spirit of Gavruta (see [4,5]) and J. M. Rassias (see
[9,10]) for the linear Cauchy functional equation (1.1). This result generalizes and modifies the
Hyers-Ulam stability.

Theorem 4.1. Let E; be a vector space, let E; a Banach spaces and let ¢ : Ey x By — [0, +00[
be a function satisfying

=1
Z 92k+1
k=0

for all z,y € E;. If afunction f : Fy — E, satisfies the functional inequality

2
Z 0(2Fz + (28 — m)a + (m — 1)b, 28y + (28 — m)a + (m — 1)b) < 400 (4.2)

m=1

then there exists a unique function T' : E; — E5 solution of the functional equation

Tx4+y+a)+T(x+y+0b) =2T(z)+2T(y), xz,y € Ey 4.3)
and
o] 2k
I f(x Z = Y e+ (2" —m)a+ (m—1)b, 2%+ (2" —m)a+ (m—1)b) (4.4)
k=0 m=1

forany x,y € Ej.
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Proof. By letting = = y in (4.2) yields
If(2x + a) + f(2x + b) — 4f(2)| < 2p(z, ). (4.5)

Now, make the induction assumption

gn
[ f(z) - 22n Z f2" + (2" —m)a+ (m —1)b)||
m=1
n—1 2k
Z 22k+1 Z (2Fz + (28 —m)a+ (m — 1)b, 2%z + (28 —m)a + (m — 1)b)

m=1

(4.6) Kn(x)

for any positive integer n. By considering (4.5) it follows that the inductive assumption is true
for the case n = 1. For n + 1 we have by using the same way as in previous sections

ok
Kur@) < Knlo) + gy O 12X+ ) + FQXo )~ 4F (X
m=1

on

1
Knl®) + 53p3 > 20(Xnms Xnm)-
m=1

IN

According to inductive assumption (4.6) we have

n—1 2k
1
Knpa(z) < > S > @k + (28 —m)a+ (m - 1)b, 2%z + (28 —m)a + (m — 1)b)
k=0 m=1
1 &
t Sonr Z (2" + (2" —m)a+ (m — 1)b, 2"z + (2" — m)a + (m — 1)b)
m=1
= Z 2%1 Z (2Fz + (28 — m)a + (m — 1)b, 28z + (28 — m)a + (m — 1)b)
m=1

which ends the proof of (4.6).
For any positive integer n and x € E;, we get
1 =
|Tosr(@) = To(@)| < gy D 1F@Xnm +a) + f(2Xnm +b) = 4 (Xnm)|

m=1
on

1
< et O 20(Xams Xom).

m=1

By using the triangular inequality we have for all n > p

n—1

ITo(2) = Tp@)| < D 1 Thsa(@) = Ta(2)l|
k=p
n=l 2k
< 92k+1 <p()(k,'ma Xk,m)-
k=p m=1

From (4.1) it follows that the right-hand side converges to zero. Thus the sequence {T,,(z) =
22% Zf:;l f(2"z + (2" — m)a + (m — 1)b)} is a Cauchy sequence for each = € E;. As E is
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complete we can define T': E; — Es by

on
T(z) = lim 2% Z f(@% + (2" —m)a+ (m — 1)b).

n—-—o00
m=1

According to (4.2) we get for all x,y € E; and for all positive integer n

IT0(z +y +a) + Tn(z +y + b) — 2T5(z) — 2T (y) |
gn—1
1
= ”2% Z [f(Xn,m + Y;L,m + CL) + f(Xn,m + Y;L,m + b) - Zf(Xn,m) - Zf(y;z,m)}

m=1

gn—1
1 . . . .
+ ﬁ Z [f (Xr/z,m + Y;;,m + a) + f(X;l,m + Yr:,m + b) - 2f (Xr/z,m) - 2.f (Y;;,m)}
m=1

271—1 271.—1

1 1
< 21 Z ©(Xnms Ynm) + 9Zn—1 Z (p(X’:L,m7YT;,m)'
m=1 m=1

According to (4.1) it follows that 22%1 Zf,:;i ©(Xpn,m, Ynm) converges to 0 when n — +oo.

So that it follows that
T(x+y+a)+T(z+y+0d) =2T(x) +2T(y)

for all z,y € E;. Taking the limit in (4.6) we obtain the inequality (4.4).
The uniqueness of T follows by applying some argument used in page 8. This ends the proof
of theorem. O

The next corollary extends the results obtained by J. M. Rassias in [9,10,11,12,13].

Corollary 4.2. If a function f : E; — E» satisfies the functional inequality
[f(z+y+a)+ flz+y+0b)—2f(z) - 2f ()] <20[=[]"lyll?, =,y € Er, (4.6)

for some # > 0 and p, g € R such that p+ ¢ < 2. Then there exists a unique function T : 1 —
E solution of the functional equation

Tx+y+a)+T(x+y+b) =2T(x) +2T(y), z,y € Ey 4.7)
and
oo 1 2k
If(x) = T(2)| <0 STT > 1282+ (28 — m)a+ (m — 1)b|PH (4.8)
k=0 m=1

forany x € Ej.
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