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In 1940 S. M. Ulam proposed at the University of Wisconsin the problem: “Give
conditions in order for a linear mapping near an approximately linear mapping to
exist.” In 1968 S. U. Ulam proposed the more general problem: *“When is it true
that by changing a little the hypotheses of a theorem one can still assert that the
thesis of the theorem remains true or approximately true?” In 1978 P. M. Gruber
proposed the Ulam type problem: **‘Suppose a mathematical object satisfies a certain
property approximately. Is it then possible to approximate this object by objects,
satisfying the property exactly?” According to P. M. Gruber this kind of stability
problems is of particular interest in probability theory and in the case of functional
equations of different types. In 1982-1996 we solved the above Ulam problem, or
equivalently the Ulam type problem for linear mappings and established analogous
stability problems. In this paper we first introduce new quadratic weighted means
and fundamental functional equations and then solve the Ulam stability problem for
non-linear Euler—Lagrange quadratic mappings Q: X — Y, satisfying a mean equa-
tion and functional equation

mymyQ(ayxy + ayx;) + Q(myax; — myasx,)
= (mlaf + mz“%)[’"zQ(Xl) +myQ(x,)]

for all 2-dimensional vectors (x;, x,) € X2, with X a normed linear space (Y == a
real complete normed linear space), and any fixed pair (a,, a,) of reals a; and any
fixed pair (m,, m,) of positive reals m; (i = 1,2),

my +m,

0<m=——"(mua?+m,a3).
m1m2+1( 1 22)
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1. FUNDAMENTAL FUNCTIONAL EQUATION
OF FIRST TYPE

Let X be a normed linear space and let Y be a real complete normed
linear space. Then consider a non-linear mapping Q: X — Y satisfying the
fundamental functional equation

mfsz(alx) + m;Q(m,a,x)

= mim, 0| tayx | + mim, 0| “Lazx|, (*)
m m

0 0
with
mm, +1

N m; +m,
for all x € X, and any fixed reals a; and positive reals m; (i = 1,2):

2 2
mya; + mya;
m= ———
m

Note that if m, = 1, m, > 0, then m, = 1, m = a? + m,a3, and (*) is
an identity in X. In this case (*) is not required.

Moreover this mapping Q may be called quadratic because if Q(x) = x2,
then (*) holds.

DeriniTION 1. Let X be a normed linear space and let Y be a real
complete normed linear space. Then a non-linear mapping Q: X = Y is
called Euler—Lagrange quadratic if (*) and

mym,Q(ax; + a,x,) + Q(mya,x; — mya;x,)
= (mlaf + m,a3)[m,0(x,) + mO(x,)] (1)

hold for all 2-dimensional vectors (x,, x,) € X2, and any fixed reals a; and
positive reals m; (i = 1,2): m > 1 [4-13].
Note that mapping Q may be called quadratic, as well, because the
following Euler—Lagrange identity
2 2
mymy(ax; + a,x,)" + (mya,x, — mya;x,)

= (mlaf + mzag)[mle2 + mlxg]
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holds with any fixed reals @; and m; (i = 1,2), and because the functional
equation

Q(m"x) = (m")*Q(x), (2)
holds for all x € X, all n € N, and any fixed reals a, and positive reals m;
(i=1,2:m>1.
In fact, substitution of x; = x, = 0 in Eq. (1) yields
(mym, + 1)(1 = m)Q(0) =0,
or
Q(0) =0, m > 1 (and my, m, > 0). (1a)
Substituting x; = x, x, = 0 in (1) and employing (1a) one gets that
mm, + 1

mym,Q(a,x) + Q(mya,x) = mm[sz(x) +m,0(0)],

or
1

mym,

m
—20(ayx) + ———0(mya,x) = mQ(x), (22)
0
holds for all x € X, and any fixed real m: m > 1.
Moreover substitution of x, = (mja,/myx, x, = (mya,/myx in (1)
and using (1a) one finds that

mya,; m,a,
mym,Q(mx) + Q(0) = mom[sz( + le( - x”,

X
my

or

or
m m m,
—Q(—alx) + —Q(—azx) =m 'Q(mx), m>1, (2b)
m m m
holds for all x € X.
Functional Egs. (2a)—(2b) and (*) yield
Q(mx) = (m)°Q(x), (20)

for all x € X, and any fixed real m: m > 1.
Then induction on n € N with x - m" x yields Eq. (2).
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DEerFINITION 2. Let X be a normed linear space and let Y be a real
complete normed linear space. Then we call the non-linear mappings O:
X - Y, and Q: X — Y 2-dimensional quadratic weighted means of first and
second form if

m,Q((my/my)a,;x) + mQ((my/mg)a,x)

mlmz(mlal + m,a3)

O(x) = (31

and

mym,Q(ax) + Q(m,a,x)
my(myai + m,a3)

O(x) = (3);

hold for all x € X and any fixed real m > 1, respectively.

Note that the fundamental functional equation (*) is equivalent to the
mean functional equation,

0(x) = 0(x), [*]

for all x € X, and any fixed real m: m > 1.
Moreover note that in the case of Egs. (*) and (1), formulas (3),
(i = 1,2), from [*] and (2a), are of the form

O(x) = 0(x) = 0(x), (3a)
for all x € X, and any fixed real m: m > 1[2].

THEOREM 1. Let X be a normed linear space and let Y be a real complete
normed linear space. Assume in addition that f: X — Y is a mapping for
which there exists a constant ¢’ > 0 such that the fundamental functional
inequality

!

C

li(x) - Fo | < (4),

mym,(myai + mzag)

holds for all x € X, ¢’ (:= const. indep. of x) = 0, and any fixed reals a,, a,
and positive reals my, m,. m > 1, where

zf((m /mg)a;x) + mlf((m /M) a, x)

mym,(mya? + m,a3)

fx)y =m

) mm, +1
with my = ———,
m; +m,
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and

mym, f(a,x) + f(m,a,x)

my(myat + m,a3)

f(x) =

are 2-dimensional quadratic-weighted means of first and second form, respec-
tively, for fixed real m > 1.

Assume in addition that f: X — Y is a mapping for which there exists a
constant ¢ (independent of x,, x,) = 0 such that the Euler—Lagrange func-
tional inequality

”mlme(alxl + ayx,) + f(mya,x, —mya x,)
_(mla% +m2a§)[m2f(xl) +m1f(x2)]|| =c (4).

holds for all 2-dimensional vectors (x,, x,) € X?* and any fixed reals a,, a,
and positive reals m, m,:

2 2
m,a; + m,a m, +m
m=—" 22 .2 2(mlaf+m2a§)>l.
mg mym, +1
Then the limit
O(x) = lim m~2"f(m"x) (5)
n— o

exists forallx € X, alln € N, and any fixed real m: m > 1 and Q: X — Yis
the unique 2-dimensional quadratic mapping satisfying functional equation (1)
and mean equation [*] or equivalently (1) and (*), such that

IF(x) —Q(x) | <er,  m>1 (6)
holds for all x € X with constant
c; = {[my(2my + my)ym? + (1 — m3)ym — mym,|c
+[(my +my)(m = ym] ¢} [mumy(mym, + 1)
x(m —1)*(m +1)].
Moreover, identity
O(x) =m~"Q(m"x) (6a)

holds for all x € X, all n € N, and any real a,, a, and fixed positive reals
my, my,. m> 1.
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Note that if one replaces x = 0 in f(x), and f(x) for m > 1, then

- _m1m2+ll = _m1+m21
f(O)—WEf(O)v f(O)——ZEf(O):
or
- ] m:—11
f(0) = £(0) = mom, 10,
or

(1501 < G5

m > 1 after substitution of x; = x, = 0in (4),

| 7o) - 7o)

Im? — 1] 1 m; +m, 1

!

< —cCc < —C
mym,(mm, + 1)(m — 1) m mym,(mm, + 1) m

!

C

mym,(myai + mya3)’

. Im2 — 1]
if ¢ > c,form>1,m;,>0(i=12).
(my + my)(m — 1)

Moreover note that if m, = m, = 1,then my, = 1,and m = a? + a5 > 1.
In this case

_ fla;x) + f(ayx)

2 2
a; + a;

= f(x).

f(x)
Thus the fundamental functional inequality (4), (or constant c¢') is not
required (because f(x) = f(x)), yielding

3m? -1
= 5 c.
2(m —1)"(m+1)

€1

Therefore one gets from Theorem 1 the following Theorem 1la.

THEOREM la. Let X be a normed linear space and let Y be a real
complete normed linear space. Assume in addition that f: X > Y is a
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mapping for which there exists a constant ¢ > 0 such that the Euler—Lagrange
functional inequality.

”f(alxl +a,%,) + f(ax; —a;x,) — (af + ag)[f(xl) +f(x2)]|| =c
(4a)

holds for all 2-dimensional vectors (x,, x,) € X? and ¢ (== const. indep. of
Xy, X,) = 0, and any fixed reals a,, a,: m = a? + a3 > 1.
Then the limit

0(x) = lim m™2"f(m"),

exists forall x € X, alln € N, and any fixedreal m: m > 1 and Q: X — Y'is
the unique 2-dimensional quadratic mapping satisfying the functional equation

O(ayx; +ayx,) + 0(a,x; —ayx,) = (af + ag)[Q(xl) + Q(xz)]'
such that

3m? -1
(m—1)°*(m+1) "

1
i) - o)l < 5

and
O(x) =m~2"Q(m"x)
forallx € X, all n € N, and any fixed reals a,,a,: m > 1.
Note that if m, = 1, m, > 0, then m, = 1, and m = a? + m,a% > 1. In
this case
m,f(a;x) + f(m,a,x)
my(a; + myaj)

= f(x).

f(x) =

Thus the fundamental inequality (4); (or constant ¢') is not required
(because f(x) = f(x)), yielding
(m, + 2)ym* — m,

m,(m, + 1)(m — 1)*(m + 1) “

Therefore one gets from Theorem 1 the following Theorem 1b.

THEOREM 1b. Let X be a normed linear space and let Y be a real
complete normed linear space. Assume in addition that f- X -> Y is a
mapping for which there exists a constant ¢ > 0 such that the Euler—Lagrange
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functional inequality

||m2f(a1x1 +a,x,) + f(mya,x, — a;x,)
—(af-kmzag)[mzf(xl) +f(x2)]”5C (4b)

holds for all 2-dimensional vectors (x,, x,) € X? and ¢ (= const. indep. of
Xy, X,) > 0, and any fixed reals a,, a, and positive real m,: m = a? + m,a3
> 1.

Then the limit

Q(x) = limm~2"f(m"x),

exists for all x € X and any fixed real m: m > 1 and Q: X — Y is the unique
2-dimensional quadratic mapping satisfying the functional equation

m,0(a,x; + a,x,) + Q(mya,x; — a;x,)
= (af + mzag)[sz(xl) + Q(xz)]'
such that
(my, + 2)ym? — m,

my(my + 1)(m — 1)2(m + 1)

IF(x) = o)l <

and
O(x) =m=2"Q(m"x)

for all x € X, all n € N, and any fixed reals a,, a, and positive real m,:
m > 1

Proof of Existence in Theorem 1. Substitution of, x, =x, =0, in in-
equality (4), with m,a? + m,a5 = mm,, where my, = (m;m, + 1)/(m, +
m,) yields that

| mym, £(0) + £(0) — mmo[(my + my) f(O)] ]| < ¢,

or

1Ol = G =y ™ L (7)

Moreover substituting x, = x, x, = 0 in inequality (4), and employing
(7) and the triangle inequality one concludes the functional inequality

[mym, f(ayx) + f(mya,x) — mem[m, f(x) +my f(0)]| <,
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or
i ol = e o TR
or
| 7o) 1ol < (Zzz;;z)inlg(;ml_i)n;;)c, m>1, (8)
where

mym, f(ax) + f(m,a,x)
mz(mlaf + m,a3)

f(x) = L om>1 (8a)

is the 2-dimensional guadratic weighted mean of second form (for m > 1).
In addition replacing

m,a, msa,

in inequality (4), and using (7) and (8a), and the triangle inequality, one
gets the functional inequality

mym, f(mx) + f(0) — mom[mzf( lelalx

or
. ., (mym, + 1)(m —1) +1
”f(x) o f(mx)” = mym,(mym, + 1)(m — 1)m2c' m>1,
(9)
where
f( ) = zf((ml/mo)”lx) + mlf((mz/mo)a x) m>1, (%)

mym,(m,ai + myaj)

is the 2-dimensional quadratic weighted mean of first form (for m > 1).
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Moreover

| 7x) = Foll

B mym, f(ayx) + f(m,a,x)
m,mym

_ mo[m, f((my/mo)ax) + myf((my/my)a,x)] |

mim,m

or

| 7o) - 7ol
||mfm2f(a1x) +myf(mya,x) — mngf((ml/mO)alx)
—m%mlf((mz/mo)azx)ll

mym,(myai + mya3)

Employing the fundamental functional inequality (4), one gets the equiva-
lent inequality

for all x € X, and any fixed real m > 1.
Functional inequalities (8)—(9) and (4); (or (4a),), and the triangle
inequality yield the basic inequality,

[ £(x) = m=2f(mx) ||
<l sy = feoy |+ 17 ) = 7o | +17(x) = m2p0mn) |

(2my +my)m — (m; + m,) my, + m,

my m;
mim,f(ayx) + myf(myayx) — mgmzf( m_alx) - m%mlf(m—azx)
0 0

<c, (4a),

!

my(mym, + 1)(m — L)m mym,(mym, + 1)mc
(mm, + 1)(m —1) +1

mymy,(mym, + 1)(m — 1)m?

[m1(2m1 + m,)m* — my(m, + m,)m
+(mym, + 1)(m — 1) + 1]c + (my + m,)(m — L)mc'

mymy,(mym, + 1)(m — 1)m?
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or

| £Cx) = m=2f () |

[ml(Zml +m,)m? + (1 —mi)m - mlmz]c + (m, + my)(m —1)ymc
<

mymy(m;m, + 1)(m — 1)m?
or

I£(x) =m2f(mx)[ < eyt =m~?),  m>1, (10)
where

[my(2my + my)m? + (1 — m3)m — mym,|c
+[(my + my)(m — )ym]c

mymy(mym, + 1)(m — 1)2(m +1)

¢, = (10a)

For instance, if m;, =m, =1and a; =a, = 1, then my, =1, and m = 2
> 1. In this case there is no ¢’-part in ¢, (formula (10a)) because f(x) =
f(x). Hence ¢, = (11/6)c.

Note that in this case a better constant ¢, = (1/2)c(< (11/6)c) may be
found if new substitution x; = x, = x is applied into Eq. (4), with m; = a;
= 1@ =1,2). In fact, || f2x) + f(0) — 4f(x)ll < ¢ with || f(O)ll < c/2, or

3
17 (2x) = 4f () [ < e +1F (O] < e,

or

70 ~ 2t el set -2, e =g (D
Replacing now x with mx in (10) one concludes that
| £(mx) = m=2f(mPx)[| < ey(1 = m™2),
or
lm=2f(mxe) = m=*f(m*x) || < ex(m™ = m™*) (10b)

holds for all x € X and any fixed real m: m > 1.
Functional inequalities (10)—-(10b) and the triangle inequality yield

1£(x) = m=*f(m?x) |
<[ £(x) = m2f(mx) | +[|m=2f(mx) = m™*f(m?x)|

<[l -m2)+ (m?—m ),
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or
I () = m~f(me)| <1 —m™*),  m>1,  (100)

holds for all x € X.
Similarly by induction on n € N with x — m”" " x in (10) claim that the
general functional inequality

lf(x) = m 2 f(m) | < e(1 = m2),  m>1,  (12)

holds for all x € X, all » € N, and any fixed real m: m > 1.
In fact, the basic inequality (10) with x — m"~x yields inequality

| f(m"=2x) = m=2f(m"x) || < ey(1 = m™?),
or
=20 (m" =) =m0 f(m) |
<c(m2mH — T2y om > 1, (12a)

for all x € X.
By induction hypothesis with n — n — 1 in (12) inequality

1f(x) =m0 (m" ) [ < ey(1 = m ™2 0), m > 1 (12b)

holds for all x € X.
Thus functional inequalities (12a)-(12b) and the triangle inequality
imply

1 Cx) = m=2f(m™0) |
<[ fCx) = m=20f(m ) |
im0 (me =) = mEf(m) |,
or
1£Cx) = m=2nf (™) |
<cy[(1—m 200y 4+ (m= 20 h — 2|
=c(l-m2"), m>1

completing the proof of the required functional inequality (12).
Claim now that the sequence

{m=2f(m"x)}

converges.
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Note that from the general inequality (12) and the completeness of Y,
one proves that the above sequence is a Cauchy sequence.
In fact, if i > j > 0, then
lm=2f(mixy = m=2If(mix) | = m=2|m=2CDf(mix) = f(mix) |,
(13)
forall x € X, all i, j € N, and any fixed real m > 1.
Setting & = m’x in (13) and employing general inequality (12) one
concludes that
lm=2f (mix) = m=2f(mix) | = m=2|m=2Df(m'~h) = f(h)|
<m e (1 —m 207D,
or
lm=2if(mix) = m=2f(m'x) || < ex(m™ = m=?) <eym™?,
or
lim [ m=2if(mix) — m~2f(mix)| =0 (13a)
J>®
completing the proof that the sequence {m 2"f(m"x)} converges. Hence
O = Q(x) is a well-defined mapping via the formula (5). This means that
the limit (5) exists for all x € X.
In addition claim that mapping Q satisfies the functional equation (1)
for all vectors (x,, x,) € X2

In fact, it is clear from functional inequality (4), and the limit (5) that
inequality

m—2n|

|m1m2f(alm”x1 +a,m"x,) + f(mya,m"x, — ma,m"x,)
—(mlaf + mzag)[mzf(m”xl) + my f(m"x,)] || <m~%c (14)

holds for all x,, x, € X, all n € N, and any fixed real m > 1.
Therefore from inequality (14) one gets

Hmlm2 lim m=2"f[m"(a;x, + a,x,)]
n—ow
+ lim m=2"f[m"(mya,x, — mya;x,)| — (mlaf + mzag)
n— o

X [mznli_r)]lm_z"f(m”xl) + mlnli_r)noom_z”f(m”xz)] H

< ( lim mfz”)c =0, m > 1,

n—w
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or
”mlsz(alxl + a,x,) + Q(mya,x; — mya;x,)
_(mlaf + mzag)[sz(xl) + le(xz)] ” =0,

or mapping Q satisfies the functional equation (1) for all x, x, € X, and
m > 1. Thus Q is a 2-dimensional quadratic mapping. 1t is clear now from
general inequality (12), n — 0, and formula (5) that inequality (6) holds in
X, completing the existence proof of this Theorem 1.

Proof of Uniqueness in Theorem 1. Let Q': X — Y be another 2-dimen-
sional quadratic mapping satisfying functional equation (1), such that

I7(x) = Q' (x)ll < ey, (6)

for all x € X, and any fixed real m > 1.
If there exists a 2-dimensional quadratic mapping Q: X — Y satisfying
Eqg. (1), then

O(x) = Q'(x), (15)

for all x € X, and any fixed real m > 1.
To prove the above-mentioned uniqueness employ (6a) for Q and @', as
well, so that

Q'(x) =m~*"Q'(m"x) (62)

holds for all x € X, all n € N, and any fixed m > 1.
Moreover the triangle inequality and functional inequalities (6)—(6Y
yield

lQ(m"x) — @' (m"x) | <[ Q(m"x) = f(m"x)[| +[| f(m"x) — Q' (m"x)],
or
lo(m"x) = Q' (m"x) | < 2¢4, (16)

for all x € X, all n € N, and any fixed real m > 1.
Then from (6a)—(6a), and (16), one proves that

[0(x) — Q' (x) | =lm~2"Q(m"x) — m~2"Q'(m"x)|,
or
lo(x) = Q'(x)|l < 2m=?"cy, (16a)

holds for all x € X, all n € N, and any fixed real m > 1.
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Therefore from (16a), and n — =, one establishes
lim [Q(x) - Q'(x)] <2 limm~2")e, =0, m>1,
or
[O(x) = Q'(x)ll =0,
or
0(x) =Q(x), m>1, (17)

for all x € X, completing the proof of uniqueness and thus the stability of
Theorem 1.

2. FUNDAMENTAL FUNCTIONAL EQUATION
OF SECOND TYPE

We note that an analogous definition to Definition 1 holds for quadratic
mapping Q (for 0 < m < 1) if we replace m > 1 in Definition 1 with
0 <m < 1 and keep the rest of Definition 1 unchanged.

Moreover the functional equation

O(m~"x) = (m~")?Q(x), 0<m<1, (2)

holds for all x € X, all n € N, and any fixed real m: 0 <m < 1.
Similarly substitution of x;, = x, = 0 in (1) yields

0(0) =0, 0<m <1(andfixed m;, m, > 0). (1a)

Substituting x, = x/m, x, = 0 in (1) and employing (1a) one finds that

mlsz(%x) + Q(mz%x) = mom,mQ(m~'x),

or

m; a;
™ o[
my m

Q(mZ%x) =mQ(m'x), (2a)

mym,

holds for all x € X and any fixed real a; and positive real m, (i = 1,2):
0<m<1.
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In addition substituting x;, = (m,a,/mym)x, x, = (m,a,/mym)x in (1)
and employing (1a) one gets that

ma, m,a,
mym,Q(x) = mom[sz( x|+ le( x”,
mym mym
or
ﬂQ(mlalx) + ﬂQ(mzazx) =m’1Q(x), (Zb),
m, mom m, mom

holds for all x € X and any fixed real @; and positive real m; (i = 1,2):
0<m<1.

Let X be a normed linear space and let Y be a real complete normed
linear space. Then consider a non-linear mapping Q: X — Y satisfying the
fundamental functional equation

2 a, a
mim,Q P +m, 0 My

1
X
om

= m%sz

+mim,Q mzazx (**)
= mem )

for all x € X and any fixed reals a; and positive reals m; (i = 1,2):
0<m<1

Note that if m, = 1, m, > 0, then m, = 1, m = a? + m,a5, and (**) is
an identity in X. In this case (**) is not required.

Moreover this mapping Q may be called quadratic because (**) holds
for Q(x) = x2.

Functional equations (2a)—(2b) and (**) yield

O(m~*x) = (m™1)"0(x) (2c)

for all x € X, and any fixed real m: 0 <m < 1.
Then induction on n € N with x - m~ "~ Yx yields equation

O(m~"x) = (m")’Q(x), 0<m<1 (2dy

completing the proof for Eq. (2).

DeFINITION 3. Let X be a normed linear space and let Y be a real
complete normed linear space. Then we call the non-linear mappings Q:
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X —-Y, and 5: X — Y 2-dimensional quadratic weighted means of first and
second form, if

2 m,Q((mya,/mom)x) + m;Q((m,a,/moym)x)

mlmz(mlaf + mzag)

(3):

O(x) = mgm

and

,mim,0((ay/m)x) + Q(my(a,/m)x)

my(myai + m,a3)

O(x) =m (3)2
hold for all x € X, and any real fixed m: 0 < m < 1, respectively. Note
that (*) is equivalent to the mean functional equation

O(x) = 0(x), [**]
for all x € X, and any fixed real m: 0 <m < 1.

Note that functional equation (2a) comes from Eq. (2a) if we replace x
by x/m. But this x-substitution (x by x/m) does not yield Eq. (2) directly
from Eq. (2). Also note that the x-substitution or the a-substitution (a; by
a;/m: i =1,2) does not yield Eq. (2b) directly from Eg. (2b). Such
problems in the transition from the first section to the second section arise
many times in this paper. These reasons forced us to add this second
section separately.

THEOREM 2. Let X be a normed linear space and let Y be a real complete
normed linear space. Assume in addition that f: X — Y is a mapping for
which there exists a constant " > 0 such that the fundamental functional
inequality

2
m; +m,

(4):

2 2
mya; + mzaz) ,

i) — (o)l < (

mm, +1 mym,

holds for all x € X, ¢" (== const. indep. of x) > 0, and any fixed reals a,, a,
and positive reals my, m,. 0 <m < 1, and

2 m, f((mya,/moym)x) + my f((mya,/mom)x)
mym,(myai + myaj)

f(x) = mgm

and

2 mym, f((a,/m)x) + f(m,(a,/m)x)

my(myai + m,a3)

f(x) =m
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are 2-dimensional quadratic weighted means of first and second form, respec-
tively, for 0 <m < 1.

Assume in addition that f: X — Y is a mapping for which there exists a
constant ¢ (independent of x,, x,) = 0 such that the Euler—Lagrange func-
tional inequality

”mlmzf(alxl + a,x,) + f(maa,x; — mya;x,)
_(mla% +mza§)[m2f(x1) +m1f(x2)]|| =c (4),2

holds for all 2-dimensional vectors (x,, x,) € X? and any fixed reals a,, a,,
and positive reals my, m,: 0 < m < 1, where m = ((m, + m,) /(m;m, + 1))
X (m,a? + mya3).

Then the limit

Q(x) = lim m?f(m "), (5)

exists for all x € X, all n € N, and any fixed real m: 0 <m < 1 and Q:
X — Y is the unique 2-dimensional quadratic mapping satisfying functional
equation (1) and mean equation [**] or equivalently (1) and (**), such that

IF(x) = Q(x) | < ¢, (6)'
holds for all x € X with constant

[(—mlmz)m2 + (mf — 1)m + (mym, + 2)]0
+[(my + my)(1 — m)m]|c”

mym,(mym, + 1)(1 - m)z(l + m)

Cy =

Moreover, identity
O(x) =m*"Q(m™"x), (6a)"

holds for all x € X, all n € N, and any fixed real a,, a, and positive reals
my,m,. 0 <m <1

Note that if one replaces x = 0 in f(x), and f(x) for 0 <m < 1, then

oy =" Loy o) = P o),

mym

or

2

fo) - i) = =

-1
- mf0),
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or
ROENOL
|m§ — 1] m; + m,
< mc < mc”,
mymy(mym, + 1)(1 — m) mym,(mym, + 1)
my +m, \*(mai +myaj\

Amgm, +1 m,m, <

if
Im? — 1
"> c,
(my +m,) (1 —m)
for
O<m<1, m >0(i=12),

and

IO o=y O<m <

(after substitution, x, = x, = 0 in inequality (4),).
Moreover if m; = m, = 1, then

f(x) = (af + a3)| f +f

a, -
)| I

Thus in this case the fundamental functional inequality (4); (or constant
¢") is not required (because f(x) = f(x)) yielding

x)
2 2
a; + a;s

3—m?

T2 —m)ALm)

C2

Therefore one gets from Theorem 2 the following Theorem 2a.

THEOREM 2a. Let X be a normed linear space and let Y be a real
complete normed linear space. Assume in addition that f- X -> Y is a
mapping for which there exists a constant ¢ > 0 such that the Euler—Lagrange
functional inequality

”f(alxl +a,x;) + f(ax; —a;x,) — (af + a%)[f(xl) +f(x2)]|| =c

(4)2
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holds for all 2-dimensional vectors (x,, x,) € X? and ¢ (== const. indep. of
X1, X,) = 0 and any fixed reals a,, a,: 0 < m = a2 + a5 < 1.
Then the limit

Q(x) = lim m*f(m "x)

exists for all x € X, and any fixed real m: 0 <m < 1 and Q: X — Y is the
unique 2-dimensional quadratic mapping satisfying the functional equation

O(a;x; + ayx,) + Q(a,x; —ayx,) = (af + ag)[Q(xl) + Q(xz)]
such that
3—m?

2 ¢
1-m)(1+m)

I 0l = 5

and
0(x) = m*"Q(m™"x),
forallx € X, all n € N, and any fixed reals a,,a,: 0 <m < 1.
Note that if m, = 1, m, > 0, then m, = 1, m = a? + m,a3, and

mzf((al/m)x) +f(m2(a2/m)x)

m,

= f(x).

f(x) = (af + m,ad3)
In this case fundamental inequality (4); (or constant ¢") is not required
(because f(x) = f(x)), yielding
(—my)m?® + (m, + 2)
C.
my(m, + 1)(1 — m)*(1 + m)

Therefore one gets from Theorem 2 the following Theorem 2b.

THEOREM 2b. Let X be a normed linear space and let Y be a real
complete normed linear space. Assume in addition that f- X > Y is a
mapping for which there exists a constant ¢ > 0 such that the Euler—Lagrange
functional inequality

||m2f(a1x1 +a,x,) + f(myax, — a;x,)
—(af + mzag)[mzf(xl) +f(x2)]|| =c

holds for all 2-dimensional vectors (x,, x,) € X? and ¢ (== const. indep. of

X1, X,) =0 and any fixed reals a,, a, and positive real m,: 0 < m = a? +
2

mya; < 1.
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Then the limit
Q(x) = lim m*f(m "x)
exists for all x € X, all n € N and any fixed real m: 0 <m <1 and Q:

X — Y is the unique 2-dimensional quadratic mapping satisfying the func-
tional equation

m,0(ax; +a,x,) + Q(mya,x, — a;x,)
= (at + mya3)[my0(x;) + O(x,)],
such that
(—my)m?® + (m, + 2)
ma(my + (L — m)’(L +m)

IF(x) — o)l <

and
O(x) = m*"Q(m ™ "x),

for all x € X, all n € N, and any fixed reals a,, a,, and positive real m,:
0<m<1.

Proof of Existence in Theorem 2. Claim first that the following general
inequality (12) holds. In fact, substitution of x; = x, = 0 in inequality (4),
yields that

|vmws(m . 0<m<L (7

imy + 1)(1—m)

Moreover substituting x; = x/m, x, = 0 in inequality (4), and employing
(7Y and the triangle inequality one concludes functional inequality

m,a

o] A 22) - 3] ]

or

H . [ml”"zf(%x)*f(’"z%)]—iz[mzf(%)mlfw)]
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or
| ) = m2f (om0
(mym, + 1)(1 —m)m + mlmomzc O<m<1 (8)
B mom,(mym, + 1)(1 —m) , l
where
f(x) o mym, f((ay/m)x) + f(m,(a,/m)x) | 0<m<1 (8ay

my(mya; + m,a3)

is the 2-dimensional quadratic weighted mean of second form (for 0 < m < 1).
In addition replacing
m,a,; mya,

X, X, =
mym mom

X =

in inequality (4), and using (7) and (8a), and the triangle inequality, one
gets the functional inequality
(m 4, ”
+m,f x
mym

mym, f(x) + f(0) — mom[mzf( :Z:

or
o 22 o oz
mym, mom mym
S o e IO
or
- (mm, +1)(1 —m) +1 ,
O R (O] e P 1y pen SRR B O
where

2f((m al/mom)x) + mlf((mz 2/ My m)x)

mym,(myai + mya3)

f(x) = mim?
0<m<1, (9)

is the 2-dimensional quadratic weighted mean of first form (for 0 < m < 1).



SOLUTION OF A STABILITY PROBLEM 635

Moreover

I e el R

mym,

mm, mya,
- m, f
mym

mym, 0

or

| 7(x) = 7o)l
||m§m2f((a1/m)x) + mlf(mz(az/m)x)
2 —mgm, f((mya,/mom)x) — mym, f((myap/mom)x )| .

mym,(mya? + myaj)

Employing the fundamental functional inequality (4); or the equivalent
inequality

c//

f(x) — f(x)| < m? , 4)]
O R Ol s o oy (@)
one gets
a a
Hm%mzf(—lx) +mlf(m2—2x)
m m
m,a m,a

2 11 2 272 " ’
—mym x| —mgm x| <c 4a
0 Zf(mom ) omyf — ) (4a)y

for all x € X, and any fixed real m: 0 <m < 1.
Functional inequalities (8Y—(9) and (4); (or (4a); or (4a);), and the
triangle inequality yield the basic inequality

lF(x) — m2f(mx)|
<l £(x) = F) |+l 7x) = Feoll +] Fx) = m2rom=10) |

(mym, + 1)(1 —m) +1 m

1"

- mymy(mym, + 1)(1 —m) ¢ mom;m,

(mym, + 1)(1 — m)m + mymym?

mom,(mym, + 1)(1 — m)
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or
[ £(x) — m?f(m~ %) | < cp(1 — m?), 0<m<1, (10)
where

[(—mlmz)m2 + (mf — 1)m + (mym, + 2)]c
+[(my + my)(1 — m)m]|c”

mym,(mym, + 1)(1 - m)z(l + m)

(10a)

Cy =

For instance, if m;, =m, =1 and a, =a, =1/2, then m, =1, and
0 <m =1/2 < 1. In this case there is no ¢"-part in ¢, (formula (10a))
because f(x) = f(x). Hence ¢, = (11/3)c. By induction on n € N with
x = m~ " Yy in (10) claim that the general inequality

lf(x) = m*f(m="x) || < (1 = m?") (12)

holds for all x € X, all n € N, and any fixed real m: 0 <m < 1.
In fact, (10Y—(10a) with x —» m~ " Yx yield inequality

”f(m—(n—l)x) — mzf(m‘”x)” < (1 - mz),
or
||m2(”*1)f(m’(”*1)x) _ man(mfnx)” < Cz(mZ(n—l) _ m2n)7 (12&),

for all x € X, and any fixed real m: 0 <m < 1.
By the induction hypothesis with n —» n — 1 in (12) inequality

| £(xy = m?=Df(m= " 0x) | < ep(1 = m**=D), (12b)

for all x € X, and any fixed real m: 0 <m < 1.
Thus functional inequalities (12a)—(12bY and the triangle inequality
imply

1£(x) = m?"f(m=x)|| <[ f(x) = m*"=Of(m~ " bx) |
+[m* =2 (= xy = mP f(m )|,
or
1£(x) = m*"f(m"x) | < e, [(1 = m?" D) + (m =D — m?)],
or
I£(x) =m*f(m x) | < c;(1 = m?"),  0<m<1,

completing the proof of the required functional inequality (12)'.
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The rest of the proof of Theorem 2 (unigueness, etc.) is omitted as
similar to the corresponding proof of Theorem 1 [1, 3, 14].

ExampLE. Take f: R — R to be a real function such that f(x) = x? +
k, k = constant: |k| < c¢/(m;m, + 1)1 — m), for any fixed reals a,,a,
and positive reals m;, m,: 0 <m = ((m, + m,)/(mm, + D)m,a? +
myas) < 1.

Moreover there exists a unique quadratic mapping Q: R — R such that

O(x) = limm?>[(m~"x)* + k] =x?,  0<m<1.

Therefore inequality (6)” holds. In fact the condition on k,

¢
k|l < , 0<m<1,
el (mym, + 1)(1 — m) "
implies
1
[(x2 + k) —x?|| = |kl < c.
mm,+11—-—m
But
1 —mm,)ym? + (m?> — V\m + (mym, + 2
<( M) (m3 2) (mym, ) O<m<Ll.
1-m mym,(1 — m)°(1 + m)
Hence

[ £(x) — Q(x)| =l(x* + k) —x%| <¢,,  0<m <1, satisfying (6)".

Note that if m > 1, then take any real £ = constant:

k| < ¢
~ (mmy,+ 1)(m—1)°

THEOREM 3. Let X be a normed linear space and let Y be a real complete
normed linear space. Assume in addition that f: X — Y is a mapping for
which there exist constants ¢, and ¢’ (= 0) such that the Euler—Lagrange
functional inequality

”f(a(xl +x2)) +f(a(x, —xp)) — [f(xl) +f(x2)] ” =c

holds for all 2-dimensional vectors (x,,x,) € X?, |IfOll <, and ¢, ¢
(:= const. indep. of x,,x,) >0 anda =1/V2 (or = —1/V2).
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Then the limit
O(x) = lim 27"f((2a)"x)

exists for all x € X, and all n € N any fixed real m: m = 2a* (= 1) and Q:
X — Y is the unique 2-dimensional quadratic mapping satisfying the func-
tional equation

O(a(x; +x;)) + O(a(x; —x,)) = 0(x1) + Q(x,), m=1,
and Q(0) = 0, such that

If(x) —O0(x)||<c+, m=1,

and
0(x) = 27"0((24)"x),

forallx € X, and alln € N, and m = 1.

Note that in this Theorem 3, a, =a, =a, m; =m, =1, and thus
m, = 1,and m = a? + a5 = 2a* = 1. Thus Theorem 3 is a singular case of
Theorems 1-2.

Also substitution of x, = x, = x in the Euler—Lagrange inequality of
this Theorem 3 yields that the basic inequality

IF(x) = 27 f(2ax) | < (¢ + ¢')(1 = 271
(from the condition || f(0)[| < ¢)

holds for all x € X.
Then induction on n with x — (24)" x in the above basic inequality
yields the general functional inequality

IF(x) = 27"F((2a)"x)|| < (¢ + ) (1 — 277,

forall xe X,andall n € N,and a = +1/ 2.
Note that substitution of x, = x, = x in the Euler—Lagrange equation
of this Theorem 3, the fact that Q(0) = 0, and induction on 7, yield

0(x) =27"0Q((2a)"x),

forall xe X,all neN,and a = +1/2.
The rest of the proof of Theorem 3 is omitted as it is similar to the proof
of Theorem 1.
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