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ABSTRACT. S.M. Ulam, 1940, proposed the well-known Ulam stability problem and in 1941,
the problem for linear mappings was solved by D.H. Hyers. D.G. Bourgin, 1951, also investi-
gated the Ulam problem for additive mappings. P.M. Gruber, claimed, in 1978, that this kind
of stability problem is of particular interest in probability theory and in the case of functional
equations of different types. F. Skof, in 1981, was the first author to solve the Ulam problem
for quadratic mappings. During the years 1982-1998, the author established the Hyers-Ulam
stability for the Ulam problem for different mappings. In this paper we solve the Ulam stability
problem by establishing an approximation of approximately quadratic mappings by quadratic
mappings. Today there are applications in actuarial and financial mathematics, sociology and
psychology, as well as in algebra and geometry.

Key words and phrasedJlam problem, Ulam type problem, General Ulam problem, Quadratic mapping, Approximately
guadratic mapping, Square of the quadratic weighted mean.
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1. INTRODUCTION

S.M. Ulam [24] proposed thgeneral Ulam stability problem'When is it true that by slightly
changing the hypotheses of a theorem one can still assert that the thesis of the theorem re-
mains true or approximately true?" D.H. Hyers|[13] solved this problem for linear mappings.
D.G. Bourgin [3] also investigated the Ulam problem for additive mappings. P.M. Gruber [12]
claimed that this kind of stability problem is of particular interest in probability theory and in
the case of functional equations of different types. Th.M. Rassias [20] employed Hyers’ ideas to
new additive mappings, and later I. Fenyd ([7], [8]) established the stability of the Ulam prob-
lem for quadratic and other mappings. Z. Gajda and R. Geér [10] showed that one can obtain
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analogous stability results for subadditive multifunctions. Other interesting stability results have
been achieved also by the following authors: J. Aczél [1], C. Borelli and G.L. Forti ([2], [9]),
P.W. Cholewal[4], St. Czerwik [5], H. Drljevi¢ [6] and L. Pagananil[14]. F. Skof([21] = [23])
was the first author to solve the Ulam problem for quadratic mappings./We ([L5] —[19]) solved
the above Ulam problem for different mappings. Bv@&i [11] answered a question of ours
[17] concerning the stability of the Cauchy equation. Today there are applications in actuarial
and financial mathematics, sociology and psychology, as well as in algebra and geometry.
In this paper we introduce the following quadratic functional equation

(%) Qa1 + azxs) + Q(arwy — ar22) = (af + a3) [Q(z1) + Q(z2)]

with quadratic mapping® : X — Y such thatX andY” are real linear spaces.
Denote

K, = K, (a1, |l2])
= 277 (" + llw2ll") = (ls + ]l + an — ]|
27 ([l ||” + 2ll”) = (Joy + 22"+ flag — 22f|"), ifr>2

21+ @ol” + [l — 2" = 277 (lsal]" + [l2]), 1 <r <2,

for every(xy, ;) € X?, whereX is a normed linear space. Note thigt > 0 for any fixed real
r: 1 < r # 2. Note also that

K, = K (]l ||=[]) = 0,
Ky (laa] 2]l az| [|l2]]) = B ll=[",
K (m™ aa [l m~" aof [J2]]) = Bim™" 2",
K (||z]],0) = B2 [[«]|”  and
K, (m™ ||z]|,0) = Bs [l

where
B = K, (|ai], [az)
2" (lag|" + laz]") = (a1 + ao|” + |ar — as|")]
27 (|aa|" + |az|") = (lar + ao|" + |ar — an"), ifr > 2

’CLl + G/Q‘T + ‘Cll — CL2’T —or-1 (|CL1|T + |CL2‘T) , ifl<r< 2,

=t — 9 ifr>2
Bo=K,(1,0)=]2"" -2 =
2271 ifl<r <2,

ﬁfﬂ = KT (m_la O) = ﬁZm_Ta

Note thata; # a,, andl # m = a? + a2 > 0.

If X andY are normed linear spaces ariccomplete, then we establish an approximation of
approximately quadratic mappings: X — Y by quadratic mapping® : X — Y, such that
the corresponding approximately quadratic functional inequality

(k) | f(ar1z1 + agas) + flaswy — arza) — (af + a3) [f (z1) + f (x2)]]
< K ([Jaa]l, [lz2])
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holds with a constant > 0 (independent of,,z, € X), and any fixed pait = (a,a2) €
R? — {(0,0)} and any fixed reat > 1 :

L={(rm) eR:1<r<2m>1andr>20<m<1},or
L={(rm eR:1<r<20<m<1andr>2m>1},

hold, wherel # m = a? 4+ a3 = |a|* > 0 anda, # a,. Note thatm™~2 < 1if (r,m) € I, and
m?~" < 1if (r,m) € L.
It is useful for the following, to observe that, frof)(with z; = 5, = 0, and0 < m # 1 we
get
2(m — 1)Q(0) = 0,
or

(1.1) Q(0) = 0.

Definition 1.1. Let XandY be real linear spaces. Let= (a;,as) € R* — {(0,0)}: 0 <m =
a? + a3 # 1 anda; # ay;. Then a mapping) : X — Y is called quadratic with respect g if
holds for every vectofz,, z,) € X2

Definition 1.2. Let XandY be real linear spaces. Let= (a;,a;) € R* — {(0,0)} : 0 <m =
a? + a2 # 1 anda; # a,. Then a mapping) : X — Y is called the square of the quadratic
weighted mean of) with respect tax = (ay, a), if

Q(alar%)i%(azﬂﬂ)7 if (mm=a}+dd) el
(12)  Qz)=

(a? + a3) [Q <a%‘$a§x> +Q (a%‘fa%xﬂ , if (rm=a}+dd) e,
forall x € X.

For everyrz € R setQ(z) = 2% Then the mapping) : R — R is quadratic, such

thatQ (z) = 2. Denoting by\/22, the quadratic weighted meame note that the above-
mentioned mapping) is an analogous case tioe square of the quadratic weighted mesan-

. . . — P T S 0 S .
ployed in mathematical statistics2?, = Z57%% with weightsw;, = o? andw, = a3, data

a%—l—a%
r1 =15 = 7, andQ (a;x) = (a;x)°, (i = 1,2).
Now, claim that forn € Ny = {0,1,2,... } that
m=2"Q(m"x), if (r,m)e
(1.3) Qz) = _
m?"Q(m~"x), if (r,m) € I,
forall x € Xandn € Nj.
Forn = 0, itis trivial. From (1.1), [(1.2) and), with 2; = ¢,z (i = 1,2), we obtain

Q(mzx) = m[Q(a1z) + Qlazz)],
or
(1.4) Q(z) =m*Q(ma),
if I, holds. Besides from (1].1}, (1.2) arpg)(with 2, = z, z, = 0, we get
Q(arz) + Q(azw) = mQ(x),

or

(1.5) Q(z) = Q(x),
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if I; holds. Therefore fronj (11.4) and (1.5) we have
(1.6) Q(x) = m™Q(ma),
which is [1.3) forn = 1, if I, holds. Similarly, from [(1.1),[(1]2) andk), with z; = %z

(1 =1,2), we obtain

(1.7) Q(z) = Q(xz)
if I, holds. Besides fron@.lm.Z) a@,(with T ==, 1y =0, we get

0(22) - 0(%21) = natne

or
(1.8) Q(z) = m*Q(m™"x)
if I holds. Therefore fronj (1].7) and (1.8) we have

(1.9) Qz) = m’Q(m™"x),

which is (1.3) forn = 1, if I, holds.
Assume|[(1.B) is true and frorn (1.6), withz in place ofz, we get:

(1.10) Q (m"*'x) = m*Q(m"z) = m*(m")2Q(x) = (m")* Q(x).
Similarly, withm~"z in place ofz, we get:

(1.11) Q (m™"z) = m2Q(m "x) = m2(m )P Q(x) = (m~ ")’ Q(x).
These formulag (1.10) and (I]11) by induction, prove fornjulg (1.3).

2. QUADRATIC FUNCTIONAL STABILITY

Theorem 2.1.Let X andY be normed linear spaces. Assume tlvats complete. Assume
in addition that mappingf : X — Y satisfies the functional inequalitf«). Definel; =
{(rrm)eR*:1<r<2,m>1o0orr>2 0<m<1}t,andl, ={(rym)eR?:1<r <2,
0<m<1,0orr>2 m> 1} for any fixed paira = (a1, as) of realsa; # 0 (i = 1,2) and
any fixed real > 1:1# m = a? + a3 = |a|° > 0, a1 # a,. Besides define

0 < fr =K, (|ai],|az])

=277 (Jaa|" + |az]") = (Jar + as|" + a1 — as")]

{ or—1 (\al\r + ‘aglr) — (‘Cll + GQ’T + ’&1 — Clg’T), if r>2

lay + as|” + a1 — as|” — 277 (|as|" + |ao|"), ifl<r <2
By = K,(1,0) = |277! — 2|, ando = 3 + mfB3y > 0. Also define
{ m=2" f(m"z), if (r,m)e

m2 f(m~"x), if (r,m) e Iy

fn<x) =

forall x € X andn € Ny ={0,1,2,...}.
Then the limit

(2.1) Q(x) = lim f,(z)

n—oo
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exists for allz € X and@ : X — Y is the unique quadratic mapping with respectato=
(al, CLQ), such that

(2.2) 1/ (2)—-Q(x)

IS o el
oc/(m? —m"), if (r,m)el,
= [l=I"
oc/(m" —m?), if (r,m) € L,
holds for allz € X andn € Ny andc > 0 (constant independent ofe X).
Existence

Proof. It is useful for the following, to observe that, frofe+) with z; = 2, = 0 and0 < m #
1, we get

2[m = 1] £(0)]| <0,
or

(2.3) £(0) = 0.

Now claim that forn € N,
ocC

(24) ”f(l‘)—fn(I)H < m (1 — mn\r—ZI) ”CL’HT
(1—m"r=2) if (rm)el:m2<1

m2—m"

= [zl

m"(%r)) , if (r,m) € L:m* " < 1.

Forn = 0, itis trivial.
Define f : X — Y, the square of the quadratic weighted meanfoWith respect tax =
(a1, a2) by replacing?, Q of (1.2) with £, f, respectively, as follows:

ff(alf%igia”), it (r,m=a24a=a*) el
(2.5) f(z)=

(a3 4 a3) [f( 2+a2x) —i—f( gx)} i (mm=a?+dd = |a]*) € L
forallz € X.

From (2.3),[(2.) and), with z; = a,z (i = 1,2), we obtain
| f (ma)—m [f (@rz)+f (as2)]]| < oc ]
or
(2.6) =2 Fma)— )| < 2 oy
if 7; holds. Besides fron (2.3), (2.5) a@, with 1 = z, 5 = 0, we get
I/ (arz)+f(azx)—m[(z)|| < K, ([lx]],0) = Bacllz]",

or
r /6 c r
(2.7) 1f@)=f@)]| < = l=]",
if I; holds. Therefore fronj (2.6) and (2.7) we have
_ oc . oc ,_ .
(2.8) | f(x) =m™2 f(ma)|| < el = (1 =m") [l

which is (2.4) forn = 1, if I, holds.
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Similarly, from {2.3), [(2.5) and), with z; = % (i = 1,2), we obtain

(2.9) | a)~Fa)]| < 2
if I, holds. Besides fronj (2.3, (2.5) arfekfj, with z; = =, x5 = 0, we get

| (5e) + £ (Z2) = mf(m™a)| < ek, (m™" ] .0) = el

or
F _ »  Mmpac ,
210) |y fom )| < mie ol = "2
if I holds. Therefore fronj (2.9) and (2]10) we have
_ oc ,, oc . .
(2.11) | f(x)=—m?f(m~ )| < e )" = P — (T=m*7) [,

which is (2.4) forn = 1, if I, holds.
Assume [(2}) is true ifr,m) € I,. From [2.8), withm"z in place ofz, and the triangle
inequality, we have

(212)  |If(2) = farr(@)]
= || f(z) — m2D f (mHa) ||
< ||f(z) =m™>"f (m )| + ||m™>" f(m"z) — m 2 g (m+12) |

o (1 i mn( )) +m —2n (1 . mr72) mnr] HxHT

<
< 7]
oc n r— r
= 2 (L= ) a7
if 7; holds.

Similarly assume[ (2]4) is true {f,m) € I,. From [2.11), withn "z in place ofz, and the

triangle inequality, we have

213)  f(z) = faqa(= )||

= || (z) =m0 f (=) |

< ”f _ an (m xT || + Hm2nf(m—nx) _ m2(n+1)f (m—(n+1)$) H
LT VI s N YR S A NI

< e [ e (1= )] ]

= o (L m ) ]

if I holds.

Therefore inequalitie$ (2.112) ar{d (2. 13) prove inequd]ity] (2.4) forragyN,.

Claim now that the sequend¢/,,(z)} converges To do this it suffices to prove that it is a
Cauchy sequence. Inequalify (2.4) is involvedisifm) € I;. Infact, ifi > j > 0, and
hy = m/x, we have:

(2.14) 1fi(x) = f3(@)[| = [[m™ f(m'z) —m™ f(mz)|
= [ f () — )|

< (=)
ocC 9.
2 rm & ||x||7" . 07

me —m —00

if I, holds:m™2 < 1.
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Similarly, if h, = m~7z in I, we have:

(2.15) i) = £ @) = [|m* f(m™"z) = m* f(m™ )
= m¥ |m*D) f (m~CDhy) — f(hy)|
2j  9¢ i—j)(2—r r
<m Jm (1 — m =i )) |||
oc ~ .
e ke
if I, holds:m?™" < 1.
Then inequalitieq (2.14) and (2]18¢finea mapping?) : X — Y, given by [2.1).
Claim that from[§+) and [2.]) we can g€, or equivalently that the afore-mentioned well-
defined mapping) : X — Y is quadratic
In fact, it is clear from the functional inequalityf) and the limit[2.1) for(r,m) € I, that
the following functional inequality

m =" || f(aym™xy + aym™xs) + flasm”zy — aym”xzy) —(af + a3) [f(m"z1) + f(m"z,)]]|

< m ek (m" [l m™ za]))

holds for all vectorz;,z,) € X?, and alln € N with f,(x) = m™"f(m"z) : I, holds.
Therefore

lim f,(a121 + agxs) + lim f,(asxy — ay22) — (af + a%) [hm folz1) + hm fu(a ”‘

< (lim m™r- >> (s [[22]]) =0,

n—oo

becausen” 2 < 1 or

(216) HQ(al,’L‘l —+ CLQJ'Q)—FQ(CLQiL'l — a1$2)— (a% + G%) [Q<$1)+Q(x2)] H = 07

or mapping® satisfies the quadratic equatifu).(
Similarly, from ) and [2.1) for(r, m) € I, we get that

m* || flaim™"x1 + agm ™ "x3)+ f(azm "1 — aym”"xp)
—(a} + a3) [f(m™"z0)+f(m " ws) ||| < mPeK, (m™ |||, m ™ [|zo])

holds for all vectorgz, z,) € X?, and alln € N with f,,(z) = m*" f(m "z) : I, holds. Thus

lim f, (a1, + a2$2)+7}LI£lO frlasxy — ayza) — (af + a%) [nllif)lo fn(xl)‘f'nhi& fn(@)] ”

< (lim m@ ) ek, (] flz2ll) =0,
becausen?~" < 1, or (2.16) holds or mappin@ satisfies|{).
Therefore[(2.16) holds if; (j = 1,2) hold or mapping? satisfies[{), completing the proof
that( is a quadratic mappingn X.
It is now clear from[(2.4) with — oo, as well as formulg (2]1) thdt (2.2) holds M. This
completeghe existence proodf the above Theorefn 2.1. O

Uniqueness
Let@’ : X — Y be a quadratic mapping satisfyir{@.2),as well as). ThenQ’ = Q.
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Proof. Remember botld) andQ’ satisfy [1.8) for(r,m) € I, too. Then for every: € X and
n €N,

217) Q@) - Q'(@)ll = [m~*"Q(m"z) — m™*"Q'(m"x)]|
<m " {[|Q(m"x) — f(m"x)|| + Q' (m"x) — f(m"z)||}

20¢
< m72n

T

n(r—2) 20c

=m ~ ||z — 0, asn — oo,

m2 —

if I, holds:m™2 < 1.
Similarly for (r,m) € I, we establish

(2.18) [Q(x) - Q'(x)]| = [m*"Q(m™"z) — m*" Q' (m™"z)|
<m® {[[Q(m™"z) = f(m™"2)|| + [|Q'(m™"x) — f(m™"x)[|}

20¢
2 — T
m nmr _ m2 Hm an
2
n@*ﬂ% |z||” — 0, asn — oo,
m

IA

m

m’ —
if I, holds:m?™" < 1.

Thus from [2.1]7), and (2.18) we fir@(z) = Q'(z) forall z € X.
This completes the proof of theniquenesandstability of equation|f). O

Open Problem What is the situation in the above Theoi@rin caser = 2?
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