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SOLUTION OF A CAUCHY-JENSEN
STABILITY ULAM TYPE PROBLEM

JOHN M. RASSIAS

ABSTRACT. In 1978 P.M. Gruber (Trans. Amer. Math. Soc. 245 (1978), 263-277)
imposed the following general problem or Ulam type problem: “Suppose a math-
ematical object satisfies a certain property approximately. Is it then possible to
approximate this objects by objects, satisfying the property exactly?”

The afore-mentioned problem of P. M. Gruber is more general than the following
problem imposed by S. M. Ulam in 1940 (Intersci, Publ., Inc., New York 1960): “Give
conditions in order for a linear mapping near an approximately linear mapping to
exist”.

In 1941 D.H. Hyers (Proc. Nat. Acad. Sci., U.S.A. 27 (1941), 411-416) solved
a special case of Ulam problem. In 1989 and 1992 we (J. Approx. Th., 57, No. 3
(1989), 268—273; Discuss. Math. 12 (1992), 95-103) solved above Ulam problem.

In this paper we introduce the generalized Cauchy-Jensen functional inequality
and solve a stability Ulam type problem for this inequality.

This problem, according to P. M. Gruber, is of particular interest in probability
theory and in the case of functional equations of different types.

Definition 1. Let X be a linear space and let Y be a real complete linear space.
Then a mapping Js : X — Y 1is called Cauchy-Jensen, if functional equation

) 72 (BE2) = () + )

holds for all vectors (z1,22) € X? with initial condition
(%) J2(0) = 0.

Note that substituting z; = 0, 23 = 22 into equation (*) and considering condition
() one concludes that

(F) Jo(x) =271 T, (22) .
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Similarly substitution of z with 2z into (F) yields

(Fa) Ja(22) = 2715 (2%) .

Combining (F) with (Fa) one gets that

(Fb) Jo(z) = 272 J5(2%2) .

Then by induction on n € N with & — 27~ 'z one proves that the general identity
(Fe) Ja(z) = 27" J2(272) ,

holds for all z € X and all n € N.

Theorem 1. Let X be a normed linear space and let' Y be a real complete normed
linear space. Assume in addition that f : X — Y is an approximately Cauchy-
Jensen mapping; that is, a mapping for which there exist constants c, ¢y (indepen-
dent of x1, x2) > 0 such that the Cauchy-Jensen functional inequality

1) 7 (257) - it + s

<o

holds for all vectors (x1,22) € X? with initial condition

(la) IFO)| < co-
Then the limat

(2) Ja(z) = lim 27" f(2"x)

n—0o0

exists for all x € X and J; : X — Y 1s the unique Cauchy-Jensen mapping
satisfying equation (x) and initial condition (%), such that Jo is near f; that is,
mnequality

(3) 1f(@) = Ba(2)|<er (= 2c+co),
holds for all x € X with constant ¢1 (independent of ) > 0. Moreover, identity
(3&) J2(:L,) — Q_HJQ(QHI) ;

holds for all x € X and alln € N.
Note that from (1a) and (2) one gets

12(0)]| = lim 2= £(0)]| < (lim 27"} ¢ =0, or
[[72(0)][ = 0, or J2(0) =0, or (#x).
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Proof of Existence.
Substitution z; = 0, 3 = 22 into (1) yields

(4) 1f(z) =271 [F(0) + f22)]|| < ¢
for all z € X.
Inequality (4), triangle inequality and (1a) imply
1f(z) =271 F(22)]| <I[f(z) =27 [F(0) + f22)]|[ + 27 | F(O)||, or
(5) 1f(z) =27 f2e)]| e +27Teo = %(: ai(l—-271),

for all x € X, where ¢; = 2¢ + ¢ (> 0).
Thus substituting  with 2z in (5) one gets that

1£(22) =271 F(2%2)|| < % or
(5a) 1271 f(22) — 272 F(2%2)|| < ;_;(: 12~ =D (1 — 271y

holds for all z € X.
Inequalities (5) - (ha) and triangle inequality yield

1£(2) = 272 (2%2)|| < |1f(2) — 271 F(22)|| + 11271 f(22) — 272 f(2%2)||, or

1 1

(5b) /() = 2_2f(22x)|| <c <§ + 2—2> (= (1= 2_2))7

for all z € X.
Similarly by induction on n € N with £ — 2"~ 'z in (5) one concludes that
[f(2" " 2) =271 f(2"2) | < e (1= 271), or
(6) 277V f(2 ) 27 f(20a) || < e 27TV - 27,

holds for all z € X.
By induction hypothesis on n € N inequality

(Ga) ||f(33) —2‘(“—1)f(2n—lm)|| S C1(1_2—(n—1))

holds for all z € X.
Then inequalities (6) - (6a) and triangle inequality yield that

1£(2) =277 f(2"2)|| < || f(2) — 277D f (2" )|

2= g ) — 2 pEna) |, or
() =27 f )| < exf(1 =277 D) 4270701 =27, on

163
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the general inequality:
(6b) 1f(z) = 27" f(2"2)|| < e (1 —277)
holds for all z € X and all n € N, with ¢; = 2¢+ ¢o(> 0).
Claim that the sequence
(27 (2 ))

converges.

Note that from the general inequality (6b) and the completeness of Y, one
proves that the afore-mentioned sequence is a Cauchy sequence.
In fact, if ¢ > j > 0, then

(7) 1277 f(27) — 277 f(202)|| = 279)27 07 f(22) — f(2a)|,
holds for all z € X and all 4, j € N.

Setting h = 27z in (7) and employing inequality (6b) one gets

1277 f (2 ) — 277 f(22)|| = 27927 O p(277Th) — f(B)|[,  or
278 f(272) — 270 f(202)|| < 279 ey (1 —2709)) | or
1277 f(2'2) =279 f(272)| < e (27 —27) <1279, or
(7a) lim |[27f(272) — 277 f(22)|| = 0,
j—oo

completing the proof that the sequence {277 f(2"z)} converges.

Hence mapping Jy = Jo(z) is well-defined via formula

(8) Jao(z) = li_}rn 27" f(2"x)
for all z € X and all n € N. This means that limit (2) (or (8)) exists for all z € X.

In addition claim that J; satisfies functional equation (x).
In fact, it is clear from (1) and (8) that

n 2%x1 + 2" 1 n n n
2 f(%>—§[f(2 x1) + f(2 1‘2)]‘§2 c,
for all 1,20 € X and alln € N.
Therefore

n—oco 2 n—oco

1
lim 277 f <2" M) =5 [Jim 277 @ ) + Jim 27" £(270)] H
n— 00

< (lim 2‘”)6:0, or

n—0o0

5o (B2 - Sl + (e

Jo satisfies the functional equation (x) for all (z1,25) € X?.

‘:0, or

Thus Jy is a Cauchy-Jensen mapping.
Tt is clear now from general inequality (6b), n — oo, and formula (8) that
inequality (3) holds in X, completing the ezistence proof of this Theorem 1.
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Proof of Uniqueness. Let J; : X — Y be another Cauchy-Jensen mapping
satisfying functional equation () and initial condition (%), such that inequality

(3) 1/ (z) = J3(2)]| < ex

holds for all z € X with constant ¢; (independent of z € X) > 0.
If there exists a Cauchy-Jensen mapping Js : X — Y satisfying equation (x)
and initial condition (**), then

(9) Ja(x) = Jo(x),
holds for all z € X.

To prove the afore-mentioned uniqueness employ (Fc) for .J4, as well, so that
(Fc) Ji(zy=2""J5(2" ).

holds for all z € X and all n € N.
Moreover triangle inequality and (3) imply that

[12(2"2) = J3(2"2)|| < [|J2(2"2) — f(2"2)|| + || (2" 2) — J5(2"2)||, or
(10) [72(2"2) = T (2"2)|| < e1 + &1 = 2e1,

for allz € X and all n € N.
Then from (Fc), (Fc)’ and (10) one proves that

1a(2) = Jy(a)]| = |27 Ja(2"2) — 252" o
(10a) o) = J (@)l < 2 er,

holds for all z € X and alln € N.
Therefore from inequality (10a), and n — oo, one gets that

Tim | (x) = J5(2)]| < (nli_{rgo 21—”) c1=0, or
172(z) = J5(2)][ =0, or
Jo(w) = Jo(%) ,
for all z € X, completing the proof of uniqueness and thus the stabulity of Theorem
1.

Definition 2. Let X be a linear space and let Y be a real complete linear space.
Then a mapping J, : X — Y is called Cauchy-Jensen, if functional equation

[Jp(21) + Jp(x2) + .. Jp(2p)]

() Jp<*1+*"~‘2+-~-+xp)

1
p p
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holds for all vectors (z1,z3,...,2p) € X? with initial condition
(L) Jp(0) =0.
Note that substituting z; = 23 = --- = 2,1 = 0, 2, = pz into equation ([*])

and considering condition ([**]) one concludes that

([F]) Jp(x) = p~" Jy(pz) .
Similarly substitution of z with pz into ([F]) yields

([Fa]) Jp(pz) = p~ T, (p72) .

Combining ([F]) with ([Fa]) one gets that

([Fb]) Tp(x) = p~2 T ().

Then by induction on n € N with 2 — p” 'z one proves that the general
identity
([Fe]) Jp(z) =p~"Jp(p"2),

holds for all z € X and all n € N.

Theorem 2. Let X be a normed linear space and let' Y be a real complete normed
linear space. Assume in addition that f : X — Y is an approximately Cauchy-
Jensen mapping; that is, a mapping for which there exist constants ¢, co (indepen-
dent of x1,xa,...,2,) > 0 such that the Cauchy-Jensen functional inequality

r1t+zo+ -+ 1
() 7 (B ) gk Sl < e
holds for all vectors (z1,z2,...,2p) € XP, = 2,3,... with initial condition

(11a) 1F(O)]] < o

Then the limat

(12) Jp(w) = lim p~" f(p"z)

exists for all x € X and J,; X — Y 1is the unique Cauchy-Jensen mapping sat-
isfying equation ([*]) and initial condition ([*+]), such that J, is near f; that is,
mnequality

C1

(13) @) = Hp@) < o=

)
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holds for all x € X with constant ¢, (independent of )} > 0 such that ¢; =
pc+ (p— 1)eq. Moreover, identity

(13a) Jp(z) =p " Jp(p"2),
holds forallz € X, alln € N and p=2,3...

To prove this theorem it i1s enough to show that the following new general
nequality

—-n n C1 —-n
(14) If(x) —p~ " f(p )| < - T(L=p7")
holdsforallz € X, alln € N andp =2,3,... with ¢; = pc+(p—1)co,p = 2,3,...
In fact, substitution 1 = x5 = --- = 2p,_1 =0, z, = px into (11) yields
(14a) 1f(x) = p~ (p— 1) £(0) + fpx)]l| < ¢

forallz € X and p=2,3,...
Inequality (14a), triangle inequality and (11a) imply

1£ (@) = p~ Flpa)ll < I () = p~ [(p = 1) F(O) + f(p)]ll + 7" (p = DIFO)I, or

15) (@)= Sl S e 7 = oo = = (= 0=

for all x € X, where ¢; = pc+ (p— 1)cg(>0) and p=2,3,...
Thus with z — pz in (15) one gets that

1) = ) < o
-1 —2p( 2 G (__4a (-1 _ —1)
(5a) 7 1) =5l < 5 (= -
holds for all z € X.
Inequalities (15) - (15a), and triangle inequality yield
1f(@) =p 2 F ()| < IS (@) = p~ Fp2)|| + o™ F(p) — p~ 2 f(P°2)][, or
(b)) -l <o (145 ) (= 220-p)

p p—1

for all z € X.
Similarly by induction on n — N with z — p"~1z in (15) one concludes that

C1

IF (P~ e) — p~ ' f(p )] < e
C1

(16) lp= "=V a) — p" f(p )| < }:p‘(”‘”(l —-ph),

(1—p7Y), or
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holds for all z € X, p=2,3, ...
But by induction hypothesis on n € N inequality

C1

Y

(16a) £ () = p~ """ )| <

holds for all z € X.
Then inequalities (16) - (16a) and triangle inequality yield

1£(2) = 5 £ (") | < 1f (@) — p~ =D Fp )|
+||p_(n_1)f(pn_1m) —p " f(p )|, or

IIf(fv)—p‘"f(p”fv)llSpc_1 (1—p= @) 4 p~ =D —p7h)| | or

the new general inequality:

C1
p—1

If(z) —p~" f(p" )| < (1—=p7")

completing the proof of inequality (14).
The rest of the proof of Theorem 2 is omitted as similar to that one of Theorem

1.

Definition 3. Let X be a linear space and let Y be a real complete linear space.
Then a mapping J, : X — Y is called generalized Cauchy-Jensen, if functional
equation

(a) JIp (Z aimi) = Zflia]p(ﬁi)

i=1 i=1
holds for all vectors (z1,z2,...,2,) € XP, p=2,3,..., and all fixed real numbers
a;, 1 =1,2,...,p with a-condition: a = (a1, as,...,a,),

P
(b) S ai= 130,
i=1
and initial condition

(c) Jp(0) =0.

Note that substituting z; = 22 =--- = 2,1 =0, 2, = ap_laz :0< ap < 1into

equation (a) and considering conditions (b) - (c) one concludes that

(G) Jp(z) = apJp(“;;lx) .
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Similarly substitution of z with ap_lm into (G) yields

(Ga) Jp(aglx) =a,Jp (ap_233) .

Combining (G) with (Ga) one gets that
(Gb) Jo(z) = a2J,(a; x).

Then by induction on n € N with z — ap_("_l)

functional identity

x one proves that the generalized

(Ge) Jp(2) = ay Jp(a;"x),

holds for all z € X, all n € N and all fixed reals a, : 0 < a, < 1,p=2,3,...

Theorem 3. Let X be a normed linear space and let' Y be a real complete normed
linear space. Assume in addition that f : X — Y is an approximately generalized
Cauchy-Jensen mapping; that is, a mapping for which there exist constants cq,
¢ (independent of of x1,z9,...,2p)> 0 such that the generalized Cauchy-Jensen
nequality

(11) Hf (E aiﬂ?i) — Y aif(x:)

i=1

<e,

holds for all vectors (xq,%s,...,2y) € XP, p = 2,3,... and all fized reals a;
(i=1,2,...,p) : 0 < ap < 1 with a-condition: a = (ay,as,...,ap), y o a; =1
and initial condition

(11a’) IFO)|| < e
Then the limat

(12" Jp(x) = lim a, f(ag";r),

n—0oQ

exists for all x € X and J, : X — Y 1is the unique generalized Cauchy-Jensen

P

mapping satisfying equation (a), a-condition: Y  a; = 1, p = 2,3,... and initial
i=1

condition (c), such that J, is near f; that is, inequality

(13) (@) = Jo(@)]] < —2—cy (ZH(l_%)CO)

~—1l—aq, 1—a,

holds for all x € X with constant ¢; (independent of x) > 0 :¢q = cH(l=ap)en

a
Moreover, identity ’

(13a’) Jp(2) = ay Jp(a,"2)
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holds for all x € X, alln € N and all fizved reals a, : 0 < a, <1, p=2,3,... with
P

;=

i=1

To prove this theorem it is enough to show that the following generalized in-
equality

(14') 1f(z) = ap fla,"2)|| < 5 Tey(1—ap)

—ap

holds for all z € X, all n € N and fixed reals a, : 0 < a, < 1,p=2,3,...

Substitution #1 =25 = -+ = 2,_1=0, z, = a;lm into inequality (11') yields
(14a’) [1f(2) = [(1 = ap) £(0) + ap f(ay ' @)]|| < ¢
for all z € X.

Inequality (14a’), triangle inequality and initial condition (11a’) imply
1f (@) —ap flay  2)|| < [1F(2) = [(1 = ap) £(0) + ap f(a; " @)]|| + (1 = ap)||£(0) , or

1£(2) = ap flag 2)|| < e+ (1 —ap)eo, o
(15') 1£(2) = ap flag @)l < e+ (1—ap)eo =

a
_Pap (1 - ap) )
for all z € X with ¢; =

ct(l—ap)eo
Thus with 2 — a7 'z in (15) one gets

1£(a;"2) = @ f(a;?2)]| < T=2—c1(1 = ), o

a
(15a) llap F(a;"2) = ap fla;*2)l| < T —erap(1 = ap),
P

for all z € X.
Inequalities (15) - (15a’), and triangle inequality yield

1f(2) = ap flaz )| < [IF(x) - ( il
+lap f(ay @) — ap f(a ; )II

(15) 196 = o} Flar* )| € T2 (1 = ay).

forall z € X.

Similarly by induction on n € N with z — a;( -
the required inequality (14’) holds.
The rest of the proof of Theorem 3 is omitted as similar to that one of Theorem

2.

)¢ in (15") one concludes that
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General Theorem 4. Let X be a normed linear space and let' Y be a real com-
plete normed linear space. Assume in addition that f : X — Y s an approx-
imately generalized Cauchy-Jensen mapping; that is, a mapping for which there
exist constants cg, ¢ (independent of 1, s, ..., 2p)> 0 such that the generalized
Cauchy-Jensen inequality

P P
(11" Hf (Zaimi) - Zai flz)] < e,
i=1 i=1
holds for all vectors (z1,x9,...,2p) € XP, p = 2,3,..., and all fized reals a;
P
(t=1,2,...,p) with generalized a-condition: a = (a1, as,...,ap), a =1>0,

=1

and initial condition

c, if0<ap<1:1=0
c, ifa,>1:1=0
< if0<i<1

112" 0 <eo=1 =

(11a") 17(0)]] < eo co, f0<a,<l:l=1
co, ifap>1il:1
L, ifl> 1

Then the limit
ay fla,"z), if0<a, <1:1=0
a,” flapz), ifa, >1:1=0
"fl—"z), ifo<i<l1

(12) Sy = tim 4 AT

n—oo | ap fla,"z), if0<a,<l:l=1
a, " flagz), ifap>1:1=1
=7 fmz), ifli>1

exists for all x € X and J, : X = Y is the unique generalized Cauchy-Jensen

P

mapping satisfying equation (a), generalized a-condition: > a; = 1 > 0, p =
i=1

2,3, ... ad initial condition (c), such that J, is near f; that is, inequality

ek, if0<a,<1:0=0
et ifa, >1:1=0
) @ —gensd T o]
T e dfo<a,<1:l=1
ool ifg, > 1:0=1
ﬁc, ifl>1
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holds for all x € X. Moreover, identity

ayJpla,"z), if0<a, <1:1=0
a,"Jplayz), ifa,>1:1=0
i, ey, if0o<i<l1
ang(ap_”:E), f0<ap<l:1=1
a,"Jplayz), ifa,>1:1=1
=, {"e), ifli>1

(13a) Jp(2) =

holds for all x € X, all m € N, p = 2,3,..., and dll fizred real vectors a =

P
(a1,a9,...,ap), p=2,3,... with y_ a; =1>0.
i=1

Proof. To prove this theorem it is enough to show that the following bounds
on ||f(0)]|, functional equations on J,(x) and functional inequalities on || f(x) —
() f(-z)|| hold in X.

First claim that the following bounds hold for z = 0 € X:

(B1) IF(O)ff <e, ifl=0

(Ba) [[fO)l < 757, O <<

Bs) IF(OI < =5, ifI>1

In fact:

Substituting z; = 23 = -+ = z, = ¢ in Cauchy-Jensen inequality (11”),

P

and considering the special a-condition Y a; = { = 0 one gets that || f(0)|| < ¢,
i=1

completing the proof of (By).

Similarly substituting z; = 0, ¢ = 1,2,...,p in (11”), and considering 0 <

3

a; =1 < 1 one gets
i=1

I£(0) =Lf(O)]| < e, or

1F0)] < ——

1_l,1fO<l<1,

and thus (Bs) holds.

P
Also substituting z; = 0,i=1,2,...,pin (11”), and considering >_ a; =1 > 1
i=1
one gets that
c

-1

IFO)] < Cifl>1

holds. Therefore (Bs) is true.

Second claim that the following functional equations hold for all z € X:
(F1) Jp(x) = ap Jp(a,"x),if 0 <ap <1:0=0,0rl=1.
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(F2) Jp(x) = a,"Jp(apz),ifap > 1:1=0,0rl =1
(F3) Jp(z)=1"J,(I7"x),if 0 <l < 1.

(Fa) Jp(x) =1""J,(I"2),if 1 > 1.

In fact, the proof of equation (F1) has been established via functional identities
(G) - (Ga) - (Gb) - (Ge).

Substitution #1 = 23 = --- = x,_1 = 0,2, = « in equation (a) and considering
conditions (b) - (¢), one concludes that

JIp
Jp

(H) Jp(?x):ap_ljp(apm)’ ap > 1.

Then substitution of z with apz(: a, > 1), in (H) yields

(Ha) Jp(apz) = a;l Jp(af,a:) .
Combining (H) with (Ha) one gets that

(Hb) Jo(x) = a; %, (az;r) .

P

Then by induction on n € N with z — a;_lx one proves that the formula

(Ffc) Jo(@) = ay

L plapE), ap > 1,

holds for all z € X and all n € N, completing the proof of equation (Fg).

Also substitution 1 = 29 = -+~ =2, = [7'2, 0 <! < 1, in (a) and considering
(b) - (c) one concludes that

(17) Jo(z) =1J,(" ), 0<Il<1.
Then substitution of z with {71z, 0 <1 < 1, in (17) yields
(17a) J,(UT z) =1, ).
Combining (17) with (17a) one gets that
(17b) Jp(z) =17 J,(I7%2).
Then by induction on n € N with 2 — ="~z one proves that the formula
(17¢) Jp(z)=1"J,(I""x), O0<i<1,

holds for all z € X and alln € N.
Thus the proof of equation (F3) is complete.
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Finally substitution z; = 23 = --- =2, = «,{ > 1, in (a) and considering (b) -
(c) one gets that

Jp(lz) =1J,(2), or
(18) Jp(z) =17 T, (lx), 1>1.

Then substitution of z with lz, ! > 1, in (18) yields
(18a) Jp(le) =171, (P2) .
Combining (18) with (18a) one concludes that
(18b) Jp(z) =172, (1) .
Then by induction on n € N with 2 — [~ !z one proves that the formula
(18¢) Jp(z)=1""J, ("), 1>1,

holds for all z € X and all n € N, completing the proof of equation (Fy).
Third claim that the following functional inequalities hold for all z € X:

(1) ||f(z) — al flaz"2)|| < i’—iic(l —ap), if0<a, <1:1=0

(I2)  If(=) - ‘”f(a z)|| < j"f}c(l —a;m), ifa, >1:1=0

(Is)  |If(e) =" fI ) || < yoe(1 = 17), if0<I<

(L) If(z) — al f(a;"z)|| < %(1 —ap), if0<a,<l:l=1
(Is)  [1f(z) — ‘”f(a z)|| < W(l—% ), ifa,>1:1=1

(Ie) |[f(z) =177 f(I"2)|| < Zre(l—177), if 1> 1.

Note that from above inequahtles (I;) (i = 1,2,3,4,5,6,) and n — oo one gets
inequalities (13").

In fact, substitution z; = 22 = - = 2,1 =0, 2, = a, e, 0 < a, < 1, into

(11") yields

|1 £(z) = [(=ap) £(0) + apf(a; ' 2)][| < e, or
|£(2) — ap f(a; )| < e+ ape=(1+ay)c, or

I$2) = ap o )] < 1221~ ay).

Therefore, by induction on n € N one concludes

n —n 1+ap n L] —
If(z) —ap f(a,"z)|| < c(l—ay), 0<a,<1:1=0.

—1l-uq,
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Thus the proof of inequality (I;) is complete.
Also substitution 1 =23 =---=2,_1 =0, 2, =z, ap > 1 into (11') yields

If(apz) — [~a, f(0) + ap f(z)]]| < ¢, or
HMm—@V@@L+4mmg£,o<%<Lm

Hf(:v) —a;lf(ap:c)H < i—I—c: Mc, or
(lp ap
I7) = a5 lape) | < el - )
P

Therefore, by induction on n € N with z — a;‘_lx:

ap—}—lc

|£@) =g fap o)) < F—Fe(t=a;™), ap > 1:0=0.

P
Hence the proof of inequality (I2) is complete.
Then substitution 21 = 2y = -+~ =2, =712, 0 <1 < 1 into (11’) yields

C

|£@) = tra )| < e = (1-1).

Thus induction on n € N with 2 — [~(*~ Dz yields
£ () = " p( )| < 1%(1 —1"), 0<l<1.

Therefore, the proof if inequality (I3) is complete.

The proof of inequality (I4) has been completely established by means of (14)
- (14a’), and (15’) - (15a") - (15b').

Moreover, substitution 1 = 23 = -+ = 2,1 = 0, 2, = ¢, a, > 1, into (11')
yields

If(apz) = [(1 —ap) F(0) + ap f(2)]]| < ¢, or

) - a5 1tay0] - 2250 | < 2o
[0 = flap)| < -+ 22 o

_ c+ (a, — 1)e _
1£(2) - a5 flapol) < “FLE =10 4oy g, sy
P
Thus induction on n € N with z — ag_l;r implies
¢+ (ap — 1)eg

1f(2) —a," flag )|l < (1—a"), a>1:1=1.

ap — 1
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Thus the proof of inequality (Is) is complete.
Finally, substitution 1 = 23 = --- =2, = 2, > 1, into (11') yields
1

Fiz) =@l <e, or [If(z) =17 f)]| < T = el =17").

Therefore induction on n € N with 2 — ("~ 'z yields

1 (z) = 17" f (" 2)]| <

1
1—-1=" I>1.
1 ) t>
Therefore the proof of inequality (Tg) is complete.
The rest of the proof of Theorem 4 is omitted as similar to the proof of Theorem

2.

Examples.

1. Let f : R = R be a real function, such that f(z) = = + k with k£ a real
constant: |k| < ¢g and a-condition (a1 = %,az = %) :a; + a3 =1 = 1. Then the
limit . .

. "l o—n . 3 5
Jp(z) = nlgrgo ayflay™z) = nh_}rrgo (5) [(3) x+ k] ==z,
exists for all # € X and J; : R — R is the unique Cauchy-Jensen mapping
satisfying inequality

5 ¢+ 2c¢ 3
1) = R = lle+ 1) = ol = I S e < ek oo = ZH20 (= 2o

It is clear that f satisfies Cauchy-Jensen inequality (11°) and initial condition
(11a’), as well.

2. Let a = (a1,as, ..., ap) be such that

1 2 R 2
M= 5+ T e P T a0 \ T 1)
3 2 3

l=a14+ax+--+ap= 14;27 (j+1 )-H’: 1, and let f : R — R be a real function, such

that f(z) =z + k with k a real constant: |k| < co.
Then the limit

2 n 1 n
Jp(z) = lim a;ff(a;"a:) = lim (p+ 1) [(p—; ) :L’+k] —z,p=23,..,
exists for all x € X and J, : R = R is the unique generalized Cauchy-Jenssen
mapping satisfying inequality

(&) = Jp(@)] = I(z + k) — 2] = k] < co
p+lc+co = (p+ Ve (p = Deo = 2 er -
p—1 p—1 p—1
Tt is clear that f satisfies inequality (11’) and condition (11a’), as well.

<
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