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2 J. M. RASSIAS

1. INTRODUCTION
In 1940 and in 1964 Ulam [25] proposed the general Ulam stability problem:

"When is it true that by slightly changing the hypotheses of a theorem one can
still assert that the thesis of the theorem remains true or approximately true?"

In 1941 Hyers [13] solved this problem for linear mappings. In 1951 Bourgin [3] was the
second author to treat the Ulam problem for additive mappings. In 1978, according to
Gruber [12], this kind of stability problems is of particular interest in probability theory
and in the case of functional equations of different types. In 1999 Gavruta [11] answered a
question of the author [18] concerning the stability of the Cauchy equation. For some other
interesting stability results in connection to the Ulam problem, see [1], [2, 9], [4], [5], [6],
[7, 8], [10], [15], [16-21], [22] and [23]. In 1983 Skof [24] was the first author to solve the
Ulam problem for additive mappings on a restricted domain. In 1998 Jung [14] and in
2002-2003 the author [21, 22] investigated the Hyers-Ulam stability for additive and
quadratic mappings on restricted domains. In this paper we improve the bounds and thus
the stability results obtained by Jung, in 1998 and by the author, in 2002. Besides we
establish new theorems about the Ulam stability for more general equations of two types
on a restricted domain. Finally we apply our recent results to the asymptotic behavior of
functional equations of different types.

Throughout this paper, let X be a real normed space and Y be a real Banach space in the
case of functional inequalities, as well as let X and Y be real linear spaces for functional
equations.

Definition 1.1. A mapping f/: X— Y is called additive (respectively: quadratic) if fsatisfies
the equation

(1.1) 1+ x2) = flon) + flxa)
(respectively: flx; + x2) + flx; - x2) = 2f(x1) + 2f(x2) )
for all x1, x, € X.

We state and prove the new Theorem 1.1 below.

Theorem 1.1. Let 6 > 0 be fixed. If a mapping f: X— Y satisfies the quadratic inequality
(1.2) ”f(xl +x2)+f(x1—xz)—Zf(xl)—2f(x2]|£5

for all x\, x, € X, then there exists a unique quadratic mapping Q : X— Y such that
[I/(0)||<£6/2 and

(1.3) ||f(x)—Q(x]|£w& (5+§)/3 =5/2)
forall x € X.

Proof. Replacing x, =x, =0 in the inequality (1.2), one obtains that

o
o=

holds. Similarly, substituting x, =x, =x in (1.2) and then applying the triangle inequality,
we get the inequality
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|Ife)-27 f(2x)]| <

o+ SO, -
5 (127

forafixedo> 0 and all xeX
According to our works [19, 20] on quadratic mappings, one proves that

-2 112" D < Wf-2 291 1+2 7 fi20)-2 1127 )| ...
2700 127 -2 A2 )|

<SSOl g )

holds for all ne N, and all xe X, which yields that there is a unique quadratic mapping
Q:X—Y, such that

O()=lim  27f(2"x),

n—x0

and
o+ f(0
||f(x)— Q(xm < M ’
completing the proof of the Theorem 1.1. |

Definition 1.2. A mapping f': X— Y is called approximately odd (respectively: even) if f
satisfies

(1.4) () + f(-x) <6
(respectively : || f (x)— f (— xm < 0) for some fixed 6 > 0 and for all x € X.

Definition 1.3. A mapping M : X— Y is called additive (respectively: quadratic) in X if M
satisfies the functional equation of two types

(1.5) M(ixi]+z3:M(xi): ZM(xi+xj)
i=1 i=1 1<i(j<3

forall x; € X (=1, 2, 3). We note that all the real mappings M : R — R of the two types:
M(x) = ax or M(x) = ﬁx2 satisfy (1.5) for all x € R and all arbitrary but fixed a, § € R.

We note that the mapping M : X— Y may be called mixed type as it is either additive or
quadratic. The same terminology occurs to the mappings M satisfying the following
equation (4.11).

2. STABILITY OF THE QUADRATIC EQUATION (1.1) ON A RESTRICTED DOMAIN

We establish the new Theorem 2.1 on restricted domains.

Theorem 2.1. Let d > 0 and 6 > 0 be fixed. If a mapping f : X— Y satisfies the quadratic
inequality (1.2) for all x1, x, € X, with ||x1 || + ||x2 || > d, then there exists a unique quadratic

mapping Q : X— Y such that ||f(0)||<0/2 and

a) -0 2Ol 1L,
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4 J. M. RASSIAS

forallx € X.

Proof. Assume ||x1||+||x2||< d If x = x, = 0, then we choose a t ¢ X with||t||:d.

Otherwise, let

d _ d :
t:[l+m}xl ,if ||x1||2||x2 ;t=(1+m}cz ,i0f ||x1||£||x2||.

We note that: || t || = ||x1 || +d >d,if ||x1 || > ||x2
Clearly, we see

b~ #4220 e[~ Gl +feal)2 i ol o] 202y #2024
(2.2) ey + |+l xy 2| = d, x|+ 2| 2d L | 2|+ |xa]|=d. | ]+] 2] =4

These inequalities (2.2) come from the corresponding substitutions attached between
the right-hand sided parentheses of the following functional identity.

Besides from (1.2) with x; = x, = 0 we get that||f(0]| < §/2 . Therefore from (1.2), (2.2),
and the new functional identity
2Lf (e +x,)+ [l = x,) =2/ ()= 2/ (x,) - £ (0)]
=[f(x1 +x, )+ foe —x, =26) =21 (x, —1)-21(x, +t)] (with x1— on x; and x,+7 on x,)
LG =y =20)+ f(x; = xy +20)=2f(x; —x,)—2£(2¢)] (with x;—x; on x; and 2¢ on x,)
Jr[f(x1 —x, +20)+ £, +20) =21 (o, +1)=2f (= x, + t)] (with x;+¢ on x1 and -x,+f on x»)
+2[f (e, + 1)+ f(x; —1)=2/(x,;)— 2£(¢)] (with x; on x; and 7 on x,)
+2[f(t+x,)+ £t —x,)-21(t)-21(x,)] (with 7 on x; and x, on x,)
2[£(26)+ £(0)=21(c)-21(¢)] (with £ on x; and ¢ on x2),

2

= xall+d > dsif | < [xa]

we get
20 f (e +2,)+ £y =) =21 (x)-21(xy)— £(0) [ €6+ 5+ 5 +25+ 25+ 25 =96,

or

9
(2.3) ||f(xl +xz)+ f(xl _xz)_zf(xl)_zf(xz)” < 55+||f(0)” (£59).
Applying now the Theorem 1.1 and the above inequality (2.3), one gets that

-0l </ (%5+ 1AO)Y D+ O (1773

3 2 95 +41 £0)|
S0+ 17Ol 5
95 +20 11
< =—90).
(<— 5%

Therefore there exists a unique quadratic mapping Q : X— Y that satisfies the quadratic
equation (1.1) and the inequality (2.1), such that Q(x)= lim 27" f (Z”x), completing the
n—>0

proof of the Theorem 2.1. |}

Obviously our inequalities (2.1) and (2.3) are sharper than the corresponding inequalities
of Jung [14], where the right-hand sides were equal to

%5 Zw(g%& and 75(2%5+||f(0)||)(£55),
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ASYMPTOTIC BEHAVIOR OF MIXED TYPE FUNCTIONAL EQUATIONS 5
respectively.

We note that if we define S, = {(xl,x2 Je X*: ||x,. || (d,i=1, 2} for some d > 0, then
{cx0) e X2 c |+ | 2 2d } < X201,

Corollary 2.1. If we assume that a mapping f : X— Y satisfies the quadratic inequality
(1.2) for some fixed 5 > 0 and for all (x\, x2) € X°\S, then there exists a unique quadratic
mapping Q : X— Y satisfying (2.1) for all x € X.

Corollary 2.2. A mapping f: X— Y is quadratic if and only if the asymptotic condition
”f(xl +x2)+ f(xl —xz)—2f(x1)—2f(x2)|| —0,as ||x1||+||x2|| —> o

holds.

Proof. Following the corresponding techniques of our proof [21], in 2002, one gets from

Theorem 2.1 and the above asymptotic condition that f'is quadratic. The reverse assertion

is obvious. |
However, in 1983 Skof [24] proved an asymptotic property of the additive mappings.

3. STABILITY OF THE EQUATION (1.5) oOF TWO TYPES
In 1998 Jung [14] applied the induction principle and proved the following Lemma 3.1.
Lemma 3.1. Assume that a mapping f : X— Y satisfies the inequalily

3
f[zxiJ_f(xl+x2)_f(xl+x3) (3, +x;) Zf
i=1

for some fixed 6 > 0 and for all x; € X (i = 1, 2, 3). It then holds that

2"+l .\ 2" 1 )
f(X)—Ff(Z x)+wf(—2 x)

< 352,,: 27,
i=1

forallx e Xandn e N={1,2,...}.
In 2002 the author [21] proved Lemma 3.1 without the induction principle.

In this paper we establish the following sharper Lemma 3.2, because of ||f(0)||< o via
(3.5).

Lemma 3.2. Assume that a mapping f : X— Y satisfies the inequality
(3.1) f[ilxiJ_f(M"'xz)_f(xl"')%) Sy +x3) Zf
for some fixed 6 > O_andfor all x; € X (i=1, 2, 3). It then holds that
f(x)—%f( "x)+ 222;11 fl=27x)| <@ +2] £0) ||)22"(s 3522!‘) :

(3.2)
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6 J. M. RASSIAS

forafixedo>0and allx e Xandn € N={1,2, ... },such that ||f(0)||< 6.

In this paper, without the induction principle and following the proof of our Lemma 1
[21], we prove the above-mentioned Lemma 3.2.

Proof. Substituting x,=0 for all i=1,2,3, in the inequality (3.1), one obtains ||f{0)||< 5.
Let us denote
20 +1 i - i
a; :22T’ Al.(x)=3f(2 1)c)+f(—2 1x)—f( x),

N IRV SCR IR |

T(x)=a, /(2 )+ b.f (20 x), 8, (0) =Ty (x)- T, (3),

such that To(x)zf(x), forallxe X,ie N,={1,2,...,n},andn € N.
We note that
a,,=3a; +b;, b,_, =a; +3b,,

hold foranyi e N,={1,2,...,n},ne N.
From these identities we get that

T (0)-T(0) = a /27 x) 4 by 127 x)- T ()

=(3a, +b, )f(2F1 x)+ (a, +3b, )f(— 2! x)— al-f(2ix)— bl.f(— 2ix)

= a B x)+ re 27 )= f i)+, B2 x)+ @7 x)- £ 2]
or the formula
(3.3) Ti—l(x)_Ti(x)zaiAi(x)+biBi(x) )
holds foranyi e N,={1,2,....,n},ne N.
We note that

$,(x)=Ty(x)-T,(x)= X [1;-1 (x)- T (x)].
i=1
Therefore from this formula and (3.3) one obtains the new formula

(3.4) Z[a,A, +b,B,(x)] .
Replacing x;=0 (i=1,2,3) in (3.1) one gets
(3.5) ROIEEE

Setting x; = x, x = x, x3 = -x in (3.1) we find from (3.5) that
[3/(x)+ f(=x)- f(2x)-2£(0)| < &
or
(3.6) 3/ (x)+ f(=x)- f(2x)| <5 +2] £(0) | (<36)

holds for all x € X.
Substituting —x for x in (3.6), one obtains

(3.7) Bf(=x)+ f(x)- f(=2x)[| <5+ 21 £(O) ]| (<36).
Placing 2"'x on x in (3.6) and (3.7) we get
3.8) | 4.(x)<5+21 £(0)](<35),and|B,(x) <5 +2] £(0) ] (<35)
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ASYMPTOTIC BEHAVIOR OF MIXED TYPE FUNCTIONAL EQUATIONS 7

forallie N,,ne N.
Thus from the formula (3.4), the inequalities (3.5), and the triangle inequality we prove

93 e 14,(<) b 15, (<) ]

(3.9) <(5+2| f(0)||)z {22 2:11 22 — }( 3522-’ 35(1 27

for all x € Xand n € N, completing the proof of this Lemma 3.2. ||}

In 1998 Jung [14] applied Lemma 3.1 and the author [21] employed Lemma 3.2 with
the same absolute bound 38 instead of our sharper bound J&+2[|f(0)||(£0+20 =30) in
this paper and proved a certain Theorem on approximately even mappings f .

Therefore we observe that the following sharper Theorem 3.1 holds.

Theorem 3.1. Assume an approximately even mapping f . X— Y satisfies the quadratic
inequality (3.1). Then there exists a unique quadratic mapping Q : X— Y such that
[I/(0)|| < 6 ,which satisfies the quadratic equation (1.5) and the inequality

(3.10) [#()-0(x)[< 5 +211 £(0) | (<38)
for a fixed 6 > 0 and for all x € X.

Note that the right-hand side of (3.10) contains no 6 term. In 1998 Jung [14] applied
Lemma 3.1 and the author [21] employed Lemma 3.2 with the same absolute bound 36
instead of our sharper bound 6+2||f(0)||(£ 0 +26 =36) in this paper and proved also

another Theorem on approximately odd mappings f .

Thus we note that the sharper Theorem 3.2 holds.

Theorem 3.2. Assume an approximately odd mapping f . X— Y satisfies the additive
inequality (3.1). Then there exists a unique additive mapping A : X— Y such that
[If(0)|| < O , which satisfies the additive equation (1.5) and the inequality

(3.11) £ ()= Alx)| < 5+ 21 £(0) || (< 36)
for a fixed 6 > 0 and for all x € X.

4. STABILITY OF THE EQUATION (1.5) ON A RESTRICTED DOMAIN

In this section, we establish the new Hyers-Ulam stability Theorem 4.1 on a more
general restricted domain.

Theorem 4.1. Let d > 0 and 6 > 0 be fixed. If an approximately even mapping f: X— Y

3

satisfies the quadratic inequality (3.1) for all x, € X (i = 1, 2, 3) with Z”xl” >d, then
i=1

there exists a unique quadratic mapping Q : X— Y, such that ||f(0)||< 6 and

@.1) £ ()= 0(x)|< 45 +3 ] £(0) 1] (£76)

for a fixed 0> 0 and all x € X.

AJMAA, Vol. 1, No. 1, Art. 10, pp. 1-20, 2004 AIMAA



8 J. M. RASSIAS

3

Proof. Assume Z||xl.||< dIfx;,=0(G=1,2,3), then we choose a ¢ € Xwith” t || >2d .
i=1

Otherwise, choosea te€ X with”t” >d , clearly

3
(42) P =l o+ s + 2 2 e [ = 2l 2 @ o+ o+ - 2
i=l1

e[+ s+ 12 1= o =2 t]+]x.] 24
Besides from (3.1) withx; =0 (i =1, 2, 3) we get that”f(O) || <0.
Therefore from (3.1), (4.2), and the new functional identity

3
[Zx} x1+x2 f(lerx3 x2+x3 +Zf =
i=1
[f(xl +Xx, +x3)—f(x1 +Xx, _t)_f(xl +x3)—f(x2 + X3 +t) (xl —t)+f(x2)+f(x3 ‘”)]

(with x1—¢ on xj, x; on x,, and x3+¢ on x3)
e +xy =)= £l +x0) = £ = 1) = £y = 1)+ £(x))+ fxy)+ f(=1)]
(with x; on x1, x2 on x,, and -¢ on x3)
[ (e +xy +1) = £y +x5) = Sy +1)= floes +2)+ [ () + £ (x3)+ ()]
(with x; on x1, x3 on x,, and 7 on x3)
L) = Oy =1)= flay +0)= £0)+ £ (xy)+ £ (= 1)+ £(2)]

(with x; on xj, -t on x,, and ¢ on x3),

we get

(Zx] £ 30— 5 fl +30)+ S £ ()4 £(0)

i=1

<0+0+o+0 =40,

or

4.3) <45+]7(0)]

[Zx} x1+x2 f(x1+x3 x2+x3 Zf

Applying the Theorem 3.1 and the inequality (4.3), we prove that

|[f(x)-Q)|| < (45+|[f(O)|)+2][/(0)]|
=45+3||f{0)||(< 49+35=75).

Thus there exists a unique quadratic mapping Q : X— Y that satisfies the quadratic
equation (1.5) and the inequality (4.1), completing the proof of our Theorem 4.1. |

Obviously, our inequalities (4.1) and (4.3) are also sharper than the corresponding
inequalities of Jung [14], where the right-hand sides were equal to 216( =46+3J|f(0)||) and
70(=46+(|f(0)|]), respectively, because [|f(0)[|<6. Similarly, the above-mentioned
inequalities (4.1) and (4.3) are also sharper than those inequalities of the author[21], where
the right-hand sides were equal to 156 (>46+3|/f(0)||) and 58(=46+(|f(0)|), respectively.

We note that if we define S, = {(xl , Xy, Xy ) eXx’ :||xl.|| (d,i=], 2,3} for some fixed d > 0,

3
then {(xl,xz,)@)e Xx? :Z||xi||23d}c X3\,

i=1

AJMAA, Vol. 1, No. 1, Art. 10, pp. 1-21, 2004 AJMAA



ASYMPTOTIC BEHAVIOR OF MIXED TYPE FUNCTIONAL EQUATIONS 9

Corollary 4.1. If we assume that an approximately even mapping f : X— Y satisfies the
inequality (3.1) for some fixed 6 > 0 and for all (x1, X2, x3) € X°\Ss, then there exists a
unique quadratic mapping Q : X— Y satisfying (4.1) for all x € X.

Corollary 4.2. An approximately even mapping f : X— Y is quadratic if and only if the
following asymptotic condition

f@)xi]—f(xl +2y)= [l +x5) = flx, +x3)+gf(x,-)

holds.

3
— 0, as Z”xl” — 0,

i=1

Similarly, we prove the following new Theorem 4.2.

Theorem 4.2. Let d > 0 and 6 > 0 be fixed. If an approximately odd mapping f : X— Y

3
satisfies the additive inequality (3.1) for all x;, € X (i =1, 2, 3) with Z”xl” >d, then there
i=1
exists a unique additive mapping A : X — Y, such that
(4.4) £ (x)- A(x)| <46 +3]| £(0)]| (< 75)

forallx € X.

Obviously, our inequalities (4.3) and (4.4) are also sharper than the corresponding
inequalities of Jung [14], where the right-hand sides were equal to 76(=4d+||f(0)||) and
210(=46+3||f(0)||), respectively, because |[|f(0)[|< 0. Similarly, the above-mentioned
inequalities (4.3) and (4.4) are also sharper than those of the author[21], where the right-
hand sides were equal to 50(=46+|f(0)||) and 158( =46+3||(0)||), respectively.

Corollary 4.3. If we assume that an approximately odd mapping f : X— Y satisfies the
inequality (3.1) for some fixed 5 > 0 and for all (x1, x2, x3) € X \S3, then there exists a
unique additive mapping A : X— Y satisfying (4.4) for all x € X.

Corollary 4.4. An approximately odd mapping [ : X— Y is additive if and only if the
following asymptotic condition
3

f[zjﬂ ) 1l ) Sl 1)+ 3 A

i=l1

3
— 0, as Z”xi”—)oo,

i=l1

holds.

Remark 4.1. From (1.4) for approximately even mappings, the quadratic inequality (1.3)
(with x; = x, x, = x, x3 = -x), and the triangle inequality, one obtains that

()27 s @x) | <31 )+ f=x)= £ @x)=2£(0) [+ |- [1(=x)- s | +[270)]
<0+0+20 =30+80,

)22 s 8+ 2 Ji-27).

According to our works [19, 20] on quadratic mappings, one proves that

AJMAA, Vol. 1, No. 1, Art. 10, pp. 1-20, 2004 AIMAA



10 J. M. RASSIAS

- <o+ o),

holds for all » € N, and all x € X, which yields there is a unique quadratic mapping Q : X
— Y, such that Q(x)= lim 27" f(2” x) and
n—0
0
(4.5) [Fir)-0() <5+,

for all fixed 6>0,0>0 and all xe X.
But this inequality is also sharper than the corresponding inequality of Jung [14], where

the right-hand side was equal to o + %

Remark 4.2. From the triangle inequality, one gets that

|[A-22)-12x)-2 [f(=) S || < |1f(-2%)-3f(-x) -S| + |- [f(2x)-3f()-A(-%)] |
<2(6+21/10)])=25 (< 60),
where J,=0+2||f(0)||. From this inequality and the hypothesis that the inequality

-x)-A) (<6,

holds for all fixed 6>0 and all x€ X, as well as from the triangle inequality, we obtain

=21 =)-S] || < A-22)-1C2)-2[[(-) -SR] || + |- f-2x)-/(2x)] |

<26,+6,
yielding the inequality

909115, +5=0,

or
0=20,

and the inequality

(4.6) A=)/l < 20, =2(+2||f(O)])

holds for all fixed 0> 0,and all xe X.
We observe that the right-hand side 26 , =2+4||f(0)|| of (4.6) contains no 6 term.

A faster way to get the inequality (4.6) is by employing the triangle inequality, so that
-2 =)-f] || < IA-22)-3f=0)FC)I | + |- [2x)-3f)-f(=x)] |
+-LS-2%)-/(2x)] ]
<0,+0,1t0=20,+0=49,
or the inequality (4.6) holds for a fixed >0 and all xe X.

From (4.6) and the triangle inequality, one gets that

41 (x)=27 1 (2x)| < 3£ (0)+ f(=x)= £ (22) =2 0) |+ |-/ (= %)= £ )] |+ |2/ 0)|

AJMAA, Vol. 1, No. 1, Art. 10, pp. 1-21, 2004 AJMAA



ASYMPTOTIC BEHAVIOR OF MIXED TYPE FUNCTIONAL EQUATIONS 11

<0+20,, +2||f(0)||=30 ,=35+6||f(0)|],
or
[r)-27 rax)| < (6 + 21 r@ i -22).
According to our works [19, 20] on quadratic mappings, one proves that

[r()-22 rl27x)| < (5 + 20 r@ -27"),

holds for all » € N, and all x € X, which yields there is a unique quadratic mapping Q : X
— ¥, such that Q(x)= lim 27" f(2”x) and
n—>x0

(4.7) |F(x)-0x)[<s+2] £(0)](<35) .

We note that this inequality has right-hand side which is independent of 6 and therefore
is more interesting than the corresponding inequality of Jung [14] and that of the author
[21], which contain a 0 term on the right-hand side. In particular, the right hand-side of the

inequality of Jung [14] is equal to 5+§,and that of the author [21] is equal to

0 .0
o+ Z(<6+2),
(507

Remark 4.3. From (1.4) for approximately odd mappings, the additive inequality (3.1)
(with x; = x, x> = x, x3 = -x), and the triangle inequality, one gets that

21 (x)-27 F2x) | <3 () + £(= %)= £(2x)=2£(0) |+ |- [ (= x)+ £ ()] + 2.4 (0)|

<0+60+20 =30+0,
or

[1(0)-27" rl2x)| < G +0)1-27"),
for all fixed 6>0,0>0 and all xe X.

According to our works [16-18] on additive mappings, one proves that
[rG)-27 fl2x)| < Go + o)1 -27).
holds for all » € N, and all x € X, which yields that there is a unique additive mapping 4 :
X — Y, such that A(x)= lim 2_”f(2”x) and
n—>0

(4.8) lf(x)-4lx)|<35+6 ,
for all fixed >0, 6> 0 and all xe X.

Remark 4.4. From the triangle inequality, one gets that
|40+ )] | <[A(-2x)-3fx)S)| + |[f(2x)-3/()-f-)]
HI-[-2%)4/2%)] ||
S(O+2[[AO)[)+ (0+2][f(0)]))+0,
holds for all fixed >0, =0 and all xe X. From this inequality and the hypothesis that the
inequality

A=)/ <0,

AJMAA, Vol. 1, No. 1, Art. 10, pp. 1-20, 2004 AJMAA



12 J. M. RASSIAS

holds for all fixed 8> 0 and all x€ X, one obtains the inequality
o 0
I S 11 < 5+ 1+ =0,
or
2
6= 1@ +21 7O,

and the inequality

@9 | S ||s§(5+2||f(0>||),

holds for all fixed 6> 0, and all xe X.
From (1.4) for approximately odd mappings, the additive inequality (3.1) (with x; = x,
X2 =X, X3 = -X), and the triangle inequality, one gets that

21 (x)-27 F2x) | <[3()+ £(= )= £(2x)= 20 (0) | + |- L1 (= x)+ £ ()] + |24 (0)|
<6+0+2/|f(0)|| = o+ %(5+2||f(0)||)+2|lf(0)||

=§(5+2|W0)| ) (<56)

or
102" rx) =3 @+ 2t -27),
According to our works [16-18, 22] on additive mappings, one proves that
|12 2|3 @21 10D -27),
holds for all » € N, and all x € X, which yields that there is a unique additive mapping 4 :
X — Y, such that A(x)= nll_l;};lo 27" f(2”x) and

5
(4.10) | £ (x) - A(x)| <5 0201
for all fixed 6> 0,and all xe X.

In the following definition we generalize the above functional equation (1.5).

Definition 4.1. A mapping M : X— Y is called additive (resp. quadratic) in R* if M
satisfies the functional equation of two types

(4.11) M(IZ:“X"}L ZM(xi+xj):gM(xi)+ ZM(xi+xj+xk)

1<i( j<4 1<i(j (k<4

forallx; e X(i=1, 2, 3, 4).
5. STABILITY OF THE EQUATION (4.11)

In this section, we establish new Hyers-Ulam stability Theorems below for new
equations.
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ASYMPTOTIC BEHAVIOR OF MIXED TYPE FUNCTIONAL EQUATIONS 13

Theorem 5.1. Assume an approximately even mapping [ : X— Y satisfies the following
quadratic inequality

(5.1) <5,

(zx} 3 fle,+x,)- z ()= S sl +x,)

1<i( j<4 =1 1<i( j{k<4

and the inequality
|f=x)-A()][ <6,

for some fixed 6 > 0 and 8 > 0 and for all x; € X (i =1, 2, 3, 4). Then there exists a unique
quadratic mapping Q : X— Y such that || f (O) || <0, Wwhich satisfies the quadratic
equation (4.11) and the inequality

1
(5:2) [F()=0(x)|< (@ +511 1O [1+56)
for all fixed 6>0,0>0 and all xe X.

Proof. Replacing x;= 0 (i = 1, 2, 3, 4) in (5.1), we find| £(0)||< & . Thus, substituting x; = x
(i=1,2)andx;=-x (j =3,4) in (5.1), one gets
I0)+[1(-2x) +(2x) +4£(0)]-[ 2/(x) + 2f(~x)]-[ 2f(x) +2/(-x)] || <9,

or
(5.3) [45(x)+4f(=x)- f(2x)- f(-2x)|<S+5]| F(O) |

for all fixed 6> 0, and all x € X. Therefore from (5.3), (1.4), for approximately even
mappings, the quadratic inequality (5.1), and the triangle inequality, we obtain that

2||4 fx)=f2x)] <[arx)+4r(=x)- f(2x)- f(-2x)|
+|-4[f (- x ||+||f 2x)— f(2x)| <6 +S|[f0)||+ 46 + 6 =35 +5|[f(0)]| + 56,

or

| (x)-27 7 (2x) HS(%(5+5||f(0)||+56’)(1—22)] .

According to our works [19-20] on quadratic mappings, one proves that

G4 |r()-27 rlns)|= < @ + 51 r@ 4501 -27),

holds for all fixed 0>0, >0 and any n € N, and all x € X. Similarly from (4.11) we get,
by induction on 7, that

(5.5) o(x)=2"2"0(2"x),
holds for any n € N, and all x € X.

By (5.4), forn >m > 0, and & = 2"x, we have
2 ( nx)_272mf( m ) _ 72mH272(n7m)f(2n7m _zmx)_ f( mx)H
e o) 1)

§2‘2’”%(5+5||f(0)||+59)(1—2‘ nem ):g(5+5||f(0)||+50)(2‘2’” —27n)
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14 J. M. RASSIAS

(5.6) <%(5+5Hf(0)||+5¢9)2‘2’" 50 ,asm— .

From (5.6) and the completeness of Y we get that the Cauchy sequence {2_2” f ( " x)}
converges. Therefore we [19-20] may apply a direct method to the definition of Q such that

O(x)= lim 27" f( ”x)

n—®©

holds for all x € X. From the quadratic inequality (5.1), it follows that

<275 50, as n— o,

H zx . zg(x+x) Sol) Yol x)

I<i(j<4 I<i(j(k<4

for all x; € X (i = 1, 2, 3, 4). Thus it is obvious that Q satisfies the quadratic equation
(4.11). Analogously, by (1.4), we can show that Q(0) =0 (withx;, =0 (i =1, 2, 3, 4) in
(4.11)) and that Q is even from (1.4) with 2"x on place of x,

||Q(x)—Q(— x)|| <2779 >0, as n > o,

or O(-x) = O(x).

According to (5.4), one gets that the inequality (5.2) holds. Assume now that there is
another quadratic mapping Q": X— Y which satisfies the quadratic equation (4.11), the
formula (5.5) and the inequality (5.2). Therefore

lo)-06)] = 2|0l x)- 007 x)| < 2]

02" ) 1"+ |- 0G|
SZ%(§+5||f(0)||+56’)22” —0,as n—> o, or

Q'(x) = 0,
for all x; € X, completing the proof of our Theorem 5.1. ||}

We establish below the new Theorem 5.2 on quadratic mappings, which contains no 6
terms, and is much sharper than the above Theorem 5.1.

Theorem 5.2. Assume an approximately even mapping [ : X— Y satisfies the following
quadratic inequality

(zx} 3 fle,+x,)- z ()= S sl e, +x,)

1<i( j<4 =1 1<i( j{k<4

<0,

and the inequality
[141()-/2x)|| <1,

for some fixed 6 > 0 and n > 0 and for all x; € X (i = 1, 2, 3, 4). Then there exists a unique
quadratic mapping Q : X— Y such that || f (0) || <0, which satisfies the quadratic equation

(4.11) and the inequality
1
[F(x)-0(x)| <@ +5ILF @1
for all fixed 6> 0 and all xe X.
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Proof. From the above inequality (5.3) and the triangle inequality, we get

[47(Gx)+4f(x)-F2x)- fE2x)| SHAF ) = £QRx) |+ 14 (—x) = £(=2x) |
<n+n=2n=0+5|f0)|,

or

_ o451 /O]
2

2

and therefore

140020 < w

or
-2 £ (2x) | < %(l 27

holds for all fixed 6> 0, and all xe X.
The rest of the proof is omitted as similar to the proof of the above Theorem 5.1. |}
We establish below the new stability Theorem 5.3 on additive mappings.

Theorem 5.3. Assume an approximately odd mapping f : X— Y satisfies the following
additive inequality

f(gx,}+ > rlx, +xj)—z4:f(x,.)— > fle x4 x,)

1<i( j<4 i=1 1<i( j(k<4

<0,

and the inequalities

F)+l<e,
[127)-f2x) ]| <€

for some fixed €2 0,0 >0 and { > 0 and for all x; € X (i =1, 2, 3, 4). Then there exists a
unique additive mapping A : X— Y, such that ||f(0) || <0 and
A(x)= lim 27" f(Z" x),

n—0

which satisfies the additive equation (4.11) and the inequality
1
[£Gr)=ale)l < 2@ +51 7O )

for all fixed 6> 0 and all xe X.

and

Proof. From the above inequality (5.3) and the triangle inequality, one gets

4= HINI< 41 (x)+4f(=x)- f(2x)- f(=2x)|
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16 J. M. RASSIAS

+ ||f(— 2x)+ f(ZxM

’

< (0+5]f(0)]]) +e = 4e,
or

1
825(5+5||f(0)||) ,
for all fixed 6 >0 .

Therefore
| () )| < %(5+5||f(0)||)
(£20) ,

for all fixed 6> 0 and all xe X.

Thus from the above inequality (5.3) and the triangle inequality, one obtains
4.7 (x)+ 41 (= x) = (22) = £ (= 20) | <1 2 () = f@0) ||+ 2 (=) = / (=2) |
+H2[[f-x) )|

sc+c+§<5+5||f(0)||> —5+5|f0)])

or
(=%(5+5||f(0) D,

and thus

|12/1x)-/(2x)|| < é(5+5 /O (£9),
for all fixed >0 and all xe X.

Therefore, we obtain
12" r2)| << @+ 51RO P -2),

for all fixed 6> 0 and all xe X.

According to our works [16-18, 22] on additive mappings, one proves that
-n n 1 -n
-2 @) < @ +s RO PI-27)
holds for all n € N, and all x € X, which yields that there is a unique additive mapping 4 :
X — Y, such that
A(x)= lim 27" f(2” x)
n—0
and
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|70 4x) = < @Il

for all fixed 0>0,and all xe X.

The rest of the proof is omitted as similar to the proofs of our Theorems above, and in
our works [16-18, 22], on additive mappings. |}

6. STABILITY OF THE EQUATION (4.11) ON A RESTRICTED DOMAIN

In this section, we establish the new Hyers-Ulam stability Theorem 6.1 for more general
quadratic equations on a restricted domain. This Theorem is sharper than our Theorem 6.1
in our work [21].

Theorem 6.1. Let d > 0,0 > 0 and 6 > 0 be fixed. If an approximately even mapping f: X—
4

Y satisfies the quadratic inequality (5.1) for all x; € X (i = 1, 2, 3) with Z”xl” >d, then
i=1

there exists a unique quadratic mapping Q : X— Y, such that || f (0) || <0 and

(6.1) £ (x)-

forallx € X.

0(x) < 45+6||f(0)||+50(<5[3 gj)

4
Proof. Assume Z”x,. || <d. We choose a t € X with || t || >2d . Clearly, we see
i=1

4
ey =+ o+ s + e+ |2 2 £ [ = X i 2

i=1
(6.2) el + el # el - = e 1+ Qo+ ool + el )2

|
Besides from (5.1) withx; =0 (i = 1, 2, 3, 4) we get that||f(0) || < 0. Therefore from (5.1),
(6.2), and the following new functional identity

4
f(le}—f(% + 3y +X3) = )+ 25 3y )= o + x5 +x,) = £y + x5 +x,)
i-1
+ ey 4+ x0)+ £ 0 +003)+ ey +x0)+ F (g +003)+ S (ory +x4)+ s +x4)

4

—Zf(xi)—fo =

=f ix,j x1 + X, +x3) f()c1 +X, + X, —t)—f(x1 + X5 +x4)—f(x2 +Xx3+ X, +t)

+ (e +xy —1)+ fxy )+ £ +xy =)+ £y + x5 +8)+ £, +x,)+ f(x; + x4 +1)
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18 J. M. RASSIAS

—f(x1 —t)—f(xz)—f(x3 +t)—f(x4) (with x;— on x1, x; on X, X3+ on x3,and x4 on x4)
LGy oy 3y =)= fl oy )= o 0y =)= 3 + 3y — 1)
= [y g =)+ (e +x0)+ £l +x0)+ floe =)+ foy + )+ (e, = 2)+ [y =1)
— f(x,)= ()= f(x,)= f(=1)] (withx; on x1, x5 on X2, x4 on x3,and -£ on xy)
+[f(x2 + X5+ X, +t)—f(x2 + x5 —|—x4)—f(x2 + X4 +t)—f(x2 + Xy +t)
= Sl 4oy +0)+ f o0y +x3)+ e, +xg)+ £y +0)+ flag +x,)+ flos +0)+ fxy +1)
— f(xy)= f(x3)= f(x,)= £ (¢)] (with x3 on x1, X3 0n X2, x4 on x3,and 7 on x4)
=[Gy +xg) = S ey + 3y + )= [0y 434 =)= fx,) = £(x4)
+ [y +xy)+ flay +0)+ ey = 1)+ £y +0)+ ey = 1)+ £(0)
— f(x,)= f(x,)= f(t)- f(=1)] (withx; onx;, x4 on X2, £ on x3,and -f on xy),
we get the inequality

f(gx[j+ 3 £l +xj)—z4:f(x[)— 3 £l +x, +x,)

1<i{ j<4 i=1 1<i{j(k<4

(6.3) <45+[£(0)].

Applying the Theorem 5.1 and the inequality (6.3), we prove that
-l <[ 46+ fO) D+ 511 f(0) [ +56]/6

AL OL0  {15,0)
6 30

Thus there exists a unique quadratic mapping Q : X— Y that satisfies the quadratic
equation (4.11) and the inequality (6.1), such that Q(x) = lim 27" f (2” x), completing the

n—»0
proof of the Theorem 6.1. |}

Obviously our inequalities (5.2) and (6.1) are sharper than the corresponding inequalities
of the author [21], where the right-hand sides were equal to

5+%ez %(5+5||f(0)||+56?) and 5(6+%)2 4§+6||2(0)||+50(S5(§5+§j)’

respectively.
We note that if we define S, = {(xl,xz,x3,x4)e x* :||xl. || (d,i=1, 2,3,4} for some fixed

4
d > 0, then {(xl,xz,x3,x4)e)(4 :Z||xi||24d}c xX*s,.

i=1
Corollary 6.1. If we assume that an approximately even mapping f : X— Y satisfies the
inequality (5.1) for some fixed 6 > 0 and 0 > 0, and for all (x1, X2, X3, x4) € X \Sy, then there
exists a unique quadratic mapping Q : X— Y satisfying (6.1) for all x € X.

Corollary 6.2. An approximately even mapping f : X— Y is quadratic and satisfies the
quadratic equation (4.11) if and only if the following asymptotic condition
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ASYMPTOTIC BEHAVIOR OF MIXED TYPE FUNCTIONAL EQUATIONS 19

—0,

H Z" + Y fle 4 )- if(xi)— 3l +x, +x,)

1<i( j<4 i=1 1<i{ j{k<4

4
as Z”xl” — o, holds.

i=1

We establish below the new Hyers-Ulam stability Theorem 6.2 for general quadratic
equations on a restricted domain. This Theorem is sharper than our Theorem 6.1 above.

Theorem 6.2. Let d > 0,0 > 0 and 0 > 0 be fixed. If an approximately even mapping f: X—

4

Y satisfies the quadratic inequality (5.1) for all x; € X (i = 1, 2, 3) with Z”x,” >d, then
i=1

there exists a unique quadratic mapping Q : X— Y, such that || f (0) || <0 and

BE 26 +3[1/ )|

(6.4) lf(x)-0 3

for all fixed 6>0 and all x € X.

(<3 5)

Proof. Applying the Theorem 5.2 and the inequality (6.3), we prove that

-0l < l[(45+ 1/ ID+S51£O) ]

25+3||f(0)||

3
The rest of the proof of this Theorem is omitted as 51m11ar to the proof of the Theorem

6.1.10

(<% 5)

Corollary 6.3. If we assume that an approximately even mapping . X— Y satisfies the
inequality (5.1) for some fixed 6 > 0 and 0 > 0, and for all (xi, x2, X3, X4) € X4\S4, then there
exists a unique quadratic mapping Q : X— Y satisfying (6.4) for all x € X.

Corollary 6.4. An approximately even mapping f : X— Y is quadratic and satisfies the
quadratic equation (4.11) if and only if the following asymptotic condition

—0,

H zx . zf(x St Sl on)

I<i(j<4 =1 1<i(j(k<4

4
as Z”xl” — o, holds.

i=1

We establish below the new Hyers-Ulam stability Theorem 6.3 for  general additive
equations on a restricted domain.
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20 J. M. RASSIAS

Theorem 6.3. Let d > 0,0 > 0 and 0 > 0 be fixed. If an approximately odd mapping f: X—
4
Y satisfies the additive inequality (5.1) for all x; € X (i = 1, 2, 3) with Z”x,” >d, then

i=1
there exists a unique additive mapping A : X— Y, such that || f (0) || <0 and

(65) |7 (v)-0(0] < 2210025

for all fixed 6> o0 and all x € X.

Proof. We apply the functional inequality of the above Theorem 6.1,which holds also for
the additive mappings, and thus we get the inequality (6.3).
The rest of the proof is omitted as similar to the proof of the Theorem 6.1. ||}

Corollary 6.5. If we assume that an approximately odd mapping f : X— Y satisfies the
inequality (5.1) for some fixed d > 0 and 0> 0, and for all (x1, X2, X3, X4) € X \S4, then there
exists a unique additive mapping Q : X— Y satisfying (6.5) for all x € X.

Corollary 6.6. An approximately odd mapping f : X— Y is additive and satisfies the
additive equation (4.11) if and only if the following asymptotic condition

Zx + Zf(x +x) if(x[)— Zf(x[+xj+xk) -0,

I<i(j<4 i=1 1<i(j(k<4

4
as Z”xl” — o, holds.

i=1
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