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ON THE GENERAL QUADRATIC FUNCTIONAL EQUATION

JOHN MICHAEL RASSIAS

ABSTRACT. In 1940 and in 1964 S. M. Ulam proposed the general problem:
“When is it true that by changing a little the hypotheses of a theorem one
can still assert that the thesis of the theorem remains true or approximately
true?”. In 1941 D. H. Hyers solved this stability problem for linear mappings.
In 1951 D. G. Bourgin was the second author to treat the same problem for
additive mappings. According to P. M. Gruber (1978) this kind of stability
problems are of particular interest in probability theory and in the case of
functional equations of different types. In 1981 F. Skof was the first author
to solve the Ulam problem for quadratic mappings. In 1982-2002 we solved
the above Ulam problem for linear and nonlinear mappings and established
analogous stability problems even on restricted domains. Further, we applied
some of our recent results to the asymptotic behavior of functional equations of
different types. The purpose of this paper is the stability result for generalized
quadratic mappings.

1. Introduction

In 1940 and in 1964 S. M. Ulam [27] proposed the general problem:

“When is it true that by changing a little the hypotheses of a theorem one
can still assert that the thesis of the theorem remains true or approximately
true?”.

In 1941 D. H. Hyers [13] solved this stability problem for linear mappings.
In 1951 D. G. Bourgin [3] was the second author to treat the same problem for
additive mappings. According to P. M. Gruber [12] (1978), this kind of stability
problems are of particular interest in probability theory and in the case of
functional equations of different types. In 1978 Th. M. Rassias [22] employed
Hyers’ ideas to new additive mappings. In 1981 and 1983 F. Skof [23], [24] was
the first author to solve the Ulam problem for quadratic mappings. In 1982-
2002 we ([16], [17], [18], [19], [20], [21]) solved the above Ulam problem for
linear and nonlinear mappings and established analogous stability problems
on restricted domains (see also [14]). Further, we applied some of our recent
results to the asymptotic behavior of functional equations of different types. In
1999 P. Gavruta [11] answered a question of ours [16] concerning the stability
of Cauchy equation. In 1996 and 1998 we [19], [20] solved the Ulam stability
problem for quadratic mappings @ : X — Y satisfying the functional equation

Q(a1x1 + asxe) + Qlagx; — a1xz) = (a2 + a)Q(x1) + Q(x2)]

for every x1, xo € X, and fixed reals a1, as # 0, where X and Y are real normed
linear spaces. The purpose of this paper is the stability result for generalized
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quadratic mappings @ : X — Y satisfying @(0) = 0 and the following quadratic
functional equation

p
*) Q <Z am) > Qaxi—axp)=m Z Qx;)
=1 1<i<j<p
for every x; € X(i = 1,2,...,p),and fixed a; 0@ =1,2,...,p),a; e R =
12, ..., p), where R := set of reals and p is arbitrary but fixed and equals to
p
2,3,4,...,suchthat 0 < m = Y a?.
i=1
If X and Y are normed linear spaces and Y is complete, then we establish an
approximation of approximately quadratic mappings f : X — Y by quadratic
mappings @ : X — Y, such that f(0) = 0 and the corresponding approximately
quadratic functional inequality

(Z alxl> +Y 0 flax — aix)) (sz‘ a?> lzp; f(xi)]

1<i<j<p

(%)

p
<c[Tlell"
i=1

holds with constants ¢ > 0 (independent of x; € X : i = 1,2,..., p), and any
fixed reals a¢; and r; > 0(i = 1,2, ..., p). Denote

11:{(r,m)€R2:0<r<2,m>1 or r>2, 0<m<1},
L ={rmecR2:0<r<2 0<m<1 or r>2 m>1},

L={rm) e RZ:0<r<2 m=1=pb%, ai=b=p Y2:i=1,2,...,p},
L={rm) e R2:r>2 m=1=pb%, a;=b=p 12:i=2 ,...,p},

P

where r = > r; > 0, where p is arbitrary but fixed and equals to 2, 3,4, .. ..
i=1

Notethat m"=2 < 1if(r,m) € I, m®> " < 1if(r,m) € I, p"~2 < 1if(r, m) € I3,

and p?>~" < 1if (r, m) € I;. Also denote y = ﬁ |a;|" > 0. Also denote
i=1

m~2"f(m"x), if (r,m)el,

m2'f(m"x), if (r,m)el,

p "f(p*2x), if (r,m)els

pf(p~"2x), if (r,m)el,

forallx e XandneN:p=23,4,....

Definition (1.1). Let X and Y be real normed linear spaces. Let a = (a4, asg,
5 0p) #(0,0,...,0)witha; e R(G=1,2,..., p). Then amapping@ : X - Y

» 1/2
is called quadratic with respect to a : |a| = (Z ai2> , if the generalized
i—1

quadratic functional equation (*) holds for every x; eXi@=1,2,...,p). Denote

o ZQ(ax)/Zal, if (r,m)el,
(1.2) Qx)=<{ = 1
(Fa) [52Q (/X7 a J], it (nm) e,

for all x € X.
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2. Quadratic functional stability

THEOREM (2.1). Let X and Y be normed linear spaces. Assume that Y is
complete. Assume in addition that the mapping [ : X — Y satisfies f(0) = 0
and the approximately quadratic functional inequality (**) for every x; € X (i =
L2,...,p). Ifr #2and p > 2, then the limit

(2.2) Qx) = nlggo fn(x)

exists forall x € X and @ : X — Y is the unique quadratic mapping such that

ye/(m? —m"), if (r,m)el
ye/(m" —m?), if (r,m)el
c/(p—p7?), if (rmcl
¢/(p2—p), if nm)el,

(2.3) 1 (%) — Q)| < ||x||"

holds for all x € X.

Proof. From the hypotheses of this theorem, the following condition
(2.4) f0)=0
is useful to hold. We claim for each n € N that
Y _(1-—m™r=2)  if (r,m)el,

m2—m’

2.5 ( ) ( ) < r mrzcmz(]- - mn(27r)), lf (7‘, m) = 12,
(2.5) [|1f(x) = fr()]]| < |]x]| p_;r/z(l _pn(r—2)/2), it (r,m)e I,

ﬁ(l - p"(z_’)/z), if mm)ely

for all x € X. By replacing @, @ of (1.2) with £, f, respectively, one denotes:
p p
3 flaix)/ Y a2, if (nm)el
_ i=1 i=1
(2.6) flx) =
P 2 p
Sa[Sr (aw fat)]. it emer
i=1 i=1 i=1
holds for all x € X. From (2.4), (2.6) and (**), with x; = a;x (. = 1,2,..., p),

we obtain

< el or

p
H fmx) + (’2’) f(0) -m>_ flax)

=1

< yelx[]", or

p
Hf(mx) -m [Z f(aix)]
i=1

@.7) Im=2f(ma) — Fl| < L5l
m

if I; holds. Besides from (2.4), (2.6) and (**), with x; = x,x; = 0
(J=23,...,p), we get

p
flarx) + Y flax) — mlf(x) + (p — DF(0)]

=2

<0,
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p
or Zf(aix) —mf(x)|| <0, or
i=1
(2.8) fx) = f(x),
if I holds. Therefore from (2) and (2.8) we have
@29)  [If) —m )] < Ll = — (1= m Pl

which is (2.5) for n = 1, if I; holds.
Similarly, from (2.4), (2.6) and (**), with x; = %x(i = 1,2, ..., p), we obtain

P .
’f(x) + (’2’) £(0) — m;f (%x)

C
< Z\xll", or
m

(2.10) £ — Fll < L jadr,
m

if I holds. Further from (2.4), (2.6) and (**), with x; = £,x; = 0
G=23,...,p), we get

p .
F(Sx) + 3 f (Sx) = mifGn ') + (o~ DFO) | <0, or
j=2
(G fimn)|| <0
Z;f(mx)—m m " x)|| <0, or
(2.11) f(x) = m*f(m™1x),
if I5 holds. Therefore from (2.10) and (2.11) we have
212 [IfG) = m* om0l < Djlal | = — =m0l

which is (2.5) for n = 1, if I, holds.
Also,withx; =x (=1,2,...,p)in(*)anda;, =b=p Y2 (i =12,...,p),
we obtain

Hf(pl/zx) —pf(x)H <c|lx||", or
o —1p0,1/2 < Sl — ¢ (r—2)/2 r
@13 [|fe-p e < Sl = o= [1- P22 e,
which is (2.5) for n = 1, if I35 holds.
In addition, with x; = p~2x (i = 1,2,...,p)in (**)and a; = b = p
i=12,...,p), we obtain

Hf(x) —pf(p_1/2x)H <ep?|[xl]", or

~1/2

(2.13a)  ||fx) — pf(p~ 20| < ep~72[xl|" = S [1 — p® 2|

which is (2.5) for n = 1, if I, holds.
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Assume (2.5) is true if (r, m) € I;. From (2.9), with m"x in place of x, and
from the triangle inequality, we have

1) = frcr@| = ||f(0) — m™ 2D f(mn )|

< 1f@) — m 2 om0 |+ fm = fm"2) — 2D fn |
C
(214) < m2’y_ — [(1 _ mn(r72)) + m72n(1 _ mrfz)mnr]HxHr
= 4270 (1- m(n+1)(r—2))|‘x”r’
ms —m"
if I holds.

Similarly assume (2.5) is true if (r, m) € I5. From (2.12), with m~"x in place
of x, and the triangle inequality, we have

If () = frs1@)]| = [|f(x) = m* ™V f(m=" )|

IN

Hf(x) _ man(mfnx)H + ||m2nf(m7nx) _ m2(n+1)f(m7(n+1)x)”

(215) < ﬁyicrnz[(l o mn(Z—r)) 4 m2n(1 _ mZ—r)m—nr]HxHr

S oz
c
_ ,.y 5 (1 o m(n+1)(27r))| |QC| |r’
m’—m
if Iy holds.
Also, assume (2.5) is true if (, m) € Is. From (2.13), with (pb)"x (= p"/%x)
in place of x, and the triangle inequality, we have

G = fua@l| = || ) = p= "V (p*5 ) || = |10 = p~ " V(P10

< [IfG) = p"F(PbY* 0| + |lp " F(pb)'x) — p~ "V F((pb) )|
(216) < ———5{[1—p"" P24 p~[1 - p" P/ (pb)" x|
p—p
- c (- D(r—2)/2 r
= all-p Ml
if I3 holds.

In addition, assume (2.5) is true if (r, m) € I4. From (2.13a), with (pb)"x (=
p™2x) in place of x, and the triangle inequality, we have

ntl

1@ = Funa@ll = || f@) = p"f (px) || = £ — P (o) V)

(2.16a) < [|f (@) — p"F((pb)"x)|| + || p" F((pb)"x) — p" T f(pb)~ " V)|
.16a
< %{[1 — pn(2—r)/2] + p"[1— p(2_r)/2](pb)_"r}\|x”r
p’c=p
— & petbe-n/2 r
B 1/|]|",
if I holds.

Therefore inequalities (2.14), (2.15) and (2.16) and (2.16a) prove inequality
(2.5) for any n € N.
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We claim now that the sequence {f,(x)} converges. To do this it suffices to
prove that it is a Cauchy sequence. Inequality (2.5) is involved if (r, m) € I;.
In fact, if i > j > 0 and h; = m/x, we have:

[1fia)—F )= lm ™2 f (i) —m ™ f(mI )| | =m= ||m =2 f (' hy) — f(ha)|

@17 < m ¥ Iy < | — o,
Jj—oo
if I holds: m™2 < 1.

Similarly, if ks = m~/x in I,, we have:

[1£i@) = £ =|lm™ f(m ™" x) = m® f(m ™7 )| = m™ || m* T f ™D ha) — f(ha)|

218) < m¥ L (1 —mEI)||hg|" <

04Y i
————m¥||hy||” — 0,
m” m"—m Jj—o0

r

if I holds: m®™" < 1.
Also, if h3 = p//?x in I3, we have:

i) — i@ = | p~* f(p"?2) — p~/ f(p/?x)|
= p_J||p—(l—J>f(p(l—J)/2h3) o f(h3)||

(2.19) < pijp_pr/z(l _ p(lfj)(r72)/2)||h3”r <

¢ - halm — 0
e
if I3 holds: p"~2 < 1. '

In addition, if A4 = p~7/2x in I, we have:

i) — F;oll = [P f(p~"x) — p/ f(p~/%x))|
PP (o= 2hy) — f(Ry)|

. c . . c .
(2192) < p/—m—(1—pi IR hy|" < ——p/||h||” — O,
p p P j—oo

p/
if I holds: p>~" < 1.

Then inequalities (2.17), (2.18) and (2.19) and (2.19a) define a mapping Q :
X —»Yin pvariablesx; e X i=1,2,..., p), given by (2.2).

Claim that from (**) and (2.2) we can get (*), or equivalently that the afore-
mentioned well-defined mapping @ : X — Y is quadratic with respect to a
(£ 0). In fact, it is clear from the functional inequality (**) and the limit (2.2)
for (r, m) € I that the following functional inequality

f(li; aim"xl) + Z fla;m"x; — aim™x;) — (i: a?) [sz; f(m"xi)]H

1<i<j<p i=1

m72n

p
< m ¢ H [|m" x|,
i=1
holds for all vectors (x1, xo, ..., x,) € XP,and alln €« Nwithp =2,3,4,... and
fo(x) = m=2"f(m"x) : I holds. Therefore
p

P P
’}g{}o fn (Z aixi> + I}LI{)IC Z fulax; — a;x;) — (Z a?) [Z nlgf)lc fn(xi)] ‘ ‘
i—1 i-1

1<i<j<p i=1
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< ( hm m™r- 2))cl_[ [|oc:| | =
i=1
because m’~2 < 1 or

p
(2.20) HQ(Z aixi) +
i=1

i.e., the mapping @ satisfies the quadratic functional equation (*).
Similarly, from (**) and (2.2) for (r, m) € I, we get that

<Zam x>+z flajm™"x;—a;m™ xj)(z )[Zf(m xl]H

1<i<j<p =1

Z Qajx; — a;x;) — (Z > [ZQ(JCL ] H =0,

1<i<j<p i=1

p
< m?c H [|m x|,
i=1
holds for all vectors (x1, xg, . .., x,)€X?, and all neN with f,(x) = m2f(m~"x) :
I5 holds. Thus

()t 3 oo () ]

1<l<j<p i=1

p
< (lim m"® e []llxlI" =0,
i=1
because m?~" < 1, i.e., (2.20) holds and the mapping @ satisfies (*).
Also, from (**) and (2.2) for (r, m) € I3 we obtain that
P P P
f <Z a;p"! zxi) + Y flaip"xj — a;p"?x) - (Z a?) {Z f(p" in)] H
i=1

1<i<j<p i=1 i=1

p
< pe [ o2,
i=1
holds for all vectors (x1, x2, . .., x,)€XP,and alln € Nwith f,,(x) = p"f(p2x) :
I3 holds. Hence

Jim (e ) fim 5 i)~ (3at) [ i ]|

1<i<j<p i=1

p
< (lim pn(r—Z)/Z)cH ||xiHri -0
i=1
because p"~2 < 1, i.e., (2.20) holds and the mapping @ satisfies (*).
In addition, from (**) and (2.2) for (r, m) € I, we obtain that

14
f(Z aip_n/zxi> + Y flajp"Pxi—aip"x))
i-1

1<i<j<p

p p 14
- (Z a?) [Z f<p-"/2xi>] H <pe[[llp"
i=1 =1

=1
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holds for all vectors (x1, x2, . .., x,)€X?,and alln € Nwith f,,(x) = P f(p~2x)
I, holds. Hence

P p P
nh_)rgo fn <Z am) + nh_)nélo Z frlajx; —a;x;) — (Z a?) [Z nhjgc fn(xi)] ‘ ’
i=1 i=1

1<i<j<p i=1

p

< : n(2—r)/2 )T —

< (lim p )cqnxll\ 0,
1=

because p?>~" < 1, i.e., (2.20) holds and the mapping @ satisfies (*).

Therefore (2.20) holdsif I; (j = 1, 2, 3, 4) hold or the mapping @ satisfies the
quadratic functional equation (*), completing the proof that @ is a quadratic
mapping with respect to a in X. It is now clear from (2.5) with n — oo, as well
as from the formula (2.2) that the functional inequality (2.3) holds in X. This
completes the existence proof of the afore-mentioned Theorem (2.1).

It remains to prove the uniqueness: Let @' : X — Y be a quadratic mapping
with respect to a satisfying (2.3), as well as Q. Then ' = Q.

In fact, the condition

m=2"Q(m"x), if (r,m)e I,
m2"Q(m~"x), if (r,m)e I,
p"Q(p"2x), if (r,m)e I,
pP"Q(p~"2x), if (r,m)ely

(2.21) Qx) =

holds for all x € X and n € N where p is arbitrary but fixed and equals
2,3,4,..., as a consequence of (2.5) with ¢ = 0. Remember @’ satisfies (2.21)
as well for (r, m) € I;. Then for every x € X and n € N,

Q) — Q|| = [Im™*"Qun"x) — m~*'Q'(m"x)|
(2.22) < m2"{||Q(m"x) — f(m™x)|| + ||Q'(m"x) — f(m"x)|}
< m—2n m22zcmr Hmanr — mn(r—Z) mZZZCmr ||x||r =0
as n — oo,

if I; holds: m™—2 < 1.
Similarly for (r, m) € I, we establish

Q) — Q)| = [[m™Q(m "x) — m*'Q (m "x)||
e : m2n{”Q(m‘”x> — om0 + (1@ (") — f(m‘”x)|}
n 2’}/0 o (9—r 2')/6' .
< mP— | m = m"® Tl =0,

as n — oo,

if I, holds: m2~" < 1.
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Also for (r, m) € I3, we get

1Q) - Q@) = [IpT"Q(p"*x) — p~"Q'(p"*x)|]
220 = p_n{HQ(p "2x) — f("0)|| + ||Q (0" %) — f (p”/zx)|}
2 2
< Pl = =l — o,

as n — oq,
if I3 holds: p~2 < 1.
In addition, for (r, m) € 14, we get

1Qx) — Q)] = |p"Qp~"/?x) — p"Q'(p~"/*x)|

(2.25) < p”{ 1R ™""22) — f(p~"2x)|| + ||Q(p™"/*2) — f(p_"/zx)|}
n 2c —n/2,.|r n(2—r)/2 2c r
<p'—m—lp x| =p ———|lx|" =0,
P e L] sl

as n — oo,

if I, holds: p>~" < 1.
Thus from (2.22), (2.23), (2.24) and (2.25) we find Q(x) = @'(x) for all x € X.
This completes the proof of the uniqueness and stability of the quadratic
functional equation (*). O
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